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ABSTRACT.

Let Ao consist of all functions f measurable on (0, oo) with
L{S: lf(s)l > t} < 00

for all t > 0, where A is Lebesgue measure, and let Lo(O,oo) consist of all
measurable functions f with

lim )L{s:If(s) I >

t} = 0.

Let each space have the topology induced by convergence in -measure. We show
that every infinite-dimensional Banach subspace of Ao contains c0 or lp for
some 1 < p < oo . We also identify the duals of Ao and Lo(O, oo) .

1. INTRODUCTIONAND NOTATION

Let 2,(0, ox) denote the collection of all (equivalence classes of) almost
everywhere finite measurable functions on (0, ox), and let Lo(0, ox) denote
the collection of all f e5 (O,o) satisfying A({s: lf(s)I > t}) - 0 as t -? o,
where A is Lebesgue measure. Lo(0, ox) is a topological vector space under
the topology of convergence in measure, and it is the largest linear subspace
of ,(O, ox) with this property. Routine calculations show that Lo(O, ox) is a
non-separablecomplete metric linear space, with the metric given by d (f, g) =
If- gHl,where
lii sup
llfll=
upE

l

i
+ If d)

the supremum being taken over all E c (O,ox) of measure one.
The distribution function df(t) of a measurablefunction f on (O,oc) is
defined by
(O < t < x),
df(t) = {({s: lf(s)I > t})
and the decreasingrearrangementf* (t) by

f* (t) = inf{s

> 0:

df (s) < t}.
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We shall study the separable subspace of Lo(0, ox) consisting of all f E
LO(0,oc) for which df(t) < 0 for all t > 0. In view of the classical identity
I (0 < a < oX), where La and A. are the standardLebesgueand
IflAa = IIdfII
Lorentz function spaces (see [10] for the original definition of A, ), it seems to
be appropriateto denote the collection of all functions on (0, x ) with a finite
distribution function by the symbol AO, and we have chosen to do so.
In ?2 the Banach subspacesof Ao are investigated. It is proved that Ao contains an isomorphic copy of every Orlicz function space on (0, 00) . The main
result of the paper is Theorem 2.3, which says that every infinite-dimensional
Banach subspaceof A contains a subspaceisomorphic to c or to 1I (1 < p <
00). The prototype for results of this kind, of course, is the famous theorem
of D. J. Aldous [1] that every infinite-dimensionalsubspace of L1(0, 1) contains I for some 1 < p < 2. Subsequently,various generalizationsof Aldous's
theorem have been obtained (see e.g. [5]). Our strategy in proving Theorem
2.3 is perhapsthe obvious one of reducingthe problem to the consideration of
Banach spaces whose subspace structureis already clearly understood.
In the short third section the dual spaces of Ao and LO(0,00) are computed.
It is proved that Ao has trivial dual and that the dual of LO(0,00) may be
identified with an infinite-dimensionalsubspace of the dual of L. (0, 00) .
Let us now state some definitions and notation which we shall use in the
remainder of the paper. An Orlicz function 0: [0, 0)

-*

[0,

00)

is a strictly

increasingfunction, continuous at 0, with O(0) = 0. We say that 0 satisfiesthe
A2-conditionat 0 if supO<x<I+(2x)/+(x) < 0. We define the Orlicz function
space L,(O, 00) as the space of all functions f measurableon (0,0) with
f>

(I f( )lIt

<00

for all a > 0. The topology is given by the quasi-norm
llfll?, = inf{a > 0: |

I( a

dt < 1}.

The Orlicz sequence space 1, is defined as the space of all sequences (an) such
that

00 la n

I

for all a < 0 . We use a quasi-norm similar to that of L, (0, 0) to define the
topology.
In a topological vector space X, a sequence (xn) is a basis for X if, for
each x E X, there exist unique scalars (an) with
00

X = Zanxn.
n=1
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A basic sequence (xn) is a sequence which is a basis for its closed linear
span lin(x,). Two bases (xv) of X and (yn) of Y are equivalent whenever EZ=1 a

xn

converges if and only if EZ'n

any,

of X is symmetric if for each permutation 7r of Z+,
(xn)

converges. A basis (xv)
(Xn(n))

is equivalent to

-

If K is a subset of a topologicalvector space, conv(K) will denote its convex
hull. In AO or L0(0,c), for e> 0 we let

Be

= {e:

lifli

< 8}.

The indicator function of a set E is denoted by I(E). The reader should
consult [8] and [9] for other standardnotation and terminology.
2.

SUBSPACES OF

A0

Our first proposition shows that A0 has a very large collection of Banach
and quasi-Banachsubspaces. This observationlends interest to the main result,
Theorem 2.3 below, and provides a motivation for wishing to prove it.
Proposition2.1. Let 0 be an Orliczfunction. Then L,(0, xc) is isomorphicto
a subspaceof A0.
Proof. Since A is clearlyisomorphic to the space A0 consisting of all measurable functions on (0, xc) x (0, oo) possessing a distribution function, it will be
enough to show that Ao contains a subspace isomorphic to L?,(0,oo) . To this
end, let f (s) = ( 1I(s)) l, and define T: Lo (0, oo) -- AO by g(t) F-* f(s)g(t) .
To see that T maps L. (O,oo) into A0, observe that g E L?,(O,oo) if and only
if, for all a > 0, we have
0A+lg(t)l)d

;

that is, if and only if

fJ

(Et)

dt <c c.

This is the case if and only if
A(fs: f(s)Ig(t)I > a})dt < cc

for all a > 0. By Fubini's theorem, the latter condition is simply the statement
that f(s)g(t) belongs to A0. It is also easy to check from the above calculation
that T is an isomorphism onto its range.
The main calculationsused in the proof of Theorem 2.3 are broughttogether
in the following lemma. There is a close affinity between this lemma and [3,
Proposition 2.3].
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Lemma 2.2. Let X be a Banach space and let T: X -* Ao be an isomorphic
embedding. For each M > O, let yIM(f) = f *I(O,M). If, for each M > O,
'M ? T does not restrictto an isomorphicembeddingof any infinite-dimensional
subspaceof X, then X contains a symmetricbasic sequence.
Proof. By passing to a subspace, if necessary, we may assume that X has a
normalized Schauder basis (xn)%n=i
I. Let c > 0 be given. Since 'M ? T
is not an isomorphism on any infinite-dimensional subspace of X for any
M, one can find by induction a normalized block basic sequence (yn)n%=l of
(xn)%'=1and an increasing sequence (Mn)%'I of positive numbers such that
Let zn =
IT(yn) I(0Mn1)H1 < e/2n and JIT(yn) * I(M, ,o)11 < ./2n
T(yn) *I (Mn- 1 MnO) Provided e > 0 is chosen so small that inf{ IIZnI 1 <
n < oo} > 0, [6, Lemma 4.3] shows that (Zn)'n=l is a basic sequence in AO
equivalent to (T(yn))n?=l. Select measurable subsets An C (Mn1- , o) such
that A(An)= 1 and ess inf{ IZn(t) I: t E An} > esssup{ IZn(t) I: t E Ac} and let
11 a,nzI = IEn1 an ZnH for all
zn = Zn *I(An) . It is easily seen that I
scalars (an)%11, and so

(Zn)%11

and (Zn)%11 are equivalent basic sequences.

Let J = inf{llznll: 1 < n < oo} and let Zn be the decreasing rearrangement
of zn. By passing to a subsequence and relabeling,we may assume by Helly's
selection theorem that Zn -* Z pointwise, where Z is a decreasing function
supportedon [0,1]. By Egorov's theorem we may also assume, after passing to
a further subsequence, that IZ - ZI < 3/4 n except on a set of measure less

than

/4n

.

By [2, Theorem 7.5], for each n there exists a measure-preserving

transformation an: An
=

(Z ?

7n).* sgn(z').

-*

[0, 1] with lzn = Zn ? an almost everywhere. Let
Then llZn - Wflj < 23/4n, and so by [6, Lemma

4.3] (W)n=l and (Zn)%ii are equivalent basic sequences. Clearly (W )n=l is a
symmetricbasic sequence as each W has Z as its decreasingrearrangement.
Remark. It is easy to see that if the function Z of the previous proof is
bounded, then (W )n= spans a subspace isomorphic to c0. Since c0 does
not embed isomorphically into LO(0, 1) it follows that Ao and LO(0, 1) are
not isomorphic spaces. (The latter fact also follows from Proposition 2.1.) In
particular, Ao has at least two non-isomorphiccomplemented subspaces.
Theorem2.3. Let X be a Banach subspaceof Ao. Then X contains a subspace
isomorphicto c0 or to l for some 1 < p <oo.
Proof. Supposethat T: X -> Ao is an isomorphicembedding. If, for some M,
Om T restricts to an isomorphic embedding, then some infinite-dimensional
subspace of X is by dilation isomorphic to a subspace of LO(0, 1), and thus
isomorphic to a subspace of Lq(O,1) for all 0 < q < 1 (see [11]). One can
then modify Garling'swork ([5, Theorem 16, p. 167, Theorem 7, p. 138 and
Theorem 6, p. 136]) to show that Lq(O,1) is stable, that all stable q-Banach
spaces have an a -type for some q < p < o, and that all infinite-dimensional
stable q-Banachspaces contain an isomorphic copy of Ip for some q < p < 00.
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Since X is a Banach space it follows that X must contain a copy of I for
some 1 < p < oo.
Now suppose that X is a Banach subspace of Ao satisfying the hypotheses
of Lemma 2.2. Then X contains a subspace isomorphic to the closed linear
span of a sequence of functions (fn)%I1, each having a common distribution
function df (t) . By the remark following Lemma 2.2 we may assume that f
is an unbounded function. Let q(t) = df(1/t).
A short calculation shows
that En=n anfn converges in AO if and only if En Iq (i iani) < oo for all
A > 0. Hence lin(fn) and 10 are isomorphic spaces. By aping the proof of
[9, Proposition 4.a.4], we see that either 10 contains c0 or 0 satisfies the A2condition at 0. If + satisfiesthe A2-conditionat 0, then by [7, Theorem 3.3] 1l0
is isomorphic to 1 for some convex Orlicz function Vt which satisfies the A2condition at 0. An appeal to [9, Theorem 4.a.9] shows that 1,, and hence both
1 and lin(fn), contains an isomorphic copy of c0 or I for some 1 < p < 00.
3. THE DUAL OF LO(0,00)
We begin by showing that Ao has trivial dual. The proof is modelled on
Day's proof [4] that Lp has trivial dual for 0 < p <1.
Proposition3.1. A* = {0}.
Proof. Let c > 0; we shall show that Ao = convB,. Let f E Ao and let
A = {t: If(t)I > c/2}1. Since A)(A)< 0 we may decompose it into finitely many
sets Ai (1 < i < n) of measure less than e/2. Let fi = nf *I(A1) + f *I(AC).
Then each fi E BE and f = EZn
I(1/n)fi. It follows that Ao has trivial dual.
Two easy lemmas are required to identify the dual of Lo(O,0 ).
Lemma 3.2. Let Y be a neighborhoodbase of the originfor LO(0,x).
conv U.
AO= nu

Then

Proof. The fact that Ao c nUE conv U was essentially proved in Proposition
3. 1. Let f E LO(O,
x) \AO; then there exists a > 0 such that A{t: If (t)I > a} =
00. Let 0 < c < a/(l + a), let f,, .. ., fn EBE, and let El = {t: Ifi(t)l > a}l.
Clearly A)(E,)< 1, and so )L{t: i(g= aif1)(t)l > a} < n whenever aj > 0,
Zn (a 1 . Thus f 7? ,= aJf, for any such a,, and so f ? conv(B). It
follows that nUG conv U c AO.
is isomorphic to the Banach space

Lemma 3.3. The space LO(0,00)/Ao
Lco (O, oo)/(AO n Lc)0(O, x))

Proof. Let f E Lo(O ,0). Then there exists M > 0 such that A){t: If(t)I
M} < 00. Clearly f.I{t: If(t)I < M} E Lcoo(0,0x),while f.I{t: If(t)I > M}
AO, and so the mapping T: L. (0, x)

-

>

Lo (0, o)/AO given by T(g) = g+Ao

e
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is onto. T is clearly continuous and its kernel is AOn L. (0, ox), whence the
result.
Theorem3.4. The dual of the space LO(O,ox) may be identifiedwith the dual of
the Banach space Lc(O, oo)/(AOn Lco(O,o)) .
Proof. By Lemma 3.2 every element of (LO(O,oo))* vanishes on AO. The
result now follows from Lemma 3.3.
Remarks. 1. Theorem 3.4 allows an explicit description of the dual of
Lo(O,o) . Let Vt E (Lo(O,oo))*. Then there exists a finitely additive signed
measure u, on the Lebesgue a-field of (0, ox) such that u,,(A) = 0 for every
A c (O,oo) with A(A) < o, and such that for all f E LO(O,
oo) we have
yI(f ) = lim f(f A M) duvI
where (f A M)(t) = min(f(t) , M). Conversely, every such measure u defines
a continuous linear functional on LO(O,ox).
2. It is possible to show that there is no continuous linear projection from
Lo(O,oc) onto Ao by adapting Whitley's proof [12] of the non-existence of a
bounded projection from lo onto co. We omit the details of this result.
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