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ABSTRACT

This dissertation considers three different sections of results. In the first part of the
dissertation, a result on consecutive primes which are widely digitally delicate and
Brier numbers is discussed. Making use of covering systems and a theorem of D. Shiu,
M. Filaseta and J. Juillerat showed that for every positive integer k, there exist &
consecutive widely digitally delicate primes. They also noted that for every positive
integer k, there exist k& consecutive primes which are Brier numbers. We show that
for every positive integer k, there exist k consecutive primes that are both widely
digitally delicate and Brier numbers. This is joint work with M. Filaseta and J.
Juillerat.

In the second part of the dissertation, we prove an irreducibilty result for a class
of polynomials. Consider the polynomial F'(x) = f(x)+ Mg(z) where M is a positive
integer and f(x),g(x) € Z[z] such that ged(f(x),g(x)) = 1. A version of Hilbert’s
Irreducibility Theorem in this setting implies that F'(z) is irreducible for almost all
M. In the case that deg f < deg g, recent results by M. Cavachi, M. Vajaitu, and A.
Zaharescu [14] and by N.C. Bonciocat, Y. Bugeaud, M. Cipu, and M. Mignotte [9]
have given definitive examples where irreducibility occurs by taking M to be a prime
power bounded below by an explicit function depending on f and g. We provide
a wider class of definitive examples by taking M with a large prime factor, and in
particular our explicit examples include a set of M with positive asymptotic density
in the integers. We then extend the result to bivariate polynomials in a manner
similar to work by N.C. Bonciocat, Y. Bugeaud, M. Cipu, and M. Mignotte [9]. This

is joint work with M. Filaseta.



In the third part of the dissertation, we prove the irreducibility of nth order Euler
polynomials of even degree n. For m an even positive integer and p a prime, we show
that the generalized Euler polynomial Efn”;p)(x) is in Eisenstein form with respect to
p if and only if p does not divide m(2™ — 1)B,,. As a consequence, we deduce that
at least 1/3 of the generalized Euler polynomials E(™ (z) are in Eisenstein form with
respect to a prime p dividing n and, hence, irreducible over Q. This is joint work

with M. Filaseta.
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CHAPTER 1

INTRODUCTION

In this dissertation, we will go into detail on two main topics in number theory: classes
of prime numbers and irreducibility of polynomials. This introduction is broken into
three sections; the first section is on results from M. Filaseta, J. Juillerat and the
author of this dissertation in [22]. The second section is on irreducibility results for a
specific class of polynomials. The third section is on results in [24] for the irreducibility
of some generalized Euler polynomials. The chapters following the introduction will

be in three separate chapters based on the sections in this introduction.

1.1 CONSECUTIVE PRIMES WHICH ARE WIDELY DIGITALLY DELICATE AND

BRIER NUMBERS

In [44], R.M. Robinson constructed a table which represents all primes of the form
k-2"+1 for all odd integers 1 < k < 100 and all integers 0 < n < 512. The table brings
up many questions about primes of this form. At first glance one may notice some k
producing many primes of this form while others have few. More interestingly, when
k = 47, there was not a single prime found. This sparked some interest in determining
if 47 or any other k£ will result in k- 2" + 1 always being composite for any positive
integer n. W. Sierpinski was one such mathematician motivated by this phenomenon,
later proving that there are infinitely many positive k such that k-2" 41 is composite

for all positive integers n [46]. This motivated the following definition.

Definition 1 (Sierpiniski Number). Any positive odd integer k such that k- 2" 41 is



composite for positive integers n is called a Sierpinski number.

In fact, Sierpinski showed that for every nonnegative integer m the number
k = 15511380746462593381 + 36893488147419103230 m

is a Sierpinski number. Note that the original paper of Sierpinski did not require k
to be odd. This condition was added later in response to the search for the smallest
Sierpinski number.

The search for the smallest Sierpinski number has been an ongoing project. In
1962, J. Selfridge (see [47]) found k = 78557 to be a Sierpinski number and asked
whether it is the smallest. Selfridge used the common technique of covering systems to
prove this, which will be a technique discussed in more detail later in this dissertation.
It is widely believed this is, in fact, the smallest Sierpinski number. However, it has
not been proven to be the smallest. In order to prove this, it must be shown that
for each positive odd integer k less than 78557, the number k - 2" 4 1 is a prime for
some positive integer n. Although seemingly simple, this task has proven difficult.
In March of 2002, there was a set R of 17 remaining odd positive integers k less
than 78557 for which no positive integer n was known with k- 2" + 1 prime. The
problem quickly became a computational project, and L. Heim and D. Norris started
the Seventeen or Bust project in hopes of proving 78557 is the smallest Sierpinski
number (see [41]). The project was successful in reducing the size of the set R to
6. In October 2016, one of the remaining 6 odd positive integers k less than 78557
was shown to have the property that k- 2" 4+ 1 is prime for some positive integer n
by the successor of the Seventeen or Bust project, PrimeGrid. As of February 2023,
there are still 5 more odd positive integers less than 78557, namely 21181, 22699,
24737, 55459, and 67607, to confirm are not Sierpinski numbers before proving 78557
is the smallest Sierpinski number. PrimeGrid has verified for all n < 31875742 that

k- 2™ 41 is composite for these remaining 5 integers k.



If & is allowed to be even, then 65536 is most likely the smallest Sierpinski number.
This conjecture is more strongly believed since, for a positive integer n, the number
65536 - 2" + 1 = 2716 4+ 1 is prime only when n + 16 is a power of 2. It is widely
believed due to heuristic arguments that the largest Fermat prime, 2" 4 1, is 216 + 1.
If so, then 2!6 = 65536 is a Sierpinski number (if Sierpifiski numbers are allowed to
be even).

Following Sierpinski’s success with £ -2" 41, many tried to replicate results by al-
tering the form. Just four years after the publication of Sierpiniski’s result, Bowen [11]
showed, in a short note, given a fixed base b, there are infinitely many positive inte-
gers k for which k- b™ + 1 is odd and composite for all positive integers n. This result
proved Sierpinski’s original result for any base b. A. Brunner, C. Caldwell, et. al.
[12] strengthened Bowen’s result by showing that there exists such k& but with also
ged(k + 1,6 — 1) = 1 and k not a rational power of b. These extra conditions avoid
some simple constructions given by Bowen.

A natural question that also follows from the table in Robinson’s paper is to
instead look at k for which & - 2" — 1 is composite for all positive integers n. Conse-
quently, around the same time as Sierpinski’s work, Hans Riesel [43] showed for every

nonnegative integer m, when
k = 509203 + 11184810 m,

the number k- 2" — 1 is composite for all positive integers n. This led to the following

definition.

Definition 2 (Riesel Number). Any positive odd integer k such that k- 2" — 1 is

composite for all positive integers n is called a Riesel number.

Just like Sierpinski numbers, there is a conjectured smallest Riesel number which
happens to be 509203 in the arithmetic progression discovered by Riesel above (See

OEIS [51]) . In August 2003, The Riesel Sieve Project took to being the analogous



project to the Seventeen or Bust project and sought to show all odd positive integers
less than 509203 are not Riesel numbers. The project paired up with PrimeGrid
to reduce the number of possible Riesel numbers less than 509203 down to 48. No
progress has been made although it has been shown for the remaining 48 that k£-2" —1
is composite for n < 11300000 (See OEIS [51]).

As mentioned previously, a common technique among these related results is the
use of covering systems. Not only is this a common technique amongst the related

material in this dissertation, but often times a very powerful tool in number theory.

Definition 3 (Covering System). For nonnegative integers a; and positive integers

b;, the set of congruence classes
{a; (mod b;), as (modbsy), ..., a, (modb,)}

is called a covering system (or a covering for short) if, for every integer n, we have

n = a; (mod b;) for at least one i € {1,2,...,m}.

Consider the collection of congruence classes in Table [I.1 We claim every integer

Table 1.1 Covering System

’ Congruence Classes ‘

n=0 (mod 2)
n=0 (mod 3)
n=1 (mod 4)
n=>5 (mod 6)
n =7 (mod 12)

satisfies one of the congruence classes in Table [I.I} Any integer will be of the form
12t + j where ¢ is an integer and j € {0,1,...,11}. One can check that for every j
(regardless of t), the number 12t + j satisfies one of the congruence classes in Table
More precisely, even numbers (where j is even) satisfy 0 modulo 2. Similarly for 0

modulo 3 covers the integers where j is divisible by 3. We are left with j € {1,5,7,11}.



Both 12¢+1 and 12¢+5 are 1 modulo 4. The remaining numbers 12t +11 and 12t 47
satisfy the last two congruence classes of Table [I.1] respectively.
To help give insight as to how a covering argument may take shape, consider

Table [1.2] To confirm the collection of congruence classes in Table [1.2]is a covering,

Table 1.2 Covering System 2

’ Congruence Classes ‘

n=0 (mod 2)
n =0 (mod 3)
n=1 (mod 4)
n =3 (mod 8)
n =7 (mod 12)
n =23 (mod 24)

following the ideas of the previous example, we only need to check every nonnegative
integer up to the least common multiple of the moduli satisfies one of the congruence
classes. Any even integer is congruent to 0 modulo 2. After also eliminating those
which are 0 modulo 3, we are left with showing 1, 5, 7, 11, 13, 17, 19, and 23 are in
at least one of the congruence classes. The numbers 1, 5, 13, and 17 all are 1 modulo
4. Both 11 and 19 are 3 modulo 8. That leaves 7 and 23 which are in the last two
congruence classes respectively. Thus, the congruences in Table form a covering
system.

The notion of a covering system was introduced by Erdds in the 1930s as a means
to find counterexamples to de Polignac’s question “is it the case that every sufficiently
large odd integer © > 1 can be written as © = p + 2" for some nonnegative integer
n and some prime p?” It had been shown there are infinitely many odd integers
where this is not possible, so Erdos sought to find an infinite arithmetic progression
of counterexamples. Erdds chose congruence classes for x to satisfy such that |z —2"|
is composite for all nonnegative integers n.

Since the congruence classes for n in Table[I.2] form a covering, all n must satisfy

one of the congruence classes. We take x so that it satisfies all of the congruences



Table 1.3 Erdds Problem Solution

\ Congruence Classes for n \ Congruence Classes for x \ Prime Dividing z — 2"

n =0 (mod 2) r =1 (mod 3) 3
n =0 (mod 3) r=1 (mod 7) 7
n=1 (mod 4) r =2 (mod 5) 5
n =3 (mod 8) x =8 (mod 17) 17
n =7 (mod 12) z =11 (mod 13) 13
n =23 (mod 24) x =121 (mod 241) 241

in column 2 of Table [I.3] which is possible by the Chinese Remainder Theorem.
Consider the first row of Table [1.3J When n = 0 (mod 2) and = 1 (mod 3), we

have that n = 2k for some integer k£ and
r—-2"=1-2"*=0 (mod 3)

just as the last column of Table|I.3|indicates. The Chinese Remainder Theorem gives
that © — 2" is divisible by at least one of 3, 7, 5, 17, 13, and 241 for all nonnegative

integers n when = = 7629217 (mod 11184810), that is, when
x = 7629217 4+ 11184810 m,

for any nonnegative integer m. Thus, all z in the arithmetic progression are coun-
terexamples to de Polignac’s question as long as x — 2" is not one of the primes in
column 3 of Table for some nonnegative integer n.

One can confirm that x — 2" is never one of the primes in column 3 of Table
by considering x — 2" modulo 7 and modulo 3. For every nonnegative integer n, the
number 2" is congruent to 1, 2, or 4 modulo 7. Since x = 1 (mod 7), the number
x — 2" is congruent to 0, 4, or 6 modulo 7. The only primes in column 3 of Table|1.3
that are 0, 4, or 6 modulo 7 are 7 and 13. Similarly, 2" is congruent to either 1 or 2
modulo 3 for all nonnegative integers n and, since z = 1 (mod 3), the number x — 2"
is congruent to either 0 or 2 modulo 2. Both 7 and 13 are congruent to 1 modulo 3.

Therefore, there is no x in the arithmetic progression such that x — 2" is a prime in



column 3 of Table and all z in the arithmetic progression are counterexamples to
de Polignac’s question.

For another example more applicable to the results in this dissertation of how one

can use a covering system argument, consider Sierpinski numbers. Pick aq,...,ap,
and by, ...,b, as in the definition of a covering system, with the b; not necessarily
distinct, and suppose we can find distinct primes pq, po, ..., P, such that p; divides
2% — 1. Then

k. 9aitlibi +1=k-2% 4+1 (HlOd pl)

for all 1 < i < m. Thus, for at least k& > maxj<;<,{p;}, solutions k to the m

congruences
{k-22+1=0 (modpy), ..., k-2+1=0 (mod p,)}

are Sierpinski numbers. This kind of construction of a covering system works for
obtaining Riesel numbers in a similar way. The solutions to this type of construction
is typically given as an arithmetic progression based on the congruence classes k
satisfies.

Just like we can use this technique to find k& which are Sierpinski numbers or
Riesel numbers, we can use covering systems to find £ which are both Sierpinski and

Riesel. Such k are called Brier numbers. Below we formally define these numbers.

Definition 4 (Brier Numbers). Any positive odd integer k such that k - 2" + 1 is
composite for all positive integers n and k-2™ — 1 is composite for all positive integers
n is called a Brier number. In other words, if k is both a Sierpinski number and a

Riesel number, then k is a Brier number.

Just like Sierpinski numbers and Riesel numbers, Brier showed that such odd
integers exist and there infinitely many of them although his result was unpublished

in 1998 (see [19] for this result formally) . In fact, Brier showed that

29364695660123543278115025405114452910889



is a Brier number and found an arithmetic progression of odd integers k£ that are
Brier numbers via the same covering system technique mentioned previously. The
existence of Brier numbers gave rise to the same questions as Sierpinski numbers and
Riesel numbers. For example, what is the smallest Brier number. In August 2009, A.
Wesolowski showed that the smallest Brier number must be larger than 10% (see [29]).

In December 2013, Clavier showed that any number in the arithmetic progression
3316923598096294713661 + 3770214739596601257962594704110 m,

is a Brier number for a nonnegative integer m (see [29]). In fact, the smallest known
Brier number is 3316923598096294713661 as found via Clavier’s arithmetic progres-
sion. A consequence of Clavier’s arithmetic progression, as noted by M. Filaseta and

J. Juillerat in [19], is the following corollary.

Corollary 5. For every positive integer k, there exists k consecutive primes all of

which are Brier numbers.
Corollary [5| relies on heavily on a result of D. Shiu [45].

Theorem 6 (D. Shiu, [45]). Let Am+ B be an arithmetic progression with A and B
nonnegative integers, and let k be any positive integer. If Am + B contains infinitely
many primes, then there exist k consecutive primes py,po,...,pr in the arithmetic

Progression.

Based on the statement of Theorem [6 Corollary [f relies on Clavier’s arithmetic
progression containing infinitely many primes. An arithmetic progression Am + B
with A, B, and m nonnegative integers and A > 0 contains infinitely many primes

exactly when A and B are relatively prime. Notice that
3316923598096294713661 and  3770214739596601257962594704110

are relatively prime as we wanted, thus proving Corollary [5] This approach will be a

key ingredient for the main result of the associated chapter of this dissertation. Theo-



rem [6] was strengthened by W.D. Banks, T. Freiberg, and C.L. Turnage-Butterbaugh
[5] and J. Maynard [37] (also, see T. Freiberg [27]). The main result of the associated

chapter for this dissertation will make use of Theorem [7] instead of Theorem [6]

Theorem 7 (J. Maynard, [37]). For every positive integer k, in any arithmetic
progression Am + B, where A > 0, B > 0, m > 0 are integers with A and B
fized and gcd(A, B) = 1, a positive proportion of positive integers ¢ are such that
DesDeys - - - Desk—1 are all in the arithmetic progression Am + B where p; is the i'"

prime.

So far, we have only discussed the first class of integers which the main result of
the associated chapter will address; Brier numbers. The remaining class of integers
the main result will refer to is widely digitally delicate primes. First we define the

less restrictive class of integers, digitally delicate primes.

Definition 8 (Digitally Delicate). Let b be an integer > 2. A prime number is called
digitally delicate in base b (or simply digitally delicate for b = 10) if changing any

base b digit of the prime to another base b digit results in a composite number.

In 1979, the credited inventor of the use of covering systems, P. Erdds, showed that
there are infinitely many digitally delicate primes [16], just like Sierpinski numbers,
Riesel numbers, and Brier numbers. Similarly, the smallest digitally delicate prime

was found: 294001. In other words,
d94001, 244001, 294001,  294d01,  2940d1, and 29400d

are composite or equal to 294001 for every d € {0,1,2,3,4,5,6,7,8,9}. Once again,
the technique of covering systems was used by Erdés although only a “partial” cover-
ing system combined with a sieve argument came into play. Tao, in 2011, refined the

sieve argument to show a positive lower asymptotic density of primes are digitally



delicate [49]. Applying this concept to composite numbers, Konyagin proved a posi-
tive lower asymptotic density of composite numbers which are coprime to 10 remain
composite if any base 10 digit of the number is changed to another base 10 digit [33].
Both Tao and Konyagin have similar results for every base.

The idea of digitally delicate primes was extended in base 10 by Filaseta and
J. Southwick in [25] by adding the condition that changing any of the infinitely
many leading zeroes still results in a composite number. Not only did they show an

analogous result to Erdos’, but also to Tao’s result.

Definition 9 (Widely Digitally Delicate). Let b be an integer > 2. A prime number
is widely digitally delicate in base b if changing any base b digit of the prime, including
the infinitely many leading 0’s, to another base b digit results in a composite number.
Note that we refer to widely digitally delicate primes in base 10 as, simply, widely

digitally delicate primes.

Filaseta and Southwick [25] discussed a similar result for some other bases as well.
To illustrate the extent at which widely digitally delicate primes is more restrictive
than digitally delicate primes, consider a positive integer n in base 10 with r dig-
its. Then there are 9" numbers formed by changing a digit of n, each of which one
wants to check for primality. If you add in checking the leading zeros, now you have
infinitely many possible digit changes that could imply the integer is not widely dig-
itally delicate. For example, consider the smallest digitally delicate prime, 294001.
To be widely digitally delicate, the leading zeros must not result in a prime number
when changed to a different digit. However, 10294001 is a prime number where the
second leading zero digit of 294001 was changed to a 1. Thus, 294001 is not widely
digitally delicate. In fact, Filaseta and Southwick showed none of the primes < 10°
are widely digitally delicate [25]. This discovery and result was mentioned in Quanta
Magazine [38] along with a related result from Filaseta and J. Juillerat [19] (also see

[40])-

10



Theorem 10. For every positive integer k, there exist k consecutive widely digitally

delicate primes.

J. Grantham [30] found the first (currently only) known explicit example of a
widely digitally delicate prime. The prime contains 4032 digits. Note early versions
of his paper as well as a comment in [38] contain an example he provided which was
later corrected.

In the associated chapter of this dissertation, we use methods from [19] used to
prove Theorem [10|to obtain a similar result where the widely digitally delicate primes

are also Brier numbers.

Theorem 11 (Main Theorem of Chapter 2). For every positive integer k, there exist k
consecutive primes pg, Pests - - -, Perk—1, each of which is both a widely digitally delicate
prime and a Brier number. Furthermore, the first primes py in consecutive lists of
k such primes have positive density (depending on k) in the set of prime numbers.
In particular, a positive proportion of the primes are both a widely digitally delicate

prime and a Brier number.
As corollaries to Theorem [TT}, we will establish the following.

Corollary 12. For every positive integer k, there exist k consecutive primes that are

widely digitally delicate in both base 2 and base 10.
Our next result should be compared to the definition of a Sierpiniski number.

Corollary 13. For every positive integer k, there are k consecutive primes, pg, Pri1,
<y Perk—1 Such that for any integer a € [2,937], p; - a" + 1 is composite for every

positive integer n and all £ < i <+ k — 1.

The proof of Corollary [I3], a consequence not so much of Theorem [T1] but rather of
its proof, was the motivation for additional joint research (outside this dissertation) by

the author of this dissertation. This additional research [I8] was done with M. Filaseta
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and R. Groth. We proved a stronger result than Corollary [I3] which will be featured in
the dissertation of Groth in the upcoming years. Therefore, the proof of this stronger
result will be omitted from this dissertation. The proof of Corollary [13| will be given

at the end of Chapter 2. For clarification, we state our stronger result below.

Theorem 14. Pick A to be a positive integer > 2. For every positive integer k,
there are k consecutive primes, pg, Doy, - - -, Perk—1 Such that for every a € [2, A, the

number p; - a™ + 1 is composite for every positive integer n and all ¢ < i < {+k —1.

1.2 A LOWER BOUND FOR THE IRREDUCIBILITY OF THE SUM OF TWO

RELATIVELY PRIME POLYNOMIALS

In 1892, D. Hilbert [31] proved what is now called the Hilbert Irreducibility Theorem.
The theorem has many variations and proofs, but in general terms the theorem says
that an irreducible polynomial in several variables can find infinitely many special-
izations of some preselected variables so the resulting polynomial remains irreducible
in the remaining variables. In the associated section of this dissertation, we consider
polynomials of the form F(x, M) = f(x) + Mg(z) where f(x) and g(x) are noncon-
stant relatively prime polynomials in Z[z]. Hilbert’s Irreducibility Theorem implies
then that F(x, M) is irreducible over Q for infinitely many (even most) positive in-
tegers M. However, Hilbert’s Irreducibility Theorem does not give us explicit M for
which F'(z, M) is irreducible over Q. The goal of the associated section of this disser-
tation is to provide the reader with explicit integers M, depending on f(x) and g(z),
of positive asymptotic density such that F(x, M) is irreducible. First, we mention
prior works that motivate this result.

In [13], M. Cavachi, with some inspiration from Fried and Langmann in [28] and
[35] respectively, showed that for relatively prime polynomials f(z), g(z) € Q[x] with

deg f < deg g, the polynomial f(z)+ pg(z) is irreducible over Q for all but finitely
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many primes p. Once again, the result does not indicate for which p the polynomial
f(z) + pg(x) is irreducible in Q[z].

In [I4], M. Cavachi, M. Vajaitu, and A. Zaharescu established an explicit lower
bound b, depending only on f(z) and g(x), such that for all primes p > b, the
polynomial f(z)+ pg(x) is irreducible over Q given the same conditions in Cavachi’s
earlier result. In [9], N.C. Bonciocat, Y. Bugeaud, M. Cipu, and M. Mignotte were
able to give a similar result in the case that M is a power of a prime, which we state

next.

Theorem 15 ([9]). Let f, g € Z[z] be two relatively prime polynomials with deg g = n
and deg f = n — d, where d > 1. Then for any prime number p that divides none
of the leading coefficients of f and g, and any positive integer k relatively prime to d

such that
1
2T ()

e (z " nH)Mqu)H(gw -

the polynomial f(x) + p*g(z) is irreducible over Q.

Note that here H refers to the height of a polynomial so that, for example, H(f)
is the maximum of the coefficients of f(z) in absolute value. Three years later in [7],

Bonciocat proved a lower bound on p where f(x) + p*g(z) is irreducible over Q.

Theorem 16 ([7]). Let f,g € Z[x] be relatively prime polynomials with deg f <
deg g. Then for any prime p and any positive integer k relatively prime to deg g such

that

1 (deg 1) (degg ) degg—1 deg f(degg—1)+1
p=> (2 + 2k(degf+1)(degg1)) H(f) H(g) ’
the polynomial f(x) + pFg(x) is irreducible over Q.

In Theorem [15] and Theorem [16], the focus is on primes and prime powers. The
set of all prime powers has asymptotic density 0 in the set of integers. The associ-

ated section of this dissertation will focus on describing explicit positive integers M,
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depending only on f and g, with f(z)+ Mg(x) irreducible over Q and where the set
of such M has positive asymptotic density in the set of integers.

Similar to the proofs of Theorem [I5] and [16] the proof of the main result in the
associated section of this dissertation makes use of a theorem of Dumas [I5]. To

understand this theorem, first we must define Newton polygons.

Definition 17. Let f(r) = Y7, a;x? € Z[x] with apa, # 0, and let p be a prime. For
j €{0,...,n}, define (x;,y,) in the extended plane by taking x; = j and y; = +oo if

an—j = 0 and otherwise y; € Z+* U {0} such that p¥ | a,—; but p¥*' { a,_;. Let

Sf == {($07y0)a ety (xn7yn)}'

Consider the lower edges along the convex hull of these points. The polygonal path

formed by these edges is the Newton polygon for f(x) with respect to p.

We refer to an edge of a Newton polygon as a line segment along the Newton
polygon, including its endpoints, with no two edges having the same slope. The path
formed by the convex hull always has the left-most edge starting at (z¢,yo) and the
right-most edge ending at (x,,y,). Notice that the slopes of the edges are increasing
from the left-most edge to the right-most edge.

Consider the following example where f(x) = 32 4+ 922 + 2z + 27. If we want to

construct the Newton polygon of f(z) with respect to 3, we compute the set of points

Sf = {(0’ 1)7 (17 2)? (270)’ (373)}'

The convex hull of these points is made up of two edges, one from (0, 1) to (2,0) and
one from (2,0) to (3,3). This gives us the Newton polygon for f(z) with respect to
3 in Figure[1.1]

This geometric representation of a polynomial with respect to a prime is useful
in determining reducibility of the polynomial. The following theorem of Dumas [15]

provides the tools needed to use Newton polygons for arguments of reducibility.
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Figure 1.1 Newton Polygon for f(x) with respect to 3

Theorem 18. Let g(z) and h(x) be in Z[x] with g(0)h(0) # 0, and let p be a prime.
Let k be a nonnegative integer such that p* divides the leading coefficient of g(x)h(x)
but p**1 does not. Then the edges of the Newton polygon of g(x)h(z) with respect to p
can be formed by constructing a polygonal path beginning at (0, k) and using translates
of the edges in the Newton polygons for g(x) and h(x) with respect to the prime p,
using exactly one translate for each edge of the Newton polygons for g(x) and h(zx).
Necessarily, the translated edges are translated in such a way as to form a polygonal

path with slopes of the edges increasing.

To illustrate the theorem, consider the polynomials f(z) = 323 + 922 + 2z + 27
and g(z) = 222+ 9z + 3. The Newton polygon for f(x) with respect to 3 is Figure
where the first edge has slope of —1/2 and the second edge has a slope of 3. Now

consider the Newton polygon for g(z) with respect to 3. Figure|l.2{shows this Newton

polygon.

-
—
B

Figure 1.2 Newton Polygon for g(x) with respect to 3

Notice in Figure that there is only one edge, and it has slope 1/2. The product
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of the two polynomials is h(z) = 625 + 45z + 9223 + 9022 + 246x + 81 which has the

Newton polygon with respect to 3 shown in Figure [I.3|

a
/

B

Figure 1.3 Newton Polygon for h(z) with respect to 3

In Figure , there are 3 edges for the Newton polygon of h(z). The first edge
from left to right has a slope of —1/2. The second edge has a slope of 1/2. The last
edge has a slope of 3. A quick comparison shows that each of the edges of h(z) is a
translate of one of edges in the Newton polygons of f(z) or g(x).

We can also use Dumas’ theorem to prove irreducibilty. Consider the polynomial

F(x) = 62* + 122° + 922 + 42 + 6 and its Newton polygon with respect to 2 in

Figure [T.4]

B
=

Figure 1.4 Newton Polygon for F(z) with respect to 2

Figure 1.5 Newton Polygon for F'(x) with respect to 3

In Figure , the two edges indicate that if F'(z) is reducible, it has two irreducible
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quadratic factors. However, in Figure which shows the Newton polygon of F'(x)
with respect to 3, the two edges indicate that if F'(z) is reducible, it is the product
of a linear polynomial and an irreducible cubic. Thus, we can conclude that F(x) is
irreducible in Z[z|. This technique will be crucial in the proof of the main result.
We also extend the main result of the associated section of this dissertation to
bivariate polynomials in a manner similar to [9]. For this purpose, we use the following
version of Dumas’ theorem to multivariate polynomials as stated there. To clarify,
the definition of a Newton polygon with respect to a prime p in R below is defined

in the analogous way to Definition

Theorem 19. Let R be a unique factorization domain, p be a prime element of R,
and let f = gh, where f, g, and h are nonconstant polynomials in Rly]. Then the
system of vectors forming the Newton polygon of f with respect to p is the union of

the system of vectors forming the Newton polygons of g and h with respect to p.

To help illustrate the extension, we provide an example with a bivariate polyno-
mial. Suppose f(z,y) = 2°y° + 22y* — y? + 'y + 2° € R[y|, where R = Z[z]. We will
look at the Newton polygon of f(z,y) with respect to the prime element x in R. We

form the convex hull from the set of points
Sy ={(0,5),(1,2), (2, 400), (3,0), (4,4), (5,6)}.

From this set of points, (0,5), (1,2), (3,0), and (5,6) are the points that form the
convex hull. Thus, Figure below is the Newton polygon for f(z,y) with respect
to x.

Notice the Newton polygon is made of 3 vectors: (0,5) to (1,2), (1,2) to (3,0),
and (3,0) to (5,6). Therefore, the Newton polygon with respect to = for any factors
of f(z,y) must contain some translations of these vectors just as in the univariate

case of Dumas’ theorem.
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Figure 1.6 Newton Polygon for f(z,y) with respect to x

1.3 ON nth ORDER EISENSTEIN POLYNOMIALS OF DEGREE n THAT ARE

KEISENSTEIN

For m a positive integer, the mth order Bernoulli polynomial of degree n, denoted
B (z), and the mth order Euler polynomial of degree n, denoted E(™(z), are
defined by

t m _— 0 (m) t
(o) =Xy

and

() e =3 B’ (1.1

et +1 —= n!’
respectively. Let v, denote the usual p-adic valuation so that, in particular, for non-
zero integers a and b, we have v,(a) = k € ZTU{0} means that p* | a and p*™ { a and
vp(a/b) = v,(a) — v,(b). A polynomial f(z) € Q[z] is said to be Eisenstein if there
is an integer a and a prime p for which the well-known Eisenstein criterion applies
to f(z 4+ a) = Xj_ya;27 so that vy(a,) =0, vy(a;) > 1 for j € {0,1,...,n — 1}, and
vp(ap) = 1. Eisenstein’s criterion implies that Eisenstein polynomials are irreducible
over Q if n > 1. In the special case that a = 0, we say that f(x) is in Fisenstein
form or, if p is fixed, that f(z) is in Eisenstein form with respect to p. A. Adelberg
and M. Filaseta [4] showed, somewhat surprisingly, that Eisenstein’s criterion applies

to many of the nth order Bernoulli polynomials of degree n. More precisely, they
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showed that

lim of {n < t: BM™(z) is in Eisenstein form}| - ; (1.2)

—00 t

Experimentally, the author of this dissertation and M. Filaseta noticed that the Euler
polynomials £ (z) often also appear to be in Eisenstein form. The polynomials
E™(z) have been investigated less in the literature, so we are not as readily able to

apply known results to derive such a result. However, as we will see, we are still able

to establish the following results.

Theorem 20. Let m be an even positive integer and p be an odd prime. Then
E?)(z) s in Eisenstein form with respect to p if and only if p does not divide

mp

m(2™ — 1) B,,.

To clarify, since m is even, the number m(2™ — 1) B,,, appearing in Theorem [20) is

an integer (cf. [4, Lemma 1]).

Theorem 21. Asymptotically, more than one-third of the polynomials EM™(z) are
irreducible (and in fact Eisenstein). More precisely,

<t EW . . .
i inf {n <t:E(z) is in Eisenstein form}| - log 2

t—o00 t -

= 0.34657 .. ..

The main part of the associated chapter is devoted to the proof of Theorem [20]
The proof of Theorem [21] is based on applying Theorem [20] in the case that p > m.
As a positive proportion of n have a prime factor greater than /n, it is reasonable to
expect that one can deduce a positive proportion of n can be shown to be Eisenstein in
this manner. The ideas for the proof of Theorem [20] are closely related to arguments
in [4]. However, we are able to get a better density bound by modifying the arguments
slightly. The better bound applies to the case of the Bernoulli polynomials B (x)
dealt with in [4] and as a consequence the right-hand side of can be replaced
with (log2)/2. As the argument for this sharpening of is essentially identical to
our proof of Theorem we do not elaborate on improving further.
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Before leaving this section of the introduction, we note that E(™(z) is not Eisen-
stein for every odd n > 1. To see this, it suffices to show, for such n, that E™ (n/2) =

0, as then E™(x) is reducible. By (I.1]), we obtain

[e.9]

t" 2\ e 2 "
Z m/2 ! (et—i-l) ¢ _(et/2+6_t/2> ’

which is an even function of t. Thus, in fact, we have E{™ (m/2) = 0 for all positive

integers n and m, with n odd.
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CHAPTER 2
CONSECUTIVE PRIMES WHICH ARE WIDELY DIGITALLY

DELICATE AND BRIER NUMBERS

This chapter will focus on the results from section 1.1 of the introduction. The aim
is to prove Theorem [11] Corollary [12] and Corollary [I3] We will begin by providing
some preliminary results necessary in proving Corollary and then provide the
proof of Corollary [I2] Then, we will discuss the proof of Theorem [I1} Lastly, we
will provide the proof of Corollary [13] along with some discussion of its connections

to other works.

2.1 SOME PRELIMINARIES AND A PROOF OF COROLLARY [12]

In the section 1.1 of the introduction, we discussed the proof of Theorem [10] based on
the use of Shiu’s theorem. This included finding an arithmetic progression Am + B
where ged(A, B) = 1 and every number in the arithmetic progression is a Brier num-
ber. The goal for establishing Theorem [11] is to construct an arithmetic progression
Am + B, with fixed positive relatively prime integers A and B, with A divisible by
10 and having a prime divisor > 10, and with a variable nonnegative integer m, such

that every integer k of the form Am + B satisfies

« for every nonnegative integer n and d € {-9,...,—1,1,...,9}, the number

k +d - 10™ is divisible by at least one prime p dividing A,

« for every nonnegative integer n, the number £ - 2" + 1 is divisible by at least

one prime p dividing A, and

21



o for every nonnegative integer n, the number k - 2" — 1 is divisible by at least

one prime p dividing A.

Provided we can also find such a progression that avoids the expressions k + d - 10,
k-2"+1 and k-2"—1 above from being equal to a prime divisor of A, then Theorem
will follow directly from Shiu’s theorem. Observe that for m > 2, we have k- 2" 4+ 1
and k- 2" — 1 are both at least (2A + B)2" — 1 > 2A, which is larger than any prime
divisor of A. By replacing B then by 2A + B, we obtain a new arithmetic progression
with every element contained in the previous progression, so that the three bulleted
items above are still satisfied. Thus, with B so changed, the expressions k - 2" + 1
and k- 2" — 1 cannot equal a prime divisor of A. The next lemma allows us to adjust
A and B further so that the expressions k£ + d - 10" in the first bullet above cannot

equal a prime divisor of A.

Lemma 22. Let b be an integer > 2. Let A and B be positive relatively prime integers
such that A has a prime divisor > b and every prime dividing b divides A. Suppose

further that for every nonnegative integers m and k and for
de{—-b-1),—(b—-2),...,—1}U{1,2,...,b— 1},

there is a prime p dividing A which also divides Am~+B+d-b*. Then, a subprogression
Aom + By can be found, with Ag and By relatively prime and A dividing Ag, such
that for every monnegative integers m and k and for d as above, there is a prime p

dividing Ao with
p|(A0m—|—BO—|—d-bk) and Agm+ By +d - b* # +p.

Proof. Let A’ be the largest positive integer dividing A that is relatively prime to
b. Then there is a positive integer u such that A divides b*A’. Furthermore, taking

v = ¢(A") and a positive integer ¢ > u, we see that A divides btV — bf. We take
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¢ > max{u, 2} sufficiently large so that also b° > A + B, and set
Ay =D A  and By =b"tY —pf 4 B.

Note that ¢ > 2 ensures that /(v+1)—1 > 2¢{—1 > ¢+ 1, which we use momentarily.
Since A divides b*“*tD — bt we see that for every nonnegative integer m, there is a
nonnegative integer m’ such that Agm+ By = Am’ + B, so the arithmetic progression
Agm+ By is a subprogression of the arithmetic progression Am+ B. By the properties
of the progression Am + B, we deduce that for every nonnegative integers m and k
and ford € {—(b—1),—(b—2),...,—1}U{1,2,...,b—1}, there is a prime p dividing
A, and hence Ay, with p | <A0m + By+d- bk). Furthermore, if £ < /(v +1) — 1, we

see that

Agm + By +d - bF = 6" D Am + 010D —pf 4 B4 d - bF
> b — b+ B — (b — 1)t
=y B> — '+ B

>0 > A
for every nonnegative integer m. Also, if kK > (v + 1), then k > 2¢ so that
Agm + By +d-bv" = —b+ B (mod v*).
Since b* > A + B, we see that
D+ A< -0 <= < -V +B<—A

In this case, Agm + By + d - b* is in a residue class modulo b* represented by an
integer in (A, b* — A). In both cases, that is k < (v +1) — 1 and k > £(v + 1), we

deduce that since p < A, we have Agm + By + d - b* # +p n

As noted before Lemma [22] we will find an arithmetic progression Am + B, with

10 | A and A divisible by a prime > 10, satisfying the bullets above. The comments
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before Lemma [22| together with Lemma [22| with b = 10 allow us to find a subprogres-
sion of Am + B such that every prime £ in the subprogression is both widely digitally
delicate and a Brier number. Shiu’s theorem will then imply Theorem [11]

We are now ready to prove Corollary

Proof of Corollary (assuming the ezistence of Am + B as above). To establish an
integer k is widely digitally delicate in base 2, it suffices to show k + 2" is composite
for all nonnegative integers n. Let k = Am + B, with A and B as above and m a
nonnegative integer. Fix a nonnegative integer n. Let
T=nll(p-1).
plA

Then by the second bullet above, there is a prime p dividing A such that
(Am+B)-2"""4+1=0 (mod p),
Since 27 =1 (mod p), we deduce
(Am+B)-27"+1=0 (mod p).
Multiplying both sides of the congruence by 2" gives
E+2"=0 (mod p).

Thus, for each nonnegative integer n, the number k + 2" is divisible by a prime
dividing A. Similarly, for each nonnegative integer n, we can see that the third
bullet above implies that the number k — 2" is divisible by a prime dividing A. By
applying Lemma first with b = 10 and then with b = 2, we see that there is a
subprogression of Am + B containing infinitely many primes such that every prime
in the subprogression is widely digitally delicate in both base 10 and base 2. Shiu’s

theorem applies as before to complete the proof. O
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2.2 THE COVERINGS

As explained in the previous section, we are interested in finding an arithmetic pro-
gression Am + B, with ged(A, B) = 1 and with A divisible by 10 and some prime
> 10, satisfying the bulleted items at the beginning of the previous section. By re-
placing A with a power of A, we may suppose that B < A and do so. We will refer to

properties (i), (ii) and (iii) analogous to the bullets of the previous section as follows.
(i) fde {-9,-8,...,—1} U{1,2,...,9}, then each number in the set
As=Ay(A, B) = {Am+ B +d-10" :m € Z" U{0}, n € Z" U{0}}
is composite.
(ii) Each number in the set
Bs =Bs(A,B) ={(Am+ B)-2"+1:m € Z* U{0}, n € Z* U{0}}
is composite.

(iii) Each number in the set
Br = Br(A,B)={(Am+ B)-2"—1:m € Z" U{0}, n€ Z" U{0}}
is composite.

In the above, a negative integer is composite if its absolute value is composite.

The statement (i) is exactly the condition we want for each prime in the pro-
gression Am + B to be widely digitally delicate. Similarly, (ii) and (iii), imply that
each prime in the progression Am + B is a Sierpinski number and Riesel number,
respectively.

Note that we want relatively prime A and B satisfying (i), (ii), and (iii). However,

we go about this indirectly by finding relatively prime A; and B; so that each number
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in A;(A;, By) is composite, by finding relatively prime A; and Bs so that each number
in Bs(Asg, B) is composite, and by finding relatively prime A3 and Bj so that each
number in Bg(As, B3) is composite. Thus, for example, every positive integer that is
By modulo A; is such that if we add d - 10™ to the integer, where n € Z* U {0} and
de{-9,-8,...,—1} U{1,2,...,9}, the resulting number is composite.
Let
P(A) = {p: pis prime and p|A}.

We will take each of Ay, Ay, and Az to be a product of distinct primes. In other

words, each A; is squarefree. The A;’s and B;’s will have the properties

P(A1)NP(Ay) =0, P(A)NP(A3) =0, P(A2) NP(As) ={2,5}, 21)

BQ = Bg (HlOd 10)

By applying the Chinese Remainder Theorem, we can then establish (i), (ii), and (iii)
for some relatively prime A and B by taking A = A;42A43/10 and B € [0, A — 1] so

that

B = Bl (mod Al), B = B2 (mod AQ/lO), B = Bg (mod Ag/lO), ( )
2.2

B = By = Bs (mod 10).

The first and third authors [19] constructed A; squarefree and B; so that (i) holds
with A4(A, B) replaced by A4(A1, B1). Thus, this paper will focus on constructing the
pair (Ay, By) as well as the pair (As, B3) such that holds and (ii) and (iii) hold
with Bg(A, B) and Br(A, B) replaced by Bs(As, By) and Br(As, Bs), respectively.

Since the construction of the pairs (As, By) and (Ag, Bs) is similar, we will dis-
cuss the construction of the pair (As, By) and then explain how this translates to
constructing the pair (As, Bs). To show that (Asm + Bsy) - 2" + 1 is composite for all
nonnegative integers n, we will show that for each nonnegative integer n, there is a
prime, p € P(As) such that p divides (Aym + By) - 2" + 1. We will choose A and

By large enough so that each number of the form (Asm + By) - 2" + 1, with m and n
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in Z* U {0}, is greater than each prime in P(Ay). Thus, every number of the form
(Asm + Bs) - 2" 4+ 1 will be composite.

For a prime p € P(A,), observe that (Asm + Bs) - 2™ + 1 is divisible by p if and
only if By -2" + 1 is divisible by p. Initially, we do not know the values of As and Bs;
we want to construct them. The idea then is to find a finite set P, of primes so that
for some positive integer By and all nonnegative integers n, the number B, - 2™ + 1
is divisible by one of the primes in P,;. Then A, will be determined by taking A, to
be the product of the primes in Py so that P(As) = Py. We want to construct By
as above in such a way that ged(Asy, Bs) = 1. The focus now is on finding the set P
and how to construct B, from this set.

For an odd prime p and an arbitrary integer a, we can determine By = —27¢
(mod p) so that

By-2"4+1=0 (mod p),

when n = a (mod b) with b = ord,(2). The idea now is to determine primes p (our
set Py) so that the orders of 2 modulo these primes and appropriate choices for a as
above provide us with a list of congruence classes n = a (mod b) that form a covering
system for the integers. In this way, for every nonnegative integer n, there will be
a prime p such that p divides By - 2" + 1, where p depends on a congruence class
satisfied by n.

We now use an example to illustrate how a congruence class in the covering system
gives a congruence class for By to satisfy. We take p = 5. The order of 2 modulo 5 is
4, so the modulus for the congruence on n will be 4. Suppose we want the congruence
n =0 (mod 4) in the covering system for n. If we let B, = —27° =4 (mod 5), then

for some integer ¢, we have
By-2"+1=DBy-2"+1=4-1+1=0 (mod 5).

Thus, whenever n =0 (mod 4), the number B, - 2" + 1 is divisible by 5. Then n =0
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(mod 4) is part of the covering system we want to help establish (ii), where we want
Ay =0 (modb5) and By;=4 (mod5).

In order for to hold, observe that we need 5 ¢ P(A;). The value of A; is
given in [I9], and throughout this paper, we avoid using primes in P(A;). It is the
case that 5 & P(A;), so using 5 as above is permissible. We note that the primes
2 and 5 were not in P(A;) because, in [19], the authors were interested in choosing
moduli for the coverings based on the order of 10 modulo the primes dividing A;.
This led them to avoiding the primes 2 and 5 for which no such order exists. Similarly
in this paper, we will want 2 to have an order modulo each of the primes dividing
Ay or Az, and thus we will seemingly want to avoid the prime 2. However, we have
already indicated that we want A;m + B; to be odd for j € {2,3}, so we are taking
2 to be in both P(A,) and P(A3) with the added conditions that By and Bj are 1
modulo 2.

Now, suppose we want to show that (Aym + By) - 2" + 1 is composite as in (ii)
whenever n = 2 (mod 4). Since 5 is the only prime p with 2 of order 4 modulo p,
the idea is to work modulo 8 instead and show that (Aym + By) - 2" + 1 is composite
when n =2 (mod 8) and when n =6 (mod 8). Each of these will require a number
of congruence classes, particularly since we want to avoid primes in P(A;) and the
only prime p with 2 of order 8 modulo p is p = 17 € P(A;). For the discussion now,
we consider the case of showing (Aym+ Bsy)-2"+1 is composite when n = 2 (mod 8).

By the above arguments, we want to find primes so that if By satisfies certain
congruence classes, then whenever n = 2 (mod 8), one of these primes divides B -
2"41. The primes we found are given in the second column in Table[2.1, Momentarily,
we will describe how we determined the primes more clearly, but if n = a (mod b) and
p are the columns in a row of Table then the order of 2 modulo p is b. To see that
every integer n = 2 (mod 8) satisfies a congruence class in the first column, observe

that if n = 128 (mod 144), then n satisfies one of the last 3 congruence classes in the
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first column of Table 2.1, With the prior two congruence classes modulo 144, every
n =42 (mod 48) will satisfy one of the last 5 congruence classes in the first column.
If n =74 (mod 96), then it satisfies one of the congruence classes in rows 4-6 in the
first column. Thus, if n = 26 (mod 48), then it satisfies one of the congruence classes
in rows 3-6 in the first column. Now, if n = 10 (mod 16), then it satisfies one of
the congruence classes in rows 2-10 in the first column. Since integers which are 2
modulo 16 satisfy the first congruence class in the first column, we see that every
integer n = 2 (mod 8) satisfies at least one congruence class in the first column of
Table 2,11

Table 2.1 Congruence classes used to satisfy n =2 (mod 8)

| Congruence class | prime |

n =2 (mod 16) 257
n =10 (mod 48) 673
n =26 (mod 96) 22253377

n =74 (mod 288) 1153

n =170 (mod 288) 6337

n = 266 (mod 288) 38941695937

n =42 (mod 144) 577

n =90 (mod 144) 187824887233

n = 138 (mod 432) 4261383649

n = 282 (mod 432) 209924353

n =426 (mod 432) | 24929060818265360451708193

So we will choose As so that it is divisible by each prime in the second column of
Table . Corresponding to each congruence n = a (mod b) and prime p in a row,
we take By = —27% (mod p) as noted earlier. Then whenever n = 2 (mod 8) and
m € Z, we have (Asm + Bs) - 2" + 1 is divisible by a prime in the second column of
Table 2.11

Next, we describe more clearly where our choice of primes came from. The idea in
the example above is to find a system C of congruence classes such that every n = 2
(mod 8) satisfies a congruence n = a (mod b) in C. Each such congruence class will

correspond to a prime p € P(A;) for which 2 has order b modulo p. To find the

29



primes p for which 2 has order b modulo p, where b is a modulus we want to use for C,
we look at the prime divisors of ®,(2), where ®,(z) is the b™ cyclotomic polynomial.
As noted in [19] and [23] (with 2 replaced by 10), each prime divisor p of ®;(2) either
will be the largest prime divisor of b or will satisfy that 2 has order b modulo p. Thus,
looking at prime divisors of ®;(2), which are not in P(A4;), determines whether we
can use the modulus b for C and how many times we can use b as a modulus. Thus, in
general, we found what moduli were possible for our systems of congruence classes by
looking at the number of distinct prime divisors of ®;(2), not in P(A;), for different
choices of b, and then we determined our covering systems based on this information.

Observe in Table [2.1]that we could have interchanged the primes with 2 of a given
order b. For example, for the congruences n = 74 (mod 288), n = 170 (mod 288),
and n = 266 (mod 288), we could have selected the primes in the right-most column
as 38941695937, 1153, and 6337, respectively.

Tables and describe the results of looking at prime factors of ®,(2) to
determine the moduli b we can use for our covering systems and the number of times
we can use each modulus (that is, the number of distinct prime factors of ®;(2) that do
not divide b and are not in P(A;)). Table indicates the number of distinct prime
factors of ®y(2) that do not divide b and are not in P(A;) but are in P(Az) UP(A3).
Table shows the remaining number of distinct prime factors of ®,(2) which we
know exist and do not divide b and are not in P(A;) for each modulus. If a modulus
b appears in Table but not in Table then all the distinct prime factors of
®,(2) that do not divide b and are not in P(A;) have been used in P(Ay) U P(As).

The above describes how we obtained a covering system for determining A, and By
so that (ii) holds. We obtain a covering system for determining A3 and Bj similarly
so that (iii) holds. In this case, each congruence n = a (mod b) corresponds to an

odd prime p dividing A3, with b equal to the order of 2 modulo p, and we want

B3 =27 (mod p) (2.3)



so that

B3;-2"—1=0 (mod p)

for n = a (mod b).

For p = 5 above, we took By = 4 (mod 5). Also, By is odd, so we have By = 9
(mod 10). For to hold, we therefore want B; = 9 (mod 10). In particular,
Bs =4 (mod 5). From (2.3]), with p = 5, we want a = 2. As the order of 2 modulo
5 is 4, the congruence we want associated with p =5 and (iii) is n = 2 (mod 4).

Each prime counted in Table in the last column, besides p = 5 with b = 4, can
be used to provide a congruence class for the covering system corresponding to either
(ii) or (iii) and not both, due to the restriction made in that P(Ay) NP(As) =
{2,5}. The complete covering systems used for determining A; and B;, for j € {2, 3},
can be found in the appendix. In the next section, we explain how we verified that
the congruence classes we tabulated for the covering systems in fact form covering

systems.

2.3  VERIFYING THE COVERING SYSTEMS

Consider the collection of congruence classes
Co={0 (mod 3), 1 (mod 3), 2 (mod 9), 5 (mod 9), 8 (mod 9)}.

We can verify Cy is a covering system as follows. Every nonnegative integer is either
0, 1 or 2 (mod 3). The congruence classes 0 (mod 3) and 1 (mod 3) are in Cy, so
we are left with covering integers which are 2 (mod 3) using other congruences in Cy.
Every integer that is 2 (mod 3) is either 2 (mod 9), 5 (mod 9), or 8 (mod 9). These
congruence classes modulo 9 are in Cy. Thus, Cy is a covering system.

Due to the complexity of the coverings in the previous section, this method for

verifying in general a
C={a; (mod by), as (modbsy), ..., a, (modb,)}
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is a covering is quite time consuming. An alternate way of verifying C is a covering is
to check every integer in [0, ¢ — 1], where ¢ = lem(b;). To see this, suppose that every
integer in [0, ¢ — 1] is in at least one congruence class in C. We want to show that all

integers k are in at least one congruence class in C. We can rewrite k as
k=q-l+r

where ¢ and r are integers with 0 < r < ¢ — 1. Since r € [0,¢ — 1], we have that r is
in at least one congruence class, a (mod b), in C. As a consequence of b dividing ¢,
we deduce

k=r=a (modb).

Thus, £ is in the congruence class a (mod b) in C, as we wanted.
In the example above with Cy, this process is emulated by checking that every
k € [0, 8] satisfies a congruence class in Cy. Table confirms that Cy is a covering

by listing a congruence class each such k satisfies in Cy in the second column.

Table 2.2 Verifying the Covering C

’ k ‘ Congruence Classes in C ‘

0 0 (mod 3)

CO| ~J| O OV = | W D] —
O | OO = O N =
/\/\/\/E\/'\/'\/'\/\
o
o,
Nej
N N N N Na? Nl N N

While this method works and is easily implemented by a computer, if ¢ = lem(b;)
is too large, this process takes a substantial amount of time. In the coverings

used in this paper for Sierpinski and Riesel numbers, the least common multiples
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are 236107872000 and 922078080000, respectively. Also, the number of congruence
classes in the coverings are 447 and 459, respectively. Thus, an alternative verification
method, as seen in the paper [19], was used.

Let C be a set of congruence classes a; (mod b;). Fix a positive integer w to be
chosen later, and let u be an integer in [0,w — 1]. Let C, be the congruence classes

a; (mod b;) in C such that
a; =u (mod ged (b, w)).

If |C,| = 0, then C is not a covering. Now consider the case that |C,| > 0. Let ¢ be
the lem of the moduli in C,, and set d = ged(w, ¢'). In [19], the authors show the

following.

Lemma 23. With the above notation, if for each u € [0,w — 1], every
k=wt+u, withtel0,(¢/d)—1NZ,

satisfies a congruence class in C,, then C is a covering system.

Let C be one of the systems of congruence classes created in the previous section,
that is for constructing arithmetic progressions for either Sierpinski or Riesel numbers.
We take w = 4-3-5-q where ¢ is the largest prime dividing the least common multiple
of the moduli in C as done in [19]. Applying Lemma [23| with this choice of w allowed

us to easily verify our congruence classes form a covering system.

2.4 PROOF OF COROLLARY [13|

The proof of Corollary [13|is a consequence of thoughts during and after the construc-
tion of the main result of Chapter 2 that motivated the author to explore the topic.
More precisely, Corollary [I3]is a consequence of the covering system in Table [A.3]

However, there is some additional work to be done to apply the covering system in

Table [A.3]
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Proof. We start by only considering a positive integer a > 3. Let P be the collection

of primes < 937 and define
S={-1 (mod p): p € P}.

Let

Agzﬂp and Bgz(Hp)—l.

peEP peEP

Then, for all p € P and k in the arithmetic progression Asm + Bs, we have
k=-1 (mod p).
In particular, if p is taken to be a prime divisor of a — 1 with a € [2,937], we see that
k-a"+1=0 (mod p).

Thus, by applying Theorem [7] to the arithmetic progression, we have Corollary
for all a € [3,937]. In fact, this argument is easily adjusted so that we can instead
consider a € [3, A] for A arbitrarily large. What we need to address for the full
strength of Corollary [13|is how to handle a = 2 as well.

For the rest of the proof we look to find A" and B’ such that (A'm+ B’)-2"+1is a
Sierpinski number for any nonnegative integer m and ged(A’, B') = ged(A4’, As) = 1.
Once such A’ and B’ have been constructed, we can use the Chinese Remainder

Theorem to construct an arithmetic progression (AsA’)m + B” such that
o AsA’ and B” are relatively prime and

o for all a € [2,937], we have (AsA'm + B") - a" + 1 is composite for all positive

integers n and nonnegative integers m.

With such a progression, Theorem [7] finishes the proof.
Consider Ay and B, as constructed in Section 2.2 of this chapter for Theorem

using Table [A:3] The numbers Ay and By were constructed so that Ay and By are
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relatively prime and Aym + By is a Sierpinski number for all nonnegative integers m.
However, As and As are not relatively prime. Thus, the rest of the proof is focused
on adjusting the arithmetic progression to match the properties of A" and B’ above.

Suppose n = 0 (mod 2). Then
k-2"+1=k+1 (mod3).

Since Asm + Bs = —1 (mod 3) for all nonnegative integers m, if we take k in the
arithmetic progression Asm + Bgs, we see that k - 2™ 4+ 1 is divisible by 3. Thus,
whatever primes were used in the construction of Ay and By for n = 0 (mod 2) are
unnecessary for the construction of A’ and B’. Denote this set of primes as P?). We
clarify that the primes in P® were not used to cover n = 1 (mod 2) for Theorem .

Let

_ A

[Lyep@ p’

and choose B’ € [0, A’ —1] so that B’ = By (mod A’). Notice A’ and B’ are relatively

A=

prime since A, and By are. One can check Table and [21] to see that A’ and Ag are
relatively prime since the largest prime dividing A’ is 937. Therefore, the arithmetic

progression AsA'm + B” is as desired, and Theorem [7| finishes the proof. H
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CHAPTER 3
A LOWER BOUND FOR THE IRREDUCIBILITY OF THE

SUM OF TWO RELATIVELY PRIME POLYNOMIALS

This chapter will focus on two results that related to the results mentioned in section
1.2 of the introduction. The aim is to prove Theorem [24] and Theorem 28] The
proofs of Theorem [24] and Theorem 28| will mirror each other, but require different
machinery. We will start by providing necessary notation and some preliminaries.
Then we give a proof of the univariate case which is Theorem Then we will

extend the result to the bivariate case which is Theorem 28|

3.1 PROOF OF UNIVARIATE CASE
Let w(x) = c,z™ + -+ - + 1z + ¢ be a nonzero polynomial in Z[x]. Define

hy = max{|¢;| : 0 <i < n},
ly = ¢,, and

dy, = degw(zx) = n.

Also, for two polynomials wy(x) and wy(x) in Z[x], denote the resultant of w;(x) and

wsy(x) as Res(wq, wy). Now we formally state the main result of this section.

Theorem 24. Let f(z) and g(x) be nonzero relatively prime polynomials in Z[x] with

df <d, and 0 <6 < 1/d,. Let M be a positive integer satisfying

!/ d 1/(1-6dy)
M > max {Q;{(hf/wf\ /1l +3) (2Rl (g 1y + 2)7) } (3.1)
g
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Set F(x) = f(z)+ Mg(z). Suppose further that there is a prime p, not dividing ¢,
and a positive integer k, with ged(k,d, —dy) = 1, such that

PP | M, p"TYY M and p* > MO
Then F(x) is irreducible over Q.

Before proceeding, we observe that a positive proportion of positive integers M
will have a prime factor p > M'~%/(d)  Thus, by taking 6 = 1/(2d,) and k = 1 in
Theorem [24] we obtain a positive proportion, depending on f(x) and g(z), of explicit
positive integers M such that F'(z) = f(x) + Mg(z) is irreducible. Prior work in [7],
[9], [13] and [I4] only produced thin sets of such M (not a positive proportion).

The proof of Theorem [24] relies heavily on Lemma [27 The proof of Lemma

makes use of another lemma that is fairly easy to prove and follows from work of

Cauchy (cf. Theorem 8.1.3 and (8.1.9) in [42]).

Lemma 25. If w(z) € C[z] and monic, then the complex roots of w(x) have absolute

value < hy, + 1.
Proof. Let w(zx) be as in lemma such that
w(r) = 2" + ap_ 12"+ +ag

where a; € C for all i. Let o be a root of w(x) and assume for a contradiction
la| > hy + 1. We deduce that
A = —a, "t — .. — qy.
By our assumption and the above equality we also can deduce
" = laf - || > (1 + o) |a]" ™" = |a|" 7! + hyla"™ = Jaf" ™ + |ag-a] - af*7!

> (L4 ha)lo]™™* + lan—| - o] = |o]"* + |an—| - o] + |an] - o

> |an ||t + -+ Jar]ja| + |ag] > |al™
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This is a clear contradiction and completes the proof. O]

Lemma [26]is a consequence of Lemma [25] for nonmonic w(z) and the proof follows

very similarly. We will leave the proof of Lemma [26| to the reader.

Lemma 26. If w(x) € Clz|, then the complex roots of w(x) have absolute value

< (hw/|lw]) + 1.
With Lemma [26], we can state Lemma [27] and give its proof.

Lemma 27. Let f(z) and g(x) be nonzero relatively prime polynomials in Zlx| with
dy < dg. Let M be a positive integer satisfying

14 d
o > gy + 1)+ 3)"

7| (3.2)

Set F(z) = f(z) + Mg(z), and suppose F(x) has a factor u(z) € Z[z] of degree > 1.
Then

v 1/d,
i )
2k (hg/ILg| +2)

Proof. Let F(x) and u(x) be as above and assume that u(z) has a root 6 that satisfies
0] > hy/|l,| + 2. (3.3)
Since F(0) = 0, we deduce f(0) = —Mg(f). We write f(x) and g(z) as
F@) = Gla—a)@—a) - (w—aq) and  g(@) = b —B) (@ —B) - (1B,
where «;, 3; € C. Lemma 26| applied to each «; and 3; implies
0 = a;| <10+ lay| < 10] +hy /|y +1,  for 1 <j<dy,

and
10— B51 > 10] = |B5] = 10] — hg/1lg| =1, for 1 <j <d,.
We deduce that

O < 16510101 + By /151 +1)"
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and

19(0)] > 16,1(16] = B/ 16, — 1)".
Since f(0)

—Mg(0), we will obtain a contradiction if we show

d dy
51101+ R /1es] + 1) < MILg| (1] = By /6] — 1)
or, equivalently,
d
|41 (16] + R/l + 1)
> - (3.4)
|€g’(|9| - hg/|£g| - 1)

We now focus on reformulating the right-hand side of the last inequality before

obtaining a contradiction. Specifically, we observe that

6] + hgles| + 1]
d l
(161 + b/ 16+ 1) 1] l]e; /Iy 1
01018 ho/itg] — 1) 16l (61 = By 16y =)™

d
] [\9\ + hyllp[ + 1410 = hy/1lg| — 1 — [0] + hy/I6s| + 11 !
6] — hg/1Cg| — 1
|€g| (|6| - hg/wgl - 1)dg_df
d
|£f|<1+ hf/|€f|+hg/|€g|+2> ’
_ O = oMbl =1 T Al 10y 4+ 1y 18,0+ )"
dg—ds =1, FHIYF g/ Itg ’
1ol (10] = ho /s — 1) g

where we have used the assumption (3.3)) to obtain the inequality. From (3.2]), we

obtain (3.4) and the desired contradiction. Therefore, (3.3)) does not hold and, when
u(f) = 0, we deduce that

0] < hy/|l,] + 2.

(3.5)
Note that if u(d) = 0 and ¢g(#) = 0, then

f(0)

—Mg(0) =0,

contradicting ¢g(z) and f(x) are relatively prime. Thus, u(x) and g(x) have no com-
mon roots. Let 6q,...,0;, be all the roots of u(x) including repeated roots. Since
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u(z) and g(x) have no common roots, we deduce

dy

03 11 9(6;)

Jj=1

= ’Res(u, g)‘ > 1. (3.6)

Since each 6; is a root of F(x), we deduce that

dy, dy
o TT £05)| = M| TT 9(0;)]- (3.7)
j=1 j=1
We focus on bounding the left-hand side of (3.7). Using (i3.5]), we obtain
. du . du ds j
e TLF@)| <10 L |hs -3 (ho/166] +2)
j=1 j=1 =0
g s 1
< |€u| ! H hf ) (hg/wgl + 2) Z df—i
=0 (hg/lty] +2)
4 a1 (3.8)
< [lu|* H hy - (hg/wgl +2) ZW
j=1 1=0
o dy
< [l TT 2k - (g 1tg] +2)
j=1
dgeydy 1l dydu
= [Cu| 2% h (g /Ity +2)".
Applying (3.6) and (3.8)) to (3.7)), we deduce
d dgoydy 1 du dydu
M < (0] a2t b (/[0 +2) .
Thus,
d d
M < 2Ryl (o 1lg] +2)" < 2hg|bu]% (ho/ 1] +2)”
and
M 1/dg
iz )
2hs (hy/ 1] +2)
This completes the proof of Lemma ]

Using Lemma 27 we can begin the proof of Theorem [24]

Proof of Theorem[2]]. Assume the conditions in Theorem [24] and that



where u(z), v(z) € Zlz] of degree at least 1. In the conditions, we have a prime p

such that p { £;¢, and
pP M, pFTy Mo and pf > M.

Since d, > dy, we deduce dp = d, and all terms of F'(x) having degree larger than
d; will be terms in Mg(z). Thus, p* divides all these terms of F(z). Since p f £,,

F1 does not divide the leading coefficient of F(z). Since, p f £, the

we see that p
term of F'(x) of degree d; will have a coefficient that is not divisible by p. From the
conditions in the theorem, we have ged(k,d, — dy) = 1. Thus, there are no lattice
points on the leftmost edge of the Newton polygon with respect to p from (0, k) to

(dy — df,0). Therefore, one factor, which we will take to be v(x), has a translation

of this edge in its Newton polygon with respect to p. Then, p{ ¢, and

M|

10,] < < M°|¢,).
Lemma [27] implies
M 1/d,
]k{6‘€g| > < df ) :
th (hg/|€g| + 2)
Therefore,

1-éd

g dg
M = MO <] (2hy (hy /10| +2)7)

so that

1/(1—6dg)
M < (2hg||" (hy /|G| +2)* ) .

By the lower bound on M in the statement of Theorem [24] this is a contradiction.

Thus, F(x) is irreducible over Q. O

3.2 BIVARIATE CASE

Now we extend Theorem [24] to polynomials of two variables following the set-up given
by Bonciocat et. al. in [8]. For the rest of the paper, we let K be a field. We define the

nonarchimedean absolute value |- | on KJz] (justified momentarily), as in [8], which
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is as follows. Fix p > 1. Define 0| = 0 and, for any nonzero polynomial h(z) € K|z],
define

|h(x)] = pleeh®).
Let f(z,y) and g(z,y) be polynomials in (K[x])[y]. In other words, we will consider
f(z,y) and g(z,y) as polynomials in the variable y with coefficients in K[z]| so that
we can write
F(@,9) = an(@)y" + ana(@)y" " + .+ ar(@)y + ao(w)
and
9(x,y) = b (@)y™ + bm—a (@)y™ " + .+ ba(@)y + bo(@)

where a;(x) and b;(z) are in K[z] for all i and j and the polynomials a,(z) and b,,(x)

are nonzero. We define

dy = deg, f(z,y) = n, and

L B ﬂ 1/df
=\l '

We also use the analogous notation for any nonzero polynomial in (K[z])[y], so in

particular hy, ¢4, dg, and L, are defined similarly. Notice that we can extend | - | by
defining

‘h@) _ i)

wz)|  Jw(z)|

for h(z),w(x) € K[z] and w(z) # 0. To see that this definition is well-defined,

observe that if h(z), w(z),u(x) € K[z] with h(z),w(z), u(z) nonzero, then

‘ h(z)u(z)

w(z)u(z)

lw(z)u(z)| — pleswtdesn  plew  w(z)]

_ h(@)u(z)] _ pieettdesr pleshh(z)| ‘h(l‘)

w(x)|”
The case that h(z) = 0 is easily handled separately. Thus, the absolute value is

well-defined for elements in K (z).
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We also establish (K(z),]-]|) is a metric space. We first show | - | is an absolute
value on K[z] and K (z). Then we show the absolute value defines a metric on K (x).

For | - | to be an absolute value for K[x], we want the following to hold:
1. For all f € K|z], |f| > 0 with equality if and only if f = 0.
2. Forall f,g € K[z], |f-g] = [/]-lgl

3. Forall f,g € Klz], |f +g| <|f]+]gl.

Property 1 is true by the choice of p > 1 and the definition for f = 0. For Property 2,

take f,g € K[x]. If f or g is 0, then f-¢g = 0 and Property 2 holds. Otherwise,

|f - g = pleedTiess — pleal . pless — || |g|.

Property 3 is clear if f or g is 0. Otherwise, for Property 3, we use that
|f +g| < pretdeeldeest — max{|f], |g|} < [f]+|g].

Therefore, | - | is an absolute value over K[z]. We can extend | - | to K(z) by taking
f = hy/wy and g = hy/ws elements of K(x). In particular, we can see Property 3
holds in K (z) using | - | is well-defined, as shown above, and the above properties in

K[x] to deduce

hl hg h1U)2 + h2w1 hle + h2w1 h1U)2 + h2w1
g |t | | | sl + Vo
wy Wy WiWsy |wywe| |wyws|
|h1w2| hQ’LU1| h1UJ2 h2w1 hl hg
_ gl _ = |+ 22 = [£] + 1gl.
lwiws|  |wiws|  jwiwa|  jwiws|  |wi|  |we
Next we show | - | is a metric for K(z). In other words, we show the following:

A If f,g € K(x), then |f —g| > 0.
B. If f,g € K(x), then |f — g| =0 if and only if f = g.
C. If f,g € K(x), then |f —g| = |g — f].
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D. If f,g,h € K(x), then |f — g| < |f — h| + |h — g].

Property A is true by Property 1. Property B is true since f — g = 0 by Property 1

as well. Since Property 2 holds, we have
f=gl=1-(g=DI=1=1-lg=Fl=1lg—fl,
establishing Property C. Property D follows from Property 3 by
|f =gl =I(f=h)+(h=g) <|f —h[+|h—gl=I|f—hl+]g — A

Therefore, | - | is a metric in K (x) and (K(z),|-|) is a metric space.

There is a unique field extension that is complete with respect to the absolute
value such that the nonarchimedean absolute value can also be extended as a nonar-
chimedean absolute value in the completion (cf. [48, Theorem 24, Lemma 25]). One
can also give an explicit formula for the extension of the nonarchimedean absolute

value in K (x), the algebraic closure of K (z) (cf. [50, Theorem 4.2]). More precisely,

let 6(x) be an element of K (z) so that there is an irreducible monic

w(z,y) =y" + an—1(2)y" " 4+ ...+ ao(z) € (K(2))[y]

such that w(x,0(x)) = 0. Define the extension of | - | to K(z) by
n 1/n
0@)] = |(=1)"ao ()| "

Alternatively, if 6(z) is a root of an irreducible polynomial

w(z,y) = ap(@)y" + an1(2)y" " + ..+ aolz) € (K[x])[y],

then we can define 1/n

(~1y )

an ()

16(x)] =

Note that for either form of w(z,y) and 6(x) as above, we have
B\ Y
e ()
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For w(z,y) € K[z| (that is w(x,y) constant in (K|z])[y]), we define L,, = 0. Other-

wise, set
W(ZE, y) = Ewllh(flf, y) o ws(xa y)

where each w; is monic and irreducible in (K (z))[y], and define
Ly, =max{Ly,,..., Ly}
For 0(z) a root of w(z,y) € (K[z])[y], we therefore have
10(z)| < Ly (3.9)

Observe that £,, > 1, which will be valuable later. Using (3.9)), we will prove a useful
lemma just as we did in the one variable case. First, we give the desired result of this

section.

Theorem 28. Let f(x,y) and g(x,y) be nonzero polynomials in K|z, y| relatively
prime over K (z) with df < d, and 0 < 6 < 1/d,. Let M(x) be a polynomial in K|x]
satisfying

|M(z)| > max { @wf + Lo+ 1), (hyllg|" (Ly + 1)) } (3.10)

||
Set F(x,y) = f(z,y) + M(z)g(x,y). Then F(x,y) is irreducible over K(x) if there
is an irreducible polynomial p(x) in Klz], not dividing (¢f,, and a positive integer k,

with ged(k,d, — dyg) = 1, such that
p(@)" | M(z), p@)f M(z) and  |p(x)]* > [M(2)]'".

For f(z,y) € K|x] so that d; = 0, the bound is not needed, as a Newton
polygon argument given in the proof of Theorem [28 will show that the conditions on
p(x) and ged(k,d, — dy) = 1 are enough to see that F(z,y) is irreducible over K(x).
We leave the reader to check this detail, and suppose for the remainder of this section
that dy > 1.

Lemma 29 below will be the main ingredient in proving Theorem 28|
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Lemma 29. Let f(x,y) and g(x,y) be nonconstant polynomials in K|x,y| relatively

prime over K (z) with dy < d,. Let M(x) € K|x] satisfy

0
mﬂ@y>bﬂwf+£¢+n@. (3.11)
g

Set F(z,y) = f(z,y)+M(x)g(x,y), and suppose F(x,y) has a factor u(z,y) € K|z, y]

with d, > 1. Then

(M ()]
£d 2 (h<£+1>> |

Proof. Let u(z,y) be as above and 6(z) € K[x] be such that u(z,0(x)) = 0. Assume
first that

0(z)] > L, + 1. (3.12)

Since F(z,0(z)) = 0, we deduce f(x,0(x)) = —M(x)g(z,0(x)). We rewrite f(x,y)

and g(z,y) as

f@,y) =Ly — ar(@))(y — as(2)) - - (y — aa, (2))

and
g(z,y) = Ly(y — Bur(x))(y — B2(x)) - - - (y — Ba, (2)),

where a;(z), 8;(x) € K[z]. Equation (3.9)) applied to the «;(x) and f;(z) implies
16(2) = aj(2)] < [0(2)] + [y (2)] < |0(z)] + Ly

and
0(z) = Bi(z)| = |0(z)| — |Bi(z)| = |0(x)] — Ly,

for 1 <j <dyand 1 <17 <d, From the above, we deduce
|f (2, 0(x)] < [€4](10(2)] + L5)*

and

lg9(z,0(2))] = 16](10(2)] = L)
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Since f(x,0(x)) = —M(x)g(x,0(x)), we will obtain a contradiction when
41(10()] + L)Y < [M(@)]16](10(x)] — L£g)*

or, equivalently,
5110 ()] + £4)
|| (10(2)] = Lg)%

We now focus on altering the right-hand side of this last inequality to obtain the

|M ()] >

contradiction. Specifically, we observe that

| |ll9(ﬂf)!+£f]
sl (6)| + L)% T 18()]
61 (10(2)] = Lg)%— [4,] (|0(x)| — L£4)"

1] [|9(a:)| + Ly +10(x)| — L, —10(z)] +£g‘|df
: 0@l — £,
[g] (10()] — Lg) "
Li+L, \V
|€f|<1 ! )
- 10(=)] = 6] .
RIGIE: g)dg i < g (et L)

where we have used the assumption (3.12)) to obtain the inequality. From (3.11]),

we obtain the desired contradiction. Therefore, (3.12)) does not hold and, when
u(z,f(x)) = 0, we deduce that

0(x)| < L, + 1. (3.13)
Note that if u(z,0(z)) = 0 and g(z,0(z)) = 0, then
f(@,0(x)) = =M (z)g(x,0(x)) = 0,

contradicting that f(x,y) and g(z,y) are relatively prime over K(z). Thus, u(z,y)
and g(z,y) have no common roots. Let 61(z),...,0,, (x) be all the roots of u(z,y)

including repeated roots. Since u(z,y) and g(z, y) have no common roots, we deduce

dy,
s T g(x,ej(m))| = [Res(u, )| > 1, (3.14)

i=1
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since Res(u, g) € K|[z]. Since each 0;(x) is a root of F(x,y), we deduce that

dy

T f(x,ej<x>>\ M)

dy

e T o(x, 05(x))

j=1

| . (3.15)

Jj=1

We focus on bounding the left-hand side of (3.15). Observe that by the nonar-
chimedean property of absolute value and (3.13]), we have

|f(z,0;())| < hp(Ly+ 1)

We deduce that

dy

e 11 f (. 05(2))

J=1

Applying (3.14) and (3.16) to (3.15)), we deduce

dy

= 1 TL1 6D < el (ke + 1)) (310

dy

M (2)|" < [0 (hy(Ly+ 1)%)

Thus,
[M ()] < [0u|%/ @ hy(Ly + 1)U

Since |¢,| > 1 and d, > df > 0, we obtain

[M ()] < [0l hy(Ly+ 1)

and
M)\
| > | 7 .
he(Lg+ 1)
This completes the proof of Lemma n

Now, we can begin the proof of Theorem 28 by using Theorem [19} This proof is

done similar to the proof of Theorem [24]

Proof of Theorem [28 Assume the conditions in Theorem [28 with d; > 1 and that

F(z,y) = u(z,y)v(z,y),
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where u(z,y) and v(x,y) are in (K[x])[y] such that d,, d, > 1. The conditions imply

that we have an irreducible polynomial p(z) in K[z] such that p(z) { £;¢, and
p(2)* [ M(z), ple)" t M(z) and |p(2)]" > [M(2)]'"".

Since dy > dy, we deduce dp = d,; and all terms of F'(x,y) having degree larger than
ds in y will be terms in M(x)g(z,y). Thus, p*(x) divides all these terms of F(z,y).
Since p(x) { £,, we see that p(z)**! does not divide ¢z. Since p(x) t £, the term of
F(x,y) of degree d¢ in y will have a coefficient that is not divisible by p(z). From the
conditions in the theorem, we have ged(k,dy, — df) = 1. Thus, there are no lattice
points besides the endpoints on the leftmost vector of the Newton polygon of F(z,y)
with respect to p(z) from (0, k) to (d, — dy,0). Therefore, one factor, which we take
to be v(x,y), has a translation of this vector in its Newton polygon with respect to

p(z). Then p(x) 1 ¢, and

[ M (2)]14,|

Lemma [29| implies
/d
M)\ .

—_— < |M ly).

() <)
Therefore,

1-ddg (1/dy)—5 d.\ /dg
M ()| 7 = [M ()| 970 < [ey] (hy(Ly + 1))

so that

M ()] < (sl (Ly + 1) )% .

By the lower bound on | M (x)| in the statement of Theorem [28] this is a contradiction.

Thus, F(z,y) is irreducible over K (x). O
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CHAPTER 4
ON THE nth ORDER EULER POLYNOMIALS OF DEGREE

n THAT ARE EISENSTEIN

This chapter will focus on the results from section 1.3 of the introduction. The aim is
to prove Theorem 20| and Theorem 2I] We will begin by providing some background
and preliminary results necessary for proving Theorem [20hnd the proof of Theorem
20l Lastly, we will discuss the consequence of Theorem [20] and the proof of Adelberg

and Filaseta’s main result in [4], Theorem [21]

4.1 BACKGROUND

Recall that the mth order Euler polynomial of degree n, denoted Eflm) (x), is defined
by . The left-hand side of the equation is to be interpreted as the formal product
of Maclaurin series in . We will focus on the generalized Euler polynomials £ (z),
or in other words, the case m = n.
We obtain information on the Maclaurin series of 2/(e' + 1) as follows. Observe
that
2 1—et  et/2—et/?

et+1 1= l+e e tl2tell2 ~ tanh(t/2).

The Maclaurin series for the hyperbolic tangent is well understood, and in particular

we deduce (cf. [I])

2 [e.9]
et—l—l_lzz

n=0

_2(2211 _ 1)32nt2n71
(2n)! ’
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where Bs,, denotes the 2n” Bernoulli number. Therefore, we see that

2 >4,
— £
et +1 nz::() nl2n "’

_22n71(22n - ]-)B2n
n

It is known that ¢, € Z for all n > 0 (cf. the discussion of C,, in [39] pp. 27-28]).

bo=1, Fly,=0 for n>1, and /ly,_1 = for n > 1.

Since e = $°°°_, 2™t™ /m!, we see from (I.1)) that E™(x) is n! times the coeffi-

m=0

cient of t" in the expression

A
(Zm’f) ()

For an integer k € [0, 7], the Multinomial Theorem implies the coefficient of "~* in

the power in the expression above is

5 nl i (jg])

eoleles! - -ep!

e1+2ea+-+ne,=n—=k Jj=1
epg=n—e1—ez——en
€120,...,en >0

where in the product if ¢; = e; = 0, then (¢;/(j!27))% is to be interpreted as 1. We
deduce that
Er(zn) (‘T) = Z En,kl'ka
k=0

where

n! n! LA
J
E”vkzﬂ > elelel...elH<‘12j ‘ (4.1)
*e1+2e9+-tne,=n—k c0-1:62: n: =1 J:
€ep=n—_€e1—ezx——€n
e12>0,...,en,>0

Note that £ (z) is a monic polynomial with rational coefficients. Given that e, +

2e9 +---+ne, =n—kand e =n—e —ey —--- — e, in the sums above, the

L n!
k! il and ledles! l
k! iz \J! eplerley! - - el

can be viewed as multinomial coefficients and hence integers. Thus, the coefficients

expressions

of E™(x) times a power of 2 will lie in Z. We deduce that, for some N = N(n) € Z*,
we have

Eon=1 and 2VE"(x)c Z[z]. (4.2)

)
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4.2 PRELIMINARIES FOR n = mp

For the rest of this paper, assume n = mp where p is an odd prime and m is a positive
even integer. Our next goal is to establish Theorem [20}
For 0 < k < mp, we obtain from (4.1]) that

_ (mp)! 3 (mp)! | (jgﬂ' ) (4.3)

eplerlea! - - epp! i 127

e1+2ex+-+mpemp=mp—Fk
eo=mp—e1—€2—"—Emp
€1 207"-7677Lp20

Hence, (4.2)) holds with n = mp, and for some N = N(m,p) € Z*, we have
Eppmp =1 and  2VE["™)(z) € Z[a]. (4.4)

Observe that Efnrgp) (x) is in Eisenstein form with respect to the odd prime p if

and only if each of the following holds:

(2) p12Y Enpmp,

(b) p|2NE,px for all 0 < k < mp— 1, and
(c) p* 12" Epppo.

Proof that part (a) always holds. We obtain from (4.4) that 2V E,,,, ., = 2. Since p

is an odd prime, p{ 2V E,p mp- O

Proof that part (b) always holds. Recall ¢; € Z for all j and ¢y, = 0 for positive

integer n. From (4.3)), it suffices to show p divides at least one of the multinomial

coefficients
(mp)! 77 (1)" (mp)!
ag (e1,...,e = — and b (eq,...,e€ =
k( 1, ) mp) L! Jl;[l j' k< L ’ mp) 60!61!62!"'€mp!
for each integer k € [0,mp) and each possible set {ey, ..., en,} of non-negative inte-

gers with e; +2ey+- - - +mpey,, = mp—k. To do so, we will make use of the following

lemma due to E. E. Kummer [34].
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Lemma 30 (Kummer [34]). Let n and u be integers with n > u > 0, and let p be a

prime. If v is the number of carries when adding u and n — u in base p, then

Corollary 31. Let n be a positive integer, and let uy, us, ..., u, be non-negative in-

tegers such that n = uy + ug + - - -+ u,.. Then

n!
vyl ——— | =v
P\ug!- -,

where v is the number of carries when performing the additions uy +us + ...+ u, in

base p from left to right.

Corollary [31] is an immediate consequence of Lemma [30] and the identity

n! . U + Usg U1 + Ug + U U+ ug + ...+ u,
uy!- ! Us Us Uy '

Observe that the corollary implies that the number of carries in Corollary is
independent of the order in which we add the numbers uy, us, ..., u, in base p. Our
main interest in Corollary is the case where v = 0, which occurs precisely when
there are no carries when adding the numbers wuy, us, ..., u, in base p. To put this
another way, let dgi) € {0,1,...,p—1} (digits in base p) for all  and j with 0 <i <r

and 0 < j <n, = [logn/logp]|. Suppose
n= ngo)pj and  wu; = Zd;z)]ﬂ forie{1,...,r}.
7=0 7=0
Then v = 0 precisely when

d¥ =dP +dP + -+ d”, forall j e {0,1,...,m,}. (4.5)

Now, suppose p does not divide by = by, (e1, . . ., €mp). We complete the proof of (b)
by showing aj, = ay, (e1, . . ., €mp) is divisible by p. Since the multinomial coefficient by
given above has numerator (mp)!, we deduce from Corollary [31) with v = 0 that each

e; is divisible by p. Since k < mp, we have e; + 2es + -+ - + mpey,, = mp — k > 0 so
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that at least one of ey, ..., ey, is positive. Suppose such an e; is ej. Since p | e, we
deduce ej; > p. On the other hand, there are ej occurrences of j'! in the denominator
of the multinomial coefficient ay, and it is impossible to add a positive integer to itself
p times in base p without having a carry (just consider what happens to the the right-

most digit in base p during the additions or refer to (4.5))). We deduce p | ay. m

We are thus left with determining when (c) occurs in order to determine when
E(mP)(z) is in Eisenstein form with respect to p. As (c) is a result about the constant
term of E{"P)(x), we study this constant term next. To finish the proof of Theorem ,

we want to show that p? | E,,0 if and only if p divides m(2™ — 1) B,,.

4.3 THE CONSTANT TERM OF E{"P)(z)

To show part (c), we make use of work of G. D. Liu and W. P. Zhang [36] on
generalized Euler numbers, which we will write as Eéj? using a slightly different
notation than in [36] to avoid confusion with the generalized Euler polynomials. The

2)

authors in [36] define E;n through the equation

2) z 00 — (@) t2n
= E E .
(et + e‘t> o 2 (2n)!

Observe that the left-hand side above is an even function, so its Maclaurin series only

involves terms of even degree in t as shown. Also, by taking ¢ = 0, one can see that
Fék) = 1 for all positive integers k. Note that F;L) denotes the classical (2n)" Euler
number.

Define the Stirling numbers of the first kind s(n, k) for integers n and k with

n > k > 0 by the double recurrence relations

s(n,0) =0, VYn>1, s(n,n) =1, VYn >0, and

s(n,k)=s(n—1,k—1)—(n—1)s(n—1,k), Yn>k>1.
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Also, define the central factorial numbers T'(n, k) for integers n and k withn > k£ >0
by the double recurrence relations
T(n,0) =0, Vn>1, T(n,n)=1, Vn >0, and
T(n,k)=T(n—1,k—-1)+kT(n—-1k), VYn>k>1.
Though other definitions of these numbers would suffice for our purposes, these re-

currence relations help emphasize that the numbers s(n, k) and T'(n, k) are integers.

Following [36], for integers n and k with n > k > 1, we also define

o) = (-1 3= SR ).

As 274! can be viewed as the product of the even positive integers < 2j, we deduce

that p(n, k) € Z. The following is due to G. D. Liu and W. P. Zhang (see Theorem 2.1,

the sentence after (2.18), and (3.16) in [36]).
Theorem 32 (Liu and Zhang [36], 2008). Let n and k be positive integers. Then

—(k ~ N 74
By =3 pln,i) k.
i=1

Furthermore,
— (2 22n71(22n _ 1)B2n
p(n.1) = ~Ey) = - .
n
Since p(n,i) € Z for every i € {1,2,...,n}, we deduce from the first equation in
k) (k) _

Theorem |32| that Eg € Z for all positive integers n and k. Recall also that ;" =1

for every integer £ > 1. We turn now to connecting the numbers ESZ) to the constant
term B0 = ES™)(0) in our generalized Euler polynomial E{™)(x).

As before, we take m to be an even positive integer and p to be an odd prime.

By setting # = 0 in ((1.1)) and replacing ¢ with 2¢, we see that

(B ) (55 - (=)
_ ( 2 )"”’ (4.6)

et +1
= i E(mp)(o) (21&)”'
=" n!
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To obtain the term of degree ¢"*? in the product on the left, we want to add terms of

the form

—mp)  t"PT (—mp)t) (mp —(mp) P
B : — (—1) iEe)
g ) O e

where 0 < j < mp. Therefore, from (4.6)), we obtain

g ) () = z<—1>f( j )<mp>f B

J=0

Since Eﬁg:) ; € Z for each j in the sum, we obtain the congruence

m m _ =5(mp) 2
2" g (0) = B, (mod p?). (4.7)

Since m is even and p(n, i) € Z, from Theorem [32] we see that

mp/2
Efnpp) = Z p (2,Z> (mp)' =mpp <2, 1) (mod pz), (4.8)
i=1

which in particular implies from (4.7) that E(”;p)(O) is divisible by p. Furthermore,

m

Theorem [32] implies

2mp=1(omr _ 1)B,, 2P (2P — 1) B,
p<mp71>:_ ( ) Bmp _ 2™( ) By (4.9)
2 mp/2 mp

We consider now two cases, depending on whether p — 1 divides divides m or not,

beginning with the latter.
Case 1. p — 1 does not divide m.

Since p—1 does not divide m, Kummer’s congruence (cf. Corollary 2 in [3]) implies

By _ B
P=—" (mod p).
m

mp

Also, Fermat’s Little Theorem gives us
2MP = 2™ (mod p) and 2™ —-1=2"—-1 (mod p).

Combining the above with (4.7)), (4.8)) and (4.9), we deduce

Em)(0) = —p (2™ — 1)B,, (mod p?).

mp
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In this case, Eg';p)(m) is in Eisenstein form with respect to p if and only if p ¢
2(2™—1)B,,, where the extra factor of 2 is simply to ensure 2(2™—1)B,, is an integer.
On the other hand, if p | m, then by an observation going back to J. C. Adams [2] and
which follows from Kummer’s congruence noted above, we have that p divides the

numerator of B,, so that p | 2(2™ —1)B,,. Recalling m is even, it follows that, for this
case, E,(n”;p)(x) is in Eisenstein form with respect to p if and only if p f m(2"™ — 1) B,,.
Case 2. p — 1 divides m.

The main difference in this case is that the von Staudt-Clausen Theorem (cf. [4])
implies that p exactly divides the denominator of B,, and B,,, (that is, p divides these
denominators and p? does not). We will return to using this information shortly.

If p | m, then implies Ef,:’;p ) is divisible by p? since p(mp/2,1) € Z. From
([@.7), we deduce p* | ES™P(0) so that E{")(x) is not in Eisenstein form with respect
to p.

Suppose now p { m. Let e be the order of 2 modulo p, and let r = 1,(2° — 1).
Note then that

Pl =1 and  pt(E 1),

and e is the order of 2 modulo p". We claim that the order of 2 modulo p"* is ep’

for every integer j > 0. It suffices to show that
P2 1) and  prT (27 - 1), (4.10)

for every j > 0. The case j = 0 holds from the above. We give an induction argument,
supposing now that for some integer jo > 0, we know (4.10|) holds with j = jy. Then

there is an integer s such that
270 — 1+ gt and  pts.
We deduce, from the Binomial Theorem, that
gep’ott (1+ Spr+jo)p =14+ 8p7‘+j0+1 (mod pr+jo+2)_
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We obtain from this that (4.10) holds with j = jo+ 1, establishing (4.10) for all j > 0
by induction. Thus, the order of 2 modulo p"* is ep’ for every integer j > 0.

Since e divides p — 1 and p — 1 divides m but p t m, we deduce that
prlEr =1, pET -1, pTH @™ 1), and pTPf(2™ - 1)

We consider two possibilities depending on whether r =1 or r > 1.

For the first possibility, where » = 1, in , we have B,,, has a denominator
exactly divisible by p, p also exactly divides the denominator mp since p t m, and the
expression 2™P(2"™ — 1) is exactly divisible by p"*! = p?. Thus, implies that
p(mp/2,1) is not divisible by p, and and in turn imply that E{")(z) is in
Eisenstein form with respect to p. Furthermore, p t m, p” = p exactly divides 2™ — 1,
and p exactly divides the denominator of B, so that p does not divide m(2™ — 1) B,,.

Now, consider the possibility that » > 1. Then B,,, has a denominator exactly
divisible by p and the expression 2P(2™P — 1) is divisible by p"*! and hence p3. We

deduce from (4.9)) that p(mp/2, 1) is divisible by p, so that (4.7)) and (4.8]) imply that

E,(?,L”;p)(x) is not in Eisenstein form with respect to p. Here, 2™ — 1 is divisible by p?
and p exactly divides the denominator of B,, so that p divides m(2™ — 1)B,,.
Combining the above, we see that in the case p — 1 divides m, we have Eﬁn”;p)(x)

is in Eisenstein form with respect to p if and only if pt m(2™ — 1)B,,.

4.4 PROOF OF THEOREM 21

In this section, we justify Theorem 21, We begin with the following, which is con-

tained in the argument for Lemma 2 in [4].
Lemma 33. The inequality |2(2™ — 1)B,,,| < m™ holds for every m € Z*.

Proof. We use that By = —1/2, and for k > 1, we have By,,; = 0 and

Ba = (- (2
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(cf. [10]). For m = 1, we have |2(2™ — 1)B,,| = 1 = m™, so the stated inequality

holds. For m = 2k > 2, we have |((2k)| < |((2)| < 2 so that

2(2™ — 1)B,y| < 2(2™ — 1)?2(:’)’2 < 85:”1!) <m™,

completing the proof. O

The basic idea is to consider the positive integers n = mp < t where m € Z*
and p > m is a prime. For such n, Theorem [20] implies that if p does not divide the
integer 2(2™ — 1) B,,,, then E,%p)(:v) is in Eisenstein form with respect to p. We show
that most such n (asymptotically almost all) are such that E™(z) is in Eisenstein
form with respect to the largest prime divisor p of n.

Fix e > 0. Let § = S(¢,t) be the set of pairs (m, p) with

meZt, m<tV)  meven,

p>maprime, mp<t and p{f2(2" —1)B,.

By Theorem , the pairs (m, p) € S correspond to unique positive integers n = mp <
t for which E(™(z) is in Eisenstein form. Our interest is in counting the number of
pairs in S.

We make use of the notation 7m(z) for the number of primes < z and f(t) =
(14 0(1))g(t) to indicate that for every fixed ¢’ > 0 and ¢ > ty(¢’) sufficiently large,
we have (1 —&')g(t) < |f(t)| < (1 +&')g(t). For a fixed m € Z* with m < ¢(1/2)—¢
and m even, there are mw(t/m) — w(m) different primes p > m for which mp <t¢. By
Lemma, , there are < m primes p > m which divide 2(2™ — 1) B,,. From the Prime

Number Theorem, the number of pairs (m,p) € S, with m still fixed, is at least

W(;) —m(m)—m > (1+ 0(1))W — 2t(1/2)—¢
= (14 o(l) logtt o
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where the equality follows from

t t t(1/2)+6
> = .
mlog(t/m) — t(/2—<logt log ¢

1/2)+e 1/2)—¢

The above only depends on ¢/m > being sufficiently large compared to ¢ ,

and in particular the o(1) notation is uniform in m < t(/2)=¢. We obtain that

log(2)t
2 Y

S| = (1 +0(1)) >

m<t(1/2)—e
m even

mlog(t/m) = (1+o(1))

where the latter can be deduced from a comparison of the sum to the integral

log(t/(22)) 2 ,

where z = (1/2) (/=2 Theorem 21| follows.

/z ¢ _tlog log(t/(2z)) "
1 (2x)
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APPENDIX A

COVERINGS FOR CHAPTER 2

To aid in verifying the computations in this dissertation, all the data in this appendix
can be found in [2I] as lists suitable for computations. This appendix begins with
Table [A.1] which lists the number of distinct primes used, L = L(b), that divide
®,(2), do not divide b, and are not in P(A;). Note the * indicates the prime 5 is
used once in each covering. The b listed correspond to moduli used in our coverings.
Table gives a lower bound on number of distinct primes, M = M (b), that divide
®,(2), do not divide b, are not in P(A;), and are not used in either covering. The *
in this table represents an M (b) that is a lower bound; that is, we did not completely
factor @,(2).

Tables and list the congruence classes n = a (mod b) that form the
covering systems we obtained for k£-2"+1 and k-2" —1 respectively. Recall that, with
the order b of 2 fixed, the choice of a prime p associated with a given congruence class
does not matter. Thus, for example, $g4(2) has exactly two prime factors, 641 and
6700417, neither of which are in P(A;). These two primes are in the count for L(64)
in Table [A.I] We associate some ordering of these two primes. The second column
of Table indicates that one of these primes is associated with the congruence
n =22 (mod 64) (indicated by "1" in the second column) and the other is associated
with the congruence n = 54 (mod 64) (indicated by "2" in the second column). Note
that we do not attempt to clarify which of the two primes is associated with which

congruence as it does not matter.
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Table A.1 Number of primes used in both coverings, L = L(b)

(o JL] [ o L) [ JL][ b [LJ[ b [L]
1 (10| [16 3] [462] 1960 [4][1600] 2
31| (1823 [4685 | [ 968 |4 |[176 8| b |L]
6 [ 1] 1951 [480 2| [ 95 [ 4|12 [4][ 3132 | 4
95 [ 2 | [108 [ 2| [484 [ 4| [ 980 |5 |[ 1755 | 6 || 3510 | 9
% | 1| [200 4| [486 [ 3| [1014 |3 |[1792 | 4 || 3640 | 4
97 [ 1| [208 [ 1| [495 [ 2| [1040 [ 4 |[ 1848 | 5 || 3696 | 3
32 [ 1] [216 2| [B07 1| 1063 |3 |[ 1872 | 4 || 3744 | 3
33 | 1| [220 [ 2| [520 [ 5| [ 1056 | 4 | [ 1875 | 5 || 3780 | 2
35 [ 1] [224 [ 2| [528 2| [1078 | 3 |[ 1890 | 3 || 3822 | 3
30 [ 1] [225 [ 3| [B40 | 4| [1080 | 3 | [ 1960 | 4 || 3960 | 2
10 [ 1] [231 1| [546] 2| [1080 | 4 |[ 1980 | 5 || 4095 | 4
8 1| [23a 1| [550] 1| [1002 5 |[ 2016 3 |[ 4160 | 4
50 | 1| [240 [ 2| [560 [ 4| [1100 | 7 | [ 2028 | 4 || 4224 | 2
5 | 1| [242 (2| [572 6] 1120 [ 4] [2080 | 3 |[ 4200 | 4
61 [ 2| [250 [ 2| [585 [ 4| 1125 [ 3 | [2100 | 3 || 4312 | 2
65 [ 1| [260 | 3| [594 ] 4| [1134 | 3 || 2106 | 3 || 4320 | 2
66 | 1| [264 2| [616 3| [ 1155 | 2 |[2112 | 4 || 4363 | 3
70 | 1] [270 3| [624 3| 1170 | 5 |[ 2156 | 5 || 4550 | 2
75 2 | [273 3| [625 4| [1183 | 3 || 2160 | 5 |[ 4732 | 4
7w 1| [25 2| [637 7| 1188 |6 |[ 2178 | 2 |[ 5040 | 3
7 1| [280 [ 1| [648 [ 7| [1232 | 2 |[ 2184 | 6 || 5096 | 2
80 [ 1] [286 3| [650 5| [1248 [ 3 |[ 2200 | 2 |[ 5148 | 3
81 [ 3| [288 3| [660 5| [ 1250 | 2 |[ 2250 | 6 || 5200 | 2
88 [ 1] [207 2| [672] 2| [1260 | 3 || 2268 | 9 || 5280 | 4
o1t [ 2] [300 3| [676 5| [1274a [ 3 |[ 2275 | 4 || 5544 | 2
96 [ 1] [308 3| [693 ]3| 1300 7 || 2310 | 2 |[ 5632 | 3
90 [ 2 | [312 1| [700 3] 1320 4 |[2340 | 3 || 5824 | 4
100 2 | [324a 4] [702 ] 2| [134d | 4 |[ 2366 | 2 || 5350 | 4
104] 2| 325 [ 2] [704 4| [1350 | 3| 2464 [ 4 || 6006 | 4
105 3| [330 2] [715 |3 | [1352 [ 4| [ 2496 | 4 || 6160 | 2
108 1| [336 3] [720 | 2| [1365 | 4| 2520 [ 4 || 6240 | 4
10 2| [338 2| [726 |3 | [1375 | 3 || 2548 [ 5 || 6600 | 4
112 2| [350 2] [728 2| [1386 | 1| [ 2574 [ 4 || 6825 | 3
117 4| [351 5] [750 | 3| [1400 [ 2| [ 2600 [ 4 || 7040 | 4
201 1] [352 2] 756 2| [1404 | 7 |[ 2640 [ 2 |[ 7392 | 2
120 1| [360 2] [770 | 3| [1408 [ 3| [ 2704 [ 4 || 7800 | 3
125 2| [363 4] [780 |5 | [1430 [ 2 | [ 2730 | 3 || 8190 | 2
130 2| [364 2] [784 |5 | [1440 | 4 | [ 2750 | 2 || 8316 | 3
32 2| [375 1] [702 2| [1452 [ 2 | [ 2772 | 8 || 8580 | 2
135 2| [378 [ 4] [810 |6 | [ 1456 | 4 | [ 2808 [ 4 || 8775 | 3
140 | 2 | [ 385 [ 3| [825 |4 | [1485 | 3 || 2816 [ 4 || 9100 | 4
143 1 3 | [300 [ 2] 8323 | 1512 1 |[ 2012 [ 4 |[ 9240 | 4
144 | 2| [396 [ 4] [840 |3 | [1540 [ 4| [2925 | 5 || 10080 | 2
150 | 1| [416 [ 5| [845 | 3 | [1560 | 3 | [ 3024 | 2 || 10296 | 2
A2 | [420 [ 2] 858 ] 2| [1568 | 2 |[ 3080 [ 3 |[ 11264 | 2
156 | 1| [420 [ 3] 864 | 2| [184 | 2 |[ 3120 [ 3 |[ 11700 | 2
160 | 2 | [432 [ 3] [880 ] 4| [1620 | 2 |[ 3136 | 4 |[ 12012 | 4
162 1| [440 [ 4] [896 |2 | [1625 [ 5 | [ 3234 | 2 || 13650 | 3
165 1| [448 [ 2] [910 |4 | [1638 [ 3| [3276 | 3 || 18018 | 3
169 3| [450 [ 2| [924 | 2 | [1664 | 2 | 3300 | 3
1751 3| [455 [ 2| [936 | 4 | [1680 | 4 | [ 3360 | 5
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Table A.2 Number of primes, M = M(b), not used in both coverings

[ b [ M]
b [ M]
225 | 1
2200 | 37
288 | 1 _
2310 | 2
300 | 1 .
2340 | 4
350 | 2 ;
2704 | 1
637 | 1 _
2730 | 1
960 | 1 _
2750 | 4
968 | 1 _
3024 | 1
1080 | 1 _
3120 | 1
1120 | 1 .
3136 | 1
1125 | 1 _
3234 | 1
1155 | 1 .
3276 | 1
1232 1 _
3744 | 1
1250 | 2 .
3780 | 2
1260 | 1 _
1173960 | 2
1350 | 2
312 | 1
1352 | 1 :
14320 | 4
1430 | 3 .
14368 | 1
1452 | 3 .
4732 | 2
1485 | 1 .
5096 | 1
1568 | 1 :
5200 | 3
1584 | 2 _
6240 | 2
1620 | 6 .
> 176825 | 1
1625 | 2 _
17392 | 2
1664 | 1 5
177800 | 3
1690 | 2 _
178316 | 1
1792 | 1 .
178580 | 3
1875 | 1 _
1710296 | 1
1960 | 3 .
11264 | 1
2016 | 1 _
{11700 | 4
2028 | 2 195610 | 10
2112 | 1
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Table A.3 Covering information for Sierpinski numbers

congruence D congruence D congruence P
n=0 (mod 4) 1 n =782 (mod 3136) | 1 n =199 (mod 520) | 2

n =2 (mod 16) 1 n = 1566 (mod 3136) | 2 n = 303 (mod 520) | 3

n =6 (mod 32) 1 n = 2350 (mod 3136) | 3 n =407 (mod 520) | 4

n =22 (mod 64) 1 n = 3134 (mod 3136) | 4 n =511 (mod 520) | 5

n =54 (mod 64) 2 n =0 (mod 13) 1 n =5 (mod 208) 1

n =10 (mod 48) 1 n =1 (mod 26) 1 n =31 (mod 416) 1

n =26 (mod 96) 1 n =2 (mod 39) 1 n =239 (mod 416) | 2

n =74 (mod 288) 1 n =15 (mod 117) 1 n =57 (mod 416) 3
n =170 (mod 288) | 2 n =54 (mod 117) 2 n = 265 (mod 416) | 4
n =266 (mod 288) | 3 n =93 (mod 117) 3 n = 83 (mod 416) 5
n =42 (mod 144) 1 n =28 (mod 117) 4 n =291 (mod 2080) | 1
n =90 (mod 144) 2 n = 67 (mod 351) 1 n =707 (mod 2080) | 2
n =138 (mod 432) |1 n =184 (mod 351) | 2 n = 1123 (mod 2080) | 3
n =282 (mod 432) | 2 n =301 (mod 351) | 3 n = 1539 (mod 4160) | 1
n =426 (mod 432) | 3 n =106 (mod 351) | 4 n = 3619 (mod 4160) | 2
n =14 (mod 112) 1 n =223 (mod 351) | 5 n = 1955 (mod 4160) | 3
n =30 (mod 112) 2 n =340 (mod 1053) | 1 n = 4035 (mod 4160) | 4
n =46 (mod 224) 1 n =691 (mod 1053) | 2 n =109 (mod 624) | 1
n =158 (mod 224) | 2 n = 1042 (mod 1053) | 3 n =317 (mod 624) | 2
n =62 (mod 336) 1 n =3 (mod 156) 1 n =525 (mod 624) | 3
n =174 (mod 336) | 2 n =55 (mod 468) 1 n =135 (mod 832) | 1
n =286 (mod 336) | 3 n =211 (mod 468) | 2 n =343 (mod 832) | 2
n =78 (mod 448) 1 n = 367 (mod 468) | 3 n =551 (mod 832) | 3
n =190 (mod 448) | 2 n =107 (mod 468) | 4 n =759 (mod 1664) | 1
n =302 (mod 896) |1 n =263 (mod 468) | 5 n = 1591 (mod 1664) | 2
n =750 (mod 896) | 2 n =419 (mod 1404) | 1 n =161 (mod 1040) | 1
n =414 (mod 1792) | 1 n = 887 (mod 1404) | 2 n =369 (mod 1040) | 2
n =862 (mod 1792) | 2 n = 1355 (mod 1404) | 3 n =577 (mod 1040) | 3
n = 1310 (mod 1792) | 3 n =29 (mod 260) 1 n =785 (mod 1040) | 4
n = 1758 (mod 1792) | 4 n =81 (mod 260) | 2 n =993 (mod 3120) | 1
n =94 (mod 672) 1 n =133 (mod 260) | 3 n = 2033 (mod 3120) | 2
n =206 (mod 672) | 2 n =185 (mod 780) |1 n = 3073 (mod 3120) | 3
n =318 (mod 1344) | 1 n =445 (mod 780) | 2 n =187 (mod 1248) | 1
n =990 (mod 1344) | 2 n =705 (mod 780) | 3 n =395 (mod 1248) | 2
n =430 (mod 1344) | 3 n =237 (mod 780) | 4 n =603 (mod 1248) | 3
n = 1102 (mod 1344) | 4 n =497 (mod 780) | 5 n = 811 (mod 2496) | 1
n =542 (mod 2016) | 1 n =757 (mod 2340) | 1 n = 2059 (mod 2496) | 2
n = 1214 (mod 2016) | 2 n = 1537 (mod 2340) | 2 n = 1019 (mod 2496) | 3
n = 1886 (mod 2016) | 3 n = 2317 (mod 2340) | 3 n = 2267 (mod 2496) | 4
n = 654 (mod 3360) | 1 n =17 (mod 104) 1 n = 1227 (mod 3744) | 1
n = 1326 (mod 3360) | 2 n =43 (mod 104) 2 n = 2475 (mod 3744) | 2
n = 1998 (mod 3360) | 3 n =69 (mod 312) 1 n = 3723 (mod 3744) | 3
n = 2670 (mod 3360) | 4 n =173 (mod 936) | 1 n =19 (mod 78) 1
n = 3342 (mod 3360) | 5 n =485 (mod 936) | 2 n =45 (mod 234) 1
n =110 (mod 784) | 1 n =797 (mod 936) | 3 n =123 (mod 702) | 1
n =222 (mod 784) | 2 n =277 (mod 936) | 4 n = 357 (mod 702) | 2
n =334 (mod 784) | 3 n =589 (mod 1872) | 1 n =591 (mod 2106) | 1
n =446 (mod 784) | 4 n = 1525 (mod 1872) | 2 n = 1293 (mod 2106) | 2
n =558 (mod 784) | 5 n =901 (mod 1872) | 3 n=1995 (mod 2106) | 3
n =670 (mod 1568) | 1 n = 1837 (mod 1872) | 4 n =201 (mod 1404) | 1
2 1 n= 2

n = 1454 (mod 1568)

n =95 (mod 520)

201
435 (mod 1404)
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Table A.3 Covering information for Sierpinski numbers cont.

congruence

congruence

congruence

n =669 (mod 1404)

n = 449 (mod 650

n =99 (mod 325)

n =903 (mod 1404)

n =164 (mod 975

n = 1137 (mod 2808

)
n =579 (mod 650)
n =85 (mod 1170)

)
n =489 (mod 975)
)

)
n = 2541 (mod 2808) n = 215 (mod 1170) n = 814 (mod 975
n = 1371 (mod 2808) n = 345 (mod 1170) n = 229 (mod 975)
n = 2775 (mod 2808) n =475 (mod 1170) n = 554 (mod 2925)
n =71 (mod 858) n = 605 (mod 1170) n = 1529 (mod 2925)
n =149 (mod 858) n =735 (mod 3510) n = 2504 (mod 2925)

n = 227 (mod 1716)

n = 1905 (mod 3510)

n = 879 (mod 2925)

n = 1085 (mod 1716)

n = 3075 (mod 3510)

n = 1854 (mod 2925

n = 305 (mod 1716)

n = 865 (mod 3510)

n = 2829 (mod 8775

n = 1163 (mod 1716)

n = 2035 (mod 3510)

n = 5754 (mod 8775

n = 383 (mod 1716)

n = 3205 (mod 3510)

N

n = 8679 (mod 8775

n = 1241 (mod 1716)

n =995 (mod 3510)

n = 461 (mod 1716)

n = 2165 (mod 3510

n =294 (mod 1625)
n =619 (mod 1625)

n = 1319 (mod 1716)

n = 3335 (mod 3510

n =944 (mod 1625)

n =539 (mod 2574)

n = 1269 (mod 1625)

n = 1397 (mod 2574)

n = 1594 (mod 1625)

n = 2255 (mod 2574)

)
= )
n = 1125 (mod 5850)
)
n = 3465 (mod 5850)

n =47 (mod 390)

n =617 (mod 2574)

(
(
(
n = 2295 (mod 5850
(
(

n = 4635 (mod 5850)

n =177 (mod 390)

n = 1475 (mod 5148

n = 5805 (mod 11700)

n =307 (mod 1560)

Nt N’

n = 4049 (mod 5148

n = 11655 (mod 11700)

n = 697 (mod 1560)

n = 2333 (mod 5148) n =111 (mod 1300) n = 1087 (mod 1560)
n = 4907 (mod 10296) n = 241 (mod 1300) n = 1477 (mod 6240)
n = 10055 (mod 10296) n =371 (mod 1300) n = 3037 (mod 6240)

n = 695 (mod 3432) n =501 (mod 1300) n = 4597 (mod 6240)

n = 1553 (mod 3432) n = 631 (mod 1300) n = 6157 (mod 6240)

n = 2411 (mod 3432) n =761 (mod 1300) n =60 (mod 455)

n = 3269 (mod 3432) n =891 (mod 1300) n =125 (mod 455)

n =773 (mod 4290) n =1021 (mod 2600) n =190 (mod 1365)

n = 1631 (mod 4290) n = 2321 (mod 2600) n = 645 (mod 1365)

n = 2489 (mod 4290) n = 1151 (mod 2600) n = 1100 (mod 1365)

n = 3347 (mod 4290) n = 2451 (mod 2600) n = 255 (mod 1365)

n = 4205 (mod 8580) n = 1281 (mod 5200) n =710 (mod 4095)

n = 8495 (mod 8580) n = 3881 (mod 5200) n = 2075 (mod 4095)

n = 851 (mod 6006) n = 2581 (mod 7800) n = 3440 (mod 4095)

n = 1709 (mod 6006) n = 5181 (mod 7800) n = 1165 (mod 4095)

n = 2567 (mod 6006) n = 7781 (mod 7800) n = 6625 (mod 8190)

n = 3425 (mod 6006) n =38 (mod 65) n = 3895 (mod 8190)

n = 4283 (mod 12012)

n =21 (mod 195)

n = 320 (mod 2275)

n = 10289 (mod 12012)

n =86 (mod 585)

n =775 (mod 2275)

n = 5141 (mod 12012) n = 281 (mod 585) n = 1230 (mod 2275)
n = 11147 (mod 12012) n = 476 (mod 585) n = 1685 (mod 2275)
n = 5999 (mod 18018) n = 151 (mod 585) n = 2140 (mod 6825)
n = 12005 (mod 18018) n = 346 (mod 1755) n = 4415 (mod 6825)
n = 18011 (mod 18018) n =931 (mod 1755) n = 6600 (mod 6825)

n =7 (mod 130)

n = 1516 (mod 1755)

n = 385 (mod 3640)

n = 33 (mod 130)

n = 541 (mod 1755)

n = 1295 (mod 3640)

n =59 (mod 650)

n = 1126 (mod 1755)

n = 2205 (mod 3640)

n = 189 (mod 650)

n = 1711 (mod 1755)

n = 3115 (mod 3640)

n =319 (mod 650)

QDO = DO | oD | i QoD =] i QO D | DO | | QO[N] | QO D| | DO | Q| DO | x| W DN =] 00| 1| O U i | WO DN | DO | x| | DO = x| W|]

n =34 (mod 325)
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n = 905 (mod 4550)
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Table A.3 Covering information for Sierpinski numbers cont.

congruence

congruence

n = 1815 (mod 4550

n = 1765 (mod 2730)

n = 2725 (mod 9100

n = 2675 (mod 2730)

= 7275 (mod 9100

n =153 (mod 1274)

— ==

(

(
n = 3635 (mod 9100
= 8185 (mod 9100)

n =517 (mod 1274)

n = 4545 (mod 13650)

(

n = 335 (mod 1274)
(
(

n =699 (mod 2548)

congruence

n = 9095 (mod 13650)

n = 1973 (mod 2548)

n =25 (mod 169)

n = 13645 (mod 13650)

n = 881 (mod 2548)

n = 38 (mod 169)

n=9 (mod 91) n = 2155 (mod 2548) n =51 (mod 338)
n =22 (mod 91) n = 1063 (mod 2548) n = 233 (mod 338)
n =35 (mod 273) n = 2337 (mod 5096) n =77 (mod 507)
n =126 (mod 273) n = 4885 (mod 5096) n = 753 (mod 2028)
n =217 (mod 273) n = 1245 (mod 3822) n = 1767 (mod 2028)
n =139 (mod 364) n = 2519 (mod 3822) n =415 (mod 2028)
n =321 (mod 364) n = 3793 (mod 3822) n = 1429 (mod 2028)
n =61 (mod 1092) n =179 (mod 1456) n = 259 (mod 676)
n = 243 (mod 1092) n = 361 (mod 1456) n = 597 (mod 676)
n =425 (mod 1092) n = 543 (mod 1456) n =103 (mod 676)
n = 607 (mod 1092) n =725 (mod 1456) n = 441 (mod 676)
n =789 (mod 1092) n = 907 (mod 2912) n = 285 (mod 676)
n =971 (mod 3276) n = 2363 (mod 2912) n = 623 (mod 27()4)
= 2063 (mod 3276) n = 1089 (mod 2912) n = 1299 (mod 2704)
= 3155 (mod 3276) = 2545 (mod 2912) n = 1975 (mod 2704)
n =74 (mod 637) n = 1271 (mod 4368) n = 2651 (mod 2704)
n =165 (mod 637) n = 2727 (mod 4368) n =129 (mod 845)
n = 256 (mod 637) n = 4183 (mod 4368) n = 298 (mod 845)
n = 347 (mod 637) n = 1453 (mod 5824) n = 467 (mod 845)
=438 (mod 637) =2009 (mod 5824) = 1481 (mod 1690)
n =529 (mod 637) n = 4365 (mod 5824) n = 805 (mod 1690)
n= 620 (mod 637) n = 5821 (mod 5824) n =311 (mod 1014
= 87 (mod 728) n =11 (mod 143) n =649 (mod 1014

n= 269 (mod 728)

n =24 (mod 143)

n =451 (mod 2184)

n =37 (mod 143)

n = 1179 (mod 2184)

n =193 (mod 286)

n = 324 (mod 1183

n = 1907 (mod 2184)

n =63 (mod 286)

(

( )

( )
n = 987 (mod 1014)
n = 155 (mod 1183)

( )

( )

n =493 (mod 1183

n = 633 (mod 2184)

n = 219 (mod 286)

n = 1845 (mod 2366)

n = 1361 (mod 2184)

n =89 (mod 429)

n = 831 (mod 2366)

QO DO = i | DO D | | DN | W DN | D ] LN | i W N | O x| | DO = | W DN = | DN =W NS

n = 2089 (mod 2184) n = 232 (mod 429) n = 2183 (mod 4732)
n =23 (mod 182) n =375 (mod 429) n = 4549 (mod 4732)
n= 49 (mod 182) n = 245 (mod 572) n = 1169 (mod 4732)

=75 (mod 182) =531 (mod 572) = 3535 (mod 4732)
n= 101 (mod 546) n =115 (mod 572) n = 337 (mod 1352)
n = 283 (mod 546) n = 401 (mod 572) n =675 (mod 1352)

n = 465 (mod 1638) n = 271 (mod 572) n = 1013 (mod 1352)

n = 1011 (mod 1638) n = 557 (mod 572) n = 1351 (mod 1352)

n = 1557 (mod 1633) =141 (mod 715)

n = 127 (mod 910) n = 284 (mod 715)

n =309 (mod 910) n =427 (mod 715)

n =491 (mod 910) n = 1285 (mod 1430)
(

n =673 (mod 910)

n =713 (mod 1430)

n = 855 (mod 2730)
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n =12 (mod 169)
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Table A.4

Covering information for Riesel numbers

congruence

congruence

congruence

n =2 (mod 4)

n = 152 (mod 200)

n = 585 (mod 2250)

n =4 (mod 40)

n =72 (mod 200)

n = 1335 (mod 2250)

n =24 (mod 80)

n =172 (mod 200)

n = 2085 (mod 2250)

n = 64 (mod 160)

n =92 (mod 300)

n = 735 (mod 2250)

n = 144 (mod 160)

=192 (mod 300)

= 1485 (mod 2250)

n =8 (mod 120)

n = 292 (mod 300)

n = 2235 (mod 2250)

n = 28 (mod 240)

n =16 (mod 140)

n =15 (mod 75)

n = 148 (mod 240)

n =36 (mod 140)

n =40 (mod 75)

n = 48 (mod 360)

n =56 (mod 280)

n =65 (mod 225)

n = 168 (mod 360)

n = 140 (mod 225)

n = 288 (mod 1080)

n =215 (mod 225)

n = 648 (mod 1080)

(

(

(
n =196 (mod 1120)
n =476 (mod 1120)
n =756 (mod 1120)

n =20 (mod 125)

n = 1008 (mod 1080)

n = 1036 (mod 1120)

n =45 (mod 125)

n = 68 (mod 480)

n =76 (mod 420)

n =70 (mod 250)

n = 188 (mod 480) n =216 (mod 420) n =195 (mod 250)
n = 308 (mod 960) n = 356 (mod 1260) n =95 (mod 375)
n = 788 (mod 960) n =776 (mod 1260) n = 220 (mod 1125)
= 428 (mod 960) n =1196 (mod 1260) n =595 (mod 1125)
= 908 (mod 960) n =96 (mod 560) n =970 (mod 1125)
n = 88 (mod 720) n = 236 (mod 560) n = 345 (mod 1875)
n = 208 (mod 720) n = 376 (mod 560) n =720 (mod 1875)
n = 328 (mod 1440) n =516 (mod 560) n = 1095 (mod 1875)
= 1048 (mod 1440) =116 (mod 700) = 1470 (mod 1875)
n = 448 (mod 1440) n = 256 (mod 700) n = 1845 (mod 1875)
n = 1168 (mod 1440) n = 396 (mod 700)

n = 568 (mod 2160)

n = 536 (mod 1400)

n = 245 (mod 625)

n = 1288 (mod 2160)

n = 1236 (mod 1400)

n =370 (mod 625)

= 2008 (mod 2160)

=676 (mod 2100)

(
(
(
n =120 (mod 625)
(
(
(

=495 (mod 625)

n = 688 (mod 2160)

n = 1376 (mod 2100)

n =620 (mod 1250)

n = 1408 (mod 2160)

n = 2076 (mod 2100)

n = 1245 (mod 1250)

= 2128 (mod 4320)

n =136 (mod 980)

n =7 (mod 35)

n = 4288 (mod 4320)

n =49 (mod 70)

(
(
(
n = 108 (mod 840)
(
(

(
(
(
n =276 (mod 980)
(
(
(

L Y N Y E N P Y T N P N e B N e N A Y R N S PN N S N RPN S R S R S IR B T e BN e e e B e

WIN| [ W N R[N R R RN R AW N ] O W N R W NN W N R W N W N RN R W N R N W N R W NS

n =416 (mod 980) n =21 (mod 105)
n = 228 (mod 840) n = 556 (mod 980) n =56 (mod 105)
n = 348 (mod 840) n =696 (mod 980) n =91 (mod 105)
n = 468 (mod 1680) n = 836 (mod 1960) n = 28 (mod 175)
n = 1308 (mod 1680) n = 1816 (mod 1960) n =63 (mod 175)
n = 588 (mod 1680) n =976 (mod 1960) n =98 (mod 175)
n = 1428 (mod 1680) n = 1956 (mod 1960) n =133 (mod 350)
n = 708 (mod 2520) n= O (mod 25) n = 343 (mod 350)
= 1548 (mod 2520) =5 (mod 25) n =0 (mod 27)
n = 2388 (mod 2520) n= 10 (mod 50) n =3 (mod 81)
n = 828 (mod 2520) n =35 (mod 150) n =30 (mod 81)
n = 1668 (mod 5040) n =85 (mod 450) n =57 (mod 81)
n = 4188 (mod 5040) n = 235 (mod 450) n = 33 (mod 108)
= 2508 (mod 5040) n = 385 (mod 1350) n = 87 (mod 756)
n = 5028 (mod 10080) n = 835 (mod 1350) n =195 (mod 756)
n = 10068 (mod 10080) n = 1285 (mod 1350) n = 303 (mod 2268)
n =12 (mod 100) n = 135 (mod 750) n = 1059 (mod 2268)
n = 32 (mod 100) n = 285 (mod 750) n = 1815 (mod 2268)
n =52 (mod 200) n = 435 (mod 750) n =411 (mod 2268)
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Table A.4 Covering information for Riesel numbers cont.

congruence

congruence

congruence

n = 1167 (mod 2268)

n = 267 (mod 378)

n =113 (mod 308)

n = 1923 (mod 2268)

n =321 (mod 1134)

n= 267 (mod 308)

n =519 (mod 2268)

n =699 (mod 1134)

mod 308)

n = 1275 (mod 2268)

n = 1077 (mod 1134)

n= 201 mod 1540)

n = 2031 (mod 2268)

n = 753 (mod 1890)

n = 627 (mod 1512)

n = 1131 (mod 1890

7

(
n =509 (mod 1540)
n = 817 (mod 1540)

n = 1383 (mod 3024)

n = 1509 (mod 1890

n = 1433 (mod 1540)

n = 2895 (mod 3024)

n = 58 (mod 385)

n =9 (mod 135)

)
)
= 1887 (mod 3780)
)

n = 212 (mod 385)

n =36 (mod 135)

n= 11 mod 33)

n =289 (mod 385)

n = 63 (mod 540)

n

mod 99)

n =751 (mod 1155)

n = 333 (mod 540)

(
(
(
n = 3777 (mod 3780
(
2 (
5 (

n =55 (mod 99)

n = 1136 (mod 1155)

n =117 (mod 540)

n = 88 (mod 297)

n = 223 (mod 462)

n = 387 (mod 540)

n = 187 (mod 297)

n = 377 (mod 1386)

n =39 (mod 162)

n = 583 (mod 594)

n = 839 (mod 2772)

n =93 (mod 486)

n =1 (mod 55)

n = 2225 (mod 2772)

n = 255 (mod 486) n = 67 (mod 165) n = 1301 (mod 2772)
=417 (mod 486) n =122 (mod 495) = 2687 (mod 2772)
= 147 (mod 810) n = 287 (mod 495) n =15 (mod 88)

n = 309 (mod 810) n =452 (mod 1485) n = 37 (mod 440)

n =471 (mod 810) n = 947 (mod 1485) n = 213 (mod 440)

n = 633 (mod 1620)

n = 1442 (mod 1485)

n = 301 (mod 440)

= 1443 (mod 1620)

n =23 (mod 275)

=389 (mod 440)

n =15 (mod 216)

n =78 (mod 275)

n =59 (mod 528)

n =69 (mod 216)

n = 133 (mod 825

n = 235 (mod 528)

)

n =123 (mod 648) n = 683 (mod 825) n = 323 (mod 2112)
n = 339 (mod 648) n = 188 (mod 825) n = 851 (mod 2112)
= 555 (mod 648) = 463 (mod 825) = 1379 (mod 2112)
n =177 (mod 864) n = 243 (mod 1375) n = 1907 (mod 2112)
n = 393 (mod 864) n = 518 (mod 1375) n =499 (mod 2640)
n =609 (mod 1728) n =793 (mod 1375) n = 1027 (mod 2640)
n = 1473 (mod 1728) n = 2443 (mod 2750) n = 2083 (mod 5280)
n = 825 (mod 1728) n = 1343 (mod 2750) n = 4723 (mod 5280)
n = 1689 (mod 1728) n =389 (mod 330) n = 2611 (mod 5280)
n =99 (mod 270) n =199 (mod 330) n = 5251 (mod 5280)

n = 153 (mod 270) n =13 (mod 66) n = 81 (mod 616)

n = 207 (mod 270) n =35 (mod 264) n =169 (mod 616)

= 261 (mod 810) n = 101 (mod 264) n = 257 (mod 616)
n =531 (mod 810) n =167 (mod 792) n = 345 (mod 1232)
n= 801 (mod 810) n =431 (mod 792) n = 961 (mod 1232)
=21 (mod 324) =695 (mod 1584) n = 433 (mod 2464)
n= 75 (mod 324) n = 1487 (mod 1584) n = 1049 (mod 2464)
n =129 (mod 324) n = 233 (mod 1320) n = 1665 (mod 2464)
n = 183 (mod 324) n =497 (mod 1320) n = 2281 (mod 2464)
n = 237 (mod 648) n =761 (mod 1320) n = 521 (mod 3080)
n = 561 (mod 648) n = 1289 (mod 1320) n = 1137 (mod 3080)
n =291 (mod 648) n =3 (mod 77) n = 1753 (mod 3080)
n =615 (mod 648) n =25 (mod 231) n = 2369 (mod 6160)
)

n =51 (mod 378)

n =179 (mod 693)

n = 5449 (mod 6160

n =159 (mod 378)

n =410 (mod 693)

n = 27 (mod 110)

n = 213 (mod 378)

D | | | D | | W[ DN | W DN ]| WD | W NN =W NN N W N W N R R W NN RN~ o] oo o o3

n = 641 (mod 693)
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n =49 (mod 110)
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Table A.4 Covering information for Riesel numbers cont.

congruence

congruence

congruence

n =71 (mod 220)

n = 3791 (mod 3960)

n = 9083 (mod 9240)

n = 181 (mod 220)

n = 623 (mod 3300)

n= 9 (mod 176)

n = 93 (mod 550) n = 1283 (mod 3300) =31 (mod 176)
n = 203 (mod 1100) n = 1943 (mod 3300) n= 53 (mod 176)
n = 753 (mod 1100) n = 2603 (mod 6600) n =75 (mod 352)
n = 313 (mod 1100) n = 5903 (mod 6600) n = 251 (mod 352)
n = 863 (mod 1100) n = 3263 (mod 6600) n =97 (mod 704)
n = 423 (mod 1100) n = 6563 (mod 6600) n = 273 (mod 704)
n =973 (mod 1100) n =19 (mod 154) n =449 (mod 704)
n = 533 (mod 1100) n =41 (mod 154) n = 625 (mod 704)
n = 1083 (mod 2200) n =239 (mod 770) n =119 (mod 880)
n = 2183 (mod 2200) n = 393 (mod 770) n =471 (mod 880)

n =6 (mod 121) n = 547 (mod 770) n = 647 (mod 880)

n =17 (mod 242) n =701 (mod 2310) n = 823 (mod 880)

n =149 (mod 242) n = 1471 (mod 2310) n = 317 (mod 1056)

n =160 (mod 363) n = 107 (mod 924) n =493 (mod 1056)

n = 281 (mod 363) n =415 (mod 924) n = 845 (mod 1056)

n =50 (mod 363) n =569 (mod 2772) = 1021 (mod 1056)

n = 292 (mod 363) n = 1493 (mod 2772) n = 163 (mod 1408)

n =61 (mod 484) n = 2417 (mod 2772) n = 339 (mod 1408)

n = 303 (mod 484) n = 877 (mod 2772) n = 515 (mod 1408)

n =193 (mod 484) n = 1801 (mod 5544) n =691 (mod 2816)

n = 435 (mod 484) n = 4573 (mod 5544) =2099 (mod 2816)

n = 83 (mod 726) n = 2725 (mod 8316) n = 867 (mod 2816)

n = 325 (mod 726) n = 5497 (mod 8316) n = 2275 (mod 2816

n =215 (mod 726) n = 8269 (mod 8316) n = 1043 (mod 4224

= 457 (mod 1452)

n =129 (mod 1078)

n = 1183 (mod 1452)

=283 (mod 1078)

n =105 (mod 968)

)
)
n = 3859 (mod 4224)
)
)

n = 2627 (mod 5632

(

(
n = 437 (mod 1078)
n =591 (mod 2156)

(
(
(
= 1219 (mod 5632
(
(

n = 4035 (mod 5632)

n = 589 (mod 968)

n = 1669 (mod 2156)

n = 5443 (mod 11264)

(
(
n = 347 (mod 968)
(
(

n = 831 (mod 968)

n =745 (mod 2156)

n = 11075 (mod 11264)
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(
n =116 (mod 1089) n = 1823 (mod 2156) n = 2803 (mod 7040)
n = 358 (mod 1089) n =899 (mod 2156) n = 4211 (mod 7040)
n =479 (mod 1089) n = 1977 (mod 4312) n = 5619 (mod 7040)
n =721 (mod 1089) n = 4133 (mod 4312) n = 7027 (mod 7040)
n = 1931 (mod 2178) n = 2131 (mod 3234) n =43 (mod 198)
n = 2173 (mod 2178) n = 3209 (mod 3234) n =65 (mod 198)
n =7 (mod 132) n =151 (mod 1848) n =109 (mod 396)
n = 29 (mod 132) n = 305 (mod 1848) n = 307 (mod 396)
=73 (mod 660) =613 (mod 1848) = 131 (mod 396)
n= 337 (mod 660) n =767 (mod 1848) n = 329 (mod 396)
n = 469 (mod 660) n = 1075 (mod 1848) =175 (mod 594)
n = 601 (mod 660) n = 1229 (mod 3696) n = 373 (mod 594)
n = 227 (mod 660) n = 3077 (mod 3696) n =571 (mod 594)
n = 359 (mod 1980) = 1537 (mod 3696) n =197 (mod 1188)
n = 1019 (mod 1080) 7 = 3385 (mod 7392) 7 =395 (mod 1183)
n = 1679 (mod 1980) n = 7081 (mod 7392) n = 593 (mod 1188)
1 = 491 (mod 1980) 7 = 1691 (mod 9240) n =791 (mod 1188)
n = 1151 (mod 1980) n = 3539 (mod 9240) n =989 (mod 1188)
n = 1811 (mod 3960) n = 5387 (mod 9240) n = 1187 (mod 1188)
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