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Abstract

Currently, heat transfer in many industries is the limiting factor for
innovation, especially in the energy sector. For example, maximizing thermal
conductivity of ceramic coatings in power plant devices improves the overall
electrical to thermal energy ratio, whereas minimizing thermal conductivity is
required for desirable heat-to-electricity conversion in thermoelectric devices. As
such, rapid discovery of new materials with extreme thermal conductivity values
is quintessential for the near-future deployment of current and developing energy

applications.

The vibrational properties of crystalline materials are essential for their
ability to conduct heat. Fundamentally, the restorative atomic forces of displaced
atoms are sufficient to represent phonons, or quasi-particles of vibrations. As
such, accurate ab initio calculators such as density functional theory (DFT) are
standard for computing atomic forces and subsequent interatomic force
constants (IFCs) for phonon properties, such as thermodynamic stability and
lattice thermal conductivity (LTC). However, depending on the crystal symmetry
and the order of the interatomic force constants, several tens to hundreds of
simulations containing displaced atoms are required for a single crystalline
material. In the context of high-throughput prediction, the costly and time-
consuming nature of DFT renders this infeasible when facing tens of thousands

of new materials for prediction.



This dissertation focuses on the development, application, and
demonstration of machine learning-based models for rapid virtual evaluation and
screening of materials for thermal applications. As an atomistic or “bottoms-up”
approach, the Spatial Density Neural Network Force Field (SDNNFF) model
proposed here predicts atomic forces which may be used in standard phonon
calculators and Boltzmann Transport Equation (BTE) codes at significantly faster
speeds than DFT. Specifically, atomic forces from reliable quantum mechanical
simulations are trained in neural networks, demonstrating a < 102 eV/A force
accuracy which is on the similar level as pseudopotentials. Additionally, the
speed of the SDNNFF relies on the atomic or input descriptors, providing at
minimum a 103 speed-up for systems containing > 100 atoms in comparison to
first-principles DFT. Correspondingly, high-throughput thermal conductivity
calculations are made possible for databases containing > 10° theoretical

materials.

To demonstrate database evaluation of LTC, the SDNNFF inputs are
modified to accommodate an arbitrary number of elements, which is trained with
a dataset spanning up to 63 elements and 16 structural prototypes in a single
model. The abundant dataset size of 3x107 atomic environments for training is
made possible by the training on atomic forces, yielding more information per
costly DFT run. Additionally, active learning techniques provide iterative
improvement of the model with little to no human intervention. In total, 88,597
materials are evaluated for their thermodynamic stability, whereby the 34,432

remaining materials are queried for lattice thermal conductivity values. Other



exotic properties, such as Weyl points, p-d orbital hybridization, and phonon
hydrodynamics, are made possible from the predicted atomic forces. The
properties of materials found here are also verified with existing experimental and

computational works with agreeable accuracy.
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Chapter 1 Introduction

Historically, breakthroughs in materials discovery dictate the very limits of
engineering technology. This is especially pronounced in the energy industry,
where material properties are major contributors to the performance of electrical
generation processes. One application of recent interest is thermoelectric (TE)
generation, whereby electrical current is generated by a temperature gradient [1].
Excess heat is generated in many industrial and commercial devices, such as
automobiles. On average, more than 60% of energy production is lost as waste
heat across various everyday technological applications [2]. In an effort to
recover waste heat as productive electrical energy, TE devices are proposed as a
partial solution to the increasingly concerning energy crisis. The heat-to-electrical
conversion performance is primarily dictated by the intrinsic properties of the
material, including the Seebeck coefficient S, electrical conductivity o, and
thermal conductivity k. Specifically, the ZT score or dimensionless figure of merit
is defined as

S%oT (1.1)
K

ZT =

where T is the temperature. One of the primary challenges associated with
thermoelectric materials is the competing electrical and thermal properties

responsible for high ZT. The thermal conductivity Kk may be broken down into ke,



and k,;, corresponding to electrical and vibrational contributions to the thermal
conductivity. Here, K, is manifested through phonons, or quasi-particles of
vibrational motion, as the primary heat carriers in semi-conductors and
insulators. As seen in Equation 1.1, because o and k. scale with electron
mobility, Ky, is required to remain low to maintain optimal ZT performance.
Consequentially, finding new materials that satisfy the fine-tuned properties of
devices such as TE generators are difficult purely by trial-and-error experiments,

in-turn slowing the discovery process significantly [3].

In the pursuit of materials discovery for thermal management applications,
advancements in computing technology over the past few decades, in tandem
with solidified physics and chemistry groundwork of the past century, atomic
simulation techniques are in a position to address high-throughput search of
materials for energy applications. This is reflected by the exponential increase in
research publications involving condensed matter simulations, whereby many
complex solids and multi-component liquids are analyzed at the electronic and
atomic levels for fundamental understanding of micro- and macroscopic
processes [4]. Today, the two conventional atomic simulation methods are
molecular dynamics (MD) and density functional theory (DFT), where the former
represents atoms as Newtonian systems with parametric atomic interactions and
the latter models nuclei and electrons as a quantum mechanical system. Both of
these methods have proven invaluable tools for analyzing a plethora of materials

for energy applications, including but not limited to superionic lithium ion



conductors [5], molten salts as reactor fuel [6], graphene membranes for natural

gas processing [7], and two-dimensional GaN for thermal dissipation [8].

In detail, MD simulations explicitly treat pairwise and many-bodied
interactions through analytical potential energy surfaces, which are typically fitted
with experiment and/or quantum mechanical simulations such as DFT [9]. The
forms of these analytical potentials are known a priori based on fundamental
chemistry knowledge, commonly involving repulsive, dispersive, van der Waals,
and Coulombic interactions depending on the system modeled [10]. Because of
their parametric nature, atomic energies and forces are computed based on
atomic positions (and bond angles, if required) with high efficiency, allowing
simulations of million-scale atomic systems on picosecond to microsecond

timescales whereby many important physical and chemical phenomena manifest.

Whereas MD tracks the movements of atoms explicitly, DFT further breaks
down systems into nuclei and electrons as a quantum mechanical system. Here,
nuclei are much heavier than electrons and are thus treated as ‘frozen’ objects in
space, assigning electrons as the only degree of freedom in the system.
Formally, this is called the Born-Oppenheimer approximation, which serves to
narrow down the total energy or Hamiltonian to the sum of electron-electron
interactions, electron-nuclei interactions, and the kinetic energy of electrons [11].
In short, the electron density of the system is self-consistently evaluated for
many-bodied systems, yielding the ground state energy via the Schrodinger

equation. Because electron densities are solved, DFT can provide realistic



representations of bond chemistries and reactions in condensed matter systems,

such as atoms, molecules, and periodic systems.

Given MD and DFT as quintessential platforms for atomic-level materials
modeling, they also have their share of limitations. Specifically, due to the fixed
functional form and innate inflexibility of MD potentials, it is difficult to
simultaneously predict multiple properties with decent agreement to experiment.
Additionally, MD potentials are material-specific, i.e. they must be refitted with
new data for previously unseen materials. Although DFT can model systems of
arbitrary elemental compositions, due to the exponential computational cost
associated with electronic degrees of freedom, simulating relatively large
systems (> 10% atoms) becomes significantly demanding [12]. Certainly, DFT can
handle up to 103 atoms with sufficient computational resources, but the
exponentially higher costs associated with such systems cannot justify its use for
rapid materials screening. Thus, bridging the gap between the two paradigms

remains a major subject of research.

A primary route that has taken researchers by storm is machine learning.
Due to their demonstrated ability to fit complex non-linear, many dimensional
functions at orders of magnitude faster than the traditional enumeration schemes,
machine learning methods have been developed to combine the best of MD and
DFT methods, i.e. by balancing speed and accuracy. Namely, machine learning
potentials (MLPs) capture the explicit electronic-level features from DFT by
implicit representation of the potential energy surfaces as functions of the atomic

nuclei positions [12]. Due to the purely mathematical nature of machine learning



models, to capture the appropriate physics the accuracy of MLPs strongly
depends on the description of the atomic environment surrounding central atoms.
It is well known that cartesian coordinates are not well-suited for description of
atomic environments, since a) they are not rotationally invariant and cannot
physically represent the potential energy, b) the order in which the cartesian
coordinates are fed into MLPs is ill-defined and could effectively “confuse”
models, c) atoms may leave/enter the designated cutoff range which is
incompatible with MLPs containing fixed inputs [13]. As such, several MLPs have
been proposed over the past decade designed with various atomic descriptors

embedded in a multitude of machine learning algorithms.

Many studies have shown excellent representation of DFT-level energetics
and realistic property prediction with MLPs such as the High Dimensional Neural
Network Potential (HDNNP) Deep Potential Molecular Dynamics (DeePMD) for a
wide array of materials, including but not limited to water, molten salt, metals,
semiconductors, organic molecules, superionic conductors, and amorphous
structures [14-21]. In the context of phonon property prediction, several studies
have been published using MLPs as the force calculator. For instance, Marques
et. al. reproduced the DFT phonon dispersions for cubic Si and Ge, and
Minamitani et. al. captured both Si and GaN dispersions and LTC within 5.4%
agreement to DFT [22,23]. Typically, all of these studies own a root mean square
error (RMSE) of the force predictions from the MLP within 10-100 meV/A which is
similar to order of error from DFT calculations with approximately ~103 faster

evaluation time.



Undoubtedly, the robustness of the MLP has the potential to mitigate the
current speed-related bottlenecks in the DFT workflow for property prediction.
However, to-date a majority of studies with MLPs also share a common
denominator in that the models are limited to a material-to-material basis. This is
in-part to the interpolative nature of machine learning models such as neural
networks, where structures containing positional and species-dependent atomic
configurations outside the range of the training set may confuse networks and
provide nonsensical outputs [12,24]. Even for crystals sharing similar structure, a
change in atomic species may change the density of the structure, shifting the
atomic positions. This equivalently pushes the input descriptor for MLPs beyond
its narrow knowledge resulting in poor representation of DFT energies and
forces. Additionally, many descriptors in current machine learning models suffer
from exponential scaling of complexity with respect to the number of elements
included in the training set. This creates a significant slowdown in both training
speed and accuracy if the model has to represent even a few tens of elements.
Furthermore, for training on a variety of similarly structured materials, the
question of how many reference ab initio calculations are required from each

unique material to achieve sufficient accuracy is of concern.

The work presented here serves as a review for the construction and
deployment of machine learning-based algorithms for representation of atomic
interactions. Primarily, an in-house force field model dubbed the Spatial Density
Neural Network Force Field (SDNNFF) is developed for the timely calculation of

atomic forces with DFT accuracy. Chapter 2 details the fundamental background



of the SDNNFF, including the development of atomic descriptors, network
parameters, and the training dataset. Additionally, Chapter 2 verifies network
performance by force evaluation of bulk silicon, diamond, silicon carbide (SiC),
and boron arsenide (BAs), whereby phonon properties including dispersions and
lattice thermal conductivity are predicted and compared with both DFT and
experiment. Chapter 3 shifts to the molecular modeling of eutectic LiF (50% Li)
and FLiBe (66% LiF — 33% BeF2) molten salts with DeePMD potentials for
molten salt reactor (MSR) design. Due to the complex formation of local
structures in liquid media, accurate representation of molten salt potential energy
surfaces is essential to capture the appropriate densities and corresponding
dynamical properties, including thermal conductivity and viscosity. Thus, Chapter
3 highlights the importance of training dataset tuning to capture appropriate
physics in atomic systems, including the sensitivity of ionic liquids to dispersion
interactions. Chapter 4 continues the development of the SDNNFF, renamed to
Elemental-SDNNFF, by inclusion of atomic species as part of the input descriptor,
allowing for single models to represent materials with constituents spanning the
periodic table. The major result here is the modeling of full, half, and quaternary
Heusler structures across 55 elements, allowing for rapid prediction of
thermodynamic stability and lattice thermal conductivity for > 10° unique
materials. Results are verified with DFT and experimental values, showcasing the
reliability of the model. Additionally, to generate training datasets amidst the
expansive space of theoretical materials, active learning schemes are presented

as a human-free methodology for model self-improvement. Lastly, Chapter 5



expands on the previous chapters by prediction of ~80,000 cubic materials
spanning 63 elements and 16 structural prototypes. Because the Elemental-
SDNNFF is a bottoms-up approach, we also study many unique physical
properties of crystals, including but not limited to the hydrodynamic phonon
transport and lattice thermal conductivity relations to thermal mean square
displacements. Overall, this work aims to inform readers a detailed scope of the
atomic modeling with machine learning potentials for the purpose of rapid
property prediction and discovery of novel materials for future energy

applications.



Chapter 2 Spatial Density Neural Network Force Fields with First-
Principles Level Accuracy and Application to Thermal Transport'

1Rodriguez, A., Liu, Y., and Hu, M., 2020, “Spatial Density Neural Network Force
Fields with First-Principles Level Accuracy and Application to Thermal
Transport,” 102(3), p. 35203, Submitted to Physical Review B,

02/11/2020.



Abstract

Constrained by the fixed mathematical form of most empirical potentials used in
classical molecular dynamics (MD) simulations, many properties of materials
cannot be captured within experimental accuracy. On the other hand, accurate
electronic structure calculations based on quantum theory, most notably density
functional theory (DFT), are limited to several hundred atoms within picosecond,
which makes the method inadequate for modeling systems beyond the nano-
scale. A combination of speed from classical MD and fidelity from DFT can be
achieved through novel machine learning methods. Herewith, we developed a
new approach named spatial density neural network force fields (SDNNFFs) by
training neural networks to “learn” and predict DFT-level forces. Our model
focuses on the usage of a 3D mesh of density functions, which together act as a
mapping of the atomic environment and provides a physical representation of the
forces acting on the central atom. Several notable advantages arise from the
SDNNFF, including (1) the avoidance of the chain-rule on the total energy and
other variables by direct calculation of the forces from the neural network, (2) the
ever large N X t scaling of the training data, where N is the number of atoms in a
supercell and t is the number of evaluated structures by first-principles, and (3)
the significant reduction in parameters and human effort needed to successfully
train a force- and/or property-converged neural network force field. Overall, we
focus on modeling DFT-level forces with minimal computational cost and
parameterization for rapid prediction of phonon-based properties and future

molecular dynamics of large-scale systems. To demonstrate the SDNNFF, we

10



trained several models on diamond-structures, including bulk silicon (Si),
diamond, silicon carbide (SiC), and boron arsenide (BAs), and predicted their
phonon dispersions and lattice thermal conductivities using the direct solution to
the phonon Boltzmann transport equation (BTE). For phonon properties, we
utilized a fitting method for obtaining the second and third order force constants,
which outperforms the highly force-sensitive finite displacement method when
employing neural network force fields. In comparison to DFT lattice thermal
conductivity, we obtained results with unprecedently high precision from our
SDNNFF within 0.7% for Si, 6.2% for diamond, 2.76% for SiC, and 7.46% for
BAs, with further agreement with experiments. The phonon dispersions from the
SDNNFF also matched those from direct DFT and experiments. The developed
approach for accurately predicting phonon transport properties of crystalline
materials would largely benefit the design of advanced materials with improved
performance, such as complex thermoelectric devices and low thermal
resistance interfaces for nanoelectronics. Future applications of our SDNNFF
model could be extended toward including atomic energy into the algorithm and
simulating large-scale heterogeneous systems for quasi-electronic

representations for various properties.

1



2.1 Introduction

The representation of atomic interactions, or the potential energy surface
(PES), is key for capturing realistic behavior of materials and their properties.
Classical molecular dynamics (MD) and density functional theory (DFT) are two
examples of conventional atomistic simulation methods. In MD, the movements
of point-particles representing atomic nuclei are dependent on the pairwise or
many-bodied potential functions with fixed functional forms. Since interactions
vary between atomic species, these potential functions typically consist of
adjustable coefficients based on empirical data, scientific knowledge, force-
matching with ab initio [9], or a combination of the three. An exemplary empirical
potential accounts for imaginary electrons surrounding the nuclei and any
realistic pair-wise or many-bodied interactions associated with them, e.g. bond
stretching, van der Waals forces, torsions, etc. [25]. While the simple functional
forms of these potentials allow quick evaluation of the atomic forces and resulting
Newtonian dynamics, they are strongly limited in modeling chemical reactions
and in predicting multiple properties comparable to experimental data [26]. In
addition, any improvement to classical potentials is not straightforward because
the dependencies between parameters are not known a priori [27]. On the other
hand, DFT takes into explicit account the electron densities surrounding nuclei
and computes stable structures via iterative minimization of global energy
according to the Schrodinger equation [4]. The PES in DFT is represented by the
Born-Oppenheimer approximation, where the kinetic energies of nuclei are

separated from the electronic Hamiltonian due to their massive sizes in

12



comparison to electrons [28]. Since DFT is a “bottoms-up” or first-principles
approach, an in-depth understanding of material behavior is possible, such as
the phonon branch contributions to inverse temperature thermal conductivity for
monolayer gallium nitride [8]. However, contrary to the almost linear scaling with
the number of atoms in MD, the explicit consideration of electronic degrees of
freedom limits DFT to several hundred atoms, which makes the modeling of
behaviors beyond the nanoscale, such as the growth of a silicon anode in

charging a lithium-ion battery [29], an arduous or otherwise impossible task.

Considering the drawbacks of classical and quantum-based methods, it
becomes clear why researchers are pursuing methods that combines the best in
both simulation methods by bridging the subatomic and atomic scales together.
Recent popularity in machine learning (ML) has inspired researchers to merge
this family of computational techniques with atomistic simulation [3]. Inspired by
biological processes, ML is oftentimes correlated with the “trial-and-error”
mindset in which the predictive power of a model is improved from reference data
with little to no human intervention. Here, the reference data “teaches” or fits the
model iteratively for the most optimum function between provided inputs and
outputs with a high degree of flexibility [30]. Recent computing advances has

given strong leeway for ML into materials research, where the generation of data

such as the ~10° compounds on the Materials Project Genome [31] has led to
some major accomplishments [32]. These efforts include, but are not limited to,

the discovery of 8 new solid superionic lithium ion conductors [5] and the

13



prediction of interfacial thermal resistance between two materials related to

temperature, coupling strength, and in-plane tensile strains [33].

This paper focuses on the application of ML for the quantitative
development of interatomic interactions from accurate quantum-based data. The
machine learned potential (MLP) has been a topic of consistent research for
more than a decade, with the interest of developing an accurate mapping of the
PES from high fidelity data with minimal prior knowledge of the interatomic
interactions. Out of the many ML algorithms, feed-forward neural networks were
chosen in this study as the algorithm of choice due to their recent popularity in
commercial and academic research, and are applied to the atomic simulation
field as neural network potentials (NNPs) [34]. These NNPs have yielded
agreeable DFT energies and forces for a wide variety of systems, including but
certainly not limited to condensed-phase water [35], Li-Si alloys [36],

C4oH5g isomers [19], copper surfaces [17], and amorphous Liz;PO,4 [20]. Other
than the composition, structure, and size of modeled systems, papers with NNPs
are further broken down by the treatment methods on network inputs prior to
training. Since ML algorithms are purely mathematical models with no physical
basis, the ability to learn meaningful relationships in data is largely dependent on
the quality and consistency of the dataset itself. For NNPs, the representations of
the local chemical environment in the training data are critical for accurate
predictions of central-atom energies and forces. As an example, suppose the

inputs to a NNP are all the cartesian coordinates r; = (x;, y, z;) of atoms i, with the

total system energy as the output. A rotation of these atoms about an axis should

14



realistically yield same energy prior to rotation, since the relative distances and
angles of the atoms are consistent. Nonetheless, since the values of the atomic
coordinates suffer dramatic changes from the rotation, an NNP not trained to
support the rotated coordinates will most likely output an energy largely different
than that prior to the spatial transformation.

Contrary to most referenced NNPs, including the high-dimensional neural
network potential (HDNNP) proposed by Behler et al. [37], here we develop a
neural network named the spatial density neural network force field (SDNNFF)
that directly computes and predicts force fields rather than the PES. Originally as
an inspiration to our work, here we discuss the HDNNP briefly. In the HDNNP, the
cartesian coordinates of local atoms within a cutoff are transformed into a series
of radial and angular symmetry functions that maintains invariance between
similar atomic environments, resulting in consistent total energies. The net force
F; acting on atom i is subsequently computed from total energy (E) with respect
to its coordinates according to F; = -FV,E. Here, our model diverges from this
approach as we pursue the per-atom forces without the energies, since the
forces are of interest to compute the interatomic force constants (IFCs) and the
dynamics of atomic systems. Direct evaluation of the forces could save
computational resources in MD via removal of the total energy and its derivative.
In the HDNNP, the per-atom forces are computed by the chain rule and require
the evaluation of both the symmetry functions and their derivatives, requiring
more CPU time than classical potentials [38]. However, to output the central-

atom forces directly, radial and angular symmetry functions as inputs are not a
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feasible option since force vectors are indistinguishable in a polar mapping of the
environment, e.g. a rotation of an atomic environment would yield an unchanging
set of symmetry function values while the force vector components would
experience dramatic changes. As such, we decided to develop our own
functional mapping of nearby atoms in 3D space rather than polar space. Briefly,
this is done by generating a mesh of points about every central atom, where
predefined density functions measure the local density of the atomic neighbors at
each mesh point. Then, the collective group of atomic densities distributed in 3D
space serve as representative atomic environments for the neural network to
recognize DFT-level force components in-response to relative neighbor positions.
Overall, the goal of the SDNNFF is to output first-principles based atomic forces
at network speeds by proper treatment of instantaneous atomic coordinates.

The structure of this chapter is organized as follows: A technical
background for the SDNNFF and other details for network training are given in
sections 2.2-2.5. Then, in section 2.6, the reliability of our SDNNFF model is
shown whereby we compute the harmonic (2" order) and anharmonic (3™ order)
force constants and phonon properties (i.e. phonon dispersion and lattice thermal
conductivity) of Si from the developed neural networks by conventional finite
displacement method (FDM) [39] and ALM [40]. Afterwards, in section 2.7, the
ALM method is applied to neural networks trained for similar bulk crystalline
materials, including diamond, SiC, and BAs. The resulting phonon properties for
each material were evaluated by running convergence tests on various SDNNFF

parameters and comparing the phonon properties to those evaluated from DFT-
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FDM. In section 2.8, we analyze the results and comment on the SDNNFF
considering other recently developed methods. Finally, in section 2.9, we provide

a summary and some perspective for future study with the SDNNFF method.
2.2 Theoretical background of the Spatial Density Neural Network

Force Field

As previously mentioned, a successful neural network force field must be
capable of predicting DFT-level force components as a function of neighboring
atomic positions. In a 3D orthogonal xyz coordinate system, because the force
vector F; = (F\, F/, F}) is projected along the reference global axes, the input
descriptors should also quantify the atomic positions in the same xyz space. A
simple way to do this is to take the cartesian coordinates of nearby atoms and
directly insert them into a neural network. However, many issues arise from this
approach. Firstly, during neural network training, stability may be compromised
from training data that varies greatly due to translated or rotated coordinates.
Here, we intend to train networks on force components that differ between
spatially transformed varieties of the same system, which is unlike the case when
training for the energy. The question then becomes how should the atomic
coordinates be fed into the neural network, such that the inputs are consistent to
avert large changes in the weights during training? An example of instability from
the inputs is the order in which the atomic coordinates are fed into the neural
network. Since the weights of a given network are fixed numerical values,
inserting two equivalent atomic environments with random ordering for the

neighbor coordinates will certainly change the network output. This problem is
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trivial for ordered systems with no significant diffusion of atoms, since the
network can be fed inputs according to positionally equivalent atoms in space
(e.g. by ordering the xyz coordinates from greatest to least for all atomic
environments as the input). On the other hand, the training of atomic coordinates
in disordered systems is infeasible since there are rarely any equivalent atomic
structures, which adds an element of randomness to the inputs and hinders the
fine tuning of the weights during training. The second point against cartesian
coordinates as inputs arises from the entering and exiting of atoms with respect
to a certain cutoff radius, which occurs frequently during MD simulations. Treating
the cartesian coordinates as inputs is impractical since neural networks are
assigned a fixed number of inputs at the start of training, which is incompatible
with the variable number of neighbors within the cutoff that may arise during
simulations. Again, while this may be negligible for materials with a fixed number
of neighbors (e.g. low-temperature solids), the method becomes unreliable for
systems where atomic neighbors travel far from the central atom. For the
compatibility of neural network force fields with any arbitrary system, the focus is
to represent the space surrounding the central atom independent of any
periodicity or possible atomic environments found in DFT or MD.

Inspired by other works on atomic representations, we decided to apply the
concept of symmetry functions to represent 3D variations in the environment to
avoid the issues associated with cartesian coordinates. As seen in Figure 2.1,
First, we gather the crystal structure and its per-atom forces from first-principles,

then for each atom we describe the local atomic environments by density
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functions with a finite neighbor cutoff radius. The result is a atomic density
mapping of the environment which can be fed into a neural network. Specifically,
we train the network on density values found at each grid point to obtain the force
vector for various atomic configurations. Then, we can make DFT-level force
predictions at significantly improved speeds for applications such as rapid
phonon property predictions done here (shown: predicted phonon dispersion and
lattice thermal conductivity of Si) or in the future simulate MD at DFT accuracy

(shown: lithium ion diffusion through silicon anode [29]).

First Principles ~ Density Functions Network Training Rapid Phonon Props.
a) 7 C) - e * @ Central Atom e) ) = .
ol e / * * @ Atomic Neighbor i
* @ Grid Point
Re Cutoff Radius

. Future DFT-MD

Figure 2.1 Workflow for the Spatial Density Neural Network Force Field.

We follow the simple forms presented by Huang et. al. [41], where equally
spaced cosine functions serve as mathematical indicators for the atomic
occupation surrounding a central atom. This form is especially desirable
considering that only three adjustable hyperparameters are present, the cutoff
radius R,, the grid resolution k, and the density function width D. The first two
parameters are physically intuitive since R, determines the distance truncation of

the force contribution to the central atom and k provides the spatial resolution of
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the grid points surrounding the central atom. The third parameter D measures the
range of each cosine function, and we show later a universal value for given
structures can be found using network convergence testing. Therefore, a good
representation of the local environment and the resulting central-atom forces
depends on the convergence of the force error and material properties by
adjustment of R; and k. Additionally, the grid-centered cosine functions were
modified to transform xyz coordinates to a form independent of the quantity or
periodicity of the neighboring atoms. In other words, our method was designed to
represent any given atomic environment, provided that the inputs to the neural
network are treated as fixed observers of the neighbors, and the quantity of
atoms inside R, does not change the number of inputs to the neural network.
Therefore, a high flexibility is achieved in these SDNNFF functions, formally
named density functions, which allow neural networks to capture the complex
force fields involved in a wide variety of systems.

The theoretical background for the SDNNFF density functions is provided
here. For a 3D grid with k > 1 grid divisions, a given spherical cutoff radius R,
R, =(xn, ¥, Z,) as the coordinates of the n'" atom relative to a given central
atom, and a = (&%, & ,a%) as the grid positions with each component ranging
from 1 to k, the proposed spherical density function is shown in Equation 2.4,

with Equations 2.1, 2.2, and 2.3 provided as definitions

_ 2R, (2.1)
L= k-1
R, =-R.+(a-1)xL (2.2)
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R = (xR 4y, R +(zrnRE)’

1Ryl = [REHRIHRE <R,

(2.4)
Ny 1
(cos( —R 7)+1) if Ry <DxL
n=1
0 otherwise
where
L the distance between equally spaced grid points

R, the cartesian coordinates of grid point a with Ry = (Ry, Ry, Rg)

Ry  the distance between an atom n and a grid point
N, number of atoms within R,
®, the local atomic density value at grid point a

The basic requirement of the SDNNFF density functions is to provide a
description of the 3D atomic occupation in space. Hence, the grid space
surrounding the central atom is defined by the diameter of the cutoff sphere, or
2R.. This range is then divided into k partitions, generating the inter-grid distance
L according to Equation 2.1. In Equation 2.2, the real-space coordinates of the
grid points Ry are given from -R; at %, @’, a* = 1 to R; at a*, @, a* = k in each of
the x-/y-/z- directions. Equation 2.3 provides R as the relative distance between
a neighboring atom n and a given grid point a, which measures the spherical

vicinity of atoms with respect to a grid point.
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These definitions lead to the density function in Equation 2.4 provided as a
cosine function ranging from zero to one varying with radial distance RY , as seen
by the 2D representation in Figure 2.2. In the figure, the function has a radius
DxL =1 centered at R, = (0, 0). Atoms in the black region would result in a value

of zero, increasing to unity as the atom approaches R,

Figure 2.2 The shape of the per-node density
function in 2D.

The density function ¢ considers the radial influence of up to N, atoms inside
R., and their contributions are summed into one value per grid point to provide a
quasi-density of atoms in space. The summation also acts as a necessary
conditioning step for usage in neural networks since the number of atoms within
the spherical cutoff becomes independent of the number of inputs to the network.

Here, the number of a translates to an equal number of fixed inputs to the
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SDNNFF and scales with the grid resolution k. Additionally, the “if” statement
preceding the density function in Equation 2.4 is a physical treatment, where only
the grid points within the atomic cutoff are considered due to two primary
reasons: 1) Like in MD, the forces are strictly dependent on the radial proximity
between the central atom and the neighbors, which is represented by a spherical
region as opposed to a cubic one. Instead, we limit the grids to those within R,
permitting a physical description of the forces in the neural network. 2) The
number of grids considered is significantly reduced when truncating to the grids
within the sphere of radius R, versus a cube with side length 2R,. This effectively

reduces the number of necessary inputs to the neural network by a significant

453

TR
margin (at least by volume fraction (321; E x100% = 52.36%). In-turn, we can

increase the grid resolution k to describe the atomic environment more precisely

within the cutoff sphere.

A discussion of the density function parameter D is necessary to
understand its role in the SDNNFF. As per the definition in Equation 2.4, the
density function ranges from unity at its center to zero at a distance Ry, = DxL.
Beyond this, the function is treated as zero throughout the rest of the domain,
providing a smooth curve delineating the local concentration of atoms at each
grid point. Here, the purpose of the cutoff factor D is to control the size of the
local spherical domain that scales with a constant grid length L. The choice in D
is important to guarantee no gaps in the domain between adjacent density
functions, where a small value may cause the density functions to completely

neglect the presence of certain neighbors critical for computing the forces. On
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the other hand, a value that is excessively large desensitizes the ¢ set to

smaller atomic displacements due to the greater width of the local density
functions. Furthermore, because all the density functions here are uniform in size
and shape, D controls the degree of overlap with nearby density functions and in-
turn serves as an implicit representation of the angular positions of atoms. While
the density functions only depend on radial distance from their center and not on
angular values, multiple sufficiently wide density functions provide a good
interpolation of the atomic densities between the points in the local environment.
The idea is analogous to GPS systems, where multiple orbiting satellites transmit
long-range signals to triangulate a position on the surface of the Earth. Here, the

value ¢, from each grid point “satellite” is simultaneously fed into the neural

network, and as a multi-dimensional non-linear model, we expect the network to

recognize the set of ¢ _ values positioned at equally spaced 3D points as a

unique description of the atomic environment as seen above in Figure 2.1. As
such, in a later section 2.5, we find the optimal value for D by comparing the

performance of the resulting neural networks trained on DFT forces.

2.3 Data Generation

For training the SDNNFF, data acquisition is vital for the force prediction of
all possible atomic configurations found during long-timescale simulations.
Realistically, we would require a nearly infinite number of datapoints to cover all
possible combinations of atomic environments. However, since neural networks
excel at interpolation, the training data is at minimum required to cover the

possible range of inputs [13]. This implies that neural networks must be trained to
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suit the application, and because the maximum displacement of atoms scales
with the temperature of the system, the coverage of possible atomic
configurations can be achieved by training neural networks on a variety of
temperatures. Here, the goal was to predict the second- and third-order
constants of crystalline materials to find phonon-based properties with ab initio
accuracy. Since the force constants require small atomic displacements less than
0.03 A, we decided it would be enough to train neural networks on data far from

the melting temperatures (i.e. solid crystalline phase).

Six temperatures were arbitrarily chosen, namely 0 K, 50 K, 100 K, 300 K,
500 K, and 800 K, to train the material specific SDNNFFs on a sufficiently wide
range of atomic configurations. Here, the 0 K configurations are perfect crystal
structures. To model a variety of atomic environments, we use ab initio MD
(AIMD) with DFT from the Vienna ab initio simulation package (VASP) with the
projector augmented wave (PAW) method and a 10 ev energy convergence
criterion to generate the structures. The AIMD simulations were sped-up with a
low 1x1x1 k-space resolution since at this stage there was no concern for the
accuracy of the forces but for the rapid generation of the atomic configurations at
various temperatures. For each crystal at non-zero temperature, 5000 low-
resolution steps were ran for 3x3x3 primitive supercells (54 atoms in total)
containing Si, diamond, SiC, and BAs. Also, a timestep of 1 fs was chosen for Si,
SiC, and BAs, while a timestep of 0.5 fs was chosen for diamond due to its
known high vibrational frequency. Then, 1250 structures were randomly chosen

out of the 5000 AIMD configurations and pooled together to avoid biased training,
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where high resolution 4x4x4 k-space static DFT calculations with 10 ev energy
and 10 eV/A force convergence criterions were performed on each structure. A

total of 4x10° non-zero temperature atomic configurations for each Si, diamond,
SiC, and BAs were obtained. An arbitrary 1250 0 K (perfect crystal) structures
were added to the data pool for the inclusion of equilibrium structures during
training. Note that the O K configuration for each material was ran in static DFT to

check for equilibrium (i.e. 0 eV/A forces) and was not ran in AIMD.

2.4 Neural Network Details

After the static DFT calculations by VASP, post-processing for the output
data was performed in Python 3.6.8 with the NumPYy library package [42]. Our in-
house Python script converts the generated atomic configurations from the VASP
output to the SDNNFF input. The neural network inputs were processed
according to Equations 2.1 through 2.4 and saved in a separate file along with
the corresponding DFT forces. For training the SDNNFF, the TensorFlow library
for Python was utilized [43]. To compare with other papers containing NNPs, all
neural networks here were similarly constructed with two hidden layers and 500
nodes each with a default mini-batch size of 32 [41], [23]. The SDNNFF data
from our earlier Python script was read and split into 80% training data, 10%
validation data, and 10% testing data. In addition, the input density function
column vector and output force vector were normalized so that they ranged from

-1 to 1 according to
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I'Imin _1 (25)

/ max'l min

l network = 2

where | is a density function or force component from DFT and /,,¢tnor IS the
converted input/output for the neural network [13]. The values for /., and /,,,,
were taken as the maximum/minimum values for each component out of the
entire dataset. As such, these values were saved in a separate file since all
future uses of the network require the reapplication of Equation 2.5 to the inputs
and outputs for consistency with the trained weights. The He uniform initializer
was used to generate the initial weights and biases of the network [44], the Adam
algorithm was used as the optimizer for updating the weights with a learning rate
of 0.0001 [45], and the exponential linear unit (ELU) was implemented as the

activation function of choice [46]. The custom loss function I' was defined as an
RMSE of the three force components predicted by the neural network FkNN
against the DFT force components F’BFT, or

- jg S (Fiw-Forr)

k=x,y,z

(2.6)

After training, the testing loss was computed across the entire testing set with
Equation 2.6 for comparison with other networks trained on various cutoffs and

grid resolutions.

2.5 Determination of the Local Density Cutoff Factor

With the data generated and the network parameters defined, we

proceeded to investigate the necessary value for the cutoff factor D in the density
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functions. At this stage, we decided to start with high-resolution networks k = 12
(672 inputs) and a large R, containing up to the 5t neighbors for Si (6 A),
diamond (3.93 A), SiC (4.82 A), and BAs (5.3 A). Note that these cutoff distances
are approximately 0.05 A greater than the 5" neighbor distance to guarantee the
capturing of displaced atoms when later computing the force constants. In
addition, the number of inputs is quite large in comparison to recent reports for
HDNNP (i.e. 41 inputs) [23]. Later these parameters would be reduced to
decrease the number of required density function calculations for the network
input and to improve the efficiency of the force calculator, but for now these are
simply test cases to minimize noise error in analyzing D. To observe if a universal
value exists for D in the case of diamond-like materials, we trained multiple high-
resolution networks for each material with different values of D and compared
their testing RMSE values according to Eq. (6). Specifically, we sampled values

D= % g ? 1, V2,/3, and 2, which correspond to a DxL equal to the grid
length (D = L), the diagonal of the grid length in 2D (D = v2L), and the diagonal

of the grid length in 3D D =+/3L in multiples of % unity, and 2.

From Figure 2.3, it is clearly seen that D plays a significant role in the
force accuracy of the network. Specifically, we can see that there is a converged
RMSE value at D = /2 for all materials examined here. From an intuitive
standpoint, the convergence is due to the overlapping of density functions with

those at nearby grid points, which supports the earlier idea that the angular
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information is preserved in the set of input density functions and therefore the

representation of the atomic environment is improved.

10° 5
102 E
ﬁ i
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=
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Si Diamond SiC BAs
Materials

Figure 2.3 The logarithm of the testing RMSE for various cutoff
factors for bulk Si.

The overlap begins at D = 1, where the edges of the density functions lie on

nearby grid points. The results seem to converge at a slightly higher value of D =
V2, where the grid points are well within the influence of multiple neighboring
density functions. Recognizing the negligible differences in RMSE when D > /2,

we decided to arbitrarily use D =+/3 for all material neural networks investigated

here. These RMSE differences could be due to statistical noise in training the

network, and thus D =+/3 was chosen purely to guarantee force convergence
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due to the overlap of density functions. However, we recommend in future
studies that a convergence test for D should be performed for new structures
other than diamond, considering how the packing of atomic neighbors may
impose other requirements on the range of the density functions for converged
forces. In addition, care should be taken in choosing a large cutoff factor, since
the density function values could become “clouded” from the excessive number
of atoms included in the summation, thus generating difficulty for the network to

detect atomic configurations from the ¢, set. Furthermore, the inclusion of more
atoms in the summation for ¢ , can increase computational cost, since more

cosines are required to be computed for every atom inside DxL at each grid

point.

For the trained networks with D = /3, we also observed the learning
curves to compare the training and validation losses. Normally we expect the
validation loss to decay to a minimum then rise after a given number of epochs
(training cycles), which is a symptom for overfitting. During training, the network
with the lowest validation error is saved since this model can best generalize
untrained configurations. However, we noticed that none of our networks
experienced this phenomenon, rather the validation curves were seen to
continue to slowly decay with no bound as seen in Figure 2.4. While overfitting
could had occurred at an epoch much larger than 500, at this point the two
curves were visually close to an asymptote, so we stop at 500 epochs for all

networks to save computational resources.
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Figure 2.4 The training and validation learning curves for the
high-resolution Si network.

2.6 Generation of the Force Constants and Phonon Properties

The performance of the neural networks was primarily determined by their
ability to reproduce DFT-level phonon properties. Initially we investigated the
properties by calculation of the force constants via conventional FDM. Here, we
started with Si as a benchmark case since it is a well-known semiconductor. In
this paper, we used the phonopy [47] and phono3py [48] packages for evaluating
the 2" and 3™ order force constants and for obtaining phonon dispersions as
well as lattice thermal conductivity. We used the same high-resolution Si network
as developed in the previous section to see if our method could yield agreeable

phonon properties to those from direct DFT. With FDM, 181 3x3x3 primitive
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supercell structures of Si were generated with the default displacement of 0.03 A.
We computed the forces for these structures by static DFT and by the trained
high-resolution neural network for cross comparison. Then, the 2" and 3" order
force constants were computed followed by the phonon dispersion and lattice
thermal conductivity. The lattice thermal conductivity was obtained with a

20%20x%20 g-point mesh using the direct solution of linearized BTE.

As seen from Figures 2.5 and 2.6, while the phonon dispersion from the
SDNNFF-FDM agrees relatively well with that from DFT-FDM, the comparison of
thermal conductivity between the two force calculators for FDM was significantly
worse. We assumed that the phonon dispersions, which only require 2" order
IFCs, are much less sensitive to the force noise error from the neural network

than the thermal conductivity, which require both the 2" and 3 order IFCs.
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Figure 2.5 The phonon dispersion of bulk Si
evaluated by the model and density
functional theory.
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Figure 2.6 The temperature-dependent

lattice conductivity of bulk Si by the model

and density functional theory.
To prove this, we performed computer experiments by artificially imposing
random noise into the DFT forces to see if the phonon properties deteriorate in a
similar manner. Noise values of up to +10™" eV/A, with n=2, 3, 4, 5, were added
to the DFT forces. The 2"¥ and 3" order force constants, along with the phonon
dispersions and conductivities, were obtained by the same procedure as before
but with the noise-induced forces. We show the resulting plots in Figures 2.7 and
3.8, where we obtained a converged phonon dispersion with n = 3, while

convergence for the thermal conductivity occurred at lower noise levels of n = 5.

These figures agree well with our earlier speculation, where the thermal

conductivity requires a demanding 10 eV/A or 0.01 meV/A force accuracy to
match DFT results which is well below the capabilities of the neural network even

at a high resolution.
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Figure 2.7 The phonon dispersion of bulk Si
with the model and two noise-induced
dispersions with 10™ noise level from density
functional theory.
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Figure 2.8 The temperature-dependent
lattice conductivity of bulk Si with the model
and two noise-induced dispersions with 10™
noise level from density functional theory.
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In Figure 2.9 we summarize this point by plotting the thermal conductivity of Si at
300 K against the artificial noise in DFT. We observe again that the thermal
conductivity from DFT converges at a noise level of n = 5 (up to n = 8 plotted to
show convergence) while the thermal conductivity from the SDNNFF was
consistent with DFT noise levels between n = 3 and n = 4, sharing values far

below pure DFT results.
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Figure 2.9 300 K thermal conductivity of bulk Si versus
artificial noise.

We quickly realized that FDM was not suitable for the evaluation of the
force constants via SDNNFF due to the observable strong force sensitivity. While
the possibility of reducing the RMSE exists by increasing the grid resolution, the

number of inputs to the network would have quickly made the method demanding

35



for force evaluation of several hundred supercells. Instead, we decided to use an
alternative force constant calculator, namely the ALM method. While the details
of the method can be found from Tadano et. al. [40], a short discussion is made
here. In FDM, the force constants are computed by systematic displacement
patterns in crystalline structures, where a minimum number of unique
displacement patterns or structures are generated. From a series expansion on
the potential energy, the 2" order force constants require one atomic
displacement, the 3 order force constants require a pair of atomic
displacements, and further order terms require more simultaneous atomic
displacements [49]. Then, the electronic structure calculations are done on all
resulting structures for the DFT forces and the 2" and 3™ order force constants
can be computed. However, contrary to FDM, ALM approaches the force
constants calculation stochastically by fitting the force constants rather than
solving for them directly. This is done by applying random displacements to all
atoms in the supercell up to a user-specified amplitude. The result is an arbitrary
number of randomly displaced structures which, with statistical fitting methods,

yields the force constants.

With the ALM extension in phonopy/3py, we were able to evaluate the
force constants from the same neural network for Si. We chose to randomly
displace atoms by 0.03 A for an arbitrary 1000 structures. Here, the neural
network evaluated the forces for the Si 3x3x%3 primitive supercell ~10° times
faster than DFT, so the force calculation for 1000 structures was not a concern.

In addition, we expect the neural network cost to scale linearly with N atoms
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since the calculation only depends on the relatively constant number of

neighbors in the local environment, similar to MD and contrary to the scaling with

the cubic electron count (~ 2) in DFT [38]. Viewing the resulting phonon
properties as seen in Figures 2.5 and 2.6, we realized the exceptional
performance in replicating the DFT-FDM results from the SDNNFF-ALM force
constants. The most likely reason for the improvement is in the statistical
cancellation of noise provided by ALM, where many atomic displacements (and
therefore unique interactions) are necessary to eliminate small discrepancies in
the predicted forces. Indeed, FDM is limited to a fixed number of displaced
structures with only one to two atoms displaced at a time for the 2"® and 3™ order
force constants. The small sample of displacements increases the demand for
accurate forces, as we have seen previously with the artificial disturbance of the
DFT forces in FDM structures. Additionally, the finite displacements in DFT
generates a non-zero force for all the atoms in the unit cell, whereas a real-space
force cutoff approach such as the SDNNFF generates equilibrium forces (i.e. 0 +
noise due to model error) for atoms outside the cutoff of the displaced atom(s).
As such, the truncation of the forces outside the cutoff is possibly another source
of the incompatibility between the SDNNFF and FDM. Note, we strongly wish to
emphasize the difference between the real-space force cutoff R, and the pairwise
atomic displacement cutoff used often in FDM code, where the latter is used to
reduce the cost of 3" order IFC calculations by neglecting structures with
distances between displaced atoms beyond the specified cutoff. In practice, the

pairwise displacement cutoff in DFT-FDM does not define a force cutoff for atoms
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in the cell, since the force is dependent on the gradient of the electronic
Hamiltonian [11] and is attributed by all atoms in the supercell regardless of the
pairwise displacement cutoff. Accounting for both information loss and inherent
noise of the SDNNFF, the reduced sensitivity of the force constants led us to

prioritize ALM for the evaluation of phonon properties.

2.7 Application to Thermal Transport

With success in reproducing Si DFT results, the next step is to evaluate
the phonon properties of the suggested materials by adjustment of the SDNNFF
parameters. Similar to bulk Si, we began by testing the high-resolution neural
networks for bulk diamond, SiC, and BAs using ALM. We also developed other
networks with combinations of 4" and 5" neighbor cutoffs and k=8, 9, 10, and
12 for convergence to DFT-FDM results with a minimum number of grid points
and atomic neighbors. Note that we again applied a cutoff that is 0.05 A greater
than that for the 4t and 5™ neighbor distances to account for displacements in
ALM. In addition, we noticed similar learning curve behaviors as seen in Figure
2.4 in these networks and do not show them here for brevity. However, the final
testing RMSE values for the various atomic cutoffs and resolutions are displayed
in Figure 2.10 for comparison. We also provide the number of input nodes (or the

length of the ¢ , set) corresponding to each k in Table 2.1.
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Figure 2.10 The resulting testing RMSE values from the material-specific
models at various atomic neighbor cutoffs and grid resolutions.

Table 2.1 The number of grids/network inputs to the grid resolution

Grid resolution (k) 8 9 10 12

Number of grids / network inputs 160 257 360 672

Because of the previous disagreement with the thermal conductivity via
FDM, we prioritized our analysis on the conductivity and show this first in Figure
2.11. Here, we truncated the converged solutions to DFT-FDM results for display
purposes, and only show one curve for each neighbor cutoff. Plots that are not

shown for a given combination of neighbor cutoff and k have either equivalent or
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worse agreement to DFT-FDM. Afterwards, the phonon dispersions
corresponding to the shown thermal conductivity curves are plotted against DFT-
FDM dispersions in Figure 2.12. For the phonon dispersion of SiC, we applied a
non-analytical term correction due to its known LO-TO splitting near the gamma
point [50]. We also provide experimental datapoints in Figures 2.11 and 2.12 for
Si [561,52], diamond [53-56], SiC [57-59], and BAs [60,61] for comparison except
for the thermal conductivity of BAs, which requires four-phonon scattering theory
to match experiment [62]. All DFT curves were computed from FDM and all
SDNNFF curves were computed from ALM unless otherwise specified. We also
provide the force line comparison plots for the same SDNNFF networks in Figure

2.13.
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Figure 2.11 The temperature dependent lattice thermal
conductivities of all four diamond-structure materials studied here.
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Figure 2.12 The phonon dispersions of all four diamond-structure
materials studied here.
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forces from the testing set.

2.8 Discussion

As seen from Figure 2.11, we obtained excellent agreement in the lattice

thermal conductivity from the SDNNFF forces with the ALM IFC calculator. A

maximum percent difference of 0.7% for the 5-10 Si network, 6.2% for the 5-9

diamond network, 2.76% for the 4-10 SiC network, and 7.46% for the 5-10 BAs

network in comparison to the DFT-FDM curves was achieved. Considering BAs

as the highest percent error for the thermal conductivity, we decided to also plot

DFT-ALM to see if the percent error originates from the IFC calculator (FDM vs.

ALM) rather than the atomic force accuracy (DFT vs. SDNNFF). Here we ran 300

ALM structures for BAs instead of the previous 1000 due to the demanding
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number of DFT calculations and the expectation that less structures are required
for fitting the force constants with accurate DFT forces. The resulting thermal
conductivity from DFT-ALM was slightly lower than that of DFT-FDM and
improved the agreement with SDNNFF-ALM to 4.81%. While we do not analyze
the effects of the force constant calculators on the thermal conductivity here, the
comparison between FDM and ALM shows that the disagreement is not purely
due to the SDNNFF noise. Other sources of error that may have contributed to
the resulting percent difference in the SDNNFF thermal conductivity include the
number of reference DFT structures in the training set, the temperature range of
the generated AIMD structures, the neural network training parameters (e.g.
number of layers, nodes, activation functions, etc.), the number of random ALM
structures, and the amplitude of the random displacement. However, here we
focused on providing a generalization of the SDNNFF performance, and as such
did not share excessive concern for tuning these parameters for each material.
We only focused on tuning the SDNNFF parameters (i.e. the neighbor cutoff, the
grid resolution, and the local cutoff factor) to showcase its potential to
successfully reproduce the conventional DFT-FDM and experimental results.
Given the various known sources of errors, we were satisfied with the less than
10% error in thermal conductivity and the agreement with both DFT-FDM and

experimental trends.

From the predicted phonon properties, we see that the combination of the
number of neighbors and the grid resolution is not trivial and has serious impact

when reproducing DFT results. Here, the resolution represents the number of
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inputs to the neural network, i.e. a higher number of grids equals more
information for the network to identify the atomic environment and the
corresponding central-atom forces. However, we can see that the number of
inputs required for the network to sufficiently learn the forces reaches an upper
limit, since k-values greater than what were provided for each material in Figure
2.11 do not improve the results. In other words, the additional information
obtained from higher grid resolutions becomes redundant for predicting the
thermal conductivities accurately, even though the network RMSE continues to
drop as seen in Figure 2.10. On the other hand, the number of neighbors
provides physical meaning to the neural network, where atoms beyond the cutoff
are neglected in the contributions to the central-atom forces. At minimum, the
cutoff should be large enough to where atomic contributions outside the cutoff
are negligible or otherwise inconsequential for property prediction. In Figure 2.11,
we noticed for the thermal conductivity that the 5" neighbor contribution is quite
significant in Si, diamond, and BAs. However, the 4" neighbors seem to have
nearly equal contributions to the thermal conductivity in SiC. For the phonon
dispersions in Figure 2.12, the 5™ neighbor contributions for Si are necessary to
match DFT as seen by limited agreement in the 4™ neighbors with the low group
velocity near the Brillouin zone center. Otherwise, the phonon dispersions
truncated at the 4" neighbors for the other materials are relatively close to the
DFT-FDM dispersions. Overall, the SDNNFF parameters R, and k seem non-
transferrable between materials and require further convergence testing for

optimal network performances.
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Summarizing the performance of our method, a trained SDNNFF is quite
capable of reproducing DFT-level and experimental phonon properties with
significantly lower cost compared to full ab initio. For comparison with other
papers, the RMSE for the Si network containing the minimum neighbor cutoff and
resolution in agreement with DFT-FDM phonon properties was 8.17 meV/A, while
others reported values as low as 25.5 meV/A [23]. The well-tuned predictive
capabilities of the SDNNFF is a result of the direct training on forces, allowing the
use of 3D-distributed radial density functions in contrast to arguably more
complex descriptors such as a simultaneous feed of radial and angular symmetry
functions. However, the SDNNFF, like any other machine learned model for
atomic interactions, requires both the generation of the ab initio data and the
training of the neural network before evaluating the force constants, which is
arguably slower than by conventional DFT-FDM for the simple periodic systems
like the ones studied here. We recognized that the SDNNFF method would be
more valuable in situations where FDM requires a higher number of displaced
structures than that required for training and DFT becomes computationally
expensive. ALM is one example that requires the evaluation of a potentially high
number of randomly displaced structures for converged force constants. Another
example is the calculation of higher order force constants (i.e. 4™ order) which
exponentially increases the required number of supercells for accurately
capturing the thermal conductivity of systems such as BAs, although we do not
explicitly study the 4t order IFCs. Here, we found the phonon properties of

simple crystals to show the effectiveness of the SDNNFF in reproducing these
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properties from electronic structure calculations and experiment. Once the
training data is generated and the network is trained, the speed for calculating

the properties is significantly faster than that of DFT by the order of 103.

Currently, the SDNNFF detects atomic environments purely based on
spatial configurations, i.e. no chemical information is included in the inputs.
Based on this, we were curious how the performance of the SDNNFF was
acceptable for materials with more than one atom type, i.e. SiC and BAs, since
each species may contribute to the central atom forces distinctly. We decided to
analyze the SiC network in further detail by utilizing a recent tool in machine
learning, t-distributed stochastic neighbor embedding (t-sne) [63]. While details
about t-sne can be found in the referenced paper, in-short a t-sne plot reduces
high-dimensional data into a 2D/3D set of points, where the proximity of the
points defines their correlation (i.e. clustered points represents high similarity).
Because we wanted to observe how the neural network was “thinking” in
response to the local atomic configurations to produce the forces, we applied t-
sne to the final hidden layer (i.e. before the force output) containing 500 nodes
given the SiC testing set. We provide the resulting plot in Figure 2.14, which
contains two significant clusters of points. We found that each cluster
corresponds to configurations with central atoms corresponding to an atom inside
the primitive cell, one Si and one C atom, which is intuitive since the primitive cell
is the smallest unit needed to reproduce lattice symmetry and its unique atomic

environments. For comparison, we also generated a t-sne plot for monoatomic Si
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(not shown) and again found two clusters, confirming our observations about the

unitcell representation trained into the SDNNFF.
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Figure 2.14 t-sne plot of the last hidden layer in
the SiC model applied to the entire dataset.

From these results, we were led to believe that the SDNNFF was able to
successfully reproduce the atomic forces for materials like SiC and BAs because
the chemical environment is consistent with the structure, where each atomic
configuration is always comprised of specific elements during training. For
example, if we were to provide a set of inputs to the neural network
corresponding to a central Si atom, then the network would recognize that the
second neighbors correspond to C, the third neighbors with Si, etc. and correctly
identify the forces associated with the values in one of the two t-sne clusters. We
realize that each density function in space is consistently receiving the same
signals from equivalent atoms in the atomic neighborhood, so the neural network

learns indirectly what chemical species is contained in each density function.
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Based on this observation, we expect the performance of the SDNNFF will
degrade when local structure and species become independent (i.e. in alloy or
multispecies amorphous material). In this case, each t-sne cluster would only
preserve the local structure and contain a mixture of unknown elements, thereby
further confusing the network. We are currently working on inserting chemical
information into our density functions for future use in complex atomic

environments.

The primary difference between the SDNNFF and other methods like
HDNNP is the training on the atomic forces rather than the total energy. This
brings about an advantage when training neural networks since the atomic forces
are per-atom quantity, unlike the total energy which is a global value. Here, the
DFT data for network training scales with Nxt, where N is the number of atoms in
a supercell and t is the number of structures to be evaluated. In our case, we had
7500 structures from AIMD to be evaluated by static DFT for each material, and

for a 3x3x3 primitive diamond supercell with 64 atoms, the resulting dataset

contained 7500x64 = 4.8x10° atomic configurations per material. This is unlike
training a network on the total energy, where the dataset only scales with t (one
total energy per structure) and therefore may require additional DFT calculations
to generate a sufficiently large dataset for optimal neural network performance.
We recognize other recent works that have provided schemes to take full
advantage of the data from DFT, such as the extraction of and training on atomic
energies from DFT by Huang et. al. [41], the inclusion of both total energies and

atomic forces in the loss function in training the HDNNP by Minimitani et. al. [23],
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and the additional inclusion of stress tensor by Marques et. al. [22]. However, in
the latter two cases, atomic quantities such as the force are still treated as a
single update in the HDNNP since the loss function involves an averaging of
forces across all atoms, which is contrary to our loss function in Eq. (6) where the
network is updated based on each individual atomic force [13]. This becomes a
drawback for network training in networks like the HDNNP since vital information
for the force minimization is lost with an update through one single average and
the new direction for the weights/biases during training becomes less precise. In
contrast, the SDNNFF preserves the Nxt nature by maintaining a loss function
dependent solely on each atomic force vector, and the network learns from a
more robust set of examples. In addition, our networks require no additional post-
processing of the DFT data since the forces are directly output from DFT, and no
intermediate calculations for the loss function are necessary since Equation 2.6
only has dependence on the output forces. In other words, the training on forces
in the SDNNFF not only increases the dataset size obtained from DFT
calculations by explicit and independent training on each individual case, but also
serves as a potential computational cost savings for training data generation and

MD force calculations.

In addition to the force accuracy, another advantage of the SDNNFF is
that it is an “out-of-the-box” method, where the description of the atomic
environment can be controlled by only three parameters: the grid resolution, the
atomic cutoff, and the local cutoff factor. As mentioned previously, while we

recommend performing a convergence test for the cutoff factor D,it was observed
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that a converged D value in one material is highly transferable to other
structurally equivalent materials as seen in Figure 2.3. This makes the training of
the forces very intuitive by reducing the network search to the other two
parameters, the grid resolution and the atomic cutoff. Compared to the 2xi
parameters for the type 2 radial symmetry functions plus 3xj parameters for the
type 4 angular symmetry functions along with the atomic cutoff in the HDNNP
method (i and j are the number of radial and angular symmetry functions
respectively, also to be determined), the simplicity of the SDNNFF makes the
generation of DFT force fields potentially less laborious than some existing

methods [16].

Further comparing with the HDNNP, the disadvantage of the SDNNFF is
that because of the equal spatial distribution of density functions in the atomic
environment, a larger number of inputs may be required to cover all the important
features of the atomic forces. For Si, we used at minimum 360 nodes (k=10) to
accurately predict its thermal conductivity, while Minamitani et. al. obtained
competitive results with only 41 inputs using the HDNNP [23]. Because the
HDNNP owns more tunability, the method can obtain the feature space more
efficiently than SDNNFF, requiring a smaller number of descriptors for the neural
network to identify atomic configurations. Additionally, calculation of NNP inputs
requires MxN distances computed, where M is the number of radial
(symmetry/density) functions and N is the number of atoms inside the cutoff,
which is a disadvantage for the SDNNFF since M scales with the number of

points in xyz space and not radial space (i.e. calculating distances between
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(xx,zy,£z) points and all neighbors vs. radial points with respect to the central
atom and all neighbors). However, we should point out that the discussion about
MxN points neglects the evaluation of additional angular symmetry functions,
which is not needed in the SDNNFF since the atomic information is already
represented in cartesian space. Overall, the customizability of the feature space
in the HDNNP requires an increased effort to optimize its handful of parameters
and is slowed down by the required total energy to evaluate the atomic forces,
but on the other hand the evaluation of the HDNNP itself is quicker due to the
smaller number of inputs and required neighbor distances to calculate.
Therefore, at this stage it is difficult to judge which method is faster for application
in MD. For now, however, we can say that the SDNNFF is capable of directly
predicting the atomic forces and the resulting phonon properties of various
materials with DFT accuracy, providing an emphasis on force accuracy via
inclusion of 3D descriptors and inheriting a more straightforward implementation

strategy for representing the atomic environment.

In comparison to classical potentials, which provides both the per-atom
energies and the forces, the SDNNFF presented herein can only provide the
atomic forces so far. However, we decided to use the training, validation, and
testing data generated and made available by Huang et. al. to predict both forces
and atomic energies of amorphous silicon using our SDNNFF method [41].
Because of the flexibility of neural networks, we were able to generate a
SDNNFF+E, where we output both the force components and the atomic

energies. We also generated a SDNNFF with only forces to compare with the
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SDNNFF+E. Briefly covering the details, we closely followed the parameters
chosen by Huang et. al., including a cutoff of 6 A, 360 input features (i.e. k=10),
which is on the same order of magnitude as their 550 features, two hidden layers
with 500 nodes, training up to 250 cycles, and a similar loss function defined as
Loss = RMSE({E;})+axRMSE({F;}) (note we arbitrarily used « = 1, as well as
RMSE instead of MSE). The resulting RMSE from the SDNNFF+E were 47.29
meV/A and 15.31 meV for the forces and energies, respectively, while the RMSE
from the SDNNFF was 42.94 meV/A, which was slightly more accurate in
exchange for no atomic energy information. In comparison to the single atom
neural network potential (SANNP), the SDNNFF+E obtained an unprecedented
~50% and ~70% improvement in the forces and atomic energies, respectively.
We realized that the method presented here was flexible for predicting atomic
energies, although we should note that the energy is not completely invariant to
spatial transformations due to the 3D representation of atomic environments.
Future work should determine whether this significantly improved RMSE justifies
the inclusion of rotationally variant energy into the SDNNFF for, e.g., bulk Green-
Kubo thermal conductivity calculations. Nonetheless, the improvement in both
force and energy RMSE is testament for the improved description of the atomic
environment via 3D density functions in contrast to radial and angular symmetry
functions. Moreover, we recognize that the evaluation of thermal conductivity
through the nonequilibrium molecular dynamics (NEMD) such as Muiller-Plathe
method is possible with only the forces available, since the atomic kinetic energy

exchange is used for launching the heat flux in the Fourier’s law and does not
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involve the atomic potential energy [64]. Overall, further study is required to
bridge neural network force fields with thermal conductivity calculations in MD,
with the intent to model the conductivity including all levels of phonon

anharmonicity.

2.9 Conclusion

We have developed and trained a neural network force field, dubbed
“SDNNFF”, capable of reproducing DFT forces and phonon properties of
materials by transformation of the local atomic environment through density
functions. Here, each atom was surrounded by a grid containing equidistant
points within a cutoff radius. We then measured the local density of atomic
neighbors at each point via a summation of radial cosine functions across all
neighbors. The resulting set of density function values across all grid points led to
distinguishable atomic environments for neural networks to successfully predict
DFT-level force components as well as phonon dispersions and lattice thermal

conductivities.

In the realm of modeling interatomic interactions through machine learning
models, three achievements are accomplished in this paper. Firstly, our neural
networks are directly trained on the DFT atomic forces without the need to
compute derivatives from the total energy. The removal of intermediate
calculations for the atomic forces simplifies the method, where a single neural
network can directly predict atomic forces without the need to impose the chain
rule involving the total energy and the atomic positions. Without the total energy,

a direct 3D representation of the environment provides a more explicit description
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of force fields in comparison to that from radial and angular descriptors, as
shown from our consistently improved force RMSE. If the atomic energy is
needed, the SDNNFF can output this along with the forces, although the
calculation for the atomic energy is relatively new and, according to our
knowledge, not yet standardized in DFT packages such as VASP. Additionally,
the treatment of the atomic neighbors in 3D prevents the SDNNFF from
preserving the rotational invariance of the atomic energy, although the improved
accuracy of the SDNNFF may or may not generate negligible differences in
energy. Secondly, training on atomic quantities such as forces allows the dataset
to scale largely with Nxt, the atomic population of the structure times the number
of evaluated DFT steps. Training on such tremendously large dataset
strengthens the prediction capabilities of neural networks for the detection of a
wide range of atomic structures one may encounter during dynamics.
Consequentially, maximizing the data collected from costly DFT calculations by
training the forces on a case-by-case basis becomes advantageous for neural
network training. Thirdly, we found a significant reduction in human/computational
effort in the search for converged neural network force fields by representation of
the atomic environment with only three parameters: the atomic cutoff radius, the
grid resolution, and the local density cutoff factor. The cutoff factor D may own
transferability with similar structures and thus even reduce the network search
down to two parameters, but transferability needs to be shown in the future for

structures other than diamond structure (i.e. BCC, hexagonal, etc.).
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We conclude this paper with a brief discussion on future applications of
the SDNNFF. While the SDNNFF is capable of computing phonon properties with
DFT-level accuracy, the speed of the SDNNFF is not utilized to its fullest
potential. As mentioned before, for the above simple systems the calculation of
the phonon properties with DFT-FDM is much faster than SDNNFF-ALM since
the latter requires one to generate DFT data, train the network, and finally fit the
force constants with the evaluated random structures before computing the
phonon properties. The SDNNFF is more beneficial in applications where large
systems, in particular inhomogeneous systems like amorphous materials or
interfaces, and/or long timesteps are required for force evaluation, which cannot
be handled by DFT due to unbearable computational cost. In other words, with a
well-trained SDNNFF, large scale quasi-electronic MD simulations become
possible. For phonon calculations, the SDNNFF is also beneficial for evaluating
higher order force constants such as the 4" order, which is necessary to capture
lattice thermal conductivity of materials like BAs. The DFT-level force predictions
from neural networks such as the SDNNFF are critical for the analysis of micro-
scale systems where direct DFT becomes unreachable and classical MD falls
short in realistically modeling these systems. In addition to thermal conductivity,
applications of SDNNFF in MD simulations also include the evaluation of other
dynamical properties such as diffusion coefficients and ionic conductivity,
mechanical deformation, and other observables such as radial distribution
function. As such, our next step for the SDNNFF is implementation into MD

simulation package (e.g. LAMMPS) and investigating large-scale dynamics of
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systems of interest, such as lithium ion diffusion in crystalline and amorphous
silicon [65], or the bulk thermal conductivity of materials and interfacial heat
transfer via Muller-Plathe method, at improved speeds by directly computing
DFT-level forces, as well as finding other ways to improve the computational
efficiency of the method (e.g. the reduction of network inputs or the explicit
consideration of atomic species in the neural network as seen in recent studies

[66,67]).
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Abstract

Molten salts have attracted interest as a potential heat carrier and/or fuel solvent
in developments of new Gen IV nuclear reactor designs, high temperature
batteries, and thermal energy storage. In nuclear engineering, salts containing
lithium and fluoride-based compounds are of particular interest due to their ability
to lower melting points of mixtures and their compatibility with alloys. A machine
learning potential combined with a molecular dynamics study is performed on two
popular molten salts, namely LiF (50% Li) and FLiBe (66% LiF — 33% BeF2), to
predict thermodynamic and transport properties, such as density, diffusion
coefficients, thermal conductivity, electrical conductivity, and shear viscosity. Due
to the large possibilities of atomic environments, we employ training using Deep
Potential Smooth Edition (DPSE) neural networks to learn from large datasets of
141,278 structures with 70 atoms for LiF and 238,610 structures with 91 atoms
for FLiBe molten salts. These networks are then deployed in fast molecular
dynamics to predict thermodynamic and transport properties that are only
accessible at longer time-scales, and are otherwise difficult to calculate with
classical potentials, ab initio molecular dynamics, or with experiments. The
prospect of this work is to provide guidance for future works to develop general
machine learning potentials for high-throughput thermophysical database

generation for a wide spectrum of molten salts.
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3.1 Introduction

Molten salt reactors (MSR) first appeared in the mid-twentieth century and
have recently been accepted as a candidate Gen IV reactor competing with
existing light-water and boiling-water reactors [68—70]. The design of MSRs
centralizes molten salts as fuel and heat carriers in the primary loop, providing
inherent advantages over commercial technologies such as meltdown mitigation
though passive cooling, negative temperature coefficients of reactivity, low
operating pressures, increased operating temperatures for efficiency, and
improved waste management [71,72]. However, as molten salts are required to
satisfy a diverse number of nuclear, physical, and chemical criteria to operate
effectively, knowledge on salt properties is essential for MSR design [73,74]. So
far, thermodynamic and thermophysical databases for molten salts are limited by
the difficulty of high temperature, toxic, and corrosive experiments [75,76].
Furthermore, the possible number of salt configurations, including single, binary,
ternary, and more complex mixtures of compounds, with the consideration of
impurities from chromium alloys and other particulates, further increases the
design space of MSRs. This huge design space calls for the development of
theoretical and/or computational methods to speed up the present bottlenecks in
experimental methods.

In recent years, computational simulations of candidate molten salt reactor
fuels permitted a deeper understanding of their behavior and structure. Salanne
et. al. developed the polarizable interaction potential (PIM) to study ionic liquids

by inclusion of polarization effects, which has been used to study a wide variety
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of single and binary molten salts involving LiF, NaF, KF, BeF2, ThF4 end-
members with high accuracy relative to experiment [9,77-82]. Nam et. al. studied
the structural effects of chromium dissolved in FLiBe and FLiNaK melts using ab
initio molecular dynamics (AIMD) to observe chromium fluoride formations and
diffusivity as a function of chromium valence [83]. Similarly, Lam et. al. studied
FLiBe and FLiNaK with AIMD to observe tritium complexes and diffusivity [84].
However, the costly performance of ab initio methods with system size creates
difficulty when predicting properties where long-time scale statistics are needed,
and the a priori nature of classical potentials such as PIM requires the re-fitting of
new potentials when encountering new end-members and/or elemental impurities
in the system. Recently, a new class of potentials called the machine learned
potential (MLP), allows researchers to approach materials with an ‘out-of-the-box’
mindset when compared to classical potentials, requiring no knowledge of the
mathematical form of the potential for a particular material. Further, MLPs can
reduce the severity of cost-accuracy trade-off associated with classical potentials
by finding more optimal functions for describing the interatomic interactions in
systems of high complexity (structural, compositional, chemical). Recently, LiF
and FLiBe salts have been studied using a neural network-based MLP for the
equation of state, surface energies, local structure, and self-diffusivity [85], but no
works have been published that predict transport properties of molten salts with
MLPs to the best of our knowledge.

In this paper, we train an MLP using the Deep Potential Molecular

Dynamics (DeePMD) method to model the transport properties of single salt
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lithium fluoride (LiF) and binary salt FLiBe (66% LiF — 33% BeF2) [86]. While the
previous paper by Lam utilized a modified Behler-Parinello descriptor, we chose
DeePMD for its reduced manual input in hyper-parameterization. The model
requires only the finite distance cutoff and max number of neighbors found in the
dataset. This is a critical feature for general modeling of molten salts considering
the complex and diverse local complexes formed in melts such as BeFs?
tetrahedral and polymer-like chains in denser compositions [87]. In addition, we
validate the results of the training by evaluation of transport properties as
functions of temperature. It is well known that the transport properties of molten
salts are the most difficult to evaluate both experimentally and theoretically
[6,77,88—-90], and from our knowledge no other works have evaluated transport
properties of molten salts with MLPs. In section 3.2, we cover the development of
the LiF and FLiBe DeePMD potentials, including details on dataset generation,
training, and MD. Section 3.3 details the various properties predicted from the
DeepMD-Smooth Edition (DPSE) potential and compares them to other works
including experimental and MD results. Finally, section 3.4 summarizes this work

with a brief discussion on our future work concerning molten salts modeling.
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Figure 3.1 Schematic showcasing atomic simulation of molten salts.

3.2 Computational Details

Training for LiF and FLiBe neural network potentials requires a dataset
that sufficiently covers the range of configurations that may manifest during finite-
temperature MD simulations. As such, data for LiF and FLiBe configurations were
borrowed from existing ab initio MD data with simulation details previously
described [85]. Briefly, calculations were performed using the Vienna ab initio
simulation package (VASP) with the plane-wave basis set and periodic boundary
conditions in all cell directions. The plane-wave energy cutoff is 600 eV and the
k-point sampling is done on a 2x2x2 '-centered grid. All calculations were
performed using the Perdew-Burke—Ernzerhof (PBE) generalized gradient
approximation (GGA) exchange—correlation functional and projector-augmented
wave (PAW) potentials. The LiF dataset contains 118,115 configurations with 70

atom supercells at 1200K and experimental density, and the FLiBe dataset
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contains 222,903 configurations with 91 atom supercells at 973K and
experimental density. To capture changes in volume, we also generated a mixed
dataset containing -5%, 1%, 5%, and 10% changes to the lattice constant for
9,208, 3,951, 5,253 and 4,751 (23,163 total) LiF configurations, respectively, and
7,168, 1,188, 4,017, and 3,334 (15,707 total) FLiBe configurations, respectively,
with all systems under the same simulation parameters and conditions. With the
LiF and FLiBe datasets, each were shuffled and split 80-20% for training and

testing.

For training an atomic potential, we opted for the DeePMD-kit (DP-kit)
package, a Python/C++ package for neural network training and evaluation of
atomic energies and forces with efficient tensor operations through the
Tensorflow interface [91,92]. The DeepPot-Smooth Edition (DPSE) potential
contained inside the above package is chosen due to its natural symmetry
conservation of atomic descriptors [93]. Here, the smooth cutoff and hard cutoff

distance was chosen as 2 A and 7 A, respectively. The choice of hard cutoff is
primarily due to time savings in FLiBe MD (1.3187 x107 seconds/step/atom for 7

A vs. 2.3187x107 seconds/step/atom for 9 A) with negligible 0.03 g/cm?3
improvement in the predicted density, whereas the smooth cutoff from 8.8 A to 2
A shows slight ~0.01 g/cm? improvement with no notable difference in speed.

The resulting training of DPSE networks yielded a testing root mean squared
error of 2.54 x10™ eV/atom and 13.8 meV/A for LiF energy and forces,

respectively, and 4.86 x10™ eV/atom and 23.2 meV/A for FLiBe energy and

forces, respectively. As exhibited by the comparison of the testing energies and
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forces in Figure 3.2, the excellent accuracy on untrained data suggests well-

represented potentials for simulating ab initio potential energy surfaces and

ensuing dynamics for LiF and FLiBe molten salts.
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predictions for the LiF and FLiBe energy and forces.

To generate acceptable MLPs with high quality of energy and force,

sufficient data must be provided during training to capture, at minimum, a range

of all possible configurations that may be found during finite temperature MD

simulations. Due to the costly nature of ab initio calculations, it is of interest to

minimize the computational cost from the data generation step by requiring the

least number of configurations needed for converged force and energy testing
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errors, such that any further training is not necessary to sufficiently generalize
unseen structures. We have provided Figure 3.3 which contains both energy and
force error against number of AIMD steps. From our existing FLiBe data, 50,000
constant volume AIMD steps were isolated as training data, leaving the
remaining 172,903 structures for testing. We further split the training data into
segments and train various models with increasing number of steps, each
inheriting the same data as the last. After training, we evaluate the same testing
set with the models and compare the model output with ab initio energies and
forces. As seen from the figure, acceptable RMSE values are reached around

10,000 steps, with slight fluctuations in the force and energy RMSE thereafter.

Furthermore, the effect of compressed/expanded volume data on model
accuracy is investigated. Provided the converged model at 10,000 constant
volume configurations, we re-train new models with the same previous 10,000
steps but with the existing variable volume data, such that 1000, 2000, 4000, and
7000 compressed, expanded, and 50/50 compressed/expanded volume data are
included for training (i.e. yielding 12 new networks). We then evaluate the same
testing set as before to find the RMSE. Note, the expanded volume data is
randomly selected from the pool of +1%, +5%, and +10% lattice constant
datasets. From our training of additional volumes, all force RMSE values lie on

the converged 23.5 meV/A found from constant volume networks, while the
energy RMSE fluctuates about 3 x107 eV/atom, more than double of the 1.21

x107 eV/atom in the constant volume case. Although an energy RMSE increase

is observed with added volume data, we emphasize this as a necessary trade-off
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to improve the quality of molten salt MD simulations, due to the improvement of
the predicted density and subsequent properties as discussed in the next
section. The networks trained with constant volume either resulted in very low or
unstable densities in which excessive cell expansion occurs, with no particular
pattern in the increasing number of constant volume configurations. Here, we
briefly show how the inclusion of variable volumes improves the resulting density
via MD simulations with the aforementioned DPSE models. The inset of Figure
3.3 shows a 10.4% improvement to the predicted density at 973K with additional
volume data. Interestingly, all networks including expanded data seem to
converge with only 1,000 additional structures (500 expanded structures in the
compressed + expanded case), whereas the pure compression case requires at
least 4,000 to reach similar density. We assign the performance increase by the
inclusion of forces in an expanded system, with the DPSE model more accurately
capturing the calculated pressure under cell expansion and converging to a
relatively higher density. On the other hand, without the expanded data, the pure
compressed case requires more samples to reach density convergence. We
theorize that the compressed system improves the quality of short-ranged

interactions and promotes the attractive potential between atoms in the system.

67



4.5E-5 5.5E-2

] ----10,000 Constant Volume Supercells
—~ 4.0E-5 22 T —=— With Compressed Data ‘ L 5. 0E-2
E —=— With Expanded Data et
(o] o —=— With Compressed + Expanded Data ——
© 3 5E-5 "E 20 - - - Experimental Density °S(_
S C | 4562 5
o g <
w 3.0E 51 £ -
- % L 4.0E-2 =
2 ® :¥ 1 v
X 2.5-5 Bov [ o . p
> z O
2 ] -3.5E-2 5
Q 2,0E-5 - g L
L | 1000 2000 3000 4000 5000 6000 7000 87
()] Number of Additional Data in Training - 3.0E-2 =
& 1.5E-5 1 0
=] N E @
7] ] \. -
o T-E—l—n -
— 1.0E-5 - - 2.9E-2

| _-—._'-.—‘..——. - |

5.0E-6 : ; : . : . : . : : 2.0E-2
0 10000 20000 30000 40000 50000

Number of Supercells in Training

Figure 3.3 The energy and force RMSE for FLiBe
against number of supercells used in training.

After training on the dataset, the DPSE potentials were used in the Large
Scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) via interface
with DeePMD-kit [10]. Specifically, a pair style in LAMMPS uses the trained
model for energy and force calculation during MD steps. Exploiting the linear
scaling of DPSE, the supercell from AIMD is extended to a 2x2x2 system as the
initial structure, resulting in 560 LiF atoms and 728 FLiBe atoms. The
temperature was chosen such that the system is well beyond its liquidus, thus
the systems are simulated at 1120K-1320K at 40K intervals for LiF and 800-
1100K at 100K intervals + 973K for FLiBe. With 1 fs as the timestep, the system
is first relaxed for 250 ps under NVT, followed by 250 ps under NPT, where lattice

constant is taken from the average volume during NPT. Then, we perform two

68



sets of production runs at various temperatures, one set using the calculated
relaxed volumes and the other set at experimentally known densities. Both of
these sets of simulations undergo 100 ps of NVT, followed by 1000 ps of NVE.
We note that the temperature range of the MD simulations is outside the constant
temperature simulations of the training dataset. Nonetheless, the structure of the
melts does not vary strongly within the small temperature range as seen in the

next section and the current model was sufficient for our study.

To display the linear scaling of MLPs, we generated Figure 3.4 containing
the CPU time per timestep against the system size of LiF. As seen from the
figure, the evaluation time for AIMD scales closely with the number of atoms
cubed. On the other hand, the rigid ion model (RIM) [94,95], a parameterized
potential, the Spatial Density Neural Network Force Field (SDNNFF) [96], a
machine learning force field, and DPSE all scale linearly with the system size.
Although the ML-based methods are more time consuming in comparison to
parameterized potentials, they offer the same linear scaling quality inaccessible
by first-principles while representing the potential energy surfaces seen in DFT.
Moreover, the computational cost of MLPs can be reduced by a constant if efforts
are made to prune the model or systemically reduce the number of inputs to
remove redundant or insignificant parameters, after the network has been
trained. In this way, the MLP performance can be tuned based on the required

sensitivity/accuracy of the system in a way that classical models cannot.
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Figure 3.4 Time scaling of various atomic simulation
paradigms against system size.

3.3 Thermodynamic and Transport Properties

For determination of transport properties in MD, the density p of molten
salts is closely related to composition and existing local structures in the salt and
is essential for matching subsequent properties with experiment. Several studies
for the thermal conductivity through equilibrium MD simulations have shown
direct correlation with the number density of the melt and cell volume [82,97].
Additionally, the model developed by Gheribi et. al. for thermal conductivity
prediction strongly depends on known densities of molten alkali and alkaline
earth salts, with a relatively weak dependence on the temperature [88]. As
mentioned in the previous section, NPT relaxations on LiF and FLiBe were

performed to obtain the equilibrium volumes from the DPSE potential and the
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resulting densities versus the temperature are plotted in Figure 3.5. For Figure
3.5.a, in order as shown in the legend, the density for LiF under NPT are
obtained from our work, MD with the PIM model [6], and experiment [98].
Similarly, in Figure 3.5.b, values for FLiBe under NPT from our work, MD with the
PIM model [99] and experiment are shown [98]. As seen in the figure, the
densities follow a similar downward trend as experiment but is ~14% lower when
comparing the absolute value. We attribute the higher average volume to the
quality of the DFT dataset the DPSE was trained on. A previous study by Nam et.
al. determined by first principles MD that the effect of van der Waals (vdW) on
FLiBe volume is significant, such that no consideration of dispersion forces can
lead to 18% higher volume with the PBE pseudopotential [83]. Although the
addition of mixed volumes in the training set promotes higher density as seen in
the inset of Figure 3.5, the resulting densities are still within the lower 10%-20%
region which we attribute to the lack of dispersion interactions in the training
data. Moreover, accurate inclusion of dispersion effects can be non-trivial. In
standard deep neural network potentials and DeepMD, distance cutoff results in
truncation of long-range electrostatic and dispersion interactions. Recent efforts
(third and fourth generational NNIPs) have sought to resolve this using additional
neural networks to predict environment-dependent charges that can be used to
predict long-range interactions [100]. For this work, we proceed to evaluate other
transport properties in MD at both NPT relaxed volumes and experimental
densities to emphasize the importance of capturing density, a relatively

straightforward property to calculate, before computing complex transport
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properties, such as the thermal conductivity. For future studies, we strongly
suggest including vdW dispersion interactions such as vdW-DF or DFT-D2 in
generating molten salt datasets from DFT, since exchange-correlation functionals
cannot consider these dispersion interactions on their own. Further, we
recommend testing different neural network schemes for representing these

interactions with high fidelity.
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Figure 3.5 Plots of the density against temperature
for LiF and FLiBe above the melting point.

To measure the local structure of ionic fluids, the radial distribution
function (RDF) and diffusion coefficients are compared between DPSE-MD,
AIMD, and results from other papers. As seen from Figure 3.6, the RDF curves
found from DPSE-MD match excellently with AIMD and confirms the efficacy of
the potential. Furthermore, these curves for FLiBe and LiF offer insight to the
decrease in density after MD relaxation. For the inset of Figure 3.6, only the Be-
Be RDF for the relaxed structure is compared with that from the experimental

structure for brevity since the other RDF pairs show little variation in peak
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positions. As such, the drop in density is attributed to the expansion between Be-
Be pairs, as noted by the stretched inter-peak distances for relaxed structures.
This phenomenon has also been observed by Jabes et. al. when comparing the
transferable rigid ion model (TRIM) and polarizable ion model (PIM) atomic
potentials for FLiBe, where lack of polarizability effects in the TRIM potential led
to stretched Be-Be peaks and a reduction in density by 17-20% [87]. The
expansion of RDF peaks is also observed for the LiF system as seen in the inset
for Figure 3.6. Again, we isolated the F-F pair for brevity which contains the
largest discrepancy between relaxed and experimental volumes. Similar behavior
is found as with the Be-Be pair for FLiBe, with relaxed LiF experiencing larger F-
F peak distances although the stretch is not as pronounced as that for the FLiBe
Be-Be pair. Due to the shared volume expansion of both systems, the abscense
of dispersive interactions from AIMD results in a weak representation of the
interactions between like-charged ions, which are essential for the precise

modeling of local structures and the resulting density in molten salts.
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comparison to AIMD.
To showcase the temperature dependence on the local structures of liquid

LiF and FLiBe, Figure 3.7 plots RDF curves for various temperatures found from
DPMD. The largest observable discrepancy is in the height of the first peak
positions of all curves for which the highest peak corresponds to the lowest
temperature simulation here (1120K for LiF, 800K for FLiBe), decreasing with
temperature increase. Although at low temperature the peak size is maximized,
the radial position of the peak itself experiences no changes across all
temperatures, which suggests an approach to crystallization. Similar behavior
has been shown for LiF with the Born-Mayer potential, wherein first peak
positions near the captured melting point closely correspond with those at much
higher temperatures, meanwhile solid LiF differs in both peak positions and
height from its liquid counterpart [101]. Provided, LiF and FLiBe molten salt data

at constant temperature for training captures the local atomic structures at
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surrounding temperatures, since the structures in liquid phase are not sensitive
to changes across their respective temperature ranges. Additionally, the
aforementioned weak dependence of molten salt densities on the temperature
(i.e. -0.1 g/cm?3 from 800-1100K in FLiBe experiments) also supports the relatively
small changes in local structures of the melt. However, we warn others that this
behavior may not transfer to other salt mixtures for all temperatures in the liquid
phase, and testing for local structures is recommended to discover those

unaccounted for at other temperatures especially near the melting point.
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Figure 3.7 RDF curves against temperature for LiF at 1200K
and FLiBe at 973K.
In tandem with the structure, the dynamic behavior of molten salts also
follows closely with the density and is measured by the diffusion coefficient D.
Here, the diffusion coefficients of ions are calculated through the slope of the

mean square displacement via the Einstein relation,
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o0 dt
where the term inside the brackets is the mean square displacement (MSD),

averaged over atoms N of type i and subsets n; of time ¢; [85]. In Figure 3.8.a,

diffusion coefficients for LiF at experimental and NPT relaxed volumes are
obtained from our work, MD with the PIM model [79], and experimental results
[79]. Similarly, for Figure 3.8.b, diffusion coefficients for FLiBe at experimental
and NPT relaxed volume are obtained from our work, MD with the HDNNP, and
AIMD results [85]. The diffusion coefficients in Figure 3.8 increase with the
temperature, with lithium ion diffusion dominating both LiF and FLiBe systems.
Additionally, the fluorine ion diffusion in LiF is significantly more diffusive than that
in the FLiBe case, where fluorine diffusion is much closer to the beryllium ion
diffusion. The formation of tetrahedral BeF4?, Be2F7%, and more complex polymer
chains may be attributed to the low fluorine and beryllium ion movement due to
the increased effective mass of these complexes [84]. Meanwhile, the lithium ion
in FLiBe experiences no polymerization and maintains its high mobility. For
comparison, the plots also display the diffusion coefficients for the relaxed
systems, consistently yielding larger values albeit the MD temperatures were
equivalent to those at experimental volumes. In fact, the LiF and FLiBe diffusion
coefficients for the lower density case follow extremely similar trends as those at
experimental density, implying no qualitative changes to the structure. This
behavior is indicative of a more free-flowing system, where ions and Be-F
complexes are less likely to scatter and maintain higher average velocities in the

larger simulation cell. Finally, excellent agreement of the DPSE-MD results with
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other works are shown, although not many points are plotted since current

literature is starved of diffusion data due to the difficulty in measurement [75].
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Figure 3.8 Plots of the diffusion coefficients against temperature for LiF
and FLiBe above the melting point.

The thermal conductivity A for ionic liquids is computed in equilibrium
molecular dynamics by Green-Kubo relation through integration of
autocorrelation between heat and charge fluxes through the phenomenological

coefficients Lqz [102,103],

1 o . (3.2)
Lop = 5y ) o010t
where thermal conductivity is defined as [99]
1 A
A =2 (Leeg) (5:9)

For single component molten salts, A = ng and B =L,, where e and z refer to the

heat and charge terms, respectively, and for binary salts,
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A=Lo L,y s -2ley Logl, ,and B=L, , L, , L2, . In our simulations,
ion 1 is the beryllium ion and ion 2 is the lithium ion. The formulism for charge

flux in the binary case used in this work is [82]

'iZn= Z(qn_qf)*vn (34)

with n being over all cations in the melt and f as the anion (q,=-1). For improved
convergence of the autocorrelation in Equation 3.2, we divide the 1-ns simulation
into 1000 1-ps samples and perform a time averaging of the resulting thermal

conductivities over these samples.

Because the thermal and electrical conductivity of ionic liquids requires the
charge flux of atoms in the simulation cell, we assigned fixed charges
corresponding to their chemical element, i.e. Li with +1e, F with -1e, and Be with
+2e charges. However the LAMMPS simulations do not consider additional
coulombic forces. This is because the DPSE, like other second generation ML
potentials, invoke full electronic interactions including those of coulombic nature
up to the cutoff, but no long-ranged interactions or charge transfer between
atoms are considered [100]. Regardless, we obtain agreeable results for the
thermal and electronic conductivity in the systems studied here, possibly due to
the strongly ionic, well-defined character of the ions in the melt. Future works on
MD simulations of molten salts including fixed charges, dynamically altered
partial charges, such as those found in the modeling of HfO2 RRAM cells using

the ReaxFF potential [104], or MLP-trained with partial charges from charge
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equilibriation method [100] combined with long-ranged solvers for coulombic

interactions should be considered.

The thermal conductivity found from DPSE-MD and other works are
depicted in Figure 3.9. For Figure 3.9.a, in order as shown in the legend, thermal
conductivities for LiF at experimental and NPT relaxed volumes are obtained
from our work, MD with the polarized ion model [99], MD with the rigid ion model
[97], fitted line from MD with polarized ion model [6], experimental results
[105,106], and by a predictive model [88]. Similarly, in Figure 3.9.b, thermal
conductivities for FLiBe at experimental and NPT relaxed volume are obtained
from our work, MD with the polarized ion model [99], experimental results
[107,108], and by a predictive model [89]. Error bounds are shown in light green
for MD simulations at experimental density and black for those at relaxed
densities. The heights of the error bounds represent the RMSE about the
average thermal conductivity at the tail-end of the autocorrelation curves. As
seen for the LiF thermal conductivity, results from the simulations at experimental
density fall between to those from other MD simulations and experimental
results. The thermal conductivity for the relaxed case shows even further
improvement although this may be coincidence from the increased ion diffusivity
in larger volumes. For FLiBe, the agreement with relatively constant thermal
conductivity from experiment also matches well with the DPSE results. For the
relaxed case, the thermal conductivity remains below that at experimental density
until 1100K, where the thermal conductivity suddenly jumps. Unlike the thermal

conductivity for single component salts, the ratio of determinants A/B for binary
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salts contains both additive and subtractive terms to the thermal conductivity, and

the cause for the behavior becomes non-trivial. We further discuss the difference

for

thermal conductivity contributions in low and high density simulations below.
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Figure 3.9 Plots of the thermal conductivity against temperature for LiF
and FLiBe above the melting point.

To understand the effects of the phenomenological coefficients in Equation

3.2 on the resulting thermal conductivities of molten salts, their contributions

under experimental and MD-relaxed densities are plotted in Figure 3.10. The

construction of the thermal conductivity for single salts is subtractive from the

pure heat flux term L., by the cross-correlation charge and heat flux ratio ng/Lzz.

For LiF in Figure 3.10.a. and 3.10.b., the thermal conductivity is approximately

halved from that of the heat flux term, yielding a much lower thermal conductivity

than the pure heat flux thermal conductivity. On the other hand, for binary salts,

the thermal conductivity contributions are no longer purely subtractive, but follow

a more complex set of contributions by the ratio of determinants A/B. As seen
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from Figure 3.10.c. and 3.10.d., while a large portion of the thermal conductivity

of FLiBe originates from the heat flux term L., an equally large portion is
canceled out by the L§22LZ7Z1/B term. In our results, we noticed much higher
values amongst the cross-correlation constants for the lithium ion charge flux
with the heat flux L,,, and to itself L,,,,, explaining the large conductivity
contributions of subtractive LgZZLZm/B and additive 2L¢, Le,,L,,,,/B. The high

contribution to thermal conductivity by lithium may be assigned to its high mobility
in FLiBe in comparison to the mobility of fluorine and beryllium ions. In LiF, the

high mobility of both lithium and fluorine ions dampens effect on the subtractive

ng/LZZ term, unlike in FLiBe where the heat flux term is essentially canceled out

by the existing disparity in ion diffusivity. The lowest contributor to the
conductivity, ng ,L;,7,/B, is primarily dictated by the square of the heat-charge
flux correlation of the beryllium ion L§Z7 and was observed to be about a tenth of

the L,,,, term. This lowers the effective thermal conductivity reduction of the

ng1L2222/B term and has the least effect on the conductivity. Hence, the term that
maintains the conductivity of FLiBe in addition to L, is the 2L, Le,,L, ,,/B term

in which all the heat-charge flux terms are weighted similarly (i.e. power to the

unity).

To analyze the effects of high (experimental) and low (MD relaxed) density
on the resulting thermal conductivity with respect to temperature, their results for
LiF and FLiBe are placed together for comparison in Figure 3.10. Here, solid

lines are additive to the thermal conductivity, while dashed lines are subtractive.
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The total thermal conductivity is also shown. In experimental density LiF, the heat
flux term Lee/T2 in Figure 3.10.a. greatly influences the thermal conductivity, both
experiencing an overall decreasing trend with relatively fixed ng/Lzzﬂ' 2. Indeed,
experimental density FLiBe also experiences decreasing thermal conductivity
with temperature but is described by a more complex set of coefficients involving
several cross-correlation terms with the heat flux, i.e. Le,, and L,,, and the
behavior is increasingly non-trivial when compared to LiF. In Figure 3.10.c., the
decrease is primarily dominated by the increase in the subtractive L§22L21Z1/Bﬂ'2
term, most likely attributed by the sudden jump in lithium ion diffusion after 973K.
Nonetheless, this inverse relation of the thermal conductivity with temperature for
both single and binary salts is mentioned in previous works and has been
attributed to the decreasing density of the melt [82,97]. On the other hand, the
thermal conductivities of the melts for the MD relaxed volumes in Figure 3.10.b.
and 3.10.d. are directly proportional to the temperature and deviate from
experimental results despite owning a decreasing density trend as observed in
Figure 3.5. For low-density LiF, both the Lee/T2 and ng/Lzz/TZ term remain
relatively constant with their difference yielding a slight increase in the
conductivity. Although the L, term increases in both the low and high-density
simulations, low-density L, rises more rapidly with temperature than the high-
density L., as seen by the ratio with T2 and results in a mostly temperature-

independent Lee/T2 contribution. For low-density FLiBe, the increase in thermal

conductivity is made possible by a decline in both subtractive L522LZ1Z1/B/T2 and
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L§Z1L2222/Bﬂ'2 terms after 900K, more so than the decline in the additive

2LeZ1LeZZLZ122/B/T2 term. The drop in all three terms with temperature of which
involve charge-charge and charge-heat cross-correlations is again most likely
due to the weaker scaling with T? for the low-density case. We note that despite
division by B = LZ1Z1L2222-L§122, both high-density and low-density simulations
owned matching values of B and contributed little to the mentioned trends. In
summary, we have shown how the simulated density effects thermal conductivity

behavior against the temperature, reinforcing our earlier statement to accurately

capture the density before approaching other properties.
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Figure 3.10 Contributions to the thermal conductivity for
LiF, relaxed LiF, FLiBe, and relaxed FLiBe.
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The electrical conductivity o in MD simulations may be found through the
MSD of charges in the melt, the Nernst-Einstein approximation, or through the
Green-Kubo formalism [78,102]. Since the Green-Kubo thermal conductivity for
ionic liquids requires the charge correlation term L,,, the electrical conductivity is
readily available by dividing by the temperature. Note that the L, term is found
through the charge flux of all atoms in the system, hence the charge flux for
single component salts is applied to the electrical conductivity for FLiBe. For
improved convergence of the autocorrelation, we divide the 1 ns into 1000 1-ps
samples and perform a time averaging of the resulting electrical conductivity. The
results for LiF and FLiBe electrical conductivity are provided in Figure 3.11 with
fitted experimental results from Janz et. al [98]. Here, electrical conductivities for
LiF and for FLiBe at experimental and NPT relaxed volumes are obtained from
our work. Both plots show experimentally fitted data, where dotted lines
represent extrapolated data [98]. The insets show extensive electrical
conductivity with units 102° ohmcm?. Error bounds are shown in light green for
MD simulations at experimental density and black for those at relaxed densities.
The heights of the error bounds represent the RMSE about the average electrical
conductivity at the tail-end of the autocorrelation curves. Here, the electrical
conductivity matches well with experiment following an increasing trend against
temperature. Interestingly, the results from low density simulations yield lower
electrical conductivity values despite owning higher ionic mobility. The difference
in the electrical conductivity is primarily attributed to the division by the volume in

the L,, term from Equation 3.2. The insets of Figure 3.11 contain the electrical
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conductivity multiplied by the cell volume for the extensive electrical conductivity,

where improved agreement between the relaxed and experimental density

simulations are observed. For LiF, slight disagreement remains although based

on the fluctuations of the electrical conductivity we attribute the uncertainty

toward the Green-Kubo MD. For FLiBe, an improved overlap in the extensive

electrical conductivity is observed. Based on these results, the electrical

conductivity owns a strong dependence on the density.
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Figure 3.11 Plots of the electrical conductivity against temperature for
LiF and FLiBe above the melting point.

The shear viscosity n is found similarly to the Green-Kubo thermal

conductivity [109],
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where P,z represents the off-diagonal terms in the pressure tensor during MD.

For improved statistics, the viscosity is averaged over P,,, P,,, and P, terms.

Optionally, the viscosity may also be averaged over Py, and Py;,.,.,,, but the
first three terms were sufficient for convergence of the autocorrelation function
[6]. In addition, due to the arrhenius relation of the viscosity to temperature, the
convergence of the autocorrelation in Equation 3.5 requires variable
autocorrelation times for the time averaging over the span of the 1 ns simulation
time. Specifically, for convergence of viscosity plateaus regardless of the
simulated experimental or relaxed densities, the autocorrelation times for LiF
were 5 ps for all simulated temperatures, while those of FLiBe were 15, 15, 10, 5,
and 5 ps in order of increasing temperatures. As seen in Figure 3.12, the
viscosity of LiF and FLiBe at experimental densities matches well with
experimental works, while those found from relaxed supercells own significantly
lower viscosity. In Figure 3.12.a, tn order as shown in the legend, viscosities for
LiF at experimental and NPT relaxed volumes are obtained from our work, MD
with the polarized ion model [6], and experiments [110,111]. Similarly, in Figure
3.12.b, viscosities for FLiBe at experimental and NPT relaxed volumes are
obtained from our work, MD with the polarized ion model [99], and experiments
[107,112]. Error bounds are shown in light green for MD simulations at
experimental density and black for those at relaxed densities. Those with limited
height are omitted for visual purposes. The heights of the error bounds represent
the RMSE about the average viscosity at the tail-end of the autocorrelation

curves. In comparison to the PIM model, the LiF viscosity agrees well with other
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works, while the FLiBe viscosity underestimates experimental viscosities with
PIM overestimating by a similar magnitude. It is well known that the viscosity is a
difficult property to predict from MD simulations due to the required long
simulation times for converged autocorrelation in Equation 3.5, and here the
relatively short 1 ns simulation time is a potential source of error [75,99].
Nonetheless, the agreement with experimental trends are acceptable with
matching errors from those of other MD works. Other works have shown that the
viscosity owns an inverse relationship with the diffusion coefficient [101], and the
diffusion coefficient increases with decreased density as previously observed in
Figure 3.8. For example, the higher ionic mobility in the relaxed supercell is
consistent with the lowered viscosity by further increasing the ionic mobility and
decreasing the viscosity from expansion due to the temperature. As such, the
viscosity is directly proportional to the density of molten salts as observed by its

decrease with increasing volume and temperature.
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Figure 3.12 Plots of the viscosity against temperature for LiF and FLiBe
above the melting point.

3.4 Conclusion

An investigation on the thermodynamic and transport properties of molten
salts LiF and FLiBe is performed, where flexible and rapid machine learning
potentials are fitted with DFT data without the need of pre-existing physical
models. The matching of local structures with AIMD and diffusion coefficients with
experiment displays the excellent ability of the machine learning potentials to
reproduce complex energy surfaces and realistic dynamics. With the linear
scaling of Deep Potential Smooth Edition (DPSE) neural networks, we explored
the dynamics of molten salts using large supercells through MD with DFT
accuracy. Due to the difficulty of evaluating dynamic properties in experiments,
the diffusion coefficients, thermal conductivity, electrical conductivity, and
viscosity of LiF and FLiBe were predicted within acceptable accuracy of

experiments and other works using MD. Although the density of molten salts only
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has reasonable agreement with experimental results, the resulting densities are
linked to the lack of dispersion relations in the training data and match previous
works excluding these interactions [83,87]. In future studies, dispersion
considerations in DFT packages will be studied to consider polarization in the
training data and improve atomic interactions in molten salt machine learning
potentials. Inclusion of long-ranged interactions beyond the cutoff of DPMD may

also improve the resulting density.

Here we conclude this work with a perspective on the future of atomic
molten salt modeling. With the massive design space of molten salts, developing
parameterized potentials e.g. PIM potentials for all possible compositions would
take much effort and time. Instead, the “hands-free” approach of machine
learning potentials is crux for the development of general potentials that can
simultaneously cover a wide range of molten salt compositions and
temperatures, essentially spanning across the periodic table. The multi-
dimensional, non-linear nature of MLPs allows for a higher degree of
transferability that is cut short by the limited flexibility of parametric potentials.
However, one of the main limitations of recent machine learning potentials is the
exponential scaling of model parameters with number of elements. For example,
the popular high-dimensional neural network potential (HDNNP) requires N radial
and N(N + 1) angular symmetry functions for each element-specific network,
which can quickly slow down both training and the evaluation of structures with
increasing elements N [66]. Although the DPSE potential used in this paper

necessitates no user-specified descriptors such as symmetry functions, the
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model still requires N fitting networks with N2 embedding networks and is
increasingly more time-consuming during training and evaluation steps for large
number of elements [113,114]. Furthermore, descriptors should be designed in
such a way that any number of elements may be added without needing to
reconstruct and train the model from scratch. Generating such descriptors from
data spanning many elements could enable a reduction in, e.g., network
complexity if a new element only changes the NN input numerically rather than
the shape/size of networks, or improve training speeds if only one network can
well describe both input atomic positions and species. This opens the opportunity
to develop potentials without the need to re-fit ab initio data when new chemical
element is introduced, allowing for MLPs to grow rather remain limited to a fixed
set of chemistries. An example would be to add chromium impurity to an existing
trained FLiBe MLP. Another difficulty for general potential development is the
generation of sufficient structures for training. Because molten salts contain local
atomic structures characteristic of the composition and concentration of end
members, it is critical to capture these local structures while requiring minimal
lengthy DFT evaluations. The generation of structures purely via AIMD is
excessively expensive considering that many structures encountered in MD may
be redundant or lacking distinctive features for MLP training. Therefore, more
effective sampling methods are needed to speed up this process. In addition, the
transferability of our model to other compositions is tested here on FLiBe, with
increasingly higher disagreement to the linearly decreasing temperature relation

of the density as one departs from 33% BeF2. Despite this, we observe that the
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resulting simulations are stable and their densities comparable to the
composition of the training set, implying some degree of transferability. We
expect an improvement in the model with further training on other compositions,
however we leave this for future work due to the expensive nature of AIMD
simulations. On the other hand, active learning techniques offer the opportunity
to generate data efficiently by sampling new configurations with the MLP itself,
requiring DFT only when the model recognizes a poorly represented atomic
configuration. The active learning approach recently presented by Zhang et al.
addresses the bottleneck of dataset generation by exploration and labeling of
configurations through DPSE-MD, cutting down the required number of DFT
evaluations to 0.0044% of the total number of configurations explored [115].
Therefore, active learning can significantly improve the search for poorly
represented local structures in molten salts varying with respect to temperature
and composition while minimizing the needed DFT to generate the training set.
Essentially, the development of machine learning potentials with improved
elemental scaling and minimal DFT calculations is keystone for modeling a wide
range of molten salts for rapid database development. Currently, we are working
on a modification of deep learning potentials that changes how the model
distinguishes elements with improved scaling in model complexity for application
on molten salts and existing large databases containing materials such as

ceramics and semiconductors.
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Abstract

Existing machine learning potentials for predicting phonon properties of crystals
are typically limited on a material-to-material basis, primarily due to the
exponential scaling of model complexity with the number of atomic species. We
address this bottleneck with the developed Elemental Spatial Density Neural
Network Force Field, namely Elemental-SDNNFF. The effectiveness and
precision of our Elemental-SDNNFF approach is demonstrated on 11,866 full,
half, and quaternary Heusler structures spanning 55 elements in the periodic
table by prediction of complete phonon properties. Self-improvement schemes
including active learning and data augmentation techniques provide an abundant
9.4 million atomic data for training. Deep insight into predicted ultralow lattice
thermal conductivity (<1 W m™" K1) of 774 Heusler structures are gained by p-d
orbital hybridization analysis. Additionally, a recently discovered class of two-
band charge-2 Weyl points, referred to as “double Weyl points,” are found in 68%

and 87% of 1,662 half and 1,550 quaternary Heuslers, respectively.
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4 .1 Introduction

In semiconductors and insulators, phonons dominate the lattice thermal
conductivity (LTC) as the quanta of atomic vibrations [49]. Because of its ubiquity,
knowledge of the phonon properties such as phonon dispersions and LTC in
ordered structures is enormously important in the development of innovative
energy related technologies, such as energy conversion, thermal management,
quantum computing, etc. Fast and accurate prediction of phonon properties is
necessary for discovery of novel materials for those applications. Currently, first-
principles based anharmonic lattice dynamics (ALD) method coupled with the
phonon Boltzmann transport equation (BTE) is one of the most featured and
accurate methods to obtain the phonon properties including LTC, which involves
tedious calculations of harmonic and anharmonic interatomic force constants
(IFCs) of crystalline structures relating the potential energy and atomic
displacements [116]. Despite the parameter-free and predictive calculations of
density functional theory (DFT), obtaining IFCs via the real-space supercell-
based finite displacement method is very time and resource consuming. This
situation is even worse for high-throughput computation of large number of
materials [117]. Many efforts are put forth to circumvent this time-consuming
nature of computing LTC with DFT, dubbed “DFT-LTC” here, to achieve high-
throughput discovery of materials for target LTCs. A primary route that recently
has been taken by storm is machine learning (ML). Due to their demonstrated
ability to fit complex non-linear, multi-dimensional functions at orders of

magnitude faster than the traditional enumeration schemes, many ML methods
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have been incorporated to accelerate LTC computation. For instance,
researchers have recently pursued data-driven approaches through extraction of
vital information from already existing DFT-LTC data to explore previously
unseen structures [118—122]. Recently, Zhu et. al. predicted the LTC of 92,919
materials with a 154-dimensional descriptor as the input to random forest
prediction, with the three most important features for LTC prediction being the
average volume per atom in the ground state, average bond length, and volume
per atom [121]. Additionally, Miyazaki et. al. incorporated combinations of atomic
radii, atomic masses, and elements from 143 half-Heusler structures into a
sequence of regression models to predict the lattice parameter and thermal
conductivity of unseen half-Heuslers within 1% and 4% of the DFT results,

respectively [120].

While training ML models with material descriptors offers physical insights
towards feature importance for LTC prediction, limitations are present when
facing high-throughput. Mainly, these models are still required to generate
reference LTC data to serve as the target during training. ML models such as
artificial neural networks (ANNs) depend on data diversity due to their
interpolative nature, i.e. they cannot perform well when provided data are outside
of the training set [12,24]. As such, the data generation for a sufficiently robust
model is expensive and may limit the predictions to a small subset of materials.
Additionally, because these models are usually trained on one temperature
designed to output a single value of LTC, they are unable to provide the plethora

of information that comes with DFT-LTC calculations [118-121]. Outputs such as
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phonon dispersion, scattering rates, temperature-dependent LTC, and off-
diagonal thermal conductivity values in the LTC tensor are inaccessible, all of

which are standard outputs from phonon calculators [47,48,123,124].

To circumvent these issues, the LTC may be approached from a lower-
level, more specifically through the atomic forces, which are the fundamental
input and starting point of the DFT-LTC procedure. Approaching BTE solvers with
already computed atomic forces from ML maintains the rich output of information
that comes standardly from phonon calculators. More importantly, training for the
atomic forces has the potential to reduce the costly demand for training set
generation. For traditional ML models, many DFT calculations are required for
one LTC value, serving as a single datapoint for training. In contrast, training on
atomic descriptors is advantageous in terms of data abundance per DFT run
because each simulation provides (3N+1) data corresponding to N atoms worth
of force vectors and one total energy. Namely, machine learning potentials
(MLPs) implicitly capture the electronic-level features from DFT by representation
of the potential energy surfaces as functions of the atomic nuclei positions [12].
Due to the purely mathematical nature of ML models, the accuracy of MLPs
strongly depends on the description of the atomic environment surrounding
central atoms to capture the appropriate physics [125]. Many studies have shown
excellent representation of DFT-level energetics and realistic property prediction
with MLPs such as the High Dimensional Neural Network Potential (HDNNP)
[13], Deep Potential Molecular Dynamics (DeePMD) [113], and Gaussian

Approximation Potential (GAP) with SOAP descriptors [126]. In the context of
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phonon property prediction, several studies have used MLPs as the force
calculator [22,23]. Typically, these MLPs own a root mean square error (RMSE)
of the force predictions within 10 — 100 meV/A with approximately 103 faster

evaluation time compared to DFT.

Undoubtedly, the robustness of the MLP has the potential to mitigate the
current speed-related bottlenecks in the LTC workflow. However, to-date the
majority of studies using MLPs share a common denominator in that the models
are limited to a material-to-material basis. This is primarily due to the exponential
scaling of model parameters with the number of atomic species or elements
(Ngjem)- For example, the HDNNP requires Ng,, €lement-specific networks each
containing approximately N, radial and N, (Ngemt1) angular symmetry
functions [66]. When faced with data containing elements spanning the periodic

table, the training efficiency and evaluation time is reduced significantly due to

the ~N§,em scaling of the input descriptors. Additionally, training of each element-
specific network requires central atoms dedicated only to said element, meaning
that little to no knowledge of atomic environments from other central atom
species are shared. In general, recent MLPs represent atomic positions
numerically, while the atomic elements depend on specific sub-models and/or
order of the input descriptors, in-turn diminishing prediction quality with ten or
more elements. Overall, independent elemental scaling and centralized ML
training are two major factors necessary for evaluation of theoretical materials
databases containing a plethora of structures and atomic species that would

otherwise be too difficult to handle with modern MLPs. Computing forces across
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many atomic environments is especially challenging for high-throughput LTC
considering the notoriously strict force accuracy requirements for the IFCs and

the resulting LTC [96,127].

In this work, we developed accurate force calculators called Elemental
Spatial Density Neural Network Force Field (Elemental-SDNNFF) including high
scope of transferability between atomic structures and elements. The Elemental-
SDNNFF shows an unprecedented < 10 meV/A force error for the atomic forces
covering 11,866 structures including 55 elements, effectively spanning the
periodic table as detailed in section 4.2. To easily access millions of data from
costly DFT calculations, training on atomic forces allows an N-fold increase
granting the current model abundant high-resolution force information, whereby
N is the number of atoms per supercell. This is distinct from existing MLPs
especially those with total energy as the output: although the addition of other
properties like atomic forces and virial terms is standard, they involve a
summation over all other properties providing a single training point per DFT run
[13,35]. Here, we further the existing data size with rotational covariance and
data augmentation techniques, allowing for an average three-fold increase in the
data size as explained in sections 4.3 and 4.4. We also incorporate active
learning techniques to generate data with little to no human intervention with the
“‘query by committee” method, which is based on the uncertainty of atomic forces
between several models as detailed in section 4.5. Sections 4.6-4.9 provide
information about structure generation, data preparation, and model parameters

and details. In sections 4.11-4.16, we demonstrate these methods by training and
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applying the elemental-SDNNFF to a database containing quaternary (ABCD),
half (ABC), and full (ABC2) Heusler structures, all of which are trending in
research due to their capacity for high thermoelectric performance [120,128,129].
Because the atomic forces are predicted directly, our results show promise for
prediction of accurate high-throughput full phonon properties, such as phonon
dispersions for thermodynamic stability and LTC calculations, at the fraction of
the computational cost of traditional DFT-LTC. Such workflow may be easily
extended to broader types of crystals such as noncubic structures with an
arbitrary number of elements spanning the periodic table. Moreover, the concept
of topological quantum states has recently been introduced to phonon systems
[130]. Among them, Weyl semimetals in three dimensions are found in realistic
materials [131,132]. Weyl points (WPs) are crossing points of two phonon bands,
which can be described by the chiral Weyl equation as detailed in section 4.10.
The band degeneracy is robust against small perturbations, meaning the position
of a WP can move under small perturbations, but it will not disappear unless
annihilated with an opposite WP. Topological protected Fermi arc surface states
connecting the projections of a pair of WPs can be found on the surface Brillouin
zone [133]. Before this work, the predictions of WPs were based on DFT-derived
phonon dispersions. Our elemental-SDNNFF spanning the periodic table offers
vast opportunities for exploring large number of candidate Weyl semimetals in a

more efficient way.
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4.2 Model Descriptors

The SDNNFF was originally inspired by the HDNNP wherein each atomic
descriptor is a summation of atomic contributions in radially-dependent functions
[16]. However, unlike in MLPs, the SDNNFF is designed to only model the atomic
forces without the total energy, a so-called neural network force field (NNFF). In
situations where the total energy is not required, an NNFF provides two major
advantages: a) the resolution of training on individual atomic force vectors in
NNFFs, rather than a function of the total energy plus the summation of force
components in MLPs, significantly augments (generally by two orders of
magnitude) the available training data from t to Nxt, where t is the number of
supercells evaluated by DFT and N is the number of atoms in the supercell. Each
DFT run, therefore, yields N data for training, and b) prediction of the force vector
directly eliminates the need to calculate the derivative of the total energy with
respect to network inputs, or F; =-V,E providing computational cost and time
savings in training and evaluation. The former N data per supercell is the
greatest motivator for SDNNFF development due to the improved yield in training
data per costly DFT run. Although traditional MLPs also can take advantage of
the force information, they are involved as a summation between DFT and
prediction forces in the loss function for compatibility with the single energy
value, effectively reducing the resolution of atomic forces and the overall number
of training data [13,35]. This can be evidently seen from the RMSE for forces:
<10 meV/A for our Elemental-SDNNFF as compared to the several tens and

even hundreds meV/A for previous MLPs. Furthermore, since the IFCs for LTC
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calculation require only the displaced positions and forces of atoms, the absence

of the total energy in this application is not an issue.

In our previous development of SDNNFF, the atomic environment is
represented by a functional mapping of the 3D space rather than the polar space
[96]. Following the previous model, the current solution for descriptor
development including both atomic positions and elements requires only a single
network scaling independently with respect to the available species in the training
set. Following the same definitions as provided in Chapter 3, the modified

SDNNFF model, dubbed the Elemental-SDNNFF, uses the following descriptors

as input
3R (=-Rs)+1) ifRE < DxL @1
(pg :z 2 c n Ccos \/§L n | n
n=1 0 otherwise
o (W . m | (4.2)
o= 7 URD (cos (B=R) +1) it RE < DxL
n=1 0 otherwise
@ = concat (chntra,,concat(gog for all a),concat(g}, for all a)) (4.3)

where cpg is similar to the previous SDNNFF descriptor representing purely the
spatial distribution of atoms, (p:Jr is the spatial-elemental descriptor, W, is the
atomic number of neighboring atom n, and Wg;4 is the atomic number of the

central atom. Additionally, the cutoff function £.(|R,|) is defined as
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1 [cos (an”|>+1l for |R,|<R
fo(IR,) = 12 R; mee

4.4)
0 for |R,|>R;

and was added to represent the decaying influence of atom n from the central
atom, observably improving the force accuracy. Also, the only difference between
(pg and (p; is the factor W,, where the density function is multiplied by the
corresponding atomic number of neighboring atom n. As a result, the additional
cost from qo; is minimal since the already computed values from (poa are simply

multiplied with the corresponding atomic weights. Furthermore, @ is the finalized
descriptor vector in which the central atom atomic number, the spatial descriptor
vector, and the spatial-elemental descriptor vector are all concatenated in 1D.
The basic idea of the added descriptor is to simultaneously capture the
previously accurate spatial mapping of neighbors in addition to the influence of
atomic elements on the signals measured at the same grid points. Two
advantages arise from the elemental-SDNNFF descriptor: (1) The summation of

weighted density functions in q); eliminates the need for designated slots in the

descriptor vector for each element and removes the scaling of input size with
respect to number of elements, and (2) By providing W g,ira in @, the network
can distinguish central atoms whereby individual element-specific SDNNFFs are
not required. The result is a singular NNFF capable of modeling atomic systems
spanning the periodic table without sacrificing network efficiency, demanding only
one network for training with a fixed two times plus one inputs as the previous

SDNNFF model.
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4.3 Rotational Covariance

As mentioned previously, the SDNNFF is constructed by a 3D mapping of
space corresponding to the 3D forces as the output of the network. In the original
version of the SDNNFF, the reference coordinate system was constructed by the
input coordinates to the DFT system from the structure file containing atomic
positions and Bravais lattice vectors. The grid point positions and consequentially
the descriptor was dependent on the coordinate system of the reference DFT
data the grid is always built along the reference xyz directions. As a result, a
rotation of the atoms in the system can yield dramatic changes to the input
descriptor, and given the purely mathematical nature of neural networks, the
resulting forces are likely to mismatch with those prior to the same rotation. Thus,
it is beneficial to design an NNFF with rotational covariance. The advantage of
rotational covariance is the capacity to model infinitely many possible rotations
with fewer equivalent representations, reducing the redundancy in training similar
but rotated atomic systems. Rotational covariance also helps reduce the number
of DFT configurations needed for force accuracy convergence since redundant

atomic neighborhoods of existing but rotated systems are already considered.

One simple method to incorporate rotational covariance is to construct a
rotation matrix based on the positions of the two radially nearest neighbors [91].
If the relative position of the first closest neighbor is R, and that of the second

closest neighbor is R, then

e;=e(Ry) (4.5)
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e; =e(Rx-(R>es)eq) (4.6)

ez =e;xe, (4.7)

where e(R) represents the normalized vector or ¢(R) = R/|R|, and e, e,, ez are
the unit vectors forming the orthogonal axes for the rotated system. The rotation

matrix M and the transformation of atom n from the unrotated atomic coordinate

R, = (Xn, ¥, 2n) to the rotated coordinate R}, = (X, ¥, Z,) is thus

€4 T
M(R1,Rz)= 92]
e, (4.8)
(X;D y;y 2;7) = (Xn’ yn; Zn)'M(R1,R2) (49)

For two or more systems that differ by an arbitrary rotation, since the rotation
matrix M is constructed on the rule that R, is always the first closest neighbor and
R, is always the second closest neighbor, then the same rotated atomic
coordinates R), are always obtained regardless of the rotation performed on the
system. In practice, one problem that is encountered especially in ordered
structures such as crystals is that the possibility of R, and R, are set exactly
180° apart with respect to the central atom. This makes e; = e;xe, = 0 thus
resulting in the absence of the third axis and the transformation cannot be
performed. As such, the above rule is modified to make R, such that a) the atom
is coordinated, i.e. belongs to the set of atoms closest to the central atom in
equilibrium and b) the atom forms the smallest angle with the central atom and

R;. For the cases here, it so happens this rule prevents the selection of any two
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atoms that are 180° with respect to the central atom. Figure 4.1 shows an
example coordinated neighborhood containing a central (green) atom. The blue
atom is the closest to the central atom, and the red atom forms the smallest
angle out of all nearest neighbors. The brown atoms form angles greater than
that of the red atom and are neglected. Then, both the blue and red atom
positions are then used for generating the unit vectors e;, e,, and e;. From

these unit vectors, the black lines show the axes forming the rotation matrix.

Figure 4.1 Schematic showing the

nearest neighbor selection rules for

generation of the rotation matrix.

Additionally, provided rotation of the local atomic environment by matrix M,

the input descriptor is changed in comparison to that of the unrotated case. As a
result, the problem arises that the rotated descriptor no longer lies in the original
coordinate system of the DFT forces, and the training on these forces requires
additional treatment. Thus, the approach here is to modify the architecture of the
neural network model to train on rotationally covariant inputs and yield forces in

the same crystalline coordinate system. Figure 4.2 provides a schematic

example of the neural network model for the current SDNNFF training.
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Figure 4.2 Schematic of the neural network architecture considering rotational
covariance.

First, the rotationally covariant elemental SDNNFF input is generated from
existing DFT data. Simultaneously, the inverse of the rotation matrix M~" is saved
and serves as an input to the network model. The generation of M is necessary
for the descriptor vector and taking its inverse is relatively insignificant in terms of
cost. Secondly, the input descriptor passes through several hidden layers.
Thirdly, after the hidden layers, the number of nodes is deliberately set to three to
represent a ‘pseudo-force’ vector described by the rotationally covariant nature of
the input. During application, this force vector alone cannot represent the DFT
force, so an additional dot layer is added. The dot layer multiplies the vector and
the matrix M™", effectively converting the vector back into the cartesian space of
the atomic system. Finally, this result yields the DFT-level forces from which the

training program computes the loss function with respect to the reference DFT
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forces and performs back-propagation. Because the trainable parameters of the
network lie between the rotationally covariant input descriptor and the dot layer,
the model is trained on rotationally covariant information and is applicable to

systems regardless of rotation M.

4.4 Data Augmentation

One of the objectives of this work is to minimize the number of DFT
calculations for dataset generation. Following the existing Nxt scaling of the
dataset, gathering as much information as possible from each DFT run is
imperative to improve the speed/cost ratio of NNFF training and evaluation. If the
number of DFT calculations for network generation is close to or exceeding that
required for LTC calculations for all materials in the data pool, then the NNFF
quickly loses its novelty; the time for dataset generation and training could had
been spent directly on LTC instead. As such, furthering the Nxt scaling is
therefore a critical aspect for the Elemental-SDNNFF. Here, the selection rule for
rotational covariance is discussed in which two neighboring atoms relative to the
central atom are selected: the first atom is the closest atom, and the second
atom is a) coordinated with the central atom and b) forms the smallest angle with
the first atom and the central atom. In this case, when provided a crystal with
displaced atoms, the choice in the first and second atoms may vary greatly
despite the similarity of atomic environments. This may artificially create gaps in
knowledge due to the seemingly sporadic nature of the displaced atoms and the
resulting rotation matrix. A simple way to fill these gaps in the data is to take

several candidates for the second atom, i.e., those that are coordinated with the
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central atom but own similar angles as that with the smallest formed angle.
These candidates are then used for rotation matrix generation for the same
atomic environment and are included in the training set. Figure 4.3 shows an
example of data augmentation performed on a single atom in ABCD structure
provided a finite cutoff up to the first neighbor for clarity. The bottom right of
Figure 4.3 shows the closest atom as overlayed with a blue circle and similarly
the second atom with green. In addition to the original scheme, similar atomic
environments provided the central and selected blue atoms may yield two more
possibilities for the second atom. As a result, a 3x increase in data for training is
expected in atomic environments for ABCD structure, as also observed in ABC

and ABC: structures in general and the dataset is augmented equally throughout.
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Figure 4.3 Data augmentation of a single central
atom performed on a displaced quaternary
Heusler structure.
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4.5 Active Learning

An important aspect of any ML process is to consider the quality of the
dataset used for training. Ideally, the training data should contain sufficiently
diverse data to cover all possible features within the domain of the application.
However, judging the so-called quality and diversity of atomic force fields based
on the simultaneous positions of atomic natures is not so trivial. Inspired by the
work of Zhang et. al., active learning is incorporated for Elemental-SDNNFF
dataset generation and self-improvement [115]. Specifically, the ‘query by
committee’ method is a form of active learning wherein several identical models
are trained in parallel on the same dataset but own different initialized weights.
After training, these models collectively evaluate a pool of structures, and a
comparison of the predicted forces is performed. If the variance in the resulting
forces is low for a particular structure, then the associated atomic configurations
contain features that are well considered in the training set. On the other hand,
due to the interpolative nature of neural networks, a high variance implies that
the atomic configuration owns features outside of the dataset and the structure is
pooled as a candidate for retraining. With this pool, DFT is performed, and the
new data is retrained for all the models in the committee, and the loop is
repeated. Here, several Elemental-SDNNFF networks are trained on the initial
dataset and serve as the committee. After training, we evaluate the atomic forces
on a pre-generated set of displaced supercells. Like the work by Zhang et. al., an
indicator is computed for each atomic configuration serving as the uncertainty

observed by the committee [115].

110



The per-atom indicator in this work is defined as

&= (I 7). %= ) (4.10)

where ¢; is the indicator for atom i, f" is the predicted force by model m, and f; is
the average force across all models. Essentially, ¢; is designed to indicate
whether a particular atomic force is well represented by the models. Low

& equates to low variability of the predicted forces across all models and the
atomic configuration is well-considered, whereas increasing ¢; depicts a higher
degree of uncertainty and the models require further improvement. Note, a low ¢;
does not always guarantee low errors relative to DFT, since configurations close
to those in the training set may own high sensitivities to slight shifts in positions
from DFT. However, a high ¢; is strongly indicative of a poorly extrapolated
configuration regardless of the DFT result and should be considered as a

candidate for model retraining.

Candidates for subsequent rounds of DFT evaluation and training are
filtered through several steps. As seen in Figure 4.4, the first step is to perform
structure optimization with DFT followed by artificial generation of several
displaced supercells for all available structures. The second step is to pass these
supercells through the committee of models and evaluate all atomic
configurations, returning ¢; for each atom. After force evaluation with the
committee models, the third step is to select candidate supercells containing

large variances in atomic forces. Specifically, structures not satisfying e- <¢; < e,-U

for all atoms are filtered out, where & is the lower bound and & is the upper
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bound for the indicator. The choice of the lower bound &F should depend on the
order of the force error in the committee of models. A lower bound identical to the
force error is problematic since candidates may be chosen based on the intrinsic
error of the network. So, a value sufficiently higher than the force error for the
lower bound should be selected. The choice of the upper bound s,-U is somewhat
arbitrary, but it should act as a filter for unreasonable atomic configurations, e.g.,
due to an unrealistic structural configuration. Then, the remaining supercells are
sorted based on the maximum value of &; over all atoms i, or max(¢;), to prioritize
configurations containing the highest discrepancy of the predicted forces. From
this list of supercells, a single supercell corresponding with the maximum of
max(¢;) is chosen as the candidate among all supercells for its associated unique
structure. As a result, the final list of candidates will contain at most one supercell

from each structure, and zero supercells from structures not satisfying s,-L <

max(g;) < e,-U. Although several supercells may exist with high max(¢;) for a
corresponding structure, only the top max(¢;) is picked to guarantee variety in the
final list of candidates. The fourth step is pooling, whereby the pool is sorted by
the number of atoms satisfying e- <¢; < ¢”. Because each DFT run provides
several atomic forces, maximizing the number of atoms with - <¢; <Y also
maximizes the ratio of previously unseen datapoints to new DFT calculations
which is of interest. Finally, the top few supercells from the final pool are chosen
for DFT evaluation and retraining in the committee of models. Note that although
the choice in number of supercells from the final pool for DFT calculation was

somewhat arbitrary (in the range of 100 — 1,000 supercells), this was primarily
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dictated by the availability of computational resources. Additionally, structures not
retrained into the network are expected to resurface as candidates in subsequent

active learning iterations.
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Figure 4.4 Active learning loop for model improvement with the query by
committee method.

4.6 Structure Generation

Initially, a small pool of ABCD structures serve as the training set for
baseline model training. First, the primitive unit cells for the structures are relaxed
with DFT using the same parameters for consistency. Then, the supercells are
generated using PHONONPY by duplicating the cell by 3x3x3 and displacing all
108 atoms in random directions by a fixed 0.03 A distance [47]. Specifically,
1,000 structures with 5 displaced supercells each, 500 structures with 6
supercells each, and 1,500 equilibrium supercells are generated, yielding 9500
structures or 1.026x10° unique atomic environments. Finally, these structures

are passed through DFT to generate the reference data for initial training.
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Subsequent additions of data are primarily done through active learning, with
some data from DFT-LTC calculations obtained by comparisons between
iterations of the Elemental-SDNNFF model and DFT. Note, the ABC and ABC:2
structures used in this work are also relaxed and duplicated to 3x3x3 supercells
containing 81 and 108 atoms, respectively. Figure 4.5 shows the pipeline of the
data involved in this work. Specifically, after structure optimization, the remaining
11,866 structures are used to generate randomly displaced supercells in two
separate groups, one for active learning and the other for LTC calculation. This
means that the supercells in active learning are not the same as those in the LTC
group to guarantee little to no bias when evaluating the LTC of some structures
from the 11,866 set. After training with the active learning procedure, the LTC is
calculated for a separate set of 1,298 structures not included in the training.
Note, 50 supercells per structure are also generated for LTC calculation of the

testing set.
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Figure 4.5 Overall data pipeline for model development and evaluation.

4.7 Data Preparation

To develop a pool of stable structures for this study, several filtration steps were
done on a large pool ABCD, ABC, and ABC2 Heusler structures with space group
number 216, 216, and 225, respectively. The initial configuration of these
structures were borrowed from the Open Quantum Materials Database (OQMD)
lacking LTC data [134] and were then reoptimized by the Vienna Ab initio
Simulation Package (VASP) [135-137] using our own parameters. As seen in
Figure 4.6.a, a pipeline is performed here for full, half, and quaternary Heusler
structures. Numbers on the right of the pipeline represent the number of ABC2
(red), ABC (green), and ABCD (blue) structures after passing through the
adjacent filter. The final filter has a slightly reduced structure count from the

removal of <0.1 and >200 Wm™'K-! structures, which are assumed to be outliers.
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Figure 4.6.b shows the structures studied here with the corresponding number of
structures from OQMD. Figure 4.6.c provides the total number of elements
corresponding to central atoms included in training the Elemental-SDNNFF.
Elements without color are not included in this study. Here, the first step is to filter
out structures containing lanthanide and actinide elements to limit the number of
structures in this study for computational reasons, although future studies
including these elements is certainly of consideration. Then, the structures are
filtered by the formation energy after structure optimization with DFT, where lower
formation energies have higher tendency to be stable. The formation energy is
quick to compute using DFT requiring only the primitive cells comprising of 3 — 4
atoms. Finally, the energy above hull (Enui) provides the ground state stability of
partial compounds with respect to all possible linear combinations of phases
present in the compound phase diagram, which is also not time consuming. The
low Enun value has higher probability to yield thermodynamically stable structures,
i.e., all positive frequencies in the phonon dispersion. The final pool in this study
holds 2,377 quaternary Heusler (ABCD), 2,660 half-Heusler (ABC), and 6,829
full-Heusler (ABC2) structures (totaling 11,866) from which the Elemental-
SDNNFF model training and prediction of atomic forces, phonon dispersions, and

LTC values are performed.
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Figure 4.6 Summary of the dataset generation in this work.

4.8 Model Details

The neural network models receiving Elemental-SDNNFF inputs are
constructed and trained on Python using Tensorflow 2.8.0 [92]. Specifically, the
networks initially contained 3 hidden layers and 500 nodes with a default mini-
batch size of 2048. The He uniform initializer was used to generate the initial
weights and biases of the network [44], the Adam algorithm was used as the
optimizer for updating the weights with a learning rate of 0.0001 [45], and the
exponential linear unit (ELU) was implemented as the activation function of

choice [46].

The cutoff for atomic interactions was initially chosen as 6 A and the
resolution was set to k = 10 providing 721 as the input descriptor length. Here,
the 3"-order IFCs are truncated at the third neighbors for computing LTC of all
structures, meaning that the displacements of atoms beyond this cutoff are

neglected. Since truncation of the interactions beyond the third neighbors
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typically yields converged LTC, and because the third neighbors in the pool of
ABCD do not exceed 6 A, the choice was sufficient for the time being. However,
subsequent inclusion of full and half Heusler structures owning smaller atomic
densities contained third neighbors beyond 6 A. Specifically, the (average third
neighbor distance in A, max third neighbor distance in A) for each ABC2, ABC,
and ABCD in the dataset are (5.746, 7.427), (6.971, 11.474), and (5.305, 6.754),
respectively. Nonetheless, for generation of the dataset from active learning, we
maintain the 6 A cutoff anticipating improvements in the phonon frequencies and
LTC from future retraining of networks with higher cutoffs. After several rounds of
active learning, 7 A and 8 A networks with k = 12 (1,345 input descriptors) and
seven hidden layers are trained from the ground-up with the overall dataset to
test the sensitivity of the phonon frequencies and LTC with respect to force cutoff.
The details of network performance with modified cutoff are described in section

4.11.

4.9 Phonon Calculation Details

Calculation of the 2" and 3-order IFCs using predicted Elemental-
SDNNFF forces were performed using compressive sensing lattice dynamics
(CSLD) method [138]. In short, CSLD extracts the IFCs from the Taylor-expanded
interatomic forces in terms of atomic displacements via least squares or more
advanced compressive sensing, using a user-specified number of supercells
containing atoms that are either randomly displaced or generated with molecular
dynamics. The advantage of this method is the significantly lowered requirement

of supercell number for IFCs, reducing the needed DFT for converged LTC. For
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example, for quaternary (ABCD, space group number: 225) Heusler, traditional

finite displacement method would require at magnitude 102 structures to get the
3" order interatomic force constants even if only third nearest neighbor is
considered, while only 5-12 randomly displaced structures are needed from
CSLD. By rule of thumb, the number of randomly displaced supercells per
structure with DFT is 6 for ABCD, 12 for ABC, and 5 for ABC2 structures. On the
other hand, we found that 50 supercells were sufficient for LTC convergence
using SDNNFF. Due to the stochastic nature of CSLD, more supercells are
needed to compensate for the error of the force predictions from the model.
Nonetheless, the speed of the SDNNFF drew no concern for the calculation. The
interactions for the 3™-order IFCs were truncated at the third nearest neighbors
for all structures. All LTC calculations were performed by ShengBTE package
[139] at a temperature of 300K with a 24x24x24 qg-point sampling grid. For
verification, 443 ABCD, 506 ABC, and 349 ABC:totaling 1,298 structures are set
aside for DFT-LTC calculation for comparison with the Elemental-SDNNFF.
These structures are not trained in the model and are selected from previously
unseen OQMD structures by Elemental-SDNNFF predictions to guarantee
coverage for a wide range of LTC, including low (< 1 W/mK), medium (1 W/mK to

40 W/mK), and high (> 40 W/mK) LTC structures.

4.10 Weyl Points Searching

The existence of WPs requires broken of either time reversal symmetry or
inversion symmetry [130]. Due to the lack of time-reversal-breaking mechanism,

only non-centrosymmetric materials can have WPs. Here the candidates are
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1,662 ABC and 1,550 ABCD Heusler structures with non-centrosymmetric space
group number 216 and phonon dispersions predicted by our Elemental-SDNNFF
model. For each material, we first search for two-fold degenerate points, then
determine the Chern numbers of each degenerate node. For the searching of
gap-closing points, we use a 10x10x10 I center mesh as starting points. Then, a
Limited-memory Broyden Fletcher Goldfarb Shanno Bound (L-BFGS-B)
optimization procedure is applied to find the local minimum of the gap between
two adjacent bands. To make sure the nodal point is isolated, i.e., it is not a point
on a nodal line or surface, the gap on a surrounding surface is checked. After
collecting the nodal points, they are transformed into the irreducible Brillouin
zone (IBZ) by applying symmetry operations. Notice that the Chern numbers of
two equivalent k-points are associated by the determinant of their rotation matrix.
We only consider nodal points in the IBZ. Finally, we compute the Chern
numbers of each nodal point using the Wannier charge center evolution

approach [140,141]. Those with nonzero Chern numbers are identified as WPs.

4.11 Active Learning Results

For the active learning procedure, 2,377 ABCD, 2,660 ABC, and 6,829
ABC: structures totaling 11,866 serve as the untrained samples originating from
the filtration performed in section 4.7. In each unique structure, 100 randomly
displaced 3x3x3 supercells are generated with 0.03 A displacement distance.
Equivalently, the number of initially untrained atomic environments is 2.57x107,
2.15%107, and 7.37x10’ for ABCD, ABC, and ABCx, respectively. Because the

error of the trained networks range between 6 — 10 meV/A, the lower-end of the
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indicator limit is set well above this error at e,-L =50 meV/A, whereas the upper
limit is set to e,-U =200 meV/A. After 21 iterations of retraining, 15 involving active
learning iterations, the final dataset grew to 3.12x10° unique atomic

configurations and is increased by a factor of 3 to 9.36x10° after data
augmentation. When compared with the available 32,137 supercells for MLP
training, this is a major leap in the dataset size and is inherently due to the Nxt
scaling from training on atomic forces. From Figure 4.7, only 18.8% of the data is
from active learning, whereas the remaining 32.9% and 48.3% are from the initial
dataset and DFT-LTC data, respectively. Overall, 55 elements in Figure 4.8 are
included in this dataset and trained into the model, which is unprecedentedly

large for modern MLPs.
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Figure 4.7 The dataset size generated from various methods.
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Figure 4.8 Elements included in the model training.

As seen from the learning curves in Figure 4.9, a new model is trained
with 5 hidden layers on the 15" round (green dots) yielding improved RMSE
when compared to the 3-layer case (orange dots), suggesting improved flexibility
of the model with increased weights. Notice, new models are trained for longer
epochs since they hold no memory of previous training iterations. At the 21st
round, new models are again generated this time with 7 layers, higher resolution
(K=12), and higher cutoffs (solid green for 7 A and solid blue for 8 A) yielding
even lower RMSE than the R, = 6 A, k = 10, number of layers = 5 model
(denoted as 6 A - 10k - 5L in the figure, shown as purple dots). The most likely
cause is due to the increase in layers as evidenced by the earlier improvement
from 3 to 5 layers. Increased cutoff also shows slight improvement from the 7 A
to 8 A model which may help capture forces in low density structures where the

interactions are expanded. Although the change in resolution is not tested here,
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most likely this also provides improvement due to the increased sensitivity of

atomic displacements in the input descriptors.
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Figure 4.9 The learning curves involved with training
the model over 21 rounds of active learning.

Figure 4.10 summarizes the progression of the active learning as a
function of iterations broken down into ABCD, ABC, and ABC: structures. Here,
active learning is performed on all structures whereby certain rounds are
dedicated toward one or more specific structures. For instance, rounds 1-5
involve training of ABCD, whereby rounds 14 and 15 involve all three structures.
Also recall that these plots only involve active learning rounds, i.e., they do not
show the remaining 6 DFT-LTC rounds. In the left plot of Figure 4.10, a

consistent decrease in the atoms above the lower threshold for all three
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structures are observed and is expected with the subsequent new training data.
However, the right of Figure 4.10 shows the efficiency from active learning as
defined in Equation 4.10 and provides further insight. Specifically, the initial
percent efficiencies for each ABCD, ABC, and ABC:2 are 1079.6%, 4802.1%, and
20796.9%, respectively. The initial ABCD efficiency is the lowest most likely due
to the initial model training on purely ABCD DFT-LTC data and had less to learn
from the displaced structures. Additionally, ABC structure shows a 4.45x increase
in starting efficiency when compared with ABCD and agrees with the absence of
ABC data up until round 6. Interestingly, despite sharing similar structure with
ABCD, ABC:2 shows a significantly higher initial efficiency than ABCD and ABC:
which is most likely due to the significantly higher pool of unseen 73.7 million
ABC:2 atoms. Nonetheless, both ABCD and ABC: structures eventually converge
below the 100% line, where active learning is no longer providing more
knowledge than produced data. Due to time limitations, further active learning
iterations necessary to achieve below 100% are not performed for ABC.
Additionally, ABCD experiences little oscillatory behavior whereas ABC2 and ABC
do not experience constant downward trends. The most probable cause is the
injection of DFT-LTC data after the first five active learning rounds of ABCD.
Specifically, DFT-LTC data is trained after rounds 3, 8-11, and 13-15 of active
learning, matching regions of little change in atoms above the threshold (left
figure) and sharp increases of efficiency (right figure) for ABC and ABCa.

Nonetheless, we observe a significant improvement in the atomic force

evaluation for 2.57x107, 2.15x10", and 7.37x10” ABCD, ABC, and ABCz atoms
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with only 6.7x10%, 1.08x10°, and 4.13x10° additional atoms trained from active
learning over all 11,866 structures in the dataset. By allowing models to choose
unknown data, active learning allows growth in models with little human

interference in the structure selection process.
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Figure 4.10 The number of atoms beyond the 50 meV /A threshold and
the percent efficiency from active learning.

In this work, one of the primary goals is to significantly reduce the cost
facing expensive LTC calculations with pure DFT through Elemental-SDNNFF
force calculation. Here, the overall cost of evaluating LTC of structures with
trained NNFF models involves several steps, including model training and
labeling. Figure 4.11 shows a direct comparison of the core hours needed to
evaluate all 11,186 structures with the Elemental-SDNNFF and pure DFT
calculations. Core hours toward Elemental-SDNNFF development include
network training, labeling of training data, and labeling DFT-LTC data. The core
hours for computing LTC for all structures with pure DFT is also included for

comparison. The computation for the core hours in training a model is broken
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down into several steps. The first cost is the labeling process of displaced
structures by running DFT to obtain the atomic forces. Based on the DFT
calculations presented here, each supercell approximately takes one hour on
average to evaluate with 48 cores. With 620 ABCD, 1,334 ABC, and 3,822 ABC:
supercells from active learning, this adds up to 2.77x10° core hours. Also, 10,298
ABCD, 11,628 ABC, and 4,435 ABC: supercells from DFT-LTC yields an
additional 1.27x10° core hours. The second cost is the model training for all five
models in the committee, which was approximately 20,600 core hours per
training iteration. The sum across all 21 training sessions gives 4.33x10° core
hours toward training. Adding both labeling and training together, a total of
1.98x10° core hours are used to develop the current Elemental-SDNNFF model.
Evaluating LTC with pure DFT is estimated by 2,377 ABCD with 10 supercells
each, 2,660 ABC with 18 supercells each, and 6,829 ABC:2 with 10 supercells
each at one hour per supercell with 48 cores, yielding 6.72x10° core hours.
Overall, only 29.4% of the core hours used to evaluate LTC with DFT are used in

the development of the current Elemental SDNNFF model.
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Figure 4.11 The core hours for computing lattice thermal
conductivity for the 11,866 structures studied here.

4.12 Testing of the Model Force Accuracy

From the overall dataset including those from active learning and DFT-
LTC, an 80%-20% training-testing split of the structures after shuffling is
performed, where the remaining 20% serves as the testing set to probe the ability
of the network to predict previously unseen structures. We perform the split
based on structures and not atomic configurations, whereby structures and
corresponding atoms in the testing set may never have been previously observed
by the model. Then, as shown in Figure 4.12, four 7 A, K=12 networks are

trained on the 80% training set and a comparison between DFT and predicted
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forces in the testing set is done. The first network is the original SDNNFF model
labeled as the “Original SDNNFF” [96]. The jump in performance from the first to
the second network is major, dropping by 62.9 meV/A in testing RMSE. This is
primarily attributed to the inability of the original SDNNFF to consider atomic
species, i.e., no knowledge is trained to distinguish the 55 elements in the
training set. From the second to the third network, the rotational covariance adds
a very slight 0.35 meV/A improvement to the RMSE. Finally, the added data
augmentation paired with the rotational covariance bumps the RMSE to the sub-
10 meV/A mark. Overall, the 8.8 meV/A testing RMSE with 6.7 meV/A training
RMSE shows the robustness of the network when facing new structures
containing various atomic positions and species. The small difference between

the training and testing RMSE also implies little overfitting in the current model.
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Figure 4.12 The force comparison curves between predicted and untrained
values.

4.13 Phonon Frequency and Lattice Thermal Conductivity Prediction

To compare the frequencies in the phonon dispersions from Elemental-

SDNNFF with those from DFT, the RMSE across all bands are computed. Since
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the range of the phonon dispersions vary between structures, we divide the
RMSE by the maximum phonon frequency to scale all structures equally and is
expressed as a percentage. To display the agreement of phonon dispersions, two
ABC: structures are taken from the testing pool for benchmark comparison. As
seen in Figure 4.13, the overlap with DFT for RuAuMg2 and CrFeTaz is virtually
perfect in the acoustic branches with near-perfect quality in the optical branches.
The RMSE/range percentages for RuAuMgz and CrFeTaz are 0.5459% and
0.4931%, respectively, owing the performance to the quality of the 2"-order IFCs
and corresponding atomic forces. The quality of the phonon frequencies as a
function of Elemental-SDNNFF cutoff are further investigated. The overall
histogram containing the RMSE over maximum phonon frequency ratio for all
structures is shown in Figure 4.14.a. The increase of the force cutoff improves
the accuracy for the predicted frequency from the observed push of the
distribution towards the left of the figure. This is expected as the harmonic force
constants are sensitive to long-ranged interactions which are truncated by the
finite cutoff [49], especially the existence of long-ranged dipole-dipole interactions
in polar solids [142]. Additionally, the error in Table 4.1 seems to increase with
decreasing average number density in the order ABCD, ABC2, and ABC

corresponding with the possible truncation of atomic neighbors beyond the cutoff.
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Figure 4.14 Histogram and comparison plot of predicted phonon properties
on 1,298 untrained structures.

Table 4.1 The average phonon frequency error for each
structure type against various networks.

Structure type 6 A-10K 7 A-10K 8 A-10K

ABCD 0.94% 0.75% 0.71%
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ABC 1.55% 1.11% 1.04%

ABC2 1.36% 1.13% 1.02%

Overall 1.25% 1.05% 0.90%

The LTC involves both the 2" and 3-order IFCs, the latter being
significantly more sensitive to the force error [127]. For verification, 553 ABCD,
649 ABC, and 583 ABC: totaling 1,785 structures are set aside for DFT-LTC
calculation for comparison with those results from the SDNNFF. As seen in
Figure 4.14.b, the agreement with DFT is very good following linear trends with
observable outliers. The mean absolute error (MAE) of the LTC in the 8A-12K
(cutoff of 8 A and k = 12) model for ABCD, ABC2, and ABC are 0.0934, 0.123,
and 0.2526 Wm'K-1, respectively, with an overall MAE of 0.162 and R? of
0.9353. The former two structure types are in agreement especially when
compared with the 0.12 MAE and 0.87 R? predicted by Zhu et. al [121]. The ABC
structures own relatively lower accuracy, which could be improved with further
active learning iterations. Further insight to the effects of the cutoff to the LTC

accuracy is provided by histograms in Figures 4.15-4.17. Due to the wide range

of computed LTC (~1O'1 to 10° Wm-'K-"), the absolute percent difference of the
LTC instead of the RMSE is used herein to quantify the performance. As seen by
the histograms and Table 4.2, there is a weak correlation of absolute percent
difference with respect to the cutoff. However, there is evidence of a slight
leftward shift of ABC with increasing cutoff which is most likely due to the low

density of ABC in which the 8 A force cutoff is more likely to capture the
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interactions up to the third nearest neighbor as mentioned previously. Overall,
despite the accuracy of the 2"¥-order IFCs as shown by the phonon dispersions,
the 3-order IFCs are more challenging to capture across the many structures
studied here. Nonetheless, a significant proportion of structures stay within factor
of 2 of the predicted LTC as seen by both the 2x margin in Figure 4.14.b and the
high population of structures within absolute percent error of 100% in the
histograms of Figures 4.15-4.17. It is worth pointing out that, for ultralow LTC
prediction, this could be treated as a rule-of-thumb to filter structures by, for
example, <1 Wm'K-'. Given that the prediction is within 2x DFT-LTC values,
structures with predicted LTC < 0.5 Wm-'K-" are highly expected to lie within the
target 1 W m™' K-' range. Therefore, our Elemental-SDNNFF is promising for the

filtration of ultralow LTC structures.
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Figure 4.15 Histogram containing the absolute percent
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Table 4.2 The average absolute percent difference for
lattice thermal conductivity.

Structure type | 6 A-10K 7 A-12K 8 A-12K
ABCD 30.75% 32.58% 28.07%
ABC 41.20% 38.58% 39.44%
ABC2 30.59% 34.13% 31.41%
Overall 35.10% 33.90% 32.20%

Comparison of the LTC from the literature containing first-principles and
experiments is provided in Table 4.3 along with our corresponding DFT and

predicted values. As seen from the table, comparison of the DFT-LTC with those

134



from other works holds an average percent difference of 4.955% which is
expected considering differences in DFT parameters such as energy
convergence criterion and pseudopotential or by method of computing the force
constants and associated parameters such as displacement distance and g-point
mesh. Correspondingly, the agreement of our predictions with the DFT-LTC
values from the literature inherits a similar 6.294% average percent difference
and may be attributed to the difference in DFT parameters and corresponding
forces from the training data. More importantly, the experimental values are
emphasized here as the high-throughput predictive capabilities demonstrated
above are designed for near-future synthesis and deployment of crucial thermal
materials. Due to the little abundance of experimental data and large coverage of
the structures studied here, only one structure with experimental LTC found in
the literature was not once trained into our model. The structure is ZrNiSn
whereby the average experimental LTC is 11.5 Wm'K-1[143] with a literature
DFT value of 10 Wm-'K-'1[144] whereas this work’s DFT and prediction values
are 15.1 and 14.5 Wm'K-", respectively. The existing difference in the
experimental LTC with respect to DFT and prediction values is attributed to
effects not considered in solving phonon BTE, such as defects, boundary
scattering, phase separation, and electron-phonon interactions [145—-147].
Because these effects are collective in defining the phonon scattering rates and
therefore detract from the overall LTC, almost all the predictions via DFT or
Elemental-SDNNFF are expectedly slightly higher than experiment. Nonetheless,

the filtration of high-performance thermal materials given this knowledge remains
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highly feasible provided the error is akin to that between DFT and the predictions
for the entire pool of Heusler structures studied here. Indeed, the model
presented here captures the forces and corresponding LTC for the previously
unseen material ZrNiSn displaying successful prediction for unseen structures

with unique composition and lattice size.

Table 4.3 List of structures and their lattice thermal conductivities
compared with previous studies.

OQMD id | Compound | DFT Prediction | DFT Experiment
(This work) (Other works)

947107 AUAIHf 26.511 17.914 16.7 [128] -
860047 CoAsHf 16.584 22.904 20 [128] -
977758 BiKSr 2.0764 0.97076 1.96 [128] -
859488 ZrCoAs 18.479 24.073 24 [128] -
861248 ZrCoSb 20.999 26.43 25 [128] 15 [148]
859303 TaCoSi 27.587 35.531 37.8[128] -
959187 TiNiPb 19.47 22.211 109 [128] -
960180 ScNiSb - 11.975 19.5[128] -
573181 TaSbOs 224 22.572 29.6 [128] -
900042 YAsPd - 2.6595 5.48[128] -
566964 TaGaPt 274 27.115 32.9[128] -
567451 TiGePt 20.7 24.766 16.9 [128] -
885549 HfSbRh - 15.691 21.8[128] -
933731 VAsRu 23.2 20.662 23.5[128] -
917433 KCaSb - 0.2577 2.7 [128] -
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580774 | SrCdSi - 0.71576 | 13.5[128] -

924394 | BaSrSn | - 0.91322 | 2.01[128] -

845211 | TeAgLi 1.62 0.56017 | 1.52 [128] -

977865 | KBaBi - 0.17887 | 2.19[128] -

978542 | SrLiBi - 0.39808 | 3.04 [128] -

859488 | ZrCoAs | 19.8 24.073 24 [128] -

860757 | HfCoBi - 15.409 18.6 [128] -

860547 | TiCoSb | - 21.475 - 18 [149],
25 [148]

958939 | HfNiSn - 14.218 8.5 [144] 8.5 [150]

861248 | ZrCoSb | 21.1 26.43 - 20 [146]

958269 | TaFeSb | 25.428 28.634 - 8.8 [151]

959183* | ZrNiSn 15.079 14.468 10 [144] 11.5 [143]

115027 | NiTiSn 13.884 14.35 15.5 [145] 7.5[152]

647222 | VFeSD 20.99 24116 18.6 [153] 12.2 [153]

18705 AlVFe2 61.373 66.855 - 22 [154]

958416 | NbFeSb | 23.956 34.548 - 16 [155],
14 [151]

*Untrained structure.

4.14 t-SNE Analysis

Currently, the atomic weight of central atom, the neighboring atomic positions,
and neighboring species serve as the input to the Elemental-SDNNFF yielding
the atomic forces on the central atom. These atomic forces are not directly

related to the phonon properties but are necessary to construct the IFCs and
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subsequently solve phonon BTE. As such, the relationship between atomic-level
information and global properties such as the LTC is not straightforward. Here,
we instead pursue a higher-level understanding of phonon properties via t-
distributed stochastic neighbor embedding (t-sne) method. The t-sne is a
dimensionality reduction method allowing visualization of highly complex vectors
into 2D/3D points, whereby the proximity of these points defines their correlation.
To understand the Elemental-SDNNFF input vector, reduction to 20 dimensions
by principal component analysis (PCA) [156] followed by further reduction to 2D
by t-sne is performed on the entire pool of structures with predicted positive
dispersions (7,373). Additionally, because each structure contains several atoms,
the SDNNFF mesh is instead centered about the entire primitive cell as opposed
to each atom. This guarantees only one vector input per structure is plotted for t-
sne analysis. Then, the points are colored based on global properties, including
structure type, cell volume, number density, average atomic mass, mass density,
and the predicted LTC to observe any structure-property relationships in Figure
4.18. As shown in the figure, colors are added for every six plots based on
structure type (red is ABCz, green is ABC, and blue is ABCD), volume (A3),
number density (atoms per A3%), average atomic weight (amu), mass density

(g/cm3), and predicted LTC (log(Wm™'K™1)).
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Figure 4.18 t-sne plots of model inputs colored by the respective property.

As seen in Figure 4.18.a colored based on structure type, the green ABC

139

points are distinguishable from the mixed red ABC2 and blue ABCD points.
Indeed, ABC structures, when compared with ABC2 and ABCD, own a missing
lattice site, causing isolation of ABC structures as they are clearly identified by
the Elemental-SDNNFF input. On the other hand, the ABC2 and ABCD structures
here share similar lattice sites with only difference lying in different elements on
the lattice sites (ABCD structures have additional element than corresponding
ABC: structures and thus have lower symmetry), and thus some overlap is
expected. Interestingly, Figures 4.18.b and 4.18.c clearly show a plateau for the

primitive cell volume and a valley for the number density at the center of the t-sne



bordering the ABC and ABC2/ABCD clusters. Despite differences in the structure,
all structure types are involved with the same gradients, i.e., a decrease in
volume and increase in number density approaching the outer edges of the plot.
Indeed, the relative positions of atoms are expected to expand or contract
depending on their occupied elements and corresponding bonding behavior.
Thus, because the Elemental-SDNNFF captures the atomic positions with a
constant cutoff, the volume and number density are characterized per structure.
Figures 4.18.d and 4.18.e are colored based on the average atomic weight and
mass densities sharing similar distributions at a quick glance. Because these
values involve summing over all atoms in the primitive cell, it is not expected that
the t-sne plots own obvious trends like the volume or number density since the
Elemental-SDNNFF considers the contribution of each atom individually.
Nonetheless, these two plots offer some insight to the distribution of the dataset
studied here. For instance, many of the ABC2/ABCD structures own either
extremely low or high average atomic masses and mass densities, whereas ABC
is somewhere in-between. Also, many of the structures with low volumes at the

center also correspond with low mass density which is sensible.

The most interesting result is seen in Figure 4.18.f whereby the color is
based on the LTC predicted by our Elemental-SDNNFF model. As seen from the
plot, the ultralow LTC structures (<1 Wm-'K-!, corresponding to zero in logarithm
scale) are toward the center of the plot and the high LTC structures exist toward
the outer edge. This marks an interesting direct relationship with the number

density and inverse relationship with the total volume, which is consistent with
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Zhu et. al. in which volume-related features like average atomic ground state
volume, average bond length, and volume per atom own high feature importance
in the LTC [121]. In general, ultralow LTC structures are significantly more
distinguishable when compared to the high LTC structures which are more
scattered. Nonetheless, general conclusions could be made to categorize the
thermal transport performance of these structures based simply on the number
density. For instance, when comparing the number density and LTC plot,

structures with 1 Wm'K-" or less are expected to own a number density up to
~0.0525 atoms/As, whereas structures with more than 30 Wm'K-" are expected

to own a number density of at least 0.067 atoms/As. Note, these estimates
should only apply for the ABCD, ABC2, and ABC Heusler structures studied
herein. Additionally, a Pearson correlation plot is shown in Figure 4.19
showcasing the strong positive correlation (+0.71, red) and negative (-0.64, blue)
correlation of the LTC with respect to number density and volume of primitive cell,
respectively, whereas the other two properties show weak correlation as
summarized by the t-sne plots. As validation, Figure 4.20 provides a colored
comparison between the predicted LTC and DFT-LTC for the 1,298 structures
serving as the test set. This is the same t-sne plot as before but with all other
structures than those in the test set excluded. As seen by Figure 4.20, the trends
between the predicted and DFT-LTC are matching with ultra-low LTC in the
middle and generally showing an increase in LTC as one extends to the outer
surface formed by the t-sne points. This shows that the predictions made by the

Elemental-SDNNFF can represent DFT trends and shows the potential for high-
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throughput evaluation of materials databases. Overall, simple descriptors such
as number density are extremely valuable for quick filtration of structures in
databases as they require little to no cost to compute. Discovery of trends with
respect to LTC are made possible by the rapid prediction capabilities of the
Elemental-SDNNFF presented here, which we expect to expand to other

structure types in the near future.
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Figure 4.19 Pearson correlation plot of properties studied here.
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Figure 4.20 t-sne plots of the testing set.

4.15 Insights into Phonon Anharmonicity from p-d Orbital
Hybridization

With the LTC of 7,373 out of 11,866 thermodynamically stable Heusler
structures with additional 1,298 structures from the testing set accurately
predicted, we are now in a position to provide deep insight into the phonon
anharmonicity of crystalline materials. The mean atomic mass has long been
regarded as a good predictor for LTC of several materials as Slack and Keyes
formula state [157,158]. The higher the mean atomic mass with the same number
of atoms between two materials, the lower LTC is and vice versa [157,158].
However, there are some exceptions that materials having same atomic mass
might have quite different LTC due to various anharmonicity mechanisms other
than mean atomic mass. For example, CuBr, ZnSe, and GaAs have the same

number of atoms (2 atoms per primitive cell, denoted as M-X with M for cations
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and X for anions) and mean atomic mass of ~ 72 amu. However, CuBr, ZnSe,
and GaAs possess different LTC of 1.25, 19, and 45 Wm-'K-'at 300 K,
respectively [159]. Such phonon anharmonicity mechanism was discovered by
Jaffe et al. [160] and Wei et al. [161], which states that the hybridization in M-d
orbitals and X-p orbitals can cause repulsion. The strength of the hybridization is
reflected by the overlap and energy difference between the orbitals in M-d and X-
p [159-161]. Moreover, the overlap and hybridization between M-d and X-p
causes antibonding states below Fermi level which causes more anharmonicity
in the material [159]. We examine the phonon anharmonicity caused by p-d
hybridization for the trained full-Heusler structures. Two materials, namely
Li2PdAs and Li2CdGa, were selected from the Elemental-SDNNFF model as
candidates for in-depth analysis with explicit DFT. One particular reason why
these two materials are selected is because they have the same number of
atoms in the primitive cell and almost same mean atomic mass of ~49 amu.
However, they have different values of LTC (1.92 Wm-'K-* for Li2PdAs and 3 Wm-
K- for Li2CdGa) which ensures that the difference in LTC is caused by an
anharmonicity mechanism other than the mean atomic mass. In fact, the p-d
hybridization phenomenon is observed in Li2PdAs with reasonable p-d
hybridization, while Li2CdGa has weak or non-existent p-d hybridization in Figure
4.21. Figure 4.21.a shows the projected band structure for d orbitals in Pd and p
orbitals in As in Li2PdAs, while Figure 4.21.b provides the Crystal Orbital
Hamilton Population (COHP) for Pd—As bond in Li2PdAs (negative COHP

represents antibonding and positive COHP represents bonding). In Figures
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4.21.c and 4.21.d, the projected band structure for d orbitals in Cd and p orbitals
in Ga and the COHP for Cd-Ga bond in Li2CdGa are given, respectively. The
Fermi energy is scaled to 0 eV in all the subplots. Since Li in both materials has
neither p-orbitals nor d-orbitals, the analysis on orbitals is then only done on d-
orbitals in Pd/Cd and p-orbitals in As/Ga in the orbital-projected band structures.
The Crystal Orbital Hamilton Population (COHP) was also calculated in both
materials to further explain the bonding and antibonding states especially the

state below Fermi level between Pd/Cd and As/Ga.
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Figure 4.21 Electronic band structure and COHP analysis of Li2PdAs
and Li2CdGa.

The difference between LTC can be explained by the Pd/Cd-d orbitals and
As/Ga-p orbitals hybridization [160,161]. The orbital-projected band structure of
LizPdAs shown in Figure 4.21.a confirms the presence of hybridization between

d-orbitals in Pd and p-orbitals in As. The colors red (d-orbitals in Pd) and blue (p-
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orbitals in As) below Fermi level overlap with each other in Figure 4.21.a which
indicates the hybridization between red (d-orbitals in Pd) and blue (p-orbitals in
As). Moreover, the electronic density of states in Figure 4.21.a shows the overlap
between the red d-orbitals in Pd with the blue p-orbitals in As. In Figure 4.21.b,
the presence of antibonding negative COHP between Pd-As bond in Li2PdAs
below Fermi level also confirms the presence of p-d hybridization in Li2PdAs
between Pd-d orbitals and As-p orbitals. In Figure 4.21.c the orbital-projected
band structure of Li2CdGa, the red (Cd-d orbitals) and blue (Ga-p orbitals) colors
do not overlap in the orbital-projected band structure. Also, the density of states
shows no overlap between red Cd-d orbitals and blue Ga-p orbitals partial
density of states which confirms the weak or non-existent hybridization between
Cd-d orbitals and Ga-p orbitals. In Figure 4.21.d, the non-existent antibonding
(negative COHP) states below Fermi level in Cd-As bond confirms the lower
anharmonicity in Li2CdGa than in Li2PdAs. The difference in LTC may not be
significant, which is due to the fact the p-d hybridization is weaker in Li2PdAs
compared to the p-d orbitals hybridization in CuBr that occur between Cu-d
orbitals and Br-p orbitals [159]. Despite the small hybridization between Pd-d
orbitals and As-p orbitals in Li2PdAs, it is still worth taking it into consideration
since it unravels a new understanding on phonons anharmonicity in materials
caused by orbitals, which is expected to help design materials with ultralow LTC

for vast applications such as thermoelectrics and thermal insulation.

To further analyze the chemistry effect on the LTC, Figure 4.22 displays

the bonding vs. antibonding for all 11,866 Heusler structures studied herein.
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Specifically, Figure 4.22.a contains the testing set structures colored by their
corresponding DFT-LTC, whereby Figure 4.22.b includes all other structures
colored by their LTC predicted by our Elemental-SDNNFF model. The bonding
and antibonding value for each crystal structure is obtained via integration of the
COHP curve. When both figures are compared, the general trends are matching
between DFT and predicted LTC and supports their agreement. One notable

trend is seen by the group of structures at low bonding (< 200) and high

antibonding (> 1). Here, only low LTC structures <10%° Wm'K"" are observed
and agrees with the earlier discussion of highly anharmonic materials containing
antibonding behavior. As seen by the insets, the logarithm of bonding value is
inversely related to the volume, and as the bonding decreases or volume
increases, both DFT and predicted LTCs also generally decrease. This
corresponds with the earlier finding in Figure 4.18 whereby the volume is
inversely proportional to the LTC. In essence, the high antibonding and low
bonding behavior may be proposed as a method for quick filtration of insulating
crystals necessitating only the unit cell in the DFT calculation. On the other hand,
another trend is seen at the high bonding region (> 200). Observably, the entirety
of the LTC range is found here despite the antibonding, indicating the competing

bonding-antibonding behavior for the LTC. However, only beyond this bonding

region will high LTC >10%° Wm'K-" ever be observed, which may prove useful for

filtration of high performance thermally conductive crystals.
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Figure 4.22 Bonding vs. antibonding colored by lattice thermal
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4.16 Weyl Points Prediction

Until now, we have focused on phonon properties related to their
eigenvalues, while topological effects of phonons originate from the correlation of
their eigenvectors. Nevertheless, the topological classifications of phonons are
obtained from harmonic force constants. Here, harmonic force constants from the
Elemental-SDNNFF are used to perform the search due to their relatively high
accuracy to DFT. Figure 4.23.a contains the ratios of topological Weyl
semimetals in ABC and ABCD structures. An extensive searching for WPs is
performed on space group number 216 Heusler structures, revealing that 68.7%
of ABC structures and 87.6% of ABCD structures have WPs as seen in Figure

4.23.a. Such high successful rate is much higher than the recent high-throughput
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study of electronic materials which found only 30% are topological [162]. Since
all frequency range of phonons can be stimulated, this further demonstrates the
advantage of phonons as a platform for studying topological states. Figure 4.23.b
provides the number of structures containing different types of WPs, including
WPs with high symmetry (on XW, on '’XWK, and on XWU), WPs without high
symmetry (in bulk), clean WPs, and double WPs. All WPs are categorized
according to their symmetry, including those on high symmetry lines, on high
symmetry surfaces and in bulk. The insets illustrate clean WPs and double WPs.
Figure 4.23.c shows the plot of first Brillouin zone and irreducible Brillouin zone
of space group 216. Although the concept of metal and insulator breaks down
when describing phonons, a clean semimetal in which the density of states
vanish at gap closing point still benefits experimental verification. We found 85
and 92 clean WPs in ABC and ABCD Heusler structures, respectively, while
previous study has demonstrated clean WPs in half-Heusler materials [163].
Clean WPs are found between acoustic and optical branches, and between
clusters of optical branches. We have found clean WPs between band 3/4 and
band 6/7 in ABC structures and between band 3/4, band 6/7 and band 9/10 in
ABCD structures. Interestingly, another class of two-band charge-2 WPs referred
to as ‘double WPs'’ is encountered, which has not been discovered in phonon
systems previously. The double WPs are accompanied by a pair of chiral Fermi
arcs, expecting novel transport properties. They also serve as parents of other
topological phases, giving birth to two charge-1 WPs upon symmetry breaking.

The double WPs predicted in this work may offer guidance on topological phase
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transition experiments. Note that there are also three-band charge-2 WPs and
four-band charge-2 WPs [131], but they are not included in this work because of
the symmetry constrains of the Heusler structures. Unlike linear WPs with Chern
number £1, the double WPs have Chern number +2 and exhibit quadratic
dispersion near the band-crossing point [164]. The double WPs are listed in
Tables 4.4-4.5. The positions of all WPs are shown in Figure 4.23.d-4.23.9,
showing the positions of WPs in bulk, on XWU, on N'XWK, and on XW,
respectively. Since our dataset includes 55 elements spanning the periodic table,
our result can be viewed as a full evaluation of all possible WPs in Heusler
structures. Most of WPs appear on high symmetry line XW and mirror plane
'’XWK, and the distribution is extensive. The frequencies of WPs in quaternary
ABCD Heusler structures are found to be higher than those in ternary ABC
Heusler structures, due to more atoms and denser packing in the unit cells of

quaternary structures.
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Figure 4.23 Results of searching Weyl points in 3,212 Heusler
structures with phonon dispersions predicted by the model.

Table 4.4 List of space group 216 ABC structures discovered with double WPs.

OQMD id formula | k1 k2 k3 lower | frequency | chirality
band

869233 TIiInGe | 0.492 | 0.136 |0.628 |2 1.1166 2

861291 NbCoSb | 0.49 | 0.094 |0.584 |1 2.2066 2

932904 ZrBeAl | 0.5 0.005 |0.505 |2 3.3941 2
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Table 4.5 List of space group 216 ABCD structures discovered from OQMD with

double WPs.

id formula k1 k2 k3 lower band | frequency | chirality
794976 | YInCuAg 0.487 | 0.221 | 0.708 | 5 2.9014 2
712368 | ScZnGaCu | 0.509 | 0.203 | 0.695 | 7 3.9725 2
1025695 | LiScBiAu 0.512 | 0.173 | 0.661 | 2 1.2489 2
789193 | ZrinCuPd | 0.484 | 0.053 | 0.537 | 4 3.2282 -2
800197 | NbAIFeRh | 0.514 | 0.249 | 0.735 | 2 3.4666 2
817894 | ZrZnNiRu | 0.272|0.19 |0.462 |5 4.7757 -2
765032 | NbAICoRu | 0.503 | 0.186 | 0.683 | 6 5.4609 2
804614 | AIFeMoOs | 0.488 | 0.227 | 0.715 | 5 4.68 2
998423 | LiTiSnRh | 0.489 | 0.2 0.689 | 6 5.7335 -2
810682 | HfMnSnRh | 0.495 | 0.048 | 0.543 | 3 3.3142 2
765181 | HfInCoRu | 0.487 | 0.086 | 0.573 | 2 3.3189 2
996860 |LiVGaRh |0.492|0.128 |0.62 |6 6.1472 -2
798818 | LiZrFeSn | 0.314|0.084 | 0.372 | 4 4.5358 -2
997120 | LiHfSnRh | 0.488 | 0.205 | 0.693 | 3 3.2736 2
810610 | TiIMnAIRh | 0.5 0.123 | 0.623 | 4 5.6939 2
781875 | MnCrSiMo | 0.489 | 0.073 | 0.562 | 7 6.5374 -2
702041 | LiFeSiNi 0.395|0.353 [ 0.73 |4 6.1214 -2
803210 | MnAlIFeMo | 0.51 | 0.173 | 0.663 | 6 6.5165 2
697382 | TiAIFeCo | 0.506 | 0.223 | 0.703 | 6 6.9059 -2
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4.17 Conclusion

In summary, we developed and trained a single deep neural network
model dubbed Elemental-SDNNFF for predicting complete phonon properties of
crystals with demonstrated high force accuracy and speed facing both observed
and new compositions of half, quaternary, and full Heusler structures. Benefited
from the modified algorithm that enables million-scale atomic environments as
training data, the accuracy of the predicted full phonon properties (phonon
dispersions and LTC as case studies) reflect the force accuracy with respect to
DFT mimicking realistic electronic-level surfaces generated by atomic vibrations.
The primary interest of the Elemental-SDNNFF is the capability of predicting full
phonon properties of crystals in a single deep neural network model and the
sustained DFT-level forces facing large-scale structures with substantial
combinations of elemental compositions, effectively capturing bonding behaviors
spanning the periodic table. Specifically, this is attributed to training directly on
forces procuring an Nxt dataset, where t is the number of DFT simulations and N
is the number of atomic force vectors. Data augmentation further elevates the
available data by 3x for the Heuslers studied herein providing the neural network
extremely abundant data for generalizing ab initio force fields. Additionally, we
incorporated active learning allowing the models to prioritize those previously
unseen structures with the highest error for subsequent training and is shown to
drive improvement understanding atomic environments undergoing lattice
vibration. Made possible by the rapid evaluation of complete phonon properties

of 11,866 materials, we realized the behaviors of LTC trends based on physical
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and chemical properties. Mainly, we find a direct correlation of the number
density with the LTC, whereas a more complex relationship with bonding and
antibonding is pinpointed. For instance, high antibonding and low bonding
houses ultralow LTC structures with p-d orbital hybridization, whereby
antibonding is observed below the fermi level generating high anharmonicity and
low LTC. Moreover, given the expansive set of force constants evaluated by the
model, novel physics are also discussed in-light of Weyl points yielding several
new structures containing double Weyl points which provide unique topological
phonon properties. Ultimately, our work is a medium for high-throughput
evaluation and quantification of full phonon properties of large-scale materials to
discover phononic crystals with exceptional or tailored phonon properties

unravelling insightful physics for broad materials research.
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Abstract

Although first principles based anharmonic lattice dynamics is one of the most
featured methods to obtain phonon properties, such method is impractical for
high-throughput search of target thermal materials. We develop an elemental
spatial density neural network force field as a “bottom-up” approach to accurately
predict atomic forces of ~80,000 cubic crystals spanning 63 elements. The
primary advantage of our indirect machine learning model is the accessibility of
phonon transport physics at the same level as first principles calculations,
allowing simultaneous prediction of comprehensive phonon properties from a
single model. Training on 3,182 first principles data and screening 77,091
unexplored structures, we identify 13,461 thermodynamically stable cubic
structures with ultralow lattice thermal conductivity below 1 Wm-'K-!, among
which 36 structures are validated by DFT calculations. By analyzing the
abundant predicted data, we propose mean square displacements and
bonding/antibonding as two low-cost descriptors to ease the demand of
expensive first principles calculations for fast screening ultralow thermal
conductivity. Our model also quantitatively reveals the correlation between off-
diagonal coherence and diagonal populations and identifies the distinct crossover
from particle-like to wave-like heat conduction in various structures. Our
algorithm is promising for accelerating discovery of novel phononic crystals for
emerging applications, such as heat dissipation in electronics, thermoelectrics,

superconductivity, and topological phonons for quantum information technology.
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5.1 Introduction

The dynamics of phonons, the quanta of lattice vibrations, play a critical
role in various technologies ranging from heat dissipation in modern
semiconductors [8] to thermal barrier coatings in turbine blades [165]. In general,
applications involving heat transfer require either extreme phonon impedance or
conduction, which is often the performance-limiting property. Another application
example of phonons is quantum communication, which can be realized by
microwave-frequency phonons such as acoustic resonators [166] and is of
significant interest for the generation of remote entanglement and the secure
transmission of information. Over the recent years, material scientists have
sought new materials with excellent phonon properties through a combination of
laboratory synthesis and computational prediction using density functional theory
(DFT). Although the former requires decades of trial-and-error with the intuition of
experienced chemists [31], the latter has progressed the discovery of new
materials and the understanding of microscopic phonon transport due to the
availability of high-performance computers. Indeed, tremendous amount of
previous studies in the thermal science have been dedicated to bulk, interfacial,
low-dimensional, and layered materials [47,167—-171]. Generally speaking, many
investigations on thermal transport in materials have uncovered the structure-
thermal property relationship, including those from bond strength, structure, and
chemistry [117,172—177]. Additionally, unique phonon interactions may arise from
certain crystals promoting anharmonicity and lowering lattice thermal conductivity

(), including rattler atoms [1,177,178], ferroelectric instability [2], and electron-
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phonon interactions [179,180]. Notably, some studies also advance the
theoretical description of phonon transport, e.g. addition of fourth order
anharmonicity [62] and temperature-dependent effective potential (TDEP) for

temperature effects on the interatomic force constants (IFCs) [124,173,181].

Despite the robust nature of DFT in predicting thermal transport
properties, the explicit treatment of electronic degrees of freedom entails
significant computational costs when faced with potentially thousands of
candidates to screen target phonon properties. By majority, previous studies are
limited to one or few materials that may acquire results in a matter of a few days,
depending on their hardware resources. However, with the advent of materials
genome such as Materials Project [31] and Open Quantum Materials Database
(OQMD) [182], the DFT evaluation of phase stability and properties of interest for
thousands to millions of previously unexplored materials puts several years of
delay on the synthesis of novel materials. This is especially magnified for phonon
properties. For instance, the k;, one of the most important phonon properties, is
computationally demanding by DFT, due to the required calculations of large
amount of supercells with different atomic displacements which is then processed

to give IFCs for the Boltzmann Transport Equation (BTE) simulation [49].

In response, data-driven techniques such as machine learning (ML) have
surfaced in materials science to address the demanding costs of DFT, effectively
trading some accuracy for significant speed-up. The basic assumption with ML-
based models for predicting DF T-level properties is the introduction of a finite

cutoff, whereby atomic interactions beyond such cutoff are neglected. This allows
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for linear scaling of the computational cost against the number of atoms as
opposed to the cubic scaling with DFT. With ML, prediction of target properties
requires a physically informative set of inputs as the so-called “descriptors”. For a
sufficiently accurate model, descriptors should satisfy several requirements,
including a) distinguishable representation for each system, b) descriptive of the
similarities/discrepancies between systems, c) completeness to sufficiently
differentiate systems, and d) simplicity of the descriptor to ease calculation time
[183]. Given these requirements, several methods have been proposed over the
past few years to confront computationally costly phonon properties. For
example, progresses have been made in the ML prediction of k; recently, either
directly or indirectly. The direct prediction refers to a ML model or several models
in sequence with k; as the final output. The maijority of studies over the years fall
under this category. Several ML models have been trained on 110 half-Heusler
compounds by compiling elemental, compound, and compound-elemental
descriptors, obtaining high validation accuracy and revealing the bond distance
as the most important descriptor for k; [184]. Diamond-like materials were
explored for ultra-high k; using a small training datasets through transfer learning
of the three-phonon scattering channel volume, or “P3” for short [118]. On the
other hand, the indirect prediction approach first predicts lower-level properties
eventually leading to k;, including the atomic forces and the IFCs which are
required for k;. To date, little research has been seen in this subarea. Notably,
providing lower-level physics introduces several advantages over the direct

method. Firstly, with the atomic forces and/or IFCs, one can compute the full
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phonon properties, e.g., phonon dispersions, temperature-dependent k;, and
scattering rates. This allows for in-depth study of the phonon properties at the
high-throughput level without needing to rely strictly on pure DFT. The
temperature dependent k; is especially desirable for high-temperature
applications whereas most studies involving ML focus only on room temperature.
Secondly, because k; is not directly computed, variables involved in the BTE
calculation may be modulated, such as the inclusion of higher order
anharmonicity beyond 3 order and off-diagonal contribution. Thirdly, atomic
forces and IFCs are much more abundant than single k; values associated with
each structure, allowing for improved training and potential transferability of

information among diverse structures.

Here, we demonstrate a “bottom-up” approach by developing the
elemental and spatial descriptors of the Elemental Spatial Density Neural
Network Force Field (Elemental-SDNNFF). We evaluated 77,091 cubic structures
of varying space-groups and chemical species. This is made possible by our
model that provides sufficient flexibility to distinguish many unique atomic
environments for the high-throughput calculation of full phonon properties.
Because the forces are provided, thermodynamic stability of these structures can
be determined via their predicted phonon dispersions which is not possible in
direct methods. Here, the model is initially trained on a small subset of 3,107
structures and is iteratively improved on a larger dataset of 77,091 structures
with active learning. Data augmentation is incorporated whereby equivalent

atomic environments are rotated to provide a ~3x boost to the total atomic forces
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for training. Then, the final model is deployed to predict the complete phonon
properties of the remaining stable structures, with speed of three orders of
magnitude faster than full DFT calculations. Our model is capable of growing and

being adapted to new datasets for exploration of even larger unseen materials.

5.2 Structure Generation and Active Learning

To develop an ML model for evaluating atomic forces, it is crucial to
prepare a sufficiently large and diverse dataset of various atomic environments.
In theory, there are limitless combinations of atomic environments considering
structural symmetries, chemistries, and displacements that one may encounter
during the evaluation of atomic forces. This is especially true when involving
‘random” or stochastic displacement methods for generating IFCs such as
compressive sensing lattice dynamics (CSLD) [138]. As ML methods specifically
supervised learning are interpolative by nature, selection of training or reference
data for evaluation of seemingly infinite possible atomic environments requires a
human-free or self-informative approach for efficient model training from costly
DFT calculations. The crystalline structures analyzed here are borrowed from the
OQMD database [134,182] and are categorized into 16 prototypes spanning four
cubic space groups as seen in Table 5.1. Some structures are split from the pool
for initial training and evaluated with DFT for their atomic forces. From DFT, the
IFCs and subsequent phonon properties are also gathered for comparison.
Accordingly, the rest of the structures without DFT are marked as ‘unexplored’ left

for the model evaluation stage.
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Table 5.1 Distribution of all cubic structures used for training and screening.

Space | Structure | Structures | Predicted stable | Unexplored | Predicted stable
group type calculated structures by structures unexplored
no. by DFT DFT structures
216 AB 61 58 (96.7%) 209 24 (11.5%)
ABC 452 446 (98.9%) 3,144 2,980 (94.8%)
ABC; 134 127 (95.5%) 5,901 2,324 (39.4%)
ABCD 553 549 (99.3%) 8,059 5,825 (72.3%)
221 AB 365 359 (98.1%) 786 323 (41.1%)
AB3 338 337 (99.7%) 1,695 1,059 (62.5%)
AB3C3 51 47 (92.2%) 785 64 (8.2%)
AB3C12 5 3 (60.0%) 218 18 (8.3%)
ABC3 103 100 (96.2%) 597 119 (19.9%)
225 AB 163 156 (95.7%) 518 145 (28.0%)
AB; 160 146 (91.2%) 1,705 525 (30.8%)
ABC; 581 576 (99.0%) 12,643 7,472 (59.1%)
ABC:Ds 92 86 (92.5%) 39171 5,227 (13.3%)
227 AB2 52 48 (94.2%) 282 84 (29.8%)
AB:C4 68 66 (98.5%) 1,298 864 (66.6%)
ABC; 4 3 (75.0%) 80 6 (7.5%)
Total 3,182 3,107 (97.7%) 77,091 27,059 (35.1%)

*Values in parenthesis indicate percentage out of the left column.
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We first perform structure filtration by elements, formation energy, and
energy above hull, and then perform structure optimization observed by the blue
path in Figure 5.1. Arrow and box colors represent different regimes of the
workflow with blue, orange, red, and green representing the structure generation
phase, initial model training phase, iterative model training or active learning
phase, and the application or deployment phase, respectively. In the application
phase, the final ML model is applied to evaluation of atomic forces, based on
which the interatomic force constants are fitted and phonon properties are
subsequently predicted. The purpose of filtration is to reduce the structure count
and increase the likelihood of stability in subsequent DFT calculations of phonon
dispersions. After structure optimization, we replicate primitive cells into
supercells and displace all atoms by fixed 0.03 A in random directions to create
diversity in the atomic environments and facilitate training, which is also standard
for IFC calculations. Additionally, for IFC fitting with CSLD, such introduction of
random displacements helps mitigate the innate poor energy conservation of
direct force field models, as demonstrated in previous works [96,185].
Specifically, due to the nature of direct force prediction, IFC fitting with methods
such as finite difference method (FDM) does not guarantee zero or near-zero
forces for atoms in equilibrium. Such atoms are abundant in FDM whereby only
one or two atoms are displaced for IFCs up to the third order, causing significant
disagreement in the force-sensitive lattice thermal conductivity. Thus, stochastic

methods such as CSLD mitigate the energy conservation issue by displacing all
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atoms, generating a “noise-cancelling” effect for subsequent IFCs fitted by

predicted forces.

Step 1: Filtering Out La- and Ac- Elements

»» »» Y

Y

Hull < 0.25 eV/atom M

A Y

Structure Filtration Supercell Generation 8

Materials Database and Optimization and Atomic Displacement Y
N

v

M

2 LLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLL LKL

Active Learning Structures Active
Learning
Pooling of Structures ‘-’_I, Cycles } Elemental
=) X SDNNFF
Models

Figure 5.1 Workflow for training Elemental-SDNNFF models.

Afterwards, we randomly select a small fraction of displaced supercell
structures to serve as the initial training data for the models. This is passed to
DFT calculations, and the resulting ground truth atomic forces and local atomic
environment are passed to five initialized models with similar architecture but
different weights. Here, we used a small subset of existing DFT data previously
calculated for phonon properties. Although we do not introduce techniques to
choose the initial structures for training, we recommend those such as the
principal component analysis (PCA) shown to improve model representation
especially for out-of-trend structures [186]. After the DFT step, we perform data

augmentation in which atomic environments are rotated according to nearest
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neighbor rules, generating approximately 2-3x increase in the existing dataset.
This enhances the dataset diversity for model training in addition to the already
abundant Nxt dataset, where N is the number of atoms per simulation (or per
supercell) and t is the number of DFT simulations. As an aside, future work is
planned to introduce rotational equivariance to the existing Elemental-SDNNFF
model for automatic consideration of rotated atomic environments without the
need for said nearest neighbor rules and rotation matrices [187]. This should
drastically improve the training efficiency by reducing the training size while

maintaining the current rotational covariance of the force field.

Taking advantage of the interpolative nature of neural networks, these
models serve as a “committee” that will judge the remaining untrained or active
learning structures for atomic environments. Structures yielding high uncertainty
in the forces indicates poor representation of the corresponding atomic
environments and DFT forces. Using Equation 4.10, we set the uncertainty
threshold to & > 50 meV/A well above the force error of the model to guarantee
poorly represented structures in the committee. Those structures with uncertainty
above the threshold are then passed to further DFT calculations and retrained
into the model, forming a closed loop with iterative self-improvement (red circled
arrows in Figure 5.1). Once the number of recommended structures converges to
near-constant value, we then publish the model for evaluation of atomic forces
and subsequent phonon properties for all unseen structures (green path in Figure
5.1). After seven rounds of active learning with combined data augmentation,

29.4 million atomic environments are successfully trained into the network.
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5.3 Network Performance and Prediction of Phonon Properties

To benchmark the performance of the trained model for phonon properties
prediction, we first examine the atomic force accuracy on a small subset of 400
untrained structures as seen in Figure 5.2. The structures shown here span half,
full, quaternary Heusler structures, and single and double perovskites. We
compare the performance of the model to CHGNet, which was recently proposed
as a universal potential energy surface model [188]. We found a force root mean
square error (RMSE) of 29.3 meV/A and 121 meV/A for the Elemental-SDNNFF
and CHGNet models, respectively, showcasing the competitive performance of
our model and its consistency remaining close to the training RMSE of 18.6

meV/A.

CHGNet Model
Elemental-SDNNFF Model

Predicted Forces (eV/A)
(=)

DFT Forces (eV/A)

Figure 5.2 Comparison of the atomic forces in 400
untrained structures between predicted and target
values.
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Thereafter, the errors relative to DFT for the phonon dispersion and
corresponding k; at 300K are shown in Figure 5.3. In Figure 5.3.a, the RMSE of
the frequency is divided by the frequency range of the corresponding dispersions
to normalize and merge the data to a single histogram and is shown as a
percentage. The insets show phonon dispersions linked to the relative error
containing DFT (black lines) and prediction (red lines) for visualization. The
average error is 1.88% which is excellent as seen by the insets of sample
dispersions in Figure 5.3.a. In Figure 5.3.b, k; at 300 K between DFT and the

developed single neural network model are compared for 3,107 stable structures.

In Figure 5.3.b, the log value of the DFT and predicted «; yields an R? of 0.89
with a mean average error (MAE) of 0.254 log(Wm-'K-"), meaning that the
predicted k; is on average within 1.795 times the DFT value and is shown by the

structures within the dashed lines representing two times the perfect agreement.

The prediction capability is competitive with the 0.12 MAE and 0.87 R? error
presented by the random forest model trained on ~103 materials [121].
Additionally, 103 untrained structures with k;, from DFT are evaluated by our
model for validation and are compared in the inset of Figure 5.3.a. Out of these
structures, 67 were predicted owning < 1 Wm-'K-! and 36 remain within the same
range from DFT values. Notably, at the lower end of the k; range, the model
tends to underpredict the k; with greater intensity approaching the ultralow range
of predicted 0.1 Wm-'K-". This is due to the highly sensitive nature of the phonon
transport toward the extrema of the k;, specifically from the quality of atomic

forces in displaced supercells and eventually the 3™ order IFCs [96].
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Nonetheless, the materials with prediction under 0.1 Wm-'K-" are likely to remain

within 1 Wm™'K-' range and our model is effective at filtering candidates with

ultralow k; .
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Figure 5.3 Comparison of phonon properties for 3,107 structures between the
model and density functional theory

The advantage of our bottom-up ML approach for phonons manifests from
the plethora of information from standard phonon calculation packages when
provided a set of predicted atomic forces. Indeed, by default phonon frequencies
and scattering matrix elements required for iterative BTE are computed in
advance. From the phonon frequencies, information like the speed of sound,
constant volume heat capacity, and the three-phonon scattering phase space
may be readily computed. Here, we compare these properties from our neural

network model with those from DFT calculations to further understand more
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about the underlying contributions to the predicted k; . Indeed, the constant
volume heat capacity (c,) is directly involved in computing k; along with the
phonon group velocities and scattering rates. Additionally, the speed of sound
(V) is a partial representative of the group velocities for long-wavelength
acoustic modes in crystals [2]. The three-phonon scattering phase space (P3), is
a quantitative measurement of the number of three-phonon scattering channels.
Unlike ¢, and V4, higher Pj is indicative of larger scattering rates and thus lower
k; [118]. However, akin to ¢, and V, P5 requires only the second order IFCs and
therefore is computationally inexpensive as a result after the model is trained.
Finally, the mean square displacement (MSD) of vibrating atoms, usually
observed in finite temperature molecular dynamics, may also be computed from
the phonon frequencies and eigenmodes [47]. To describe structures with a
single value, only the maximum MSD, shortened to max MSD, among all atoms

in the primitive cell is assigned.

In Figure 5.4, the comparison of ¢,, Vg, P3, and maximum MSD between

the neural network model and DFT is shown with the corresponding R? and MAE
values. Exceptional agreement is found for c,, followed by Vi, P;, and log(max
MSD). With the small error in phonon frequencies, the mode-weighted global
property c, requires the mode-dependent phonon frequency as a direct input and
is summed up over a dense sampling of Brillouin zone, and thus expectedly
owns the best agreement with DFT [48]. The max MSD is also constructed
similarly and thus owns high accuracy with DFT. Although V; is also directly

computed from dispersions, the gradient of phonon frequency with respect to
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wave vector is required and is consequentially more sensitive to the predicted
atomic forces than c,. Finally, P3; also uses the phonon frequencies directly but
involves a counting of three phonon collisions by energy and momentum
conservation. In other words, the error propagated from atomic forces into the
phonon frequencies is compounded resulting in the largest error out of the other
three harmonic phonon properties. Interestingly, while Figures 5.4.a-5.4.c for the
most part experience an even spread of error, the scatter plot for the maximum
MSD in Figure 5.4.d is shown with increasing disagreement at higher maximum
MSD. This is because higher maximum MSD, corresponding to softer phonon
modes, usually indicates lower k;, and the second order IFCs are more sensitive
to the atomic displacements and corresponding forces. In such a case, we
anticipate that increasing the atomic displacements can better capture the

anharmonicity and hence the potential energy surfaces.
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Figure 5.4 Comparison of the harmonic properties between the
model and density functional theory.

5.4 Quantification of Ultralow Lattice Thermal Conductivity with

Predicted Properties

Out of the 77,091 cubic materials set aside for evaluation, 27,059
structures are predicted by our trained Elemental-SDNNFF model to have no
imaginary phonon frequencies, and thus being potentially thermodynamically
stable. These structures are then evaluated for predicting full phonon properties
including ¢, Vs, P3, max MSD, and k; . In the previous section, we show how the
trained model represents DFT-level IFCs while maintaining a speed-up on the
order of ~103 for systems with 100 atoms, as seen in Figure 5.5. This was made

possible due to the initial training set and subsequent active learning iterations
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generating millions of data points to best fine-tune the model for handling many

structures and chemistries.
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Figure 5.5 The CPU time per step against the number of
atoms in a system from density functional theory and the

model.

Despite replacing DFT with a machine learned model, the process of

computing anharmonic IFCs and subsequently iteratively solving BTE is still time

consuming for several tens of thousands of hypothetical structures. Therefore,

given the large data of phonon properties evaluated by our model, quantification

of trends for k; with structural and harmonic properties is desired to search

materials with known thermodynamic stability. Previous studies suggest that k;

is strongly correlated with several physical parameters, including volume of the
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unit cell Vg [121], specific heat capacity ¢, [128], sound velocity V, [117], three-
phonon scattering phase space volume P3 [118], and thermal max MSD [189].
Henceforth, we have experimented with linear combinations of ¢,, Vg, P3, max
MSD, and Vg to correlate with ;. We found the max MSD by itself has the best
performance as a descriptor for k; of crystals. The reason is most likely due to
the major contribution of harmonic phonons in thermal max MSD for k;, when
compared to those listed above. Additionally, MSD may be computed as a
function of temperature and is more useful to observe temperature-dependent
trends. A generally inverse-linear relationship is observed between the logk; and
the log(max MSD) in Figure 5.6. Note, log(max MSD) is normalized here in R €
[0,1] based on values found from the DFT set for ease of comparison. Figure
5.6.a provides evidence of linearity through comparison of k;, and the max MSD.
The fitted red line shows a decreasing trend of k; with increasing max MSD.
Structures with extremely high maximum MSD are indicative of rattling atoms, in
which strong phonon-phonon scattering and ultralow «; is prevalent [189]. Given
the agreement of the max MSD between DFT and predictions in Figure 5.4.d,
Figure 5.6.b demonstrates the prediction of both k;, and max MSD for the 25,901
unexplored structures out of the stable 27,059 pool, since some structures failed
in BTE calculations and k; was not plotted. Again, the trend remains inversely
proportional to the descriptor. We do notice that the newly fitted blue line shows a
steeper slope in comparison to the previous red line by DFT (also shown in the
same plot for comparison), and the difference between the two lines deviates

with increasing maximum MSD. The most probable cause is the underprediction
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of k; at the lower extreme (Figure 5.3.b) and increased error in the MSD at the
higher extreme (Figure 5.4.d). Although the ultralow k;, may be underestimated
on the log scale, these predictions remain highly beneficial for quickly marking
structures with potential as thermal insulators. To quickly filter ultralow k;
materials, a max MSD is set such that the value of the fitted line is 1.795 Wm-'K.
This is chosen deliberately knowing predicted values of k; are within 1.795 times
the DFT value which aids the later filtration for structures less than 1 Wm'K-'. As
such, the maximum MSD filter is set to 0.076 A? or 0.464 on the normalized
log(max MSD) plot. Specifically, we found 9,306 total structures with normalized
log(max MSD) higher than 0.464. Out of these structures, the k; of 8,873 (95.4%)
structures are less than 1 Wm-'K-'. For normalized log(max MSD) less than
0.464, out of 16,596 structures, the k; of 4,590 are less than 1 Wm'K-'. This
means, the success rate for filtering structures is 66% (8,873 out of 13,461
structures) for those with k; less than 1 Wm'K-'. Thus, the maximum MSD is a
reliable descriptor for indicating highly unique structures with out-of-trend values
of atomic displacement and corresponding ultralow ;. Such a critical value of
maximum MSD 0.076 A2 may be used in future works to identify potential

candidates for thermal insulators in cubic structures.
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Figure 5.6 Plots for the lattice thermal conductivity against maximum
thermal mean square displacements.

Rattling effect has been proved to induce large MSD in many systems. To
generalize structures with high probability for rattler atoms, we plot the average
of the MSD for each element across the 25,901 pool in Figure 5.7. The color bar
represents the magnitude of the average MSD in A2, Hydrogen and all alkali
metal elements, including Li, Na, K, Rb, and Cs, have the highest average MSD
among all 63 elements covered here. Some alkaline earth metal elements
including Mg, Ca, Sr, and Ba have medium MSD. Interestingly, halogen elements
including CI, Br, and | also possess high MSD. N stands out among the
nonmetallic elements with the next largest being C, P, and Si. Tl also stands out

as a semimetallic element next to Pb and Sn with significantly lower MSD.
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Metallic elements including Hg, Cd, Ag, and Au are the highest in their category

although their MSD is much lower than their alkali metal counterparts.
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Figure 5.7 Average thermal mean square displacement at 300K across
25,901 predicted stable structures.

To visualize the spread of predicted k; in the dataset, Figure 5.8 displays
the t-distributed stochastic neighbor embedding (t-SNE) using Elemental-
SDNNFF structure input vectors. For simplification, only one point per structure is
implemented corresponding to a single Elemental-SDNNFF vector centered at
the unit cell rather than on a per-atom basis. In Figure 5.8.a, the distribution of
space group indicates an overlap of structures with space group number 216 and
225 whereas a majority of structures with space group number 221 and 227 form
visible clusters. This is sensible given space group 216 is different from space
group 225 by just a vacant lattice site (ABC vs. ABC2) or a different element on

the same lattice site (ABCD vs. ABC:2). Figure 5.8.b focuses on the predicted k;
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where observable regions of thermally insulating materials (blue) are highly
contrasted from thermally conductive materials (red). Mainly, the upper left of the
figure contains a mixture of space group 216 and 225 structures with ultralow k;
with some additional blue regions along the bottom and top outer edge mostly
corresponding to 221 and 225. This is further manifested in Figure 5.8.c where
regions are instead highlighted by the predicted normalized log(max MSD). To
highlight the relationship between k;, and max MSD, we subtract the value from
unity to match the properties based on color. As seen by the comparison
between Figures 5.8.b and 5.8.c, both figures form identical structure mappings
of the predicted k; and normalized log(max MSD) values, supporting their strong
correlation. Additionally, the congregation of certain out-of-trend structures with
extremely high or low k; indicates a correlation between Elemental-SDNNFF
input vector and phonon conductors and insulators, suggesting strong structural-
property relationship with phonon transport. Overall, the t-SNE plots encompass
the wide range of unique structures and physics manifested when applying

machine learned atomic force fields such as the Elemental-SDNNFF.
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Figure 5.8 t-SNE plots of model input vectors for 25,901 structures.

5.5 Insight from Bonding and Anti-Bonding

In the previous section, we related thermal displacements to the k; but do
not discuss the effect of chemical bonding. Here, we further analyze our
predicted structures with Crystal Orbital Hamilton Population (COHP) [190] to
quantify the contributions to the bonding and antibonding states. To assign single
values of bonding and antibonding to each structure, we perform integration over
COHP curves for each atomic pair as evaluated by LOBSTER code and take the
average [191]. Figure 5.9 displays the resulting bonding and antibonding with
highlighted log values of predicted k; to observe trends. Notably, at low bonding
values (e.g., < 200) and high antibonding (e.g., > 1), only k; < 3 Wm'K"" exists.
This region contains low interatomic bonding strength and high phonon
anharmonicity, resulting in ultralow «; . Our observed trend of high antibonding
indicates strong phonon anharmonicity and is consistent with recent studies by

full DFT calculations on other systems [116,176,192,193]. On the other hand, the
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high bonding (> 200) region seems to contain all ranges of ;. This is
understandable from the physics point of view, whereby the k; is governed by
two major mechanisms of interatomic bonding strength and phonon
anharmonicity and thus the bonding/antibonding contributions might be
competing. It is also worth pointing out that, the application of COHP is a low-cost
indicator of k; requiring only the DFT calculations on primitive cells after structure

optimization, which is very promising for the filtration of structures with

anomalously low k; .
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Figure 5.9 Crystal orbital Hamilton population analysis for
13,718 stable structures from the prediction pool.
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5.6 Off-Diagonal Thermal Transport Analysis

Recently two different mechanisms for phonon transport in solids have
been discussed [194,195]. In crystalline materials, heat carriers propagate and
scatter in a particle-like behavior as described by Peierls-Boltzmann transport
picture for phonon wave-packet dynamics. Such populations have a well-defined
energy (frequency) and therefore can be interpreted as particle-like excitations
with a well-defined wave vector (q) and mode index (s), and corresponding lattice
thermal conductivity is denoted as kp. In contrast, in glass materials, heat carriers
behave wave-like, hopping via a Zener-like tunneling between quasi-degenerate
vibrational eigenstates, as described by the Allen-Feldman theory. Such
coherences do not have an absolute energy and cannot be related to a single
eigenstate. Rather, they describe oscillations between pairs of eigenstates and
correspond to an evolution which does not preserve the nature of the single-
particle excitation. Very recently, the importance of such coherences’ contribution
to overall lattice thermal conductivity describing the wave-like interband tunneling
of phonons, dubbed as two-channel thermal transport or off-diagonal contribution
of heat-flux operator, has been theoretically formulated and experimentally
validated in ultralow kp materials [123,196,197]. With the phonon property of
large-scale crystals being predicted herein, it is intuitive to explore the two-

channel thermal transport behavior of these materials.

The contributions of off-diagonal components (Kgﬁ) to the total thermal

conductivity is obtained by [123,198]
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where h, kg, T, N, and Q are the reduced Planck constant, Boltzmann constant,
absolute temperature, the number of g-points sampled in reciprocal space, and
volume of the unit cell, respectively. w;(q), I';(q), and n;(q) are the frequency,
linewidth, and the equilibrium Bose-Einstein distribution function with wave vector
q and branch j, respectively. ijv(q) is the off-diagonal elements (j#j') of velocity

matrix with direction a, and can be calculated by

Vii(q) = (e;(@)|ViD(q)|eq(a))

1
w;(q)+w;(q)

where e;(q) and D are the eigenvector and dynamical matrix, respectively. In our
work, we modified the original ShengBTE code [139] to output the off-diagonal
elements of velocity matrix and then calculate the off-diagonal thermal

conductivity based on Equation 5.1.

For calculations of lattice thermal conductivity contribution by coherence
phonons (k;), 1,000 structures from each pool of materials with low (< 1 Wm-'K-
1), medium (1 — 10 Wm-'K""), and high (> 10 Wm™'K"") kp by traditional BTE
solution are randomly chosen with the same parameters and force constants

from the model prediction step. From these structures, 869 low, 995 medium, and
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999 high kp BTE calculations successfully converged with average off-diagonal
ratios k;/kp of 2.59, 5.02 x 102, and 4.35 x 1073, respectively. The k,/kp show
good agreement between DFT results and prediction by our Elemental-SDNNFF

model (Figure 5.10).
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Figure 5.10 The off-diagonal contribution to lattice thermal conductivity
computed for 2,398 structures.

In Figure 5.11, we compute the percentage of off-diagonal contribution which is
defined as K /Kota) Where Kioia) = Ko tKp. The agreement between our Elemental-
SDNNFF predictions on selected 2,863 unseen data and DFT from 2,397 training
data is indicated by their overlap and matching linear trend. The dashed black
line indicates 50% from off-diagonal contribution, above which the wave-like heat

conduction is dominated. Good agreement between our Elemental-SDNNFF
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predictions on unseen data and DFT results from training data is observed.
Strong linear-like correlation trend is found between percentage of k, from K.
Generally speaking, the lower kp is, the higher percentage of off-diagonal
contribution by k. could have. For extremely low kp materials, e.g., kp~0.1 Wm"
K1, the K, could contribute as high as 50% or even 70% of K;,;, Showing
dominant role of contributions of the coherences even at room temperature.
Similar phenomenon is also found in perovskite CsPbBrs at room temperature
and La2Zr207 at high temperature [123,197]. We also noticed that, for the same
Kiotal» the K contribution can differ quite largely among different structures,
leading to a very wide spread of the log-scale percentage contribution in Figure
5.11. This implies that, the precise off-diagonal contribution percentage depends
on detailed phonon band structures and mode level phonon anharmonicity of
different materials, rather than the single absolute value of kp. Figure 5.11 also
shows that there are considerable amount of structures with dominant wave-like
heat conduction, instead of particle-like conduction as predicted by traditional
Peierls BTE. Our model clearly determines the crossover from particle-like to

wave-like heat conduction (dashed line in Figure 5.11).
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Figure 5.11 The off-diagonal contribution against the total lattice thermal

conductivity at 300K.

To observe mode-level contributions of kp and kg, three low kp materials
(NaKAs KIrCs2Cls, and CuPdSr2 with space group no. 216, 225, and 216,
respectively) from the untrained pool are chosen with varying coherence
contribution for comparison. The frequency-dependent relaxation time is plotted
in Figure 5.12. The size of circles represents the magnitude of kp, whereas the
color represents the ratio of k. /K., i.€., the off-diagonal contribution to overall

thermal transport. The diameter of circles is scaled up equally between predicted
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and DFT plots for viewing. The materials are provided in order of increasing kp
with (prediction value, DFT validation value) of (0.037, 0.075), (0.101, 0.127),
and (0.68, 0.935) Wm-'K-', respectively. The k. values for (predicted, DFT)
results are (0.222, 0.205), (0.252, 0.226), and (0.07289, 0.08282) Wm-'K"",
respectively. From comparison between the predicted (left column in Figure 5.12)
and DFT (right column in Figure 5.12) results, the general trends of relaxation
time against frequency are captured, confirming again the accuracy of our ML
model. Despite this, kp contributions from the low frequency range are more
pronounced in size and density by eye in the DFT results (Figures 5.12.b, 5.12.d,
and 5.12.f) than in the prediction results (Figures 5.12.a, 5.12.c, and 5.12.e). This
agrees with the previously observed underprediction of kp for structures with kp <
1 Wm-'K-"'. In addition, the k., of NaKAs and KIrCs2Cle share similar values and is
pronounced by the presence of high mode-level k. contribution in the entire
frequency range. For CuPdSr2, a vast majority of points own low contribution by
coherence phonons thus reducing the k.. From observation, k. contributions are
overshadowed by dominating mode-level kp throughout the entire frequency

range, leading to lower k. /K.ty ratios as previously seen in Figure 5.11.
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Figure 5.12 The frequency dependent relaxation time for NaKAs,
KirCs2Cls, and CuPdSr2.
5.7 Conclusion

We demonstrate the development of a new “bottom-up” machine learning
approach through accurately and efficiently predicting comprehensive phonon
properties of ~80,000 crystalline materials, which is realized by evaluating the

atomic forces with sufficient DFT representation. The “query-by-committee”
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active learning scheme allows iterative improvement of the models by
simultaneous prediction of atomic forces in the unseen pool of displaced
structures. The final model is deployed for constructing IFCs for both observed
and unseen structures. Given the good accuracy of phonon properties such as
vibrational frequencies and k; , we exploit the abundant 25,901 pool of structures
that are predicted to be thermodynamically stable by our model and quantify
thermal insulators with simple descriptors. Both MSD and bonding/antibonding
states are two computationally efficient approaches for screening ultralow k;. We
should mention that, given the high accuracy of harmonic dominant properties
such as maximum MSD, we propose our model as a method to generate high
quality data for direct prediction of phonon properties through other machine
learning models, like prediction of extremely high or low lattice thermal
conductivity materials. Physical insight into off-diagonal contribution to overall
phonon transport is also analyzed with our model, demonstrating the general
trend of high coherence contributions to the total thermal conductivity for low k;
structures and the crossover from particle-like to wave-like heat conduction in
diverse structures. The precise coherence contribution percentage depends on
detailed phonon band structures and mode level phonon anharmonicity of
different materials, rather than the single absolute value of ;. Our algorithm can
grow and be adapted to even larger databases of unseen materials and is
promising for accelerating discovery of novel crystals in emerging phonon

mediated applications.
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Chapter 6 Conclusion

In this work, machine learning-based atomic simulation was outlined for
the development and demonstration of virtual high-throughput materials
screening processes. This was first emphasized in Chapter 2 by the introduction
of the SDNNFF model, whereby atomic forces were predicted for rapid DFT-level
evaluations of displaced atoms in diamond-like materials for phonon dispersion
and lattice thermal conductivity prediction. In short, the SDNNFF represents the
local environment by subdividing the space surrounding atoms into grids. Density
functions were centered at the grids and measure the influence of nearby atoms
via decaying cosine functions, which collectively provided an image of the
neighborhood to the neural network. As shown by the excellent agreement of the
atomic forces and phonon properties, the atomic descriptors of the SDNNFF

were sufficient for mimicking DFT force fields at ~10° times faster speeds.

In Chapter 3, molten salts LiF and FLiBe were modeled by existing DPSE
in MD simulations for the prediction of thermophysical and dynamic properties,
including density, thermal conductivity, and viscosity. Due to the difficulty of high
temperature experiments of corrosive liquids, virtual experiment and
measurement of molten salts was key for the development and understanding of
heat transfer fluids for MSR design. As such, it was demonstrated that machine

learning atomic potentials can capture the complex local structures in molten
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salts as shown by the well-represented local structures and corresponding
properties relative to experiment. However, this work emphasized the importance
of verifying reference DFT calculations and models to represent the appropriate
chemistries for the given system. In this case, the molten salts were shown to be
highly sensitive to dispersion relations, which were not appropriately
accommodated for in DFT via vdW corrections. This resulted in a 14% decrease
of the melt density with respect to experiment for both LiF and FLiBe, in-turn
displacing subsequent properties from their acceptable values. Insight into the
training methodology and model construction for molten salt modeling was also
provided, quantifying the required dataset sizes including various compressed

and expanded volumes for stable molten salt potentials.

Because of the complex compositional space for molten salts, inspiration
was drawn to develop general interatomic potentials to simultaneously represent
a wide array of atomic systems independently of the exponential increase in
model complexity. Additionally, training various atomic environments in a single
model guarantees a level of transferability between similar chemistries, providing
a generalized understanding of bonding behaviors. Henceforth, Chapter 4
continued the development of the SDNNFF with the Elemental-SDNNFF model
by incorporation of weights corresponding to central and neighboring atoms. The
performance of the Elemental-SDNNFF was demonstrated on 11,886 quaternary,
half, and full Heusler structures including 55 different elements trained on a
single network. Million-scale atomic environments were easily generated due to

several factors, including 1) training on atomic forces providing N data per DFT
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run, where N is the number of atoms in a simulation cell, 2) data augmentation of
existing data providing a 3% boost to the dataset size, and 3) automatic proposal
of new atomic environments from active learning iterations, which iteratively
improved the model. As a result, excellent agreement was found in the phonon
dispersions and lattice thermal conductivities with respect to DFT and
experiments. Due to the several thousands of lattice thermal conductivity data,
correlations were drawn to other physical properties, including volume and
number density, and bonding/antibonding. Specifically, volume and number
density scaled inversely and proportionally to the lattice thermal conductivity,
respectively, whereas bonding/antibonding showed a competing influence.
Interestingly, bonding/antibonding may be used to effectively filter out crystalline
insulators, whereby many low lattice thermal conductivities were found at low
bonding and high antibonding values. In this range, p-d orbital hybridization was
observed whereby antibonding provides high phonon anharmonicity and low
lattice thermal conductivity. Weyl points were also investigated whereby unique

materials with topological phonons were screened by predicted IFCs.

To push the Elemental-SDNNFF further, Chapter 5 models 77,091
unexplored structures spanning 16 structural prototypes and 63 elements
spanning the periodic table. With 27,059 structures predicted stable, lattice
thermal conductivities were predicted with 13,461 structures owning < 1 Wm-K-1.
Other phonon-based properties were also predicted including the molar specific
heat capacity, sound velocity, third order scattering channel volume, and thermal

mean squared displacements. Because the thermal mean squared
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displacements are computed with harmonic IFCs, they were shown as
inexpensive descriptors for the lattice thermal conductivity. Physical insight into
phonon hydrodynamics is also analyzed with the model, showing an inversely
proportional trend of coherence phonons against total phonon thermal

conductivity.

In conclusion, discovery of new materials for energy innovation is faster
than ever before due to solidified chemistry and physics theory paired with
advanced computing technologies. To satisfy the ever growing energy needs,
new methodologies are necessary to accelerate understanding of nanoscale
phenomena as related to micro- and macroscopic properties, as well as for rapid
screening of materials for experimental synthesis and near-future deployment.
Due to the abundance of data in the age of advanced computing, machine
learning and artificial intelligence provides a pathway for representing complex
phenomena otherwise difficult to solve or quantify through theory alone. As such,
the methodologies presented here are a small yet critical part of a greater
research effort to build upon rather than replace the current foundations of
materials science, opening doors to a new level of understanding of materials

and cutting-edge engineering.
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