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Abstract

A solid electrolyte interphase (SEI) growth model is developed in a mixed mode

that contains solvent diffusion through the SEI layer and corresponding solvent re-

duction kinetics at the SEI/electrode interface. The governing equations are solved

by the Landau transformation, which makes the moving layer fixed to predict the

open circuit potential, SEI layer thickness, and capacity loss. The estimated parame-

ters fitted with experimental data from the literature are computed using COMSOL

and MATLAB. Results show that the mixed mode model predicts lower capacity loss

and thinner SEI layer due to its growth under open circuit conditions than previously

reported by others.

A short-time asymptotic analysis is performed to establish corrections of the

Ilkovich equation, which describes the polarographic response of a dropping mer-

cury electrode. The convective-diffusion equation governing diffusion-limited reac-

tant flux for small drop times is solved by a regular perturbation based on powers

of the sixth root of time. This produces a framework within which higher terms of

the Ilkovich equation can be derived systematically. As well as reproducing Ilkovich’s

original formula and verifying Newman’s correction of Koutecky’s first-order term,

we calculate the second-order term for the first time. The calculation is compared to

the Newman–Levich procedure and tested against numerical simulations with finite-

element software.

A method is presented which can be used to obtain analytical solutions for bound-

ary value problems (BVPs) using the matrix exponential and Maple. Systems of

second order, linear differential equations are expressed as two or more first order
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equations in matrix form, and their solutions are obtained using the matrix expo-

nential, matrix integration, and matrix inverse methods using Maple. The solution

process is illustrated for single and multiple domains with different types of bound-

ary conditions and constraints when necessary due to the boundary conditions. The

method is easier to use and could be extended to include partial differential equations

(PDEs).
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Chapter 1

Introduction

Lithium-ion batteries have been gaining significant popularity in recent years. As a

result, the market is expected to grow from USD 44.5 billion in 2022 to USD 135.1

billion by 2031, at a compound annual growth rate (CAGR) of 13.1% [1]. One of

the major sectors contributing to this growth is the transportation sector, thanks

to the popularization of electric vehicles. Plug-in electric vehicles (PEVs) have been

considered by many as the most promising choice to replace conventional internal

combustion engine vehicles due to their energy and environmental implications. In

addition to having a lower operational cost due to cheap electricity, they could address

the transportation sector’s environmental and energy challenges by reducing fossil fuel

consumption and greenhouse gas and pollutant emission.

The penetration of PEVs is limited by some major concerns related to the safety

and performance of the Li-ion battery system. These issues include the risk of fire

and explosion, range anxiety due to unpredicted battery depletion, an unsatisfactory

lifetime, etc. Therefore, a battery management system (BMS) capable of advanced

battery control and diagnostics, like real-time state estimation, charging control, ther-

mal management, etc., is the key to addressing these issues, and the basis of such a

BMS system is accurate battery models.

1.1 Background on Lithium-ion Batteries

A Lithium-ion battery is a rechargeable electrochemical cell that produces electric

current from internal chemical reactions. It consists of a positive and a negative elec-
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trode, a separator, and electrolyte, as shown in the schematic in Fig. 1.1. Both of

these electrodes contain active materials that store lithium ions. The active material

in the positive electrode is generally made of lithium metal oxide, or LiMO2, where

M stands for a metal element like Cobalt or Manganese or a combination of metal

elements like Nickel and Manganese. The active material in the negative electrode

is mostly carbon C, which can be lithiated to store lithium during charging. Addi-

tionally, the electrodes contain binder material that binds the active materials and

keep them in contact with the current collectors and additives such as carbon black

for cathode to increase its conductivity. The electrolyte provides a medium for the

Li-ion to migrate from one electrode to another through the separator. The separator

allows the transport of Li-ion while restricting the migration of electrons, thus forcing

them to flow through the external circuit.

A fully charged Li-ion battery contains all the cyclable Li-ions at the anode. Dur-

ing discharge, Li-ions and electrons are created at the surface of the anode particles

by an electrochemieal reaction,

LixC6 ⇌ C6 + xLi+ + xe− (1.1)

These Li-ions flow from anode to cathode through the electrolyte across the sep-

arator while the corresponding electrons flow through the external circuit and reach

the positive electrode. This flow of ions is governed by the electrical potential differ-

ence and the ionic concentration gradient between the two electrodes. Moreover, the

loss of ions at the surface of the anode particle during discharge is replenished by the

diffusion of ions from the particle core to the surface.

The ions from anode during discharge and their corresponding electrons react at

the surface of the cathode particle to produce Lithium metal oxide such as LiCoO2.

This reaction is given by,

Li1−xCoO2 + xLi+ + xe− ⇌ LiCoO2 (1.2)

2



Figure 1.1: Schematic of the Doyle-Fuller-Newman model. The model considers two
phases: the solid and the electrolyte. In the solid, states evolve in the x and r
dimensions. In the electrolyte, states evolve in the x dimension only. The cell is
divided into three regions: anode, separator, and cathode.

A fully discharged battery will contain all the cyclable ions at the cathode and the

entire process is reversed during charging.

1.2 Research Outline

The dissertation is organized as follows:

In chapter 2, a SEI Growth model is presented for the Open-Circuit Conditions.

SEI growth and capacity loss for a mixed mode model, where diffusion of the sol-

vent through the SEI layer is combined with a solvent reduction reaction at the
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SEI/electrode interface is presented. In Chapter 3, a perturbation method is used to

develop a second-order correction to the Ilkovich equation. We show that the instan-

taneous molar flowrate N(t) of a solute with bulk concentration c∞ and diffusivity

D at the surface of a dropping mercury electrode supplied at volumetric flowrate

Q depends on time t. Chapter 4 presents efficient mathematical methods for solv-

ing chemical and electrochemical systems. Finally, the method is used to obtain a

solution for a lithium/polymer cell model.
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Chapter 2

Mathematical Model for SEI Growth under

Open-Circuit Conditions

2.1 Introduction

Capacity fade occurs during storage of lithium-ion battery cells. Several processes

cause this capacity loss of lithium-ion batteries, including loss of active electrode

material, loss of cyclable lithium ions and electrolyte decomposition due to parasitic

electrochemical reactions on the electrode surface [2, 3]. The growth of solid elec-

trolyte interface (SEI), which is a product from the parasitic reactions, inhibits further

electrolyte decomposition [4]. In the literature, many researchers have investigated

the most important lithium-ion battery degradation mechanism is the growth of the

SEI layer on the graphite electrode [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,

19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41].

In these studies, the SEI growth was modeled by assuming either kinetically limited

[18, 24, 25, 29], transport limited [21, 32, 42] or electron tunneling [36, 37, 38].

In the parabolic SEI growth models developed by Peled et al.,[4] and Brous-

sely et al.,[6] they assumed that electron transport across the SEI layer is the rate-

determining step. The side reactions were assumed to occur on the interface between

the SEI layer and electrolyte. However, they did not validate their equations against

any SEI experimental measurements. Christensen et al.[7], Colclasure et al.[8], Das

et al.,[36], and Tang et al.[37] developed mixed mode models based on the diffusion

of electrons across SEI. Also, these authors did not support their hypothesis of elec-
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trons transfer across the SEI layer with any SEI experimental data in all these studies

[7, 8, 41].

Das et al.[36] proposed a mixed ion electron conductor SEI growth model with

spatially resolved concentrations. In their work, they assume that electron transport

is rate limiting as opposed to solvent diffusion and the source of lithium ions par-

ticipating in SEI growth is the electrolyte. Their assumption may be valid for short

periods of storage time, but they do not present any experimental evidence to support

their assumptions. We think the diffusion of solvent can explain their observations.

Chouchane et al.[35] reported a new 3D microstructure resolved computational model,

and the exponential dependence of SEI growth on electrode potential led to inhomo-

geneous SEI growth throughout the electrode. In our model, we focused on a local

scale at the electrode/electrolyte interface by simplifying the actual porous electrode

mesostructure, which we described by using an effective diffusivity in porous media.

SEIs formed on Li, Na, and Mg metal electrodes have received increased atten-

tion from the scientific research community. For example, Lim et al.[43] reported that

densification of SEI is observed on Li/Na metal electrodes in carbonate electrolytes

and glyme-based electrolytes. Furthermore, the gradual change of overpotential is

shown during cycling on Li metal, whereas Na exhibits intermittent overpotential

spikes, which may lead to chemical/ mechanical instabilities. Also, on Mg metal

electrodes with glyme-based electrolytes, the surface limiting reaction growth mecha-

nism is shown to proceed through SEI densification or because of inherent mechanical

instabilities [44].

Zhang et al.[33] developed a single particle model to simulate the loss of lithium

ions and listed various stages of capacity fade during the constant voltage condi-

tions. They calibrated against experimental data to obtain estimated parameters

and proposed that the first stage of capacity loss is relevant with SEI. Ning et al.[18],

Ramadass et al.[24], developed a charge-discharge cycling model to simulate the ca-
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pacity fade of Li-ion batteries by considering the kinetics of the solvent reduction

reaction.

Capacity fade as a function of time raised to half, t0.5, is most commonly attributed

to diffusion limited SEI growth models for lithium-ion batteries [21, 28, 41]. Ploehn et

al.[21] proposed an SEI formation model by considering the solvent diffusion through

the SEI porous layer as the rate-determining step, and the numerical results match

the experimental observations reasonably well. Yoshida et al.[32] measured the SEI

thickness on the anode carbon surface by focused ion beam (FIB), scanning electron

microscopy (SEM), and X-ray photoelectron spectroscopy (XPS). They assumed that

SEI is formed by a reaction between intercalated Li and the electrolyte in the SEI

on the negative carbon surface where diffusion of the electrolyte in the SEI is the

rate-determining step of the reaction. Furthermore, these authors assumed that the

electrons are located on the carbon surface, and the SEI is an ionic conducting and

electronically insulating layer.

Sankarasubramanian et al.[28] assumed linear diffusion of the solvent through

the SEI layer and used first order kinetics to describe side reactions. Deshpande

et al.[10] extended Phul et al.s[19] work by adding the diffusion of the solvent, but

the results did not match with the experimental data. Pinson et al.[20] used first-

order kinetics and linear diffusion of solvent through SEI to express a side reaction

in the single-particle model. The loss of lithium is used to show the formation of SEI

on the negative electrode. They applied Butler-Volmer kinetics and charged species

conservation as an alternative way to describe the side reaction and simulated the

SEI layer growth in the porous electrode model.

Lamorgese et al.[14], Ashwin et al.[5], Fu et al.[11], and Lin et al.[16] set up

a pseudo-two-dimensional (P2D) model to simulate the SEI formation by applying

porous electrode theory and assuming that the current density of the side reaction

which follows Tafel kinetics. Liu et al.[17] and Zhao et al.[34] added the solvent
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diffusion which follows Ficks second law through the SEI layer in their P2D simula-

tion. Jin et al.[12] used a reduced-order approach to simplify the P2D model which

contains solvent diffusion and Tafel kinetics, and they were able to validate their

model with the experimental results. Kamyab et al.[13] extended Ploehn et al.[21]

work by adding the Tafel kinetics within the film growth to mixed mode. They also

assumed the linear diffusion problem but with Tafel kinetics to obtain an analytical

solution of SEI films thickness and capacity loss to compare with the experimental

data under trickle charge storage. Rahamian et al.[23] listed the kinetic-limited and

diffusion-limited processes under extreme conditions to reveal that the growth of SEI

is linear in the kinetic-limited region initially, and then the thickness is a function

of the square root of time in the diffusion-limited region. Safari et al.[27] in 2008

proposed the diffusion of solvent and Tafel kinetics in a single-particle model under

various conditions. They concluded that the growth of the film would be controlled

by diffusion; besides, under OCV storage, the values of the diffusion coefficient and

reaction rate adjusted by them were relatively large. Safari et al.[26] in 2011 refined

their equations and parameters to simulate their model again. They ignored the

change of the open-circuit voltage and the influence of the initial SOC. After the

improvement, they concluded that both diffusion and kinetics control the growth of

the SEI film, and the growth of the film is maximized when the initial SOC is 100%.

The diffusion of a solvent through the film combined with the electrochemical

kinetics of the side reaction will describe the film growth. Ramasamy et al.[25] sim-

ulated zero-dimensional SEI growth and capacity loss under open-circuit conditions

using Tafel kinetics only; an ordinary differential equation is listed as how lithium is

consumed in the side reaction. In this work, we extend their model by establishing a

one-dimensional SEI film, the diffusion of the solvent in the film, which follows Ficks

second law. The electrochemical reaction occurs at the interface between the SEI and

the electrode. According to the theory of moving SEI film mentioned by Kamyab et
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al.[13] and Ploehn et al.[21], the growth rate of SEI is obtained.

All the previous models reviewed here focused on cycling effects, constant volt-

age charging. We present here a mixed mode model operated under open circuit

conditions, where diffusion of the solvent through the SEI layer is combined with a

solvent reduction reaction at the SEI/electrode interface. The governing equations

are solved numerically using COMSOL and MATLAB to predict the OCV value of

the electrode, the SEI layer thickness, and the capacity loss. The OCV of the negative

electrode from the model is fitted with the experimental data obtained from a SONY

18650 lithium-ion cell [25]. The effective diffusion coefficient of the solvent and the

kinetic reaction rate of the SEI side reaction are obtained from curve fitting with

the experimental data. Additionally, we developed an alternative approach to solve

the nonlinear partial differential equation using the Landau transformation. By mak-

ing the moving boundary fixed, we can solve the governing equations and boundary

conditions easily and optimize the best-estimated parameters.

2.2 Model Development

System geometry and physical assumptions

The solvent (S) and lithium ions (Li+) diffuse through the SEI layer and react with

the electrons on the electrode surface, which results in the formation of an insoluble

product (P) at the electrode/SEI interface. The SEI growth on the electrode is shown

schematically in Figure 2.1 In the present study, the model is developed to analyze

the behavior of critical aging mechanisms and their impact on the capacity fade in

the negative electrode. The following assumptions have been applied in the modeling

of SEI growth under open circuit conditions.

1. Two components are in the system: porous domain of solvent (cs) and lithium ions

(Li+) at the electrode surface.
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Figure 2.1: Schematic illustration of the side reaction at the anode particle. The solid
lithium ions (blue circles) de-intercalate the solution lithium ions (grey circles) and
electrons (yellow circles); the solvent (ethylene carbonate) (red circles) will react with
electrons and lithium ions at the electrode surface, the product covers the surface of
the electrode and increases with the storage time. The product is shown as green
hexagons. The right schematic is a one-dimensional SEI layer which is the projection
from the particle.

2. Decomposition of anion are not considered at the electrode/electrolyte interface

as the electrolyte used was 1M LiPF6 − EC/PC (50:50 vol %) which is very dilute.

3. We assume a porous structure for the SEI layer, the liquid electrolyte fills the

pores of the SEI and reaches the electrode surface.

4. Diffusion of the solvent occurs only in the x direction; thus, the growth of the SEI

is uniform in the y and z directions.

5. The overall self-discharge rate is so slow that it is not limited by diffusion of lithium

ions out of the carbon electrode.

10



Electrochemical SEI reaction kinetics

The electrochemical reaction for SEI formation at the solid/electrolyte interface can

be expressed as [45, 46]:

2Li+ + S + 2e− → P (2.1)

A schematic of the electrode-SEI-electrolyte interface is shown in Figure 1. For an

SEI layer much smaller in thickness than a typical particle of active material, the

particle surface can be assumed to have zero curvature and is modeled in 1D carte-

sian coordinates. (P) represents the main inorganic component of solid electrolyte

interphase (SEI). Christensen et al.[7] and Colclasure et al.[8] listed their reactions

and utilized (Li2CO3) as the main product. The releasing of flammable hydrocar-

bon methane gas is ignored in this work for simplicity. The rate of SEI formation is

obtained from the kinetic equation for the electrochemical reaction at the electrode

surface based on the Butler-Volmer equation:

JSEI = JSEI,0

[
cp

cp,max

exp
(

αanFηSEI

RT

)
− cs

cs,max

c2
Li

c2
Li,max

exp
(

−αcnFηSEI

RT

)]
(2.2)

In Eq. (2), the exchange current density for solvent reduction, , depends on the initial

surface concentration of lithium ions.

JSEI,0 = nFkSEIc
n(1−αc)
Li,max (2.3)

where kSEI is the kinetic reaction rate constant. We assumed that the potential

window of interest is far from the reversible potential; consequently, it should be

reasonable to model the SEI side reaction with Tafel kinetics [24, 25, 47] as follows:

JSEI = −JSEI,0

[
cs

cs,max

c2
Li

c2
Li,max

exp
(

−αcnFηSEI

RT

)]
(2.4)

where cs is the solvent concentration in the SEI porous layer. The overpotential ηSEI

is defined as

ηSEI = UOCP − USEI
s (2.5)
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where UOCP is the open-circuit potential of the anode, which is a function of SoC,

as given in Appendix C. USEI
s is the irreversible open circuit potential for solvent

reduction, which is a constant. The side reaction consumes not only solvent but also

active lithium ions. The consumption of lithium ions will be expressed by an ordinary

differential equation since there is no net current. Therefore, the consumption of

lithium is proportional to the current density of the side reaction.

1
a

dcLi

dt
= JSEI

nF
(2.6)

where a is a specific surface area whose value is listed in Table 1.

Solvent diffusion

Ficks second law obtains a linear diffusion equation representing the solvent diffusion

in the SEI layer in a moving boundary system.

∂cs

∂t
= Deff

s

∂2cs

∂x2 (2.7)

where cs is the concentration of the solvent and Deff
s is the effective diffusivity of the

solvent.

Deff
s = Dsϵ

1.5
SEI (2.8)

where Ds is the free stream diffusion coefficient of the solvent and is the SEI porosity.

The above equation is valid in the region x = 0 to x = L(t), where L(t) represents

the length of the SEI layer (SEI-electrode interface, see Figure 1). The corresponding

initial and boundary conditions are as follows. At the interface between the SEI and

the electrolyte, the concentration is given by

cs = ϵSEIcs,bulk @ x = 0 (2.9)

At the boundary between the SEI and the electrode, the solvent flux matches the

side reaction current, which gives

−Deff
s

∂cs

∂x
= −JSEI

nF
@ x = L (2.10)
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where cs,bulk is the solvent concentration in the bulk of the electrolyte. Initially, the

solvent concentration cs = ϵSEIcs,bulk in the SEI layer.

Surface film thickness

SEI layers constitute the surface film covering the graphite electrode. In the model,

the growth rate of SEI will be associated with the flux at the electrode/SEI interface,

which is derived by Kamyab et al.[13]

dL

dt
= −Deff

s

Mp

ρp

dcs

dx
(2.11)

where Mp and ρp are molar weights and densities for the SEI layer. The ratio of the

thickness to the molar weight corresponds to constant concentration for the SEI layer

formed on negative electrodes, and they are given as cp in Table 1.

Numerical solution technique

The mathematical model for the SEI growth under open-circuit conditions has two

governing equations Eqs. (6) and (7), which need to be solved simultaneously. These

nonlinear partial differential equations are coupled with changing the thickness of the

system due to the formation of the SEI Eq. (11). This moving boundary problem can

be transformed into a fixed boundary problem by introducing new space coordinates

and applying the Landau transform. The transformations in the porous SEI medium

0 < x < L(t) is given by the following equation.

ξ = x

L(t) (2.12)

where ξ is the dimensionless spatial positions in the SEI layer vary between 0 and

1. Applying this transformation results in a modification of the governing equations

and boundary conditions. The change of coordinates and application of Landau

transforms are described in Appendix D.
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Figure 2.2: The OCP curves from solutions with different grid spacing h.

The modified equations were solved by using a commercial finite element package,

COMSOL Multiphysics (version 5.6), and by using a fully implicit backward time

centered space finite difference method in MATLAB. This converts the differential

equations into nonlinear and linear equations, which were solved using MATLABs

stiff solver ode 15s. The OCP versus time curves from solutions for decreasing values

of the grid spacing, h, is presented in Figure 2. The results from both the methods

are consistent. All the simulations in this paper were performed on a PC with a 3.80

GHz processor and 64 GB RAM (running Windows 10).

Parameter estimation

To check the agreement of the mathematical model with the experimental data ob-

tained on the SONY 18650 lithium-ion cell, the values of certain parameters in this

model need to be estimated. Parameter estimation is a useful approach to find ki-

netic and transport parameters from the experimental data. Therefore, we used two

methods in this work: the optimization module in COMSOL and a multi-parameter

14



least square curve fitting procedure in MATLAB to interpret the data. Such tech-

niques are typically formulated to minimize the sum-of-squared differences between

the model outputs and their experimentally measured values.

Obj = minp

{
n∑

i=1

(
OCP mod

i (ti, p) − OCP exp
i (ti)

)2
}

: pl ≤ p ≤ pu (2.13)

where subscripts mod and exp represent model and experimental results, and pl and

pu are the lower and upper bounds for the parameters, respectively; n represents

the number of time steps simulated. The nonlinear regression is performed using

the Levenberg-Marquardt optimization algorithm in COMSOL Multiphysics and the

least squares subroutine in MATLAB (LSQNONLIN). Therefore, by fitting the OCP

curves, two parameters are estimated simultaneously with 95% confidence intervals:

the kinetic reaction rate constant of side reaction and the effective diffusion coefficient

of solvent. Confidence intervals for individual parameters are determined using the

t-test statistic and the linear approximation method[48] that specifies an upper and

lower limit to the deviation from the optimal solution. The confidence interval for an

individual parameter pj for a confidence level (1 − α) is given by pj ± t(1−α/2,n−k)σj

where σj is the standard deviation of the parameter pj, and k is the number of

parameters to identify. Here t(1−α/2,n−k) statistic has two arguments n − k degrees of

freedom, and that leaves a probability of α/2 in the upper tail and 1 − α/2 in the

lower tail.

2.3 Result and Discussion

Connection of model with experiment

The OCV of the SONY 18650 lithium-ion cell as a function of time at different

temperatures of 25 ◦C and 35 ◦C is reported in the literature by Ramasamy et al

[25]. Table I summarizes the design specifications and a list of characteristics of this

cell. The OCP, SEI thickness, and capacity loss provide a better understanding of
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Figure 2.3: Data for the SONY 18650 cell stored at 100% SOC and were performed
at 25 ◦C and 35 ◦C over 365 days (o). The lines are from the numerical solution of
our mixed mode model (-) and kinetic limited model (- - -) for OCP of the negative
electrode as a function of time in days.

how different parameters such as Deff
s , kSEI , and ϵSEI are correlated with each other

to obtain a certain OCP value and how a variation may affect the output.

The OCV vs. t data points for the SONY 18650 cell and the mixed mode model

fit is shown in Figure 3. The kinetic limited model by Ramasamy et al.[25] is re-

produced by assuming that the SEI growth occurs at the kinetic limited rate (i.e.,

the concentration of the solvent is present in excess at the anode/SEI film interface).

Ramasamy et al.[25] assumed the SEI layer to be a non-porous solid phase and pre-

dicted that the capacity loss caused by the SEI growth changes linearly with the

square root of time. As shown in Figure 2.3 here and in Figure 3 in Ref. [24], in

which they fit their kinetic limited model predictions to their experimental data, it

can be seen that the kinetic-limited model is only an approximate model. Also, the

kinetic rate constant extracted from their fit to the experimental data for 25 ◦C and

35 ◦C is one order of magnitude smaller and than the kinetic rate constant in our
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Table 2.1: Published and assumed characteristics of the SONY 18650 lithium-ion cell.

Symbol (Unit) Description Value References
a Specific surface area of the electrode 3 × 106 [24]

cLi,max Maximum lithium concentration in the electrode 3.056 × 104 [24]
cs,bulk Bulk concentration of solvent 4541 [26]

L0 Initial SEI film thickness 0.001 Assumed
USEI SEI formation equilibrium potential 0.4 [12,24]
ϵSEI Porosity of SEI film 0.05 [12,24]
cp Constant concentration of SEI layer 28556 [12]

Table 2.2: Estimated Model Parameters for SONY 18650 lithium-ion cell monitored
at 25 ◦C.

Parameters COMSOL MATLAB
kSEI m/s 1.6434 × 10−17 ± 4.3424 × 10−18 1.6545 × 10−17 ± 4.6825 × 10−18

Deff
s m2/s 1.4029 × 10−19 ± 4.3755 × 10−20 1.4213 × 10−19 ± 4.7289 × 10−20

Dsm
2/s 1.2548 × 10−17 1.2712 × 10−17

Table 2.3: Estimated Model Parameters for SONY 18650 lithium-ion cell monitored
at 35 ◦C.

Parameters COMSOL MATLAB
kSEI m/s 9.9560 × 10−17 ± 2.7989 × 10−17 9.5227 × 10−17 ± 2.9625 × 10−17

Deff
s m2/s 7.2369 × 10−19 ± 2.5983 × 10−19 8.1678 × 10−19 ± 2.7291 × 10−19

Dsm
2/s 6.4728 × 10−17 7.3055 × 10−17

mixed model. As shown in Figure 2.3, the overall quality of the mixed mode model

predictions of the OCP data for the SONY 18650 cell demonstrates that the mixed

mode model provides a satisfactory description of the OCP due to the growth of the

SEI, which is valid for the entire time period that the lithium-ion cells were stored

under open-circuit conditions.

The kinetic rate constant kSEI and the effective diffusion coefficient Deff
s extracted

from the curve fitting to the experimental data points at different temperatures of 25
◦C and 35 ◦C for the SONY 18650 cell, and the SEI parameters used in the model

are listed in Tables I, II and III.

In addition, confidence intervals were obtained to provide an accuracy range for

the estimated parameters. The nonlinear confidence interval is shown in Figure 2.4

by producing a contour plot of the objective function with variations in the two
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Figure 2.4: Contour plot of the objective function Obj in (2.13) as a function of
kinetic rate constant and the effective diffusion coefficient

parameters. The optimal solution is shown at the center of the plot and the objective

function becomes worse (higher) away from the optimal solution. As the values in

Table II and III indicate, the kinetics and diffusion parameters based on the two

numerical approaches (finite element and finite difference methods) are reasonably

close to each other, demonstrating the credibility of the mixed mode model to simulate

the growth of the SEI layer.

Solvent concentration

The current model equations have been evaluated for concentration profiles in the

SEI layer for 365 days. Figure 2.5 shows the plots for the variation of concentration

with time at the electrode/SEI interface of the SONY 18650 cell. Initially, solvent

consumption is expected to be higher, manifested in the faster rate of SEI formation

or the moving boundary velocity. Under these circumstances, the diffusion of solvent

ions reaches a steady state, and the SEI layer grows faster and thicker. As the time

increases, the concentration profile drops and rises as the interface shifts towards

higher solvent concentrations. The drop in concentration occurs as the Li+ ions at

the interface are depleted. The rise occurs as the diffusion occurs, increasing the
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Figure 2.5: Solvent concentration versus SEI thickness in mixed mode model over
365 days.

solvent concentration at the interface as it moves.

Diffusion coefficient, kinetic rate constant and State of

Charge parametric study

The chemical kinetics and transport properties of the SEI growth model, such as

the kinetic rate constant of the solvent reduction reaction and diffusion coefficient

of the solvent, are critical in estimating open circuit potential, SEI thickness, and

capacity loss. To investigate the effect of the diffusion coefficient of the solvent, OCP

predictions for different diffusion coefficient values are shown in Figure 2.6a for the

SONY 18650 cell. As shown in Figure 2.6a, the higher diffusion coefficient of the

solvent results in a higher OCP value due to faster diffusion of the solvent. In other

words, the film growth rate at the negative electrode is greater for the higher diffusion

coefficients. We did not consider the passivation effects in our model, as the long-term

degradation of lithium-ion batteries is caused by the formation and continued growth
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of the SEI layer.

(a) (b)

Figure 2.6: Measured (O) and simulated (-) OCP as function of time for different a)
diffusion coefficient b) reaction rate constant values.

A similar parametric study was conducted to evaluate the effect of the kinetic

rate constant of the solvent reduction reaction on the OCP and OCP predictions for

different kSEI values are shown in Figure 2.6b for the SONY 18650 cell. The solid

curves fitted to the measurement data points are the simulation result for kSEI =

1.6434 × 10−17 m/s. Figure 2.6b illustrates, OCP value increases more rapidly with

time for higher value due to a higher rate of SEI formation. The dependency of the

OCP on the kinetic rate constant of the solvent reduction reaction can be explained

through the correlation between the Tafel kinetics and the growth rate of the SEI

layer shown in Eqs. 2 and 9.

In order to investigate the effect of the SOC of the electrode, SEI thickness and

capacity loss predictions for different initial SoCs are shown in Figures 7a and 7b

for a SONY 18650 cell. As shown in Figure 7b, the higher SoC of the electrode

results in more capacity loss. In other words, the SEI growth rate at the negative

electrode is more significant for the fully charged cells than for the cells with a lower

SoC, as presented in Figure 7a. In addition, at higher SoC, the OCP of the negative

electrode is more cathodic to the solvent reduction potential than that of the electrode
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(a) (b)

(c)

Figure 2.7: Plots of (a) SEI thickness as a function of time, (b) capacity loss due to
self-discharge of the carbon electrode and (c) overpotential for solvent reduction as a
function of storage time, simulated for different initial SoC values.

with lower SoC. In other words, the overpotential for the solvent reduction reaction

increases with the SoC of the negative electrode, as presented in Figure 7c.

SEI thickness

It is important to understand the relationship among diffusivity, side reaction rate,

and SEI layer growth characteristics. When the diffusion coefficient is small, the

system becomes diffusion limited. Figure 8a shows the SEI layer growth with different

diffusion coefficients for the solvent in the SEI layer. On the other hand, with a large
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diffusion coefficient, the system becomes more kinetics limited. For example, with

the diffusion coefficients varied by two orders of magnitude, the SEI layer grows two

times thick. This is because the solvent diffuses through the porous SEI layer more

easily to reach the electrode surface with a higher diffusion coefficient. Therefore, the

SEI layer grows faster and thicker.

(a) (b)

Figure 2.8: Effect of a) solvent diffusion coefficient and b) kinetic reaction rate con-
stant on SEI growth.

The SEI layer growth also depends on the kinetics of the side reaction. Figure 8b

shows the effect of the side reaction rate constant on SEI growth. The reaction rate

is varied by two orders of magnitude. The SEI layer grows faster and thicker with a

faster reaction rate. The overall trend is that the SEI layer grows quickly initially.

This is because the initial growth of SEI is diffusion limited. Then, the growth rate

gradually slows down due to the rising resistance from the layer thickness, making

the system shift toward kinetic limited.

Ramasamy et al. [25] derived their expression for the SEI thickness using a kinetic

limited model that increases continuously over time due to the solvent reduction

reaction (see Eq. 13 in Ref. 24). In addition, they assumed the solvent is present

in excess at the electrode/SEI film interface and thus do not limit the reduction

reaction rate and the rate constant for the side reaction, kSEI m/s to be 1.5 × 10−18
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Figure 2.9: SEI thickness as a function of time in our mixed mode model (-) and
reproduced solutions from reference Ramasamy et al. [24] (- -). Ramasamy et al.s
Eq.13 with the rate constant of greatly deviates from our model.

(see Figure 3 caption in Ref. 24). Figure 2.9 shows their model prediction for the

SEI thickness, which greatly deviates (almost 1.5 times more) from our mixed mode

model prediction.

Capacity loss

The capacity loss is proportional to the current density of the side reaction. Therefore,

the loss of active lithium-ions per unit surface area during storage was estimated using

the following equation:

Capacityloss =
∫ tfinal

0
|JSEI |dt (2.14)

Figure 2.10 shows the capacity loss due to SEI growth from our mixed-mode model

and comparison with Ramasamy et al.[25] kinetic limited model that increases con-

tinuously over time due to the solvent reduction reaction (see Eq. 10 in Ref. 24).
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Figure 2.10: Capacity loss as a function of time in our mixed mode model (-) and
reproduced solutions from reference Ramasamy et al. [24] (- -). Ramasamy et al.s
Eq.10 with the rate constant of greatly deviates from our model.

Their model prediction for the capacity loss greatly deviates (almost 1.5 times more).

2.4 Conclusions

In this study, the SEI layer growth was modeled as a side reaction of solvent reduc-

tion at the anode under open-circuit conditions. The SEI grows depending on the

diffusion of solvent through SEI layer and its corresponding reaction kinetics with the

deintercalated lithium ions where it is associated with current density of side reac-

tion at the electrode/SEI interface. The experimental data for OCV storage from the

literature is fitted and results present the mixed mode simulation displaying lower

capacity loss and thinner SEI due to its growth under open circuit condition than

previous results presented by others [25]. In the OCV storage process, lithium ions

will de-intercalate from the negative electrode, then the SOC reduction induces the

rise of OCV value of the negative electrode. The different magnitudes of effective
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diffusion coefficient of solvent and side reaction rate both play key roles in affecting

SEI growth. An alternative approach, for solving partial differential equations, which

fixes moving boundary problem, is computed using COMSOL and MATLAB to get

parameter estimates and confidence intervals. The estimated parameters using in this

work are validated with the experimental data in literature.
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Chapter 3

Higher corrections of the Ilkovich equation

3.1 Introduction

The Ilkovich equation quantifies the limiting diffusion current at a dropping mercury

electrode, an experimental apparatus first deployed for electrochemical measurements

by Heyrovsky [49]. Ilkovich originally developed a formula for the current in the limit

where the diffusion boundary layer is negligibly small compared to the mercury drop’s

radius. He showed that the total current flow, averaged over the droplet lifetime, is

proportional to the sixth root of time [50, 51]. The model was formulated as a

convective-diffusion problem by MacGillavry and Rideal [52]. A first-order correction,

with an additional term up to the cube root of time, was developed by Koutecky [53],

although Levich noted that the reported formula was incorrect [54]. An accurate

calculation of the first-order term was presented by Newman in this journal [55].

More recently, Samec gave a compelling history of the Ilkovich problem, although it

omits the later corrections of Koutecky’s results by Levich and Newman [56].

The purpose of this section is to develop a second-order correction to the Ilkovich

equation. We show that the instantaneous molar flowrate N(t) of a solute with bulk

concentration c∞ and diffusivity D at the surface of a dropping mercury electrode

supplied at volumetric flowrate Q depends on time t as1

N (t) = K0c∞Q2/3D1/2t1/6

1 + K1

(
D3t

Q2

)1/6

+ K2

(
D3t

Q2

)1/3

+ ...

 , (3.1)

1Note that the expression in equation 3.1 is given in terms of time t after the droplet begins to
fall. Ilkovich reported an equation averaged over the drop time td.
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in which K0, K1, and K2 are numerical constants given by

K0 =
(16464

π

)1/6
= 4.16771085...

K1 =
16 · 481/6Γ

(
15
14

)
π1/3

11Γ
(

11
7

)√
7

= 1.66060563...

K2 = 1621/3π2/3

1694

480Γ
(

15
14

)
Γ
(

8
7

)
Γ
(

11
7

)
Γ
(

23
14

) − 469
 = 0.49216295..., (3.2)

and Γ represents the gamma function. Time averaging N(t) over the drop time

td produces the Ilkovich formula in its standard form, discussed further in sections

below.

In the course of identifying these constants we introduce an asymptotic perturba-

tion analysis that systematically produces equation systems governing terms of higher

order, clarifying the earlier Newman–Levich calculation of K1. Finally, we test our

analytical results against a numerical solution of the governing system, showing that

the second-order correction substantially increases the timescale across which the

asymptotic model is valid.

3.2 Problem statement and nondimensionalization

Consider a spherical droplet of mercury with time-dependent radius, which grows

at constant volumetric flowrate from a volume of zero at time zero. This droplet

is immersed in an incompressible liquid solution containing a solute with constant

diffusivity at a dilute constant bulk concentration. Also at time zero, a voltage

is applied between the mercury and the bulk solution, inducing an electrochemical

surface reaction that consumes the solute. The Ilkovich problem asks: given an

applied voltage large enough to make the solute concentration vanish completely and

immediately at the droplet boundary, how does the total molar flowrate of solute to

the surface vary with time after the voltage is applied? A solution valid at times

sufficiently short is given by equation 3.1 above, which we proceed to derive now.
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Since the volumetric flowrate of the mercury is constant, the droplet volume at

time t is
4
3πr3

0 = Qt, so that r0 (t) =
(3Q

4π

)1/3
t1/3, (3.3)

i.e., the droplet’s radius r0 grows with the cube root of time. The only nonzero

component of the fluid velocity is radial, vr, and the flow satisfies vr (t, r0) = dr0/dt

at the droplet surface. Thus, since the dilute condition ensures that the fluid’s density

is constant, mass continuity requires that the flow field for all r ≥ r0 is

vr (r) = Q

4πr2 . (3.4)

Conveniently, the constancy of Q guarantees that this relationship is independent of

time. To illustrate the solute’s transient behavior, we seek a concentration distribu-

tion c (t, r) that satisfies the radial spherical convective diffusion governing equation

(GE)

GE: ∂c

∂t
+ vr (r) ∂c

∂r
= D

(
2
r

∂c

∂r
+ ∂2c

∂r2

)
, (3.5)

subject to an initial condition (IC)

IC: c (0, r) = c∞, (3.6)

as well as inner and outer boundary conditions (BCi and BCii, respectively)

BCi: c (t, r0 (t)) = 0 and BCii: c (t, ∞) = c∞. (3.7)

Solving the system of equations 3.5-3.7 will enable computation of the excess molar

flux, which is proportional to the concentration gradient at the droplet surface.

First nondimensionalize the problem to simplify the system of equations. Observe

that different powers of parameters D and Q can be combined to identify characteris-

tic length and time scales; inspection of the dimensional matrix for this system shows

that it affords three dimensionless degrees of freedom. By changing variables to

C = c − c∞

c∞
, T = 16π2D3t

Q2 , and R = 4πDr

Q
, (3.8)
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the equation system can be cast dimensionlessly as

GE: ∂C

∂T
+ 1

R2
∂C

∂R
= 2

R

∂C

∂R
+ ∂2C

∂R2 (3.9)

IC: C (0, R) = 0 (3.10)

BCi: C
(
T, (3T )1/3

)
= −1 BCii: C (T, ∞) = 0. (3.11)

Here we see why the Ilkovich problem is particularly interesting: it yields a model of

the system response with no free parameters. Hence it should be possible to establish

a universal solution applicable to many different experimental situations.

Analytical approaches to solve equations 3.9-3.11 are impeded by the fact that BCi

sits on a moving boundary, a difficulty resolved by changing coordinates. The moving

boundary can be made stationary by introducing a new position descriptor that puts

the radial coordinate in units of the droplet radius. Also, since the concentration

distribution close to the droplet is of primary interest, it is prudent to translate this

position such that BCi moves to the origin. To establish new coordinates take

t (T, R) = T and r (T, R) = R

(3T )1/3 − 1. (3.12)

The Jacobian of this coordinate transformation is
∂t
∂T

= 1 ∂t
∂R

= 0,

∂r
∂T

= − R

(3T )4/3 = −r + 1
3t

∂r
∂R

= 1
(3T )1/3 = 1

(3t)1/3 .
(3.13)

Thus, according to the chain rule, the derivatives of C in the original laboratory

frame {T, R} and the new coordinates {t, r}, in which the inner boundary is fixed

to the droplet surface and the radial coordinate is normalized by the droplet radius

relate, through

∂C

∂T
= ∂C

∂t
∂t
∂T

+ ∂C

∂r
∂r
∂T

= ∂C

∂t − (r + 1)
3t

∂C

∂r ,

∂C

∂R
= ∂C

∂t
∂t
∂R

+ ∂C

∂r
∂r
∂R

= 1
(3t)1/3

∂C

∂r , and

∂2C

∂R2 =
[

∂

∂t

(
∂C

∂R

)]
∂t
∂R

+
[

∂

∂r

(
∂C

∂R

)]
∂r
∂R

= 1
(3t)2/3

∂2C

∂r2 . (3.14)
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Incorporation of relations 3.12 and 3.14 transforms the Ilkovich problem to

GE: ∂C

∂t + 1
3t

[
1

(1 + r)2 − 1 − r
]

∂C

∂r = 1
(3t)2/3

(
2

1 + r
∂C

∂r + ∂2C

∂r2

)
(3.15)

IC: C (0, r) = 0 (3.16)

BCi: C (t, 0) = −1 BCii: C (t, ∞) = 0. (3.17)

The new independent variables simplify BCi and BCii at the expense of complicating

GE. Nevertheless, the formulation should be readily tractable numerically and is a

useful starting point for asymptotics.

3.3 Asymptotic analysis and regular perturbation

Since the Ilkovich problem is phrased over a semi-infinite spatial domain, one might

expect the system of equations 3.15-3.17 to be amenable to a similarity transforma-

tion. Because it affords three dimensionless degrees of freedom, however, this system

is not a self-similar problem of the first kind. The key difficulty is that the convective

part of the response (described by the left side of equation 3.15) scales differently with

time than the diffusional part (the right side of equation 3.15). One typically expects

diffusion boundary layers to grow with the square root of time, but the simultaneous

growth of the droplet radius confounds this intuition.

Some practical considerations help to guide the next steps. In a typical experi-

mental apparatus for falling-drop experiments, mercury droplets grow to a maximum

diameter of approximately 0.1 cm. A reasonable estimate of the drop time—the time

taken for the droplet to grow to its maximum size before falling off the capillary tube

that supplies it—is td = 10s. The fastest diffusivities that solutes exhibit in water

are around 5 · 10−5cm2s−1. Taking all of this into account, the maximum time that

concerns us is a dimensionless drop time, td, of order

td = 16π2D3td

Q2 ≈ 10−1. (3.18)
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Thus analysis of system 3.15-3.17 can be limited to small times. We assume that

t << 1 moving forward.

One also expects that the concentration distribution varies transiently within a

diffusion boundary layer, whose penetration depth should grow with time. There-

fore renormalize coordinates again, to amplify the scale of radial positions near the

boundary at small times:

T (t, r) = t and η (t, r) = r
tα . (3.19)

For this transformation, the Jacobian is

∂T
∂t = 1 ∂T

∂r = 0,

∂η

∂t = − αr
tα+1 = −αη

T
∂η

∂r = 1
tα = 1

Tα .

(3.20)

In terms time T and the similarity variable η, the concentration derivatives with

respect to t and r become

∂C

∂t = ∂C

∂T
∂T
∂t + ∂C

∂η

∂η

∂t = ∂C

∂T − αη

T
∂C

∂η
,

∂C

∂r = ∂C

∂T
∂T
∂r + ∂C

∂η

∂η

∂r = 1
Tα

∂C

∂η
, and

∂2C

∂r2 =
[

∂

∂T

(
∂C

∂r

)]
∂T
∂r

+
[

∂

∂η

(
∂C

∂r

)]
∂η

∂r = 1
T2α

∂2C

∂η2 (3.21)

via the chain rule. With the relationships from equations 3.19 and 3.21, the governing

system transforms to

GE: ∂C

∂T + 1
3Tα+1

[
1

(1 + ηTα)2 − 1 − (3α + 1) ηTα

]
∂C

∂η
=

1
32/3T2/3+2α

(
∂2C

∂η2 + 2Tα

1 + ηTα

∂C

∂η

)
(3.22)

IC: lim
η→∞

C (0, η) = 0 (3.23)

BCi: C (T, 0) = −1 BCii: C (T, ∞) = 0. (3.24)
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As mentioned before, one does not expect α = 1/2 because of the radial convection.

Instead some other positive power of time will balance the scale of the convective

term on the left of GE 3.3 with that of the diffusional term on the right.

To perform the balancing of GE 3.3, exploit the conclusion illustrated by equation

3.18, that the dimensionless time is small. Since T (t, r) = t, T << 1 if t is, and

consequently one can replace the following functions of ηTα with their Maclaurin

expansions:

1
1 + ηTα =

∞∑
k=0

(−1)k (ηTα)k and 1
(1 + ηTα)2 =

∞∑
k=0

(k + 1) (−1)k (ηTα)k . (3.25)

Thus GE 3.3 can be rewritten for small T when η = O (1) as

GE: ∂C

∂T − η

T

[
1 + α − ηTα

∞∑
k=0

(
1 + 1

3k
)

(−1)k (ηTα)k

]
∂C

∂η
=

1
32/3T2/3+2α

[
∂2C

∂η2 + 2Tα ∂C

∂η

∞∑
k=1

(−1)k (ηTα)k

]
. (3.26)

In the limit of small T, the sums in equation 3.77 are negligible compared to the

other terms in the square brackets containing them. To ensure that diffusion and

convection within the boundary layer are of equal importance in the small-T limit,

choose α to balance the exponent of T in the steady convective terms on the left with

the exponent on the leading diffusional term on the right. That is, take

1 = 2
3 + 2α =⇒ α = 1

6 . (3.27)

After choosing α = 1/6, the Ilkovich problem becomes

GE: 1
32/3

∂2C

∂η2 + 7
6η

∂C

∂η
= T∂C

∂T + T1/6 ∂C

∂η

∞∑
k=0

[(
1 + k

3

)
η2 − 2

32/3

]
(−η)k Tk/6(3.28)

IC: lim
η→∞

C (0, η) = 0 (3.29)

BCi: C (T, 0) = −1 BCii: C (T, ∞) = 0. (3.30)

The left side of GE 3.28 relates to the standard Cartesian diffusion-layer penetration

problem, whose solution can be used to derive Ilkovich’s original equation.
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To simplify notation and introduce a new time scaling that will help in subsequent

analysis, it is convenient to rescale the position variable such that the left side of

equation 3.28 becomes the error-function differential equation, as well as introducing

a new time variable proportional to T1/6 that makes the right side of GE 3.28 depend

on integer powers of time. The choices

τ (T, η) = 2√
7

(3T)1/6 and ξ (T, η) = η
√

7
2 · 31/6 (3.31)

simplify the governing system to

GE: ∂2C

∂ξ2 + 2ξ
∂C

∂ξ
= 2τ

7
∂C

∂τ
+ 2τ

∂C

∂ξ

∞∑
k=0

(−1)k

[
6
7

(
1 + k

3

)
ξ2 − 1

]
ξkτ k (3.32)

IC: lim
ξ→∞

C (0, ξ) = 0 (3.33)

BCi: C (τ, 0) = −1 BCii: C (τ, ∞) = 0. (3.34)

This restatement clarifies that all the terms on the right are of order τ or higher. By

neglecting these terms, one obtains the problem Ilkovich originally solved.

Observe that the transformed independent variables τ and ξ relate to the original,

dimensional quantities r and t through

τ (r, t) = 2√
7

(
48π2D3t

Q2

)1/6

and ξ (r, t) = [r − r0 (t)]
√

7
12Dt

, (3.35)

where r0 (t) is defined in equation 3.3. These differ slightly from transformations used

in the past, although they relate in a straightforward way. For example, Newman

used a time variable that can be identified as (τ/2)14, and a similarity variable equal

to 2ξ (τ/2)7 [55].

Corrections to the Ilkovich equation can be obtained by perturbation expansion

of the system of equations 3.32-3.34 with respect to time. To implement this assume

that concentration has the form

C (τ, ξ) = C0 (ξ) + τC1 (ξ) + τ 2C2 (ξ) + ... (3.36)

and equate terms with similar powers of τ to formulate a sequence systems that

govern approximations to C of increasing order. Observe that at every order, IC
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and BCii from equations 3.33 and 3.34 collapse to a single condition at ξ → ∞. At

noughth order, one finds that

GE0:
d2C0

dξ2 + 2ξ
dC0

dξ
= 0 (3.37)

BCi0: C0 (0) = −1 BCii0: C0 (∞) = 0; (3.38)

at integer orders n ≥ 1 one finds

GEn: d2Cn

dξ2 + 2ξ
dCn

dξ
− 2n

7 Cn = 2
n∑

k=1
(−1)k

[
1 − 2

7 (2 + k) ξ2
]

ξk−1 dCn−k

dξ
(3.39)

BCin: Cn (0) = 0 BCiin: Cn (∞) = 0. (3.40)

Every positive order of the problem presents an inhomogeneous, linear second-order

ordinary differential equation involving the operator that appears in the error-function

differential equation (albeit of negative fractional degree). This sequence provides the

systematic route by which higher-order corrections to the Ilkovich equation can be

calculated.

3.4 Solution

The noughth-order problem (equations 3.37 and 3.38) is solved by

C0 (ξ) = −erfc (ξ) , (3.41)

which is plotted in figure 3.1. Bear in mind that

dC0

dξ
= 2e−ξ2

√
π

, (3.42)

which is needed to write the first-order problem. At first order

GE1:
d2C1

dξ2 + 2ξ
dC1

dξ
− 2

7C1 = 4√
π

(
6ξ2

7 − 1
)

e−ξ2 (3.43)

BCi1: C1 (0) = 0 BCii1: C1 (∞) = 0. (3.44)

Simplify by letting

C1 (ξ) = e−ξ2
f1 (ξ) , (3.45)
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Figure 3.1: Solution for the concentration distribution C0 from equation 3.41, which
satisfies the zero-order Ilkovich model, equations 3.37 and 3.38.

in which case GE1 from equation 3.43 becomes

GE1′ : d2f1

dξ2 − 2ξ
df1

dξ
− 16

7 f1 = 4√
π

(
6ξ2

7 − 1
)

. (3.46)

The solution to this can be broken up as f1 = fh
1 + fp

1 . To identify a particular

solution, guess that it takes the form of a second-order polynomial,

fp
1 (ξ) = X ′ξ2 + Y ′ξ + Z ′, (3.47)

in which X ′, Y ′, and Z ′ are unknown constants. Substituting equation 3.47 into equa-

tion 3.46 and balancing its coefficients with those of the inhomogeneous polynomial

in equation 3.46 yields

2
7

(
7X ′ − 8Z ′ + 14√

π

)
− 30Y ′

7 ξ + 2
7

(
−22X ′ − 12√

π

)
ξ2 = 0 (3.48)

Linear independence of the terms in this expression requires that the coefficients of

each power of ξ vanish. The values of X ′, Y ′, and Z ′ that satisfy this criterion show

that

fp
1 (ξ) = 14

11
√

π
− 6ξ2

11
√

π
(3.49)
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is a particular solution of GE1′ . The remaining homogeneous problem satisfied by

fh
1 (ξ),

GE1′′ : d2fh
1

dξ2 − 2ξ
dfh

1
dξ

− 16
7 fh

1 = 0 (3.50)

is recognized as the (physicist’s) Hermite differential equation, of order −8/7. A

closed-form solution in terms of two linearly independent functions is given on page

1353 of Weisstein’s book [57]:

fh
1 (ξ) = W ′M(4

7 , 1
2 , ξ2) + V ′H−8/7 (ξ) . (3.51)

Here M(a, b, ξ) is Kummer’s confluent hypergeometric function of the first kind and

Hλ(ξ) is the Hermite polynomial of order λ.2 Because M(a, b, ξ) diverges faster than

exp(ξ2) as ξ approaches infinity, condition BCii1 requires that W ′ = 0. Condition

BCi1 then requires that fh
1 (0) = −fp

1 (0), leaving

V ′H−8/7 (0) = − 14
11

√
π

, (3.52)

so that

V ′ = −
28 · 21/7Γ

(
15
14

)
11π

. (3.53)

Thus the choice of particular solution demands that the homogeneous solution takes

the form

fh
1 (ξ) = −

28 · 21/7Γ
(

15
14

)
11π

H−8/7 (ξ) . (3.54)

2Hermite polynomials are continued over orders that are not whole numbers through the defini-
tion

Hλ (z) = 2λ
√

π

[
M
(
− λ

2 , 1
2 , z2)

Γ
( 1−λ

2
) −

2zM
( 1−λ

2 , 3
2 , z2)

Γ
(
− λ

2
) ]

.

where M (a, b, z) is Kummer’s confluent hypergeometric function of the first kind. In general

d

dz
Hλ (z) = 2λHλ−1 (z)

and Hλ (0) = 2λ
√

π/Γ
( 1

2 − 1
2 λ
)
.
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Figure 3.2: Solution for the concentration distribution C1 from equation 3.55, which
satisfies the first-order correction of the Ilkovich model, equations 3.43 and 3.44. Note
the difference in vertical scale from Figure 3.1.

Adding the functions fh
1 and fp

1 from equations 3.54 and 3.49 together to form f1 in

equation 3.45, the first-order correction of the solute concentration is found to be

C1 (ξ) = 2e−ξ2

11
√

π

7 − 3ξ2 −
7 · 28/7Γ

(
15
14

)
√

π
H−8/7 (ξ)

 , (3.55)

which is depicted in figure 3.2. The first derivative of this function at the boundary

is
dC1

dξ

∣∣∣∣∣
ξ=0

=
16Γ

(
15
14

)
11Γ

(
11
7

)√
π

≈ 0.88780399..., (3.56)

a form very similar to Newman’s equation 25 [55].

Solving the second-order problem is more of a grind, but an essentially similar

approach can be taken. Equation 3.39 shows that

GE2:
d2C2

dξ2 + 2ξ
dC2

dξ
− 4

7C2 = 2
(
1 − 8

7ξ2
)

ξ
dC0

dξ
− 2

(
1 − 6

7ξ2
) dC1

dξ
. (3.57)

Apply the transformation in equation 3.45 to C2 and C1, then insert equation 3.42

to show that

GE2′ : d2f2

dξ2 − 2ξ
df2

dξ
− 18

7 f2 = − 4√
π

(
1 − 8

7ξ2
)

ξ − 2
(
1 − 6

7ξ2
)(df1

dξ
− 2ξf1

)
. (3.58)
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Equations 3.49 and 3.54 combine to establish the function f1 (ξ) that appears here:

f1 (ξ) = 14
11

√
π

− 6ξ2

11
√

π
−

28 · 21/7Γ
(

15
14

)
11π

H−8/7 (ξ) . (3.59)

After substitution of f1 (ξ), the right side of equation 3.58 is observed to comprise

two parts, one of which is a simple polynomial of ξ; because dHλ/dξ = 2λHλ−1, the

other part is a linear combination of H−8/7 (ξ) and H−15/7 (ξ), with coefficients that

are polynomials of ξ. Exploiting the linearity of GE2′ , the particular solution can be

broken into two parts,

fp
2 (ξ) = fp1

2 (ξ) + fp2
2 (ξ) , (3.60)

where fp1
2 accounts for the simple-polynomial dependence and fp2

2 accounts for the

Hermite-polynomial dependence. Guessing an arbitrary fifth-order polynomial shows

that the simple polynomial part of the inhomogeneous term in equation 3.58 is bal-

anced by a particular solution

fp1
2 (ξ) = − 1

121
√

π

(
18ξ5 − 424

3 ξ3 + 903
8 ξ

)
. (3.61)

The inhomogeneous terms dependent on Hermite polynomials can also be balanced

by the method of trial functions, although the procedure is more convoluted. Guess

the form

fp2
2 (ξ) =

(
A′ξ3 + B′ξ2 + C ′ξ + D′

)
fh

1 (ξ) +
(
E ′ξ3 + F ′ξ2 + G′ξ + H ′

) dfh
1

dξ
, (3.62)

where fh
1 (ξ) is given by equation 3.54 and A′, B′, ..., H ′ are arbitrary parameters.

Observe that since fh
1 satisfies the homogeneous version of GE1′ from equation 3.46

(that is, Hermite’s equation of order −8/7) by definition, higher derivatives can be

eliminated in favor of first and second derivatives:

d2fh
1

dξ2 = 2ξ
dfh

1
dξ

+ 16
7 fh

1 and d3fh
1

dξ3 =
(

4ξ2 + 30
7

)
dfh

1
dξ

+ 32
7 ξfh

1 . (3.63)

Thus, upon substitution of equation 3.62 into the form of equation 3.58 obtained

after discarding the polynomial part of the inhomogeneous term, and after using
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equations 3.63 to limit the Hermite polynomials involved to H−8/7 (ξ) and H−15/7 (ξ),

one obtains an equation that can be balanced by choosing appropriate values of the

constants A′, B′, ..., H ′. This balancing yields

fp2
2 (ξ) = ξ

11

(
6ξ2 − 31

2

)
fh

1 (ξ) − 1
11

(
3ξ2 − 35

4

)
dfh

1
dξ

. (3.64)

With both parts of the particular solution identified, the homogeneous problem can

be solved. Boundary condition BCii2 is satisfied by a solution of the form

fh
2 (ξ) = K ′H−9/7 (ξ) , (3.65)

in which the constant K ′ is chosen to satisfy BCi2: fh
2 (0) + fp1

2 (0) + fp2
2 (0) = 0.

Ultimately, after returning to the original variable C2 (ξ), one finds that

C2 (ξ) = 8e−ξ2

121
√

π

−
35 · 22/7Γ

(
15
14

)
Γ
(

8
7

)
√

πΓ
(

11
7

) H−9/7 (ξ) − 9
4ξ5 + 53

3 ξ3 − 903
64 ξ +

7 · 21/7Γ
(

15
14

)
√

π

(31
4 − 3ξ2

)
ξH−8/7 (ξ) +

28/7Γ
(

15
14

)
√

π

(
35 − 12ξ2

)
H−15/7 (ξ)

 . (3.66)

Figure 3.3 provides a plot of this function. Finally, the derivative of the second-order

correction is

dC2

dξ

∣∣∣∣∣
0

= 3
121

√
π

60Γ
(

15
14

)
Γ
(

8
7

)
Γ
(

11
7

)
Γ
(

23
14

) − 469
8

 = 0.12466801... (3.67)

at the inner boundary.

3.5 Computation of the flux

Recall that the Ilkovich problem originally asked for the total diffusion-limited mo-

lar flowrate to the droplet surface during the drop time. The instantaneous molar

flowrate N (t) can be derived from the concentration distribution through Fick’s law,

N (t) = 4πr2
0D

∂c

∂r

∣∣∣∣∣
t,r0

, (3.68)
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Figure 3.3: Solution for the concentration distribution C2 from equation 3.66, which
satisfies the second-order correction of the Ilkovich model, equation 3.57, with homo-
geneous boundary conditions at ξ = 0 and ξ → ∞. The vertical scale again differs
from Figures 3.1 and 3.2.

where a positive concentration gradient is used to make the equation describe flux

out of the fluid phase, and a convection term has been excluded because the solute

concentration vanishes at the boundary of the droplet. Bringing in C from equation

3.8 and r0 (t) from equation 3.3, and then using equation 3.35 to replace t and r with

the dimensionless variables τ and ξ puts equation 3.68 in the form

N (τ) = 7c∞Qτ

4
∂C

∂ξ

∣∣∣∣∣
τ,0

. (3.69)

Insertion of the perturbation expansion from equation 3.36, along with the expressions

of the derivatives at various orders from equations 3.42, 3.56, and 3.67, shows that

the instantaneous flux is given up to the third power of t1/6 by equation 3.1, with

the constants K0, K1, and K2 given by equation 3.2. In closing, this solution can be

connected to prior results. Ilkovich originally reported an equation for flux that was

averaged over the drop time td, i.e.

1
td

∫ td

0
N (t) dt = 6K0

7 c∞Q2/3D1/2t
1/6
d

1 + 7K1

8

(
D3td

Q2

)1/6

+ 7K2

9

(
D3td

Q2

)1/3

+ ...

 .

(3.70)
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With the constants from equation 3.2, one can compute

6K0

7 = 3.57232359... and 7K1

8 = 1.45302993... ; (3.71)

the expression with K0 is the constant originally stated by Ilkovich, and that with

K1 is the first-order correction reported by Newman. The third constant,

7K2

9 = 0.38279341... (3.72)

is computed for the first time here. Higher-order terms could be obtained by following

the general procedure laid out in the previous section.

3.6 Connection to the Newman-Levich expansion

Newman and Levich perform a more intuitively based analysis of the Ilkovich problem.

Although the procedure is more artistic, their method can be shown to produce

zeroth, first, and second order corrections consistent with the functions C0, C1, and

C2 identified above. Note that Newman introduces a parameter γ, defined as

γ =
(3Q

4π

)1/3
, or Q = 4

3πγ3, (3.73)

in place of the flowrate Q. The Newman–Levich form of the Ilkovich problem uses

independent variables

τ ′ =
(

τ

2

)14
=
(

3D

7γ2

)7

t7/3 and z = 2ξ
(

τ

2

)7
= r − γt1/3

γ

(
3D

7γ2

)3

t2/3, (3.74)

which were presumably identified by the method of undetermined scales. After intro-

ducing C in favor of c and substituting these variables for t and r, governing equation

3.5 takes the form

∂C

∂τ ′ − ∂2C

∂z2 =

 1
7τ ′4/7

1 − 1(
1 + z

τ ′3/7

)2 − 2z

τ ′3/7

+
z

τ ′3/7

1 + z
τ ′3/7

 ∂C

∂z
, (3.75)

matching equation 8 of Newman’s paper [55]. Terms on the left describe accumulation

and diffusion; terms on the right account for convection and the derivative of the scale
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factor in the radial part of the spherical Laplacian. The Newman–Levich asymptotics

explores a time regime in which the accumulation and diffusion terms of the governing

equation are of similar order, and the convection and geometric terms are of higher

order. Assuming that C is of order unity, then ∂C/∂τ ′ = O(τ ′−1). Since diffusion is

expected to be of comparable importance to accumulation, ∂2C/∂z2 = O(τ ′−1) too;

because C = O (1) this requires that z = O(τ ′1/2). Indeed, Newman comments that

“z is of order
√

τ ′ in the boundary layer” [55], although he makes this statement after

solving the zero-order problem—presumably because his zero-order result makes the

scaling of z clearer. Furthermore, since z = O(τ ′1/2), it follows that

z

τ ′3/7 = τ ′1/14 · z√
τ ′

= τ ′1/14 · O (1) = O(τ ′1/14), (3.76)

a relationship that helps to identify the orders of all the terms involving z on the right

of equation 3.75. Using the forms τ ′ (τ, ξ) and z (τ, ξ) from equation 3.74 to replace

z with ξ and τ ′, and subsequently performing a Maclaurin expansion in τ ′ under the

assumption that ξ = O (1), one finds that

 1
7τ ′4/7

1 − 1(
1 + z

τ ′3/7

)2 − 2z

τ ′3/7

+
z

τ ′3/7

1 + z
τ ′3/7

 =

2
τ ′3/7

∞∑
k=0

(−1)k

[
1 − (3 + k) z2

14τ ′

] (
z

τ ′3/7

)k

(3.77)

after some algebraic simplification. Remembering that the kth term of the sum on

the right is O(τ ′k/14), one can insert this sum into equation 3.75 to show that

∂C

∂τ ′ − ∂2C

∂z2 = τ ′−13/14
[(

2 − 3z2

zτ ′

)
−
(

4 − 8z2

7τ ′

)
z

2
√

τ ′
τ ′1/14 + O(τ ′2/14)

]
τ ′1/2 ∂C

∂z
.

(3.78)

This explains Newman’s statement that the terms neglected by Ilkovich “are of order

τ ′−13/14 and higher” [55], because the square-bracketed term and τ ′1/2∂C/∂z are both

O(1). From a formal perspective it may be clearer to consider the form of this equation
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obtained after multiplying it through by τ ′, which yields a result in which the terms

on the left of the equals sign are O(1), whereas those on the right are O(τ ′1/14).

Following Levich, one can identify a zero-order solution C0 as the solution of

equation 3.78 obtained when its right side is set equal to zero. This problem can

be solved by standard methods (Laplace transformation, similarity transformation,

etc.), to show that

C0 (τ ′, z) = −erfc
(

z

2
√

τ ′

)
= −1 + 2√

π

∫ z

2
√

τ ′

0
e−x2

dx, (3.79)

which matches equation 3.41 above, as well as Newman’s equation 11 [55].

To get Newman’s correction of the Levich–Ilkovich solution, one can perturb C

around C0 to first order (i.e., up to order τ ′1/14) and require that the perturbation

solve the governing equation obtained by keeping only the first term in square brackets

on the right of equation 3.78. One can implement this by supposing that

C = C0 + θ1 + O(τ ′2/14). (3.80)

Here C0 = O(1), and we assume that θ1 (τ ′, z) = O(τ ′1/14). Noting that ∂θ1/∂z =

O(τ−3/7), and inserting the result for C0, one finds that θ1 satisfies

∂θ1

∂τ ′ − ∂2θ1

∂z2 = 1√
π

(
2

τ ′13/14 − 3z2

7τ ′27/14

)
exp

(
− z2

4τ ′

)
, (3.81)

which is Newman’s equation 13 [55]. After letting

θ1 = 2τ ′1/14
C1

(
z

2
√

τ ′

)
, (3.82)

and after replacing τ ′ and z with the variables ξ and τ via equation 3.74, one discovers

equation 3.43. Thus θ1 relates directly to the function C1 reported earlier, in equation

3.55.

The Newman–Levich expansion can be continued to second order by keeping a

second term on the right of equation 3.78 and incorporating the results for C0 and θ1.

Through a similar process this yields the function C2 given in equation 3.66. Thus
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the Newman–Levich method produces results that match those developed in section

3.5 above, although it follows a more circuitous route.

3.7 Numerical approach

A key advantage of the perturbation method developed in section 3.3 is that it pro-

duces a sequence of systems of linear ordinary differential equations valid up to ar-

bitrarily high orders. Although the analytical techniques from section 3.4 are easily

extended in principle, the process of solving these systems of equations becomes in-

creasingly arduous as the order of the perturbation increases. It will be worthwhile to

check the solutions of the regularly perturbed problem against numerical results, to

see when higher-order corrections beyond those of Ilkovich and Newman are needed.

Another motivation for a numerical approach is that some assumptions underpin-

ning our analysis do not always hold. In section 3.3, the regular perturbation in time

hinges on Maclaurin expansions of the coefficients in governing equation 3.3. Such

expansions require that ηT1/6 < 1 (or ξτ < 1) so that the two series in equation 3.25

lie within their radii of convergence. Recalling that we are interested in a concen-

tration boundary layer, where η (or ξ) is of order unity, use of these series restricts

the analysis to situations where T < 1 (or τ < 1). The reader should be aware that

dimensionless drop times of order unity can be accessed by perfectly reasonable ex-

perimental polarography systems: for example, if D = 5 ·10−5 cm2 s−1, td = 15 s, and

the droplet diameter at td is 0.075 cm, equation 3.18 yields a dimensionless drop time

of ∼ 1.4. In this regime of τ , one must be wary of using the short-time asymptotic

expansion.

Because the Ilkovich problem contains no free parameters, an accurate numerical

solution is worth pursuing anyway. Any numerical results obtained for how flux

depends on time are universal, and can be carried to any regime of τ . From this

philosophical perspective, asymptotic formulas valid at small τ simply help to verify
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numerical methods. Once short-time results have been verified up to the desired

precision, a numerical computation can readily be extended into the regime where

the regular perturbation discussed above no longer works. One might attempt a

matched asymptotic expansion to get analytical traction on the large-time problem,

but it is debatable whether this would yield insight or precision superior to a purely

numerical plan of attack.

Numerics are not a panacaea, however. The ostensible simplicity of the dimen-

sionless problem posed by equations 3.9-3.11 belies some serious barriers to accurate

computation of solutions. First, the time-varying radial boundary in BCi makes spa-

tial meshing difficult. Second, the involvement of a growing concentration boundary

layer, which is extremely thin at small times, necessitates a relationship between the

durations of the time stepping and the fineness of the spatial resolution. A coordinate

transformation that makes BCi stationary yields the system of equations 3.15-3.17.

Unfortunately, this formulation does not alleviate the numerical challenge, but in-

stead moves it to another part of the equation system. The time dependence on the

right in equation 3.15 makes GE ill conditioned, and consequently highly error prone,

at short times.

The asymptotics and perturbation analysis in section 3.3 suggest a route to cir-

cumvent the numerical difficulties posed by equation systems 3.9-3.11 and 3.15-3.17.

Instead of solving either of these systems, we instead solve a transformed version of

the problem that includes the information gained from short-time asymptotics, but

does not employ the Maclaurin expansion used for the perturbation.

A numerically amenable transformed governing equation is found by letting α =

1/6 in equation 3.3, exchanging the independent variables η and T for ξ and τ through

definitions 3.31, and then rearranging terms so that the differential operator from

equation 3.37 appears on the left side of the equality. Next, a more stable initial

condition is identified by recognizing that the expression of C0 (ξ) from equation 3.41
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satisfies the requirements of the IC from equation 3.33, while also satisfying GE, BCi,

and BCii at τ = 0. Thus one arrives at the equation system

GE: ∂2C

∂ξ2 + 2ξ
∂C

∂ξ
= 2τ

7

{
∂C

∂τ
+ [2ξ2 + (1 + ξτ) (4ξ2 − 7)]

(1 + ξτ)2
∂C

∂ξ

}
(3.83)

IC: C (0, ξ) = −erfc (ξ) (3.84)

BCi: C (τ, 0) = −1 BCii: C (τ, ∞) = 0, (3.85)

which can be used to find accurate numerical solutions. The terms on the right of GE

are of order τ or higher in the neighborhood of τ = 0, as can be verified by observing

that Maclaurin expanding the right side of GE with respect to τ produces equation

3.32.

To solve equation system 3.83-3.85, a numerical simulation was performed us-

ing finite elements with Firedrake software [58], using the MUMPS direct linear

solver [59, 60] via PETSc [61, 62]. The spatial discretization consisted of continuous

piecewise second order polynomials on 10,000 equispaced grid points on the interval

ξ ∈ [0, 5] and the time discretization used the implicit first-order Euler scheme with

1000 timesteps in the interval τ ∈ [0, 1]. Exploiting piecewise polynomial functions

in the discretization of the problem allows for a straightforward computation of the

derivative ∂C/∂ξ at ξ = 0 at each time step.

The instantaneous flux to the droplet surface depends on concentration derivatives

at the droplet surface through equation 3.69. Taking the perturbation analysis up to

nth order yields an approximate expression for these derivatives,

∂C

∂ξ

∣∣∣∣∣
τ,0

≈
n∑

k=0

dCk

dξ

∣∣∣∣∣
0

τ k, (3.86)

with the coefficients at noughth, first, and second order on the right given respectively

by equations 3.42, 3.56, and 3.67. Figure 3.4a compares the derivative at the surface

computed numerically via Firedrake with the approximations yielded by the analyses

of Ilkovich (n = 0 in equation 3.86) and Newman (n = 1), as well as the results

developed in sections 3.3 and 3.4 (n = 2).

46



(a)

0.0 0.2 0.4 0.6 0.8 1.0
τ1.0

1.2

1.4

1.6

1.8

2.0

2.2
∂C/∂ξ|τ,0

Newman

Ilkovich

This work

Firedrake

(b)

0.06 0.08 0.10 0.12 0.14

1.16

1.18

1.20

1.22

1.24

1.26

Figure 3.4: (a) Dimensionless spatial concentration gradients at the droplet surface,
∂C/∂ξ|τ,0, computed numerically by solving equations 3.83-3.85 with the Firedrake
finite-element software (red) alongside the analytical approximations from Ilkovich
(gray dashed), Newman (blue dashed), and this work (green dashed). (b) Zoomed
in figure showing second-order correction matching with the numerical result for
τ < 0.15.
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Ilkovich’s approximate solution deviates rapidly from the numerical solution; the

two only match at τ = 0. Newman’s solution broadly captures the time dependence

of (∂C/∂ξ)|τ,0 at short times, matching the numerical result within 0.1% for τ < 0.05,

then deviating increasingly positively from it. The second-order correction extends

this domain, matching the numerical result within 0.1% for τ < 0.15.

Higher corrections impact values of the concentration derivative far more than

they affect Ilkovich’s equation, because Ilkovich’s equation models the average flux

over the drop time, rather than instantaneous flux. Through the definition of a

dimensionless average flux, ⟨N⟩td
, as

⟨N⟩td
= 1

td

∫ td

0
4N (t)dt = 21Qc∞

2τ 6
d

∫ τd

0
τ 6 ∂C

∂ξ

∣∣∣∣∣
τ,0

dτ, (3.87)

the essential content of the Ilkovich equation can be cast dimensionlessly. The sixth

power to which τ is raised in the integral at right makes the error of asymptotic

formulas for the average flux behave somewhat differently than the error in the con-

centration derivative.

To get a numerical expression of ⟨N⟩td
, the integral on the right of equation 3.87

was calculated by applying an explicit second-order backward difference formula to

the integrand, which was calculated at each τ using the numerical results for ∂C
∂ξ

|τ,0.

Figure 3.5b compares this result to the original Ilkovich equation, as well as the cor-

rected forms developed by Newman and in sections 3.3 and 3.4. Both the first and

second-order corrections approximate the true solution of the problem much more

accurately than the Ilkovich formula, which deviates rapidly from the numerical so-

lution. Newman’s approximation deviates by less than 0.1% from Firedrake up to

τ = 0.12. The second-order correction of Ilkovich’s equation improves on this, agree-

ing with the Firedrake result within 0.1% up to dimensionless times of τ = 0.27.

Still, the averaging approach makes the impact of higher-order corrections relatively

marginal. At τ = 1, Newman’s first-order result underpredicts the numerical calcu-
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Figure 3.5: (a) Zoomed in figure. (b) Dimensionless net flux averaged over the
dimensionless drop time, ⟨N⟩τ , computed using the Firedrake finite-element software
(red), compared to the classical Ilkovich result (gray dashed), the first-order correction
by Newman (blue dashed), and the second-order correction from this work (green
dashed).
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Table 3.1: Comparison between different estimated values of the diffusion coefficient
in the revised Ilkovic equation.

Model Nominal Parameter Estimated Parameter 95% C.I.
Ilkovic 5.0 × 10−9 1.0209 × 10−8 1.4329 × 10−10

Newman 5.0 × 10−9 5.1045 × 10−9 1.6542 × 10−11

This work 5.0 × 10−9 4.9390 × 10−9 1.5744 × 10−11

lation by 2.5%, whereas the present, second-order, result overpredicts the numerics

by 2.4%.

3.8 Analysis of Polorographic data

In order to estimate values of the diffusion coefficient using the Ilkovic, Newman, and

the present models, a zero mean Gaussian noise with the specified standard deviation

(0.01) is added to the data obtained by running the rigorous numerical model. The

data consists of the instantaneous current during the life of a drop. The parameters

used to generate the data are: maximum diameter of the droplet is 0.1 cm, drop time

td = 10s, and the diffusivity of solute is 5 · 10−5cm2s−1.

Table 3.1 lists the diffusion coefficient values obtained by fitting the data using

the classical Ilkovich result, the first-order correction by Newman, and the second-

order correction from this work. For comparison, in diffusion coefficients from the

Ilkovic equation without the last two terms, the diffusion coefficient was higher than

the nominal parameter by approximately 100%, and those for the Newman equation

without the last term and the current work were higher by about 2% and 1%, respec-

tively. 95% Confidence intervals are calculated to provide an accuracy range for the

estimated parameters. The results indicate that this work has narrow confidence in-

tervals, while Ilkovic has relatively wide confidence intervals. This finding is intuitive

since large variations in the parameters using Ilkovic produce trivial changes in the

instantaneous current output trajectory.

Figure 3.6 presents the results obtained by fitting the data to the original Ilkovich
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Figure 3.6: Instantaneous current data (red circles) during the life of a drop fitted
to the classical Ilkovich result (gray dashed), the first-order correction by Newman
(blue dashed), and the second-order correction from this work (green dashed).

equation, the corrected forms developed by Newman, and in sections 3.3 and 3.4.

The agreement between data and theory has become better: the deviation at t = 10s

being only 1% for the second order correction, 4.5% for the first order, and 5.9%

for the zeroth order. Thus it is concluded that the second term may not always be

negligible.

3.9 Conclusion

The classical Ilkovich equation works robustly to describe the polarographic response

of relatively slow-diffusing solutes when drop times are short and falling droplets are

relatively large. In cases where these conditions are not met diffusion is fast, drop

times are long, or terminal drop sizes are smaller our analysis showed that high-

erorder corrections may be needed. We found that Newman’s first-order correction

and our second-order correction of the Ilkovich equation both track an ostensibly

exact numerical solution of the Ilkovich problem within a few percent. The second
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order correction we developed in Section 4 matches the numerical solution computed

with Firedrake software in Section 7 within 0.1% when the dimensionless drop time

τd, related to the true drop time td through Eq. 3.35, is less then 0.27 about twice the

range where Newman’s approximation is similarly accurate. Whereas the classical

Ilkovich equation becomes inaccurate at extremely small dimensionless drop times,

Newman’s correction and our correction both predict the numerically calculated true

solution of the Ilkovich problem within 2-3% across a wide range of dimensionless

drop times (up to at least τd = 1). The error in both the first-order correction by

Newman and our second-order correction is probably comparable to or smaller than

the intrinsic error of most polarography experiments. Thus Newman’s correction suf-

fices for most applications. Nevertheless, the asymptotic approaches presented here

can be usefully applied to develop robust approaches to various physical extensions of

the original Ilkovich problem. Possible model extensions include the determination of

surface flux in response to potential sweeps rather than potential steps, or accounting

for interfacial capacitance and reaction overpotential in the system response.
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Chapter 4

Analytical solutions for boundary value

problems

4.1 Introduction

Using analytical solutions in chemical engineering education helps students who make

quantitative predictions. One of the main reasons is that analytical solutions are

exact solutions. This guarantees that the resulting quantitative predictions are ac-

curate. We present here an analytical solution method using Maple to solve systems

of second-order linear ordinary differential equations in single and multiple domains.

We start by reducing the order of the differential equations by assuming that the

first-order derivative is an additional dependent variable [63]. This reduction yields

a set of linear first-order differential equations that includes all the dependent vari-

ables (e.g., concentration), the first-order derivatives of the dependent variables (e.g.,

flux), and the parameters of the system. These equations can be solved by find-

ing the matrix exponential [64] and symbolically integrating the resulting system of

equations using Maple. Our method is similar to our previously presented analytical

method for solving initial value problems (IVPs) [65]. The method presented here

is an extension to the previous method and is valid for various boundary conditions

and constraints for boundary value problems (BVPs) in single and multiple domains.

First, the methodology is illustrated using a general second order linear differential

equation with generalized boundary conditions. Once the solution is obtained, we

explain how the this solution can be used to generate solutions for linear problems
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from chemical engineering for different boundary conditions [66]. Next, the method-

ology for solving boundary value problems with boundary conditions that require an

additional constraint is illustrated by solving a boundary value problem with similar

flux conditions at the boundaries in a lithium/polymer battery cell [67]. Finally, we

demonstrate the methodology for a similar BVP with multiple domains that requires a

multiple domain constraint equation by solving the coupled equations for the steady-

state analysis of a lithium/polymer cell under uniform current distribution [68], and

we used COMSOL to verify our solution. We present the model equations and their

solutions in the body of our paper and the Maple solutions are available upon request

from the authors.

4.2 Analytical method for linear ordinary differential equations

(ODEs)

For the second order linear ODE of the following form:

d2θ

dx2 + p
dθ

dx
+ qθ = f (x) (4.1)

and the following boundary conditions

k1
dθ

dx
+ h1θ = 0, at x = 0 (4.2)

k2
dθ

dx
+ h2θ = 0, at x = 1 (4.3)

Let y1 = θ, and y2 = dθ
dx

, so that the governing equation can be transformed into the

following equation system:
dy1

dx
− y2 = 0 (4.4)

dy2

dx
+ py2 + qy1 = f (x) (4.5)

Equation 4.4-4.5 can be written in matrix form:

dY
dx

+ A Y = b (x) (4.6)
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where Y =

 y1

y2

, A =

 0 −1

q p

, and b (x) =

 0

f (x)

. Let Y0 = Y|x=0, and

Y1 = Y|x=1, so that the boundary conditions can be writtten as

C Y0 + D Y1 = Bc (4.7)

where C =

 h1 k1

0 0

, D =

 0 0

h2 k2

, and Bc =

 c1

c2

. The general form of the

solution of equation 4.6 is

Y = exp
(

−Ax
)

Y0 +
∫ x

0
exp

[
−A (x − λ)

]
b (λ) dλ (4.8)

where λ is a dummy variable in integration. The matrix exponential [64] of a square

matrix (i.e., exp(A)) can be expressed by Taylor expression given by

exp
(

A
)

= I + 1
1!A + 1

2!A
2 + 1

3!A
3 + ... (4.9)

where I is the identity matrix with same dimensions as A. Equation 4.8 yields at

x = 1,

Y1 = exp
(

−A
)

Y0 + F (4.10)

where F =
∫ 1

0 exp
[
−A (1 − λ)

]
b (λ) dλ. Next, substitute equation 4.10 into equation

4.7 to obtain

C Y0 + D
[
exp

(
−A

)
Y0 + F

]
= Bc (4.11)

From equation 4.11 we obtain

Y0 =
[
C + D exp

(
−A

)]−1 (
Bc − D F

)
(4.12)

Now, substitute equation 4.12 into equation 4.8 to get the solution

Y = exp
(

−Ax
) [

C + D exp
(

−A
)]−1 (

Bc − D F
)

+
∫ x

0
exp

[
−A (x − λ)

]
b (λ) dλ

(4.13)

Thus, an analytical solution is obtained for the general linear second order differential

equation and boundary conditions. Equations 4.1-4.13 can be modeled easily in

Maple.
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4.3 Illustrative Examples

Example 1: Irreversible Homogeneous Reaction in a Liquid

We demonstrate the method for linear problems by solving a general diffusion equa-

tion from chemical engineering. Consider the first order, irreversible conversion of

species A to B in a stationary liquid film. The governing differential equation [66],

page 54-56, in dimensionless form

d2θ

dη2 − Daθ = 0 (4.14)

subject to the following boundary conditions,

dθ

dη
(0) = 0 (4.15)

θ (1) = 1 (4.16)

where θ is the dimensionless concentration, η is the dimensionless distance and Da is

the Damköhler number for reaction relative to diffusion. The stationary liquid film

is chosen because it is linear and has an analytical solution:

θ (η) =
cosh

(√
Daη

)
cosh

(√
Da

) (4.17)

Equation 4.14 can be written in the form of a vector differential equation 4.6, where

Y =

 y1

y2

 =

 θ

dθ
dx

 (4.18)

A =

 0 −1

−Da 0

 (4.19)

C =

 0 1

0 0

 , D =

 0 0

1 0

 and Bc =

 0

1

 (4.20)
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The general solution presented in equation 4.13 is valid for this BVP. For this example,

the coefficient matrix A equation 4.19 is constant since Da is constant F and forcing

function b(t) are zero. Therefore equation 4.13 simplifies to the following equation:

Y = exp
(

−Ax
) [

C + D exp
(

−A
)]−1

(Bc) (4.21)

Hence, by substituting equations 4.19, 4.20 into equation 4.21 we get,

Y =

 y1

y2

 =

 θ

dθ
dx

 =


exp(√

Daη)+exp(−
√

Daη)
exp(√

Da)+exp(−
√

Da)√
Daexp(√

Daη)+
√

Daexp(−
√

Daη)
exp(√

Da)+exp(−
√

Da)

 (4.22)

From the first row of the matrix equation 4.22 θ is obtained as,

θ =
exp

(√
Daη

)
+ exp

(
−

√
Daη

)
exp

(√
Da

)
+ exp

(
−

√
Da

) =
cosh

(√
Daη

)
cosh

(√
Da

) (4.23)

which is same as equation 4.17. The solution obtained using matrix exponential is

plotted in Figure 4.1 with Da as a parameter.
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Figure 4.1: Dimensionless concentration profiles in a stationary liquid film as a func-
tion of Damköhler number.
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Example 2: Reversible Homogeneous Reaction in a Liquid

Consider the reversible conversion of species A to B in a stationary liquid film. The

governing differential equations [66], page 57-59, are

DA
d2CA

dy2 + k−1CB − k1CA = 0, DB
d2CB

dy2 − k−1CB + k1CA = 0 (4.24)

subject to the following boundary conditions

CA (0) = CA0, CB (0) = CB0 (4.25)

dCA

dy
(L) = 0,

dCB

dy
(L) = 0 (4.26)

Using the dimensionless variables

η = y

L
, θA = CA

CA0
, θB = KCB

CA0
, K = k−1

k1
(4.27)

Equation 4.24 converts to

d2CA

dη2 + L2

DA

(k−1CB − k1CA) = 0,
d2CB

dη2 − L2

DB

(k−1CB − k1CA) = 0 (4.28)

or

1
CA0

d2CA

dη2 + k1L
2

DA

(
k−1CB

k1CA0
− CA

CA0

)
= 0,

1
CA0

d2CB

dη2 − k−1L
2

DB

(
CB

CA0
− k1CA

k−1CA0

)
= 0

(4.29)

Let the dimensionless parameters be

α = k1L
2

DA

, β = k−1L
2

DB

, γ = KCB0

CA0
(4.30)

Equation 4.29 then converts to

d2θA

dη2 + α (θB − θA) = 0,
d2θB

dη2 − β (θB − θA) = 0 (4.31)

Boundary conditions 4.25, 4.26 then convert to

θA (0) = 1, θB (0) = γ (4.32)
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dθA

dη
(1) = 0,

dθB

dη
(1) = 0 (4.33)

The final solution for this case can be obtained by substituting A =



0 0 −1 0

0 0 0 −1

−α α 0 0

β β 0 0


,

C =



1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0


, D =



0 0 0 0

0 0 0 0

0 0 1 0

0 0 0 1


, b =



0

0

0

0


and Bc =



1

γ

0

0


into equation

4.13. For brevity, the final solution is not given here. Instead, the steady-state con-

centration profiles in a liquid film with a reversible homogeneous reaction are plotted

in Figure 4.2.
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Figure 4.2: Reactant concentrations for steady diffusion in a liquid film with a re-
versible homogeneous reaction. In all three cases γ = 0; consequently, the top curves
are for species A.
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Example 3: Jump Condition for Dopant Concentration C at

a Melt/Crystal Interface

Consider a continuous solidification process. The governing differential equation [66],

page 64-66, is,

D
d2C

dx2 − U
dC

dx
= 0 (4.34)

Cs = KC (δ) (4.35)

with the boundary conditions

C (0) = C∞ (4.36)

UC (δ) − D
dC

dx
(δ) = UCs (4.37)

Using equation 4.35 to eliminate Cs from equation 4.37, the interfacial balance be-

comes

U (1 − K) C (δ) − D
dC

dx
(δ) = 0 (4.38)

The final solution for this case can be obtained by substituting A =

 0 −1

0 − U
D

, C =

 1 0

0 0

, D =

 0 0

U (1 − K) −D

, b =

 0

0

, and Bc =

 C∞

0

 into equation

4.13. Hence the analytical solution of equation 4.34 that satisfies boundary conditions

4.36 and 4.38 is

C (y) = C∞
K + (1 − K)e

(x−δ)U
D

K + (1 − K)e−Uδ
D

(4.39)

Equation 4.39 can be rewritten using dimensionless parameters θ = C
C∞

, η = y
δ

and

Pe = Uδ
D

as

θ (η) = K + (1 − K)eP e(η−1)

K + (1 − K)e−P e
(4.40)

where Pe is the Peclet number for the dopant. The profiles obtained for Pe = 5 and

K = 0.8 are plotted in Figure 4.3.
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Figure 4.3: Dopant concentrations for steady diffusion in a stagnant film and in a
solid crystal.

Example 4: Monroe and Newman Dendrite Growth Model:

Steady State Solution

Monroe and Newman [67] presented a dendrite growth model in a parallel electrode

lithium/polymer cell during galvanostatic charging. The steady state concentration

profiles in their cell (see their figure 1) is given by

D
d2c

dx2 = 0 (4.41)

with the boundary condition

dc

dx
=

−i
(
1 − t0

+

)
DF

, @ x = 0 (4.42)

and the constraint equation ∫ L

0
c (x) dx = cbL (4.43)

Note that the boundary condition at x = L would be the same as equation 4.42 with

a positive sign and would consequently not provide sufficient information to obtain

a solution. Instead, we must invoke conservation of mass or moles in this case since

there is no homogeneous reaction. The constraint equation for this model, equation
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4.43, expresses conservation of mass or moles in this case. Now let y1 = c and y2 = dc
dx

,

and the governing equation becomes the following equation system

dy1

dx
= y2 (4.44)

dy2

dx
= 0 (4.45)

Rewrite equations 4.44 and 4.45

d

dx

 y1

y2

+

 0 −1

0 0


 y1

y2

 =

 0

0

 (4.46)

Let Y =

 y1

y2

, A =

 0 −1

0 0

, and b =

 0

0

, the equation system can be

expressed with the matrix format

dY
dx

+ A Y = b (4.47)

The general form of the solution is obtained from equation 4.47

Y = exp
(

−Ax
)

Y0 +
∫ x

0
exp

[
−A (x − λ)

]
bdλ (4.48)

Let Y0 = Y|x=0 and Yc =
∫ L

0 Ydx and obtain

Yc =
∫ L

0
Ydx =

∫ L

0
exp

(
−Ax

)
Y0dx +

∫ L

0

∫ x

0
exp

[
−A (x − λ)

]
bdλdx (4.49)

Equation 4.49 can be rewritten as

[ ∫ L
0 exp

(
−Ax

)
dx −I

]  Y0

Yc

 = −
∫ L

0

∫ x

0
exp

[
−A (x − λ)

]
bdλdx(4.50)

Equation 4.42 becomes:
[

0 1
]

Y0 = −
i
(
1 − t0

+

)
DF

(4.51)

Equation 4.43 becomes:
[

1 0
]

Yc = cbL (4.52)
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In this case C =

 0 1

0 0

, D =

 0 0

1 0

, and Bc =

 − i(1−t0
+)

DF

cbL

 Equation 4.51

and equation 4.52 put together become

[
C D

]  Y0

Yc

 = Bc (4.53)

From equation 4.50 and equation 4.53, the entire equation system can be expressed

as: 
∫ L

0 exp
(

−Ax
)

dx −I

C D


 Y0

Yc

 =

 −
∫ L

0
∫ x

0 exp
[
−A (x − λ)

]
bdλdx

Bc

(4.54)

Let M =


∫ L

0 exp
(

−Ax
)

dx −I

C D

, and B =

 −
∫ L

0
∫ x

0 exp
[
−A (x − λ)

]
bdλdx

Bc

,

equation 4.54 can be simplified to

M

 Y0

Yc

 = B (4.55)

From equation 4.55  Y0

Yc

 = M−1B (4.56)

Y0 =
[

I O
]

M−1B (4.57)

Substituting Y0 from equation 4.57 into equation 4.48 gives

Y = exp
(

−Ax
) [

I O
]

M−1B +
∫ x

0
exp

[
−A (x − λ)

]
bdλ (4.58)

c = y1 =
[

1 0
]

Y =
[

1 0
]

exp
(

−Ax
) [

I O
]

M−1B (4.59)

+
∫ x

0
exp

[
−A (x − λ)

]
bdλ
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The analytical solution obtained after the using the matrix exponential method

is

c (x) = cb +
i (L − 2x)

(
1 − t0

+

)
2DF

(4.60)

Figure 4.4 shows the steady state concentration profile yielded by a matrix exponential

method employing equations 4.41-4.43.
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Figure 4.4: Steady state concentration profile in the galvanostatic cell by using
method of exponential matrix.

Example 5: Doyle and Newman Simplified Model: Steady

State Solutions

The extra constraint for this model [68] is the overall mass or mole balance (since no

chemical reactions are occurring). This constraint can be derived based on the cross-

sectional area, A (i.e., the projected area of the separator and electrode, see their

Fig. 1) of the cell, the thickness of the separator, Ls, the thickness of the positive

electrode, L+, the porosities of the separator and the porous electrode (ϵs and ϵ,

respectively), and the initial concentration, c0 (moles per volume of pores filled with
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electrolyte in the separator and the porous electrode):

A
∫ Ls

0
ϵsc0dx + A

∫ Ls+L+

Ls

ϵc0dx = Ac0Ls

(
ϵs + ϵ

L+

Ls

)
(4.61)

Note that it is necessary to find the volume of the separator and the volume of the

porous electrode to find the total number of moles present initially in the separator

and the porous electrode. The first term on the left hand side of equation 4.61

contains ϵs that represents the volume of the pores in the separator per volume of the

separator, and the second term contains ϵ that represents the volume of the pores in

the porous electrode per volume of the electrode. Note that equation 4.61 uses the

initial concentration of the binary electrolyte, c0, in the solution phase in the pores

of both the separator and the porous cathode. In the separator ϵsc0 represents the

moles per liter or cubic meter of the separator whereas in the porous electrode ϵc0

represents the number of moles per liter in the porous electrode. Consequently, we

multiply c0 by the porosity (void volume per total volume of the porous electrode) to

obtain the concentration per unit volume of the porous electrode, which is often called

the superficial concentration [69]. The right hand side of equation 4.61 is the total

number of moles present initially (Aϵsc0Ls moles in the separator and Aϵc0L+ moles

in the porous electrode). In this case [68], the separator is not porous. Consequently,

ϵs = 1.0, and we can think of the separator as being just a liquid reservoir of lithium

ions and counter ions, and equation 4.61 becomes

A
∫ Ls

0
c0dx + A

∫ Ls+L+

Ls

ϵc0dx = Ac0Ls

(
1.0 + ϵ

L+

Ls

)
(4.62)

The total number of moles given on the right hand side of equation 4.62 will be

conserved and redistributed during the electrochemical reactions that occur during

the operation of the cell. For example, on discharge the lithium metal will be oxidized

and lithium ions will enter the separator (reservoir) causing the average concentration

of lithium ions and counter ions to go up, and at the same time lithium ions will be

consumed in the porous electrode causing the average concentration of lithium ions
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to go down in the porous electrode. Note that this will cause the anions in the

porous electrode to move to the separator to maintain electroneutrality. However, we

are using the concentration of the binary electrolyte in the pores as the dependent

variable not the concentration of individual ions. It is worth noting that this model

of a lithium battery is limited because the amount of lithium metal is assumed to

be unlimited, and the porous electrode is assumed to be capable of acting as a sink

for an unlimited amount of lithium ions. These assumptions are not realistic but

provide a basis for gaining a better understanding of the concentration distribution

in this cell. These assumptions provide the basis for obtaining a steady state solution

for the concentration distribution, which is unrealistic for an actual cell. That is, a

real battery does not have a steady state condition. Once a current is impressed on

the lithium metal anode and the lithium ion consumption reaction occurs within the

porous cathode, the following mole balance must apply:

A
∫ Ls

0
c1 (x, t) dx + A

∫ Ls+L+

Ls

ϵc2 (x, t) dx = Ac0Ls

(
1.0 + ϵ

L+

Ls

)
(4.63)

where the subscripts 1 and 2 refer to the separator and the cathode, respectively.

We can show that equation 4.63 must apply over time by integrating the governing

equations and applying the boundary conditions. The governing equation in the

separator is:
∂c1

∂t
= D

∂2c1

∂x2 (4.64)

The first step is to integrate over x this material balance equation in the separator:∫ Ls

0

∂c1

∂t
dx =

∫ Ls

0
D

∂2c1

∂x2 dx = D
∂c1

∂x

∣∣∣∣∣
x=Ls

− D
∂c1

∂x

∣∣∣∣∣
x=0

(4.65)

Let the number of moles in the separator be m1:

m1 = A
∫ Ls

0
c1dx (4.66)

And let the number of moles in the porous electrode be m2:

m2 = A
∫ Ls+L+

Ls

ϵc2dx (4.67)
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Equation 4.66 can be used to write Equation 4.65 as

∂m1

∂t
= AD

∂c1

∂x

∣∣∣∣∣
x=Ls

− AD
∂c1

∂x

∣∣∣∣∣
x=0

(4.68)

The material balance for the porous electrode is an equation based concentrated

solution theory and porous electrode theory [69]. The material equation for the x

direction only is

ϵ
∂c2

∂t
= ϵ3/2D

∂2c2

∂x2 + ajn

(
1 − t0

+

)
(4.69)

where we have assumed that
dlnc0

dlnc
= 0 (4.70)

Integration of the material balance for the porous electrode with the pore wall flux,

jn, assumed to be a constant yields

∫ x=Ls+L+

x=Ls

ϵ
∂c2

∂t
dx =

∫ x=Ls+L+

x=Ls

(
ϵ3/2D

∂2c2

∂x2 + ajn

(
1 − t0

+

))
dx

∫ x=Ls+L+

x=Ls

ϵ
∂c2

∂t
dx = Dϵ3/2 ∂c2

∂x

∣∣∣∣∣
x=Ls+L+

− Dϵ3/2 ∂c2

∂x

∣∣∣∣∣
x=Ls

+ ajn

(
1 − t0

+

)
(Ls + L+ − Ls)

(4.71)

Equation 4.67 can be used to write equation 4.71 as

∂m2

∂t
= ADϵ3/2 ∂c2

∂x

∣∣∣∣∣
x=Ls+L+

− ADϵ3/2 ∂c2

∂x

∣∣∣∣∣
x=Ls

+ Aajn

(
1 − t0

+

)
L+ (4.72)

The boundary condition at x = 0 can be written for our binary electrolyte as (see

[69]):
AD

(1 − t0
+)

∂c1

∂x

∣∣∣∣∣
x=0

= −A
I

F
(4.73)

where I is the current density based on the projected area of the electrode, A, D is

the binary electrolyte diffusion coefficient, and t0
+ is the cation transference number

with respect to the solvent velocity. Substitution of equation 4.73 into equation 4.68

yields
∂m1

∂t
= AD

∂c1

∂x

∣∣∣∣∣
x=Ls

+ A
I
(
1 − t0

+

)
F

(4.74)
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The boundary condition at x = Ls + L+ is as follows:

∂c2

∂x

∣∣∣∣∣
x=Ls+L+

= 0 (4.75)

Substitution of equation 4.75 into equation 4.72 yields

∂m2

∂t
= − Aϵ3/2D

∂c2

∂x

∣∣∣∣∣
x=Ls

+ Aajn

(
1 − t0

+

)
L+ (4.76)

We now need to make the assumption that the pore wall flux of lithium ions, jn, is

simply related to the set current density, I:

jn = − I

aFL+
(4.77)

Substitution of equation 4.77 into equation 4.76 yields

∂m2

∂t
= − Aϵ3/2D

∂c2

∂x

∣∣∣∣∣
x=Ls

− A
I
(
1 − t0

+

)
F

(4.78)

Addition of equations 4.74 and 4.78 yields

∂ (m1 + m2)
∂t

= AD
∂c1

∂x

∣∣∣∣∣
x=Ls

+A
I
(
1 − t0

+

)
F

− Aϵ3/2D
∂c2

∂x

∣∣∣∣∣
x=Ls

−A
I
(
1 − t0

+

)
F

(4.79)

which reduces to

∂ (m1 + m2)
∂t

= AD
∂c1

∂x

∣∣∣∣∣
x=Ls

− Aϵ3/2D
∂c2

∂x

∣∣∣∣∣
x=Ls

(4.80)

Finally, it is reasonable to require continuity of flux of the binary electrolyte from the

separator to the porous electrode at x = Ls:

− D

(1 − t0
+)

∂c1

∂x

∣∣∣∣∣
x=Ls

= − Dϵ3/2

(1 − t0
+)

∂c2

∂x

∣∣∣∣∣
x=Ls

(4.81)

which can be simplified and both sides multiplied by A to obtain

AD
∂c1

∂x

∣∣∣∣∣
x=Ls

= ADϵ3/2 ∂c2

∂x

∣∣∣∣∣
x=Ls

(4.82)

Substitution of equation 4.82 into equation 4.80 shows that the total number of moles

of the binary electrolyte in the separator and porous electrode (m1 + m2) does not

change with time:
∂ (m1 + m2)

∂t
= 0 (4.83)
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It is interesting to note that the constraint that the liquid phase concentrations be

the same at x = Ls

c1 = c2 at x = Ls (4.84)

is not required to obtain equation 4.83. However, it will be required to find the an-

alytic solution to the model equations whereas equation 4.81 will not be needed as

shown below. Equation 4.63 can be written in dimensionless form using the dimen-

sionless variables:∫ 1

0
LsΘ1 (X1, τ1) dX1 +

∫ 1

0
ϵL+Θ2 (X2, τ2) dX2 = Ls

(
1 + ϵ

L+

Ls

)
(4.85)

where:

Θ1 (X1, τ) = c1

c0
, Θ2 (X2, τ) = c2

c0
, X1 = x

Ls

, X2 = x − Ls

L+
,

τ1 = Dt

L2
s

, τ2 = Dt

L2
+

, J =
a
(
1 − t0

+

)
L2

+jn

ϵDc0
(4.86)

Note that at τ = 0 the dimensionless concentrations are both equal to 1

Θ1 (X1, 0) = Θ2 (X2, 0) = 1 at τ = 0 (4.87)

Also note that for all time according to equation 4.84 we have continuity of the

dependent variable at the interface between the separator and the porous electrode,

which becomes in dimensionless form

Θ1 (1, τ) = Θ2 (0, τ) (4.88)

Also note that once we start passing current from the lithium metal electrode into

the separator, the dimensionless concentration will be greater than 1 in the separator,

and the dimensionless concentration in the porous electrode will be less than ϵr. The

reason this extra constraint is needed can be seen by solving the steady state model

equations using the classical method. Substitution of the variables in equation 4.86

into equation 4.64 yields the dimensionless governing equation in the separator:

∂Θ1

∂τ
= ∂2Θ1

∂X2
1

(4.89)
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Substitution of the variables in equation 4.86 into equation 4.69 yields the dimen-

sionless governing equation in the porous electrode:

∂Θ2

∂τ
= ϵ1/2 ∂2Θ2

∂X2
2

+ J (4.90)

The boundary condition at x = 0 given by equation 4.73 becomes:

∂Θ1

∂X1

∣∣∣∣∣
X1=0

= −γ where γ =
I
(
1 − t0

+

)
Ls

FDc0
(4.91)

Equation 4.75 becomes in dimensionless variables

∂Θ2

∂X2

∣∣∣∣∣
X2=1

= 0 (4.92)

The continuity of flux from the separator to the porous electrode given in equation

4.81 becomes in dimensionless form

1
Ls

∂Θ1

∂X1

∣∣∣∣∣
X1=1

= ϵ3/2

L+

∂Θ2

∂X2

∣∣∣∣∣
X2=0

(4.93)

X1 and X2 are independent variables that can be replaced by a single dummy variable

x then equations. Let y1 = Θ1, y2 = Θ2, y3 = dΘ1
dx

, and y4 = dΘ2
dx

and at steady state

the governing equations 4.89 and 4.90 become the following system of equations

dy1

dx
= y3 (4.94)

dy2

dx
= y4 (4.95)

dy3

dx
= 0 (4.96)

dy4

dx
= − J

ϵ1/2 (4.97)

Rewrite equations 4.94, 4.95, 4.96, and 4.97

d

dx



y1

y2

y3

y4


+



0 0 −1 0

0 0 0 −1

0 0 0 0

0 0 0 0





y1

y2

y3

y4


=



0

0

0

− J
ϵ1/2


(4.98)

70



Let Y =



y1

y2

y3

y4


, A =



0 0 −1 0

0 0 0 −1

0 0 0 0

0 0 0 0


, and b =



0

0

0

− J
ϵ1/2


, the equation system

can be expressed with the matrix format

dY
dx

+ A Y = b (4.99)

The general form of the solution is obtained from equation 4.99

Y = exp
(

−Ax
)

Y0 +
∫ x

0
exp

[
−A (x − λ)

]
b (λ) dλ (4.100)

Let Y0 = Y|x=0, Y1 = Y|x=1 and Yc =
∫ 1

0 Ydx and obtain

Y1 = exp
(

−Ax
)

Y0 +
∫ 1

0
exp

[
−A (1 − t)

]
b (λ) dλ (4.101)

Yc =
∫ 1

0
Ydx =

∫ 1

0
exp

(
−Ax

)
Y0dx +

∫ 1

0

∫ x

0
exp

[
−A (x − λ)

]
b (λ) dλdx (4.102)

Equations 4.101 and 4.102 are rewritten as

 exp
(

−A
)

−I O∫ 1
0 exp

(
−Ax

)
dx O −I




Y0

Y1

Yc

 =

 −
∫ 1

0 exp
[
−A (1 − λ)

]
bdλ

−
∫ 1

0
∫ x

0 exp
[
−A (x − λ)

]
bdλdx



(4.103)

Equation 4.91 and equation 4.88 are expressed as: 0 0 1 0

0 1 0 0

Y0 =

 −γ

0

 (4.104)

Equation 4.91 and equation 4.88 are expressed as: −1 0 0 0

0 0 0 1

Y1 =

 0

0

 (4.105)

Equation 4.85 is expressed as:[
Ls ϵL+ 0 0

]
Yc = Ls

(
1 + ϵ

L+

Ls

)
(4.106)
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Let C =



0 0 1 0

0 1 0 0

0 0 0 0

0 0 0 0


, D =



0 0 0 0

−1 0 0 0

0 0 0 1

0 0 0 0


, E =



0 0 0 0

0 0 0 0

0 0 0 0

Ls ϵL+ 0 0


, and Bc =



−γ

0

0

Ls

(
1 + ϵL+

Ls

)


Equations 4.104, 4.105 and 4.106 be put together

[
C D E

]


Y0

Y1

Yc

 = Bc (4.107)

From equation 4.103 and equation 4.107, the entire equation system is expressed as:
exp

(
−A

)
−I O∫ 1

0 exp
(

−Ax
)

dx O −I

C D E




Y0

Y1

Yc

 =


−
∫ 1

0 exp
[
−A (1 − λ)

]
b (λ) dλ

−
∫ 1

0
∫ x

0 exp
[
−A (x − λ)

]
b (λ) dλdx

Bc


(4.108)

Let M =


exp

(
−A

)
−I O∫ 1

0 exp
(

−Ax
)

dx O −I

C D E

, and B =


−
∫ 1

0 exp
[
−A (1 − λ)

]
b (λ) dλ

−
∫ 1

0
∫ x

0 exp
[
−A (x − λ)

]
b (λ) dλdx

Bc

,

equation 4.108 is simplified as

M


Y0

Y1

Yc

 = B (4.109)
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From equation 4.109 
Y0

Y1

Yc

 = M−1B (4.110)

Y0 =
[

I O O
]

M−1B (4.111)

Substituting Y0 from equation 4.111 in equation 4.100 gives

Y = exp
(

−Ax
) [

I O O
]

M−1B +
∫ x

0
exp

[
−A (x − λ)

]
bdλ (4.112)

Θ1 =
[

1 0 0 0
]

Y =
[

1 0 0 0
]

exp
(

−Ax
) [

I O O
]

M−1B

+
∫ x

0
exp

[
−A (x − λ)

]
bdλ

(4.113)

Θ2 =
[

0 1 0 0
]

Y =
[

0 1 0 0
]

exp
(

−Ax
) [

I O O
]

M−1B

+
∫ x

0
exp

[
−A (x − λ)

]
bdλ

(4.114)

Thus, the dimensionless concentration profiles obtained using Maple are

Θ1 = − JL+
√

ϵ

3 (ϵL+ + Ls)
+ (2ϵL+ + Ls) γ

2 (ϵL+ + Ls)
+

Ls

(
1 + ϵL+

Ls

)
ϵL+ + Ls

− xγ (4.115)

Θ2 = − JL+
√

ϵ

3 (ϵL+ + Ls)
− Lsγ

2 (ϵL+ + Ls)
+

Ls

(
1 + ϵL+

Ls

)
ϵL+ + Ls

+ (x − 1) J√
ϵr

− (x − 1)2 J

2
√

ϵr2

(4.116)

These equations are the same as Eqs. 17 and 18 of Doyle and Newman [68] with

necessary sign changes for their equations. That is, the second minus sign in their

Eq. 19 needs to be changed to a plus sign, and the first minus sign in their Eq. 20

needs to be changed to a plus sign. Steady state concentration profiles at various

current densities for the model system described above and the comparison with

COMSOL solutions are given in Figure 4.5.
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Figure 4.5: Comparison of steady state concentration profiles across the full cell for
galvanostatic discharges at various current densities by using method of exponential
matrix and COMSOL.

4.4 Conclusions

An analytic solution method has been presented for solving single or multiple de-

pendent variable second-order linear BVPs in single and multiple domains. The pre-

sented method is straightforward and provides a general solution, valid for different

boundary conditions and constraints. Furthermore, the method can solve nonlinear

and time-dependent problems using the semi-analytic technique [70] and [71]. Maple

worksheets used for obtaining the results in this paper are available upon request

from the authors.
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