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ABSTRACT

This work describes novel closed-form, implicitly integrated (CF-implicit) models 

of switched-mode power converters which feature implicit integration but require no 

iterative numerical solving algorithm for evaluation because they are explicitly solved prior 

to model execution. The derived models capture the large-signal dynamic behavior of the 

power converters, so their use and accuracy are not limited to any one set of operating 

conditions. These models can be implemented in any computational environment, 

including directly on an existing embedded controller as a digital twin.  Since no iterative 

solver is required, the models are highly computationally efficient and have a very 

predictable worst-case execution time, which makes them especially suitable for real-time 

modeling applications like hardware-in-the-loop simulation or digital twins.  The work 

includes experimental validation in an embedded environment and a discussion of sources 

of model error.  Numerous applications of the modeling technique are explored on a variety 

of power electronic converters, and computational expense is analyzed.  The method is 

further extended from switch averaged models to switching models and reduced-order 

models, and the method is qualitatively and quantitatively compared to recently proposed 

data-driven alternatives based on dynamic neural networks. 
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CHAPTER 1 

INTRODUCTION

Recently both academia and industry have shown great interest in real-time (RT) 

modeling and simulation of power electronic systems [1].  RT simulation has several 

important applications to power electronics.  Historically, a key driver of the interest in it 

has been hardware-in-the-loop (HIL) and power-hardware-in-the-loop (PHIL) testing, 

which allows feedback controllers and power electronic systems to be tested in a laboratory 

environment which mimics the complete system even while portions of the system are 

unavailable.  Specifically, HIL simulation is used for validation of embedded control 

systems, while PHIL simulation is used for validating powertrain hardware prototypes by 

emulating (arbitrarily complex) system behavior at the power exchanging interfaces of the 

prototype with a simulated model and a high-bandwidth power amplifier.  Both HIL and 

PHIL testing can reduce the cost of verification testing and accelerate the development and 

deployment of new technologies, especially in control systems [2], [3], [4].   

RT simulation is typically more computationally demanding than offline, non-RT 

simulation due to the stringent requirements on execution time.  This is especially true 

when the simulated system is large and complex, as computational cost typically grows 

exponentially with the size of the system being solved.  For this reason. many solutions for 

RT modeling have focused on parallel and high-performance computing resources, FPGAs 

and GPUs, to achieve RT execution [5], [6], [7]. However, there are a growing number of 
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applications of RT modeling which are pushing the limits of even the best available 

computing solutions. 

Commercially available HIL systems are specially designed for high performance 

computing in the real time environment [8].  These systems, which are generally expensive 

[9], aim to maintain real-time execution while using very small timesteps with an explicitly 

integrated system.  Achievable timesteps depend strongly on the size and properties of the 

simulated system but are frequently advertised at 1 𝜇𝑠 or less [10].  Customized FPGA-

based solutions have demonstrated even better performance in the research literature, 

offering timesteps as low as 50 𝑛𝑠 in certain cases [11] at the cost of a less convenient and 

more complicated implementation.   

However, even with modern hybrid multiprocessor and FPGA-based computing 

hardware, device-level HIL emulation of complex systems has presented implementation 

challenges due to the model complexities and high computational demand [12].  A classic 

example of a challenging system for modern HIL simulations is the modular multilevel 

converter (MMC), which poses a challenge for detailed RT simulation due to its inherently 

large size and high number of inputs, outputs, and states.  A plethora of papers have been 

written to address this topology, with some focusing at the submodule level [13], some at 

the single converter level [14] [15], and some at the interconnected multi-converter system 

level [16]. 

More recently, a new technological trend has reignited interest in RT modeling for 

power electronic systems: the “digital twin” (DT).  The concept of a DT has received much 

attention in both industry and the research literature [17].  Various definitions have been 

given, but the general concept of a DT is that a physical device has a virtual replica that 
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runs alongside the device, providing benefits including system monitoring, scenario and 

risk assessment, diagnostics, prognostics and health monitoring (PHM), and hardware-in-

the-loop (HIL) simulation for adaptive control retuning [18]. DTs can exist at the system 

level, subsystem level, and/or the individual component level, and have been successfully 

applied in numerous technological domains.  Examples of successful DT implementations 

include aircraft engines [19], wind turbines [20], microgrids [21], autonomous vehicles 

[22], and many other assets.  At present, the US Navy has conceptualized a digital twin for 

ships which seeks to improve the “capability, adaptability, scalability, resiliency, safety, 

security, and usability” of current systems [23], and is actively supporting the development 

of the digital twin concept for power and energy management in future all-electric warships 

[24].  

Like HIL simulation, digital twin technology also motivates computationally 

efficient models to enable faster-than-RT simulation.  A key capability of the conceived 

digital twin for the naval power and energy system is the ability to run simulations of the 

physical system, either in real-time alongside the system or in faster-than-real-time to “look 

ahead” and predict the outcome of a control action in any given mission scenario.  This 

look-ahead capability will allow an autonomous or semiautonomous decision-maker to 

control the system by evaluating one or more potential courses of action and selecting the 

action which leads to the best predicted outcome.   

With the advent of digital twin technology, there are a growing number of 

applications of RT and faster-than-RT modeling which are required to run in resource-

constrained computing environments.  Expensive commercial HIL simulation systems are 

useful in laboratory testing environments, but in field-deployed equipment, size, weight, 
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power, and cost constraints may prevent the full adoption of such high-power computing 

platforms, especially for small device-level digital twins.  The conceived digital twin will 

therefore require various models at the system and subsystem level which are 

computationally efficient, platform agnostic, and highly accurate and reliable, such that 

they can be executed anywhere—perhaps even on a simple microcontroller. 
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CHAPTER 2 

TOWARDS DIGITAL TWINS FOR POWER ELECTRONICS

Power electronics is a mature technology which has been successfully researched, 

implemented, and refined for decades.  As a result, there are a very wide variety of 

modeling methods and tools which have been developed to represent the technology using 

various levels of abstraction.  Each modeling method and each level of abstraction provides 

unique capability and value and occupies a unique place in the trade-space between fidelity 

and computational efficiency.   

2.1 LEVELS OF ABSTRACTION IN VARIOUS POWER ELECTRONICS MODEL TYPES 

Several modeling types are summarized in order of increasing abstraction in Figure 

2.1.  On the detailed side, there are ultra-high fidelity electromagnetic modeling tools (e.g., 

Ansys) which account for the 3-dimensional geometric structure of the device and each 

component.  Then there are detailed circuit models which ignore 3-D field effects, but 

which can provide very high-fidelity models of semiconductor devices, passive elements, 

and other components (e.g., SPICE).  There are other circuit modeling tools with more 

abstractions such as the use of ideal switches (e.g., PLECS), and then there are switch-

averaged models which aim to emulate the lower frequency electrical dynamics of the 

power electronics converters without including the faster switching-frequency components 

associated with switch commutation.    Yet more abstract are DQ models, which represent 

sinusoidal AC systems as pseudo-DC systems from the vantage of a rotating reference 

frame.   Ideal-switched models, average models, and DQ models are popular for control 
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system development and analysis.  Then at the system level there are models which remove 

electrical converter dynamics entirely, effectively capturing only steady-state phenomena 

such as losses and operational limitations.  Typically, such system-level models will 

intrinsically include the notional behavior of a closed-loop controller, since there is little 

value in separately considering a closed-loop feedback control for a model whose 

controlled dynamics have been neglected by abstraction.  Steady-state system-level models 

can include DC representations of voltages and currents, or they can be abstracted yet 

further to use only power and energy quantities. 

 

Figure 2.1.  An overview of popular model types used for analysis and design of power 
electronic systems with various levels of abstraction. 

2.2 DESIRABLE MODEL CHARACTERISTICS FOR DIGITAL TWINS 

To create models for digital twins of power electronics converters and systems, we 

must first select a model type with an appropriate level of abstraction.  This selection must 

consider the goals of the model and should appropriately balance fidelity and 

computational cost in the context of those goals.  Since there are a large variety of possible 

functions that a digital twin may need to support, there is no single correct answer.  In fact, 
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a single digital twin may bring together multiple models at multiple levels of abstraction 

and select a given model for evaluation depending on the task it is performing. 

Nonetheless, without a total loss of generality, there are several important 

characteristics of digital twin models which will be desirable in many digital twin 

applications.  

2.2.1 REAL-TIME OR FASTER-THAN-REAL-TIME 

The first desirable characteristic is that the model be capable of executing in real-

time—or ideally faster than real-time.   Real-time execution is a hard requirement of any 

model which aims to operate in parallel with physical hardware and interact without 

significant latency.  Moreover, if a digital twin model will be used to forecast outcomes of 

simulated possible futures, the model must execute at a rate faster than real-time so that 

future outcomes may be predicted before they happen.   

These computation time constraints are likely to immediately necessitate some 

level of abstraction to reduce computational expense.  While execution time does depend 

heavily on the computational platform, we can realistically rule out some of the most high-

fidelity, computationally expensive modeling methods anywhere RT execution is required. 

2.2.2 CONTROLLER EMBEDDABLE 

Another desirable feature for digital twin models is that they are controller 

embeddable.  This feature would be especially desirable in component-level digital twins 

which model a single piece of equipment rather than an entire interconnected system; while 

a system-level digital twin might reasonably be expected to have a dedicated, high-

performance platform for execution, a component-level twin cannot reasonably be 

expected to always have a high-end simulator available for model execution.  Optimally, 
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the digital twin model should be programmed and run directly on the local control platform 

of the piece of equipment that it represents.  This solution is very natural and allows for the 

use of locally available measurement data in the digital twin without the need for more 

communication infrastructure.  It also reduces the expense of incorporating the digital twin 

in the real system. 

The feature of controller-embeddability places further constraints on the model 

choice.  We must now find a model which is real-time or faster-than-real-time capable not 

just on any arbitrary platform, but particularly on a platform which offers limited 

computational capability.  Moreover, since embedded platforms do not typically run 

sophisticated simulation programs but are programmed directly using low-level 

programming languages, the desirable model must be directly specifiable in such a 

language.  It is not sufficient to define a model using some proprietary state-of-the-art 

simulation software—the model equations must be known, directly programmable, and 

evaluable without the aid of sophisticated numerical solvers. 

2.2.3 CONSISTENT WORST-CASE EXECUTION TIME 

Another desirable model characteristic of the digital twin model is that it has a 

reliable and predictable worst-case execution time (WCET).  This is closely related to the 

requirement for real-time execution, as true real-time execution requires that the time-step 

used always be longer than the WCET of a single model iteration to avoid processing 

overruns. 

In practice, this means that the model should not use an iterative solver like a 

Newton-Raphson solver, as these solvers can require tens or hundreds of iterations to 
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compute a single time-step.  Since the number of iterations required for the solver to 

converge is unpredictable, the resulting WCET of such models is also unpredictable. 

2.2.4 RELIABLE AND TRUSTED 

Digital twins can be expected to perform mission-critical functions in various 

mission-critical pieces of equipment.  As such, the models the digital twin uses to perform 

its functions must be trusted and extremely reliable.   Simulation models obviously do not 

suffer from degradation or physical health constraints like physical systems do, so in the 

modeling context, reliability means that the simulation must not fail to converge or go 

unstable due to purely numerical phenomena, even when subjected to a large variety of 

possible simulated scenarios.   

Convergence is typically a problem in models which use numerical solvers like the 

aforementioned Newton-Raphson algorithm.  The risk of even the best numerical solvers 

failing to converge under some circumstances further motivates solutions which remove 

the need for such solvers entirely.  If the model is specified directly by explicitly solved 

equations, no iterative solver is necessary, and no convergence issues can arise.   

2.2.5 LARGE SIGNAL  

To maintain high accuracy in all possible operating scenarios and system 

configurations, the model should be large signal.  Small signal models of nonlinear systems 

like power electronic systems are useful only at a given operating point, and therefore 

cannot be relied upon to correctly predict any behavior outside that operating point. 

Contrarily, large signal models can represent the full non-linear dynamics of the system at 

all possible operating points.  Clearly then, large signal models are preferred for digital 
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twin applications which must maintain accuracy through all imaginable operating scenarios 

and system configurations. 

2.2.6 HIGHLY ACCURATE  

High accuracy for a particular simulation model is reasonably self-explanatory: the 

digital twin model should closely match the physical twin when subjected to the same 

inputs.  However, what is proposed here is not a particular model per se but a new, 

somewhat-general-purpose modeling method.  In this more general context, high accuracy 

means not just that one single model is accurate, but that the entire proposed modeling 

technique is flexible enough to allow for the inclusion of all kinds of details so that any 

number of those details can be added to the model as appropriate.  A highly accurate 

modeling technique should not preclude the insertion of parasitic effects, nonidealities, or 

other subtle phenomena present in the real system.  

2.3 UNIQUENESS OF THE DESIRED MODEL  

Many existing modeling methods for power electronics will display some 

combination of the characteristics above, but existing modeling methods are insufficient to 

produce a model which perfectly blends all the listed characteristics together in a single 

model; therefore, sacrifices and trade-offs must typically be made in one or two 

characteristics.  Such sacrifices highlight an opportunity to develop a better model with a 

superior combination of desired characteristics and fewer shortcomings than the state-of-

the-art. 

2.3.1 TRADEOFFS WITH INTEGRATION METHODS 

Perhaps the biggest trade-off when selecting a dynamic model is the choice of 

integration method.  Each has advantages and drawbacks.  For reference, Table 2.1 shows 
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a summary of the three first-order discretized integration methods—Euler Forward 

(explicit), Euler Backward (implicit) and Tustin (implicit)—in both derivative form and 

integral form, and in both the time domain and in the transformed domain (Laplace or Z).  

Higher-order integration methods are often used in both explicit and implicit solvers, but 

these are left out of the table for brevity.  
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Table 2.1.  Overview of Continuous and First-Order Discrete Integration Methods 

Domain/Type Continuous 
Discrete 

Euler Forward Euler Backward Tustin 

Time 

∫  𝑥(𝑡) = න 𝑥̇(𝑡)𝑑𝑡 𝑥[𝑘] = Δ𝑡 𝑥̇[𝑘 − 1] + 𝑥[𝑘 − 1] 𝑥[𝑘] = Δ𝑡 𝑥̇[𝑘] + 𝑥[𝑘 − 1] 𝑥[𝑘] =
Δ𝑡

2
(𝑥̇[𝑘] + 𝑥̇[𝑘 − 1]) + 𝑥[𝑘 − 1] 

𝑑

𝑑𝑡
 

𝑑

𝑑𝑡
𝑥(𝑡) = 𝑥̇(𝑡) 

𝑥[𝑘] − 𝑥[𝑘 − 1]

Δ𝑡
= 𝑥̇[𝑘 − 1] 

𝑥[𝑘] − 𝑥[𝑘 − 1]

Δ𝑡
= 𝑥̇[𝑘] 

𝑥[𝑘] − 𝑥[𝑘 − 1]

Δ𝑡
=

𝑥̇[𝑘] + 𝑥̇[𝑘 − 1]

2
 

Xfrmed 
 
(Laplace/Z, 
neglecting 
initial 
conditions) 

∫  𝑋(𝑠) =
1

𝑠
𝑋̇(𝑠) 𝑋(𝑧) =

𝑧ିଵΔ𝑡

1 − 𝑧ିଵ
𝑋̇(𝑧) 𝑋(𝑧) =

Δ𝑡

1 − 𝑧ିଵ
𝑋̇(𝑧) 𝑋(𝑧) =

Δ𝑡

2

1 + 𝑧ିଵ

1 − 𝑧ିଵ
𝑋̇(𝑧) 

𝑑

𝑑𝑡
 𝑠𝑋(𝑠) = 𝑋̇(𝑠) 

1 − 𝑧ିଵ

Δ𝑡
𝑋(𝑧) = 𝑧ିଵ𝑋̇(𝑧) 

1 − 𝑧ିଵ

Δ𝑡
𝑋(𝑧) = 𝑋̇(𝑧) 

1 − 𝑧ିଵ

Δ𝑡
𝑋(𝑧) =

1

2
ቀ𝑋̇(𝑧) + 𝑧ିଵ𝑋̇(𝑧)ቁ 
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By definition, explicit integration calculates the state of a system at the next time 

step as:  

𝑥[𝑡௞ + Δ𝑡] = 𝑓𝑢𝑛𝑐(𝑥[𝑡௞], 𝑢[𝑡௞], Δ𝑡) (2.1)  

Here 𝑥 is the vector of state variables of the dynamic system, 𝑢 is the input vector, 

𝑡௞ is the time at the current step, Δ𝑡 is the timestep of the discrete model, and 𝑓𝑢𝑛𝑐 is a 

system-dependent function which generally is nonlinear.  Similarly, implicit integration 

calculates the state of the system at the next time step as: 

𝑥[𝑡௞ + Δ𝑡] = 𝑓𝑢𝑛𝑐(𝑥[𝑡௞], 𝑢[𝑡௞], 𝑥[𝑡௞ + Δ𝑡], 𝑢[𝑡௞ + Δ𝑡], Δ𝑡) (2.2) 

Note that (2.1) is a solved (explicit) equation that can be directly evaluated at each 

timestep, while (2.2) is an unsolved (implicit) equation which will require numerical 

solution at each timestep.  Thus, explicit integration is usually preferred in RT simulation 

applications because it significantly reduces the complexity of the computations for each 

timestep, and because it has a very predictable WCET.  However, explicit methods 

frequently do not perform well for “stiff” systems which have a wide range of time 

constants.  Moreover, all explicit integration methods suffer from stability problems when 

the simulation timestep is increased [25]. To avoid numerical instability, explicit methods 

must use extremely small timesteps.   

Contrarily, implicit integration methods do not suffer from stability problems and 

can maintain accuracy with much larger timesteps.  However, the requirement to solve 

(2.2) at each timestep is not trivial.  Iterative solvers (e.g., Newton-Raphson solvers) can 

usually solve such nonlinear equations, but the solution of each timestep can require tens 



 

14 

or hundreds of solver iterations.  Thus, these solvers are computationally expensive and 

have unpredictable WCETs.  For these reasons, RT execution using implicit methods can 

be challenging or even impossible. 

2.3.2 COMBINING INTEGRATION METHODS USING HYBRID APPROACHES 

Some attempts have been made to combine implicit and explicit methods to create 

hybrid methods which are suitable for stiff systems and take some of the benefits from 

both.  For example, one approach was proposed in [26] which involves adaptively altering 

the discretization method between several implicit and explicit options, such that the best 

algorithm can be selected based on the nature of the simulation inputs.  Later, the authors 

of [27] proposed a hybrid implicit/explicit framework for RT simulation of power 

electronics which exploits latencies to partition the system, after which some linear 

subsystems are implicitly integrated while the overall system is explicitly integrated.  This 

framework has been adopted and extended in [28], [11] and [29].   Unfortunately, the 

framework relies heavily on latencies in the system which are not present in all systems.  

Additionally, while hybrid methods can achieve better performance than traditional 

approaches for some circumstances, they invariably also suffer from some drawbacks—in 

the case of [26] – [29], the partial use of explicit integration is still cause for stability 

concerns.  
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CHAPTER 3 

CLOSED FORM IMPLICIT MODELS

The simple concept of this proposed work is to discretize the state equations of a 

power electronic converter or system using implicit integration and then solve the resulting 

set of discrete-time nonlinear equations analytically using a general-purpose approach.  

This closed-form analytical solution takes the implicitly integrated system of (2.2) and 

converts it to the solved form of (2.1) so that it can be directly evaluated as an explicit 

method would.  Thus, the proposed method captures all the benefits of both integration 

types while eliminating the drawbacks.  Since the system is discretized using implicit 

integration, it retains all the stability and accuracy benefits of implicit methods, and it can 

use large timesteps.  Since the system is explicitly solved, it can be directly evaluated at 

each time step without any iterative solver or matrix inversion operations.  For 

convenience, the implicitly integrated, explicitly solved modeling approach will hereafter 

be referred to as the closed form implicit method and abbreviated CF-implicit. 

Note that implicit equations like (2.2) are typically nonlinear and not guaranteed to 

have a closed-form analytical solution, so the modeling technique proposed here is not 

universally applicable to all systems.  On the contrary, the CF-implicit modeling technique 

applies only to a specific form of nonlinear systems which is observed in power electronics 

and select other domains. By exploiting the unique form of the nonlinear equations in such 

systems, we can solve them analytically in closed form and reap the benefits of both 

implicit and explicit integration. 
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3.1 A TRIVIAL CF-IMPLICIT SOLUTION FOR LTI SYSTEMS 

Before examining nonlinear systems, it is useful to review the process for simpler 

case of linear, time-invariant (LTI) systems, which have been thoroughly studied and 

explored.  Continuous-time LTI systems are definitionally of the form: 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) (3.1) 

As usual, for a system of 𝑝 states and 𝑞 inputs, matrix 𝐴 will have dimensions 𝑝 × 𝑝 

and 𝐵 will have dimensions 𝑝 × 𝑞.  Now let us discretize the system with an implicit 

method, such as the backward Euler (EB) method.  Doing so, we have the relationship: 

𝑥[𝑡௞ + Δ𝑡] = 𝑥[𝑡௞] + Δ𝑡 𝑥̇[𝑡௞ + Δ𝑡] (3.2) 

Substituting (3.1) into (3.2), we obtain 

𝑥[𝑡௞ + Δ𝑡] = 𝑥[𝑡௞] + Δ𝑡(𝐴𝑥[𝑡௞ + Δ𝑡] + 𝐵𝑢[𝑡௞ + Δ𝑡]) (3.3) 

Since we used an implicit method, the resulting equation is not solved (implicit)—

that is, the term we would like to calculate 𝑥[𝑡௞ + Δ𝑡] appears on both sides of the equation.  

However, for a linear system, this barrier is easily overcome with some simple linear 

algebra. By isolating the relevant terms on one side of the equation, factoring, and dividing 

the coefficient, we can see that: 

𝑥[𝑡௞ + Δ𝑡] = (𝐼 − Δ𝑡𝐴)ିଵ(𝑥[𝑡௞] + 𝐵𝑢[𝑡௞ + Δ𝑡]) (3.4) 

where 𝐼 is the identity matrix.  Note here that we were able to explicitly solve the 

system despite using an implicit integration method, because the form of the LTI system 

allowed us to substitute and obtain a closed-form solution.  Furthermore, it is clear from 

(3.4) that if the timestep Δ𝑡 is held constant, the matrix inverse can be precomputed before 
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the model is executed, such that the only calculations which must be performed at each 

timestep are simple operations of multiplication and addition. 

3.2 CF-IMPLICIT SOLUTION OF SELECT NONLINEAR SYSTEMS 

Unfortunately, no such trivial solution exists for the general case of nonlinear 

dynamic systems, which are described generically as 

𝑥̇(𝑡) = 𝑓൫𝑥(𝑡), 𝑢(𝑡)൯ (3.5) 

If we again use the implicit backward Euler method, we have that 

𝑥[𝑡௞ + Δ𝑡] = 𝑥[𝑡௞] + Δ𝑡 𝑥̇[𝑡௞ + Δ𝑡]                          

                          = 𝑥[𝑡௞] + Δ𝑡 𝑓(𝑥[𝑡௞ + Δ𝑡], 𝑢[𝑡௞  + Δ𝑡])  (3.6)
 

Beyond this point, we cannot proceed to solve analytically without further 

knowledge of the function 𝑓.  Moreover, in many cases it is not possible to solve (3.6) in 

closed form.  For this reason, general purpose simulation solvers employ sophisticated 

iterative numerical methods to solve the system at each time step. 

However, it is possible to consider special cases of (3.5) which are not LTI, but 

which still allow for explicit closed-form solution of the implicitly discretized system.  In 

particular, let us consider a system of the form 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝑑(𝑡)൫𝐸𝑥(𝑡) +  𝐹𝑢(𝑡)൯ (3.7) 

where 𝑑 is a scalar input to the system which introduces nonlinearity (in that it acts 

as a coefficient to other states and inputs) and 𝐸 and 𝐹 are constant coefficient matrices of 

the same dimensions as 𝐴 and 𝐵, respectively.  This form is widely applicable to power 

electronic converters and systems—where typically a modulated input 𝑑 (which is 

produced by the feedback control) introduces the nonlinearity into the switch-averaged 
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state equations of the power electronic converter.  Assuming this form, we can discretize 

the system using the implicit backward Euler method by substituting (3.7) into (3.2) and 

obtain: 

𝑥[𝑡௞ + Δ𝑡] = 𝑥[𝑡௞] + Δ𝑡 𝐴 𝑥[𝑡௞ + Δ𝑡] + Δ𝑡 𝐵 𝑢[𝑡௞ + Δ𝑡]                

                                      + Δ𝑡 𝑑[𝑡௞ + Δ𝑡] 𝐸 𝑥[𝑡௞ + Δ𝑡] + Δ𝑡 𝑑[𝑡௞ + Δ𝑡] 𝐹 𝑢[𝑡௞ + Δ𝑡] (3.8)
 

Grouping the terms containing 𝑥[𝑡௞ + Δ𝑡] on the left side and factoring, we have: 

(𝐼 − Δ𝑡𝐴 −  Δ𝑡 𝑑[𝑡௞ + Δ𝑡] 𝐸) 𝑥[𝑡௞ + Δ𝑡] =  𝑥[𝑡௞] + Δ𝑡 𝐵 𝑢[𝑡௞ + Δ𝑡]                           

                                                                +Δ𝑡 𝑑[𝑡௞ + Δ𝑡] 𝐹 𝑢[𝑡௞ + Δ𝑡] (3.9) 
             

And finally, by matrix inversion we obtain: 

𝑥[𝑡௞ + Δ𝑡] =  (𝐼 − Δ𝑡𝐴 −  Δ𝑡 𝑑[𝑡௞ + Δ𝑡] 𝐸)ିଵ                                                         

                (𝑥[𝑡௞] + Δ𝑡 𝐵 𝑢[𝑡௞ + Δ𝑡] + Δ𝑡 𝑑[𝑡௞ + Δ𝑡] 𝐹 𝑢[𝑡௞ + Δ𝑡]) (3.10)
 

Note here that our solution process was quite similar to the trivial LTI case, with 

just a few added terms.  However, there is one major distinction: even with a fixed timestep 

Δ𝑡, the inverted matrix in this solution now changes as a function of time due to the input 

𝑑.  Traditionally, this would mean that the inverse has to be recalculated at each timestep 

when the input 𝑑 is updated.  However, to avoid the high computational cost of repeatedly 

performing the matrix inversion, we can instead use a symbolic solver to precalculate the 

inverse while leaving 𝑑 as an unknown variable.  In this way, we can capture the same 

benefits as the LTI system and greatly speed up the model execution time while also 

capturing the full large-signal nonlinear behavior of the system of (3.7). 

3.3 CF-IMPLICIT MODELS FOR SYSTEMS WITH MULTIPLE MODULATED INPUTS 

The previous derivation assumed a nonlinear system where only one scalar input 𝑑 

was responsible for the nonlinearity in the system.  This assumption holds for a wide variety 
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of single-stage power converters where only one modulated control variable is present in 

the state equations.  However, there are other power converters for which there are multiple 

modulated control variables present in the state equations which introduce nonlinearity into 

the system.  Notably, any multi-stage power converters and any three-phase converters will 

have more than one modulated control variable present in the switch-averaged state 

equations. 

Fortunately, the CF-implicit method is easily extended to the case of multiple 

control inputs just by adding extra terms.  For a system featuring 𝑛 modulated control 

inputs, designated 𝑑ଵ, 𝑑ଶ, … 𝑑௡, we can formulate the system state equations as 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + ෍ ቀ𝑑௜(𝑡)൫𝐸௜𝑥(𝑡) +  𝐹௜ 𝑢(𝑡)൯ቁ

௡

௜ୀଵ

(3.11) 

which the reader can see takes the same form as (3.7) but has separate terms and 

matrices 𝐸௜ and 𝐹௜ for each modulated input. While the equation is more complicated upon 

first inspection, its general form is still quite simple and lends itself to automatic population 

of the system matrices so that little manual work is required.  As in the previous case, the 

system of (3.11) can be discretized using backward Euler and solved in the same manner, 

yielding the solution: 

𝑥[𝑡௞ + Δ𝑡] =  ൭𝐼 − Δ𝑡 ൭𝐴 + ෍(𝑑௜[𝑡௞ + Δ𝑡] 𝐸௜)

௡

௜ୀଵ

൱ ൱

ିଵ

                                                  

൭𝑥[𝑡௞] + Δ𝑡 ൭𝐵 + ෍(𝑑௜[𝑡௞ + Δ𝑡] 𝐹௜)

௡

௜ୀଵ

൱ 𝑢[𝑡௞ + Δ𝑡]൱ (3.12)

 

Again, we can use a symbolic solver to invert the matrix leaving each of the 

modulating inputs 𝑑ଵ, 𝑑ଶ, … 𝑑௡ as unknowns.  In this way we obtain a fully-closed-form 
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solution to the implicitly discretized state equations, and no matrix inversion is required 

within the simulation loop.   

Finally note that while we have assumed the use of backward Euler for the 

presented derivations, the proposed method can easily be applied to any other implicit 

discretization techniques as well, including implicit methods of higher order.  For example, 

using Tustin’s method (a.k.a. the bilinear transform), and solving in the same manner we 

obtain: 

𝑥[𝑡௞ + Δ𝑡] =  ൭𝐼 −
Δ𝑡

2
൭𝐴 + ෍(𝑑௜[𝑡௞ + Δ𝑡] 𝐸௜)

௡

௜ୀଵ

൱ ൱

ିଵ

                                                               

                    ൭𝑥[𝑡௞] +
Δ𝑡

2
𝑥̇[𝑡௞] +

Δ𝑡

2
൭𝐵 + ෍(𝑑௜[𝑡௞ + Δ𝑡] 𝐹௜)

௡

௜ୀଵ

൱ 𝑢[𝑡௞ + Δ𝑡]൱ (3.13) 

3.4 A HIGHLY GENERALIZED CF-IMPLICIT FORM 

Most power electronic systems have switch-averaged state equations which can be 

manipulated to fit the form of (3.11).  However, it is possible to find special systems which 

require an even more general form.  An example system which requires a more general 

form is the dual active bridge (DAB) converter, which is operated using phase shift 

modulation (PSM).  The DAB’s power transfer equation exhibits a dependence on the 

square of the phase shift 𝜙—something which cannot be made to fit the structure of (3.11).  

A more thorough analysis of the DAB is provided in Section 5.2.    

The most general form to which the CF-implicit method can be applied is  

𝑥̇(𝑡) = 𝑔൫𝑢(𝑡), 𝑑(𝑡)൯𝑥(𝑡) + ℎ൫𝑢(𝑡), 𝑑(𝑡)൯ (3.14) 

where 𝑔 is a 𝑝 × 𝑝 matrix of functions and ℎ is a 𝑝 × 1 vector of functions.  Each 

element in ℎ and 𝑔 is a general nonlinear function which can contain any nonlinear 
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combination of elements from input vectors 𝑢 and 𝑑 and produces a scalar output.  The key 

feature of (3.14) which enables the method to be used is that the state variable vector 𝑥 can 

be pulled out of the nonlinear functions—which is not necessarily possible in the 

completely general nonlinear system of (3.5).  This form is even more widely applicable 

to power electronic converters and systems than previous formulations.  Specifically, the 

general form in (3.14) can be used anywhere that state-space averaging applies [30],  where 

the small ripple approximation holds [31] and each switching subinterval is linear, and 

even in several applications where the small ripple approximation does not hold (i.e., in 

the dual active bridge converter).   

Applying Euler Backward again to (3.14), we have that 

𝑥[𝑡௞ + Δ𝑡] = 𝑥[𝑡௞] + Δ𝑡 𝑥̇[𝑡௞ + Δ𝑡]                                                                            

= 𝑥[𝑡௞] + Δ𝑡 𝑔(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])𝑥[𝑡௞ + Δ𝑡]       (3.15)

+ Δ𝑡 ℎ(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])           

 

As before, the terms containing 𝑥 can be grouped on the left side of the equation 

and 𝑥 can be factored out, leaving: 

൫𝐼 − Δ𝑡 𝑔(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])൯𝑥[𝑡௞ + Δ𝑡] =  𝑥[𝑡௞] + Δ𝑡 ℎ(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])

                                                                                                                                                       (3.16)
 

And finally by matrix inversion, the generalized form of (3.14) can be solved for 

EB integration to produce: 

𝑥[𝑡௞ + Δ𝑡] = ൫𝐼 − Δ𝑡 𝑔(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])൯
ିଵ

                               

൫𝑥[𝑡௞] + Δ𝑡 ℎ(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])൯  (3.17)
                                                                                                                                                       

 

As with previous forms, other implicit integration methods can also be used with a 

similar solution technique.  Using Tustin integration, solving (3.14) yields: 
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𝑥[𝑡௞ + Δ𝑡] = ቆ𝐼 −
Δ𝑡

2
𝑔(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])ቇ

ିଵ

                       

                           ቆ𝑥[𝑡௞] +
Δ𝑡

2
𝑥̇[𝑡௞] +

Δ𝑡

2
ℎ(𝑢[𝑡௞ + Δ𝑡], 𝑑[𝑡௞ + Δ𝑡])ቇ (3.18)
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CHAPTER 4 

EXPERIMENTAL VALIDATION OF CF-IMPLICIT MODELS 

4.1 MATRIX DECOMPOSITION OF TWO-STAGE CONVERTER STATE EQUATIONS

In this section we demonstrate the proposed CF-implicit method on a two-stage 

feedback-controlled converter with five state variables and four modulating inputs by 

formulating the state equations under the structure of (3.11) and creating solved RT models 

using (3.12) and (3.13).  Figure 4.1 shows a schematic diagram of the two-stage converter 

we are modeling, which consists of a boost step-up converter followed by a three-phase 

inverter which feeds a wye-connected resistive load.  This topology makes a good system 

for study and is also commonly used in real-world applications such as a inverters 

interfacing a low-voltage DC element like a battery or photovoltaic panel string to a three-

phase AC system. 

 

Figure 4.1.  Schematic diagram of the modeled system, a two-stage converter with a boost 
stage and a three-phase inverter. 
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Note that in the diagram, 𝐿ଵ represents boost inductor, 𝑅௅ଵ represents the boost 

inductor’s equivalent series resistance, 𝐶 represents the DC link capacitance, and 𝐿ଷ஍  

represents the inductance of the three inverter phase legs, and 𝑅ଷ஍ represents the resistive 

load on each phase.  The five state variables are the boost inductor current 𝑖௅ଵ, the line 

currents 𝑖௔, 𝑖௕, and 𝑖௖, and the DC link voltage 𝑣௟௜௡௞.  

We define 𝑑ଵ, 𝑑ଶ, 𝑑ଷ, 𝑑ସ as the duty of the high side switch on each phase leg and 

consider that the low side switch duty is the complement of the high side duty 𝑑௜
ᇱ = 1 − 𝑑௜, 

neglecting any dead time.  Doing so, we can develop switch-averaged, continuous-time 

state equations of the system, which are given below in (4.1) - (4.5).  These equations, 

which constitute the averaged plant model, are nonlinear due to the multiplication of the 

duty inputs and the system states. Note that while there are five state equations listed—

corresponding to the five energy storage elements in the system—the system has only four 

linearly independent states, because the three-phase inverter currents 𝑖௔, 𝑖௕, and 𝑖௖ must 

always sum to zero.   

𝑑𝑣௟௜௡௞

𝑑𝑡
=

1

𝐶௟௜௡௞

(𝑑ଵ𝑖௅ଵ − 𝑑ଶ𝑖௔ − 𝑑ଷ𝑖௕ − 𝑑ସ𝑖௖) (4.1)
                                                                                                         

 

𝑑𝑖௅ଵ

𝑑𝑡
=

1

𝐿ଵ
൫𝑣௚ − 𝑑ଵ𝑣௟௜௡௞ − 𝑖௅ଵ𝑅௅ଵ൯ (4.2)

                                                                                                         
 

𝑑𝑖௔

𝑑𝑡
=

1

𝐿ଷ஍
൬𝑑ଶ𝑣௟௜௡௞ −

1

3
(𝑑ଶ + 𝑑ଷ + 𝑑ସ)𝑣௟௜௡௞ − 𝑖௔𝑅ଷ஍൰ (4.3)

                                                                                                        
 

𝑑𝑖௕

𝑑𝑡
=

1

𝐿ଷ஍
൬𝑑ଷ𝑣௟௜௡௞ −

1

3
(𝑑ଶ + 𝑑ଷ + 𝑑ସ)𝑣௟௜௡௞ − 𝑖௕𝑅ଷ஍൰ (4.4)

                                                                                   
 

𝑑𝑖௖

𝑑𝑡
=

1

𝐿ଷ஍
൬𝑑ସ𝑣௟௜௡௞ −

1

3
(𝑑ଶ + 𝑑ଷ + 𝑑ସ)𝑣௟௜௡௞ − 𝑖௖𝑅ଷ஍൰ (4.5) 
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Since this system has four inputs which introduce nonlinearity via switch 

modulation, we adopt the structure of (3.11), with 𝑛 = 4.  By combining (4.1)-(4.5) into a 

single matrix equation of this form, we obtain the following vectors and matrices: 

𝑥 =

⎣
⎢
⎢
⎢
⎡
𝑣௟௜௡௞

𝑖௅ଵ

𝑖௔

𝑖௕

𝑖௖ ⎦
⎥
⎥
⎥
⎤

(4.6) 

𝑢 = ൣ𝑣௚൧ (4.7) 

𝐴 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

 

0 0 0 0 0

0 −
𝑅௅ଵ

𝐿ଵ
0 0 0

0 0 −
𝑅ଷ஍

𝐿ଷ஍
0 0

0 0 0 −
𝑅ଷ஍

𝐿ଷ஍
0

0 0 0 0 −
𝑅ଷ஍

𝐿ଷ஍⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(4.8) 

𝐵 =

⎣
⎢
⎢
⎢
⎢
⎡

 

0
1

𝐿ଵ

0
0
0 ⎦

⎥
⎥
⎥
⎥
⎤

(4.9) 

𝐸ଵ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡ 0

1

𝐶௟௜௡௞
0 0 0

−
1

𝐿ଵ
0 0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0⎦

⎥
⎥
⎥
⎥
⎥
⎤

(4.10) 
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𝐸ଶ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 0 −

1

𝐶௟௜௡௞
0 0

0 0 0 0 0
2

3𝐿ଷ஍
0 0 0 0

−
1

3𝐿ଷ஍
0 0 0 0

−
1

3𝐿ଷ஍
0 0 0 0

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(4.11) 

𝐸ଷ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 0 0 −

1

𝐶௟௜௡௞
0

0 0 0 0 0

−
1

3𝐿ଷ஍
0 0 0 0

2

3𝐿ଷ஍
0 0 0 0

−
1

3𝐿ଷ஍
0 0 0 0

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(4.12) 

𝐸ସ =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 0 0 0 −

1

𝐶௟௜௡௞

0 0 0 0 0

−
1

3𝐿ଷ஍
0 0 0 0

−
1

3𝐿ଷ஍
0 0 0 0

2

3𝐿ଷ஍
0 0 0 0

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(4.13) 

𝐹ଵ = 𝐹ଶ = 𝐹ଷ = 𝐹ସ =

⎣
⎢
⎢
⎢
⎡

 

0
0
0
0
0⎦

⎥
⎥
⎥
⎤

 (4.14) 

Note that while 𝑑ଵ, 𝑑ଶ, 𝑑ଷ, and 𝑑ସ are inputs to the system, they are not included in 

the input vector 𝑢 because they are handled separately in (3.11).  While it is somewhat 
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tedious to populate these matrices by hand, this process could be automated as in many 

other general-purpose simulation solvers. 

4.2 MODEL VALIDATION AS AN EMBEDDED DIGITAL TWIN 

Having formulated the system in this manner, we entered the matrices in MATLAB 

and defined the duty cycles, states, and other inputs as symbolic variables using the 

Symbolic Math Toolbox.  Then, by entering (3.12) and (3.13), we generated callable 

functions which calculate 𝑥[𝑡௞ + Δ𝑡] at each timestep for a given set of inputs 𝑥[𝑡௞], 𝑢[𝑡௞], 

𝑢[𝑡௞ + Δ𝑡௞], and 𝑑[𝑡௞ + Δ𝑡௞].  We chose a timestep Δ𝑡 = 50 𝜇𝑠 to match the switching 

period of the converter for 20 kHz switching.  In this way, the CF-implicit model can be 

evaluated directly on the converter’s digital controller in real time as a digital twin of the 

physical converter.   

 Choosing a timestep equal to the controller interrupt period is convenient because 

the solved model function is then called once per switching period using the same interrupt 

as the existing feedback controls.  Note that using a timestep this large is acceptable 

because the method uses implicit integration, which does not suffer from stability issues 

and offers good accuracy with larger timesteps than an explicit method.  Using this large 

timestep with an explicit method would cause the model to go unstable. 

The feedback control structure adopted for the two-stage converter is depicted in 

Figure 4.2.  As shown, the boost converter stage is controlled with a nested two-loop 

compensation scheme which regulates the boost inductor current and the DC link voltage.  

The three-phase inverter is controlled with PI current compensators in the rotating DQ 

reference frame.  
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Figure 4.2.  The block diagram of the control system implemented on the two-stage 
converter.  The boost converter stage uses a two-loop control structure, with an inner 
current loop and an outer voltage loop, and the inverter stage uses a DQ current controller.  
The angle generator which produces 𝜔𝑡 is not shown. 

To validate the CF-implicit models, we deployed the derived model of the two-

stage converter in Figure 4.1 as a real-time digital twin, using the software configuration 

shown in Figure 4.3.  Note that the digital twin has its own unique copy of the control 

system depicted in Figure 4.2.   The physical twin was built in hardware using four 

integrated half bridge models, inductors, and a three-phase resistive load.  A photograph of 

the setup is shown in Figure 4.4.  The nominal parameter values were 𝐿ଵ =  1.25 𝑚𝐻, 

𝐿ଷ஍ = 2.5 𝑚𝐻, 𝑅ଷ஍ = 10Ω, and 𝐶௟௜௡௞ = 1040 𝜇𝐹.   The assumed ESR of the boost 

inductor was 𝑅௅ଵ = 29.7 𝑚Ω. 

We also deployed more traditional, explicitly integrated Euler Forward (EF) RT 

models to the same platform to compare accuracy, stability, and computational efficiency 

among the models and prove the value of the proposed models.  We ran an experiment 

inducing a few transients on the physical twin and each of the real-time digital twin models 

and captured the output data.   
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Figure 4.3.  A breakdown of hardware and software components for the experimental setup, 
including the physical twin and digital controls (top, black) and the digital twin real-time 
model (bottom, blue).  All software components are executed in real-time on the digital 
control platform. 

 

Figure 4.4.  The physical twin was a hardware prototype of the converter in Figure 4.1, 
built with four integrated half-bridge modules (top), four inductors (behind the modules, 
not pictured), and a three-phase resistive load (bottom).  The control platform sits below 
the modules. 
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The data captured in these real-time experiments are plotted in Figure 4.5-Figure 

4.8.  In each test, the experiment involves startup and two subsequent control reference 

steps.  At time 𝑡 = 0, the DC link voltage 𝑣௟௜௡௞ is charged up to the same value as input 

voltage 𝑣௚ which is held constant at 125𝑉 by a laboratory power supply.  Note that this is 

unavoidable, as the high side diode of the boost stage ensures that the DC link voltage 

cannot fall below the input voltage.  The controller then raises 𝑣௟௜௡௞ to the reference value 

of 400V, which takes some time because the boost inductor current reference saturates at 

25A.  The startup phase completes around 𝑡 = 0.025 seconds, upon which the boost 

inductor current drops back down to roughly zero.  Then, at 𝑡 = 0.05 seconds, the three-

phase inverter current reference 𝑖ௗ,௥௘௙ is stepped from 0A to 10A, and later, and at 𝑡 = 0.08 

seconds the DC link voltage reference is stepped from 400V to 420V.  

Figure 4.5 shows the experimental results for the CF-implicit model with backward 

Euler discretization and a timestep of Δ𝑡 = 50𝜇𝑠, equal to the converter switching period 

𝑇ௌௐ.  The DT model outputs clearly show excellent agreement with the PT measured 

waveforms.  Likewise, Figure 4.6 shows the waveforms for the CF-implicit DT using 

Tustin discretization, with excellent accuracy. 

Figure 4.7 shows the same test case with a traditional explicitly integrated DT 

model which uses forward Euler and the same timestep of Δt = 50 𝜇𝑠.  Here we observe 

the serious shortcoming of explicit integration—the explicit DT model is not stable with 

this large timestep. 

Figure 4.8 shows the explicitly integrated forward Euler model of Figure 4.7, but 

with the timestep reduced to Δ𝑡 = 1 𝜇𝑠 to ensure numerical stability. Here again the model 
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is stable, but at the cost of a much smaller timestep.  This smaller timestep drives up the 

computational cost of the model, requiring more CPU resources for RT operation. 

 

Figure 4.5.  Measurements and outputs captured from the real-time control platform for a 
DT model using the CF-implicit method with Euler Backward discretization at a 50µs 
timestep. Even with a large timestep, the DT model is stable and accurate. 
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Figure 4.6.  Measurements and outputs captured from the real-time control platform for a 
DT model using the CF-implicit method with Tustin discretization at a 50µs timestep. This 
DT model is stable and accurate. 
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Figure 4.7.  Measurements and outputs captured from the real-time control platform for an 
explicitly integrated DT model featuring Euler Forward discretization and a 50µs timestep.  
Note the large y-axis scaling.  This DT model is numerically unstable. 
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Figure 4.8.  Measurements and outputs captured from the real-time control platform for an 
explicitly integrated DT model featuring Euler Forward discretization and a 1µs timestep.  
This DT model is stable and accurate. 
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4.3 ANALYSIS OF COMPUTATIONAL EXPENSE 

It is clear from the simulated waveforms that the CF-implicit models proposed herein 

offer improved numerical stability, allowing the model to be executed with much larger 

timesteps than could be used in explicitly integrated models.  The use of larger timesteps 

reduces the computational cost of model execution significantly.  To quantify the 

computational performance improvement provided by the proposed method, we compared 

the CF-implicit and explicit digital twin models as a function of the number of simulation 

timesteps per control interrupt.  The control platform used in the experiments was an 

Imperix B-box 3.0, and in each experiment the control code and the digital twin model (as 

shown in Figure 4.3) were run together on the B-box’s CPU: an ARM Cortex A9 with a 

1GHz clock frequency and 1GB of DDR3 memory. 

 

Figure 4.9.  A scatter plot showing the DT model processing times for each integration 
method as observed on the control platform’s 1GHz ARM CPU. 
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Figure 4.9 shows the DT model’s CPU processing times for each of the three first-

order integration methods as a function of the number of steps per interrupt.  Linear 

regression lines of the data are also shown, along with the corresponding line equations. 

As expected, each of the methods’ computational cost is inversely proportional to the 

model timestep for each method, growing approximately linearly with the number of steps 

per interrupt.  There is also a small non-zero y-intercept for each of the three regression 

lines, which represents base CPU load which is present even when the model equations are 

not evaluated.  This base CPU load includes all routine processing tasks that occur on the 

embedded CPU which are not a part of the DT model code, including terminal PC 

communications, exception and fault management, watchdog timer management, etc. 

Note that while each of the three methods do demonstrate a strong linear 

dependence on timestep, the observed data points for the two CF-implicit methods do not 

fall exactly on the regression line—rather, there is a small, somewhat random variance 

around the regression lines.  This variance can be attributed to the symbolic math toolbox 

which we used to generate the callable functions for (3.12) and (3.13).  When the callable 

function is generated, the toolbox performs an optimization to try to make the function as 

computationally efficient as possible, but the optimization is not always equally successful, 

leading to small variations around the expected value predicted by the regression line.  In 

contrast, the observed data points for EF fall directly on the regression line because the 

model equations are not generated by the symbolic toolbox.  

Inspecting Figure 4.9 further, we can clearly see that the explicit EF is the most 

computationally efficient of the methods for a given timestep.  However, a fair comparative 

analysis must account for the fact that explicit integration always requires larger number 𝑛 
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of timesteps per interrupt than implicit methods to maintain numerical stability.  Recall that 

Figure 4.7 showed that EF was unstable for a 50 𝜇𝑠 timestep (which in Figure 4.9 

corresponds to 𝑛 = 1), while both CF-implicit methods were stable and accurate with this 

timestep.  To ensure reliable stability, the explicit EF method required a smaller 1 𝜇𝑠 

timestep (𝑛 = 50).  If we compare the methods on this basis, we can clearly see that the 

CF-implicit Tustin and EB models are faster at 𝑛 = 1 than the EF model is at 𝑛 = 50.  We 

can also demonstrate this more generically using the regression lines, showing that CF-

implicit EB will be more computationally efficient if: 

𝑡஼௉௎,ா஻ ≤ 𝑡஼௉௎,ாி

0.068𝑛ா஻ + 1.452 ≤ 0.040𝑛ாி + 1.312 (4.15)
 

Likewise, CF-implicit Tustin will likely be more computationally efficient if: 

𝑡஼௉௎,்௨௦௧௜௡ ≤ 𝑡஼௉௎,ாி

0.111𝑛்௨௦௧௜௡ + 1.535 ≤ 0.040𝑛ாி + 0.312 (4.16)
 

If we use the 50 𝜇𝑠 timestep for the CF-implicit methods and the 1 𝜇𝑠 timestep for 

the explicit method, we obtain that 𝑡஼௉௎,ாி = 2.31 𝜇𝑠 while 𝑡஼௉௎,்௨௦௧௜௡ = 1.65 𝜇𝑠 and 

𝑡஼௉௎,ா஻ = 1.52 𝜇𝑠.  Thus, the CF-implicit methods also offer a computational performance 

benefit.  

Another possible way to compare the computational cost of different integration 

methods is to look at the incremental cost to perform the required number of simulation 

steps for a given method. In this analysis, the fixed overhead cost of each method 

(represented by the y-intercept of each line in Figure 4.9) is neglected. Table 4.1 shows 

that the CF-implicit EB and Tustin methods have a computational cost of 68ns and 111ns 

respectively for the required single timestep, to be compared with a total cost of 2,000ns 
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for the 50 steps required by the EF method for numerical stability. This is an improvement 

by a factor of 29 for EB and 18 for Tustin. 

Table 4.1. Computational Cost Comparison Based on Figure 4.9, 
Neglecting Fixed Overhead Costs 

Method # of Steps for 
Reliable 
Stability 

Cost per Step 
[ns] 

Total Cost [ns] 

EF 50 40 2,000 
EB 1 68 68 
Tustin 1 111 111 

  

4.4 MODEL ERROR ANALYSIS 

As with any model, it is critical that users understand the inherent limitations of the 

CF-implicit models, the sources of error which are present, and the operating conditions 

which are necessary to obtain accurate results.  Since the CF-implicit models proposed here 

are mathematically identical to ordinary implicitly integrated models, they are generally 

robust and do not induce significant error from any assumptions or approximations.  The 

primary sources of potential error in the proposed models are discussed here. 

4.4.1 UNMODELED PARASITIC ERROR 

All parasitics such as capacitor and inductor ESR, semiconductor on-resistance and 

forward drops, etc. that are considered must be included in the system state equations and 

resultant system matrices.  All neglected parasitics are obviously potential sources of error. 

Practicing engineers are familiar with parasitics as a source of model error, so an 

in-depth discussion of this type of error is excluded here.  However, it is important that the 

engineer consider which parasitics to include in a CF-implicit model within the context of 

the model’s intended purpose.  
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4.4.2 DISCRETIZATION ERROR 

There are two types of discretization error.  Some discretization error is inherent: 

that is, some information is always lost when a continuous-time system is modeled in a 

discrete environment.  Additionally, some discretization error can be attributed to the 

chosen integration method, as all practical integration methods are approximations which 

sacrifice some amount of accuracy for computational efficiency.   

Discretization error warrants significant discussion, as a timestep that is too large 

can induce intolerable error.  As a general rule, the discrete model should always be run 

with a timestep no greater than one tenth the period of highest frequency spectral 

component that the model is intended to capture.  Figure 4.10 shows the error introduced 

by approximating an ideal integrator with each of the three first-order integration methods.  

Clearly, each method is an excellent approximation at frequencies which are low compared 

to the timestep, but the approximations break down at high frequency. 

Note that as the discrete sampling frequency increases—i.e., the timestep Δ𝑡 

decreases—discretization error decreases and approaches zero.  However, in resource-

constrained computing environments, reducing the timestep beyond a certain threshold will 

induce processing overruns which prevent RT execution, so some discretization error may 

be unavoidable in the RT model.  
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Figure 4.10.  Discrete integration methods typically induce appreciable error for any 
frequency components which exceed one-tenth of the sampling frequency. 

4.4.3 SMALL RIPPLE APPROXIMATION ERROR 

All switch-averaged converter models (including those presented in this work) rely 

on an approximation that the ripple of the converter waveforms is small with respect to the 

average value of the waveforms.  Typically, this approximation holds well, so the error 

induced by the approximation is negligible.  In any case, it is important to note that this 

type of error is not improved by reducing the discrete timestep. 

4.5 SUMMARY OF EXPERIMENTAL RESULTS FOR PROPOSED MODELS 

The presented work describes a novel means to obtain an explicitly solved, closed 

form solution of an implicitly integrated set of state equations.  This solution is limited in 

scope, but it is generally applicable to a wide variety of power electronic systems. The CF-
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implicit method delivers unparalleled capability for RT modeling by combining the 

stability and accuracy of implicit methods with the low computational complexity of 

explicit methods. The proposed models capture the full nonlinear dynamic behavior of the 

converter and require no iterative solver or repeated matrix inversion operations for model 

evaluation. 

Due to the low computational cost and the lack of any iterative numerical solver, 

CF-implicit models are extremely well-suited for real-time applications. They can be 

evaluated directly on a power converter’s embedded controller as a digital twin of the 

converter and used for many purposes, including online diagnostics, prognostics, 

optimization, and autonomous decision-making.  
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CHAPTER 5 

SWITCHING MODELS USING THE CF-IMPLICIT METHOD

The CF-implicit models presented in previous chapters are switch-averaged models 

which assume that feedback controlled inputs (i.e., the converter duty cycles) are bounded 

continuous variables.   Duty cycles in particular can take any value between zero and one; 

other controlled inputs, such as phase shift in a phase-shift-modulated converter, can 

similarly be considered as bounded continuous variables.  However, the state equations 

which are manipulated and evaluated using the CF-implicit approach in this method are 

valid for more than just averaged models.  Using a switching function approach, the same 

state equations can be used to create switching models of the system [32].  In this approach, 

modulated signals like switch duty cycles can be represented in greater detail by their 

instantaneous binary values rather than by their average values over a period. 

Switching models are not necessary for all applications of simulation in power 

electronic systems, but they do offer distinct advantages for some applications.  For 

example, switching models may be important for representation and testing of fast analog 

protection systems, for more accurate representation of sampling in digitally controlled 

converters and especially in converters with high switching ripple, or for peak current-

mode-controlled converters [31].  Switching models may also be useful for cases where an 

extremely slow modulation strategy diminishes the benefits of switch-averaged models or 

makes them awkward to apply; for example, multilevel converters like MMCs often use 
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very slow modulation strategies, with just two switch commutations per 50/60Hz AC 

period.  This is discussed in greater detail in Chapter 6.  

Since the CF-implicit method works directly on the state equations of the system, 

and since those state equations are valid for fully switched models using switching 

functions, no adaptation of the CF-implicit method is theoretically needed for switching 

model creation.  However, without special accommodations, accurate evaluation of a 

switching model may require a significantly smaller timestep from the model so that the 

switching dynamics can be accurately captured and the resultant converter behavior 

accurately represented.  

 In a switching model, it is no longer possible to consider evaluating a model with 

one timestep per switching period as was used for the CF-implicit average models in 

Chapter 4.  Moreover, even a fixed timestep ten times smaller than the switching period 

would likely be wildly inaccurate in a traditional switching model, as the low resolution of 

ten timesteps per switching period effectively quantizes the duty cycle to values of 0%, 

10%, 20%, etc.  The naturally high sensitivity of the converter to control inputs like duty 

cycle implies that the resultant voltage gain of the converter would then also be wildly 

inaccurate, affecting the whole simulated system.  Such quantization error is also a problem 

in digital control design and can lead to sustained limit cycle oscillations and even full 

control instability in real systems if the digital control signals and PWM carrier waveforms 

do not have sufficiently high resolution [33].   

Thus, to achieve good accuracy in a fixed-timestep switching model, the chosen 

timestep must be approximately 3 or 4 orders of magnitude smaller than the switching 

period of the modeled system.  This massive reduction in timestep drives up the 
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computational cost of the model in direct proportion, eliminating the benefits demonstrated 

in Chapter 4.  The small fixed timestep requirement in switching simulations affects both 

offline and online simulation applications.  Online simulations which run in RT have the 

most inflexible execution time requirements, and thus face the biggest challenge for 

switching model simulation, especially of large systems.  However, even offline 

simulations which need not run in RT can be slowed down to the point of extreme 

impracticality.  

One obvious solution for offline solvers is to use a variable timestep solver so that 

large timesteps can be used when no switching action occurs, but smaller timesteps can be 

used to give good time resolution around switching events.  This solution is certainly better 

than maintaining an extremely small fixed timestep throughout the entire simulation, but 

even this solution is suboptimal since switching events occur very frequently throughout 

the simulation and each one requires a very significant reduction of the timestep for 

accuracy. 

Clever solutions have been proposed throughout the years to simulate switching 

models with larger timesteps.  One popular solution which is adopted in Plexim GmbH’s 

PLECS software is to simulate the system in piecewise linear fashion as a series of linear 

system simulations (one for each unique combination of switch states).  Using this strategy, 

PLECS takes large timesteps between switching events, monitoring boundary conditions 

at each step using a zero-crossing detector to ensure that no switching events have rendered 

the presently selected piecewise sub-model invalid for part of the timestep [34].  

Unfortunately, this scheme is complicated to implement in embedded environments since 

the solver runs on and utilizes MATLAB/Simulink’s solver infrastructure and zero crossing 
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detection, and since zero-crossing events may require the solver to step back and 

recalculate timesteps when boundary conditions are violated, leading to a higher WCET. 

5.1 SEMISWITCHED MODELS USING THE CF-IMPLICIT METHOD 

It is also possible to create computationally efficient, partially switched models 

using the CF-implicit method proposed here, and to circumvent the need for tiny timesteps 

by exploiting the dual switching and average modeling capabilities of the switching 

function.  The idea is to operate with all switching function inputs as binary for all timesteps 

except those timesteps in which a switch commutates.  However, timesteps which contain 

a switch commutation use the average model approach for that input, allowing the 

switching function to take any value between 0 and 1 to correctly capture the ratio of on-

time and off-time during that timestep.  This eliminates the need for the timestep to land 

precisely on the instant of switch commutation, allowing the (mostly) switched model to 

maintain excellent accuracy with significantly larger timesteps.  This approach is similar 

to that proposed in [35] for a voltage source converter in an HIL simulation context. 

Since the proposed models do feature non-binary switching function values during 

timesteps containing switching instants, they may properly be referred to as 

“semiswitched” models.  The extent to which they replicate the behavior of true switching 

models depends on the time resolution of the model—that is, the ratio 𝑛 = 𝑇௦௪/Δ𝑡 of the 

power electronics switching period to the model timestep.  A semiswitched model featuring 

a timestep which is orders of magnitude smaller than the switching period (corresponding 

to 𝑛 ≫ 1) will behave almost exactly like a pure switching model but will have limited 

computational benefit over the pure switching model.  Moreover, as 𝑛 → ∞, the error 

resulting from the small ripple approximation discussed in 4.4.3 decreases and 
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asymptotically approaches zero.  Conversely, a model which uses a timestep relatively 

close to the switching period of the power electronics will begin to deviate from pure 

switching model and approach the performance of an average model as 𝑛 → 1, since the 

timesteps with non-binary values will begin to take a larger share of the switching period.  

This spectrum is depicted in Figure 5.1 

 

Figure 5.1.  Semiswitched models are shown to lie on a spectrum between average models 
(where typically Δ𝑡 ≥ 𝑇௦௪) and full switching models (where Δ𝑡 ≪ 𝑇௦௪). 

One outstanding problem that must be addressed to implement semiswitched 

models is the modulator equivalent model, which is seen to be necessary in the setup of 

Figure 4.3.  This model’s output is similar to that of an ordinary PWM modulator, but since 

the semiswitched modulator must anticipate which timesteps will contain switch 

commutations and produce an “average” value for that timestep, it requires more 

complexity than a simple ramp and comparator.  A basic structure for the semiswitched 

equivalent modulator is shown in Figure 5.2. 

The concept of the semiswitched modulator in Figure 5.2 is that each time the PWM 

modulator input changes, a block can forecast and create a vector of its upcoming outputs 

over the next 𝑛 = 𝑇௦௪/Δ𝑡 timesteps.  The order of the vector elements will change 
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depending on the carrier waveform of the modulator being emulated, but the average value 

of the vector elements will always equal the input.   

 

Figure 5.2.  An equivalent model for the PWM modulator which is appropriate for 
semiswitched models. 

For example, a sawtooth modulator with an input of 0.65 and 𝑛 = 10 timesteps per 

switching period would produce a vector  

𝑝௦௔௪௧௢௢௧௛ =  [1 1 1 1 1 1 0.5 0 0 0]் (5.1) 

While an inverse sawtooth equivalent modulator would produce  

𝑝௜௡௩௦௔௪ = [0 0 0 0.5 1 1 1 1 1 1]் (5.2) 
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And a triangular carrier equivalent modulator would produce  

𝑝௧௥௜௔௡௚௨௟௔௥ = [1 1 1 0.25 0 0 0.25 1 1 1]் (5.3) 

This vectorization is easily programmed for any possible carrier waveform in the 

“Semi-switched PWM Vector Generator” of Figure 5.2.  A subsequent “Serializer” block 

sequentially feeds through the vector elements, using one each timestep.   

5.2 VALIDATION OF SEMISWITCHED CF-IMPLICIT MODELS 

The proposed modeling approach is here demonstrated for two values of 𝑛 =

𝑇௦௪/Δ𝑡 on a boost converter alongside a traditional switching model from the Simulink 

Specialized Power Systems library blockset.  The topology is shown in Figure 5.3.  Each 

converter model has identical parameters as given in Table 5.1 and is subjected to identical 

input voltages and duty cycles.  The results of the simulation are shown in Figure 5.4, and 

show excellent agreement.   

 

Figure 5.3.  The boost converter modeled using the CF-implicit semiswitched methods. 

 

Table 5.1.  Parameter Values for Boost Converter 

Parameter Value 
𝐶 260 𝜇𝐹 
𝐿 2.5 𝑚𝐻 

𝑅௅ 40 𝑚Ω 
𝑅௟௢௔ௗ 30 Ω 
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Figure 5.4.  Simulation results comparing a traditional fully switched boost converter 
model to two CF-Implicit semiswitched models with timestep-to-switching-period ratios 
of 𝑛 = 10 and 𝑛 = 100.    

The waveforms of Figure 5.4 also demonstrate the continuum depicted in Figure 

5.1; notice that the semiswitched model with 𝑛 = 100 timesteps per switching period more 

closely approximates the behavior of the pure switching model, and while the semiswitched 

model with n=10 timesteps per switching period does contain some approximation of 

switching ripple but does so with lower resolution and fidelity.  Simulation models with 

less than 𝑛 = 10 timesteps per switching period quickly lose enough resolution that they 
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cease to meaningfully approximate switching behavior, and morph gradually toward a fully 

switch-averaged model as 𝑛 approaches 1. 
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CHAPTER 6 

CF-IMPLICIT MODELS FOR TOPOLOGIES OF SPECIAL INTEREST

6.1 MODULAR MULTILEVEL CONVERTER (MMC)   

Since currently available power transistors are rated only up to 10kV in a single 

device, simple two-level converters like the one presented in the previous chapter are only 

usable in low-voltage applications.  Because of this limitation, multilevel converters 

(including MMCs) are growing in importance as power electronic converters are inserted 

into more medium/high voltage and high power applications.  Multilevel topologies are of 

interest for utility and industrial applications, as well as high-power naval, maritime, and 

defense platforms.  For example, the US Navy is actively pursuing new designs for an all-

electric ship which will use a medium-voltage DC power architecture which would benefit 

significantly from the use of multilevel converters for machinery drives and energy storage 

systems [36], [37].   

MMCs were first proposed in the early 2000s in a German patent [38] and several 

subsequent papers [39] [40], and have rapidly grown in popularity for multilevel 

applications due to advantages like high reliability, inherent redundancy, reasonable cost, 

and very high (typically ~99%) efficiency [41].  Figure 6.1 shows a generic diagram of a 

three-phase MMC having 𝑛ௌெ total submodules in each armature.  An upper and lower 

armature each connect to inductors 𝐿௎ and 𝐿௅, respectively, together constituting one phase 

leg of the MMC.  Several different types of submodules can be used, but the most 
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commonly used submodules are half-bridge and full-bridge modules [42], [43]; these are 

shown in Figure 6.2. The number of submodules per armature 𝑛ௌெ varies greatly with the 

application of the converter; low voltage systems may have only a few submodules per 

armature, while MMCs in HVDC applications commonly have more than 200 submodules 

in each armature.   

 

Figure 6.1.  A high-level view of a three-phase-leg MMC with 𝑛ௌெ submodules in each 
armature. 
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Figure 6.2.  The most common submodule circuits used in MMCs: half bridge (a) and full 
bridge (b). 

Multilevel converters like MMCs are of special interest for this work not only 

because they are necessary for high voltage and high power applications, but also because 

they are excellent candidates for integration of a digital twin.  Multilevel converters tend 

to have complex multi-objective controllers which must ensure voltage balance among the 

levels while also ensuring good current/voltage regulation on the output.  They also have a 

large number of control inputs and degrees of freedom available, but there are many 

potential points of failure and many devices whose health may degrade over time [44].   All 

of this leads to a system which can be complicated to analyze and manage throughout its 

life cycle, even though the modular construction lends itself robust performance in the 

presence of submodule failures [45].  The digital twin concept is well-suited to complex 

systems like this and promises to provide significant value for control, health management, 

and optimization.  However, simulation models of MMCs can be prohibitively large and 

complex due to the large size of the converter, leading to very long simulation times [46]; 

thus, the CF-implicit method could be especially helpful in this application to reduce the 

computational complexity of the model and allow for RT execution.  
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6.1.1 OVERVIEW OF MODULATION STRATEGIES FOR MMCS 

There are a wide variety of modulation strategies for MMCs, each of which have 

benefits and drawbacks.  The choice of modulator has a drastic effect on the performance 

of the converter.  Modulation strategies can be classified by switching frequency, with 

methods for low, medium, and high frequency modulation [47].  Low frequency methods 

offer significantly lower losses (due to a strong reduction in the number of switch 

commutations) but suffer from relatively poor performance, with high harmonic distortion 

and imprecise regulation of the output waveforms [48].  High frequency modulation 

strategies reduce harmonic distortion and allow for precise regulation of the converter 

states at the cost of increased switching losses and higher computational complexity. 

Low frequency methods can entail as few as one pair of switch commutations per 

submodule in each fundamental period of the AC waveform.  The simplest and most 

common low frequency modulation strategy is nearest level control (NLC), which 

produces a staircase waveform approximating a sinusoid by choosing an integer number of 

modules to be “on” at any given time [49].  Submodule capacitor voltage balance can be 

maintained in NLC methods by using a sorting algorithm to determine the order in which 

submodules should turn on based on their measured voltages and the sign of the armature 

currents [48].  Since the number of levels in the MMC determines the granularity of the 

achievable output voltage waveform, NLC is generally most feasible for large MMCs with 

a large number of levels; MMCs with relatively few levels will produce output waveforms 

with very high harmonic distortion if NLC is used.   

Medium and high frequency modulation strategies commonly entail some form of 

carrier-based pulse width modulation, in which one or more modulated control signals are 
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compared against 𝑛ௌெ separate carrier waveforms.  These carrier waveforms can be phase-

shifted, level-shifted, or both [43];  however, phase-shifted PWM methods are generally 

preferred because level-shifted modulation strategies unevenly distribute submodule 

capacitor voltage ripple and can induce larger loss-inducing circulating currents.  

Modifications are required for level-shifted methods to ensure capacitor voltage balancing 

[46]. 

Space vector modulation can also be used for MMC applications, but its complexity 

grows exponentially with the number of levels of the MMC [42], which is generally 

problematic for large MMCs in high voltage applications; nonetheless, some solutions have 

been proposed to address these shortcomings [50] [51] [52], and optimal control and 

modulation strategies for MMCs remains an active research topic. 

Whatever the choice of modulation strategy is, it should be properly accounted for 

when creating a CF-implicit digital twin model (or any other type of model) of an MMC.  

Note from Figure 4.3 that the modulator or some switch-averaged equivalent of it must be 

included in the digital twin.  The appropriate equivalent model of the modulation may vary 

depending on the chosen strategy. 

6.1.2 CF-IMPLICIT MODEL OF AN MMC 

Figure 6.3 shows a five-level (𝑛ௌெ = 4), single-phase-leg, half-bridge MMC that 

we will use here as a representative system for a CF-implicit model derivation.  The 

modeling method is employed in a scalable way so that systems with more levels and 

multiple phase-legs can easily be created using the same approach. 
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Figure 6.3.  A five-level, single-phase-leg MMC with half-bridge modules can be used as 
a representative system for modeling studies. 

The state equations of the upper and lower armature inductor currents are: 

𝐿௎

𝑑𝑖௎

𝑑𝑡
=

𝑣ௗ௖

2
− 𝑖௎𝑅௅௎ − 𝑣௔௖ − ෍ 𝑑ௌெି௎௜𝑣ௌெି௎௜

௡ೄಾ

௜ୀଵ

(6.1) 

𝐿௅

𝑑𝑖௅

𝑑𝑡
=

𝑣ௗ௖

2
− 𝑖௅𝑅௅௅ +  𝑣௔௖ − ෍ 𝑑ௌெି 𝑣ௌெି௅

௡ೄಾ

௜ୀଵ

(6.2) 

And, for submodules in the upper and lower armatures, the capacitor voltage states 

are given as: 
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𝐶ௌெି௎௜

𝑑𝑣ௌெି௎௜

𝑑𝑡
= 𝑑ௌெି௎௜𝑖௎, ∀𝑖 ∈ {1, … , 𝑛ௌெ} (6.3) 

𝐶ௌெି௅

𝑑𝑣ௌெି௅௜

𝑑𝑡
= 𝑑ௌெି௅௜𝑖௅ , ∀𝑖 ∈ {1, … , 𝑛ௌெ} (6.4) 

Thus, defining the state vector as 

𝑥 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑖௎

𝑖௅

𝑣ௌெି௎ଵ

⋮
𝑣ௌெି௎௡

𝑣ௌெି௅ଵ

⋮
𝑣ௌெି௅௡ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

(6.5) 

And the input vector as 

𝑢 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑣ௗ௖

𝑣௔௖

𝑑ௌெି௎ଵ

⋮
𝑑ௌெି௎௡

𝑑ௌெି௅ଵ

⋮
𝑑ௌெି௅௡ ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

(6.6) 

We can formulate the matrix functions 𝑔 and ℎ as: 

𝑔(𝑢) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ −

𝑅௅௎

𝐿௎
0 −

𝑑ௌெି௎ଵ

𝐿௎
⋯ −

𝑑ௌெି௎௡

𝐿௎
0 0 0

0 −
𝑅௅௅

𝐿௅
0 0 0 −

𝑑ௌெି௅ଵ

𝐿௅
⋯ −

𝑑ௌெି௅௡

𝐿௅

𝑑ௌெି௎ଵ

𝐶ௌெି௎ଵ
0 0 0 0 0 0 0

⋮ 0 0 0 0 0 0 0
𝑑ௌெି௎௡

𝐶ௌெି௎௡
0 0 0 0 0 0 0

0
𝑑ௌெି௅ଵ

𝐶ௌெି௅ଵ
0 0 0 0 0 0

0 ⋮ 0 0 0 0 0 0

0
𝑑ௌெି௅

𝐶ௌெ
0 0 0 0 0 0

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(6.7) 
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ℎ(𝑢) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝑣ௗ௖

2𝐿௎
−

𝑣௔௖

𝐿௎
𝑣ௗ௖

2𝐿௅
+

𝑣௔௖

𝐿௅

0
⋮
0
0
⋮
0 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(6.8) 

We elected to modulate the MMC using nearest level control (NLC) to simplify the 

control structure and to show how semiswitched CF-implicit methods (introduced in 

Chapter 5) can be employed in a large complex converter.  Note that “switch-averaged” 

modeling methods are useful only when the converter switching frequency is high with 

respect to the dynamics of the converter and are not useful in the case of NLC modulation, 

where submodules are commutated only twice per fundamental AC period.  Thus, a 

switching model (or something closely approximating it) is needed for this example.  Using 

a semiswitched CF-implicit model allows us to accurately simulate the model while 

maintaining a large timestep for speed and computational efficiency. 

The block diagram of the open loop NLC modulator implemented in the simulation 

is shown in Figure 6.4.  Moving from left to right in the figure, the modulator operates as 

follows:  First, a perfect sinusoidal reference voltage 𝑉௠ is created. Then, using the 

submodule capacitor voltages, the levels and their respective midpoints are calculated.  

Having defined both the input reference and the midpoints between each level, the 

intersection times of the midpoints and reference can be calculated to provide the desired 

switch commutation time instants 𝑡ଵ … 𝑡௡ೄಾ
. From these times, a switching function matrix 

𝑆ௌ௪ி௡ is created whose columns correspond to timesteps in the AC period 𝑇௔௖ and whose 

rows correspond each submodule in the armature.  For a traditional switching model, the 
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matrix 𝑆ௌ௪ி௡ will be purely Boolean, since switches must be fully on or off.  Contrarily, 

for a semiswitched model, the matrix will be mostly Boolean but may contain non-Boolean 

values at the timestep which contains a switch commutation.  Since each row of 𝑆ௌ௪ி௡ 

provides the switching function for one submodule over one AC period, the rows can be 

sorted by the submodule capacitor voltages 𝑣ௌெ and ordered to maintain voltage balance. 

Submodules with the lowest voltage will then receive the most charge for the given AC 

period, while submodules with the highest voltage will be discharged the most.  Finally, 

the sorted rows are each fed into a serializer which outputs the switching function values 

sequentially at each timestep in the AC period. 

 

Figure 6.4.  A functional block diagram of the components of the semiswitched modulator 
implemented in the MMC example. 

The result of this modulator construction is shown in Figure 6.5 for a traditional 

switching model (top) and two variations of a semiswitched model (middle and bottom).  

The plots each show the switching functions for each upper armature submodule in the 

single phase MMC of Figure 6.3.  As in the previously presented semiswitched models, 

the switching model and the semiswitched model are identical except for those timesteps 

which contain switch commutations—here the semiswitched models use an average value 

for one timestep to preserve accuracy while allowing a larger timestep.  The middle plot 

uses a timestep of Δ𝑡 = 𝑇௔௖/100 = 166.7 𝜇𝑠, and therefore offers much higher time 

resolution than the lower plot with a timestep of Δ𝑡 = 𝑇௔௖/10 = 1.667 𝑚𝑠. 
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Figure 6.5.  The output of the MMC NLC modulator for a pure switching model (top), a 
semiswitched model with 100 timesteps per AC period (middle) and a semiswitched model 
with 10 timesteps per AC period.  

The switching modulator was paired with a traditional switching model in 

Simulink’s Specialized Power Systems library in Simscape, and the two semiswitched 

modulators were each paired with CF-implicit models produced by plugging the matrix 

functions in (6.7) and (6.8) into (3.17).  Each model was simulated with a constant input 

voltage of 𝑣ௗ௖ = 2000𝑉 and with the passive component parameters given in Table 6.1.  
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The results of the three simulations are overlaid and shown together in Figure 6.6 

and Figure 6.7.  Specifically, Figure 6.6 shows the armature currents 𝑖௎ and 𝑖௅, and Figure 

6.7 shows the upper armature submodule capacitor voltages.  The results show excellent 

agreement between the switching model and the semiswitched model with 100 timesteps 

per period.  However, the semiswitched model with only 10 timesteps per period is 

significantly less accurate and leads to offsets in the submodule capacitor voltages as well 

as amplitude errors in the armature and output currents because the timestep is too large 

even for a semiswitched CF-implicit model.  The conclusion is therefore that semiswitched 

CF-implicit methods are an excellent, computationally efficient alternative for simulating 

MMCs (and AC converters more broadly) but that the acceptable timestep for such systems 

must still be more than one order of magnitude below the fundamental AC period of the 

system. 

Table 6.1.  Parameter Values for MMC Converter 

Parameter Value 
𝑉ௗ௖ 2 𝑘𝑉 

𝑉௔௖,௣௘௔௞ 1 𝑘𝑉 
𝑓௔௖ 60 𝐻𝑧 

𝑉ௌெ,௜௡௜௧ 500 𝑉 
𝑛ௌெ 4 
𝐶ௌெ 10 𝑚𝐹 

𝐿௎, 𝐿௅ 25 𝑚𝐻 
𝑅௅௎, 𝑅௅௅ 100 𝑚Ω 
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Figure 6.6.  Upper armature, lower armature, and output AC waveforms for the simulated 
single-phase five level MMC are shown for the traditional fully switched model (blue), the 
semiswitched model with 100 timesteps per AC period (red), and the semiswitched model 
with 10 timesteps per AC period (yellow). 
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Figure 6.7.  Upper armature submodule voltage waveforms for the simulated single-phase 
five level MMC are shown for the traditional fully switched model (blue), the semiswitched 
model with 100 timesteps per AC period (red), and the semiswitched model with 10 
timesteps per AC period (yellow). 
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6.2 DUAL ACTIVE BRIDGE (DAB) CONVERTER 

Another topology of special interest is the Dual Active Bridge converter, which was 

first proposed and patented in 1991, but has become quite popular over the last decade [53].  

The basic structure is shown in Figure 6.8.  The DAB is popular because it offers high 

power density, high efficiency, guaranteed soft switching on all devices (for some 

operating conditions), galvanic isolation, and seamless bidirectional power flow due to 

complete input/output symmetry [54].   

 

Figure 6.8.  The dual active bridge converter topology.  In this schematic, Llk represents 
the total primary-referred leakage inductance of the transformer.  The magnetizing 
inductance and all other parasitics are not shown. 

The dual active bridge is unique among DC/DC converters because the power 

transfer is accomplished entirely via high-frequency AC power transfer across the central 

transformer.  Since there is ideally no DC component at all, any analysis which uses the 

widely accepted “small ripple approximation” that is used for other converter topologies is 

wholly unsuitable.  Quite a few papers have aimed to address this problem using 

nontraditional analysis techniques such as generalized average modeling, but these models 

are typically complicated and unintuitive [55], [56], [57].   
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The DAB would at first appear to be at least a second-order system (on account of 

the inductance and capacitance of the transformer and output stage).  Surprisingly, 

however, the generalized average modeling approach has confirmed that the dynamic 

behavior of the entire converter (e.g., the control-to-output frequency response) is almost 

perfectly first-order.  Effectively, the dynamics of the leakage inductance are not seen at 

any frequency below the switching frequency, because the operation of the converter 

ensures that its current is reset to zero each switching cycle.  Fundamentally, therefore, the 

inductor current does not act as a state in a switch-averaged model of the DAB, as shown 

in [58].  It is therefore possible to create a static equivalent model of the transformer and 

switches without any serious loss of dynamic accuracy since the switch-averaged dynamics 

of the system will be fully determined by the capacitors and external sources and loads. 

Here we create a much simpler model of the dual active bridge which retains the 

dominant dynamic features of DAB converters while circumventing the complication of 

previously proposed approaches.  This simpler model retains the high accuracy of 

previously proposed approaches.  Moreover, the simpler model lends itself to 

implementation using the proposed CF-implicit method and all the associated stability and 

execution speed benefits.  

6.2.1 TRANSCONDUCTANCE-BASED DYNAMIC MODEL OF THE DAB 

Basic power transfer analysis (as shown in [53]) for the ideal DAB converter under 

the most common modulation strategy—single-phase-shift (SPS) modulation—reveals 

that the power transferred across the converter is given by:  

𝑃 =
𝑣ଵ𝑣ଶ

2𝜋𝑛𝑓௦𝐿௟௞
𝜙 ൬1 −

𝜙

𝜋
൰ (6.1) 
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Here 𝑣ଵ and 𝑣ଶ are the input and output voltages, 𝑛 is the transformer turns ratio, 

𝜙 is the phase shift between the primary and secondary full bridges, 𝑓௦ is the switching 

frequency, and 𝐿௟௞ is the total leakage inductance of the transformer referred to the primary 

side.  It clearly follows that the average current drawn from the primary side full-bridge 

stage must be: 

𝑖ଵ =
𝑃

𝑣ଵ
=

𝑣ଶ

2𝜋𝑛𝑓௦𝐿௟௞
𝜙 ൬1 −

𝜙

𝜋
൰  (6.2) 

Likewise, the current injected into the output capacitor and load by the secondary 

side full-bridge is: 

𝑖ଶ =
𝑃

𝑣ଶ
=

𝑣ଵ

2𝜋𝑛𝑓௦𝐿௟௞
𝜙 ൬1 −

𝜙

𝜋
൰  (6.3) 

These currents can be imposed directly in the model using two controlled current 

sources which draw and inject current from input and output sides.  This approach is similar 

to that used in [59], but allows for modeling the input-side dynamics and shows explicitly 

the relationship between the two controlled current sources.  In this model, the two 

controlled sources replace the entire central portion of the DAB converter—including the 

transformer and all semiconductor switches.  The result, shown in Figure 6.9, is a fully 

switch-averaged model of the DAB which can be executed much faster than a traditional 

model.  Note that the function 𝑔௠(𝜙) referenced in the figure is a transconductance given 

by: 

𝑔௠(𝜙) =
1

2𝜋𝑛𝑓௦𝐿௟௞
𝜙 ൬1 −

𝜙

𝜋
൰ (6.4) 
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Figure 6.9.  The equivalent model of the dual active bridge converter replaces the switches 
and high-frequency transformer with controlled current sources and a nonlinear function 
of the phase shift between primary and secondary bridges. 

 

6.2.2 CF-IMPLICIT IMPLEMENTATION OF THE TRANSCONDUCTANCE MODEL 

A dynamic analysis of the equivalent circuit model of Figure 6.9 involves writing 

KCL equations for the input and output stages on the left and right sides, respectively.  

Focusing on the output stage: 

𝐶ଶ

𝑑𝑣ଶ

𝑑𝑡
= 𝑖ଶ − 𝑖௢ (6.5) 

Assuming again a resistive load for purposes of analysis, we can make substitutions 

for currents 𝑖ଶ and 𝑖௢ to obtain: 

𝐶ଶ

𝑑𝑣ଶ

𝑑𝑡
= 𝑣ଵ𝑔௠(𝜙) −

𝑣ଶ

𝑅௟௢௔ௗ

(6.6) 

And substituting the definition of 𝑔௠(𝜙) from (5.4): 

𝐶ଶ

𝑑𝑣ଶ

𝑑𝑡
=

𝜙 ቀ1 −
𝜙
𝜋

ቁ

2𝜋𝑛𝑓௦𝐿௟௞
𝑣ଵ −

𝑣ଶ

𝑅௟௢௔ௗ

(6.7) 

The analysis of the input side is extremely similar, due to the inherent symmetry of 

the converter.  The KCL analysis of the input side yields: 
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𝐶ଵ

𝑑𝑣ଵ

𝑑𝑡
= 𝑖௜௡ − 𝑖ଵ (6.8) 

Substituting for 𝑖ଵ: 

𝐶ଵ

𝑑𝑣ଵ

𝑑𝑡
= 𝑖௜௡ − 𝑣ଶ𝑔௠(𝜙) (6.9) 

 And substituting for 𝑔௠ from (5.4):  

𝐶ଵ

𝑑𝑣ଵ

𝑑𝑡
= 𝑖௜௡ −

𝜙 ቀ1 −
𝜙
𝜋

ቁ

2𝜋𝑛𝑓௦𝐿௟௞
𝑣ଶ (6.10) 

Note that the input side dynamics appear only when a nonideal source is connected 

at the input (i.e., a source with a Thevenin impedance, or another converter or circuit).  

Alternatively, if an ideal voltage source is placed at the input—as is frequently considered 

in simplified models of power electronics—then capacitor 𝐶ଵ’s voltage is fixed, and its 

dynamics disappear from the model. 

Note also that (6.7) and (6.10) do not fit the structure defined in (3.11) if we 

consider 𝜙 as the modulated control input in the vector 𝑑, because (3.11) does not allow 

for quadratic dependence on elements of 𝑑, and expanding (6.7) and (6.10) clearly 

produces terms with 𝜙ଶ.  Since (3.11) is not sufficient, the more general form of (3.14) can 

be used in its place. 

To create a CF-implicit model of the DAB we must define the source and load 

connected on each side of the converter.  To observe the full dynamics of the converter, we 

terminate it with a resistive load 𝑅௟௢௔ௗ and a Thevenin equivalent voltage source 𝑣௦ with 

resistance 𝑅௦ and inductance 𝐿௦. The schematics of the converter and its equivalent 

transconductance-based model are shown in Figure 6.10 and Figure 6.11, and the parameter 

values for the model are given in Table 6.2.  
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Figure 6.10.  The schematic of the DAB converter which is used to validate the accuracy 
of the proposed modeling approaches. 

 

Figure 6.11.  The schematic of the transconductance-based equivalent model of the DAB 
converter replaces the switches and transformer with a pair of controlled current sources. 

 

As shown, the converter is modeled as third-order system, with state variables 𝑖௅௦, 

𝑣ଵ, and 𝑣ଶ.  The current in inductor 𝐿௟௞ is not considered as a state variable because the 

converter operation dictates that the current is reset to zero during each switching cycle; 

Table 6.2.  Parameter Values for DAB Converter 

Parameter Value 
𝐶ଵ 500 𝜇𝐹 
𝐶ଶ 100 𝜇𝐹 
𝐿௟௞ 27.2 𝜇𝐻 
𝐿௦ 1 𝑚𝐻 
𝑅௦ 0.5 Ω 
𝑛 1 
𝑓௦ 50 𝑘𝐻𝑧 
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accordingly, the switch-averaged transconductance-based model and the CF-implicit 

model have no state associated with the leakage inductance.  The derivative-form state 

equations for the system are: 

𝑑𝑖௅௦

𝑑𝑡
=

1

𝐿௦

(𝑣௦ − 𝑖௅௦𝑅௦ − 𝑣ଵ) (6.11) 

𝑑𝑣ଵ

𝑑𝑡
=

1

𝐶ଵ
ቌ𝑖௅௦ −

𝜙 ቀ1 −
𝜙
𝜋

ቁ

2𝜋𝑛𝑓௦𝐿௟௞
𝑣ଶቍ (6.12) 

𝑑𝑣ଶ

𝑑𝑡
=

1

𝐶ଶ
ቌ

𝜙 ቀ1 −
𝜙
𝜋

ቁ

2𝜋𝑛𝑓௦𝐿௟௞
𝑣ଵ −

𝑣ଶ

𝑅௟௢௔ௗ
ቍ (6.13) 

The state variable vector 𝑥 therefore is given by: 

𝑥 = ൥
𝑖௅௦

𝑣ଵ

𝑣ଶ

൩ (6.14) 

And the vectors for system inputs and modulated controller inputs are single 

element variables given by: 

𝑢 = [𝑣௦] (6.15) 

𝑑 = [𝜙] (6.16) 

Combing (6.11)-(6.13) into a single matrix equation of the form of (3.14), the 𝑔 

and ℎ functions are seen to be: 

𝑔(𝑢, 𝑑) =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡−

𝑅௦

𝐿௦
−

1

𝐿௦
0

1

𝐶ଵ
0 −

1

𝐶ଵ

𝜙 ቀ1 −
𝜙
𝜋

ቁ

2𝜋𝑛𝑓௦𝐿௟௞

0
1

𝐶ଶ

𝜙 ቀ1 −
𝜙
𝜋

ቁ

2𝜋𝑛𝑓௦𝐿௟௞
−

1

𝐶ଶ𝑅௟௢௔ௗ ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

(6.17) 
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ℎ(𝑢, 𝑑) = ൦

𝑣௦

𝐿ௌ

0
0

൪ (6.18) 

Using these functions, the CF-implicit model of the system is generated via 

MATLAB’s Symbolic Math Toolbox for EB integration using (3.17).  All three models—

the CF-implicit model, the transconductance-based model of Figure 6.11, and a switching 

model of Figure 6.10—are simulated and subjected to identical step function perturbations 

in the input voltage, load resistance, and phase shift 𝜙.  The simulation results in Figure 

6.12 confirm outstanding agreement between each of the three models, showing that no 

accuracy was lost in the equivalent transconductance-based model or in the explicitly 

solved, implicitly integrated model formulation. 
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Figure 6.12.   Simulation results for equivalent DAB converter models using a traditional 
switching simulation, the transconductance-based average model, and the explicitly solved 
model show excellent agreement and no loss of dynamic accuracy. 
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CHAPTER 7 

REDUCED-ORDER CF-IMPLICIT MODELS

One interesting extension of the presented method of Chapter 3 is to define a means 

for reduced-order models which carry the same benefits as the other CF-implicit models, 

but which feature a greater degree of abstraction.  Reduced-order models aim to sacrifice 

some accuracy (especially accuracy of fast dynamics and high-frequency content) for 

greater computational efficiency.  

The CF-implicit method presented in Chapter 3 is primarily focused on powertrain 

hardware modeling, with any simulated feedback controls being included externally to the 

main DT model, as shown in Figure 4.3.  However, it is well-known that feedback control 

systems are specifically designed to dominate the behavior of the system at steady state 

and all frequencies up to the bandwidth of the controller.  Therefore, when creating 

reduced-order models which capture only the lower-frequency dynamics of the system, it 

is natural to include some (or all) of the feedback controls together with the powertrain as 

a single lumped model rather than as separate entities. 

7.1 BOOST CONVERTER EXAMPLE DERIVATION 

An example of such a reduced-order CF-implicit approach is presented in this 

chapter for the boost converter shown in Figure 7.1.  Note that, in keeping with the boost 

converter convention, the duty cycle 𝑑 is considered as the on-time of the low side switch. 
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Figure 7.1.  Ideal boost converter inductor ESR and a variable resistive load. 

A standard, widely used control approach for regulating the output voltage of the 

converter is the two-loop approach shown in Figure 7.2, in which a fast inner loop regulates 

inductor current and a slower outer loop regulates output voltage by adjusting the inductor 

current reference.  Since the dynamic behavior of the converter with a well-designed 

controller depends primarily on the outer control loop, and since the dynamics of the inner 

loop are necessarily faster than the dynamics of the outer loop, it is common to abstractly 

model the inner loop as a single lumped feedforward entity when tuning and analyzing the 

outer loop.  This reduced-order approach is shown in Figure 7.3. 

 

Figure 7.2.  Standard two-loop control features a fast inner control loop to regulate inductor 
current and a slower outer loop to regulate the output voltage. 
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Figure 7.3.  A view of the two-loop control system, in which the faster inner current loop 
has been abstractly modeled as a lumped feedforward entity. 

Here the “closed current loop” block approximates the reference tracking properties 

of the inner feedback loop.  The small-signal reference-to-output gain of the current loop 

having loop gain 𝑇஼௅(𝑗𝜔) can be written in the frequency domain as: 

𝚤̂௅(𝑗𝜔)

𝚤̂௅,௥௘௙(𝑗𝜔)
=  

𝑇஼௅(𝑗𝜔)

1 + 𝑇஼௅(𝑗𝜔)
  (7.1) 

It is clear from (7.1) that when 𝑇஼௅(𝑗𝜔) ≫ 1, the term 𝑇஼௅(𝑗𝜔) dominates the 

denominator; therefore, when the loop gain is large, the 1 can be neglected and the 

expression evaluates to approximately unity gain.  Contrarily, when 𝑇஼௅(𝑗𝜔) ≪ 1, the term 

𝑇஼௅(𝑗𝜔) can be neglected in the denominator, and the expression evaluates to 

approximately the loop gain 𝑇஼௅(𝑗𝜔).  Therefore, (7.1) behaves essentially as a first order 

system with a single pole at the crossover frequency of the current loop, designated 𝜔௖,஼௅.  

That is:  

𝚤̂௅(𝑗𝜔)

𝚤̂௅,௥௘௙(𝑗𝜔)
≈  

1

1 +
𝑠

𝜔௖,஼௅

 (7.2) 

Note that the powertrain model required for the reduced-order approach in Figure 

7.3 is different than the powertrain model required in the full-order approach.  Importantly, 

the input 𝑑 is absent from the reduced-order powertrain model because it has been absorbed 

into the equivalent model of the closed current loop.  In its place, the inductor current 𝑖௅ is 
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now an input to the powertrain model rather than a state or an output.  Hence, we must 

manipulate the powertrain model to reflect this change in I/O. 

As before, we will begin with the switch-averaged state equations of the powertrain, 

which are: 

𝐿
𝑑𝑖௅

𝑑𝑡
= 𝑣௚ − 𝑅௅𝑖௅ − 𝑣௢(1 − 𝑑) (7.3) 

𝐶
𝑑𝑣௢

𝑑𝑡
= 𝑖௅(1 − 𝑑) −

𝑣௢

𝑅
 (7.4) 

Discretizing these equations using Euler Backward (see formula in Table 2.1), we 

obtain 

𝐿
𝑖௅[𝑘] − 𝑖௅[𝑘 − 1]

Δ𝑡
= 𝑣௚[𝑘] − 𝑅௅𝑖௅[𝑘] −  𝑣௢[𝑘](1 − 𝑑[𝑘]) (7.5) 

𝐶
𝑣௢[𝑘] − 𝑣௢[𝑘 − 1]

Δ𝑡
= 𝑖௅[𝑘](1 − 𝑑[𝑘]) −

𝑣௢[𝑘]

𝑅
 (7.6) 

Solving (7.5) for the term (1 − 𝑑[𝑘]), we obtain 

(1 − 𝑑[𝑘]) =
1

𝑣௢[𝑘]
ቆ𝑣௚[𝑘] − 𝑅௅𝑖௅[𝑘] − 𝐿

𝑖௅[𝑘] − 𝑖௅[𝑘 − 1]

Δ𝑡
ቇ (7.7) 

And then plugging this result into (7.6), we can eliminate 𝑑 from the equation: 

𝐶
𝑣௢[𝑘] − 𝑣௢[𝑘 − 1]

Δ𝑡
=

𝑖௅[𝑘]

𝑣௢[𝑘]
ቆ𝑣௚[𝑘] − 𝑅௅𝑖௅[𝑘] − 𝐿

𝑖௅[𝑘] − 𝑖௅[𝑘 − 1]

Δ𝑡
ቇ −

𝑣௢[𝑘]

𝑅
 (7.8) 

It is possible to rearrange (7.8) as a solvable standard-form quadratic equation with 

respect to variable 𝑣௢[𝑘].  This reformulation yields: 

൬
𝐶

Δ𝑡
+

1

𝑅
൰ (𝑣௢[𝑘])ଶ −

𝐶

Δ𝑡
𝑣௢[𝑘 − 1]𝑣௢[𝑘] +                                                                        

                                  ቆ𝐿
𝑖௅[𝑘] − 𝑖௅[𝑘 − 1]

Δ𝑡
+ 𝑅௅𝑖௅[𝑘] − 𝑣௚[𝑘]ቇ 𝑖௅[𝑘] = 0 (7.9)
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Therefore, the solution by the quadratic formula is 

𝑣௢[𝑘] =
−𝑏 ±  √𝑏ଶ − 4𝑎𝑐

2𝑎
                                                                      

          𝑤ℎ𝑒𝑟𝑒   

⎩
⎪⎪
⎨

⎪⎪
⎧ 𝑎 =  ൬

𝐶

Δ𝑡
+

1

𝑅
൰                                                 

𝑏 =  −
𝐶

Δ𝑡
𝑣௢[𝑘 − 1]                                       

𝑐 =  ቆ𝐿
𝑖௅[𝑘] − 𝑖௅[𝑘 − 1]

Δ𝑡
+ 𝑅௅𝑖௅[𝑘] − 𝑣௚[𝑘]ቇ 𝑖௅[𝑘]

⎭
⎪⎪
⎬

⎪⎪
⎫

(7.10) 

The reader can again recognize that this solution represents an implicitly integrated 

model solved explicitly in closed form; hence, it is certainly a CF-implicit model like those 

described in previous chapters.  As such, it also offers many of the same benefits, including 

strong numerical stability and high computational efficiency.  The traditional benefit of a 

reduced order model over a full order model is that the simplification has removed some 

complexity from the model and it may sometimes execute faster than the equivalent full-

order model at the partial expense of transient accuracy.  A comparison of accuracy 

between the full-order and reduced-order boost converter model is also included in Section 

7.3.  An experimental study of computation time for this model in Section 7.4. 

7.2 CHALLENGES WITH REDUCED ORDER MODELS 

However, there are also several key differences and a few complications with the 

reduced-order approach.  One potential difficulty is in automating the solution.  The matrix 

decomposition of the state equations in the method of Chapter 3 has straightforward means 

of automation via parsing and subsequent “stamping” of terms into the correct coefficient 

matrix, but the solution process for the reduced-order model proposed here is more 

complicated, requiring intelligent algebraic manipulation to reach the final solution.  It is 
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not immediately obvious that any formulation exists which could solve the reduced-order 

modeling equations using a comparable matrix-based approach that is easily automatable. 

Another complication of the reduced-order solution stems from the fact that the 

solution is quadratic, even for a simple system like the boost converter example in this 

chapter.  Quadratic equations typically have non-unique solutions, and may also yield 

complex or imaginary results if the term inside the square-root is negative.  Fortunately, 

one of the two solutions can always be ignored or thrown out, and in this circuit topology 

physical constraints will prevent complex/imaginary solutions from occurring in practice.  

However, larger converters may have even more complex systems of equations, 

requiring the closed form analytical solution of equations which are cubic, quartic, or even 

quintic.  Cubic systems are tedious to solve, while solution of quartic equations require the 

use of the (rather complicated) Ferrari method, and no general solution in radicals exists 

for quintic systems [60].  It would therefore appear that the reduced order models presented 

here are heavily limited in scope to simple systems—likely having just one converter stage. 

7.3 REDUCED ORDER MODEL ACCURACY 

The simplification of the two-loop system of Figure 7.2 to a single-loop system 

shown Figure 7.3—upon which the reduced order modeling technique is founded—is 

based on an approximation that the inner current control loop is much higher bandwidth 

(generally at least ten times higher, using the traditional rule of thumb for well-designed 

systems) than the outer voltage loop.  However, since the current loop is not infinitely fast 

in any physical systems, the approximation does introduce some error.  Specifically, high 

frequency dynamics of the model can be lost, since accurate accounting of these dynamics 

would require the model to consider interactions between the two control loops.   
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For a complete picture of CF-implicit model accuracy, the boost converter system 

of Figure 7.1 was simulated with a two-loop PI-compensated digital control using three 

methods: a traditional model with a very small 100 𝑛𝑠 timestep, a full order CF-implicit 

model with a 50 𝜇𝑠 timestep, and a reduced order CF-implicit model with a 50 𝜇𝑠 timestep.  

The parameters of the converter and the control compensators are given in Table 7.1.   

 

Figure 7.4 shows simulation results for each of the three simulations.  The 

simulation shows startup from the steady-state condition where the output capacitor is 

charged to the input voltage—initially 125V.  The output voltage reference is initially set 

to 200V, so the feedback controls push current quickly through the inductor to raise the 

output voltage.  At time 𝑡 = 0.1 𝑠𝑒𝑐, the variable load resistance 𝑅 drops from 50 Ω to 

20 Ω, requiring the controller to raise the inductor current significantly to compensate.  

Then, at 𝑡 = 0.2 𝑠𝑒𝑐, the input voltage steps from 125 𝑉 to 150 𝑉, and the controls again 

respond to regulate the output voltage.  Finally, at 𝑡 = 0.3 𝑠𝑒𝑐, the output voltage reference 

steps from 200 𝑉 to 250 𝑉, and the output voltage quickly rises with another adjustment 

to the inductor current. 

 

Table 7.1.  Parameter Values for Boost Converter & Controller 

Parameter Value 
𝐶 550 𝜇𝐹 
𝐿 125 𝜇𝐻 

𝑅௅ 40 𝑚Ω 
𝑅 𝑉𝑎𝑟𝑖𝑎𝑏𝑙𝑒— 𝑠𝑒𝑒 𝑓𝑖𝑔𝑢𝑟𝑒𝑠 

𝑉𝑜𝑙𝑡𝑎𝑔𝑒 𝑙𝑜𝑜𝑝 − 𝐾௉ 1 
𝑉𝑜𝑙𝑡𝑎𝑔𝑒 𝑙𝑜𝑜𝑝 −  𝐾ூ 500 
𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑙𝑜𝑜𝑝 −  𝐾௉ 0.005 
𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑙𝑜𝑜𝑝 −  𝐾ூ 2 

𝑓௦௪ 20 𝑘𝐻𝑧 
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Figure 7.4.  Simulation results for a full order and reduced order CF-implicit models of the 
boost converter with two loop control, with a traditional model featuring a small timestep 
for comparison. 

Clearly, all three models—the traditional model, the full order CF-implicit, and the 

reduced order CF-implicit—agree perfectly at steady state.  However, close inspection of 

the fast transients at 𝑡 = 0, 0.1, 0.2, and 0.3 𝑠𝑒𝑐 reveals that the reduced order model does 

suffer from some inaccuracy from missing dynamics in the current loop.  Figure 7.5 shows 

a more focused view on of the transient at 𝑡 = 0.2 𝑠𝑒𝑐. 
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Figure 7.5.  A zoomed-in view of the model outputs from Figure 7.4, highlighting error 
caused by absence of the boost converter's right-half-plane zero in the reduced order model. 

The close-up view reveals a nontrivial discrepancy between the traditional model 

with the small timestep (which in this case is the “correct” waveform) and the full order 

CF-implicit model.  The initial current spike in the traditional model waveform reaches 

past 40 𝐴, while the full order CF-implicit model reaches only about 33 𝐴.  This can be 

attributed to the large timestep of the CF-implicit model; regardless of integration method, 

accuracy can always suffer when the dynamics of the transient happen in the scale of just 

two or three timesteps.   

However, the much more significant transient discrepancy here is from the reduced-

order model, which eliminates the initial 25 ampere current spike completely and moves 
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in the opposite direction toward the steady state value at the beginning of the transient.  

This is unsurprising, since Figure 7.3 shows that the inductor current is simply a low-pass-

filtered version of the control reference in the reduced order model; it is, in fact, used as an 

input to the reduced order converter model rather than computed as an output.  Of course, 

with such a large error in the inductor current, the output voltage transient also tends to be 

terribly inaccurate; in this case, it reduces the 11𝑉 overshoot to just about 2𝑉 before 

eventually rejoining the more accurate models at the end of the transient. 

7.4 COMPUTATIONAL EFFICIENCY OF THE REDUCED ORDER MODEL 

The loss of transient accuracy detailed in the previous section may or may not be 

acceptable, depending on the application in which the model is deployed.  However, since 

the full-order CF-implicit model is both more accurate and more easily created (via an 

automatable process), the reduced order must offer greater computational efficiency or 

faster execution to justify its own use.  We recorded computational resource usage on the 

control platform’s ARM Cortex A9 1GHz processor for the example boost converter 

simulation in this chapter.  Data was record for both the full-order and reduced-order CF-

implicit models with identical timesteps ranging from 1 𝜇𝑠 to 50 𝜇𝑠.  The results of the 

study are shown in Figure 7.6.  In the figure, ‘x’ marks denote observed average CPU 

execution times per interrupt, while ‘o’ marks represent recorded minimum and maximum 

values to show execution time jitter.  Linear regression lines from the average execution 

time data are also shown. 
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Figure 7.6. A scatter plot showing the processing times for equivalent full- and reduced-
order methods as observed on the control platform’s 1GHz ARM CPU. 

The clear conclusion of the data is that the reduced-order model did not offer any 

benefit to computational efficiency.  On the contrary, on a per-timestep basis it was more 

than four times more computationally expensive than the full-order model—even despite 

having removed the inner current control loop and all computational burden associated 

with it.  The increased computational expense can likely be attributed to the square root 

operation required in the reduced-order model.  Square root calculations on floating-point 

numbers are notoriously costly operations—especially if there is not special dedicated 

hardware on board for the calculation [61].  Traditionally, square root operations on 
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floating point numbers require Newton’s method to be iteratively applied until a suitably 

accurate approximation has been reached.  

7.5 CONCLUSIONS ON REDUCED-ORDER CF-IMPLICIT MODELS 

It is possible that the particular data shown in Figure 7.6 may be improved by 

manipulating compiler-level implementation details.  Even so, the improvement would 

have to be quite dramatic just to get the reduced-order model to compete with the full-order 

model implementation.  Therefore, it is unlikely that the reduced-order model would be 

implementable in a way that improves upon the equivalent full-order model.   

The limited study here of the boost converter example here may not be exactly 

representative of all possible reduced-order CF-implicit modeling cases.  Each 

implemented reduced-order CF-implicit model will have its own unique set of model 

equations with its own computational performance.  Nevertheless, the example studied in 

this chapter was sufficiently representative of the general trend to conclude that reduced 

order models may not be appropriate for most use cases—or perhaps for any use cases.  

Until a reduced order model can demonstrate significantly reduced computational 

complexity in the execution of the model, there exists no compelling reason to sacrifice 

transient accuracy and to go to the trouble of manually deriving it. 
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CHAPTER 8 

COMPARING CF-IMPLICIT MODELS WITH DATA-DRIVEN ALTERNATIVES

The CF-implicit models proposed herein provide a combination of characteristics 

(as discussed in Chapter 2) which are unique among known analytical modeling 

approaches.  However, recently proposed data-driven modeling approaches using dynamic 

(i.e., recurrent) neural networks have demonstrated a similar set of features which would 

make them appropriate for digital twin applications [62].  Like the proposed CF-implicit 

models, these data-driven ANN models are time-domain, switch-averaged, large-signal, 

real-time, and embeddable.  Of course, since they are based in radically different 

approaches to model creation, there are also significant differences between the analytical 

and data-driven modeling approaches which lead to distinct advantages and disadvantages 

for each method. 

8.1 OVERVIEW OF ANALYTICAL AND DATA-DRIVEN MODEL SPECTRUM 

One of the unique benefits of the digital twin framework is the availability of both 

preprogrammed intelligence and the large amount of measurement data which the physical 

system produces in real time. Taken together, these two can be used to improve 

performance and decision-making capability of the digital twin. The digital twin may 

feature some models which were developed by experts prior to system deployment and 

other models which are developed only from empirical data produced by the physical 

system. In general, the models that can be used in a digital twin exist on a continuous 

spectrum from predefined mathematical models to data-driven empirical models, with 
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hybrid approaches falling somewhere in between. The model spectrum is depicted in 

Figure 8.1. This section details model types across the spectrum to provide context for the 

comparison between the models in the remainder of the chapter. 

 

Figure 8.1.  Models exist on a spectrum, from rigid predefined whitebox models to data-
driven blackbox models. 

8.1.1 WHITEBOX MODELS 

The CF-implicit models which are the primary focus of this dissertation are pure 

whitebox models.  Whitebox models are predefined analytical models with zero reliance 

on measured system data. Whitebox models can be behavioral and/or physics based. All 

mathematical equations and parameters used in the model are known and specified directly 

by the model developer when the model is created. Most offline simulations conducted 

during a typical engineering design process would be whitebox models.  

8.1.2 BLACKBOX MODELS 

Most traditional machine-learning models—including the NARX-ANN models 

discussed in this chapter—are blackbox models.  Occupying the opposite extreme of the 

spectrum, blackbox models are fully data-driven models which are created by choosing a 

highly configurable general purpose modeling structure and tuning the model parameters 

using empirical data. In a blackbox model, no system equations or parameters are dictated 
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by the model developer—the model’s behavior is determined by the empirical data used to 

create it.  

8.1.3 GREYBOX MODELS 

Falling in between whitebox and blackbox methods, greybox models combine 

predefined analytical models with some data-driven empirical methods to combine benefits 

of both. Greybox models exist on a spectrum as depicted in Figure 8.1, and as such they 

are not as easy to categorically define as the whitebox and blackbox models at the extremes. 

Generally, however, greybox models include system equations which are directly specified 

by the model designer in terms of certain system parameters. These parameters may be 

given nominal values but can be actively reidentified later using empirical data captured 

online from the physical system. Thus, greybox models rely on some measurement data, 

but usually require less data than would be needed for training a blackbox model. 

A detailed discussion of greybox models is outside of the scope of this work.  

However, since any whitebox model can theoretically be combined with a parameter 

identification strategy to create a greybox model with online retuning capability [63], the 

CF-implicit models proposed here could certainly be used in a greybox modeling scheme.  

This approach is especially useful in digital twin applications where the physical twin’s 

state-of-health may degrade over time—requiring updated model parameters. 

8.2 QUALITATIVE FEATURE COMPARISON OF BLACKBOX AND WHITEBOX MODELS 

Models across the spectrum of Figure 8.1 can be dramatically different, and the 

categories of whitebox, blackbox, and greybox are broad.  Nevertheless, even using broad 

categories, many features, advantages, and disadvantages can be surmised from a model’s 

position on the spectrum.   
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8.2.1 REPRODUCIBILITY 

Traditional whitebox models are extremely predictable, reliable, and 

reproducible—there is no uncertainty concerning the model’s behavior because the model 

developer explicitly programs the equations and parameters which dictate the model’s 

behavior. However, if the physical system undergoes significant changes throughout its 

lifetime, it may diverge from the whitebox models because the models are not updated 

online to reflect the changes. 

Blackbox models are significantly more difficult to reliably reproduce. They are 

typically generated using large datasets—and therefore cannot be perfectly recreated 

without using the exact same dataset for training.  The gradient decent algorithms which 

adjust blackbox model parameters (e.g., weights in an ANN) during training are also prone 

to problems with reproducibility because model parameters are often initialized randomly, 

datasets are frequently shuffled at initialization, and because continuously evolving ML 

frameworks and hardware configurations have an effect on training success [64] [65].   

8.2.2 RISK OF UNEXPECTED MODEL BEHAVIOR 

Blackbox models carry a much higher degree of uncertainty than whitebox models 

because the model developer does not explicitly program the behavior of the model. Purely 

empirical training can lead to bizarre and unexpected behavior in some circumstances, 

especially if the model training data is poorly chosen. Another significant and well-

documented danger is that the model will “overfit” the training dataset by learning 

coincidental features or noise, which can cause apparently well-trained models to perform 

poorly when presented with new data.  Artificial neural networks are notoriously prone to 

overfitting. 
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Since whitebox models are purely deterministic, predefined, and predictable, they 

pose very little risk of unexpected behavior.  The only significant concern about 

predictability of whitebox models are convergence and numerical stability.  Both concerns 

are addressed and dramatically improved by the CF-implicit method proposed in this work, 

leading to an even stronger advantage for whitebox models. 

8.2.3 ONLINE MODEL RETUNING 

In theory, blackbox models offer the benefit of “online” retuning, allowing the user 

to update their model while the physical system is running and thereby account for any 

changes that the physical system underwent since the initial deployment. However, 

blackbox model training generally requires a very large amount of data and can be very 

computationally expensive.  

Pure whitebox models do not offer any online model retuning capabilities.  

However, as previously discussed, any parameterized whitebox model can be turned into 

a greybox model by combining the whitebox model with a parameter identification 

algorithm.  This combination arguably offers the best model retuning solution, retaining 

many benefits of the whitebox model, and allowing for more reliable model retuning with 

a much smaller dataset than required for retraining a blackbox model. 

8.2.4 SUITABLE FOR MODELING UNKNOWN I/O RELATIONSHIPS 

The chief benefit of blackbox models—and the primary reason they have grown in 

popularity in recent years—is that they can effectively and accurately model systems 

whose I/O relationships are unknown or extremely difficult to specify in a whitebox model.  

Blackbox models are the obvious solution for problems which are too complicated to define 

explicitly using mathematics. For example, blackbox machine learning models—especially 
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artificial neural networks—have shown remarkable and unprecedented success in areas 

such as speech recognition or image classification. Blackbox models have also found some 

use in modeling power and energy systems [66], [67] but are less common than whitebox 

models, in part because they do not make use of the widely available knowledge of the 

mathematics describing these systems.  

8.2.5 INTERPRETABILITY 

Whitebox models lend themselves to easy interpretation of the results they produce 

because their input/output relationships are directly specified by the creator of the model.  

Any output produced by a whitebox model can be traced back through the model to the 

inputs, leaving no output without a clear mathematical explanation. 

Blackbox models usually do not allow for easy interpretation of their results, since 

the highly flexible computational structures used to create them obtain their generality at 

the cost of very high complexity.  It is usually quite difficult, for example, to trace back the 

output of a deep neural network through its layers to the inputs and gain meaningful 

insights about what relationship the neural network has “learned.” 

Recently the research community has put significant efforts toward the 

development of methods for explainable artificial intelligence (XAI, also known as 

interpretable AI) which aim to use the data-driven machine learning approach to produce 

whitebox models whose underlying equations can be analyzed directly and understood by 

domain experts [68].  XAI shows great promise in increasing the interpretability of data-

driven modeling, but currently cannot fully combine the level of accuracy offered by 

blackbox models with the interpretability of whitebox models; in fact, the best performing 

ML methods are often the least explainable [69]. 
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8.3 BRIEF REVIEW OF NARX-ANN CONVERTER MODELING WORK 

The use of dynamic NARX neural networks to model converters was introduced 

and analyzed in detail in [62].  In that work, the boost converter topology of Figure 8.2 was 

selected for analysis; note that this topology is nearly identical to the topology studied in 

Chapter 7 except that the load in this topology is represented by a controlled current source 

rather than a variable resistor.  The model structure and I/O is shown as a signal flow 

diagram in Figure 8.3.   

 

Figure 8.2.  The boost converter topology studied in the NARX-ANN paper. 

 

Figure 8.3.  The signal-flow equivalent model of the boost converter in Figure 8.2.  

Details of model creation—including the selection of the model I/O, the creation of 

a training dataset, and selection of model hyperparameters are discussed in detail in the 

work.  Empirical analysis revealed that the NARX-ANN models produced accurate results 

only when the chosen hyperparameters specified a deep neural network with at least three 
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hidden layers, at least ten neurons per layer, and exactly one delay in the input and feedback 

tapped delay lines.  This NARX-ANN structure is shown in Figure 8.4.  The work found 

that somewhat higher model fidelity could be produced with a larger network—for 

example, a NARX-ANN with 4 hidden layers and 20 neurons in each layer—at the cost of 

a slower, more computationally expensive training process.  Extremely large network sizes 

beyond this point were empirically shown to produce diminishing returns on accuracy, 

while much smaller network sizes offered intolerably poor model accuracy. 

 

Figure 8.4.  The internal structure of the medium-size NARX-ANN used for modeling. 
This structure provided a good tradeoff between network size and model accuracy.  

A novel dual time-domain and frequency-domain validation method is also 

included in [62]; this dual validation technique was proposed to provide high confidence 

in the performance of the trained model.  The NARX-ANN models are trained in the time-

domain, and traditionally they would also be validated exclusively in the time-domain.  

However, it was shown that the NARX-ANN model can be linearized around a DC 

operating point and then characterized by obtaining a small-signal frequency response 
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measurement which can be compared with expected results obtained from the analytically 

derived converter transfer functions.  This dual validation method can provide significantly 

higher confidence that the model will perform as intended since the model training did not 

incorporate any frequency domain component.  As shown in the paper, the trained dynamic 

neural network model provided excellent accuracy in the frequency domain testing, 

matching the expected frequency response very closely at multiple distinct operating 

points.  

Overall, the NARX-ANN converter models appear to be a promising direction for 

future research.  One of the proposed extensions of the NARX-ANN modeling work was 

to deploy the dynamic neural networks to an embedded environment as a digital twin and 

evaluate the speed of the model for RT and faster-than-RT simulations.  That task is 

undertaken here to produce a comparison of computational cost between the CF-implicit 

models and the NARX-ANN models. 

8.4 QUANTITATIVE COMPARISON OF COMPUTATIONAL COST 

For consistency with previous work, the comparison of computational cost uses the 

same topology for study shown in Figure 8.2.  Three distinct models of the converter were 

created: a full-order CF-implicit model, a medium-size NARX-ANN model having three 

hidden layers with ten neurons each (exactly as shown in Figure 8.4), and a larger-size 

NARX-ANN model having four hidden layers with twenty neurons each.  Each model was 

executed in real time with a single 50 𝜇𝑠 timestep occurring on a regular 50 𝜇𝑠 interrupt, 

running on the Imperix B-box 3.0 on a single ARM Cortex A9 CPU with 1GHz clock and 

1GB of DDR3 memory.  The model execution time per interrupt was measured using the 

Imperix ACG BB Control Utility tool, which communicates with the B-Box using a 
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separate on-board CPU to preclude disturbance of the measured CPU utilization.  The 

results of the comparison are shown in Table 8.1. 

Table 8.1.  Comparison of Measured Model Execution Times on ARM 
Cortex A9 Processor 

 

Model Type 

Percentage of 
ARM Cortex 

A9 CPU 
Utilization 

Average 
Execution Time 

per  50 𝜇𝑠 
Interrupt 

Maximum 
Execution 
Time per 

50 𝜇𝑠 Interrupt 
Full-Order CF-Implicit Model  4.4% 1.341 𝜇𝑠 1.364 𝜇𝑠 
Medium Size NARX-ANN  
(3 hidden layers, 10 neurons each) 

14.37% 6.281 𝜇𝑠 6.312 𝜇𝑠 

Large Size NARX-ANN  
(4 hidden layers, 20 neurons each) 

33.5% 15.856 𝜇𝑠 15.944 𝜇𝑠 

 

The results of the comparison are extremely decisive—the CF-implicit models use 

a small fraction of the processing time required for inference using the NARX-ANN 

models of both sizes when executed on a CPU processor.  Average execution time for the 

CF-implicit model is reduced by more than 78% from the medium size NARX-ANN and 

91% from the large size NARX-ANN.  This is perhaps unsurprising, as the ANN models 

require hundreds (or even thousands) of multiplication and addition operations for each 

neural inference, and the CPU does not allow for any significant parallelization of the 

operations.  Thus, the CF-implicit model wins the competition purely on account of 

requiring fewer operations.  

Model execution time for the data-driven models is likely to be dramatically 

reduced on a parallelized computing platform due to the highly parallel structure of neural 

networks. We expect that the analytical models proposed here may also benefit with some 

reduction in computational time on a parallel computing architecture, but that the benefit 

of parallel computing to CF-implicit models would be much less significant than that of 
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the data-driven NARX-ANN models.  It is possible—but unproven—that the data-driven 

NARX-ANN models could be competitive or even faster on a parallel computing platform.  

This information would help users make an informed choice when selecting computing 

hardware for a digital twin application.  

Options for a parallel computing platform include graphics processing units (GPUs) 

and field programmable gate arrays (FPGAs).  GPUs have become extremely popular 

equipment for training and inference in deep neural network applications for their 

parallelized structure which offers high computational throughput; however, such GPUs 

consume a large amount of power compared with alternatives and are not always a suitable 

choice, especially in embedded environments like a digital controller [70].  In these spaces, 

FPGAs offer a compelling alternative for their excellent flexibility, parallel computing 

capabilities, and relatively low power consumption. Nevertheless, the tradeoff for the 

excellent flexibility of FPGAs is that a large amount of detailed work is required for 

implementation.   

Since the Imperix B-box has a user-programmable Xilinx Kintex 7 125K FPGA 

built in, we did make some quick attempts to execute each of the models on the FPGA by 

using a high-level synthesis (HLS) tool to convert the models to synthesizable HDL code.  

The CF-implicit model could be synthesized and successfully executed on the FPGA, but 

no comparison could be completed because the NARX-ANN models in this work could 

not be directly programmed on the available FPGA in a fully parallelized manner.  

Attempts to synthesize even the “medium size” NARX-ANN led to overutilization of every 

resource on the FPGA, in some cases by a factor of ten or more.  Clearly, then, some 

amount of serialization of the ANN’s computations is necessary to execute an ANN of any 
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reasonable size on an FPGA.  One approach for ANN execution is detailed in [71], in which 

the computations for each neuron are serialized using a multiply-accumulate architecture 

to sequentially update the output with weighted.  Future work may include an 

implementation of this approach (or some similar approach) to fit the NARX-ANN model 

on the FPGA and produce a fuller comparison of CF-implicit and NARX-ANN models on 

an FPGA platform.  

8.5 CONCLUSIONS OF THE COMPARISON 

Overall, the proposed CF-implicit models compare very favorably to data-driven 

alternatives like the NARX-ANN models for a variety of reasons.  The CF-implicit models 

offer important advantages in reproducibility and interpretability, and they avoid the data-

driven model’s critical risk of unexpected behavior.  They are also highly accurate, in part 

because they directly execute the intended model equations rather than approximating them 

through a complex network of weights and activations.  

If a CPU processor is the intended platform for execution, the CF-implicit models 

also offer a very strong computational benefit, executing much faster and requiring less 

resources than equivalent NARX-ANN models.  This computational performance 

advantage may or may not be maintained on parallel computing platforms including GPUs 

and FPGAs.   
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