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Abstract

Large-scale dynamical systems are expensive to simulate due to the computational

cost accrued y the substantial number of degrees of freedom. To accelerate repeated

numerical simulations of the systems, proper orthogonal decomposition reduced order

models (POD-ROMs) have been developed. When applied to Hamiltonian systems,

however, special care must be taken when performing the reduced order modeling to

keep their energy-preserving nature. This work presents a survey of several structure-

preserving reduced order models (SP-ROMs). In addition, this work employs the

discrete empirical interpolation method (DEIM) and develops an SP-DEIM model

for nonlinear Hamiltonian systems. The wave equation is considered as a test bed for

the proposed SP-ROMs.

Results show that a model using shifted snapshots to generate a POD basis (SP-

ROM-2) is able to produce an exact Hamiltonian. In addition, it is shown that the

SP-DEIM model is able to produce similar results with a nonlinear system as the

SP-ROM-1 given a linear system.
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Chapter 1

Introduction

Mathematical modeling is the act of observing the complex world and attempt-

ing to capture these dynamics with a mathematical formula. Due to the intricacies

that abound in the everyday, the mathematical models could be complicated and the

numerical methods used to simulate such models can become extremely computa-

tionally expensive. In the applications of optimization and optimal control, this issue

becomes even more apparent when repeated simulations of these expensive computa-

tions are required. To reduce their computational complexity, model order reduction

has been developed which generates a surrogate model, diminishing the number of

degrees of freedom in the system. In general, this process creates a low-dimensional

offline model which can be computed more efficiently during the online stage. Unfor-

tunately, a loss of stability or accuracy is a typical cost of improving computational

efficiency. Hence, much attention has been directed to research in developing meth-

ods that reduce computational costs while maintaining high levels of accuracy for

certain types of systems. Some examples of situations that elicit model reduction

can be found in heat transfer [10], fluid dynamics [6, 49], chemical reactions [54] or

biological systems [2]. For a detailed discussion on model order reduction, the reader

is referred to [7, 11, 1, 28].

Note that these observed dynamical systems are governed by a system of partial

differential equations (PDEs) or a large system of ordinary differential equations

(ODEs). To illustrate the methodology of model order reduction, we let y(x, t), with

the spatial variable x ∈ Ω and the time variable t ∈ (t0, t0 +T ), be the state variables
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in the original system and H be a Hilbert space. This system reads, find y(·, t) ∈ H

satisfying 
∂y
∂t

(·, t) = f(t, y(x, t))

y(x, t0) = y0(x),
(1.1)

together with some boundary conditions. Due to possible nonlinearity of the equa-

tion, and complicated geometrical domain, it is usually impossible to find analytic

solutions. For this reason, numerical solutions to (1.1) are sought which satisfy a

discrete ODE system. To achieve this, prominent numerical methods such as finite

difference, finite volume, or finite element methods can be applied. Then, instead

of the PDE system that has an infinite number of degrees of freedom, the discrete

system involved a finite, but possibly large, number of degrees of freedom. It reads,

find y(·, t) ∈ RN satisfying


y′(x, t) = f(t,y(x, t)

y(x, t0) = y0(x).
(1.2)

When the discrete system (1.2), also referred to as the full-order model (FOM), is

extremely large-scale, as is the case of many real-world engineering problems, the high-

fidelity simulations are time-consuming. In addition, many real-world applications

such as optimal control or optimization problems in scientific computing require a

system to be simulated repeatedly which makes the use of full-order simulations

prohibitive in practice. Such challenges encountered in control problems are discussed

in [9, 41, 49]. Model order reduction has been developed to help mitigate these

challenges by seeking a low-dimensional model to represent the full-order model.

Generally speaking, the model reduction determines a handful of reduced bases to

approximate the solution manifold, then constructs a low-dimensional surrogate of the

FOM, (1.1) or (1.2). This surrogate is called the reduced-order model (ROM) which is

a system of ODEs of significantly smaller size compared to the FOM. Due to its small
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size, it can then be solved quickly (with special treatment applied to the nonlinear

terms), and therefore can replace the original model during the online stage. While

building the low-dimensional model may be expensive, these costs are accrued in the

offline phase, which is distinct from the repeated online full-order simulations. Several

different approaches have been developed for constructing a ROM such as proper

orthogonal decomposition, dynamical model decomposition, and balanced truncation

[7]. In this work, we will focus on the proper orthogonal decomposition (POD)

approach since it can be easily applied to nonlinear time-dependent systems.

1.1 Reduced Order Models

Depending on how the ROMs are constructed, the reduced order models can

be classified into two categories: projection-based and data-driven approaches. The

former builds the low-dimensional model based on the projection of the FOM to the

reduced basis subspace, requiring the FOM information; while the latter is purely

data-driven, without accessing the FOM information

Projection-based reduced order modeling

In the survey paper [7], Benner et al. gather a large amount of the current research

works for projection-based models. Applications for these model reduction techniques

range from aeroelasticity [3], to interconnect synthesis [35, 17], to semiconductors [25].

Previous work in such fields has focused on several methods of optimization, optimal

control, and uncertainty quantification. In [46], the reduced basis method is combined

with trust region optimization to manage the ROMs. A posteriori error bounds are

presented and used to guarantee convergence and optimally distribute the FOM ad

ROM runs. The results determined that the number of FOM solves necessary was

drastically reduced thanks to this combination [46].

The optimality system POD (OS-POD), proposed in [33], utilizes the optimality
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conditions in the derivation of the POD model in the context of optimal control.

This method circumvents the issue of unmodelled dynamics in the POD approach to

optimal control. The feasibility of this approach was then tested against the basic

POD solved for a fixed control using sequential quadratic programming (SQP) as

well as an FE-SQP approach, where a preconditioned generalized minimal residual

(GMRES) method is used to carry out the SQP inexactly. The results showed that

there exists a drastic difference in the POD basis functions between the initial and

optimized bases [33].

Another area in which projection-based ROMs have been utilized is in uncertainty

quantification. In [12], Bui-Thanh et al. consider a computational fluid dynamics

(CFD) model to address the input uncertainties by random sampling methods such as

the Monte Carlo. This approach can require thousands of CFD solves, which does not

make the data readily available for practical applications. Therefore, linearized CDF-

ROMs are developed that can accurately reproduce the CFD Monte Carlo simulation

with a significant reduction in computational cost [12].

Data-Driven Reduced Order Modeling

Several successful data-driven model reduction approaches are outlined in [51].

For example, the Loewner framework in [29] uses multivariate rational interpolation,

the barycentric form, and Lowener matrices to build ROMs. This approach introduces

the new ability to choose individual reduced orders for each parameter, increasing its

effectiveness. In [38], the Eigensystem Realization Algorithm (ERA) is used to obtain

the ROM directly from the data. This is useful for several reasons, notably when the

data from adjoint simulations is unavailable to properly balance a POD-ROM. It was

found that the algorithm significantly improves computational efficiency.

Quadrature-based fitting is yet another method, employed in [18], where the orig-

inal vector fitting is improved by properly weighting the well-chosen sampling points
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based on quadrature rules. This modification helps recover the original transfer func-

tion with better accuracy as measured by the H2 norm. While [23] and [5] have both

extended the Loewner approach to bilinear and quadratic-bilinear systems, data-

driven approaches for nonlinear systems is an area of growing interest.

An operator inference approach infers approximations of the reduced operators

without requiring the full-model operators [45]. These inferred operators converge

in the Frobenius norm to the reduced operators that would have been obtained in-

trusively. The numerical results demonstrated the operator inference on a tubular

reactor model with a polynomial nonlinear term of the third order.

Lifting transformations have allowed this operator inference framework to extend

to general nonlinear systems. In [52], machine learning introduces the flexibility to

use transformed physical variables to define the POD basis instead of the traditional

physical variables of the high-fidelity code. This method has been used to learn a

quadratic ROM from transformed snapshot data and was shown to be predictive 200%

past the training interval. This approach has also been extended in [8] where a gray-

box setting is utilized. This method uses analytical expressions for the nonpolynomial

nonlinear terms and the rest of the operators are learned via inference. Benner et al.

demonstrate the method on three problems governed by PDEs, namely the diffusion-

reaction Chafee-Infante model, a tubular reactor model for reactive flows, and a

batch-chromatography model [7]. The numerical results show comparable accuracy

to models constructed with successful intrusive model reduction methods.

In [44], Peherstorfer et al. demonstrate how to obtain re-projected trajectories

of high-dimensional systems in low-dimensional subspaces. His numerical results

demonstrate that the proposed models match the reduced models formulated from

traditional model reduction. The results confirm that low-dimensional models fit-

ted with re-projected trajectories are accurately predictive even in situations where

typical models fail. In another paper, Peherstorfer et al. construct non-Markovian
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reduced models to make future-state predictions that are based on the history of

the states [53]. This approach uses partially observed states from high-dimensional

systems. The results show that this approach learns non-Markovian reduced models

with only 20% observed state data that are similar in accuracy to the traditional

Markovian models fitted with 99% observed components.

1.2 Hamiltonian Systems

For the evolution system, Hamiltonian formulation is important as it provides

critical insights into the dynamics which has been widely used in physical systems such

as a planetary system or an electron in an electromagnetic field. A classic Hamiltonian

system is a dynamic system of differential equations defined by Hamilton’s equations:
dp
dt

= −∇qH

dq
dt

= ∇qH,

(1.3)

where p is the momentum in phase space, q is the position in phase space, and

H(q, p, t) is the Hamiltonian function of the system [50]. Because of the geometric

structure of the system, the Hamiltonian is constant along the integral curves, which

reflects the conservation of energy in the physical setting.

To numerically solve the Hamiltonian system, it is first reduced to a system of

ODEs. Specific structure-preserving spatial discretization is derived to maintain the

intricate characteristics of a Hamiltonian system. Next, a geometric time integration

must take place to preserve the structure as time evolves. Because of these delica-

cies, not all well-known numerical methods can be used on Hamiltonian systems. In

fact, several modifications must be implemented to create models that preserve the

structure of these Hamiltonian systems. For more discussion on these modifications,

the reader is referred to [19].
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1.3 Reduced Order Models for Hamiltonian Systems

Although proper orthogonal decomposition reduced-order models (POD-ROMs)

have been successfully applied in many engineering problems, when Hamiltonian sys-

tems on considered, direct use of these methods cannot preserve the structure of

the system. A significant amount of research has been conducted on how to modify

models to account for structure preservation. Both projection-based and data-driven

approaches are considered.

Projection-based models reduce the FOM by restricting the solution to a sub-

space of the reduced basis space, therefore reducing the number of equations [4]. In

a paper by Gong et al., a modified Galerkin POD-ROM was developed to overcome

this discrepancy [22]. Another example of structure-preserving research is in the

area of neural networks. In [24], Hamiltonian neural networks (HNNs) were designed

which are able to learn problems where the preservation of the structure is necessary.

Two new classes of symplectic networks, the LA-SympNets, and the G-SympNets,

were proposed in [29] where the former is composed of linear and nonlinear acti-

vation modules and the latter of gradient modules. It was proven that SympNets

can approximate arbitrary symplectic maps and even small SympNets are able to

handle Hamiltonian systems with data points from any size time steps. In [21], A

Bayesian probabilistic formulation is proposed. An approximate marginal Markov

Chain Monte Carlo algorithm is used to discover a Hamiltonian from data. This

procedure outperforms the existing methods by utilizing the symplecticness of the

Hamiltonian as well as implementing a learning objective that accounts for several

features such as unknown parameters, model form, and measurement noise.

A non-intrusive physics-preserving method was designed in [51] that learns ROMs

of canonical Hamiltonian systems. The method exploits knowledge of the Hamiltonian

function to parameterize a Hamiltonian ROM which can then be learned from data

projected via symplectic projectors. This model is gray-box as it utilizes knowledge
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of the Hamiltonian structure at the continuous level, as well as knowledge of spatially

local components in the system, however, access to computer code for the FOM is

not assumed.
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Chapter 2

Full Order Model

2.1 Fully Discrete Hamiltonian System

In this work, we will focus on general Hamitonian systems that are governed by the

following evolutionary PDEs, with the appropriate initial and boundary conditions:

u̇ = DδH
δu

, (2.1)

where independent variables (x, t) ∈ Ω ⊂ Rd × R, and u that belong to a Hilbert

space B, D is a constant linear differential operator, and u̇ = ∂u
∂t

. The Hamiltonian

H[u] =
∫

Ω
H(x;u)dx (2.2)

where dx = d1dx2 · · · dxd. The variational derivative of H is given by δH
δu

satisfying.

d

dϵ
H[u+ ϵv]

∣∣∣
ϵ=0

=
〈
δH
δu

, v

〉

for all u, v ∈ B [43].

We follow a discussion from [13] and begin by considering Hamiltonian systems

of the form (2.1) where D is a constant, skew-adjoint operator and H represents the

total energy [43]. Since D is skew-adjoint with respect to the L2 norm, that is,

∫
Ω
uDudx = 0, ∀u ∈ B, (2.3)

the system is energy-conservative. This is because the system (2.1) has the time

derivative of the Hamiltonian to be zero: İ =
∫

Ω
δI
δu
S δH

δu
dx = 0.
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The other possible case for PDEs of type (2.1) is when D is a constant negative

(semi)definite operator with respect to the L2 inner product. This gives

∫
Ω
uDudx ≤ 0, ∀u ∈ B. (2.4)

In this scenario, H is a Lyapunov function and the system is energy-dissipative.

In this work, we will focus on the system of the first type. With appropriate

discretization in space, it can be put in the following semi-discrete form:

u̇ = D∇H(u), D⊤ = −D, u ∈ RN . (2.5)

Here, the discrete operator is denoted by the bars, D is skew-symmetric, and H :

RN → R is chosen in a way that lets H∆x be an approximation to H.

To fully discretize the system (2.1), a time integration also needs to take place.

Among the geometric integration methods, the average vector field (AVF) method,

which was introduced by Quispel in [47], could preserve the energy H exactly for any

vector field f of the form f(u) = D∇H(u). The AVF method is related to discrete

gradient methods and is set apart by its ability to preserve linear symmetries and

simplicity, among other characteristics [13, 39]. Take Newton’s laws of motion, for

example, we have

x∗
n+1 = xn +

∫ tn+1

tn

v(t)dt

v∗
n+1 = vn + M−1

∫ tn+1

tn

f(x(t))dt

(2.6)

(2.7)

where xn ∈ Rm, and vn ∈ Rm reflect the positions and velocities in time tn and

x∗
n+1 ∈ Rm, and v∗

n+1 ∈ Rm represent the ground truth solutions in time tn+1. In

addition, according to Newton’s laws of motion, x : R→ Rm and v : R→ Rm give the

exact trajectories of the positions and velocities, where f : Rm → Rm are position-

dependent forces and M ∈ Rm×m is the mass matrix. When we assume that f is

conservative, then there exists potential energy E : Rm → R such that f = −∇E and

the total energy is conserved: E(xn+1)+ 1
2 ||vn+1||2M = E(xn)+ 1

2 ||vn||2M, where || · ||M
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denotes the mass-matrix norm, which represents the kinetic energy [48]. Because

the trajectories x(t) and v(t) are unknown, the integrals given in equations (2.6)

and (2.7) must be approximated numerically. The AVF method uses the following

approximation:

xn+1 = xn + h
∫ 1

0
[(1− t)vn + tvn+1]dt

vn+1 = vn + hM−1
∫ 1

0
f((1− t))xn + txn+1)dt

(2.8)

(2.9)

which replaces the unknown trajectories x(t) and v(t) with straight lines [48]. It

can be shown that this approximation retains the exact energy conservation property

as long as the equations (2.8) and (2.9) are evaluated exactly [47]. This is the nec-

essary property that ensures the freedom of using the AVF method on the general

Hamiltonian systems.

In [16], Cieśliśki shows that the AVF method is of second order and presents two

locally exact modifications to expand the method to third and fourth-order accuracy.

The schemes were tested on circular orbits using simplified expressions for the AVF

discrete gradients. The results showed that the h-dependence (time-step) of the error

is practically linear and aligns nicely with the computed orders of the schemes. In

[27], it is found that the AVF(2)-CFD (compact finite difference) scheme achieves

second-order accuracy in time and fourth-order accuracy in space. In addition, the

AVF(4)-CFD method had fourth-order accuracy in both time and space. Finally, a

sixth-order AVF method was developed in [34] which shows slow linear growth of

the solution error as well as good preservation of the discrete Hamiltonian. Next, we

will give a concrete example of a Hamiltonian system and discuss the corresponding

discrete system.
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2.2 Numerical Experiments

Consider the one-dimensional semilinear wave equation with constant speed given

by c,

utt = c2uxx, 0 ≤ x ≤ l and 0 ≤ t ≤ T. (2.10)

This equation can be cast into Hamiltonian form with the symplectic structure

by using a spatial discretization with N degrees of freedom, which reads:

u̇

v̇

 =

 0 In

−In 0


-Au

v

 , (2.11)

where A is a discrete, scaled, one-dimensional second-order differential operator with

a three-point stencil. Consider the average vector field (AVF) method for time inte-

gration. Let uk be the solution at the time step k and denote the right hand side of

(2.11) by f(·), the AVF method is as follows.

uk+1 − uk

∆t =
∫ 1

0
f((1− ξ)uk + ξuk+1)dξ. (2.12)

Details for how this method conserves energy at each step can be found in [47] and

error bounds are developed in [20]. Since our gradient system is symplectic, the AVF

method is able to keep the Hamiltonian function constant.

After applying the AVF method with a time step of ∆t, we obtainuk+1−uk

∆t

vk+1−vk

∆t

 =

 0 In

−In 0


−Auk+1+uk

2

vk+1+vk

2 ,

 (2.13)

where A is a matrix given by

A = c2

∆x2 =



−2 1 0 0 . . . 1

1 −2 1 0 . . . 0
. . . . . . . . .

0 . . . 0 1 −2 1

1 . . . 0 0 1 −2


. (2.14)
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Indeed, the system has

uk+1 − uk

∆t = vk+1 − vk

2 =⇒ uk+1 − uk = ∆t
2 (vk+1 + vk) (2.15)

and
vk+1 − vk

∆t = A
uk+1 − uk

2 . (2.16)

By plugging (2.15) into (2.16) we get

vk+1 − vk

∆t = A
2uk + ∆t

2 (vk+1 + vk)
2 = A

[
uk + ∆t

4 (vk+1 + vk)
]
. (2.17)

From (2.17) we have

vk+1 − vk = A∆tuk + A
∆t2
4 vk+1 + A

∆t2
4 vk. (2.18)

Hence, vk+1 satisfies:(
I−A

∆t2
4

)
vk+1 = A∆tuk +

(
I + A

∆t2
4

)
vk. (2.19)

We then solve (2.19) for vk+1, which we then plug in to (2.15) to obtain uk+1.

As a numerical test, we choose c = 0.1 and the initial condition u0 = l(s(x)) and

u̇ = 0 where l(s) is a cubic spline function defined by

l(s) =


1− 3

2s
2 + 3

4s
3 0 ≤ s ≤ 1

1
4(2− s)3 1 < s ≤ 2

0 s ≥ 2

with s(x) = 10|x − 1
2 |. In the computational setting, we set N = 500, T = 50 and

∆t = 0.01 and obtain the results shown in figures 2.1 and 2.2. We note that the

energy is well-preserved at the value of 0.07499. The simulation of the full order

model CPU time takes about 6.4267 seconds using Matlab on a PC.

To measure the numerical errors of the methods, we use the maximum approxi-

mation error over the whole spatial-temporal domain. This is given by

ε∞ = max
k≥0

max
0≤i≤N

√
[(uk)i − (uk

ref )i]2 + [(vk)i − (vk
ref )i]2.

13



Figure 2.1 Full order model simulation: time evolution of u and v

Figure 2.2 A well preserved Hamiltonian generated by the full order model
simulation

For calculating the temporal errors, the reference time step size is chosen to be

dt = 0.00125. The results are listed in Table 2.1. It is seen that the error decays

superlinearly, which adequately aligns with the literature cited in Section 2.1

For the spatial errors, the reference mesh is associated with the number of grids,

14



chosen to be N = 1024, while ∆t was held constant at 0.001. The results are listed

in Table 2.2.

Table 2.1 Full Order Model Error in Time
∆t 0.16 0.08 0.04 0.02 0.01

Error 0.8046 0.2935 0.1038 0.0305 0.0107
Rate 2.7411 2.8289 3.3976 2.8566

Table 2.2 Full Order Model Error in Space

N 32 64 128 256
Error 0.9144 0.5108 0.1953 0.0887
Rate 1.7899 2.6152 2.2022
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Chapter 3

Reduced Order Model

3.1 POD Reduced Order Modeling

To create a projection-based model, one must project the governing equations onto

a low-dimensional subspace spanned by a POD basis. An in-depth discussion on this

process can be found in [7]. Next, we will give a brief discussion on the generation of

reduced-order methods for non-parametric systems. For simplicity, we consider the

linear system of the following form:

Eẋ(t) = Ax(t). (3.1)

It is important to note that the POD can be applied to nonlinear systems as well.

Given the coefficient matrices E and A, and assuming suitably defined r-dimensional

test and trial subspaces with r << N , the governing equations are projected onto the

low-dimensional subspace. Denote the trial and test basis matrices by Φ, W ∈ RN×r.

Using the approximation x(t) ≈ Φa(t), where a(t) ∈ Rr and implementing this

approximation in (3.1) defines the residual as EΦȧ(t)−AΦa(t). Utilizing the Petrov-

Galerkin yields

W⊤(EΦȧ(t)−AΦa(t)) = 0. (3.2)

This gives the reduced system as

Erȧ(t) = Ara(t), (3.3)

where Er = W⊤EΦ, and Ar = W⊤AΦ. Visually, the process of projection-based

model reduction can be shown in the figure where a large-scale full order model is

16



compressed to a smaller scale reduced order model. Moreover, when W is chosen to

be Φ, the projection is Galerkin.

Figure 3.1 Visual representation of reduced order model

The basis matrices, Φ and W can be computed in several ways such as rational

interpolation or balanced truncation, as illustrated in [7]. In this paper, we will be

focusing on the (time-domain) proper orthogonal decomposition (POD) method. It

is important to note that the POD can also be derived in the frequency domain. For

more discussion, the reader is referred to [7].

Time Domain POD

Lumley first introduced proper orthogonal decomposition for the analysis of tur-

bulent flows [37]. This method is closely related to methods used in other fields.

For example, Karhunen-Loeve expansions were used in stochastic process modeling

in [32, 36] as well as empirical orthogonal eigenfunctions used in meteorological mod-

eling [42]. Similar methods have been implemented to study principal component

analysis in statistics [30, 26].

In the POD method, the original state variable is approximated by only a few

of the dominant global basis functions. Suppose that after numerical discretization,

the system has N degrees of freedom in space. If we let xi represent numerical
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solution at time ti, then we have that the snapshot data, X, consists of numerical

solutions at discrete time steps t1, . . . , tNs . In other words, we have the snapshot

matrix X = [x1, . . . ,xNs ] ∈ Rn×Ns . The POD method sets out to find an orthonormal

basis Φ = {ϕ1, . . . , ϕr}, from the optimization problem given as

min
Rank(Φ)=r

M∑
j=1
||xj −ΦΦ⊤xj||2. (3.4)

We note here that Φ⊤Φ = Ir, which is the r× r identity matrix, and || · || denotes

the 2-norm. The POD basis vectors, ϕ1, . . . , ϕr, are the left singular vectors of X that

correspond to the first r nonzero singular values σ1 ≥ σ2 ≥ · · · ≥ σr > 0. When X has

dimensions N << Ns, the POD basis can be found by applying the method of singular

value decomposition (SVD). However, when X has dimensions N >> Ns, the method

of snapshots can be applied instead. For a discussion of an approximate method of

snapshots and its effectiveness at further reducing computational complexity, the

reader is directed to [56].

In an ideal scenario, the entire continuous trajectory of the system is assumed to

be available on the whole time interval [0, T ]. For this case, we can take the trajectory,

x(t) to be the snapshot, and use the POD method to find the set of optimal basis

functions {ϕ1, . . . ϕr} by minimizing the projection error of x(t) onto the subspace

spanned by the basis, i.e.

min
Rank(Φ)=r

∫ T

0
||xj −ΦΦ⊤xj||2dt. (3.5)

The solution to this optimization problem is equivalent to finding the first r dominant

eigenvectors of the snapshot covariant matrix R =
∫ T

0 x(t)x(t)⊤dt [22].

The framework of the POD reduced order modeling is summarized in Algorithm

1. We emphasize the approach can be applied to nonlinear systems as well, although

the linear system (3.1) is discussed here.
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Algorithm 1 POD-G-ROM Generation
Given x(t) resulting from the system (3.1) for t ∈ (t0, t0 + T )

1. Compute POD basis vectors

{ϕ1, ϕ2, . . . , ϕr}

from snapshots and construct the basis matrix

Φ = [ϕ1, ϕ2, . . . , ϕr].

Assume the reduced-order approximation

xr(t) ≈
r∑

j=1
ϕjaj(t) ∈ span{ϕ1, ϕ2, . . . , ϕr}, (3.6)

where {aj(t)}r
j=1 are the time-varying POD basis coefficient functions.

2. Substitute the POD approximation into the full-order system and then apply
the Galerkin procedure.〈

r∑
j=1

Eϕj ȧj(t), ϕi

〉
=
〈

A
r∑

j=1
ϕj ȧj(t), ϕi

〉
,

〈
r∑

j=1
ϕj ȧj(0), ϕi

〉
=
〈
x0, ϕi

〉
for i = 1, . . . , r,

which gives the POD-G-ROM for {aj(t)}r
j=1 :

Eȧi(t) =
〈

A
r∑

j=1
ϕjaj(t), ϕi

〉
, (3.7)

with
ai(0) =

〈
x0, ϕi

〉
for i = 1, . . . , r.
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3.2 POD-ROM for Hamiltonian Systems

Adapting the POD-ROM for Hamiltonian systems introduces the need to retain

the appropriate geometric structure. In fact, after a spatial discretization of the

general Hamiltonian PDE (2.1), the finite dimensional Hamiltonian ODE system is

given by

u̇ = D∇uH(u), (3.8)

where D is a skew-symmetric matrix. This system is accompanied by te initial condi-

tion u(t0) = u0. Suppose that the POD basis matrix, Φ, is found and the approxima-

tion of the state variable u is represented by ur = Φa(t), where a(t) is the unknown

coefficient vector. If we substitute u with ur in (3.8), we obtain

Φȧ = D∇uH(Φa). (3.9)

We then implement the Galerkin method by multiplying Φ⊤ to each side of the

equation, which yields

ȧ = Φ⊤D∇uH(Φa). (3.10)

The time derivative of the Hamiltonian function H(Φa), which represents the energy

of the system, is then given by

d

dt
H(Φa) = [∇aH(Φa)⊤ȧ]

= [Φ⊤∇uH(Φa)]⊤Φ⊤D∇uH(Φa)

= ∇uH(Φa)⊤ΦΦ⊤D∇uH(Φa).

In the previous equation, the fact that ∇aH(Φa) = Φ⊤∇uH(Φa) was used. We

recall that Φ is composed of the dominant r left singular vectors of the snapshot

matrix. This gives us two cases for the dimensions of the matrix. For the first case,

20



when r = n, we have that Φ is a square unitary matrix. This gives us ΦΦ⊤ = In

and d
dt
H(Φa) = 0, since D is skew-symmetric. This tells us that the Hamiltonian

is a constant. However, in the case when r << n, Φ is no longer a square matrix

and therefore ΦΦ⊤D is not skew-symmetric. This no longer guarantees that the

Hamiltonian function is preserved. Next, we consider the wave equation and test the

performance of the Galerkin projection-based POD-ROM.

3.3 Numerical Experiments

Consider the same wave equation, (2.10), with g = 0, discussed in the previous

chapter. Based on the snapshots from the full order simulation, following the method

outlined in Algorithm 1, we obtain the POD-ROM.

To complete this snapshot simulation, data snapshots are collected from the FOM

at intervals of 50 time steps. Then the SVD is used to find the r−dimensional POD

basis Φu and Φv. Then, we obtain the POD approximations given by

ur(t) = Φua(t) vr(t) = Φvb(t). (3.11)

The POD-ROM is then generated by substituting the approximations into the FOM

before applying the Galerkin projection. This model readsȧ

ḃ

 =

 Φ⊤
u Φvb

Φ⊤
v AΦua

 (3.12)

Using the implicit midpoint rule, which is equivalent to the AVF method in the linear

case, the method satisfies

 ak+1−ak

∆t

bk+1−bk

∆t

 =

 Φ⊤
u Φv

bk+1−bk

2

Φ⊤
v AΦu

ak+1−ak

2

 (3.13)

with a0 = Φ⊤
u u0 and b0 = Φ⊤

v v0.
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It is observed that the maximum error of ε∞ = 0.4591 is obtained forr = 5, with

a CPU time of 0.069912 seconds; while the maximum error for r = 20 is significantly

smaller than that obtained for r = 5, at ε∞ = 0.02079. The CPU time for r = 20

is found to be 0.10622. The numerical errors in the Hamiltonian function values and

the state vectors are shown in Figures 3.2, 3.3 and 3.4.

Figure 3.2 Linear wave reduced order model Hamiltonian error results for r = 5
(left) and r = 20 (right)
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Figure 3.3 Linear wave reduced order model u error for r = 5 (top) and r = 20
(bottom)
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Figure 3.4 Linear wave reduced order model v error for r = 5 (top) and r = 20
(bottom)
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Chapter 4

Structure Preserving Reduced Order Model

4.1 SP-ROM for Hamiltonian Systems

In order to keep the geometric structure of the Hamiltonian system, Gong et al„

in [22], assume that there exists a matrix Dr such that

Φ⊤D = DrΦ⊤. (4.1)

With this new Dr, the Galerkin projection-based ROM can now be written as
ȧ = Φ⊤D∇uH(Φa)

= DrΦ⊤∇uH(Φa)

= Dr∇aH(Φa)
with an initial condition of a(t0) = Φ⊤u0. In this new reduced-order system, the

time derivative of the Hamiltonian function can be written as

d

dt
H(Φa) = [∇aH(Φa)⊤ȧ]

= [∇aH(Φa)]⊤Dr∇aH(Φa)

= 0, if Dr is skew-symmetric.
By right multiplying both sides of (4.1) by Φ, we have the normal equation solution

given by

Dr = Φ⊤DΦ. (4.2)

This yields the structure preserving ROM (SP-ROM):

ȧ = Dr∇aH(Φa), (4.3)

where Dr is skew-symmetric.
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4.2 Numerical Experiments

In this subsection, we still consider the wave equation and investigate the perfor-

mance of SP-ROMs generated using different POD basis. In particular, SP-ROM-0

uses the standard POD basis, SP-ROM-1 uses the enriched POD basis, and SP-ROM-

2 uses the shifted POD basis.

4.2.1 SP-ROM based on the standard POD basis

First consider a new structure-preserving ROM using a standard POD basis de-

noted by SP-ROM-0, that reads:

ȧ

ḃ

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0


−Φ⊤

u AΦua

b

 (4.4)

We note that the new ROM has the same structure as that of the FOM, namely,

the coefficient matrix is skew-symmetric. We expect a constant Hamiltonian function

approximation by the AVF method given the SP-ROM would become a canonical

Hamiltonian system when Φv = Φu. After discretization, the model (4.4) now reads

as:  ak+1−ak

∆t

bk+1−bk

∆t

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0


−Φ⊤

u AΦu
ak+1+ak

2

bk+1+bk

2

 . (4.5)

When we choose r = 5, the maximum error is found to be ε∞ = 0.26062 and the

CPU time is 0.073753 seconds. This error decreases significantly to ε∞ = 0.0058203

when r = 20 and the CPU time is 0.061384 seconds. A comparison of the Hamiltonian

errors is shown in Figure 4.1, while the errors for u and v are shown in Figures 4.2

and 4.3, respectively. It is seen that when r = 5, the difference between Hr and H is

on the order of 10−3.
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Figure 4.1 SP-ROM-0: Hamiltonian error plots for r = 5 (left) and r = 20 (right).

4.2.2 SP-ROM based on enriched POD basis

We now focus on the POD basis with a corrected Hamiltonian feature. This

additional basis function is calculated from the residual of approximating the initial

data. After normalization, the enriched POD basis becomes Φ̃u = [Φu, ψu] and

Φ̃v = [Φv, ψv]. The new variation of the SP-ROM with the enriched POD basis is

denoted by SP-ROM-1, which reads

ȧ

ḃ

 =

 0 Φ̃⊤
u Φ̃v

−Φ̃⊤
v Φ̃u 0


−Φ̃⊤

u AΦ̃ua

b

 , (4.6)

with the discretized version of the system given by

 ak+1−ak

∆t

bk+1−bk

∆t

 =

 0 Φ̃⊤
u Φ̃v

−Φ̃⊤
v Φ̃u 0


−Φ̃⊤

u AΦ̃u
ak+1+ak

2

bk+1+bk

2

 . (4.7)

The goal of the SP-ROM-1 is to improve the accuracy after introducing the extra

basis function. It is observed that the difference between Hr and H reduced to 10−12

when r = 5 and to 10−13 when r = 20. Meanwhile, the max error is found to increase

to ε∞ = 0.41378 and the CPU time is 0.038486 seconds. For r = 20, the max error
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Figure 4.2 SP-ROM-0: u error plots for r = 5 (top) and r = 20 (bottom).
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Figure 4.3 SP-ROM-0: v error plots for r = 5 (top) and r = 20 (bottom).
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is once again found to be higher than that of SP-ROM-0, at ε∞ = 0.0083028 and the

CPU time is 0.059882 seconds.

Figure 4.4 SP-ROM-1: Hamiltonian error plots for r = 5 (left) and r = 20 (right).

4.2.3 SP-ROM based on shifted POD basis

For a third approach, a POD basis of shifted snapshots is employed in the structure-

preserving ROM. This model attempts to correct the Hamiltonian approximation er-

ror caused by the information lost through the POD truncation. The new model,

denoted by SP-ROM-2 reads

ȧ

ḃ

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0



−Φ⊤

u AΦua

b

+

−Φ⊤
u Au0

Φ⊤
v v0


 . (4.8)

Following the same AVF method, we obtain the discrete system, ak+1−ak

∆t

bk+1−bk

∆t

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0



−Φ⊤

u AΦu
ak+1+ak

2

bk+1+bk

2

+

−Φ⊤
u Au0

Φ⊤
v v0


 , (4.9)

with the choice of a0 = 0 and b0 = 0.

Figure 4.7 shows the time evolution of the Hamiltonian function errors. It is seen

that the difference between Hr and H is on the order of 10−14 for both r = 5 and

r = 20. Figures 4.8 and 4.9 present the errors for approximating u and v, respectively.
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Figure 4.5 SP-ROM-1: u error plots for r = 5 (top) and r = 20 (bottom).
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Figure 4.6 SP-ROM-1: v error plots for r = 5 (top) and r = 20 (bottom).

32



The maximum error for the r = 5 model is found to be ε∞ = 0.15257 and the CPU

time is 0.10815 seconds. For r = 20, the max error is ε∞ = 0.016747 while the CPU

time is 0.15899 seconds.

Figure 4.7 SP-ROM-2: Hamiltonian error plots for r = 5 (left) and r = 20 (right).
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Figure 4.8 SP-ROM-2: u error plots for r = 5 (top) and r = 20 (bottom).
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Figure 4.9 SP-ROM-2: v error plots for r = 5 (top) and r = 20 (bottom).
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Chapter 5

Structure Preserving Nonlinear Reduced

Order Model

5.1 SP-DEIM for Hamiltonian Systems

So far, the discussion has been limited to the linear system. When a nonlinear

model is considered, the computational complexity of the POD-ROM could still de-

pend on the number of degrees of freedom of the FOM. To overcome this issue, the

discrete empirical interpolation method (DIEM) for model reduction is introduced

[15].

In general, when the DIEM is used to approximate a nonlinear function f(u(t)),

by

f(u(t)) ≈
s∑

j=1
ψjcj(t), (5.1)

where ψj is the j-th DEIM basis vector generated from the nonlinear snapshots

[f(u(t1)), f(u(t2)), . . . , f(u(tm))] .

For convenience, this algorithm is detailed in Algorithm 2, by which the method

selects a set of interpolation points ℘ := [e℘1 , . . . , e℘s ]⊤ and cpi
is the ℘i-th column of

the identity matrix. As a result, the DEIM approximates the nonlinear function by

f(u) ≈ Ψ(P⊤Ψ)−1P⊤f(u), (5.2)

where P = [e℘1 , . . . , e℘a ] ∈ RN×N and Ψ = [ψ1, . . . , ψs] ∈ RN×s is the DEIM basis

matrix. This algorithm reduces the online computation since f is only being evaluated

36



Algorithm 2 DEIM

input: {ψℓ}s
ℓ=1 ⊂ Rs linear independent

Output: ℘ = [℘1, . . . , ℘s]⊤ ∈ Rs

[|ρ|, ℘1] = max{|ψ1|};
Ψ = [ψ1],P = [e℘1 , ℘ = [℘1];
for ℓ = 2 to s do

Solve (P⊤Ψ)c = P⊤ψℓ for c;
r=ψℓ −Ψc; [|ρ|, ℘ℓ] = max{|r|};

Ψ←− [Ψ ψℓ],P←− [P e℘ℓ
], ℘←−

[
℘
℘ℓ

]
;

at s number of points. An in-depth analysis of the method is conducted in [15].

As for the Hamiltonian system, when D depends nonlinearly on u, the computa-

tional complexity depends on the number of degrees of freedom in the FOM. Thus,

the DIEM is combined with the tensor product and vectorization to reduce the com-

plexity [40]. A more difficult case is when the gradient of Hamiltonian inherits a

non-polynomial nonlinearity, the computational cost could also depend on N. In [14],

Chaturantabut et al. suggest a DEIM hamiltonian where H(u) is split into two parts:

H(u) = 1
2u⊤Qu + h(u). (5.3)

After incorporating the DEIM projection of its gradient, P = Ψ(P⊤Ψ)−1P⊤, h(u) is

approximated by h(P⊤u). These could lead to some errors due to the fact that u is

approximated by P⊤u, but P is derived from the DEIM on ∇uh(u).

A possible solution is proposed in [31], where ∇uh(u) is directly approximated by

its DEIM interpolation P∇uh(u). However, for this approach, there is not an explicit

formula for the discrete Hamiltonian, which means the discrete energy cannot be

preserved exactly.

Another possible solution to handle this issue involves applying the DEIM to

approximate the Hamiltonian function, but not to its gradient, as in [55]. For now,

we write the discrete Hamiltonian function as
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H(u) = 1
2u⊤Qu + c⊤G(u), (5.4)

where G(·) is a nonlinear vector-valued function of u, and c⊤G(u) represents the

non-polynomial nonlinearity. The following DEIM interpolation for G(u) is generated

after collecting snapshots, [G(u(t0)), . . . ,G(u(tm))], then

G(u) ≈ PG(u) = Ψ(P⊤Ψ)−1P⊤G(u). (5.5)

The corresponding reduced Hamiltonian is given by

Hr(Φa) = 1
2aQra + c⊤PG(Φa), (5.6)

where Qr = Φ⊤QΦ. The associated gradient can be expressed as

∇aHr(a) = Qra + Φ⊤JG(Φa)P⊤c. (5.7)

Here, the Jacobian matrix of G(u) is represented as JG(·). Finally, the structure

preserving DEIM (SP-DEIM) model is created by plugging equation (5.7) into the

SP-ROM (4.3), which leads to

ȧ = Dr[Qra + Φ⊤JG(Φa)P⊤c]. (5.8)

Next, we investigate two versions of the SP-DEIM ROM applied to a nonlinear

wave equation. The first, called the SP-DEIM-1, uses the standard POD and DEIM

basis, while the other, the SP-DEIM-2, uses the shifted snapshot POD basis. In both

versions, the number of DEIM basis is selected to be twice as many as that of the

POD basis.

5.2 Numerical Experiments

Consider a one-dimensional semilinear awve equation with a constant wave speed

c and a nonlinear forcing term g(u):

utt = c2uxx − g(u), 0 ≤ x ≤ l and 0 ≤ t ≤ T. (5.9)
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Written in the Hamiltonian formulation, we haveu̇
v̇

 =

 0 1

−1 0


 δH

δu

δH
δv

 . (5.10)

This system has a constant Hamiltonian given by

H(t) =
∫ l

0

[1
2v

2 + c2

2 u
2
x +G(u)

]
dx, (5.11)

in which G′(u) = g(u), δH
δu

= −c2uxx +g(u) and δH
δv

= v. After using the central finite

difference method, the system (5.10) now readsu̇

v̇

 =

 0 In

−In 0


−Au + g(u)

v

 , (5.12)

where A is a discrete, scaled, one-dimensional second order differential operator. The

discrete Hamiltonian is given by H∆x with

H(t) = 1
2v⊤v− 1

2u⊤Au + c⊤G(u), (5.13)

where c is a vector consisting of all ones and c⊤G(u) corresponds to the discretization

of the integration of G(u).

We will focus on the nonlinear case in which g(u) = sin(u) and [G(u)]i = 1 −

cos(ui) and [g(u)]i = sin(ui) for i = 0, . . . , N − 1. For these experiments, we chose

c = 0.1, l = 1. The initial condition satisfies u(0) = f(s(x)) and u̇(0) = 0 where f(s)

is a cubic spline function defined as

f(s) =


1− 3

2s
2 + 3

4s
3 0 ≤ s ≤ 1

1
4(2− s)3 1 < s ≤ 2

0 s ≥ 2

where s(x) = 10|x− 1
2 |.
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5.2.1 SP-DEIM with standard basis

The nonlinear model, denoted by SP-DEIM-1, has the following form:

ȧ

ḃ

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0


−Ara + Φ⊤

u g(Φua)P⊤C

b

 (5.14)

After discretization, we have ak+1−ak

∆t

bk+1−bk

∆t

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0


−Ar

ak+1+ak

2 + Φ⊤
u g(Φu

ak+1+ak

2 )P⊤C

bk+1+bk

2

 , (5.15)

where the initial conditions are a0 = Φ⊤
u u0 and b0 = Φ⊤

v v0.

For r = 5, the computation takes 0.58568 seconds, while for r = 20 it is found to

take 0.88025 seconds. The results are presented in Figures 5.1, 5.2 and 5.3 below. It

is observed that the Hamiltonian approximation error is on the order of 10−3 when

r = 5 and decreases to 10−7 when r = 20. The corresponding maximum errors of

the reduced order simulations are ε∞ = 0.284374 for r = 5, and ε∞ = 0.0082983

for r = 20, which shows a significant improvement. It is noted that the maximum

error values appear to be similar to those obtained by the SP-ROM without using

the DEIM.

5.2.2 SP-DEIM with shifted basis

In attempt to improve upon the discrete Hamiltonian, the POD basis is generated

from shifted snapshots and the DEIM basis from shifted nonlinear snapshots. This

model, denoted by the SP-DEIM-2, has the following form:ȧ

ḃ

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0


−Ara −Φ⊤

u Au0 + Φ⊤
u g(Φua + u0)P⊤C

b + Φ⊤
v v0

 . (5.16)
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Figure 5.1 SP-DEIM-1: Hamiltonian errors for r = 5 (top) and r = 20 (bottom).

The discretization leads to the following system: ak+1−ak

∆t

bk+1−bk

∆t

 =

 0 Φ⊤
u Φv

−Φ⊤
v Φu 0


−Ar

ak+1+ak

2 −Φ⊤
u Au0 + Φ⊤

u g(Φu
ak+1+ak

2 )P⊤C

bk+1+bk

2 + Φ⊤
v v0

 ,

(5.17)

where the initial conditions are a0 = 0 and b0 = 0.

Again, the models were run for both r = 5 and r = 20. The computation times

were not significantly increased for either simulation, with the corresponding times of

0.60806 and 0.90458 seconds, while the Hamiltonian approximation errors decrease

to the order of 10−8 and 10−11, respectively. The associated maximum errors were

found to be ε∞ = 0.44364 and ε∞ = 0.011517. It is noted here that these errors are

larger than those obtained by the SP-POD-2 without using the DEIM. These errors

can be further improved by increasing the number of DEIM basis and interpolation

points. The results of the SP-DEIM-2 model are presented in the Figures 5.4, 5.5
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Figure 5.2 SP-DEIM-1: u error plots for r = 5 (top) and r = 20 (bottom).

42



Figure 5.3 SP-DEIM-1: v error plots for r = 5 (top) and r = 20 (bottom).
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and 5.6 and show how the model is able to preserve the discrete Hamiltonian.

Figure 5.4 SP-DEIM-2: Hamiltonian errors for r = 5 (top) and r = 20 (bottom).

Therefore, the structure-preserving DEIM modes with shifted snapshot bases are

able to preserve the energy of the systems and therefore results in better Hamiltonian

approximations than other ROMs. In addition, the use of SP-DEIM models reduces

the computation time significantly.
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Figure 5.5 SP-DEIM-2: u error plots for r = 5 (top) and r = 20 (bottom).
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Figure 5.6 SP-DEIM-2: v error plots for r = 5 (top) and r = 20 (bottom).
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Chapter 6

Conclusion

One of the defining characteristics of a conservative Hamiltonian system is to pre-

serve the Hamiltonian function. To develop an efficient surrogate of the full order

model, the proper orthogonal decomposition method could be used. However, it can

not properly preserve the geometric structure of the system. Therefore, the structure-

preserving ROMs (SP-ROMs) have been designed. By investigating the performance

of such ROMs on a wave equation, it is shown that using the POD basis created

from shifted snapshots could produce an accurate Hamiltonian approximation and

accurate solutions to the system. While the SP-ROMs yield good numerical per-

formances, when the gradient of the Hamiltonian has non-polynomial nonlinearities,

the computational complexity is still high. This work considers the combination of

the DEIM with the SP-ROMs and demonstrates its efficacy in improving online effi-

ciency while maintaining accurate approximations. Numerical experiments illustrate

the capability of each discussed approach. Future work may extend the discussed ap-

proaches to dissipative Hamiltonian systems or port-Hamiltonian systems. Another

possible research direction is to develop data-driven structure-preserving ROMs.
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