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ABSTRACT

For each positive integer n, let (),, denote the Boolean lattice of dimension n. For
posets P, P’, define the poset Ramsey number R(P, P’) to be the least N such that for
any red/blue coloring of the elements of @)y, there exists either a subposet isomorphic
to P with all elements red, or a subposet isomorphic to P’ with all elements blue.

Axenovich and Walzer introduced this concept in Order (2017), where they proved
R(Q2,Q,) < 2n + 2 and R(Qn, Q) < mn + n + m. They later proved 2n <
R(Qn, Q,) < n%+ 2n. Walzer later proved R(Q,,Q,) < n*>+ 1. We provide some
improved bounds for R(Q,,@,,) for various n,m € N. In particular, we prove that
R(Qn, Qn) <n? —n+2, R(Qs2,Qn) < 3n+2, and R(Q3,Q,) < [3n + 5], We also
prove that R(Q2,Q3) = 5, and R(Qpm, Qn) < Km -1+ L) n -+ %m + 2} for all

m—+1

n>m > 4.
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CHAPTER 1

INTRODUCTION

Ramsey theory roughly says that any 2-coloring of elements in a sufficiently large
discrete system contains a monochromatic system of given size. In the domain of
complete graphs, the classical Ramsey theorem states that for any two graphs G and
H there is a integer Ny such that if the edges of a complete graph Ky with N > N,
are colored in two colors then there exists either a red copy of G or a blue copy of H in
K. The least such number Nj is called the Ramsey number R(G, H). This theorem
was proved by Ramsey [10] in 1930, but the problem of exactly determining Ramsey
numbers remains open and is the subject of continuing research. For examples, see
the dynamic survey by Radziszowski [9].

In this paper, we will consider the poset Ramsey number instead of the graph
Ramsey number. Given two posets (P, <) and (@, <), we say (P, <) is an induced
subposet of (Q,<’) if there is an injective mapping f: P — @ such that for any
x,y € P, we have

x <y if and only if f(z) <" f(y).

We call f: P — @Q an embedding of P into @), and the image f(P) is called a copy
of P in Q. A Boolean lattice of dimension n, denoted @),, is the power set of an
n-element ground set X equipped with the inclusion relation.

For posets P and P’, let the poset Ramsey number R(P, P’) be the least integer
N such that whenever the elements of )y are colored red or blue, then ()x contains
either a red copy of P or a blue copy of P’. The focus of this paper is the case where

P and P’ are Boolean lattices @, and @,, for m,n € N. Axenovich and Walzer [1]



give upper bounds and lower bounds for R(Q,,, Q,) for various values of m,n € N.

In particular, they prove the following.

Theorem 1.1. (Thm. 1 in [1]) For any integers n,m > 1,
(i) 2n < R(Qn, Qn) <1+ 2n,
(it) R(Q1,Qn) =n+1,
(177) R(Q2, Q) < 2n+ 2,
(iv) n+m < R(Qpn, Qm) <mn+n+m,

(U) R(QQ, QQ) =4, R(Q37 Q3) S {7’ 8}

Walzer, in his master’s thesis [11], improved the upper bound in Theorem 1.1,

part (i) to the following.
Theorem 1.2. (Thm. 64 in [11]) R(Qn,Q,) < n?+ 1.

Given two posets (P, <) and (Q, <'), we say (P, <) is a weak subposet of (Q), <')

if there is an injective mapping f: P — @ such that for any =,y € P, we have
f(z) <" f(y) whenever x < y.

The image f(P) is called a weak copy of P in Q. For posets P and P’, let the weak
poset Ramsey number R, (P, P’) be the least integer N such that whenever the
elements of (Qx are colored red or blue, then () contains either a weak red copy of
P or a weak blue copy of P’. Observe that R(P, P') > R,,(P, P') for all posets P and
P

Cox and Stolee [4] showed that R, (Qn,Qn) > 2n + 1 for n > 13 using a prob-
abilistic construction. Recently, in the induced case, Bohman and Peng [2] gave an
explicit construction showing the bound R(Q,,@,) > 2n + 1. Grész, Methuku, and
Tompkins [5] gave an explicit construction which yields the following lower bound on

Ry (Qm, Q) for all m and n > 68, generalizing the results of Bohman and Peng to



the weak poset case, and extending their results and those of Cox and Stolee to the

off-diagonal case.
Theorem 1.3. For any m > 2 and n > 68, we have Ry(Qm,Qn) > m+n+ 1.

This implies that for any m > 2 and n > 68, we have R(Q,,, @) > m +n+ 1.

A chain of length k is a poset of k distinct, pairwise comparable elements and is
denoted by Cj. Cox and Stolee [4] showed that R, (Cyk,@,) = n+k — 1. Since @,
is a weak subposet of Com, this implies that R, (Qm, @Q,) < n+ 2™ — 1. Combining
this result with Theorem 1.3, we find that R, (Q2, @) = n + 3.

Axenovich and Walzer also studied Ramsey numbers for Boolean algebras in [1].
A Boolean algebra B,, of dimension n is a set system {XoUU;c; X; : I € [n]}, where
Xo, X1,..., X, are pairwise disjoint sets and, for i = 1,...,n, X; # (. Boolean
algebras have a more restrictive structure than Boolean lattices. If a subset of Qy
contains a Boolean algebra of dimension n, then it contains a copy of ),,. The con-
verse, however, is not always true. Consider, for example, {0, {1,2},{2,3},{1,2,3}}.
Gunderson, Rodl, and Sidorenko [6] first considered the number Ra;,(n), defined to
be the smallest N such that any red/blue coloring of subsets of [N] contains a red or
a blue Boolean algebra of dimension n. Here, "contains" means subset containment
in 2M not containment as a subposet. Axenovich and Walzer were the first to use
the notation R4, (n) in [1].

Let K"(s,...,s) be the complete n-uniform n-partite hypergraph with parts of size
sand Rp(K™(2,...,2)) be the smallest N’ such that any 2-coloring of K™(N',..., N')
contains a monochromatic K™(2,...,2). The following theorem states the best known
bounds on R4;,(n). The lower bound is given without proof by Brown, Erdés, Chung,

and Graham [3], and the upper bound was proved by Axenovich and Walzer [1].

Theorem 1.4. There is a positive constant ¢ such that

2 < Rag(n) < min{2%"" "1™ n Ry (K™(2,...,2))}.



Gunderson, Rédl, and Sidorenko [6] also considered the number b(n,d), defined
to be the maximum cardinality of a Bg-free family contained in 2", They proved the

following bounds:

RIS L9 < h(n, d) < 107272 g2 12 g,

Johnston, Lu, and Milans [7] later used the Lubell function to improve the upper

bound to the following, where C' is a constant independent of d and n:

b(n,d) < Cn~V/*" . 2",

In this paper, we improve the upper bounds on the poset Ramsey numbers
R(Qm,Qn) given by Axenovich and Walzer in [1]. In Sections 2.2-2.4, the follow-

ing theorems are proved.
Theorem 1.5. For any integer n > 1, R(Q2, Q) < 3n + 2.
Theorem 1.6. For any integer n > 1, R(Q,, Q,) < n*—n + 2.

Theorem 1.7. For any integer n > 1, R(Q3,Qy) < [3in + 2].

In Section 2.5, we also prove the following.
Theorem 1.8. For alln >m >4, R(Qn, Q) < Km -1+ miﬂ) n+im+ 2}.

Additionally, we are now able to identify the following previously unknown poset

Ramsey number.
Theorem 1.9. R(Q2,Q3) = 5.

Later, Grosz, Methuku, and Tompkins [5] determined the value of R(Qs, @)

asymptotically by proving the following theorem.

Theorem 1.10. For every c > 2, there exists an integer ng such that for all n > ny,

we have R(Q2,Q,) < n + ci—2

logyn*



Combining Theorem 1.10 with the lower bound R(Q2,Q,) > n + 2, we find that
R(Q2, Q) is asymptotically equal to n.

In Section 2.1, we give more definitions and introduce notation. Also in Section
2.1, we state and prove Lemma 2.1, the key embedding lemma we use to prove
Theorems 1.5, 1.6, 1.7, and 1.8. We prove Theorems 1.5, 1.6, 1.7, 1.8, and 1.9 in
Sections 2.2, 2.3, 2.4, 2.5, and 3.1, respectively.



CHAPTER 2

THE GENERALIZED BLOB LEMMA

2.1 NOTATION AND KEY LEMMA

A partially ordered set, or poset, consists of a set S together with a partial order <,

which is a binary relation on S satisfying

Reflexive Property: = < z, for any x € S.

Transitive Property: If x <y and y < z then z < z for any z,y,2z € S.
Antisymmetric Property: If + <y and y < z then x =y for any x,y € S.

Let [n] denote the set {1,2,...,n} and @Q,, = (2", C) be the poset over the family
of all subsets of [n]. The k-th level of @,,, denoted by ([Z]), is the set of all k-element
subsets of the ground set [n], where 0 < k < n. For any two subsets (of [n]) S C T,
let Qs,r) be the induced poset of @, over all sets F' such that S C F' C T. Let
Q= Q, \ {0,[n]}. Let R(Qm,Qy) denote the smallest N such that any red/blue
coloring of ()% contains either a red copy of ()}, or a blue copy of ). Equivalently,
}?(Qm, Q) is the least N such that if ) and [N] are assumed to be both red and blue
while the rest of () is colored either red or blue, then () contains either a red copy
of Q. or a blue copy of Q,,. For a subset S C N, let S denote the complement set of

S in [N]. When S = {2}, we simply write z for {z}.

The following key lemma generalizes the blob lemma of Axenovich and Walzer
(see [1], Lemma 3). The special case a = b = 0 of the following lemma gives the blob

lemma.



Lemma 2.1. For any nonnegative integers N, m, n, n’, a, b satisfyingn’ > n > a+b
and N > n'+(n+1—a—>)-m, suppose the Boolean lattice Qn on the ground set [N|
is colored in two colors red and blue, and there is an embedding I: Q, — Q. C Qn

with the following properties.
1. I maps bottom a-levels of Q,, (i.e. sets in U=, (hﬂ)) to blue sets,
2. For all sets S in the top b levels of Q,, I(S) U ([N]\ [n']) is blue.
Then either a blue copy of Q,, or a red copy of Q,, exists in Q.

Proof of Lemma 2.1: Let @)y be the Boolean lattice on the ground set [N] colored
red and blue with the properties listed above.

Let k=n+1—(a+b). Since N >n'+(n+1—(a+0b))-m =n'+k-m, partition
[N] like so:

I[N =[P|UX;UXoU---UXy,

where |X;| > m for all i € [k]. With this partition in mind, create an embedding

f of @, into the blue sets of Q). Consider the map f : @), — Qn defined by

1(S) it S| <a-1,

FO =11 UX 1 UXoU- UXfy_yy ifa<|S|<n—b

IHUXiUXoU---U Xy if |S| >n—b+1.

Let j = [S] —a+1. Here, I(S)U X, UX,U---UX denotes an arbitrarily chosen
blue element from the subposet with bottom element SU X; UXsU... X1 U and
top element 7(S)U X; UXoU---UX;_; UXj,. If no such blue element exists, this
entire subposet is red and ) contains a red Q),,.

If such a blue element always exists, this function is well-defined and preserves all
the subset relations found in @),. Its image consists entirely of blue elements, so Q)

contains a blue Q,,. n



Many times when applying Lemma 2.1 with n’ = n, we omit the trivial identity
mapping I. However, we will explicitly define the mapping I if n’ > n. In some
applications, we will exchange the colors red and blue, resulting in an exchange of m

and n.

2.2  UPPER BOUND FOR R(Q,Q,)

Proof of Theorem 1.5: The result is known to hold for n = 1 and n = 2, so let
n > 3. Let N € N be such that there exists a red/blue coloring of )y containing no
red copy of Q2 and no blue copy of @,,. Consider such a red/blue coloring ¢ of Qy.
Let T be a red element such that min{ N — ||, |T'|} < min{N — |T"|,|T"|} for all red
elements 7" € Qn. Without loss of generality, let N — |T'| < |T'|. Let t := N — |T.
Let S be a red element such that |S| < [S7| for all red elements S" € Qp . Let

s:=1S].

Claim I: |T| —|S| <n+1.

Proof of Claim I: Otherwise, suppose |T'| — |S| > n + 2. Let u,v be two red
elements in Qg 7). If u and v are incomparable, {S,u,v,T} form a red Q2. So every
red element in Qg r lies on the same maximal chain. With the exception of this
maximal chain, the rest of Qg1 is blue. Suppose x,y € T'\ S are two elements such
that SU{z} and 7'\ {y} are on the maximal chain. Then all elements in Qsufy},m\ {z}]

are blue. Since |T'| — |S| — 2 > n, we find a copy of blue @, O

Claim IT: N <3n+1—2(s+1t).

Proof of Claim II: Otherwise, assume N > 3n + 2 — 2(s +t). We have N >
n+(n+1—(s+1t))-2. There exists a copy @, of @, in Qjp ] so that the bottom
s-levels of (),, are all colored blue. The top t-levels of ) are all colored blue. If we
let ' =n, a =s, b=t, and the embedding I be the canonical mapping from @,, to

', by Lemma 2.1, Q) contains either a blue copy of @, or a red copy of Q. O



From Claim I, we have
s+t=N—-(T|—-15S))>N—-(n+1). (2.1)

Combining (2.1) with Claim II, we have

N<3n+1-2[N—-(n+1)]=5n+3—-2N. (2.2)
We get
on
N<—+1
<3 +1
which gives us the desired result and concludes the proof of Theorem 1.5. [

2.3 UPPER BOUND FOR R(Q,,Q,)

Let n € N. The result is known to hold for n = 1 and n = 2, so let n > 3. Recall the
definition of ﬁ(Qm, Q) from Section 2.1. To prove the theorem, we first prove the

following lemma.
Lemma 2.2. For alln >3, R(Q,, Q) < n®—n.

Proof of Lemma 2.2: By way of contradiction, suppose there is a red/blue coloring
c of Qn (with N = n?—n) such that () and [N] are colored both red and blue while all
other elements of Qy only receive one color. Since N = n? —n, there are n?> —n > 2n
singleton sets in the first row of Q. By the Pigeonhole Principle, there are n sets in
the first row of Qy with the same color. Without loss of generality, suppose at least
n of these sets are blue. Then there is a copy of @/, in Qn such that level 1 of @,
consists of some subset of these blue sets.

Consider an embedding I : Q,, = @), C Qn, which maps the bottom a = 2 levels
of ), to blue sets. Also, consider the top b = 1 level of Qn to be colored blue. By
Lemma 2.1, since N > n?* —n=n+(n—2)-n=n+(n+1—a—>b)-n, either a blue

copy of @), or a red copy of @,, exists in Q). n



Having proved Lemma 2.2, we now prove Theorem 1.6.

Proof of Theorem 1.6: Let N = n? —n 4 2. Consider a Qu, and let the elements

of Qn be colored red or blue. Consider the following cases.

Case 1. Sets ) and [N] are the same color. Without loss of generality, assume both

() and [N] are colored in red. We have three subcases:
Subcase la: All level N — 1 sets are red.

Subcase 1b: There exists a blue set T" at level N — 1 and a blue subset S (of T') at

level 1.

Subcase 1c: There exists a blue set T" at level N — 1 such that all subsets of T at

level 1 are red.

In Subcases 1a, apply Lemma 2.1 to Qy witha =1, b =2, and n’ = n.

In Subcase 1b, we consider Qg7y. Since |T'| — [S| = N —2 > n* —n, by Lemma
2.2, Qs1) contains either a red or blue copy of @, \ {0, [n]}, which can be extended
to a red or blue copy of @Q,.

In Subcase lc, apply Lemma 2.1 to Q7 with @ =2, b =1, and n’ = n.

If there exist two blue sets S and T with |S| =1, |T| =N — 1, and S C T, then
consider Qg7y. Since |T'| — |S]| = N —2 > n*? —n, by Lemma 2.2, Qs contains
either a red or blue copy of @, \ {0, [n]}, which can be extended to a red or blue copy

of Q,.

If there do not exist such two blue sets S and 7', there are only three subcases:

Subcase la: All level 1 sets are red.
Subcase 1b: All level N — 1 sets are red.
Subcase lc: There exists an element x € N such that {z} and [N]\ {z} are blue, but

all other sets in level 1 and level N — 1 are red.

10



In Subcases la and lc, apply Lemma 2.1 with a = 2, b = 1, and n’ = n. In

Subcase 1b, apply Lemma 2.1 with a = 1, b = 2, and n’ = n.

Case 2. Sets ) and [N] are not the same color. Without loss of generality, suppose

0 is red and [N] is blue. We have four subcases:
Subcase 2a: All level 1 sets are red.
Subcase 2b: All level N — 1 sets are blue.

Subcase 2c¢: There exist a blue set S at level 1 and a red set at N — 1 such that

ScT.

Subcase 2d: There exists an element x € N such that all level 1 sets except {z}

are red and all level N — 1 sets except = are blue.

In Subcase 2a, if there is a red set T" at level N — 1 or N — 2, we apply Lemma
2.1 to Q) with colors exchanged and parameters n’ = n,a = 2,b = 1. Since
T| >N —-2=n+(Mn+1-2-1)-n, Qpr contains either a red copy of @, or
a blue copy of @),, as does Q. Otherwise, all sets in the top 3 levels of @y are
blue. We apply Lemma 2.1 to Qn with parameters n’ = n,a = 0,b = 3. Since
N >n+(n+1—-0-3)-n, Qy contains either a red copy of @,, or a blue copy of @,.

Subcase 2b is symmetric to Subcase 2a.

In Subcase 2¢, since ) is red and S is blue, and [N] is red and T is blue, the poset
Qs,r) of dimension n? —n can be viewed as having bottom and top elements colored
both red and blue. By Lemma 2.2, Qs 7] contains a red copy of (),, or a blue copy of
Qn.

In Subcase 2d, we apply Lemma 2.1 to Qg z with colors exchanged and parameters
n' =mn,a=2b=1 Since [T|>N—-1>n+(n+1-2-1)-n, Qs contains either

a red copy of @, or a blue copy of @, as does Q.

11



Suppose there is a pair S, T of comparable elements, where S is blue, T' is red,
S| = 1, and |T| = N — 1. Since 0 is red and S is blue, and [N] is red and T is
blue, the poset Qg7 of dimension n* — n can be viewed as having bottom and top
elements colored both red and blue. By Lemma 2.2, Qs contains a red @, or a

blue Q,,.
Otherwise, there are only four subcases:

Subcase 2a: All level 1 sets are red and all level N — 1 sets are blue.

Subcase 2b: All level 1 sets are red, and there exists a red N — 1-set.

Subcase 2c: All level N — 1 sets are blue, and there exists a blue 1-set.

Subcase 2d: There exists an element € N such that all level 1 sets except {x} are

red and all level N — 1 sets except x are blue.

A similar argument works for Subcases 2b, 2c, and 2d since there exists a Qy_)
so that there are three levels of one color.

In Subcase 2a, suppose there exists a blue set in level 2. Then there exists a blue
Qn—2) and a similar argument works. If there does not exist such a blue set, the
bottom three levels of )y are red.

In this case, since

n*—n+2>n+(n—2)-n,

partition [N] = [n]U X, U--- U X,,_2 so that | X;| > n. Map the first three levels of
@, into Qn to get a red copy of Q,,. Applying Lemma 2.1 with a = 3 and b = 0, we
get the desired monochromatic copy of @,,.

In any case where N = n? —n +2, we have shown )y contains a red @Q,, or a blue

Q. Tt follows that R(Q,, Q,) < n? —n + 2, the desired result. O

12



2.4  UPPER BOUND FOR R(Q3,Q,)

Recall the definition of }?(Qm, @) from Section 2.1. To prove the theorem, we first

prove the following lemma.

Lemma 2.3. For all integers n > 1, R(Qs, Qn) < [In+2].

Proof of Lemma 2.3: By way of contradiction, suppose there is a red /blue coloring
c of Qn (with N = [Zn + 27) such that () and [N] are colored both red and blue, all
other elements of @)y receive one color, and () contains neither a red copy of ()3 nor
a blue copy of @Q,,.

Let £ = [3n + 2] be a fixed integer. Consider the following cases.

Case 1. There exist red sets Aq, As, As in the bottom ( levels of Qn with the

following property.
Vi € [3],3z; € [N] such that z; € A;, but z; ¢ A; V5 € [3]\i. (2.3)

Note that, for all i € [3], |4;| < ¢—1, and for all {7, 5} C [3], |4, UA;| <2({—1).
Let X[; denote an arbitrarily chosen red element from the subposet with bottom

element A; U A; and top element zy, where {3, j, k} = [3]. Since

Th—m+ 3 - _
EZP”JFEW:P” n+4w:{N n WSN n+1

8 8 2 2 2 ’

N+12>20+n,

and N+1>0+{—1)+n+1,

we are able to define the following embedding of ()3 into the red sets of (. Consider
the map f : Q3 — @y defined by

13



f{i}) = A, for all ¢ € [3],

f{i,5}) = X7 for all {i, j} < [3],

If no such red element X/, exists, the entire n-dimensional subposet with bottom
element A;UA; and top element y, is blue and )y contains a blue @,,. If a red element
X}, exists, the function f is well-defined and preserves all the subset relations found
in Q3. The range of f consists entirely of red elements, so () contains a red ()3, a

contradiction.

Case 2. There exist red sets By, By, By in the top £ levels of Qn with the following

property.

Vi € [3],3x; € [N] such that z; € B;, but a; € B; Vj € [3]\i. (2.4)

This case is the same is as Case 1, except everything is flipped over the middle

level(s) of Qx. Using a similar argument, we show that () contains a blue @,, or a

red Q3.

Case 3. There do not exist sets Ay, Ay, A with property (2.3) or sets By, By, Bs

with property (2.4).

Since there do not exist sets Ay, As, A3 with property (2.3), we make the following

claim.

14



Claim I: There exists a set L with cardinality at most ¢ such that all subsets in

the family ‘=] ([N }\L) are blue.

We prove Claim I by contradiction. Assume Claim I does not hold.

Pick a nonempty red set A; with minimum cardinality. We have |A;| < ¢ — 1.
Otherwise, Claim I holds with L = (.

Pick an element z; € A;. Let Ay be a nonempty red subset of [N]\{x1} of
minimum cardinality. We have |Ay| < ¢—1. Otherwise, Claim I holds with L = {z}.

Observe that As ¢ A; since A; is a red set with minimum cardinality. Thus A,
must contain an element x5 such that xo € A;. Let A3 be a minimal red non-empty
subset in [N]\(A; U {z2}). We have |A3| < ¢ — 1. Otherwise, Claim I holds with
L = A; U {xs}. Observe that A3 ¢ A, since Ay red subset of [N]\{x;} of minimum
cardinality. Thus, A3 must contain an element x3 such that x5 € A,. The sets
Ay, Ag, As, along with the elements xq, 9, 23, respectively, satisfy property (2.3), a
contradiction.

By symmetry, we prove the following claim since there do not exist exist By, By, Bs

with property (2.4).

Claim II: There exists a set L’ with cardinality at most ¢ such that all subsets

in the family {SU L': VS € U!Z] ( N[J_VHL\,L'/_Z)} are blue.

Apply Lemma 2.1 with n’ =n, m =3, and a = b= (. Since N > 2({ — 1) + n,
we can find a set S of size n such that SN (LU L") = 0. Let I : Q, — Qg be the
canonical mapping. By Claim I and II, both items 1 and 2 in Lemma 2.1 are satisfied.
The inequality n’ > n > a + b is trivially true. The other inequality can be verified

as follows:

n+n+l—a—bm=n+n+1-20)-m
§n+<n+1—2<:n+§>+1>-3
7 9

“i"t
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< N.

All conditions of Lemma 2.1 are verified. Thus, )y contains either a red copy of (3

or a blue copy of @),,. The proof of Lemma 2.3 is finished. O
Having proved Lemma 2.3, we now prove Theorem 1.7.

Proof of Theorem 1.7: Let N = f?—gn + ‘;’—21 Suppose there exists a red/blue
coloring of (Qn containing no red copy of ()3 and no blue copy of @),,. Consider a
red/blue coloring ¢ of Qn. Let T be a red element such that min{N — |T|,|T|} <
min{N — |T"|,|T"|} for all red elements 7" € Qy. Without loss of generality, let
N —|T| < |T|. Let t := N — |T'|. Let S be a red element such that |S| < |S’| for all
red elements S" € Qg 1. Let s :=|S|.

We consider the following cases.
Case 1. s#0 and t#0.

It follows that [T| — [S| +1 < [in+ 2] for all n € N. We make the following

claim.

Claim I: N <n+3(n+1—(s+1t)) — 1

Proof of Claim I: Otherwise, assume N > n+3(n+1—(s+t)). Since |T| > n,
we can find a subset R C T with cardinality |R| = n. Apply Lemma 2.1 to Qy with
n' =mn, a =s, b=t and the canonical map I from @Q, to Qr. By Lemma 2.1, Qy

contains either a blue copy of @), or a red copy of Qs. m

From Lemma 2.3, we have

s+t=N—(T|—|S|) > N— Uﬂ”zﬂ

Combining (2.5) with Claim I, we have

N§n+3(n+1—(s—|—t))—1§n+3<n—|—1—<N— unnLiD)—l (2.6)
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We get

37 35
N<2pi2 N
ST <"

a contradiction.

Case 2. s=0andt=0.

In this case, both () and [N] are necessarily red. Apply Lemma 2.1 with parameters

!/ .
'm"=n,'n"=3,"n" =3,’a’ =1, and 'V = 1. Since

37 55
1-1-1)n=2 — — <N
3+ 3+ n=2n+3< 16n+16_ ;

()~ contains either a blue @), or a red ()3, a contradiction.
Case 3. s#0andt=0.

In this case, () is necessarily blue and [N] is necessarily red. We have the following

subcases:

Subcase 3a: All level N — 1 sets are red,

Subcase 3b: There exists an blue element 7" at level N —1 and a red element S C T

with [S] < | &n — £].

6"~ 16

Subcase 3c: There exists an blue element 7" at level N — 1 such that all subsets of

T at levels {0,1,2, ..., L%n — %J} are all blue.

In Subcases 3a, apply Lemma 2.1 with parameters 'm’ =n,'n’ =3, 'n"" =3, ’d’ =0,
and ‘b’ = 2. Since

37 25
1-0—-2n=2 — — <N
3+(3+1-0-2)n n+3<16n—|—16_ ;

(Qn contains either a blue (),, or a red ()3, a contradiction.

17



In subcases 3b, since () is blue and S is red, and T is blue and [N] is red, the poset

Qrs.7) of dimension at least

-1 e ] -
16 16

422 —1>[7 +9]
16" " 16 "

~ 14 4

can be viewed as having bottom and top elements colored both red and blue. By
Lemma 2.3, Q5,7 contains a red (J3 or a blue @,.

In subcase 3c, apply Lemma 2.1 to Q) with parameters 'm’ = 3, 'n’ = n,

! .
" =mn,'d =|[{n— 3] +1,and 'V = 1. Since

9 13 37 39
]2 o B ) 33 Y v
”+<n+ {1671 16J )3_16n+16_ )

()~ contains either a blue (), or a red ()3, a contradiction. In all cases, we prove Q)y

contains either a blue copy of @, or a red copy of Qs. ]

2.5 UPPER BOUND FOR R(Q,, Q)

Recall the definition of }?(Qm, Q) from Section 2.1. Before proving Theorem 1.8, we

first prove the following lemma.
Lemma 2.4. For alln > m > 4, we have R(Qp, Q) < (m —1)n + EmJ

Proof of Lemma 2.4: By way of contradiction, suppose there is a red/blue coloring
¢ of Qn (with N = (m — 1)n + [§m]) such that ) and [N] are colored both red and
blue, all other elements of () receive one color, and ) contains neither a red copy
of @,, nor a blue copy of @),.

Let £ = [+ 4+ 27 be a fixed integer. Consider the following cases.
Case 1. There exist red sets Ay, As, ..., A, in the bottom { levels of Qn with the

following property.

Vi € [m],3z; € [N] such that z; € A;, but z; ¢ A; Vj € [m]\i. (2.7)

18



Apply Lemma 2.1 in an altered way so that the colors 'red" and "blue" are ex-
changed. The parameters of Lemma 2.1 are set as follows: 'n’ =m, 'm’ =n, 'd’ = 2,
W =1, and 'n” = |U", A < m(l —1). Let Qu = QWLU;LAJ be the sublattice of
Qn with the minimum element () and the maximum element U"; A;. The mapping
I: Qm — Qu is defined as I(S) = Ujes A; for any S € Q. By property (2.7), each
A; has a private representative x;. Thus [ is a poset embedding. Since A;’s are red
while () and [N] are both red and blue, the two items in Lemma 2.1 are satisfied. It

is clear that n’ > m > a + b. We also have

n+m+l—a—-bn<ml—1)+(m—2)n
-2
g(m—l)n—l—%.

Note the left hand side is an integer. We have
, m
n+m+1l—a—bn<(m-—1)n+ {SJ = N.

By Lemma 2.1, Q) contains either a red copy of @), or a blue copy of @Q,.

Case 2. There exist red sets By, Bs,...,B,, in the top { levels of Qn with the

following property.

Vi € [m],3x; € [N] such that z; € B;, but z; € B; Vj € [m]\i. (2.8)

This case is the same as Case 1, except everything is flipped over the middle

levels(s) of Q. Using a similar argument, we show that @)y contains a blue @,, or a

red Q,,.
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Case 3. There do not exist sets Ay, As, . .., A, with property (2.7) or sets By, B, . .., By,

with property (2.8).

Since there do not exist sets Ay, As, ..., A, with property (2.7), we make the

following claim.

Claim I: There exists a set L with cardinality at most (m — 2)(¢ — 1) 4+ 1 such

that all subsets in the family J¢Z} <[N }\L) are blue.

We prove Claim I by contradiction. Assume Claim I does not hold.

Pick a nonempty red set A; with minimum cardinality. We have |A;| < ¢ — 1.
Otherwise, Claim I holds with L = (). Let x; be any element in A;.

Now construct the pairs (A;, x;) for i = 2,...,m by iterations. Suppose we have
already constructed the pairs (A4;,x;) for j = 1,...,7 — 1. Pick a nonempty red set
A; € [N]\ (U3 4; U {z;_1}) of minimum cardinality. We must have [4;] < ¢ — 1.
Otherwise, Claim I holds with L = U;-;Zl A;U{x;_1}. Since A;_; is minimal, A; is not
a proper subset of A; ;. Let x; be an element in A; \ A;_;.

By the construction, we have
ANAj=0forallj=1,...,i—2,

i1 € Ajand x; € A;y.

This implies, for all 7 # 7, x; € A;, but z; ¢ A;. The constructed sets A, A, ..., A,

along with the elements x1, zo,. .., z,, respectively, satisfy property (2.7), a contra-
diction.
By symmetry, we prove the following claim since there do not exist sets By, Bs, ..., By,

with property (2.8).
Claim II: There exists a set L' with cardinality at most (m — 2)(¢ — 1) + 1 such

that all subsets of the family J/Z] ( N[]—V|]L\’[\/—z) U L’ are blue.
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Apply Lemma 2.1 withn' =nanda =b= /. Sincen < N=-2((m —2)({ —1)+1)
for all m,n > 4, we can find a set S of size n such that SN (LU L") = (. Let
I:Q, — Qs be the canonical mapping. By Claim I and II, both items 1 and 2 in
Lemma 2.1 are satisfied. The inequality n’ > n > a + b is trivially true. The other

inequality can be verified as follows:

n+nmn+l—a—bm=n+(n+1-20m

1 n
§n+<n+1—2(+ >>m
3 m

m
= -1 —.
(m n + 3

Note the left hand side is an integer. We have
, m
n+n+l—a—bm<(m—1)n+ {SJ = N.
All conditions of Lemma 2.1 are verified. Thus, () contains either a red copy of Q,,
or a blue copy of @),,. The proof of Lemma 2.4 is finished. O]
Having proved Lemma 2.4, we now prove Theorem 1.8.

Proof of Theorem 1.8: For any integers m,n € N with n > m > 4, let N =
[(m — 1+ miﬂ)n + %m + 2] Suppose there exists a red/blue coloring of @y con-
taining no red copy of @,, and no blue copy of @,,. Consider a red/blue coloring c
of Qn. Let T be a red element such that min{N — |T|,|T|} < min{N — |T"|,|T"|}
for all red elements 7" € Qy. Without loss of generality, let N — |T'| < |T|. Let
t ;= N —|T|. Let S be a red element such that |S| < |S’| for all red elements

S" € Q. Let s :=|S|. We consider the following cases.
Case 1. s#0 andt #0.

It follows from Lemma 2.4 that
. 1
N—(s+t)+1=|T|=1[S|4+ 1< R(Qmn, Qn) < (m—1)n+ 3 (2.9)
We make the following claim.
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Claim I: N <n+m(n+1—(s+1t)) — 1.

Proof of Claim I: Otherwise, assume N > n+m(n+1— (s+1t)). Let R be
any subset of T" with cardinality n. Applying Lemma 2.1 on Qy with n’ =n, a = s,
b = t, and the canonical mapping I from @), to QQr, we conclude that Q)n contains

either a blue copy of (), or a red copy of @Q),,, a contradiction. n
From Inequality (2.9), we have
3+t:N—(yT|—yS\)zN—((m—1)n+;m—1). (2.10)
Combining (2.10) with Claim I, we have
N<n+mn+1—-(s+t)—1
§n—|—m<n—|—1— <N—(m—1)n—§m+1>) -1
Solving for N, we get

2 ) Lol 2 (2.11)

NS(m—l—i—
m+1

a contradiction.
Case 2. s=0andt=0.

In this case, both () and [IN] are necessarily red. Consider levels 1, 2, N — 2, and

N — 1. We have three subcases:
Subcase 2a: There exist two comparable blue sets S and T' with |S| =1, |T| = N—1.

Subcase 2b: All sets in levels 1 are red.

Subcase 2c: There exists a blue set S at level 1, but no blue set containing S at

level N — 1.

In Subcase 2a, we consider Q(sr). Since () is red and S is blue, consider the bottom

element of Qs 77 to be both red and blue. Since [N] is red and 7" is blue, consider
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the top element of Q5,77 to be both red and blue. By Lemma 2.4, we have

~ 1 2 1
N < R(Qm,OQn) +2 < (m—1 Sl 42 S D Sm41<N,
< R(Qm, Qn) + (m )n—i—{ng—i— <(m +m+1)n+3m+

a contradiction.

In Subcase 2b, we apply Lemma 2.1 with parameters 'm’ = n, 'n’ = m, 'n’ = m,
'a/ =2, and 'V = 1. Since N > (m—1+mi+l)n+%m+2 >m+ (m —2)-n. By
Lemma 1, () contains either a blue @),, or a red Q,,.

In Subcase 2¢, since ) is red, we can view S is both red and blue. We apply
Lemma 2.1 to Qg With parameters ‘'m’ = n, 'n’ = m, ' = m, 'd =1, and
V=2 Since N—1>(m—1+25)n+3m+2—1>m+ (m—2)-n. By Lemma

1, Q(s,(vy contains either a blue @, or a red Q,,, as does Q.
Case 3. s#0andt=0.

In this case, 0 is necessarily blue and [N] is necessarily red. We have three

subcases:

Subcase 3a: There is a pair S, T of comparable elements, where S is red, T' is blue,

1<|S) < [;25] —1and [T] =N —Tor N -2
Subcase 3b: All sets in levels N — 1 and N — 2 are red.

Subcase 3c: There is a blue set T in level N — 1 or N — 2 such that all subsets of

T in levels {1,2, ..., {mQ—J’:lJ} are blue.

In Subcase 3a, since ) is blue and S is red, and T is blue and [N] is red, consider

the top and bottom elements of Q57 to be both red and blue. By Lemma 2.4, we

have
N < R(@mo @) + 181+ N = 7] < (m— D+ | gm| + |2 —1] +2
ms Wn — S \m— n =m —
- 3 m+ 1
2 1
<<m—1+>n+m+2§N,
m+1 3
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a contradiction.

In Subcase 3b, we apply Lemma 2.1 to Qn with parameters 'm’ = n, 'n’ = m,
'n =m,’a’ =0,and 't/ = 3. Since N > (m—1+mi+l)n+%m+2 > m+(m+1-0-3)-n.
By Lemma 1, Q) contains either a blue copy of @), or a red copy of Q,,.

In Subcase 3c, we apply Lemma 2.1 to Qpr) with parameters 'm’ = m, 'n’ = n,

n =m,'t =1, and’a':mQ—_tl. Since N —2 > (m—1+miﬂ)n—|—%m>n—l—(n—l—l—

— mQ—f:l) -m, by Lemma 1, Q7] contains either a blue copy of @, or a red copy of

Qm, as does Q.

In all cases, we prove (Qy contains either a blue copy of ), or a red copy of

Qm. O
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CHAPTER 3

SMALL POSET RAMSEY NUMBERS

3.1 DETERMINING THE VALUE R(Q2,Q3)

Proof of Theorem 1.9: Consider a coloring ¢ of ()4 defined by

blue if |S| is even
c(S) =
red if |\S] is odd
for all sets S in @)4. This coloring of ()4 contains no red copy of ()5 and no blue
copy of Q3. Thus, R(Q2,Q3) > 4. Now we need only show R(Q2,Q3) < 5.

Consider a red/blue coloring of Q5 containing no red () and no blue Q3. Consider

the following cases.
Case 1. Both () and [5] are colored red.

Let u, v be two red elements in Q5. If v and v are incomparable, {0, u, v, [5]} form
a red ()2. So every red elements in ()5 lies on the same maximal chain. With the
exception of this maximal chain, the rest of ()5 is blue, and we have a blue @3, a

contradiction.
Case 2. One of 0 and [5] is colored red, and the other is blue.

Without loss of generality, suppose ) is red and [5] is blue. Suppose there exists a
red set T' with |T'| = 4. Without loss of generality, let 7" be {1,2,3,4}. Consider Qg 1),
and let U,V be two red elements in Q7). If U and V' are incomparable, {0, U, V, T}

form a red Q2. So every red element in Qg 7 lies on the same maximal chain. Without
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loss of generality, suppose this maximal chain is {0, {1}, {1,2},{1,2,3},{1,2,3,4}}.
Then the sets {4},{1,4},{2,4},{3,4},{1,2,4},{1,3,4},{2, 3,4} are all blue. These
sets, along with [5], form a blue Q3. Thus, every set in level 4 of @5 is blue.

Suppose there exist two red sets S; and Sy with |S;| = |S3| = 1. Then S; U S; are
blue. Moreover, every set in (Q[s,us,,(5)) is blue. Then Q(g,us, 5 is a blue copy of @3,
a contradiction. Thus, ()5 has at most one red level 1 set.

Without loss of generality, suppose {1} is the only red level 1 set in (J5. Note that
2,3, and 4 are all blue. Consider Qs 303 If 2N 3 = {1,4,5} and {4,5} are both
red, then {0, {1},{4,5},{1,4,5}} is a red copy of Q3. Thus, at least one of {4,5}
and {1,4,5} is blue. Similarly, when we consider Q (5} 2n3) and Qg5 3n3), we conclude
that at least one of {3,5} and {1, 3,5} is blue and at least one of {2,5} and {1,2,5}
is blue. These blue sets, along with {5}, 2, 3, 4, and [5] form a blue copy of Q3. Thus,
@5 has no red level 1 set.

Now, note that {1,2}, {1,3}, and {1,4} cannot all be blue. Otherwise,

{{1},{1,2},{1,3},{1,4},2,3,4,[5]} is a blue copy of Q3. Suppose, without loss
of generality, that {1,2} is red. Consider Q1},1,2,33- If {2,3} and {1,2,3} are both
red, then {0, {1,2},{2,3},{1,2,3}} is a red copy of Q2. Thus, at least one of {2,3}
and {1,2,3} is blue. Similarly, when we consider Q1y,1,2,4y and Qi (1,25, We
conclude that at least one of {2,4} and {1,2,4} is blue and at least one of {2,5} and
{1,2,5} is blue. These blue sets, along with {1}, 3,4,5, and [5] form a blue copy of

Q)3, a contradiction.
Case 3. Both () and [5] are colored blue.

Suppose (05 has at most 2 red level 1 sets. In other words, ()5 has at least 3
blue level 1 sets. Without loss of generality, suppose {1}, {2}, and {3} are all blue.
Consider Q1,233 If every set in Q233 18 red, Q1 9y3 is a red copy of Q2. Thus,

there is at least one blue set in Q[(;93- Similarly, there is at least one blue set in
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Q[{1,3),3 and at least one blue set in Qa3 1. These sets, along with (), {1}, {2}, {3},
and [5], form a blue copy of Q3. Thus, @5 has at least 3 red level 1 sets. By a similar
argument, (5 also has at least 3 red level 4 sets.

Let 51,553,535 be 3 red level 1 sets, and let 17,75, T3 be 3 level 4 sets. Consider

the following subcases.
Subcase 3a. At least one of Sy, Sy, and Sz is a subset of Ty, T5, and Tj.

Without loss of generality, let S; = {1} be red and a subset of Ty = 3 = {1,2,4, 5},
Ty =4=1{1,2,3,5}, and T3 = 5 = {1,2, 3,4}, all of which are red. Note that no two
of {1,2,3}, {1,2,4}, and {1,2,5} can be red without creating a red copy of (). Also,
no two of {1,2}, {1,3}, {1,4}, and {1,5} can be red without creating a red copy of
Qo

Suppose {1,2} is red, which means {1,3}, {1,4}, and {1,5} are all blue, and
{1,4,5}, {1,3,5}, and {1, 3,4} are all blue. These 6 sets, along with () and [5], form
a blue copy of (Y3, a contradiction.

Suppose exactly one of {1,2,3}, {1,2,4}, and {1,2,5} is red. Without loss of
generality, suppose {1,2,3} is red. Neither {1,4} nor {1,5} can be red without
creating a red copy of @ with {1}, {1,2,3}, and {1,2,3,4}. Suppose {1, 3} is red,
which means {1, 2}, {1,4}, and {1,5} are all blue. Then {1,4,5} is red. If {1,3,4,5}
is red, it forms a red copy of Qo with {1}, {1,3}, and {1,4,5}. If {1,3,4,5} is blue,
it forms a blue copy of Q3 with 0, {1,2}, {1,4}, {1,5}, {1,2,4}, {1,2,5}, and [5].
Thus, ()5 contains a red copy of ()2 or a blue copy of (3, a contradiction.

Suppose {1,2,3} is red and none of {1,3}, {1,4}, and {1,5} are red. Then
{1,4,5} is red, and {1,3,4} and {1,3,5} are blue. Then {2,4}, {2,5}, {3,4}, and
{3,5} are blue, and {2,4,5} is red. Then {4}, {5}, and {4,5} are blue. Then {4},
{5}, {1,2}, {4,5}, {1,2,4}, and {1,2,5}, along with () and [5], form a blue copy of

()3, a contradiction.
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Now suppose none of {1,2,3}, {1,2,4}, or {1,2,5} are red. Again, no two of
{1,2}, {1,3}, {1,4} and {1,5} are red. Suppose one of {1,3}, {1,4}, and {1,5}
is red. Without loss of generality, suppose {1,3} is red. Then {1,4,5} is red, and
{1,3,4,5} is blue. Then {1,2}, {1,4}, {1,5}, {1,2,3}, {1,2,5}, and {1, 3,4,5}, along
with () and [5], form a blue copy of @3, a contradiction.

Suppose none of {1,2}, {1,3}, {1,4}, or {1,5} are red. Then {1,4,5}, {1,3,4},
and {1, 3,5} are all red, and {1,3,4,5} is blue. Then {1,2}, {1, 3}, {1,4}, {1, 2,3},
{1,2,4}, and {1, 3,4, 5}, along with () and [5], form a blue copy of @3, a contradiction.

In any case where at least one of Sy, Sy, and S3 is a subset of T1, T, and T3, Q5

contains a red copy of ()2 or a blue copy of Qs.
Subcase 3b. None of Si, S, and Ss is a subset of Ty, Ts, and Tj.

Without loss of generality, let S; = {1}, So = {2}, S5 = {3}, T1 = 1 = {2,3,4,5},
Ty =2 =1{1,3,4,5}, and T3 = 3 = {1,2,4,5} all be red. Certainly, if every level 2
set and every level 3 set is blue, or if one or both of {4,5} and {1,2,3} are the only
red sets, then )5 contains a blue copy of Q5.

Suppose one of {1,2}, {1,3} and {2, 3} is red. Without loss of generality, suppose
{1,2} is red. Then {1,4}, {1,5}, {2,4}, {2,5}, {1,4,5}, and {2,4,5} are all blue.
Suppose either {1,2,3,4} or {1,2,3,5} is red. Without loss of generality, suppose
{1,2,3,4} isred. Then {1, 3}, {2,3}, {1, 3,4}, and {2, 3,4} are all blue, and {1, 2, 3,5}
is red. Then {1,3,5} and {2,3,5} are blue. The sets {1,4}, {1,5}, {1,3}, {1,4,5},
{1,3,4}, and {1,3,5}, along with () and [5], form a blue copy of @3, a contradiction.

Now suppose {1,2} is red and {1,2,3,4} and {1,2,3,5} are both blue. Then
{1,3} is red, and {1, 2,3} is blue. Then {1,4}, {1,5}, {1,2,3}, {1,4,5}, {1,2,3,4},
and {1,2, 3,5}, along with () and [5], form a blue copy of @3, a contradiction. The
argument is similar if any one of {1,4,5}, {2,4,5}, and {3,4,5} is red.

Suppose any level 2 set other than {1,2}, {1,3}, {2,3}, or {4,5} is red. Without
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loss of generality, suppose {1,4} is red. Then {1,2}, {1,3}, {1,5}, {1,2,5}, and
{1,3,5} are all blue. Then {1, 2,3} is red, and {1, 2, 3,4} is blue. Then {1,2}, {1, 3},
{1,5}, {1,2,5}, {1,3,5}, and {1,2,3,4}, along with () and [5], form a blue copy of
()3, a contradiction. The argument is similar if any level 3 set other than {1,4,5},
{2,4,5}, {3,4,5}, or {1,2,3} is red.

In any case where none of 57, Sy, and S3 is a subset of T7, T5, and T3, (5 contains

a red copy of (Y2 or a blue copy of Q3. This concludes the proof of Theorem 1.9. [
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