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Abstract

While many of the most exciting quantum computing algorithms are currently im-

possible to be implemented until fault-tolerant quantum error correction is achieved,

noisy intermediate-scale quantum (NISQ) devices allow for smaller scale applications

that leverage the paradigm for speed-ups to be researched and realized. A currently

popular application for these devices is quantum machine learning (QML). Recent

works over the past few years indicate that QML algorithms can function just as

well as their classical counterparts, and even outperform them in some cases. Many

current QML models take advantage of variational quantum algorithm (VQA) cir-

cuits, given that their scale is typically small enough to be compatible with NISQ

devices and the method of automatic differentiation for optimizing circuit parameters

is familiar to machine learning. As with many skeptics on its benefits of quantum

computing in general, there is some concern as to whether machine learning is the

"best" use case for the advantages that NISQ devices make possible. To this end, the

nature of this work is to investigate the utilization of stochastic methods inspired by

QML in attempt to approach the reported successes in performance. Using the long

short-term memory (LSTM) model as a case study and by analyzing the performance

of classical, stochastic, and QML methods, this work aims to elucidate if it is possi-

ble to achieve QML’s benefits on classical machines by incorporating aspects of its

stochasticity.
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Chapter 1

Introduction

Through initial questioning by Feynman [23] in eighties, it has become a known fact

that it is a computationally expensive task to simulate quantum systems. Following

this discovery, we have since learned that there exists classifications of problems that

can be solved in polynomial time with computation based on quantum mechanics that

have no known polynomial time solution on classical, or von Neumann, machines

[30, 63, 24, 62]. This comes from a large corpus of works throughout the eighties

and nineties, encompassing research done by Bernstein and Vazirani [9], Simon [55],

Shor [54], Yao [62], and many others [5, 6, 27]. The best known example of such

problems is that of prime integer factorization, the solution for which was shown

by Peter Shor in 1994. He formulated a quantum algorithm to compute the order

r of an element x (mod N) in only O(⌈lg(N)⌉3) operations, which can then be

used to find the prime factors p and q of N by gcd(xr/2 ± 1, N) [54, 57, 42]. This

is a massive increase in efficiency over any known classical algorithm that serves

the same purpose, e.g. the "number field sieve" which performs the factoring in

O(e((64/9)1/3+O(1))(lg(N))1/3(lg(lg(N)))2/3) operations [8, 13]. Unfortunately, constructing

fault-tolerant quantum systems capable of running the most promising algorithms

at scales that matter is currently infeasible and likely still many years away. This

is due to the technological difficulties in the implementation of hardware systems,

which primarily consist of the scalability and decoherence times of physical qubits

used [44].

Despite this, some quantum algorithms are simple enough to be handled relatively
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well on modern noisy intermediate-scale quantum (NISQ) devices. Here, "noisy"

refers to the lack of fault-tolerant quantum error-correction and "intermediate-scale"

indicates that the aforementioned scalability and coherence issues are present. This

allows researchers to leverage the paradigm even at a lower level and progress the

state-of-the-art in computational efficiency, and can also be described as near-term

quantum computation [10]. The majority of these devices exist as part of hybrid

quantum-classical systems, and there are a variety of methods to take advantage of

such systems. An area of current near-term quantum computing research that has

experienced popularity in recent years, and is relevant to this work, is the use of such

systems for machine learning.

Aside from the novelty of simply applying quantum computing to machine learning

tasks, quantum machine learning (QML) overall has shown promise in providing a

quantum advantage to several learning subroutines and models [11, 21, 48, 56, 20,

51, 35, 52, 3, 4]. Although there exists various formulations to implement QML

methods, many are being realized through the use of variational quantum algorithms

(VQA). These VQAs function similar to automatic differentiation techniques, such as

what is commonly applied in neural network learning. Parametrized quantum gates

are variationally updated and classically optimized such that the final measurement

upon the circuit delivers the desired result [41, 53, 39]. These algorithms enable a

quantum advantage for several problems, including simulation of dynamical quantum

systems, combinatorial optimization, and chemistry problems; however, the likeness

to machine learning methods makes their application to such systems natural [40,

16].

As an example, Zoufal, Lucchi, and Woerner [68] demonstrates a variational quan-

tum boltzmann machine (VarQBM) that produces results and performance metrics

competitive to all of the classic classifiers compared against this model for the chosen

application, with the VarQBM even having the best F1 score by a margin of 0.04.

2



Another such example has been shown by Chen, Yoo, and Fang [17], wherein they

give the construction and theory of a variational quantum long short-term memory

(QLSTM) model and demonstrate through several experiments that it is capable of

converging faster and generally achieving lower loss values than its classical version.

These are exciting results for the prospects of QML; even with an inherently

stochastic system, these models are able to achieve results that demonstrate better

performance and convergence rates than classical methods in many cases. This brings

to mind an important question: Can we achieve similar results to variational

QML by incorporating stochasticity inspired by its architectures into clas-

sical machine learning models? If this were the case, then perhaps some of these

advantages could be achieved without the need for quantum hardware. Without in-

validating the area of study, this could provide an indication on whether QML is truly

an important application for near-term quantum computing research and utilization.

Following this introduction, Chapter 2 establishes the necessary foundation for the

case study employed to investigate this matter; Chapter 3 details the techniques used

to explore this question; Chapter 4 provides brief implementation details and analyzes

the results achieved; Chapter 5 discusses the implications of this work’s findings; and

finally Chapter 6 concludes the study with the author’s final thoughts and potential

future work on the matter.

3



Chapter 2

Background of Case Study

To more closely examine the impact that stochasticity has on the reported advantages

QML exhibits over classical machine learning (ML), it is beneficial to assess the

performance of a particular model through a case study. With the backing of existing

research and literature as previously described in Chapter 1, the long short-term

memory (LSTM) model was an attractive option and thus selected for this purpose

[17]. Given this, Section 2.1 reviews the construction and operation of a LSTM model,

followed by Sections 2.2 and 2.3 which, respectively, explain the metrics used to gauge

the model’s performance and the optimization methods employed. Then in Section

2.4, the experiments that were selected for the study are presented. Lastly, Section

2.5 provides a brief introduction to quantum computing and concepts that will be

relevant to the work.

4



2.1 Long Short-Term Memory Model

As a variant of the recurrent neural network (RNN), the LSTM model is best suited

for analyzing time-series data sequences to learn temporal dependencies. Like most

ML methods, data is passed into the model and undergoes a series of multiply-

and-accumulation (MAC) operations followed by certain activation functions. RNN

models like the LSTM are differentiated from other types of neural networks by

passing an additional parameter, referred to as the hidden state, into each iteration

of the model’s recurrent portion, referred to as a cell. The hidden state is derived

by the model’s cell from the previous time step data in the time-series. Much like

the weights of typical neural networks, the hidden state has a dimension or size; this

parameter initially starts as a series of zeroes with the specified dimension. This

hidden state is usually taken as the cell’s output as well, potentially followed by some

post-processing steps within the model. While this may simply be an activation

function, its not uncommon to send the output through a fully-connected layer or a

larger network architecture.

While RNNs and their variants can be depicted as looping a single cell’s hidden

state onto itself with data input for the each time step, the model can be logically

"unrolled" into many cells, the specific number of which is determined by the batch

size of the network. In cases where only a single prediction is made per batch,

this batch size can be interpreted as the number of time steps analyzed before a

prediction is made. It should be noted that all cells when "unrolled" utilize the same

set of parameters, giving rise to the "looping" representation of the network and its

usefulness in analyzing time-series data. These representations for a standard RNN

are shown by Figure 2.1.

The primary differences that make LSTM networks distinct from standard RNNs

are the equations used within the network’s cell and the addition of another param-

eter, referred to as the cell state, passed to subsequent time steps of the network’s

5



Figure 2.1 Graphical representations of a standard RNN model.

current batch like its hidden state. These changes effectively address issues that

standard RNNs have with vanishing gradients and allows the model to learn longer

sequential dependencies in the data. A classic LSTM cell can be mathematically

expressed by the following equations:

ft = σ(Wf · vt + bf ) (2.1a)

it = σ(Wi · vt + bi) (2.1b)

C̃t = tanh(WC̃ · vt + bC̃) (2.1c)

ct = (ft ∗ ct−1) + (it ∗ C̃t) (2.1d)

ot = σ(Wo · vt + bo) (2.1e)

ht = ot ∗ tanh(ct) (2.1f)

Where vt is the previous hidden state concatenated with the current data s.t.

vt = [ht−1, xt], the function of an LSTM cell can be described by the three gates it

consists of: the forget gate, the input and update gate, and the output gate.
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1. Corresponding to Equation 2.1a and the first part of Equation 2.1d, the forget

gate comes first and works to update the relevance of data from the previous

cell state depending upon the current time step data. The concatenated data

vt undergoes a MAC operation with weights Wf and biases bf before receiving

a sigmoid activation. The result ft is then multiplied element-wise with the

previous cell state ct−1.

2. Comprised by Equations 2.1b, 2.1c, and the latter half of 2.1d, the input and

update gate is the next portion of the LSTM cell and functions to decide what

new information the current cell state should be updated with. The concate-

nated data vt receives two separate MAC operations: one with weights Wi and

biases bi, and the other with weights WC̃ and biases bC̃ . The former determines

which data values of the cell state should be updated and gets a sigmoid activa-

tion, while the latter provides an initial candidate with which to update the cell

state and gets a hyperbolic tangent activation. The resulting values it and C̃t

are then multiplied together element-wise to produce the scaled candidate val-

ues, before being added element-wise to the cell state resulting from the forget

gate.

3. Consisting of Equations 2.1e and 2.1f, the final portion of the LSTM cell, the

output gate, sets the current hidden state of the network before passing it along

with the cell state to the next time step, and potentially returning that hidden

state as output. Once more, the concatenated data vt receives a MAC opera-

tion, this time with weights Wo and biases bo, then gets a sigmoid activation

to decide what values to output. The current cell state ct then receives a hy-

perbolic tangent activation and is multiplied element-wise with the result ot of

the previous operation. This produces the current hidden state ht for the time

step; as mentioned, this and ct will become ht−1 and ct−1 for the next time step

7



Figure 2.2 Graphical representation of an LSTM cell.

and may also be returned as output yt.

This construction of an LSTM cell as described above is illustrated by Figure 2.2.

It is worth mentioning that each of the MAC operations occur with separate sets of

weights and biases, indicated by their subscripts [25, 33, 17, 45].

2.2 Metrics

As with any ML model, it is necessary to evaluate the model’s performance using

an established set of metrics. This allows us to gauge how effectively the model

has learned the data that it has been trained upon. Generally, the chosen metrics

can be determined by whether the intended goal is classification or regression; while

it is possible to configure an LSTM model to perform classification, they are more

commonly used for regression based tasks and have been utilized as such in this work.

The study herein has been assessed using three well-known metrics: mean square error

(MSE), root mean square error (RMSE), and coefficient of determination (R2 score).

One of the most widely-used metrics for regression, MSE provides a measure as

to how far the residual errors of the model extend from the ideal fit of the data.
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This weighs large errors heavier than small ones, making it suitable for finely honing

parameters during optimization. As such, MSE has been chosen as the loss metric

throughout this work. Where ŷi is the model prediction, yi is the ground truth for

the corresponding sample, and n is the total number of labels, this metric can be

expressed by the following equation:

MSE =
n∑
i=1

(ŷi − yi)2

n
(2.2)

As its name implies, RMSE is very closely related to MSE and essentially expresses

the same information regarding the model. While MSE’s square units penalize larger

errors more heavily however, RMSE’s square root returns the metric’s units to that

of the ground truth data which enables easier analysis. This metric can be mathe-

matically found using the following equation:

RMSE =
√√√√ n∑
i=1

(ŷi − yi)2

n
(2.3)

While the previous two metrics are useful for understanding the standard devia-

tion, the R2 score, or more simply just R2, gives an indication to the variance from

ground truth present within the results. Essentially, this metric provides a rating

for how well a model is able to account for the variance present within the data it

is shown. The values for this are typically in the range [0.0, 1.0), but particularly

bad fits for the regression may have a negative value. Normally, a higher R2 is a

good thing, but a lower value doesn’t necessarily mean that the model is bad. Where

ȳ = 1
n

∑n
i=1 yi, the coefficient of determination can be calculated with the following

equation:

R2 = 1 −
∑n
i=1(yi − ŷi)2∑n
i=1(yi − ȳ)2 (2.4)
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2.3 Optimization

In order to perform learning tasks with neural networks, there must be way to update

the network parameters in a manner that minimizes the error between actual output

and expected target values. The standard method used by the ML community to

accomplish this, since it was introduced by Rumelhart, Hinton, and Williams [50] in

1986, is a process known as back-propagation or simply backprop. The general idea

of this method is to iteratively perform a gradient descent in the task’s loss landscape

until the total error has been optimally minimized. After a forward pass through a

given model, the total error is calculated using a loss function like MSE as described

in Section 2.2. The update value for parameters is then obtained by computing the

partial derivative of the total error with respect to the corresponding parameter. This

is accomplished by first finding the partial derivative of the error with respect to the

network’s output and then repeatedly applying the chain rule of differentiation until

the desired partial derivative is reached. Propagating the error gradient backwards

through the model’s equations in such a manner is why the term "back-propagation"

is used to describe this procedure.

For this method to be effective for LSTM models, it needs to be adapted into a

variant suited for temporal learning tasks over time-series data. The common ap-

proach used is known as back-propagation-through-time (BPTT), the basis of which

is fairly simple once standard backprop is understood. The general procedure is to

"unroll" the network as described in Section 2.1 and propagate the error gradient

through every time step, accumulating the parameter updates until the full sequence

has been processed. While BPTT is formally applied in learning tasks where the

entire dataset is trained at once, it can be applied to batched datasets as truncated

BPTT (TBPTT). TBPTT is delineated from BPTT by allowing a different number

of time steps for analysis and error accumulation; however, most forms of TBPTT

are out of the scope for this work and it can be generally considered as a version of
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BPTT applicable to batches within full training epochs [60, 61].

Once the error gradients have been accumulated, regardless of the training method,

an optimization routine is then used to actually apply the parameter updates. Stan-

dard gradient descent can be applied using the equation:

∆p = −αδE
δp

, (2.5)

where p refers to the parameter for update, E is the total error, and α is some small

learning rate. While this scheme is generally effective, it can be prone to converging

on a local rather than global minimum. Furthermore, convergence is dictated by the

learning rate; high values could cause parameters to oscillate around minima, and

low values will result in slower convergence times and a greater potential of becoming

trapped in a local minima. Thankfully, these difficulties can be handled by utilizing

a more sophisticated optimization algorithm.

There are a variety of options available for this purpose, but this work takes the cue

of Chen, Yoo, and Fang [17] and uses the root mean square propagation (RMSProp)

method. Proposed by Hinton and Tieleman [29] in 2012 during a Coursera course

and famous for not being published, RMSProp implements an adaptive learning rate

by keeping a moving average of the squared gradients and dividing the learning rate

by the square root of the result. This is implemented using the following equations:

Mt = ρ ·Mt−1 + (1 − ρ)
(
δE

δp

)2

(2.6a)

∆p = − α√
Mt + ϵ

δE

δp
(2.6b)

where M is the moving average, ρ is the decay parameter for M , and ϵ is a small

smoothing term that aims to avoid division by 0.

2.4 Experiments

As mentioned in Section 2.1, LSTM models are innately suited for analyzing temporal

dependencies and patterns in sequential data. This has applications in areas such as
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Figure 2.3 Sine function over approximately 4 periods.

natural language processing, trend analysis, speech recognition, anomaly detection,

and much more. For the purposes of this work, however, several simple experiments

have been chosen in order benchmark model performance. All experiments presented

in this work can be categorized as trials in pattern recognition. Elaborated on in-

dividually below, these can be broadly classified as either periodic or inspired by

physical dynamics.

A common practice when learning and building LSTM models is to test them using

simple periodic functions, an approach which was adopted herein. Within the family

of trigonometric functions, sine is perhaps the simplest, and as such is commonly

used to confirm the validity of implementations. Therefore, all models have been

initially verified using trigonometric sine function, producing a basic sinusoidal wave

as shown in Figure 2.3 for the models to learn.

To introduce a further level of intricacy, a non-smooth periodic function was also

tested. With the additional benefit of also being non-continuous, a sawtooth waveform

as shown in Figure 2.4 was selected. While a simple pattern, disrupting the direct

linearity exhibited by the function between periods is a complexity that poses an

interesting challenge. Features such as this have been found to be difficult for ML

models to recognize.

These two functions are suitable for benchmarking sequential data ML models,
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Figure 2.4 Sawtooth function over 4 periods.

but are rather simple within the realm of periodic functions. As such, the next

experiment desired to be chosen for this work was a periodic system that has increased

the complexity compared to two previously introduced. The function resulting from

summed cosine waves was suitable for this purpose, incorporating an additional layer

of mathematics onto the standard trigonometric function. To greater increase this

supplementary complexity, the data points passed to the cosine functions receive a

multiplicative factor to alter the waves’ frequency. This general formulation can be

extended to the sum of many cosine waves, but herein only two are utilized and thus

can be expressed mathematically by the equation

y(x) = A1cos
(2πx
λ1

)
+ A2cos

(2πx
λ2

)
. (2.7)

Here A1 and A2 refer to the two waves’ amplitudes, while λ1 and λ2 are the waves’

wavelengths. The parameters used in the configuration for this work are A1 = A2 = 1,

λ1 = 9, and λ2 = 11. The specific waveform used for this study as indicated by

Equation 2.7 and the given parameters can be visualized by Figure 2.5. Despite its

periodic nature, this method provides an important basis for a classic physics system

known as wave packets. In the case of sound waves, the concept of infinitely repeating

waves of the form described is referred to as beats; this becomes a wave packet when

localized to a single pulse, which is a core foundation for fields such as audio signal

processing and recognition. Consequently, this experiment can be regarded as both
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Figure 2.5 Summed cosines waves function.

a periodic function and a simple physics-based system.

Although these functions provide simple patterns to train and evaluate models on,

all are periodic and repeat. As such, a non-periodic function was desired to ensure the

models are robust in ability. Following the previous example introduced, a system of

physical dynamics was an attractive option for this purpose. Once more taking a cue

from Chen, Yoo, and Fang [17], the damped harmonic oscillator physics system was

a suitable candidate for the final experiment selected. The motion of such a system

can be defined by the differential equation

d2x

dt2
+ 2χω0

dx

dt
+ ω2

0x = 0, (2.8)

where χ is the damping ratio and ω0 is the characteristic frequency. This describes

the physics that comprise a range real systems, with the common example being a

spring based system that includes friction. In this case, we find that χ = c
2
√
mk

and

ω0 =
√

k
m

, where m is the mass of the moving body, k is the spring constant, and c is

the coefficient of friction. For this study, the values of 0.75, 4, and 0.1 were chosen for

m, k, and c, respectively, and used as a standard throughout. Figure 2.6 illustrates

how the waveform for this may look.
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Figure 2.6 Damped harmonic oscillator function.

2.5 Fundamentals of Quantum Computing

The fundamental difference between quantum and classical computing is the use of

what is known as a "qubit" or quantum bit for the computational object. Each single

qubit’s state can be represented by a two dimensional vector; a common short hand

for this is Dirac notation, where |x⟩ ("ket x") represents state x’s column vector and

⟨x| ("bra x") represents its row vector, such that for the computational basis,

|0⟩ =

1

0

 , |1⟩ =

0

1

 , ⟨0| =
[
1 0

]
, ⟨1| =

[
0 1

]
. (2.9)

This manner of linearization is where the superposition of states is encapsulated by

quantum computing. To be more concise,

|ψ⟩ =

α
β

 =

α
0

+

0

β

 = α

1

0

+ β

0

1

 = α |0⟩ + β |1⟩ . (2.10)

Here, α and β are referred to as the amplitudes for the |0⟩ and |1⟩ computational

basis states and are complex numbers. Without loss of generality, quantum states like

|ψ⟩ should be unit vectors in the complex vector space, where they are constrained

by the normalization condition such that

|α|2 + |β|2 = 1. (2.11)
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This is also extended to multi-qubit systems, such that

∑
i

|αi|2 = 1. (2.12)

Unlike reading the state of classical bits which may be done at any time with

no consequence, the quantum mechanical nature of qubits prevents us from reading

their precise state in the same manner. Regardless of the complex orientation of

the qubits, a measurement operation will probabilistically collapse the system to one

of the basis states for the measurement, effectively destroying its previous quantum

state. For example, if a single qubit were measured in the computational basis then

its resulting state will become either |0⟩ or |1⟩. Given this, it should be easy to see

from the above equations that the square magnitude of a state’s complex amplitude

can be interpreted as the probability of observing the quantum computer in the

corresponding state.

A useful representation for qubits is the Bloch sphere; here the computational

basis states rest at opposite ends of the z-axis on a unit sphere. All other states can

be defined as a superposition for some x- and y-axis orientation on that unit sphere

based on the state’s complex amplitudes. The exact configuration for any given state

can also be described in terms of its polar coordinates θ and φ from the z-axis.

In order to have a functional quantum computer, a lot of linear algebra formalism

is required. Glossing over the mathematical details in the nature of presenting the

fundamentals, quantum computation requires at its core for operations on qubits to

be both reversible and unitary. While the definition for a reversible circuit should be

implicit by its name, if an operator U is said to be unitary then its conjugate adjoint

is equal to its inverse such that U∗ = U−1. This gives that UU∗ = U∗U = I, which

is useful for a number of reasons not stated here. Similar to the qubit state vectors,

operators on n-qubit systems can be represented as a 2n dimensional square matrix.

When an operator is encountered by a qubit passing through a quantum system, the
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|q0⟩

|q1⟩

|q2⟩

U0 U1 U2 U3

Figure 2.7 A generic quantum circuit that uses 3 qubits and 4 unitary gates, with
a measurement performed after the last unitary.

operator acts as a linear map that takes the initial state to a resulting state (e.g.

U |ψ⟩ = |ϕ⟩) [44, 34, 59].

The presently preferred method for programming a quantum computation con-

sists of building a circuit from unitary operator "gates" representing the mathemat-

ical operations being implemented. A generalized example of what such a circuit

may graphically look like is shown in Figure 2.7. Although the math must still be

understood to produce valid computations, there now exists software development

kits such as IBM’s Qiskit [1] and Xanadu’s PennyLane [7] packages to aid in this

process and even queue jobs to the cloud to be run on actual quantum computers.

With an intuitive syntax and a graphical circuit builder, Qiskit streamlines the task

of implementing and simulating quantum algorithm. Similarly, PennyLane exists as a

platform for accelerating the development of quantum circuits through differentiable

programming.
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Chapter 3

Methods

With the case study details established, it is possible to analyze the performance

of a well-known ML model. This provides a baseline with which a QML model of

the same variety may be compared. In order to achieve the aforementioned goal of

this work, however, a baseline comparison between classical and quantum models

alone is not sufficient. Furthermore, the current state-of-the-art prevents a fully

quantum implementation from being achievable. This chapter therefore serves to

introduce the methods employed to realize the quantum and stochastic model versions

investigated. First, Section 3.1 details the principles of VQAs and how they may be

applied to implement a QLSTM model. Next, Section 3.2 describes a technique

used for quantizing neural network weights to low-precision representations. Finally,

Section 3.3 introduces techniques for incorporating stochasticity into ML models.
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3.1 Variational Quantum Algorithms

As mentioned in Chapter 1, modern NISQ devices comprise the corpus of currently

available quantum computational technology. While there are indeed many working

implementations, none are perfect. The main issues that typically arise in all of

these cases are due to the quantum system’s scalability and decoherence times. For

reference, included in Table 3.1 is approximations for decoherence time τQ, operation

time τop, and maximum number of operations before decoherence nop = λ−1 = τQ

τop
for

several physical realizations of qubits [44]. Furthermore, current devices range in size

from 50 to 100 physical qubits; with quantum error correction translating this to a

very small number of usable logical qubits, the scope of what can be implemented is

severely limited.

.
Table 3.1 Approximate decoherence and operational times for various implementa-
tions of qubits. (reproduced from [44])

Hardware Implementation Statistics
System Qubit Representation τQ τop nop = τQ

τop

nuclear spin spin 10−1 − 108 10−3 − 10−6 105 − 1014

electron spin spin 10−3 10−7 104

ion trap - In+ spin flips 10−1 10−14 1013

electron - Au charge 10−8 10−14 106

electron - GaAs charge 10−10 10−13 103

quantum dot spin/charge 10−6 10−9 103

optical cavity photon 10−5 10−14 109

microwave cavity photon 100 10−4 104

Researchers have found, however, that by leveraging quantum circuits with tun-

able parameters a great majority of the envisioned uses for quantum computing can

be achieved. Referred to as variational quantum algorithms (VQAs), these systems

typically exist as hybrid systems and use classical optimization techniques to train

the circuit parameters. Optimization methods such as those described in Section 2.3

work for this purpose, provided that there is a valid cost function for the problem
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|q0⟩

|q1⟩
U(x) V (θ)

Figure 3.1 A general example of a variational quantum algorithm circuit.

being solved [41, 53, 39]. As such, these VQAs are composed of three primary com-

ponents: an ansatz suited to solving the task that has been encoded, an optimization

procedure over the tunable parameters’ gradients, and a cost function that’s effective

for the problem.

The most crucial portion of this is the ansatz, which consists of a sequence of

quantum operations that are either proposed using information about the problem

or formulated to be as general as possible. This comprises the body of the quantum

circuit for the VQA, defining its structure and encoding the parameters to be trained.

Such a construction allows the quantum circuit depth to be kept shallow, making it

extremely suitable to NISQ-era devices. While they have shown promise even at a

shallow depths, it should noted that the theory of the field suggests that as many

unitary gates for data encoding and the primary variational ansatz as necessary can

be applied. A very general example of what such a circuit for a VQA may look is

illustrated in Figure 3.1; here the data x is first encoded by unitary gate U , then

the variational ansatz is applied through unitary V with the parameter θ. After the

measurement operation, the parameter will undergo classical optimization with the

selected optimizer and cost function [16, 17, 58].

Some applications for this technique include finding ground and excited states

of molecules, classical optimization procedures, quantum program compilation, and

even quantum error correction, among many others [16, 58]. Given the method’s

formulation, its easy to see how it can be considered as an analog to classical ML;

thus, its natural to consider extending it to such problems in data science, which
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is the use case for the work at hand. Research in this area has shown that QML

models which utilize VQAs are successful in a variety of problems, can have a greater

expressive power, converge to optimal solutions faster, and can even produce better

results [11, 17, 68]. Given that ML is a technique used in analyzing data, VQAs used

for QML commonly feature an input data encoding layer not unlike that which is

used to encode the tunable parameters.

As demonstrated by Chen, Yoo, and Fang [17], a quantum version of the LSTM

cell architecture can be realized in a very similar manner to its classical representation.

The primary difference is that the MAC operations within the LSTM cell have been

replaced by VQA circuits (VQCs). The circuit design encodes the data for the LSTM

time step, then applies an ansatz based on entangled state rotations with the current

parameters. This is followed by measurements on every wire, where the output is

returned to proceed as predestined through LSTM cell’s remaining operations. The

authors of the work [17] also applied these circuits onto the hidden state passed to

the next time step and the network cell output, however investigation done herein

showed that this is not necessary for the QLSTM model to achieve high performance.

The QLSTM cell then can be illustrated by Figure 3.2, and the LSTM cell equations

then become as follows:

ft = σ(V QC1(vt : θf )) (3.1a)

it = σ(V QC2(vt : θi)) (3.1b)

C̃t = tanh(V QC3(vt : θC̃)) (3.1c)

ct = (ft ∗ ct−1) + (it ∗ C̃t) (3.1d)

ot = σ(V QC4(vt : θo)) (3.1e)

ht = ot ∗ tanh(ct) (3.1f)

The VQC utilized for this problem has an architecture as shown by Figure 3.3.

This design calls for the use of four qubits and utilizes three rotation angles, α, β,
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Figure 3.2 Graphical representation of a QLSTM cell.

and γ, for the parameters θ. It consists of three portions: a data encoding layer, a

variational layer, and a measurement layer. The circuit starts by placing the initial

ground state qubits into an unbiased state via a bank of Hadamard gates. The

input data is then encoded as rotational angles for the qubits after transforming its

values using the inverse tangent function, first by applying the Ry gate with the

trigonometric results and then by applying the Rz gate with the trigonometric results

of the data’s square. Next, the variational layer generates multi-qubit entanglement

through rings of CNOT gates. Following this, the tunable parameters of each qubit

are encoded using single qubit rotational gates, i.e. R(α, β, γ). This variational layer

may be applied multiple times, defining a depth hyperparameter to the circuit; Chen,

Yoo, and Fang [17] utilize a depth of two, but a depth of only one has been used

for this work. As with any quantum circuit we wish to know the results of, the final

portion of the circuit then performs measurement operations on each qubit, reading

out their state in the computational basis as Pauli-Z expectation values.

22



|0⟩

|0⟩

|0⟩

|0⟩

H

H

H

H

Ry(tan−1(x0))
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R(α3, β3, γ3)

Figure 3.3 The QLSTM VQA circuit architecture introduced Chen, Yoo, and Fang
[17]; the variational ansatz in the dashed box can be applied as many times as nec-
essary.

3.2 Weight Quantization

Weight quantization is a technique that has primarily been utilized for deploying ML

models on low-precision devices that have limited computing resources and memory

capacity, such as embedded systems and mobile devices like cell phones [32, 26, 43,

31, 19, 38, 49, 67, 36, 22]. The data used by these systems is typically constrained

to a smaller number of constituent bits than the "real valued" high-precision data

allowed by standard computing hardware. Furthermore, floating-point arithmetic

may not even be possible on some of these devices. Quantization thus functions

to logically reduce data bitwidth, as opposed to simply truncating the excess bits.

These techniques generally convert floating-point representations to either fixed-point

numbers or discrete integers; for the present work, we will only consider the case where

resulting values are integers. Applications for this method can be broadly categorized

into cases where a pre-trained model is quantized and cases where a model is quantized

during its training, with the latter being the focus for this work.

There are a few quantization methods that have proven effective, although naïve

approaches using a small number of resulting bits tend to produce poor results. This

is largely due to small updates during optimization being rounded off, causing training

to stagnate; this is similar to the vanishing gradient issue in training full-precision

models, and can effectively have the same impact on optimization. The two methods

23



introduced here are common choices when applying weight quantization, those being

deterministic rounding and stochastic rounding. While the former of these options is

more prone to aforementioned issue, stochastic rounding is less affected by it given

the method’s probabilistic nature. The functions for these are presented in Equations

3.2 and 3.3, where w is the weight to be quantized, Qd is deterministic rounding, Qs is

stochastic rounding, and p is a uniformly generated random number. These functions

are commonly followed by a clipping, or clamping, function to ensure the result is

within the (signed or unsigned) range specified by the bitwidth.

Qd(w) = round(w) (3.2)

Qs(w) =


⌊w⌋ + 1, for p ≤ w − ⌊w⌋

⌊w⌋, otherwise
(3.3)

Although the option may not be available on low-precision devices, many re-

searchers have suggested that maintaining a high-precision floating-point copy of

quantized weights during training can improve model results. This strategy involves

performing the feed-forward and backprop operations with quantized weights then

applying the update rule to the high-precision weights, before quantizing the result

for the next training iteration. When applied to standard gradient descent, this has

the form:

wq,t+1 = Q(wr,t+1) = Q

(
wr,t − α

δE

δwr,t

)
, (3.4)

where wq,t indicates the quantized weight at time t, wr,t is the real weights at time

t, and Q(·) is the quantization function. This can be extended to any optimization

routine by altering the rightmost expression to use the proper update procedure prior

to application of the quantization function. Its worth noting before proceeding that

quantization is typically applied only a model’s weights and not to its biases. [37,

18].
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3.3 Stochastic Techniques

To accomplish the intended goal stated in Chapter 1, it is necessary to imbue the

model investigated with stochastic techniques. One possible approach for including

stochasticity is the use of binary stochastic neurons within the network [2]. Owing its

name to their binary and stochastic output, this type of neuron utilizes probabilistic

activation functions and produces one of two possible outcomes. While keeping MAC

operations normal, these constructs will probabilistically determine their result to be

either the maximum or minimum of the original activation function by utilizing its

result as a probability distribution. As such, a binary stochastic neuron using sigmoid

will either have the outcome 1 or 0, and the likelihood of seeing either is directly

determined by its standard sigmoid activation, given that its output is already in the

range [0, 1]. This is mathematically represented below by the set of probabilities:

Pσ(1) = σ(W · vt + b) (3.5a)

Pσ(0) = 1 − P (1) = 1 − σ(W · vt + b) (3.5b)

This concept is fairly straightforward for the sigmoid activation function; however,

for an activation like the hyperbolic tangent that has a different output range, the

probabilities are slightly more complicated. While still a trivial matter, its original

output must be transformed from the range [−1, 1] to values in the range [0, 1] in order

to be interpreted as a probability. Therefore, a binary stochastic neuron utilizing

hyperbolic tangent can be realized with the following probabilities:

Ptanh(1) = tanh(W · vt + b)
2 + 0.5 (3.6a)

Ptanh(−1) = 1 − P (1) = 0.5 − tanh(W · vt + b)
2 (3.6b)

Another potential strategy for incorporating stochasticity can be realized through

the use of stochastic rounding as discussed in the previous section and demonstrated

by Equation 3.3. However, the stochastic benefits of this approach in its commonly
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applied form are limited to the training phase of a model. Despite this, quantization

can be repurposed to incorporate stochasticity into the inference phase by general-

izing its application beyond just model weights. While an uncommon practice, the

same method described in Section 3.2 can be applied to the output of MAC opera-

tions within ML model layers. This approach can be mathematically described by

reworking Equation 3.4 as

ût = Q(ut) = Q(W · vt + b) , (3.7)

where ut refers to the MAC output before application of a quantization function, ût

is the quantized MAC output, and W and b are respectively the set of weights and

biases for the MAC operation. By using Equation 3.3 as the quantization function,

stochasticity can be effectively incorporated into the model’s feed-forward path and

as such within its inference phase.
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Chapter 4

Results and Analysis

Having formed the necessary basis for this work with the case study and methods

in Chapters 2 and 3, we can now explore the analyses performed and results gath-

ered. The models discussed herein are all based on the LSTM architecture and use

the hyperparameters listed in Table 4.1 as a standard, unless otherwise noted. All

implementation is done and tested using Python 3.8.10. Throughout the following

sections, figures, and tables, the "best epoch" is defined as the epoch with the lowest

validation RMSE metric value. The data and figures relevant to the discussion of this

chapter are included herein, while the complete set of graphics for all experiments

can be found in Appendices A-E.

Table 4.1 Hyperparam-
eters used throughout
experimentation.

Hyperparameter Settings
Setting Value

input dimension 1
hidden dimension 5
output dimension 1

batch size 4
test set split size 0.33

learning rate 0.01
ρ (for RMSProp) 0.99
ϵ (for RMSProp) 1e-8
training epochs 100

First in Section 4.1, the foundations set by the standard or classical LSTM model

implemented in-house and used in subsequent versions is discussed. Then Section
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4.2 presents the quantum version of the model and its performance. Following this,

Section 4.3 investigates a common classical application of stochasticity by analyzing

an LSTM model utilizing weight quantization methods. Section 4.4 then shows the

initial results achieved with models using the stochastic methods previously described

in Section 3.3. Next, Section 4.5 highlights specific results dependent upon quantum

device specifications, before Section 4.6 details alternate versions of the stochastic

models using a modified scheme inspired by the preceding section. Finally, Section

4.7 exhibits the full breadth of results gathered by this work and ultimately attempts

to answer the question proposed in Chapter 1: Can we achieve similar results

to variational QML by incorporating stochasticity inspired by its architec-

tures into classical machine learning models?
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4.1 In-House LSTM Model

While the development of a classical LSTM model plays a minor role in the major

findings of this work, it was inherently necessary to use an in-house implementation in

creation of the stochastic models featured in the coming sections. If the only concern

was comparing the performance of QML with classical ML, then a model developed

with industry-standard libraries like TensorFlow or PyTorch would have sufficed, such

as done by Chen, Yoo, and Fang [17]. Without a comprehensive knowledge of the

back-end for such a library, however, it becomes extremely difficult to implement the

sought after stochastic techniques. By implementing the network from the ground

up and through direct modifications, it became possible to alter model functionality

to a much finer granularity.

Given this, construction of an in-house model was the starting point for the work

at hand. The model implemented was realized through three separate Python classes:

one for the LSTM parameters, one for the LSTM cell, and one for the LSTM network

architecture. These classes are supported by several utility methods, implement-

ing functions such as optimization, metrics, and activations, in addition to a driver

program that enables the model to be utilized for experiments.

The first aforementioned class primarily exists to contain the weights and biases

to be utilized by all LSTM cells. The second class forms the LSTM cell itself, with

Equations 2.1 building the feed-forward algorithm for the node. Back-propagation as

described in Section 2.3 is also achieved here; using manually derived equations, the

node receives loss derivatives with respect to the cell and hidden states, propagates

them using the chain rule, and individually accumulates the loss derivatives with

respect to the weights and biases before returning the loss derivatives with respect

to the cell and hidden states for the previous time step. The third class mentioned

constructs the LSTM network architecture, creating a sequential list of cells that

comprise the "unrolled" form of the model. It is also here that the training and
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(a) (b)

Figure 4.1 Best epoch data of LSTM models optimized by standard gradient descent
for sine function. (a) in-house implementation, (b) TensorFlow implementation.

inference procedures are defined, following the standard format. It should be noted

that for all experiments and subsequent model versions, the final LSTM cell’s output

is passed to a fully-connected layer using a hyperbolic tangent activation function;

this essentially transforms the model’s hidden dimension to its output dimension.

In order to verify the validity of this in-house model, the same LSTM network

was implemented using the TensorFlow library. Using the sine periodic function as

the baseline experiment, the in-house model produced results comparable to that

achieved by the TensorFlow model. In our experiments, the in-house model slightly

outperformed the TensorFlow model, producing a validation RMSE of 0.1656 while

the library implementation produced a value of 0.2029 in the corresponding best

epochs; the results of this test are shown in Figure 4.1.

Although the R2 it achieved was slightly lower than the out-of-the-box counter-

part, the margin of error is close enough to consider the in-house model as success-

fully verified. Despite this, both models produce less than desirable results for the

experiment presented in Section 2.4 most commonly used to benchmark LSTM imple-

mentations. This can be explained, however, by the use of standard gradient descent

optimization in both cases; this is the most common, and perhaps basic, form of

30



(a) (b)

Figure 4.2 Best epoch data of LSTM models optimized by RMSProp for sine func-
tion. (a) in-house implementation, (b) TensorFlow implementation.

gradient optimization used in modern ML.

Therefore, the logical solution to improving the model efficacy was to implement

and utilize a more sophisticated optimization method. Using the RMSProp optimiza-

tion procedure discussed in Section 2.3 and with hyperparameters listed in Table 4.1,

both models achieved much better results. The best epoch data is visualized in Fig-

ure 4.2 for this test. With the differences in RMSE and R2 values being +0.001 and

-0.006, respectively, the in-house implementation slightly underperformed compared

to the standard library model; however, it is within enough of an acceptable margin

of error to be considered successful. To the human eye, the plots included in Figures

4.2a and 4.2b look nearly identical graphically, with only minor variations at the

predicted waveform peaks.

With this, the in-house LSTM model can be considered as successfully imple-

mented and verified. Due to the nature of improvement in model performance for the

sine function over that achieved by using the standard gradient descent optimizer,

the RMSProp optimizer was employed for the remaining in-house model experiments.

The best epoch metric data for all experiments is presented in Table 4.2; the only

function with an outlier performance was the sawtooth function, with a relatively high

MSE value of 0.0769 and correspondingly low R2 value of 0.787. However, inspecting
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the waveform predicted in the best epoch for this function, included in Appendix A.5

but not shown here, shows that the errors are primarily introduced around the peaks.

Table 4.2 Metrics from the best epoch for the in-house classical model
over all experiments.

LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0015 0.0315 0.9969 0.0032 0.0500 0.9933
Sawtooth 0.0416 0.0484 0.8593 0.0769 0.0905 0.7870

Summed Waves 0.0051 0.0564 0.9797 0.0059 0.0625 0.9761
Oscillator 0.0004 0.0140 0.9978 0.0005 0.0199 0.9842

This makes it apparent that the error in prediction is the result of the function

being non-continuous; it is possible that the simultaneously linear and asymptotic

nature of the function is difficult to learn with the configurations standardized in

Table 4.1. Rather than experimenting to find unique settings that could produce a

better performance, this has been deemed the acceptable level of performance for

this function throughout the work. Thus, the success demonstrated by these results

when utilizing the RMSProp optimizer gives reasonable grounds to adopt it as the

standard for this study. As such, it is employed by all subsequent model versions

reported herein.

4.2 Quantum LSTM Model

Considering the in-house model’s construction described in the previous section to be

this work’s case-study basis, its core focus and backbone was still missing. Thus, im-

plementation of a quantum version of the LSTM model, using techniques previously

described in Sections 2.5 and 3.1, became imperative. Thankfully, the work per-

formed by Chen, Yoo, and Fang [17] existed as a precursor to this effort and provided

directions to pursue. The desired model needed to utilize the VQA circuit shown in
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Figure 3.3 with the LSTM cell architecture of Figure 3.2. Although formulating such

a model manually on a hybrid classical-quantum computational system would be no

simple feat, application of the previously described PennyLane [7] library enabled a

relatively straightforward approach to this problem.

In what could be considered a quantum analogue of automatic differentiation

libraries like TensorFlow and PyTorch, PennyLane provides nearly everything off

the shelf needed to construct hybrid classical-quantum systems. However, the most

important features to this work it contains can be stated as its ability to instantiate

quantum devices, its range of pre-built quantum operator methods, and its use of

QNode objects to convert quantum circuits into nodes within hybrid computational

graphs.

Arguably the most important part of quantum computational systems, the devices

are where quantum circuits are built and run. Although modern quantum hardware

is scarcely available, PennyLane provides not only a simulator to run circuits on but

also interfaces that make most current cloud quantum backends accessible. Moreover,

its suite of operator methods makes development of quantum circuits a simple matter

when given the desired architecture. Once both a device and circuit has been con-

structed, the QNode object essentially binds the two together before inserting itself

as a node within the hybrid computational graph for the system [7].

With PennyLane incorporating the quantum portion of the hybrid model, the

remaining task for an end-to-end system was to build its classical portion. Given the

success with implementing the in-house model, its natural to assume this would be a

simple matter; however, the interoperability between classical and quantum systems

existed as the major difficulty for the construction of this model. Attempts to inte-

grate the in-house model with the PennyLane architecture were met with consecutive

and undocumented program bugs, and utilization of TensorFlow proved fruitless in

the same manner. Capitalizing on the precedence set by Chen, Yoo, and Fang [17]
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once more and implementing the hybrid model with PyTorch, however, managed to

resolve the terminal issues otherwise exhibited. With the successful hybridization of

PennyLane and PyTorch libraries to form a LSTM architecture, the quantum version

of the model was ready to be deployed.

All experiments performed using the QLSTM model utilized 4 qubits for quantum

circuits, only 1 variational layer, and the "default.qubit" simulator device. It was

desired to also perform the experiments using IBM’s cloud quantum backend as a

device, but the lack of a reliable server with the correct dependencies needed to

deploy the model kept this goal from coming to fruition. Such a server was deemed

necessary for this task due the extremely long wait times to complete a cloud quantum

job, as a result of the queues for device access.

As expected based on existing literature, every experiment run on this model

produced exceptional results. The best epochs’ metrics for all tests are recorded in

Table 4.3. Comparing this with the metric data reported in Table 4.2, its clear that

both models are reaching nearly the same levels of performance. Its interesting to

note that the quantum model has better performance metric values than the classical

model for all experiments, except for the sine function. This upshot in performance

could indicate that the in-house model performs better on sine, but it would be remiss

to not consider that this might be explained by a stronger initialization.

Table 4.3 Metrics from the best epoch for the quantum model over all
experiments.

QLSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0028 0.0408 0.9944 0.0042 0.0554 0.9914
Sawtooth 0.0407 0.0465 0.8624 0.0727 0.0907 0.7989
Oscillator 0.0008 0.0120 0.9959 3.2e-5 0.0049 0.9990

Summed Waves 0.0021 0.0318 0.9917 0.0045 0.0559 0.9817

Regardless of the performance achieved for the individual experiments, all trials
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(a) (b)

(c) (d)

Figure 4.3 RMSE metric data from sine and summed waves functions for the in-
house and quantum LSTM models. (a) sine on in-house model, (b) sine on quantum
model, (c) summed waves on in-house model, (d) summed waves on quantum model.

appear to converge much faster than they did with the classical model. This is

visualized in Figure 4.3, where the RMSE metric graphs for the sine and summed

cosine waves functions on both models are shown together. By about the 5th epoch,

the quantum results have converged to a minima. Following this, the metrics illustrate

fluctuations in model performance for the remaining epochs. This is likely the result

of the algorithm hunting for the global minima. On the other hand, the classical

results converge more steadily over longer time frame. This continuous and gradual

convergence allows the model to continues approaching its optimum with minimal

fluctuations. The nature of optimization that this observation appears to impart

could be described such that the in-house model is "learning the optimum" while the

quantum model is "searching for the optimum."
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4.3 Quantized Model

With the classical and quantum models established, we can now begin to investigate

probabilistic ML models. The first direction taken was to give consideration to the

limited number of qubits available for quantum models and how a measurement

operation collapses their individual states to either |0⟩ or |1⟩, as mentioned in Section

2.5. With this in mind, it seemed that utilizing a model with quantized weights as

described in Section 3.2 would potentially provide a fairer comparison than the full-

precision and floating-point classical model with regard to the advantages leveraged

by QML. As an additional benefit, use of the stochastic rounding method would

present a way to incorporate stochasticity within the model.

Realizing an implementation for the quantized model was fairly simple with the

in-house model already available. After implementing Equations 3.2 and 3.3 along

with updates to model parameters, weight initialization, feed-forward operation, and

optimizer, its construction was ready for testing. It is worth noting that results for

both quantization methods reported in this section use the same initialization for the

respective experiments. Additionally, a bitwidth of 4 was utilized for all trials, giving

signed integer range of [-8, 7] for weight values.

Regarding the performance of only the quantized models as reported in Tables

4.4 and 4.5 for the moment, it appears that stochastic rounding is capable of out-

performing the alternative presented. Although the deterministic rounding variant

achieved better training metrics for the best epoch recorded, it is surpassed during

validation for all experiments used. This is clearly illustrated in Figure 4.4, which

shows the RMSE metric data of the two methods plotted together. While the training

performance for both is relatively stable in convergence, the validation performance

generally fluctuates between epochs more for stochastic rounding. This is expected;

the method’s probabilistic nature allows it to more flexibly navigate the loss land-

scape, but may also move the model away from the optimal configuration. Thus, some
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training iterations may be negatively impacted while still being capable of overcoming

cases where the deterministic version might stagnate.

Table 4.4 Metrics from the best epoch for the deterministic rounding
based quantized model over all experiments.

Deterministic Rounding Quantized LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0090 0.0735 0.9818 0.0104 0.0823 0.9788
Sawtooth 0.0498 0.0655 0.8316 0.0701 0.1173 0.8060

Summed Waves 0.0227 0.1160 0.9092 0.0196 0.1104 0.9206
Oscillator 0.0033 0.0434 0.9825 0.0010 0.0266 0.9690

Table 4.5 Metrics from the best epoch for the stochastic rounding based
quantized model over all experiments.

Stochastic Rounding Quantized LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0108 0.0811 0.9781 0.0049 0.0529 0.9900
Sawtooth 0.0512 0.1061 0.8269 0.0823 0.0972 0.7721

Summed Waves 0.0232 0.1209 0.9072 0.0130 0.0912 0.9472
Oscillator 0.0060 0.0585 0.9679 0.0008 0.0199 0.9745

Referring back to the results presented in Sections 4.1 and 4.2, its clear that the

deterministic rounding version fall short when compared to both the classical and

quantum models. On the other hand, however, the stochastic rounding version per-

forms nearly on par with the classical implementation. While still outclassed by the

quantum model, this result is indicative of the potential that stochastic methods

possess for improving ML models; use of such a technique here allowed for perfor-

mance close to a standard construction, even with low-precision parameters that are

constrained to integers. Its also worth noting that the convergence speed for both

quantization methods appears similar to that of the classical model.
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(a) sine

(b) sawtooth

(c) damped harmonic oscillator

(d) summed waves

Figure 4.4 RMSE metric data (training on left, validation on right) for both quan-
tization methods.
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While these results are promising, its worth giving pause here to consider the

initial reasoning previously mentioned for pursuing this model version. The idea was

to use an implementation that might be closer to what is logistically occurring in

the quantum model, while also introducing a factor of stochasticity. Considering the

nature of quantum computing and the QLSTM’s VQA circuits, however, this idea

may have been misguided; while only a limited number of qubits are usable, their

measurement results are used as individual "units" within the QLSTM network rather

than as a single low-precision register. Furthermore, the quantum state of each qubit

has unrestricted access to the full space of possible tensored complex amplitudes that

the paradigm permits.

As an additional point, the stochasticity imbued within the stochastic round-

ing version of this model fails to capture the essence of stochasticity present within

the quantum implementation. By augmenting the optimization procedure with this

method, stochasticity is only incorporated as a facet of the training procedure; uti-

lizing a pre-trained model of the same nature for inference would be wholly deter-

ministic. The source of stochasticity in quantum computing lies in the device noise

and its measurement operations that collapse the quantum states. As such, a QML

model will exhibit stochastic behavior even during inference after its training is com-

pleted. Moreover, with a hybrid classical-quantum model, such as the one utilized for

this work, the parameter optimization is performed deterministically on the classical

portion of the system. Thus, in order to properly analyze the nature of stochasticity

within QML systems, a different approach needs to be adopted.

4.4 Stochastic Models

Following the perspective discussed in the previous section, focus for the investiga-

tion shifted to methods which would bring elements of stochasticity into not just the

training phase but also the network inference. As described in Section 3.3, the use of
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Figure 4.5 Graphical representation of an BSN-based LSTM cell.

binary stochastic neurons (BSNs) was an attractive option for this purpose. By em-

ploying these constructs within the network architecture, stochasticity would become

an implicit part of the model. Noting here that the final fully-connected layer of the

model still utilizes a standard neuron, Figure 4.5 presents the revised construction

of the LSTM cells used by this model version. Implementation of this was achieved

with a simple modification to the in-house model to use the probabilistic activation

functions described by Equations 3.5 and 3.6 in the feed-forward routine.

Despite seeming to be a good approach conceptually, it would be sufficient to

call this model version and endeavor a failure. This is made abundantly clear by

the best epoch performance metrics reported in Table 4.6. To help visualize this

model’s inability to learn the patterns its trained on, the RMSE metric plots for the

two datasets that it performed best on, those being the damped harmonic oscillator

and summed cosine waves experiments, are included here in Figure 4.6. It may

initially appear from the validation RMSE value for the damped harmonic oscillator

experiment that the model exhibited minor success in learning; however, this can be

explained by the small wave amplitudes of the validation portion of this dataset.

In all cases, its clear that the BSN-based stochastic model was incapable of learn-
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Table 4.6 Metrics from the best epoch for the stochastic model utilizing
binary stochastic neurons over all experiments.

Binary Stochastic Neuron LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.4735 0.6043 0.0400 0.4358 0.5763 0.1113
Sawtooth 0.2806 0.4410 0.0508 0.3736 0.5147 -0.0342

Summed Waves 0.2597 0.4133 -0.0373 0.2530 0.4025 -0.0253
Oscillator 0.1830 0.3673 0.0192 0.0293 0.1457 0.0573

(a) (b)

Figure 4.6 RMSE metric data from the two functions that the stochastic LSTM
using binary stochastic neurons performed best on. (a) damped harmonic oscillator,
(b) summed cosine waves.

ing the data it was fed to any acceptable degree. As further proof of this, some of

the R2 values reported in Table 4.6 are even negative. Despite stochastic techniques

typically leading to desirable results, such as demonstrated in the previous section,

the BSNs probabilistically forcing their outputs to the extremums of their standard

counterparts ultimately caused far more performance degradation to the model than

it may have benefited. This would be a case of too much stochasticity. Thus, a

different strategy needs to be adopted in order to effectively incorporate stochasticity

into the model.

The next attempt to construct a stochastic model draws on the other technique

introduced in Section 3.3: quantization of network MAC outputs, specifically with
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the use of stochastic rounding. As mentioned, this method is a rather uncommon

application of quantization; to this author’s knowledge, there are no well-known ex-

amples of its use. The idea came about as a result of further consideration on the

function of VQA circuits within the quantum model. At the high level conceptually,

these circuits essentially replace the MAC operations present within the standard

implementation; data is fed into the quantum circuits and their output then receives

a non-linear activation. Therefore, any stochasticity exhibited by the quantum model

can be considered as a result of its analogue for the standard MAC operation.

Furthermore, the VQA circuits only experience the element of stochasticity during

the measurement operation, after its primary quantum operations have been com-

pleted. To faithfully imbue a classical model with the same manner of stochasticity,

it must be incorporated just after the MAC operations and before application of the

relevant activation function. Thus, the utilization of stochastic rounding quantiza-

tion on MAC output injects an otherwise classical model with a form of stochasticity

similar to that experienced by quantum models. The LSTM cell’s new configuration

using this concept of quantized MAC (QMAC) output is then given as illustrated

by Figure 4.7. As with the model versions previously described, the fully connected

layer that analyzes the LSTM cell output is left unaltered. A quantization bitwidth

of 5 was used for the results reported here to allow the QMAC operations a greater

result range than what is possible with the bitwidth used for the weight quantized

models.

With the experiment results given in Table 4.7, this QMAC-based model proves to

be a far more successful stochastic model than the version using BSNs. Although these

are extremely promising results, it is still outperformed by the classical and quantum

models, and in some cases one or both of the weight quantized models. Nevertheless,

this is still impressive when considering that its inference is non-deterministic by

design. If this is the extent of capabilities afforded to classical ML by stochasticity
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Figure 4.7 Graphical representation of a QMAC-based LSTM cell.

Table 4.7 Metrics from the best epoch for the stochastic model utilizing
quantized MAC operations over all experiments.

Quantized MAC LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0084 0.0717 0.9830 0.0079 0.0715 0.9839
Sawtooth 0.0458 0.0819 0.8450 0.0650 0.1029 0.8200

Summed Waves 0.0134 0.1184 0.9119 0.0134 0.0897 0.9455
Oscillator 0.0249 0.1248 0.8665 0.0068 0.0642 0.7810

when compared to QML, then it is hard to consider it as the discipline’s source of

advantage; however, perhaps there is yet more to the matter which can give a further

concrete answer than what can be determined here alone.

4.5 1-Shot Quantum Model

Given the previous section’s findings, it would seem that one of two situations must

be the case: either stochasticity accounts for a minor amount, if any, of QML’s

reported advantages, or comprehension of the facet within QML itself requires more

investigation. While it would be simple to accept the former attitude, the latter
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approach was adopted with the hope to gain a greater insight necessary to properly

incorporate stochasticity into classical models. As previously mentioned, the source

of this property is determined to be the measurement operations on quantum circuits.

This will collapse a qubit’s state to one of the basis states for the measurement; for the

computational basis, this will be either the |0⟩ or |1⟩ state. Logically, this stochastic

outcome would vastly reduce the usefulness of quantum computing as a whole; the

mathematical principles that the paradigm evolved from would reduce to nothing

more than a form of probabilistic computing. How, then, do quantum algorithms

overcome this challenge?

The answer for this is the use of expectation values, otherwise described as an

average of all possible outcomes weighted by their probabilities. Application of this

concept would then result in the measurements taken giving values in the set of

real numbers, rather than only producing a binary result of |0⟩ or |1⟩. Given a

quantum system in the state |ψ⟩ and some valid quantum operator U , we can define

the expectation value of measuring U as

⟨U⟩ψ := ⟨ψ|U |ψ⟩ . (4.1)

Here we call U an observable, with the possible results from performing a measure-

ment on U being its eigenvalues.

It may be difficult for the novice to see how this realizes the definition of an

expectation value given above; by applying spectral decomposition to view U in

terms of its eigenvalues λi and eigenvectors |ϕi⟩, however, this becomes clearer. To

be concise, this formalism can be mathematically described as

U =
∑
i

λi |ϕi⟩ ⟨ϕi| . (4.2)
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Rewriting Equation 4.1 using this formulation of U , we then have

⟨U⟩ψ = ⟨ψ|U |ψ⟩ ,

=
∑
i

λi ⟨ψ|ϕi⟩ ⟨ϕi|ψ⟩ ,

=
∑
i

λi | ⟨ϕi|ψ⟩ |2 ,

(4.3)

where | ⟨ϕi|ψ⟩ |2 gives the probability of a measurement resulting in λi when the

system is in state |ψ⟩.

This provides an analytical method for computing the exact expectation value

of a quantum system. As mentioned however, it is impossible to know the precise

configuration of a quantum state and a measurement will collapse it to one of the

relevant basis states. Therefore, computing the expectation value of a system in prac-

tice consists of performing repeated iterations of the quantum circuit and averaging

the sum of stochastic measurement results. With enough trials, this experimental

solution should converge to the exact expectation produced by the analytical method

explained above.

By default, the PennyLane quantum simulator device used in this work will re-

turn the exact expectation of measurement operations performed. This means that

the results reported in Section 4.2 for the quantum model are in fact utilizing the

analytical solution of its measurement operations. As such, they feature no element

of stochasticity, even such as that which would be exhibited by running the model on

true quantum hardware with enough trials to converge the measurement results.

It is possible, however, to reconfigure the PennyLane simulator to produce stochas-

tic results under the premise presented by experimental expectation values. By spec-

ifying the number of "shots" for the device to use, a quantum circuit can be evaluated

for a variable amount of times to produce more experimental expectation values. Do-

ing so will enable the stochastic nature of quantum computing, even in a classical

simulator. In the following results given in Table 4.8, the previously established quan-
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tum model has been tested using the simulator with a single shot for evaluation. In

other words, every VQA circuit for the model is run exactly once and the stochastic

output from measurements is the data that flows through the model.

Table 4.8 Metrics from the best epoch for the quantum model with 1
shot expectation values over all experiments.

1-Shot Quantum LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0510 0.1729 0.8965 0.0516 0.1718 0.8947
Sawtooth 0.1146 0.2350 0.6124 0.1430 0.2603 0.6041

Summed Waves 0.0734 0.2217 0.7067 0.0635 0.1973 0.7425
Oscillator 0.0338 0.1463 0.8186 0.0122 0.0873 0.6081

Unlike the quantum results of Section 4.2, the performances indicated here are

far more comparable to that achieved by the QMAC-based stochastic LSTM of the

preceding section. In fact, the QMAC model outperforms the 1-shot quantum model

in every experiment tested. Furthermore, the QMAC model appears to more stably

converge to its optimum with a similar speed, shown in Figure 4.8 for the sine and

summed cosine waves experiments. While this is certainly impressive, it does not

change that the QMAC model still falls short of the analytical quantum model. Per-

haps by adapting the technique described in this section, however, the performance

achieved by the QMAC model can be further improved.

4.6 Multi-Shot Stochastic Models

Although the quantum model discussed in Section 4.2 uses an analytical solution, the

idea of an experimental expectation value poses an interesting potential for stochastic

models. If the quantum model can converge from the results using single shot evalua-

tion to that possible with the exact expectation after enough repeated iterations, then

stochastic models may be capable of converging in a similar manner. If a formulation
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(c) (d)

Figure 4.8 RMSE metric data from sine and summed cosine waves functions for
the QMAC-based stochastic and 1-shot quantum LSTM models. (a) sine on QMAC-
based stochastic model, (b) sine on 1-shot quantum model, (c) summed cosine waves
on QMAC-based stochastic model, (d) summed cosine waves on 1-shot quantum
model.

was devised to generate an exact expectation on the stochastic models, we can expect

that they would reduce to the classical model. Therefore, the multi-shot stochastic

models presented in this section use a standard of 100 samples to experimentally

generate their expectation values.

Aiming to form a stochastic model that is as close to the quantum version as

possible, this multi-shot inference treatment has been applied to the QMAC LSTM

model. While a quantum model must completely rerun its circuits to construct an

experimental expectation value, classical computing grants the ability to perform

the standard MAC operation a single time and repeatedly quantize the result to

accumulate the desired expectation. This modification to the previously established
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Figure 4.9 Graphical representation of an expectation valued QMAC-based LSTM
cell.

QMAC LSTM cell architecture is illustrated by Figure 4.9. Results gathered using

this model have been tabulated into Table 4.9.

Table 4.9 Metrics from the best epoch for the QMAC-based stochastic
model with MAC-based multi-shot inference over all experiments.

MAC-Based Multi-Shot Quantized MAC LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0031 0.0430 0.9937 0.0043 0.0522 0.9913
Sawtooth 0.0409 0.0500 0.8618 0.0783 0.0846 0.7833

Summed Waves 0.0083 0.0720 0.9669 0.0088 0.0735 0.9644
Oscillator 0.0026 0.0382 0.9861 0.0018 0.0342 0.9414

This method proves to be quite successful; for all experiments, the performance

has been improved from the normal QMAC LSTM model. Surprisingly, it even

achieved a better RMSE value than both the classical and quantum models on the

sawtooth experiment. These results are enough to confirm the potential possessed

by stochastic models for producing greater results through experimentally computing

expectation values for their non-deterministic features.

With the QMAC-based model benefiting from the boon of a multi-shot evaluation,
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Figure 4.10 Graphical representation of an expectation valued BSN-based LSTM
cell.

there seemed to be a prime opportunity to revisit the failed BSN-based stochastic

model. As with the multi-shot QMAC approach, the MAC operations need not be

repeated to recurrently apply the probabilistic activation functions. Once calculated,

expectation value over BSN result is passed to the subsequent processes as the output

from any normal neuron would be. The LSTM cell architecture using this technique

is shown in Figure 4.10, and the results gathered are listed in Table 4.10.

Table 4.10 Metrics from the best epoch for the BSN-based stochastic
model with neuron-based multi-shot inference over all experiments.

Neuron-Based Multi-Shot Binary Stochastic Neuron LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.056 0.1870 0.8872 0.0365 0.1576 0.9256
Sawtooth 0.1086 0.2074 0.6326 0.1219 0.2203 0.6627

Summed Waves 0.1712 0.3410 0.3160 0.1217 0.2787 0.5066
Oscillator 0.0823 0.2351 0.5589 0.0246 0.1183 0.2062

While still far from the performances achieved by the in-house, quantum, or

QMAC models, computation of an expectation value over the BSNs has vastly im-

proved the results exhibited in Table 4.6. Giving this model version’s performance

49



(a) (b)

Figure 4.11 Sample performance for the BSN-based stochastic LSTM, using neuron-
based multi-shot inference, on sine function. (a) best epoch data, (b) RMSE metric
data.

on sine as an example in Figure 4.11, inference still greatly fluctuates between itera-

tions rather than effectively converging to an optimum. Even so, this formulation is

capable of achieving reasonable results. It even managed to slightly outperform the

quantum model with 1-shot evaluations.

Clearly this technique is a powerful method for working with stochastic models.

By averaging together results, they are more effectively able to converge towards the

patterns that may be obscured by their own stochasticity. As a final reconfiguration

for this type of system, both the QMAC and BSN LSTM models have been reworked

to produce experimental expectation values on their final recurrent cell output. In this

setup, the LSTM cell internals function as indicated in Section 4.4 and an expectation

value is taken on the value fed from the final recurrent iteration to the fully-connected

layer. As such, the LSTM cells function like a stochastic unit as a whole. Results for

both the BSN and QMAC LSTMs are given in Tables 4.11 and 4.12.

As expected, both sets of results indicate that the approach is effective at improv-

ing stochastic learning. While performing to the same relative degree as the other

multi-shot inference models presented in this section, they manage to refine the out-

come produced by the initial stochastic models. There isn’t much to note about the
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Table 4.11 Metrics from the best epoch for the QMAC-based stochastic
model with cell-based multi-shot inference over all experiments.

Cell-Based Multi-Shot Quantized MAC LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0040 0.0509 0.9918 0.0053 0.0612 0.9892
Sawtooth 0.0418 0.0623 0.8587 0.0782 0.0924 0.7837

Summed Waves 0.0181 0.1028 0.9275 0.0204 0.1066 0.9175
Oscillator 0.0119 0.0759 0.9363 0.0024 0.0340 0.9224

Table 4.12 Metrics from the best epoch for the BSN-based stochastic
model with cell-based multi-shot inference over all experiments.

Cell-Based Multi-Shot Binary Stochastic Neuron LSTM Results

Experiments Training Validation
MSE RMSE R2 MSE RMSE R2

Sine 0.0671 0.2021 0.8640 0.0529 0.1868 0.8922
Sawtooth 0.1431 0.2801 0.5161 0.1378 0.2679 0.6186

Summed Waves 0.1678 0.3324 0.3296 0.1189 0.2723 0.5179
Oscillator 0.1334 0.3103 0.2850 0.0288 0.1382 0.0734

cell-based multi-shot QMAC LSTM that differs from its MAC-based counterpart, but

it would seem that the cell-based multi-shot BSN LSTM experiences a more grad-

ual convergence towards its optimum than the prior two versions. With the sine

experiment again being presented as the example in Figure 4.12, the performance

fluctuations are still exhibited but there is more of a trend present than previously

seen.

4.7 Final Analysis of Results

Having now completed the analysis of each separate variety of the model studied,

this work begins to wrap up by considering all results reported. Every previous

metric result table has been consolidated into Tables 4.13-4.16 by their individual

experiments for ease of viewing. Here the shorthand "multi-neuron", "multi-MAC",
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(a) (b)

Figure 4.12 Sample performance for the BSN-based stochastic LSTM, using cell-
based multi-shot inference, on sine function. (a) best epoch data, (b) RMSE metric
data.

and "multi-cell" is adopted to reference multi-shot inference by taking an expectation

value on binary stochastic neurons, quantized MAC output, and final LSTM cell

result, respectively.

Table 4.13 Best performance metrics for all models on sine experiments.

Sine

Model Training Validation
MSE RMSE R2 MSE RMSE R2

In-house 0.0015 0.0315 0.9969 0.0032 0.0500 0.9933
Quantum 0.0028 0.0408 0.9944 0.0042 0.0554 0.9914

1-Shot Quantum 0.0510 0.1729 0.8965 0.0516 0.1718 0.8947
DR Quantized 0.0090 0.0735 0.9818 0.0104 0.0823 0.9788
SR Quantized 0.0108 0.0811 0.9781 0.0049 0.0529 0.9900

BSN 0.4735 0.6043 0.0400 0.4358 0.5763 0.1113
Multi-Neuron BSN 0.056 0.1870 0.8872 0.0365 0.1576 0.9256

Multi-Cell BSN 0.0671 0.2021 0.8640 0.0529 0.1868 0.8922
QMAC 0.0084 0.0717 0.9830 0.0079 0.0715 0.9839

Multi-MAC QMAC 0.0031 0.0430 0.9937 0.0043 0.0522 0.9913
Multi-Cell QMAC 0.0040 0.0509 0.9918 0.0053 0.0612 0.9892

The first thing to notice is that the in-house classical and analytical quantum mod-

els perform nearly on par for the experiments tested. The former of these produces

slightly better results for the simple periodic functions, while outclassed by the lat-
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Table 4.14 Best performance metrics for all models on sawtooth experiments.

Sawtooth

Model Training Validation
MSE RMSE R2 MSE RMSE R2

In-house 0.0416 0.0484 0.8593 0.0769 0.0905 0.7870
Quantum 0.0407 0.0465 0.8624 0.0727 0.0907 0.7989

1-Shot Quantum 0.1146 0.2350 0.6124 0.1430 0.2603 0.6041
DR Quantized 0.0498 0.0655 0.8316 0.0701 0.1173 0.8060
SR Quantized 0.0512 0.1061 0.8269 0.0823 0.0972 0.7721

BSN 0.2806 0.4410 0.0508 0.3736 0.5147 -0.0342
Multi-Neuron BSN 0.1086 0.2074 0.6326 0.1219 0.2203 0.6627

Multi-Cell BSN 0.1431 0.2801 0.5161 0.1378 0.2679 0.6186
QMAC 0.0458 0.0819 0.8450 0.0650 0.1029 0.8200

Multi-MAC QMAC 0.0409 0.0500 0.8618 0.0783 0.0846 0.7833
Multi-Cell QMAC 0.0418 0.0623 0.8587 0.0782 0.0924 0.7837

Table 4.15 Best performance metrics for all models on summed cosine wave
experiments.

Summed Waves

Model Training Validation
MSE RMSE R2 MSE RMSE R2

In-house 0.0051 0.0564 0.9797 0.0059 0.0625 0.9761
Quantum 0.0021 0.0318 0.9917 0.0045 0.0559 0.9817

1-Shot Quantum 0.0734 0.2217 0.7067 0.0635 0.1973 0.7425
DR Quantized 0.0227 0.1160 0.9092 0.0196 0.1104 0.9206
SR Quantized 0.0232 0.1209 0.9072 0.0130 0.0912 0.9472

BSN 0.2597 0.4133 -0.0373 0.2530 0.4025 -0.0253
Multi-Neuron BSN 0.1712 0.3410 0.3160 0.1217 0.2787 0.5066

Multi-Cell BSN 0.1678 0.3324 0.3296 0.1189 0.2723 0.5179
QMAC 0.0134 0.1184 0.9119 0.0134 0.0897 0.9455

Multi-MAC QMAC 0.0083 0.0720 0.9669 0.0088 0.0735 0.9644
Multi-Cell QMAC 0.0181 0.1028 0.9275 0.0204 0.1066 0.9175

ter on physical dynamics based experiments. Furthermore, as mentioned previously

and clearly displayed in Appendix B, the quantum model converges to the optimal

solutions more rapidly than the classical model. Although all trials used 100 training

epochs as a standard, this means that realistic applications for the model version

would need to learn over less iterations to approach its best possible performances.
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Table 4.16 Best performance metrics for all models on damped harmonic
oscillator experiments.

Damped Harmonic Oscillator

Model Training Validation
MSE RMSE R2 MSE RMSE R2

In-house 0.0004 0.0140 0.9978 0.0005 0.0199 0.9842
Quantum 0.0008 0.0120 0.9959 3.2e-5 0.0049 0.9990

1-Shot Quantum 0.0338 0.1463 0.8186 0.0122 0.0873 0.6081
DR Quantized 0.0033 0.0434 0.9825 0.0010 0.0266 0.9690
SR Quantized 0.0060 0.0585 0.9679 0.0008 0.0199 0.9745

BSN 0.1830 0.3673 0.0192 0.0293 0.1457 0.0573
Multi-Neuron BSN 0.0823 0.2351 0.5589 0.0246 0.1183 0.2062

Multi-Cell BSN 0.1334 0.3103 0.2850 0.0288 0.1382 0.0734
QMAC 0.0249 0.1248 0.8665 0.0068 0.0642 0.7810

Multi-MAC QMAC 0.0026 0.0382 0.9861 0.0018 0.0342 0.9414
Multi-Cell QMAC 0.0119 0.0759 0.9363 0.0024 0.0340 0.9224

Regardless, both showed high levels of success for every test they were applied to.

This should be logical; these models deterministically follow a specific set of rules and

equations.

The story is different when the stochastic behavior of the quantum model is

fully enabled. By evaluating its circuits with a single measurement sample rather

than analytically computing the exact expectation, this model’s performance signif-

icantly drops. The best validation RMSE values it manages to achieve is an order

of magnitude higher for all trials than what is attained through use of exact expec-

tations. While the results are still acceptable, this configuration is outperformed by

the in-house classical model in all experiments analyzed. Although it still generally

converges quicker than the classic model, the performance is far less stable across

training iterations than its analytical version.

As an additional point, the VQC output in the 1-shot expectation case will be

quantized since measurements only have a single value to average. Although the ro-

tational angles that serve as the analogue for trainable weights are real valued, this
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makes the version more comparable to the weight quantized models than its analytical

implementation. In fact, these achieve better performance than the 1-shot quantum

model in every case. Some of the weight quantized trials even reached performance

ratings close to these initial deterministic models. As previously mentioned, however,

the primary difference from the classical implementation for these is the quantized

weights; it should be clear by this point, but this design does not modify the stan-

dard model in a manner that bring it closer to the function of its quantum version.

Furthermore, with stochasticity present only in the training phase and when the

quantization function is stochastic rounding, this class of model contributes little to

the discussion on QML’s stochastic nature.

By contrast, the BSN and QMAC models retain inherent stochasticity even during

inference and are thus more relevant for this study. It should be noted that none

of the stochastic versions as presented here managed to outperform the standard

classical or quantum models. The exception to this was the QMAC LSTM model with

MAC-based multi-shot inference on the sawtooth experiment, with an RMSE value of

0.0846; however, this can likely be explained through slight variations caused by its

stochastic behavior. This conjecture is supported by the fact that this trial’s training

metrics are still surpassed by that of the in-house classical and analytical quantum

models. Additionally, this was the experiment resulting in the lowest performance

for all model versions examined; while the loss was to an acceptable degree, it seems

that even the successful models struggled to learn the non-continuous feature of this

function. Nonetheless, this is a very promising outcome for capabilities that stochastic

methods can afford to classic ML.

Considering for a moment only the BSN implementations, its obvious that their

standard use in LSTM models is a poor fit. As pointed out in Section 4.4, the

R2 scores for this model are so low that some are actually negative; this indicates

that the model exceptionally fails to explain the variance present in the data it is
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shown. With the advent of multi-shot expectation values, however, this problem

is reasonably rectified; despite still falling short of the other implementations, the

reconfiguration in both forms manages to account for a greater amount of variance in

the data and as such produces much better R2 scores. Given that BSNs use a discrete

probability distribution for their output, this is logically expected. Similar to how

the quantum model’s expectation values will experimentally converge to its analytical

solution with enough iterations, the expectations for BSNs using Equations 3.5 and

3.6 will converge towards the standard sigmoid and hyperbolic tangent functions,

respectively. Indeed, if an exact expectation for these was analytically calculated

then the result would be those exact functions, and the model would reduce to the

standard classical implementation.

Regardless, the QMAC models outclass the BSN variants even with the use of

expectation values. These stochastic implementations prove to be highly successful,

with performances that approach the level achieved by the classical and quantum

models. More importantly, however, this model version demonstrates the ability to

outperform the quantum model using 1-shot evaluations, even without the application

of expectation values. Its convergence speed also appears to be of a similar order, in

contrast to what was exhibited by the analytical models described above.

Its worth briefly discussing here a facet of training ML (and QML) models that is

often missing from discussions: the total runtime for the programs performing model

training. Although this is an aspect that is dependent upon hardware specifications,

an understanding of it can impart insight into other cost factors of training ML

models such as power consumption and device resource strain. The runtime taken by

each model to produce the results analyzed has been collected into Table 4.17. To

reiterate, all of these times resulted from 100 training epochs each.

The shortest times are exhibited by the in-house, weight quantized, and single

shot QMAC models. While all are on the order of a single minute, those using
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Table 4.17 Runtime for all models across every experiment.

Model Runtimes
Model Sine Sawtooth Summed Waves Oscillator

In-house 24.88 sec 25.57 sec 24.57 sec 23.91 sec
Quantum 56.34 min 57.13 min 55.56 min 52.82 min

1-Shot Quantum 4.816 hr 4.563 hr 4.530 hr 4.356 hr
DR Quantized 35.15 sec 35.83 sec 36.11 sec 36.08 sec
SR Quantized 40.76 sec 41.47 sec 42.12 sec 42.03 sec

BSN 2.529 min 2.508 min 2.475 min 2.565 min
Multi-Neuron BSN 3.491 hr 3.385 hr 3.471 hr 3.495 hr

Multi-Cell BSN 3.414 hr 3.389 hr 3.414 hr 3.640 hr
QMAC 48.38 sec 49.66 sec 49.52 sec 48.82 sec

Multi-MAC QMAC 30.97 min 28.21 min 30.52 min 28.42 min
Multi-Cell QMAC 41.69 min 43.85 min 43.48 min 42.03 min

stochastic rounding are slightly higher due to the generation of a random number

as explained in Section 3.3. The single shot BSN model falls shortly behind this,

with every neuron requiring random operations. These outcomes are the result of

pseudo-random actions being hard for otherwise deterministic machines, and should

be expected. The QMAC and BSN model versions using multi-shot expectations

compound the additional runtime incurred by pseudo-random number generation.

Although this is a minor detriment to the QMAC-based instances, driving runtimes

to the order of about half an hour, the BSN models suffered more greatly, reaching

times on the order of three and a half hours. Clearly, the lower amount of time

required for QMAC implementations to converge on optimal solutions is analogous

to their better performance over BSN models.

Conversely to the rapid runtimes achieved by the classical models, the quantum

realizations had much higher times to completion. Considering statements made in

Chapter 1, this is logical; it is a well documented fact that quantum dynamics are hard

to classically simulate, even with the limited amount of 4 qubits. Despite this, the

quantum model utilizing analytical expectation values demonstrate acceptable times

on the order of approximately an hour. The 1-shot expectation trials for this model
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version, however, are a different story; taking the longest of any implementations

to complete the training procedure, these require times on the order of about four

and a half hours. This is explained by the circuits’ generation of stochastic results,

with pseudo-random processes once more driving potential runtimes even higher.

The combination of quantum simulation and probabilistic procedures results in an

undesirable time factor.

When faced with the performance possible through stochastic techniques in QMAC

versions, this is nigh unreasonable. Granted, this particular matter is rectified through

the use of real quantum hardware rather than simulations. It would be remiss in this

case, however, not to also consider the time incurred by relying on devices avail-

able through the cloud. As direct access to such hardware should not be currently

expected, the time spent queuing a quantum task, waiting for the job’s turn, and

ultimately returning the results to local machines for every individual call to a quan-

tum circuit may equivalently serve to swell runtime of QML models run via cloud

computing.

With this, we consider the analysis of this work complete and once more return

to the initial question of the investigation: Can we achieve similar results to

variational QML by incorporating stochasticity inspired by its architec-

tures into classical machine learning models? When attempting to answer this

question, it is important take into account the perspective elaborated on in Section

4.5; when simulating quantum computation, it is common to exploit the advent of

analytical expectation values for measurement operations. Indeed, unless it is oth-

erwise specified, we can expect that results reported of these models take advantage

of this concept. The stochasticity created by measurements is effectively removed in

this manner, other than the residual presence of a probability distribution. Yet, by

applying stochastic techniques inspired by the paradigm such as presented in Section

4.6, we can achieve results on par to the analytical QLSTM model. While the QML
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model investigated can be argued to be performing marginably better, true applica-

tions to quantum hardware are not capable of giving exact expectations such as the

analytical model produced. Although real measurement operations will theoretically

converge to the analytical result when given samples from enough circuit iterations,

we can similarly converge the results of the stochastic model presented by taking

the an expectation over a greater number of shots. While the results might differ

for other QML implementations and VQA circuit designs, we therefore arrive at the

logical conclusion for the work’s case study: It is possible to realize similar per-

formance to variational QML models through applications of stochasticity

to classical models.
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Chapter 5

Discussion

While the core question of this investigation may not progress the state-of-the-art

for QML, it raises some important implications for research into the topic. First and

foremost, the standard for testing new approaches and models should be testbedded

using quantum simulators. This may seem somewhat contrived, given that the end

goal would be deployment using real quantum hardware. In fact, this may even be

inefficient if direct access to such devices is available since quantum computation is

innately hard to simulate classically. Despite these downsides, however, doing so

will enable an unmediated analysis of the theoretical capabilities for the system in

question. This outlook comes from the unique ability to analytically produce exact

expectation values of measurements that simulating such systems poses. Certainly

if such technology is available, new designs should be experimentally verified; how-

ever, such simulations will allow insight into the potential limits it might achieve.

Although simulating frameworks utilizing a large number of qubits may be infeasible,

application of VQA techniques are generally on a scale such that this is possible.

As a corollary to this point, the training for QML models to be implemented on

quantum hardware should be carried out by simulations of the same design. Ap-

proaching the practice with this aspect grants models the ability to learn their opti-

mizable parameters without the need to experimentally converge their measurement

values. They may then be used for inference with the ideal parameters, perhaps

leading to slightly better performance than what would otherwise be achievable.

Not discounting the statements just made, it is worth noting that the utilization
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of quantum computing may not expressly benefit the field of machine learning. True

quantum devices will require many iterations to converge their stochastic results to

the theoretical output of circuits. For ML models that typically require a substantial

number of layers and training epochs to realize desirable results, the device workload

can add up quickly with such a requirement. This reduces the paradigm’s overall

usefulness within the discipline, save for scientific curiosity. Even once the fabled

day that quantum computers are commercially available and somewhat common ar-

rives, the overhead this ramification imparts means that their use in common ML

applications will be suboptimal.

In certain circumstances, however, the consequences of this may be mitigated.

Firstly, if the employment of VQA circuits is limited to only select portions of hybrid

models then the impact of iterative measurement convergence will be reduced. For

example, if a model consisting of fifteen layers utilizes a VQA circuit for only a

single layer, then the overhead the technique incurs will be minimal compared to a

model consisting of only VQA layers. This method of classical ML augmentation

may indeed prove useful. Second, the use of QML for research purposes is largely be

unaffected by the aforementioned concerns. These implementations do not necessitate

near immediate results, and as such can take long periods to return results with little

drawback. The final case to mention would be in systems that are wholly quantum.

While these are currently extremely uncommon, if they exist at all yet, they present

the opportunity to postpone measurements until model inference occurs, drastically

reducing the overall number of expectation values that must be converged.

When faced with these considerations, ML practitioners and engineers interested

in gaining an advantage over wholly classical methods may find application of the

stochastic techniques presented in this work of greater potential than the quantum

realizations. While the analysis found that the in-house classical model outperformed

its stochastic realizations, the datasets tested were all fairly simple patterns and con-
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tained a large number of data points. This is not the case for many real applications

of the discipline; data may be sparse and the underlying patterns can appear non-

discrete. In these situations, stochasticity presents an avenue for models to better

generalize their training data and more easily adapt to unseen samples. Utilization

of the stochastically rounded quantized MAC method demonstrated in this work

provides an accessible approach for this purpose without a substantial increase in

runtime.

It is also worth contemplating the prospect of applying the concept of experimen-

tal expectation values introduced herein to probabilistic devices. While BSNs proved

unsuccessful in standard form for the model of this case study, they have documented

use cases that fully exhibit their potential. Furthermore, unlike the other stochastic

techniques of this work they may be realized directly in hardware via magnetoresis-

tive random-access memory (MRAM) units [64, 66, 46, 47]. The magnetic tunneling

junctions (MTJ) of these devices provide an energy barrier between its high and low

resistance states such that it may be used as nonvolatile memory to store information

[65]. If this energy barrier within the MTJ is reduced, however, thermal noise and

fluctuations can cause the MRAM to stochastically switch between its states. Elec-

trical circuit constructions using only three transistors and one such MTJ allow for

a sigmoidal distribution of output voltages that depend upon the input voltage; this

culminates in a massive energy and area advantage for implementing BSNs over what

is possible with conventional circuits [15, 14, 28]. By pairing this physical realization

with experimental expectation values as described by this work, a high performance

BSN-based model can be achieved. [12]

As a final point of discussion, the possibility for a difference in findings with a

fully quantum system must be assessed. A factor intrinsic to modern NISQ-era de-

vices that wasn’t considered in this study is the existence of noise. Whether through

a hybrid or non-hybrid model, the lack of completely fault-tolerant quantum error
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correction establishes such noise as an additional form of stochasticity. Even given

enough iterations to converge measurements and effectively eliminate them as a source

of stochasticity, QML models implemented on current quantum hardware will still

experience minor stochastic fluctuations. While the primary advantage these models

exhibit can be considered the result of wholly quantum features, device noise may

impart a further unexpected advantage to the discipline. Although overall perfor-

mance can be negatively impacted, future work might find this stochasticity to aid

generalization of quantum models in the manner previously described in this chapter.
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Chapter 6

Conclusion

Through an empirical case study, this work approached matters of classical ML and

QML to examine the affect of stochasticity on performance. Implementation of in-

house models enabled an analysis of the effects that stochastic techniques can produce.

Further, construction of a quantum model through the PennyLane library allowed a

first-hand comparison of the potential that the paradigm can afford to the practice as

a whole. While commonly regarded with a sense of mysticism due to its foundations,

complexity in contrast to classical computing, and the difficulties of physical hardware

realizations, investigations of this nature into the possibilities afforded by quantum

computing are critical to understanding its ideal applications when the technology

becomes commonly available. The research herein thus serves to highlight that the

intrinsically possessed stochastic nature of the paradigm can be realized through

classical techniques. As such, its power may be better suited for non-stochastic

approaches.

Despite these findings, it would be remiss to consider this conclusion as an absolute

statement. By no means does an analysis on LSTM models inherently transfer its

results to all existing neural network architectures. The hypothesis that variational

QML’s advantage is not a result of its stochastic nature should be verified on other

quantum models as a matter of further work on the subject. There may indeed be

some cases where fully stochastic measurement operations lead to better performance

than relying upon their analytical solutions. Furthermore, there could be some benefit

in leveraging VQA circuit designs in a limited fashion to augment standard models
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with their stochastic results.

As an additional point of prospective future work, methods of incorporating

stochasticity into ML models discussed by this study should be evaluated to a greater

extent. Rather than posing the investigation as a comparison to fundamentally dif-

ferent systems, the field of ML can stand to benefit from analyses on the potential

furnished by stochastic approaches. Mentioned in Chapter 5, the trials of this study

were relatively simple and consisted of a large number of data points; research in the

area indicates that this diminishes the capacity for improvements through stochastic-

ity. Supporting more real experiments with this methodology can provide a greater

demonstration of the techniques’ capabilities at improving classical ML performance.

Similarly, a more thorough exploration of the relatively novel approach of quan-

tizing MAC output through stochastic rounding can yield higher insight into its ad-

vantages. For example, modifying the selected quantization bitwidth or the number

of expectation value samples may lead to more optimal performance. Furthermore,

this study quantized all data to standard integer values in Z; by using a different

quantization resolution to produce fixed-point values or subsets of Z, QMAC model

performance may yet be further improved. Considerations such as these are out of

the scope for this work, but are interesting nonetheless.

With this, we once more consider the initial question of this investigation as it

reaches its conclusion. Can we achieve similar results to variational QML

by incorporating stochasticity inspired by its architectures into classical

machine learning models? It should be clear through the efforts of this anal-

ysis that it is possible to realize similar performance to variational QML

models through applications of stochasticity to classical models. It is this

author’s hope that the stated outcome should help elucidate the nature of quantum

computing’s place in the ML community in the face of alternative methods.
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Appendix A

Classical Result Graphics
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(a) final epoch prediction (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.1 Metrics and final epoch prediction of the TensorFlow LSTM, optimized
by standard gradient descent, for sine.
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(a) final epoch prediction (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.2 Metrics and final epoch prediction of the TensorFlow LSTM, optimized
by RMSprop, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.3 Metrics and best epoch data of the in-house LSTM, optimized by stan-
dard gradient descent, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.4 Metrics and best epoch data of the in-house LSTM, optimized by RM-
Sprop, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.5 Metrics and best epoch data of the in-house LSTM for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.6 Metrics and best epoch data of the in-house LSTM for summed cosine
waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure A.7 Metrics and best epoch data of the in-house LSTM for damped harmonic
oscillator.
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Appendix B

Quantum Result Graphics
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.1 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.2 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator, for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.3 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator, for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.4 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator, for damped harmonic oscillator.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.5 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator with 1 shot expectation value, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.6 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator with 1 shot expectation value, for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.7 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator with 1 shot expectation value, for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure B.8 Metrics and best epoch data of the quantum LSTM, utilizing the simu-
lator with 1 shot expectation value, for damped harmonic oscillator.
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Appendix C

Quantized Result Graphics
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.1 Metrics and best epoch data of the quantized LSTM, utilizing determin-
istic rounding, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.2 Metrics and best epoch data of the quantized LSTM, utilizing determin-
istic rounding, for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.3 Metrics and best epoch data of the quantized LSTM, utilizing determin-
istic rounding, for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.4 Metrics and best epoch data of the quantized LSTM, utilizing determin-
istic rounding, for damped harmonic oscillator.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.5 Metrics and best epoch data of the quantized LSTM, utilizing stochastic
rounding, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.6 Metrics and best epoch data of the quantized LSTM, utilizing stochastic
rounding, for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.7 Metrics and best epoch data of the quantized LSTM, utilizing stochastic
rounding, for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure C.8 Metrics and best epoch data of the quantized LSTM, utilizing stochastic
rounding, for damped harmonic oscillator.
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Appendix D

Binary Stochastic Neuron Result Graphics
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.1 Metrics and best epoch data of the stochastic LSTM, utilizing binary
stochastic neurons, for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.2 Metrics and best epoch data of the stochastic LSTM, utilizing binary
stochastic neurons, for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.3 Metrics and best epoch data of the stochastic LSTM, utilizing binary
stochastic neurons, for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.4 Metrics and best epoch data of the stochastic LSTM, utilizing binary
stochastic neurons, for damped harmonic oscillator.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.5 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and neuron-based multi-shot inference for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.6 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and neuron-based multi-shot inference for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.7 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and neuron-based multi-shot inference for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.8 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and neuron-based multi-shot inference for damped harmonic os-
cillator.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.9 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and cell-based multi-shot inference for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.10 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and cell-based multi-shot inference for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.11 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and cell-based multi-shot inference for summed cosine waves.

109



(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure D.12 Metrics and best epoch data of the stochastic LSTM utilizing binary
stochastic neurons and cell-based multi-shot inference for damped harmonic oscillator.
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Appendix E

Quantized MAC Result Graphics
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.1 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.2 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.3 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.4 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs for damped harmonic oscillator.

115



(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.5 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and MAC-based multi-shot inference for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.6 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and MAC-based multi-shot inference for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.7 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and MAC-based multi-shot inference for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.8 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and MAC-based multi-shot inference for damped harmonic oscillator.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.9 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and cell-based multi-shot inference for sine.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.10 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and cell-based multi-shot inference for sawtooth.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.11 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and cell-based multi-shot inference for summed cosine waves.
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(a) data and output from best epoch recorded
during training phase (b) R2 metric data

(c) RMSE metric data (d) MSE metric data

Figure E.12 Metrics and best epoch data of the stochastic LSTM utilizing quantized
MAC outputs and cell-based multi-shot inference for damped harmonic oscillator.
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