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ABSTRACT

This dissertation considers two topics. In the first part of the dissertation, we
prove the existence of fourteen congruences for the p-core partition function of the
form given by Garvan in [14]. Different from the congruences given by Garvan, each

of the congruences we give yield infinitely many congruences of the form
a,(0-p*tn4p'k—6,)=0 (mod /).

For example, if t > 0 and (%) is the Jacobi symbol, then we prove

az(7"-n—2)=0 (mod5), if <5> =1 and <7> =—1.

It follows that for all natural numbers n and for k € {6, 19,24, 26, 31,34},
ar;(5- 7T n+7-k—-2)=0 (mod5).

In the second part of the dissertation, we give results on where Hecke opera-
tors map spaces of modular forms which arise as multiples of eta-quotients. Let
N €{1,2,3,4,5,6,8,9} and let f(z) be a level N holomorphic eta quotient with
integer weight. Then we precisely describe how T,, with ged(n,6) = 1 permutes

subspaces of the form
{f(D2)F(Dz) : F(2) € My(T'o(N), x)}-

Subspaces of this type play a significant role in recent works [1, 2, 6, 7, 13, 30, 31, 32],
primarily for N = 1 and with applications, for example, to congruences for partition

functions.
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CHAPTER 1

INTRODUCTION

Let h = {z € C:Imz > 0} and for N € N, define
b
[o(N) = €SLy(Z) :¢c=0 (mod N)

Definition 1.0.1. Let k € 7Z and x be a Dirichlet character modulo N. Then a
modular form of weight k, level N, with Nebentypus character x is a holomorphic

function f : b — C which satisfies the following two properties:

a b
1. For all z € b and for all € I'o(NV), we have that

c d

cz+d

f(“ - b) = X(d)(e + D) f(2).

a b
2. The function f(z) is holomorphic at the cusps: for all € SL(Z),

c d
az+b
li <
zi%f(cz—i—d) o0

exists.

The set of modular forms of weight k, level N, and characer xy form a finite-
dimensional vector space denoted My (T'o(N), x). The Dedekind eta-function is defined

as an infinite product by

n(z) = ¢"* ]O:o[ (1—q"), (1.0.1)



where ¢ := ¢?™*. Even though 7(z) is not a modular form, it transforms under the
action of SLy(Z) on b in weight 1/2 with respect to a multiplier system v, which
takes values in fi04, the complex 24th roots of unity. For details on v, see Definition
2.3.2. Let N > 1. An eta-quotient of level N is a function of the form

f(z) =] n(6=)", (1.0.2)

SIN

where §,75 € Z with § > 1. From (1.0.1) and (1.0.2), an eta-quotient is meromorphic
with poles, if any, supported at cusps. The following proposition gives criteria for an

eta-quotient to be a weakly holomorphic modular form.

Proposition 1.0.2 ([25], Theorem 1.6.4). Let N > 1, and let f(z) be an eta-quotient

of level N with k = %an € 7Z and s = []0". Suppose that f(z) satisfies
SIN SIN

> 6rs=0 (mod 24) and Nz% =0 (mod 24).

5|IN 5|N

| (—1)ks a b
Then we have f(z) € M, (FO(N), ( . )) for all € I'o(NV), we have
c d

) = (S0 e arse

cz+d

In order for an eta-quotient to be holomorphic, we need that its order of vanish
at each of the cusps is nonnegative. We can calculate the order of vanish of an

eta-quotient at the cusps of I'y(N) by using the following formula.

Proposition 1.0.3 ([22], Corollary 2.2). Let ¢, d, and N be integers with d | N,
N > 1, and ged(c,d) = 1; let f(z) be a level N eta-quotient. Then the order of
vanish of f(z) at the cusp § of To(N) is

1
T

SIN

ged(d, 9)°rs
T



We weight the order of vanish at the cusp § of I'((N) by its width, W]\T%)d :
N ged(d, 6)?rs
de = . 1.0.3

Note that this definition gives 24-orde(f) € Z. Also observe that orde(f) = ord 1 (f);
hence, the eta-quotient f is holomorphic if and only if for all d | N, we have
ordé( f)>0.

In this dissertation, we study interesting properties held by modular forms which

are holomorphic eta-quotients. In Chapter 3, we analyze the coefficients of eta-

n(pz)?

quotients of the form )

for primes 5 < p < 23 and obtain congruences for the
p-core partition function of the form given by Garvan in [14]. These congruences have
the form

a,(n —0,) =0 (mod ),
where §, = 7’22—;1, ( is a prime divisor of 2%, n # 0 (mod /) and (%) =€, € {1,—1}.

For example, if p = 13 and ¢ = 2, then
ai3(n —7)=0 (mod 2) (1.0.4)
for all odd natural numbers n with (%) = 1. Note that (1.0.4) can instead be ex-
pressed as the six congruences
a13(26m + 2,10,16,18,20,22) =0 (mod 2). (1.0.5)

Theorem 3.2.4 gives the existence of fourteen Garvan type congruences. Our
results differ from those given by Garvan, Radu and Sellers [26], and Chen [8], since
each congruence listed yields infinitely many congruences. For instance, we prove
that for all ¢t > 0,

a13(13"-n—7)=0 (mod 2)

for all odd natural numbers n with (%) = 1. When t = 0, we obtain the same

congruences as in (1.0.5). When ¢ = 1, we obtain the congruences

a13(2- 132 - n + 6,32,110,214,292,318) =0 (mod 2).



Therefore, for each choice of ¢, we obtain six new congruences for a;3(n). Similar to
Garvan, Radu and Sellers, and Chen, we prove the congruences using the theory of
modular forms.

Let N € {1,2,3,4,5,6,8,9} and D | 24. In Chapter 4, we study how Hecke

operators T, for ged(n,6) = 1 act on subspaces of M (To(ND?),x) of the form
{f(Dz)F(Dz) : F(z) € My(To(N), x)},

where f(z) is a minimal holomorphic level N eta-quotient of denominator D. The
following example is one of several which motivated this work. Consider the following

eight holomorphic level 2 eta-quotients :

9

z 15 z zZ
fl(z) = 2E21)7’ f5(2) = 2E22)3 f7(Z) = Zggi)a fll(z) = U(Z)577(22)3>
)11 )15
= %ng , f23(2) = 777(7%237 .

f13(2) :77(2)377(22)57 fir(z) = 77(%297 fi9(z) =
For all r € {1,5,7,11,13,17,19, 23}, note that

(242) => a,(n)g" =¢" + - (1.0.6)

is a modular form in My (F0(1152), (2)) with support on exponents n = r (mod 24).

Let w € Z, and define

Ay = {f1(242)F(242) 1 F(2) € My(To(2))} € Myos <r0<1152> (2)>

For all a € Z, define @ to be the least non-negative residue of a modulo 24. For all

primes ¢, the Hecke operator T, on Y- a(n)q" € M, <F0(1152), (2)> acts by

> a(n)q" |ngz<a(€n)+ (€>€3 (£>>q : (1.0.7)

where a (%) = 0 if £ 4 n. The following theorem is a special case of Theorem 4.1.8.

Theorem 1.0.4. Let ¢ > 5 be prime, let w € Z, and letr € {1,5,7,11,13,17,19,23}.

Then we have

Tg Arw—>A and Tg TgOTg Arw_>Arw

w



Note that for all s € {1,5,7,11,13,17,19, 23}, the subspace As,, is relatively small
in the ambient subspace M, 4 (F0(1152), (2)) It is isomorphic to M, (T(2)), whose
dimension is L%J + 1. On the other hand, [9] implies that M, 4 (F0(1152), (2)) has
dimension 192w + 608.

For all » € {1,5,7,11,13,17,19,23}, we have A,, = Cf,(242). In this setting,
Theorem 1.0.4 and (1.0.7) imply the following corollary, which is an explicit special

case of Corollary 4.1.11.

Corollary 1.0.5. Let ¢ > 5 be prime, let v € {1,5,7,11,13,17,19,23}, and for all

n, let a,(n) be as in (1.0.6). Then we have
[r(242) | Ty = a,(€(r0)) f5(242), and f,(242) | Ty | Ty = a,(0(r0))a—(0r) f,(242).

It follows that we can create Hecke eigenforms by taking specific linear combina-

tions of the f,.(24z). For example, the function
fl (Z) + vV —140f5(2) — \/mj}(z) —|— vV —2464f11(2> —|— vV —4928f13(2)

/14080 f17(2) + vV—17920 f19(2) — V2048 fo3(2)

is a Hecke eigenform.

We structure the rest of the paper as follows. In Chapter 2, we give background
on modular forms which will be used to prove both of our results. In Chapter 3, we
define what it means for a partition of n to be p-core and prove Theorem 3.2.4. In
Chapter 4, we define terms relating to eta-quotients such as minimal and denominator
and state our results. Additionally in Chapter 4, we work out an extended example
of our work for N = 2 and provide the proof of Theorem 4.1.8. In Appendix A we
give the Maple code used to perform our calculations. We finish by listing all minimal

eta-quotients of levels 1,2,3,4,5,6,8 and 9 in Appendix B.



CHAPTER 2

BACKGROUND ON MODULAR FORMS

In this chapter, we give a brief overview of the theory of modular forms. For a more

detailed background, see [10, 11, 21, 25].

2.1 MODULAR FORMS
The cusps of SLy(Z) are defined by

. az+b a b
lim :

eztd | L,

€ SLy(Z) p = P(Q) = QU {00}

Modular forms can be categorized into broader or narrower categories by strength-

ening or relaxing the condition of holomorphy at the cusps. If a modular form f(z)

a b
vanishes at the cusps, that is, if for all € SLy(Z),

c d

az+b
li =0 2.1.1
z—l>ri20f<cz+d> ’ ( )

then we say that f(z) is a cusp form of weight k, level N, with Nebentypus character
X.- The set of cusp forms is denoted Si(I'o(NV),x) € Mir(To(N),x). If f(2) is a
modular form which is allowed to have poles at the cusps, that is, if the limit in
(2.1.1) does not exist for some matrix in SLo(Z), then f is a weakly holomorphic
modular form of weight k, level N, with Nebentypus character x. We denote this set
by M} (To(N),x) D M(To(N), x). This set is an infinite dimensional complex vector

space.



The set My(T'o(N), x) is a finite-dimensional complex vector space. If M | N,
then I'y(N) C I'y(M) which implies My (I'o(M), x) € Mi(I'o(N), x). The dimension
of Mg(I'o(N), x) is bounded by the index of I'g(N) in SLy(Z) :

_ k kN 1
dime Mi(To(N), x) < —=[To(N) : SLo(Z)] = — 1+-=|. (2.1.2)
12 12
p prime
11
Let f(z) € Mi(To(N), x). Since the matrix T" = € I'o(N) for all N > 1,
0 1

the first condition of Definition 1.0.1 gives f(z) = f(z + 1). It follows that f(z) has
a Fourier expansion, that is

f(z) = a(n)e’™™.

nel

The part of the Fourier series supported on negative exponents is the principal part
of f. The second part of Definition 1.0.1 gives that f(z) has no principal part. Let
D* denote the punctured open unit disk in the complex plane and define h — D* by

z +— q := €™, After applying this mapping, we may identify f(z) by its g-expansion:

f(2) = iammn.

The second part of Definition 1.0.1 allows us to define f(ico) = a(0). It follows that

if f € Sp(To(N),x), then a(0) = 0. We have the following lemma.

Lemma 2.1.1 (Sturm’s Bound). Let f(z) = Y a(n)q™ and g(z) = > b(n)q™ be in
My (To(N), x) and suppose a(n) = b(n) for alln less than or equal to the bound given
in (2.1.2). Then f(z) = g(2) and a(n) = b(n) for all n.

2.2 EISENSTEIN SERIES

Consider the following functions Gy : h — C defined by

1
(mz+n)k

Gr(z) = >

(m,n)€Z\{(0,0)}



For all even k > 2, we have that Gj(z) satisfies both conditions in Definition 1.0.1
for weight & and level 1. Note that Gy(z) converges absolutely, and is therefore
holomorphic, when k£ > 4, but fails to do so for £ = 2. Thus, we have that for all
even k >4, Gi(z) € My(SLa(Z)). If j,n € Z with j > 1 and n > 0, define
oj(n) :=> d.
dln

The g-expansion of Gy(z) for k > 4 is

i k oo
Gule) = 20(k) + G 3° o)’

where ((k) is the Riemann zeta function. We normalize G (z) so that a(0) = 1 in its

g-expansion. Recall the following definition of the Bernoulli numbers.

Definition 2.2.1. For every nonnegative integer k, the k™ Bernoulli number By, is

defined by

1 ok
=2 By
o k=0 :

Therefore, we obtain the following normalized modular forms.

et

Definition 2.2.2. For all even k > 2, the Eisenstein series of weight k is

1 2k &
= — = ]_ _— _ n'
Ek QC(I{j) Gk Bk nE:1 O l(n)q

As mentioned earlier, Fy(z) is not a modular form. However, note that for all

a b
€ SLy(Z) we have that

c d

12¢(cz + d)

271

az+b
cz+d

) = (cz + d)?Ey(2) +

The form FEs(z) is the prototypical example of a quasi-modular form. Despite not
being a modular form, it plays a crucial role in the theory.

Two Eisenstein series of great importance are

Ey(z) =1+4240 ) 03(n)¢" = 1 + 240q + 2160¢* + 6720¢> + - - -

n=1



and

Eo(2) =1—504% o5(n)g" = 1 — 504¢ — 16632¢> — 122976¢° + - - - .

n=

1
Note that Fy(z)* and Eg(z)? are both forms in M;5(SLy(Z)) with a(0) = 1. It follows
that

Ey(2)® — Fg(2)*

Alz) = 17283

= q — 24¢% + 252¢° — 1472¢* + - - - € S15(SLa(Z)).

These three modular forms are instrumental in proving the following precise formula

for the dimension of M} (SLy(Z)):

Ll : if k=2 (mod 12)
12
1]2 +1, ifk#£2 (mod 12).

Moreover, a basis for My(SLy(Z)) is {E4(2)*Eg(2)? : a,b > 0,4a+ 6b = k}. This basis

is called the Fisenstein basis. It follows that My(SLy(Z)) = (). However, for every

N > 1, we have that Fy(z) — NEy(Nz) € My(Ty(N)).

2.3 THE DEDEKIND ETA-FUNCTION

Recall that the Dedekind eta-function is

n(z) = ¢"* ﬁl(l —q").

Euler’s Pentagonal Number Theorem represents 7(z) as a power series by

77(2) _ q1/24 <1 + Z<_1)n (qn(3n—1)/2 + qn(3n+1)/2)> . (2.3_1)

n=1

Recall that 7(z) is a weight 1/2 modular form on SLy(Z) with multiplier system ;.
In order to define v,, we first require some definitions. When a € Z and p is an odd
prime, we let (%) denote the Legendre symbol, and we let (%) = 1. For all b # 0 in

Z, we denote by v,(b) the exponent in the power of p dividing b. When b > 1 is odd,

(Z) =TI (;)vy(b) . (2.3.2)

the Jacobi symbol is



To extend (2.3.2) to odd b < 0, for all  # 0 in Z we define

sign(xz) — 1

sign(z) = — = (—1)*®, where e(z) = 5

]

Then for all @ # 0 in Z and for all odd b € Z, following ([20], p. 52), we set

(Z) _ (&) (—1)z@=(®) (2.3.3)

For such a and b with ab # 0, we note that (—1)(®=(®) agrees with the Hilbert symbol

(a,b)s. The law of quadratic reciprocity for odd a and b with ged(a,b) =1 is

(Z) <b> = (—1)(F)(]F) (1)@=, (2.3.4)

For odd a, we also have

—1 Ja]—1 a—1

<> — (1) (1)@ = (—1)*F. (2.3.5)

a

Following ([23], p. 50 and 51), we make the following further definitions:

Definition 2.3.1. Let a, b € Z with a # 0, b odd, and ged(a,b) = 1.
@ () (&)
b b +1
a a 0 0
) = (2 =1, (—) =-1.

We define

and

We observe that () and ()* are multiplicative in their upper and lower arguments.

We now give the definition of v,.

a b
Definition 2.3.2. For all € SLy(Z), we define

c d
<d> e><:p{7rZ ((a +d)c—bd(c* — 1) — 30) }, if ¢ is odd
a b c 2
Uy =
c d c 2w 9 o
7] Py (a+d)c—bd(c*> —1)+3d—3—3cd | ¢, ifcis even.

10



The following theorem states that 7(z) is a cusp form of weight 1/2 on SLy(Z) with

respect to the multiplier system v,,.

a b
Proposition 2.3.3. [23, Theorem 2, p. 51]. For all € SLy(Z), we have
c d

az+b a b 1/2
n( >:V,7 (cz +d)"*n(z).
cz+d ¢ d

Since v, is a 24" root of unity, we have that

n(az i b> = (cz + d)"?n(2)**.

cz+d

Therefore,
n(z)* =q [[(1—q¢")*" = q—24¢° + 252¢° — 1472¢" + - - - € S15(SLs(Z)).
n=1

Since dime S12(SLa(Z)) = 1, we have that n(z)** = A. By Proposition 1.0.2, we also

W(pz)P’ () Mo (Fo(p), <>> ' (2.3.6)

n(z) " n(pz) 2 p

have that

2.4 OPERATORS ON MODULAR FORMS

Let k and N be natural numbers and x be a Dirichlet character modulo N. There are
many important operators which act on modular forms. Some operators we define

by how they act on f(z) and some by how they act on g-expansions. First, we define

a b
the slash operator of weight k. For all € GLy(Q1), we have
c d

£(2) e C Z :(ad—bc)’“/z(chrd)_’“f(ZjiZ). (2.4.1)

It follows that the first condition of Definition 1.0.1 can be rewritten in terms of the

slash operator as f(z) |r 7 = x(d) f(2) for all v € I'x(N).
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For m > 1, The Hecke operator T, = T, . is defined by

n=0 n=0 d|gcd(m,n) d

When / is prime, the Hecke operator T} is

g}a(n)qn | T0 = go (a(én) + x(0) <€)) q", (2.4.2)

where a (%) = 0 for £ { n. The operator T} is expressible in terms of the slash operator

(2.4.1) by

1 ‘o0

k\O ¢

+x(0) f(2) (2.4.3)

-1
FRIT = P73 f(2)
j=0

k\0 1

Let M > 1. We define the U),; operator and V), operator on g-expansions as

o0 [e.e] o0

f(2)| Uy = Z a(n)q" | Uy = Za(n)q”/M = Z a(Mn)q"
=0 7&:'2 n=0
and
f(2)| Vi = Z%a(n)q" | Vip = Z:Oa(n)qM”.

Let € be a Dirichlet character modulo M. Then the twisting operator is defined by

o0 o

fe)@e=> an)q"®@e=)_e(n)a(n)q".

The last operators on modular forms we discuss are the derivative operators.

miz L4 which gives

Recalling that ¢ = €™, we define 0 = qd% =

0(f(2)) = 0 (iam)qn) - f; na(n)q

Note that the derivative operator @ fails to preserve modularity; however, it maps
modular forms to quasi-modular forms. In fact, 6 fails to preserve modularity for the
same reason as Fy(z). It follows that we can use Fs(z) to adjust the derivative oper-
ator and preserve the modularity of the function. This is called the Serre derivative,

denoted 9, and is defined by



All of the operators mentioned above except for the ordinary derivative operator
0 preserve modularity. However, the new modular form may live in a space with
different level, weight, or character. The following theorem gives the target space for
each operator. Note that the level of the target space for Uy; and ® € can be made

more precise depending on the prime factorization of M and N.
Theorem 2.4.1. Let k, N, x, M, ¥, and € be defined as above. Then

1. Ty : M(To(N), x) = Mp(To(N),x),
2. Uy : Mi(To(N), x) — My(To(NM),x), if M{N,
My(To(N),x),  if M|N.

3. Vir : Mi(To(N), x) = Mu(To(NM), x).
4. & e Mk(ro(N),X) — Mk(F0<NM2),X€2).

5. Vg : Mp(To(N), x) = Mia(To(N), x).

2.5 MODULAR FORMS MODULO p

Let p be prime and let Z, denote the ring consisting of the p-integral elements of
Q, that is,
L) = {Z € Q:ged(a,b) = Lpr} cQ.

Also, let F, = Z/pZ be the finite field with p elements. Then the homomor-
phism Zg,) — F, defined by a/b — ab™' (mod p) extends to formal power series
Zplal — TFplg] by reducing the coefficients of f(z) = > a(n)¢™ modulo p. Let
M,gp) (Fo(N), x) = My (T'o(N), x) N Zy)[lg]. We denote the set of modular forms with
p-integral coefficients reduced modulo p by the image of M,gp)(FO(N),X) under the

reduction modulo p homomorphism:

MP (To(N), x) = Im{ M (To(N), x) = Fy[a]}.
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Note that M,ﬁp ) (I'o(N), x) is a finite dimensional F,-vector space with dimension

kN 1
bounded above by 5 11 (1 + p) . Lemma 2.1.1 implies that if f(z) = > a(n)¢"”

p|N

and ¢g(z) = Y b(n)¢" are in M,gp)(FO(N),X) and a(n) = b(n) (mod p) for all n
less than or equal to the bound given in (2.1.2), then f(z) = g¢(z) (mod p) and
a(n) = b(n) (mod p) for all n.

Let k£ > 2 and let Ej(z) denote the Eisenstein series of weight k. The Von Staudt-
Claussen Theorem on Bernoulli numbers implies that Fi(z) =1 (mod p) for every p

with p — 1| k. Therefore, we have that E, ; =1 (mod p). Hence,
M (To(N), %) € M, (To(N), ). (255.1)

The Kummer congruences for Bernoulli numbers imply that E,1(z) = E»(z) (mod p).
Therefore, even though Es(z) is not a modular form, we have that Es(2) is a modular

form modulo p for all primes p. In particular, for all primes p,

Eg(Z) € MISI_& <F0<N)7 X) .

2.6  OPERATORS ON MODULAR FORMS MODULO p

Note that the operators from Section 2.4 preserve p-integrality and can be considered
as operators on M ,Ep ) (To(NV), x). Below, we list the operators which can be refined

modulo p.
1. U, : M{P (To(N), x) = M (To(N), x)
f1U,=f1T, (modp),
for k > 2.

2.V, : M (To(N), x) = MP (To(N), x)

o0

ore=

n=0 n=0

gk
A
S
S
S

~

=
Il
—
<
=
o
oL
=

fIVe=2_aln)g" =
n=0

by Fermat’s Little Theorem.
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3. 0: MY (To(N),x) = M. (To(N), x)

k k

0f) = 0a(S) = 15 Bal)(2) = 0u(£)Eypr(2) = 15 Bpra(2)f(2) - (mod p).

4. ® (p) M (To(N),x) = M, (To(N), )

ro (L) =3Bt = S n Pl =0 () (mod )

p n=0

by Euler’s Criterion.

Note that the each of the above operators considered modulo p preserves the level of

the space.
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CHAPTER 3

CONGRUENCES FOR p-CORE PARTITIONS

3.1 THE PARTITION FUNCTION

Let n € N. A partition of n is a representation of n as a sum of natural numbers in
nonincreasing order. The partition function p(n) gives the total number of partitions

of the natural number n. For example p(4) = 5 since

4 = 4
4 = 3+1
4 = 242

4 = 24141

4 = 1+1+1+1

are all the partitions of 4. Ramanujan discovered that the partition function satisfies

some interesting congruences. In [27, 28], he proved that for every n € N,

p(bn+4) = 0 (mod 5), (3.1.1)
p(Tn+5) = 0 (mod7), (3.1.2)
p(1ln+6) = 0 (mod 11). (3.1.3)

Ramanujan made two conjectures about further congruences of p(n). First, he

claimed

It appears there are no equally simple properties for any moduli involving

primes other than these.
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In other words, he claimed that the only congruences of the form
p(n+ ) =0 (mod ¢), (3.1.4)

where ¢ is a prime, are (3.1.1) - (3.1.3). Second, he conjectured that congruences of
this form also exist for powers of the primes 5, 7, and 11. The second conjecture was
proved for ¢ = 5,7 by Watson [29] in 1938 and for ¢ = 11 by Atkin [5] in 1967. They

proved that for all j € N,

p(5'n + 4) 0 (mod 57),

p(Pn+5) = 0 (mod 7U/2H1),

p(1Pn+6) = 0 (mod 119).

In 2003, Ahlgren and Boylan [3] proved the first conjecture. Even though there
are no congruences of the form (3.1.4) for primes other than 5,7, and 11, there are
still many congruences that the partition function satisfies for the other primes and
even for most composite numbers. In 2001, Ahlgren and Ono [4] proved that there

are congruences of the form
p(An+ B)=0 (mod M)
for every natural number M relatively prime to 6. For example, when M = 13, then

p(11° - 13n 4+ 237) =0 (mod 13).

3.2 THE t-CORE PARTITION FUNCTION

We now examine the t-core partition function, a variation of the partition function.
Consider the partition 10 = 5+ 3 + 2. This partition can be represented as a Ferrer’s

diagram by
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where the i row represents the i*" summand in the partition. The hook length of a
node in the diagram is the number of nodes located directly below it and directly to
its right and also the node itself. Note the same partition of 10, now with the hook

length of each node included.

A partition of n is t-core if and only if none of the hook lengths associated to its
Ferrer’s diagram is a multiple of . So the partition of 10 above is a 5-core partition
and is a t-core partition for ¢ > 8. Let ¢ > 2 and let a;(n) denote the number of ¢-core

partitions of n. In [15], Garvan, Kim, and Stanton give the generating function for

ai(n) as
i} a;(m)q™ = ﬁl(ll__qq:) . (3.2.1)

Several congruence properties have been found for t-core partitions, especially

when t is prime. In 2003, Garvan proved the following theorem.

Theorem 3.2.1 ([14]). Let p = 5,7,11,13,17,19,23 and 9, = %. Then for each
prime divisor £ of 1”2;1,
a,(n —0,) =0 (mod ¢),

whenever (%) =€, and n # 0 (mod (), where €5 = €7 = €17 = €19 = €23 = —1 and

€11 = €13 = 1. Furthermore,

ajz(n —12) =0 (mod 8)
whenever (%) =—1andn #0 (mod 2), and

ajz(n —12) =0 (mod 2)
whenever (1%) =—1andn #0 (mod 4).

18



In 2011, Radu and Sellers in their study of broken k-diamond partitions proved

more Garvan type congruences for a,(n) when 5 < p < 23.

Theorem 3.2.2 ([26]). If p =5,11,13,19, then
a,(n —0,) =0 (mod 2)

whenver n is odd and (%) = €, where €5 = €11 = —1 and €13 = €9 = 1. If

p="7,17,23, then
a,(n —0,) =0 (mod 8)

whenever n is odd and (%) = €p, Where ez =1 and €17 = €33 = —1.

Note that Garvan’s theorem covers the case when p = 5,13, and 17. In 2013,
Chen proved the existence of fourteen more Garvan type congruences for a,(n) when

5 < p<A4T.

Theorem 3.2.3 ([8]). Let ( ) be the Jacobi symbol. Then

as(n—1)=0 (mod 3) if (n) =—1,

15
ar(n—2)=0 (mod5)  if (Z) —1 and (Z) — 1,
an(n—5)=0 (mod3)  if (;;) = 1.

ais(n—7) =0 (mod11)  if (17;) = —1 and (1”:’[) —1,

me(n=12) =0 (mod3) if (1) =1,

ai7(n—12)=0 (mod5)  if (1”7) =1 and (Z) — 1,

ass(n—22)=0 (mod3)  if (67;) =1,

as(n —22) =0 (mod7)  if (;3) = 1 and (’;) =1,

ase(n —35)=0 (mod3)  if (2”9) —1 and <;"> ~ 1,

as7(n —57) =0 (mod 5)  if (;) =1 and (Z) ~ 1,
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asr(n—57)=0 (mod7)  if <;7) — 1 and (Z) _
an(n—70)=0 (mod3)  if <£) =1 and (g) —1,
am(n—92)=0 (mod3)  if (57) = 1 and (Z) — 1,
air(n—92)=0 (mod5)  if <f7) — 1 and (Z) _1

Not only do some of Chen’s congruences apply to a,(n) for p > 23, but the
modulus ¢ is not a divisor of %. In Section 3.3, we use the theory of modular forms
to prove not only more Garvan type congruences, but the existence of infinite families
of these congruences for a,(n) with 5 < p < 23. In particular, we prove the following
theorem.

n

Theorem 3.2.4. Lett € Z witht > 0 and let ( ) be the Jacobi symbol. Then we

m
have the following congruences.

as(5'-n—1)=0 (mod 2), if 2¢tn and <Z> =-1
as(5'-n—1)=0 (mod 3), if (1715) =-1

1

a7(7?t-n—2)=0 (mod 2), if 2¢n and (Z)

-1

ar7(7"-n—2)=0 (mod 3), if 3tn and (7;
a7(7"n—2)=0 (mod 5), if (Z) =1 and (:) =-1

a;1(11*-n —5)=0 (mod 2), if 24n and <;2> =-1

an(112 - n—5 =0 (mod3), i (g) =1 and (1"1> — 1
e (112 n—5)=0 (mod3), if (g) — 1 and (”) Y
an(11% 0 —5)=0 (mod3), if (g) ~ 1 and (1”1) _
an (1193 . —5)=0 (mod 3),  if (g) =1 and (ﬁ) =1

a13(13" - n—7)=0 (mod 2), if 2¢tn and (n) =1

a17(17% -n —12) =0 (mod 2), if 2¢n and <n> =-1
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1

a19(19%" - n —15) =0 (mod 2), if 24n and <1ng)

-1

a93(23% -n —22) =0 (mod 2), if 24n and <2T;)

3.3 PROOF OF THEOREM 3.2.4

Proposition 1.0.2 and (3.2.1) give

_n@R) & 5P N
) = "0 S = )¢ € M (1ot (5]

for primes p > 5 and 9, = pzT*l. In order to prove each congruence in Theorem
3.2.4, we look for spaces which not only contain f(z), but also contain eta-products
with nice properties, that is, eta-products of the form n(z)ekn(pz)b, where ¢ is the
modulus of the congruence and b, k € N. We then use the operators given in Section
2.6 to construct a new form g¢(z) which has support on specific congruence classes
modulo p. Once we have found the appropriate spaces and forms, for every ¢ > 0
we find linear combinations of the eta-products which are congruent to g(z) | Up
modulo /. We do not have to construct infinitely many linear combinations since
for each of the congruences listed in Theorem 3.2.4, there exists s € N such that
9(2) | Ups = g(2) (mod ¢). To conclude the theorem, we analyze the support of the
linear combination of eta-products modulo /.

In the remainder of this section, we work out two of the results listed in the
theorem in detail. Then, we briefly discuss how to prove the remaining congruences.
We use the following notation throughout the examples. For each choice of p and
0, let f(z) = "@2” and let g,(z) be the section of f(z) with support on exponents

n(2)
congruent to r (mod ¢), that is, if f(z) = 3 a(n)q”, then g.(2) = X a(fn + r)g™*.

3.3.1 11-CORE PARTITIONS MODULO 3

Let f(z) = "% = Yay(n — 5)¢" € Ms (To(11), (3 )) Recall from Section 2.6

n(z)

that 6(f) € M (F (11), (11)) and (f | T3)% € MY ( <ﬁ>> From (2.5.1),
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we know that

M (Fo(ll), (11)> c M <Fo(11), (11)> C M) (Fo(”) (11))

Let g1(2) = 2(f +0(f) — (f | T3)?) and go(2) = 2(f — O(f) — (f | T3)?). We have that
g1(2), g2(2) € ]\71(2) (Fo(ll), (ﬁ)) . Note that
g1(z) =2 (f—i— f® <3> — f|Us| V},) = i a11((3n+1) = 5)¢* ™ (mod 3).
n=0
Similarly, we have that ¢»(2) = X a11((3n +2) — 5)¢**2 (mod 3).

For any modular form f(z), let f(z) be the series representation of f(z) with

each coefficient reduced modulo 3. We first analyze the support of go(z). Let

h(z) = n(2)n(112)* € My; (Fo(ll) ( )) Lemma 2.1.1 gives that go(2) = h(2) | T17.

Note that h(Z) ’ T17 | U11 = h(Z) | T19 and h(Z) ’ T19 | U11 = h(Z) ’ T17. Therefore, for

all t > 0, we have that

> an (11 (3n +2) — 5)¢>"** = go(2) | Upze = h(z) | Tyz  (mod 3),

n=0
Z an (111 (3n + 1) = 5)¢°" ™ = ga(2) | Upg2ers = h(2) | Thg  (mod 3).

Thus, in order to determine the support of ¢a(z) | Uyye, we study the support of

h(z) | T17 and h(z) | T19. Note that

h(z)

n(92)n(112)*"  (mod 3)

o) o S oo s

n=1

by (2.3.1). The support of the infinite product is restricted to multiples of 11 and
the support of the infinite series is restricted modulo 11 to the congruence classes
0,1,3,7,8,9. Therefore, we have that the support of h(z) is restricted modulo 11 to

0,2,6,7,8,10. From (2.4.2), we see that T, changes the support by multiplying and

dividing by ¢. It follows that the supports of h(z) | T17 and h(z) | T19 are restricted

modulo 11 to 0,1,3,4,5,9, the quadratic residues modulo 11. Therefore, we have
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that the support of go(z) | Uiy is also restricted modulo 11 to the squares. Since the
series ga(z) | Upp2e runs through all positive integers congruent to 2 modulo 3, we have

that if (%) = —1 and (%) = —1, then
a1 (11* -n—5)=0 (mod 3).

Similarly, since the series go(z) | Ujjze+1 runs through all positive integers congruent

to 1 modulo 3, we have that if (%) =1 and (1—"’1) = —1, then
ap (11t n —5)=0 (mod 3).

To prove the remaining congruences for 11-core partitions modulo 3, we analyze

g1(2). Let h(z) = n(2)>n(112)" € M, (Fo(ll), (ﬁ» By Lemma 2.1.1, we have that

91(2) = q1(2) | Uyys = 2h(z) and

51 (Z) | U116t

2h(z) (mod 3),

91(2) | Uppee+ h(z) | Ts + h(z) | Tog (mod 3),

91(2) | Upetsz 2h(z) +2h(2) | T (mod 3),

91(2) | Upet+s h(z) | Ts (mod 3),

g1 | Upget+a 2h(z) + h(z) | Tr (mod 3),

91(2) | Upetss h(z) | Ts + 2h(z) | Tog (mod 3).

Using (2.3.1), we find that the supports of h(z) and h(z) | T5 are restricted modulo 11

to 0,2,6,7,8, 10, zero and the non squares modulo 11, while the supports of h(z) | T7

and h(z) | Ty are restricted modulo 11 to 0,1,3,4,5,9, the squares modulo 11. It

follows that the only congruences which can be obtained are

an(11% - n —5) =0 (mod3),  if (g) — 1 and (ﬁ) —1,

n

ay (1% .n —5) =0 (mod 3), if (g) = —1 and (11) =
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3.3.2 T7-CORE CONGRUENCE MODULO 5

Let f(z) = ’77(7?37 =Y ay(n—2)q¢" € Mj (F0(7), (?)) . Let x be the Dirichlet character

modulo 5 with x(2) =i. Let

graz) i =fOx+fox=2> ar(5n+1)—2)¢""™ +33 az((5n+4) - 2)¢°"*  (mod 5)

n=0 n=0

and

g3(z) =fRx—fROX =2 Z a7((5n +2) —2)¢"" 2 + 3i Z az((5n +3) —2)¢®" ™ (mod 5).

n=0 n=0
Let h(z) = n(52)n(72)'3. Note that g14(2), g2.5(2), h(z) € M (F0(7 - 25), (g)) . Let

A(s,r) :=X az(75(5n + 1) — 2)¢°"*". By Lemma 2.1.1, we have that

2A(4t,1) + 3A(4t,4) = ¢14(2) | U = h(2) (mod 5),
2A(4t + 1, 1) + 3A(4t + 1,4) = 42‘92,3(2’) | U74t+1 = 2h(2) ‘ T11 (HlOd 5),
2A(4t +2,1) + 3A(4t + 2,4) = 4¢14(2) | Upaer2 = 4h(2) | T11 + 3h(2) (mod 5),

2A(4t+3,1) +3A(4t + 3,4) = igas(2) | Upsers = 4h(z) | T11 + h(z) (mod 5).

For any modular form f(z), let f(z) be the series representation of f(z) with each
coefficient reduced modulo 5. By (2.3.1), we have that the support of h(z) is restricted
modulo 7 to 0,1, 2,4, the squares modulo 7. Since 11 is a square modulo 7, we have

that the support of h(z) | T1; is also restricted modulo 7 to 0,1,2,4. Therefore, we

have that for all t > 0,
a7(7"-n—2)=0 (mod 5), if (Z) =1 and (:) = —1.

3.3.3 REMAINING CONGRUENCES

The remaining congruences in the theorem can be proved using a similar strategy to
the two examples given above. For each of the congruences, we keep the notation
for f(z) and g,(z) and give a quick sketch of the proof. We will also make use of
A =n(2)** € S12(SLa(Z)) .
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p=5,£=2:Let h(z) = n(2)'n(52)* € My (Ty(5)). Then g;(z) = h(z) (mod 2)
and h(z) | Us = h(z) (mod 2).

p=5¢=3:Let i(z) = n(=)"(52)" halz) = n(z)’n(5:)" € M; (To(5). (5))-
Note that g1(z) = hi(z) (mod 3) and go(2) = ha(z) (mod 3). We also have that
hi(z) | Us = 2hg(2) (mod 3) and hs(2) | Us = 2hy(2) (mod 3).

p="T7,L=2:Let h(z) = n(2)’n(72)" € Mg (I'o(7)). Then g,(z) = h(z) (mod 2)
and h(z) | Uz = h(z) (mod 2).

p="T,£=3:Let hi(2) = n()"n(72)?, ha(z) = n(2)*n(72)*" € Mis (To(7), (%))
Note that g1(z) = hi(z) | Ti1 (mod 3) and ga(2) = hi(z) + 2ha(z) (mod 3). Also,
hi(z) | Us = he(2) (mod 3) and ha(2) | U; = hi(2) (mod 3).

p=11,0 = 2 : Let h(z) = n(2)’n(112)* € My(Ty(11)). Note g1(2) + g1(2) | U =
h(z) (mod 2) and h(z) | Uy; = h(z) (mod 2).

p = 13,£ = 2 : Note that g1(z) + ¢1(2) | Uiz = A+ A | Uz (mod 2). Also,
A | Upzz = A (mod 2).

p =17, = 2 : Let hy(z) = n(2)*n(172)3% ha(2) = n(2)®n(172)32 € My (To(17)) .
Note that ¢1(2) = hi(2) | T5 + hi(2) | Tag + ha(2) | Tos (mod 2). Also, hy(z) | Uz =

hi(z) (mod 2) and hy(2) | Uiz = he(z) (mod 2).

p = 19,0 = 2 : Let h(z) = n(2)*n(192)** € M5 (T(19)). Note that g;(z)
h(z) + h(z) | T7 (mod 2) and h(z) | Ujgz = h(2) (mod 2).

p = 23,£ = 2 : Let h(z) = n(2)*n(232)* € M4 (T(23)). Note that g,(z) =
h(z) + A(2) | Usz (mod 2). Also, h(z) | Uszz = h(z) (mod 2) and A(z) | Uyzz = A(z)
(mod 2).
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CHAPTER 4

SPACES OF MODULAR FORMS WITH ETA-MULTIPLIER

4.1 NOTATION AND STATEMENT OF THEOREM 4.1.8

For our next result, we study the action of Hecke operators on subspaces of modular
forms which arise as multiples of modular eta-quotients. More precisely, let w € Z,
let N > 1, let x be a Dirichlet character modulo N, let f(z) be a holomorphic level
N eta-quotient with integer weight, let D be the least integer for which f(Dz) is a
modular form, and let £ > 5 be prime. Our main result, Theorem 4.1.8, completely

describes how the Hecke operators T, permute subspaces of modular forms of the type
{f(Dz)F(Dz) : F(z) € My(I'o(N), x)},

where N € {1,2,3,4,5,6,8,9} and f(z) is “minimal” in the sense that it has order
of vanish in [0, 1) at all cusps. We restrict to these levels since they are precisely the
levels which satisfy Propositions 4.1.1 and 4.1.6 below. It may be possible to adapt

our methods to prove analogous results for other levels.

4.1.1 GENERAL RESULTS

We describe a framework for explaining results of the type in Theorem 1.0.4 and
Corollary 1.0.5. This framework requires preliminary definitions, facts, and no-
tation. The following fact partly motivates our focus on eta-quotients with level

N €11,2,3,4,5,6,8,9}. It is a consequence of the valence formula and (1.0.3).

Proposition 4.1.1. Let N > 1 and suppose, for all d | N, that there exists a

holomorphic integer weight level N eta-quotient fq which has ordé(fd) =1 and for
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all 5 | N with 6 # d has ord%(fd) = 0. Then we have N € {1,2,3,4,5,6,8,9}.

Furthermore, the forms f; for these levels are as follows.

Table 4.1 Eta-quotients with order conditions

Nld| fa |[[N]d] fo [[N]d]| fa
24 (z)° ()?
1|1 n(z)16 511 2(52)5 811 7;7(22)120
2 1 n(2) 515 n(52) 8 |2 n(22)
oo (onlo) Y
ni«z n(z) nbz ni4z
2P ey |0 e | S See
Ui n(22)°n(3z n(8z
SRE 2 MEE A N
nioz nioz) nisz niz
AR ML A HEE
= 1(62)°n(z n(3z
U e O] O] aeater || 0|0 | e
n\<z n(9z
4|2 T V19 6
n(4z
4] e

For every eta-quotient f(z), Proposition 1.0.2 implies that there is an integer
D > 1 such that f(Dz) is modular. We highlight the least such D in the following

definition.

Definition 4.1.2. The denominator of an eta-quotient f(z) with level N > 1 is the

least integer D > 1 such that for all d | N, we have
D - ordy(f) € Z. (4.1.1)

Equivalently, (1.0.3) implies that D > 1 is smallest such that for all d | N, we have

DN 2
24D01"d;(f): chd(daé) rs EO (mOd 24)
Z ged (d, ¥)dsy 0

Remark 1. We also have

24
b= (24,24 0rdo(f), 24 ordoo (£))

(4.1.2)

It follows that D | 24 and that D = 1 if and only if for all d | N, we have ords (f) € Z.
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Remark 2. If we suppose that D’ > 1 has D’ - ordé(f) € Z for all d | N, then we have
D|D.

Remark 3. If f(z) is an eta-quotient with level N, integer weight k, s as in Proposition

1.0.2, and denominator D, then we have

f(Dz) € M! (FO(DQN), <(_1_)ks>> .

Remark 4. Our definition of denominator differs from the definition in [22], where
the author defines the denominator to be the least D > 1 for which D - ord (f) =

D -ords(f) € Z.

We next focus on holomorphic eta-quotients whose order of vanish at cusps is

minimal in the following precise sense.

Definition 4.1.3. An eta-quotient f(z) of level N > 1 is minimal if and only if for

all d | N, we have 0 < ordé(f) < 1.

Equivalently, an eta-quotient is minimal if and only if for all d | N, the integer
24 - ords (f) lies in [0,23]. There are finitely many minimal eta-quotients of a given
level. Tables containing all minimal eta-quotients for levels 1,2, 3,4,5,6,8, and 9 are
given in Appendix B.

We next observe, for N € {1,2,3,4,5,6,8,9}, that a holomorphic integer weight
level N eta-quotient is the product of a minimal integer weight level N eta-quotient

and a modular form.

Proposition 4.1.4. Let N € {1,2,3,4,5,6,8,9}, and let f(z) be a holomorphic
integer weight level N eta-quotient. Then there exists k > 0, a Dirichlet character x

modulo N, and a minimal level N eta-quotient g(z) with integer weight such that

f(2) € g(2)Mi(To(N), x) = {g(2)h(z) : h(z) € Mi(T'o(N),x)}-
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Proof. For each N, the proof follows by using the level N modular forms in Table 4.1.

To illustrate, we consider N = 2. A holomorphic integer weight level 2 eta-quotient

f(2) = n(2)"n(22)"™ has

27"1+7"2

1+ 27’2
24 7 '

ordo(f) = ol

ords(f) =

We let a = |ordo(f)], b = |ordao(f)]. Then we have f(z) = g(z)h(z) with

10 = (2ETE) (MY sty 12

and

g(z) _ n<z)r1—16a+8677(22)r2+8a—166

minimal. O

For convenience in stating our main results, we adopt the following notation for

eta-quotients.

Definition 4.1.5. Let N > 1, let d(N) denote the number of positive divisors of N,
and let v=(rs : 0 | N)=(r; =1,...,r5,...,r5 = N) € Z¥N) | Then we have

va HTI5Z

SIN
Therefore, a vector v € Z*N) indexed by positive divisors of N, uniquely specifies a
level N eta-quotient. When v = 0 is the zero vector, we have fyo = 1. Furthermore,
we remark that fyy = fyy, and hence that v = v/, if and only if for all d | N, we
have ord%(fNN) = ord%(fNN/).

Let T denote the least non-negative residue of x modulo 24, for all = € Z.

Proposition 4.1.6. Let N € {1,2,3,4,5,6,8,9}, let fno(2) be a minimal holomor-
phic integer weight level N eta-quotient with weight k > 1 and denominator D, and
let £ # 2,3 be prime. Then there exists a unique v = (r} : 6 | N) € Z4N) such that
for all d| N, we have

240rds (fyy) = £ 240rds (f.)- (4.1.3)
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Furthermore, fn.(2) is a level N eta-quotient which is minimal, holomorphic, has

integer weight k' > 1, and has denominator D.

Proof. For all d | N, we let aq = [£ordi(fny)]. For all N in the statement of the
proposition, the d(IN) x d(N) system in the variables ] ...,75,..., 7\ has a unique

solution given in Table 4.2 below. Furthermore, the table shows that the unique

Table 4.2 Solutions for

N ‘ d ‘ ordé(fN’v) ‘ 3 ‘ %
1 1 %1 1 ETl - 24&1
p=2,3>5|1 % 1 57“1 1(17@1 ap)
p| S | ( a1 + pay)
pPP=4,9 | 1| Emne g 67’1— L (a1 — ap)
p | SRR p |- (- a1+ (7 + 1)y — ay2)
P’ % P’ lry2 — I%(_ap + a2)
6 1 | SndSrad2rsdis | lry — (6a; — 3ag — 2a3 + ag)
2 | Snslratratlie | lry — (=3ay + 6as + az — 2ag)
3 —2T1+T2—5§T3+3T6 3 g’f‘g - (—2@1 + as + 6@3 - 3@6)
6 —T1+2T2—5§T3+6T6 6 E’I“ﬁ — (Cl,l — 2(12 — 3&3 + 6&6)
8 1 —8T1+4T221_2T4+T8 1 f?“l — 4((11 — (lg)
2 | Ztdntntrs | 9 lry — 2(—ay + bas — 2ay4)
4 —r1+2r2—;1r4+2r3 4 €T4 — 2(—2@2 + 5&4 — ag)
8 r1+2r242rilr4+8r8 8 67"8 _ 4<—CL4 + a8)

solution v’ lies in Z4™). We recall that the eta-quotient fn~ has weight k = Z rs €
25N

Z. Then the eta-quotient fx, determined by v’ has weight k' = 26|ZN7"5 € Z, as in

Table 4.3.

Table 4.3 Weight of fx ./

N K
1 ki — 12&1
p=2375 M—ﬁ(aﬁap)
pP=49 |kl — p(p+1) (a1 +(p—1a, + a,2)
6 /{:K—(a1+a2+a3+a6)
8 kl — (a1 + az + as + ag)
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We also observe that fy .- is holomorphic and minimal since for all d | IV, we have

0 < 24ords (fyy) =€+ 240rds (fry) < 23.

It remains to show that fx. has denominator D. We suppose that it has denomina-

tor D’. For all d | N, we observe that
D- 240rdé(fN,v,) = 24( - Dord%(vav) =0 (mod 24),

where the first congruence follows by multiplying (4.1.3) by D and the second follows
from (4.1.1). We conclude that Dordé(fNN/) € Z, and hence, that D' | D. Similarly,
we have

D't - 24 ords (fyv) =24+ D' ords (fyv) =0 (mod 24)
which gives D0 - 24 ord, (fnv) € Z. Therefore, we have D | D'¢; since £ > 5 and

D | 24, we have D | D'. O

Definition 4.1.7. Let w € Z, let N > 1, let x be a Dirichlet character modulo N,
and let fn, be a holomorphic level N eta-quotient with integer weight k > 1 and

denominator D. Then we define
AN owx = {fno(D2)F(Dz) : F(z) € My(To(N), x)}-

Remarks. When v = 0, we note that Ayowy = Myu(T'o(V), x). We also note that
both w < 0 and x(—1) # (—1)" imply that M, (Io(N),x) = {0}, in which case we
have Ayv.wy = {0}. When w = 0, we have M(I'o(N), x) = C, in which case we
have Ay vuwyx = Cfnyv.

We now turn to our main theorem, which precisely describes how the Hecke op-

erators map subspaces of the type in Definition 4.1.7.

Theorem 4.1.8. Let w € Z, let N € {1,2,3,4,5,6,8,9}, let x be a Dirichlet char-

acter modulo N, let fn, be a minimal holomorphic level N eta-quotient with integer
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weight k > 1, and let £ > 5 be prime. Then, with v and k' as in Proposition 4.1.6,

and with
1y, N €{1,2,4,5},
kK
X =1(G)" . Nef3609) (4.1.4)
(é)kJrk/ ? N = 87
we have

TE : AN,’U”LU,X - ‘AN,U/,’LUJrkJ*k‘/,XX/'

From Theorem 4.1.8, we deduce corollaries on how Hecke operators with index
coprime to 6 map subspaces Ay .y . Let M > 1, let j > 0, and let ¢ be a Dirichlet
character modulo M. For primes ¢ and m > 2, we recall that the Hecke operator

with index ¢™ on M;(I'¢(M), ) is
Tym =Ty 0o Tym1 — ()T Tym-s. (4.1.5)
Corollary 4.1.9. Keeping the notation from Theorem 4.1.8, for all m > 0, we have

AN vw.x5 m even
T[m . AN,’U,'UJ,X —

AN,v’,w-{—k—k’,xx’v m odd.

Proof. The proof follows by induction on m. When m = 0, the Hecke operator Tym is
the identity. Theorem 4.1.8 covers the case m = 1. When m > 2 is odd, the induction
hypothesis together with (4.1.5) implies the result. When m > 2 is even, the induction
hypothesis together with (4.1.5) implies that Tym—1 : Anv.wy = ANV wth—k yy a0d

that Tym-2 stabilizes Ay v,y . From Theorem 4.1.8, we have

Ty AN wtk—k o = ANN”,w+k*k/+(k’7k//),XX/X”a

where v/ = (r¥ : § | N) € Z™) is the unique solution to the d(N) x d(N) system

defined, for all d | N, by

24 Ol‘dé (fN,v”) =¢-24 OI‘d%(fN’v/) (416)
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as in Proposition 4.1.6; k” = 1> rj; and x” is as in the theorem. In view of (4.1.5),
SIN
it suffices to show that v’ = v. To see this, we combine (4.1.3) and (4.1.6) to obtain,

forall d | N,

24 Ol"d% (fN,v”) = 24/ Ol"dé (fN,v’) = 242 Ol"dé (fN,v) =24 Ol"dé (fN,v)-

The third equality holds since ¢ > 5 and fy, is minimal. Since an eta-quotient
is uniquely determined by its orders at cusps % for all § | N, we conclude that

fnvr = fnv and that v/ = v. It follows that k£ = k” and that x'x" = 1u. O

To recall the definition of the Hecke operator T, for all n > 1, we suppose that n
has prime factorization n = [] ;. The Hecke operator with index n on M;(T'o(M), )
is

T =T (4.1.7)

Corollary 4.1.10. Let w, N, x, and fn., be as in Theorem 4.1.8, and suppose that
fnw has denominator D. Suppose also that m, n > 1 have ged(mn,6) =1 and m =n
(mod D). Then there exists w' € Z, a Dirichlet character € modulo N, and fnu, a
minimal holomorphic level N eta-quotient with integer weight and denominator D
such that

Tm; Tn : AN,v,w,X — AN,u,w’,s‘

In particular, the space to which T,, maps Anvw depends only on n modulo D, the

denominator of fn. .

Proof. Let my and ng be the square-free parts of m and n, respectively. We note
that D | 24 and ged(m,6) = 1 imply, for all primes ¢ | m, that ¢> =1 (mod D). It
follows that m = mg (mod D). Similarly, we see that n = ngy (mod D). Since m =n

(mod D), we conclude that my = ny (mod D).

Next, we observe that (4.1.7) and Theorem 4.1.8 imply that T,,, : Anvwy —

AN v womoms Where vy, = (r™ . § | Ny € Z4™) is the unique solution to the
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d(N) x d(N) system defined for all d | N by 240rd5(fN,vm) = 24m, ordé(fNN),

Wy = %er;m), and x,, is as in Theorem 4.1.8. We note, by Corollary 4.1.9, that
3N

T @ ANvawyxy — ANviwmxm also. Similarly, we find that T, T, : Anvwy —

AN aon s Where v, = (7" 1 6 | NY € Z4™ is the unique solution to the system

defined for all d | N by 24 ordé(fNNn) = 24n, ordé(fN,v), w,, = %Erén), and y, is as
SN

in Theorem 4.1.8.

To conclude, it suffices to show that v,, = v,. To see this, we observe that

mo = ng (mod D) implies, for all d | N, that

24 ordé(fN,vm) = 24my ord%(fN,v) = 24ny ordé(fN,v) =24 ord%(fN,vn).
Hence, we have v,, = v,,, W, = Wy, Xm = Xn, and
T Tt ANvaoye = AN om0 -
O

Corollary 4.1.10 allows us to identify Hecke operators which preserve subspaces of

the type An yw,y-

Corollary 4.1.11. Let w, N, x, and fn, be as in Theorem 4.1.8, and suppose that

fnw has denominator D.

1. Suppose that n > 1 has ged(n,6) =1 and n =1 (mod D). Then we have
Tn : AN,v,w,X — AN,v,w,x-

2. Let £ > 5 be prime. Then we have Tf =Ty 0Ty : AN vwy — AN vwy-

Proof. Part one follows from Corollary 4.1.10 since 77 is the identity. Since ¢ > 5
and D | 24, we have 2 =1 (mod D). Therefore, part one of the corollary and (4.1.5)

imply part two of the corollary. O
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Remark. When N = ¢ is prime, Newman [24] classified level N eta-quotients fy .y
which are eigenforms of 7, with p = 1 (mod D), where D is the denominator of
fnv. Setting w = 0 in part one of the corollary, we immediately recover all of the
eigenforms in Newman’s list (121 out of 147) which are minimal. The remaining 26
in Newman’s list all have level N < 23 and either order 1 at 0 and/or at infinity.
Moreover, Theorem 4.1.8 and Corollary 4.1.10 allow us to quickly identify minimal
eta-quotients with level N € {1,2,3,4,5,6,8,9} which are eigenforms for 7T,, for n in

residue classes r (mod 24) with ged(r,6) = 1.
4.2 EXTENDED EXAMPLE

We start by finding all minimal eta-quotients of level 2. Let f(z) = n(2)"'n(22)" be
a minimal holomorphic eta-quotient of integer weight k = %(7’1 +79). When N = 2

(1.0.3) gives that

r1 + 219

ordo(f(2)) = and  ordo(f(2))

B 2r1 + 1o
24 N '

24

Therefore, the comments following Definition 4.1.3 imply that

0 S r -+ 2T2 S 23 (421)

0<2r +7ry <23 (4.2.2)

Adding (4.2.1) and (4.2.2) and dividing by six yields k£ € [1,7]. Replacing ry with
2k — ry and solving for ry in (4.2.1) yields r, € [4k — 23,4k]. Making the same

substitution in (4.2.2) and solving for r yields r; € [-2k, 23 — 2k]. Thus,
max{4k — 23, -2k} <r; < min{23 — 2k, 4k} (4.2.3)

To identify all minimal eta-quotients, first fix k£ € [1, 7] and then let r; run through
each of the integers in (4.2.3). Once r; and ro = 2k — r; have been determined, the

denominator of the form can be calculated using Definition 4.1.1 or using (4.1.2).
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Table 4.4 contains every pair (r1,79) such that f(z) is a minimal eta-quotient of level
2 and weight 1 along with its order of vanish at the cusps and its denominator which

is calculated using (4.1.2).

Table 4.4 Minimal holomorphic level
2 eta-quotients of weight 1

r1 ‘ 9 ‘ 24ord (f) ‘ 24ordy(f) ‘ D

-2 1 4 6 0 4
-1 3 ) 1 24
0| 2 4 2 12
1 |1 3 3 3
210 2 4 12
3 |-1 1 5 24
4 |-2 0 6 4

Recall from Definition 4.1.5 that f5 (, r,)(2) = 1(2)"'n(22)"2. Consider the follow-

ing minimal eta-quotients of level 2 and denominator 24.

Table 4.5 Minimal holomorphic level
2 eta-quotients with denominator 24

f | k| 2dorde(f) | 240rdy(f)

fa,a1,-5) | 3 1 17
Jor—1y | 3 b} 13
Jo,13,-3) | © 7 23

Foon | 5 11 19
fo—17y | 3 13 5
fo =511y | 3 17 1

f27(179> 5% 19 11
Jo—313) | © 23 7

Note that for each f in Table 4.5 and for each prime ¢ > 5, there exists an f” in Table
4.5 such that 240 ordy, (f) = 24 orde (f') and 24€ ordy(f) = 24 ordo(f"). Therefore, for
each fy in Table 4.5, fo,/ is also in the table.

Recall Definition 4.1.7 and let A, ,, wy := A2 (11 r9,)w,x- Note that Theorem 4.1.8
gives the following relationships among the spaces associated to the eta-quotients fy v

from Table 4.5,
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A71,77w+2,x

13 A5 11,042,x

A1, —3,0,x

A9 1,w,x

Figure 4.1 Diagram depicting the action of

T on Ary vy x
where two spaces are connected by the prime /¢ if T, maps one space into the other.
For example,

T3 : A11,—5,w+2,x — A1 7 w2

and vice versa. Since the set {5, 7,13} generates Z /247, the diagram gives where 7
maps the space A, ,, . for every prime ¢ > 5. Since 71 =23 = 5% 7% 13 (mod 24),
we have that

T s A s 2y — A-313.0,x-

Since M_2 (Fo(z), X) = {O}, we have T71 . A117_570’X — {O}, SO f27(117_5> (242) | T71 =0.
Furthermore, we have fy11,-5(2) | T, = 0 for all £ = 23 (mod 24). Since 101 = 5

(mod 24), we have that

Tior At —swt2x — A7 —1wt2,x-

Taking w = —2, we obtain f5 11,-5(242) | Tho1 = @101 f2,(7,—1y(242), where a;0, € C.
Moreover, we have that fo1,-5(242) | To = agfo(7,—1y(242) for all primes ¢ = 5
(mod 24) and for some a, € C. For each prime ¢ > 5, we use Figure 4.1 to determine
fo,01,-5)(242) | T, and list the result in Table 4.6. We also list fop3_3)(242) | T}
for each prime ¢ > 5. For r € Z/247*, let f.(z) denote the form in Table 4.5
with 24orde(f) = 7 and let g,(2) = f.(242). Then f511,-5(242) = ¢i1(2) and
fo,03,-3)(242) = g7(2). Let E5(z) be the Eisenstein series of weight 2, which is a
quasi-modular form and define Es5(2) 1= 2E5(482) — E5(242) € My(T'o(2 - 24)).
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Table 4.6 Image of fy 11,5 (242) | T, and
fo,a3,-3y(24z) | Ty for £ > 5 prime

((mod24) [| gi(2) | Te | g1(2) | Tt
1 arg1(2) begr(2)
5 args(2) begui(2)
7 0 beFaa(2)g1(2)
11 0 biEs2(2)gs(2)
13 apgr3(2) begio(2)
17 apg17(2) begas(2)
19 0 beEs2(2)g13(2)
23 0 beEs2(2)g17(2)

We now demonstrate how to use Table 4.6 to complete forms as done by Gordon
and his coauthors in [17], [18], and [19]. In particular, we will complete the forms
g1(2) and g;(z) into Hecke eigenforms. Using Table 4.6, we see that for all prime
¢ =1,5,13,17 (mod 24), we have g;1(z) | Ty = agy(z), for some a € C. Similarly,
for all r € {1,5,13,17} and ¢ = 1,5,13,17 (mod 24), we have for some a € C that
g-(2) | To = ag;5(2). Consider the expansions of g.(z) for r € {1,5,13,17}.

g1(2) = i a1(24n + 1)g?"™ ! = ¢ — 11 +49¢" — 110¢™ + - — 407¢"*" + - — 33¢' + ..
n=0
gs(2) = i as(24n + 5)¢**" 0 = ¢® = 7¢*° + 15¢°° 4 -+ — 64¢"0D ... — 11067 + - .
n=0
g13(2) = iam(?‘lﬂ + 13)q24n+13 =13 4 g% — 551 — 4q5(17) b 110q15(73) T+
n=0
gi7(z) = ia17(24n + 17)q24n+17 — ' £ 5% & 9q5(13) 110g%0 4 — 110q17(73) 4o
n=0

We focus on the action of T, on the above forms for the primes ¢ = 5,13,17,
and 73, one prime from each congruence class modulo 24 for which the action of T}

is nonzero. Using (2.4.2), we obtain

Table 4.7 Values used in the completion of f5 11,5 (242)

fG) | f&) T | fR)ITs | f(2) | Tis | f(2) | Thr
g1(2) || =110¢1(z) | —36g5(2) | —=576¢13(2) | 256¢917(2)
95(2) || —110g5(2) | g1(z) | —64g17(2) | —64g13(2)
913(3) —110913(2) —4917(2) 91(2) —495(2’)
917(2) —110g17(2) 9913(Z) 995(Z) 91(2)
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Let A, B,C € C and let

F(2) = (=) + Ags(2) + Baus(2) + Carnlz) = f: a(n)q".

We determine choices of A, B,C' so that f(z) is a Hecke eigenform, that is, for all
primes ¢, f(2) | Ty = a(€) f(2). By Figure 4.1, we see that for all primes ¢ = 7,11, 19, 23
(mod 24) we have f(z) | T, = 0 = a(¢)f(z). By Table 4.7, we have that f(2) | T73 =
—110f(2) = a(73) f(2). If f(2) | T5 = a(5)f(z), then

A(g1(2) + Ags(2) + Bgis(2) + Cg17(2)) = Agi(z) — 36g5(2) + 9Cq13(2) — 4Bgi17(2).

It follows that A%? = —36 and so A = +6i. Similarly, if f(2) | T3 = a(13)f(z) and
f(2) | Th7 = a(17) f(2), then we get that B = F24i and C' = £16. Therefore, we have

that
242\t 242)7 482)7 482)11
(z) n( z) 62'77( z) 24@,17( 8z) 1677( 82)

-~ n(482)5 n(48z) n(24z) n(24z)>

is a Hecke eigenform.

We now complete fs (13 _3)(242) = g7(2). Consider the following g-expansions of

forms which are in Mj; (I‘O(Q - 247, (‘—2))

Fi(2) i= Byp(2)1(2) = q+13¢% —191¢" + 898¢™ — 23664 + - - -
F5(2) i= Faa(2)gs(2) = ¢°+17¢% —129¢° + 288¢™" — 321¢'" + - -
Fr(2) = gi(2) = ¢ —13¢* 4+ 68¢° — 169¢™ + 139¢'*% 4 - -
Fiu(z) = gu(z) = ¢ —9¢% +26¢" —3¢® —118¢"7 + . ..
Fi3(2) = Eyp(2)g13(2) = ¢" +25¢°" +43¢°" — 4¢* — 914" + - -
Fi7(2) i= Egn(2)g17(2) = @' +29¢" +153¢% + 442¢™ + 974¢'"% + - -
Fio(2) = gio(2) = ¢ —¢" —10¢° + 9¢°* + 36¢*° + - --
Fos(2) i= gos(2) = ¢® +3¢*" —4¢™ —17¢% — " + - -
We construct a table similar to Table 4.7 which depicts how the Hecke operator

permutes these forms. For sake of space, we simply give the coefficients a,, € C so

that F,(2) | Tp = a, o F(2).
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Table 4.8 Values used in the completion of f5 13 _3)(242)

, ¢ 73 5 7 11 13 17 19 23
1 898 | —612 | —2592 | 19584 | —9792 | 256 | 313344 | —553552
) 898 1 288 288 —64 —64 | —18432 | —18432
7 898 | 68 1 68 —1088 | —256 | —1088 —256
11 | 898 | -9 -9 1 —576 64 64 —d76
13 || 898 | —4 —288 | 1152 1 —4 —288 1152
17 || 898 | 153 2592 | 4896 153 1 4896 2592
19 || 898 | 36 9 4 9 4 1 36
23 || 898 | —17 -1 17 17 -1 —17 1

Let as,ar,a11, a3, a17,a19,a03 € C and let f(z) = Fi(z) + X a;F;(z). In order
for f(z) to be a Hecke-eigenform, we need that f(z) | T, = af(z) for every prime
¢ > 5, where a € C. Using Table 4.8, we see that f(z) | Tr3 = 898f(z) no matter
the choice of the a;. In order for f(z) | T5 = af(z), we see by Table 4.8 that

= +1/=612 = +6i/17. We do this for all primes ¢ in the table and obtain that

_ n(242)" Vi n(242)" 1(242)"°
f(z) = Eapa(z ) (4825 + 6iV17Ez o(2 ) n(@ss) 36iv/2 1(482)7 — 24V/341)(242)71(482)
, 1(482)" n(482)"" 1(482)"?
—24iV/TT By o(2) L 1212 +16E5(2) TP — 96v/341(242)1(482)° + 576iv/2 (22

is a Hecke eigenform.

4.3 PROOF OF THEOREM 4.1.8

4.3.1 THE SETTING OF THEOREM 4.1.8.

We let N > 1, £ > 5 be prime, and v = (r; : § | N) € Z™) where d(N) is the
number of positive divisors of N. We define
f(z) = fun(z) = [ n(o2)" (4.3.1)
5N
to be a minimal holomorphic eta-quotient with weight k£ and denominator D as in
Definitions 4.1.1, 4.1.3, and 4.1.5. Let w be a non-negative integer, x be a Dirichlet

character modulo N, and F(z) € M, (I'o(N), x). Proposition 4.1.6 guarantees the

40



existence of unique v/ = (15 : § | N} € Z™) such that for all § | N, we have

24 ord%(fNyv/) =(-24 ord%(fNN). (4.3.2)

Furthermore, the proposition implies that
f1(2) == faw(z) = [T n(62)"s (4.3.3)
5|N

is minimal with weight &' = £ 37§ and denominator D.
N

4.3.2 A REDUCTION.

With f(2) as in (4.3.1) and f(2) as in (4.3.3), our proof of Theorem 4.1.8 requires

careful study of

f(Dz)F(Dz)) | To
f1(Dz)
With x’ as in (4.1.4), we will prove that G(z) € M1 (Fo(N), xx'). In the notation

and G(z):=H <lz)) . (4.3.4)

H(z):= (

of Definition 4.1.7, it then follows from (4.3.4) that Ty maps f(Dz)F(Dz) € An vy

to f1(D2)G(Dz) € ANy wik—k' - This is precisely the statement of Theorem 4.1.8.

To prove that G(2) € My yx—r (Lo(N), xX'), we first observe that G(z) is holomorphic
on b since ff, as an eta-quotient, is holomorphic and non-vanishing on h. We next
prove that G(z) is holomorphic at the cusps. Let s be a cusp of I'g(/V). The comments
following (1.0.3) imply that it suffices to verify that ords(G(z)) > 0, or equivalently,
ords(G(Dz)) = ords(H(z)) > 0. We have

ords(H(2)) = ord, ((f(D2)F(Dz)) | T;) — ords(fT(D2)). (4.3.5)

From Theorem 49 in [16], we have that

ords ((f(D2)F(D=)) | Ty) > min {Eordg.ﬁ( F(D2)F(Dz)), 2t/ (D) F(Dz)) + nD } ,

14
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where a - 5 is the cusp resulting from the action of Z/D?*NZ on the cusps of T'y(D*N)
and n is the least nonnegative integer such that n = —D ! ord,-1.,(f(D2)F(Dz))
(mod ¢). Note that

ordp-14(f(D2)F(Dz)) +nD

; = (Y ordsp1.4(f(Dz)F(Dz)) +nD) (mod D)

Cordp-1.4(f(Dz)F(Dz)) (mod D).

For this section only, let @ be the least nonnegative residue of @ modulo D. There-

fore, we have that

ords((f(Dz)F(Dz)) | T;) > Lord,.s(f(Dz)F(Dz)),

where a € {¢,£7'}. Since F(z) is a modular form, we know that ord,(F(Dz)) is

divisible by D for all cusps s. Therefore, we have that

Cord,.s(f(Dz)F(Dz)) = Lord,s(f(Dz)) + Lord,s(F(Dz)) = Lord,s(f(Dz)).

Hence,

ords((f(Dz)F(Dz)) | Ty) > Lord,.s(f(Dz)). (4.3.6)

For the cusps s € {0, 00}, we have that a - s = 5. Therefore,
ordo((f(D2)F(Dz)) | Ty) > Lordy(f(Dz))

and

ordoo ((f(D2)F(Dz)) | Ty) > Lordo(f(Dz)).

We now consider the remaining cusps. For N = 4, the only remaining cusp can

be represented by % Since the action a - % = % for all odd a, we have that

ordy o((f(Dz)F(Dz)) | Ty) > Lordyo(f(Dz)).

When N = 6, there are two remaining cusps in I'g(/V). These can be represented by

% and % Again we have that a - % = % for all odd a. Therefore, we have

ordy o((f(Dz)F(Dz)) | Ty) > Lordyo(f(Dz)).
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1

5 1s either the cusp % or the cusp %, which are inequivalent

For the cusp %, note that a-
cusp in [y(6D?) for D € {3,6,12,24}. However, since the order of vanish at these

cusps is the same for an eta-quotient, we still conclude that

ordy3((f(Dz)F(Dz)) | T;) > Lordy3(f(Dz)).

1_1
2 72

1

anda-4

For N = 8, we have a - is either i or %. It follows that

ordy o((f(Dz)F(Dz)) | Ty) > Lordyo(f(Dz))

and

ordy/s((f(Dz)F(Dz)) | Tr) = Lordyu(f(Dz)).
Lastly, for N =9, we have that a - {%, %} = {%, %}, soif s € {%, %}, then
ordy((f(D2)F(D2)) | Ty) > Tord,(F(D7))
Therefore, for every N € {1,2,3,4,5,6,8,9} and for every cusp s we have that
ords((f(D2)F(Dz)) | Tp) > Lord,(f(Dz)).
By construction of fT, we have that for all cusps s,
ord,(f1(Dz)) = L ords(f(Dz)).

Therefore by (4.3.5), we obtain ords(H(z)) > 0. It follows that G(z) is holomorphic

at the cusps of I'o(V).

We devote the rest of this chapter to proving that G(z) satisfies the appropriate
transformation law. The following proposition asserts that it suffices to prove a

corresponding transformation law for H(z).
Proposition 4.3.1. We keep the notation of this section, and we let t = w + k — k'.

a b
We suppose, for all € I'o(N), that
c d

1 0)[a d)(D 0 ,
H(z) =xxX (d)H(z). (4.3.7)
t\0 DJ \c d 0 1

43



Then we have

a b
G(z) = xx'(d)G(z). (4.3.8)
t\c d
L0
Proof. We apply | | to (4.3.7) to obtain
t\0 1
1 0)[a b 5 0
H(z) = xx'(d)H(z)
t\0 DJ \c d t\0 1
We then use (2.4.1) and (4.3.4) to get (4.3.8). O

In view of Proposition 4.3.1, we will prove (4.3.7).

4.3.3 SOME IMPORTANT LEMMAS.

The proof of the transformation law (4.3.7) requires several lemmas. The first, whose
proof is left for Section 4.4, concerns factorizations of matrices in GL2(Q). We recall
from the first remark following Definition 4.1.1 that D | 24. Since ¢ > 5 is prime, we
observe that ¢t D.

a b
Lemma 4.3.2. Let { > 5 be prime, let D, N > 1, and let € Ih(N).
c d

1. Suppose that 0 < j <l —1 has a+ Dcj # 0 (mod ¢). Then we have

1 7)1(1 O a b (D 0O 10 a+Dcj z| (D 0 (1 =z
0 ¢)\0 DJ\c d]\0 1 0 D cl y/ \0 1)]\0 ¢

where z € 7 has
z = (b+ Ddj)(a+ Dcj)"'D™"  (mod /)

and

zl =b+ D(dj — (a+ Dcj)z), y=d— Decz.
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2. Suppose that 0 <t < {—1 has a+ Dct =0 (mod ¢). Then we have

1 ¢t} (1 O a bl [D 0O 1 0 u b+Ddt| (D 0) (¢ O
o ¢/{o pJlc aflo 1) lop)le a Jlo 1)lo 1)
where
ul = a+ Dct.

3. Suppose that {1 c. Then we have

where w € Z has

w=d(Dc)™" (mod ¢)

and

m=>b— Daw, nl=d— Dcw.
4. Suppose that £ | c. Then we have

¢ 0y (1 O a bl |[D 0O 1 0 a bl)[D 0)[¢ O
0 1)\0 D) \c d 0 1 0 D) \e/t d 0 1/1\0 1

We also require the following elementary number theory lemma. When /¢ is prime,

we let F, = Z/lZ.

a b
Lemma 4.3.3. Let £ > 5 be prime, let D,N > 1, and let € I'o(N). Then
c d
the map
¢ :Fy\ {—a(Dc) " (mod £)} — F,\ {d(Dc) ' (mod £)}
defined by

§ (mod ¢£) — (b+ Ddj)(a+ Dcj) D™ (mod /)

is a bijection.
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Proof. To see that ¢ is well-defined, we suppose on the contrary that there exists

j € Fo\{—a(Dc)™! (mod ¢)} such that (b+ Ddj)(a+ Dcj) ' D' = d(Dc)™! (mod ¢).
b

Q

Simplification yields ad — bc = 0 (mod ¢), which contradicts € I'oy(N). We
c d

next suppose that ji, jo € Fy \ {—a(Dc)~! (mod ¢)} have (b+ Ddj;)(a + Dcjy) ™! =
(b+ Ddj2)(a+ Dcjs)™' (mod £). Using ad —bc = 1, we conclude that j; = j, (mod ¢)

and hence, that ¢ is injective. O
The following lemma plays a fundamental role in the computations in this paper.

m n
Lemma 4.3.4. Let N > 1, let € T'o(N), and let f(z) = [In(dz)" be a
SIN
P q
minimal holomorphic level N eta-quotient with denominator D and weight k as in

(4.3.1). Then we have

rs
1 0 m n D 0 m no
=[Iw f(Dz).
k\O D] \p q/\0 1 sIN \p/d ¢

f(Dz)

Proof. We first remark that it suffices to prove that

O}y [m n) (D O m  nd
n(Doz) =, n(Doz). (4.3.9)
:\0 D) \p q)\0 1 p/o g
m n m  nd
Since € I'o(IV), we observe, for all § | N, that € SLy(Z). Using
P q p/d q
(2.4.1), we find that
0 !
n(DHz) = D 1n(dz) (4.3.10)
:\0 D
and
m n m  no
n(0z) =, n(0z). (4.3.11)
:\p o« p/o q
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To conclude, we use (4.6.7) and (4.6.8) to compute

0 m n D 0 N m n D 0
n(DHz) = D7 1n(dz)
;s \0 D P q 0 1 s\p ¢ 0 1
) m  nd 0 m  no
= D1y, n(02) n(Déz).
p/d g s\0 1 p/5 q

We defer proofs of the next two lemmas to later sections. The first of these constitutes

the bulk of the proof of Theorem 4.1.8. Its proof is in Section 4.5.

a b
Lemma 4.3.5. Let N > 1, let { > 5 be prime, let € I'y(N), let f(z) =

c d
[I17(62)" be a minimal holomorphic level N eta-quotient with denominator D and
SIN

weight k as in (4.3.1), and let s = 6]‘_][\[57”5.

1. Suppose that 0 < j <€ —1 has a+ Dcj # 0 (mod ¢). With z and y as in part
1 of Lemma 4.3.2, we have

brs
1 0)(a+Dcy x| D O a bd

=[1w f(Dz).
k\0 D cl y/ \0 1 s|IN c/d d

f(Dz)

2. Suppose that 0 <t < ¢ —1 has a+ Dct =0 (mod ¢). With u as in part 2 of
Lemma 4.3.2, we have

lrs

1 0 w b+Ddt| (D 0 <(_1)ks> a bd
= v
s\o D) \e 0 1 CTav \efs d

f(Dz) f(Dz).

3. Suppose that £ c. With m and n as in part 3 of Lemma 4.3.2, we have

Urs
1 0 al m\ D O ((_1)k3> a bd
SIN

7 11w f(Dz).
k\0 D) \c n/\0 1 c/d d

f(Dz)
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4. Suppose that ¢ | c. Then we have

lrs
1 0 a b D 0 a bd
f(Dz) = H Un f(Dz).
k\0 D) \¢/t d]\0 1 siIN: \e/o d

The proof of the following lemma is the content of Section 4.6.

Lemma 4.3.6. With k' and r§ as in (4.3.3), and with the hypotheses in Lemma 4.3.5,

we have
lrs—r} In ZfN € {172747 5}7
a bd
k+k'
[JEZ =1 (¢ if N € {3,6,9),
siIN: \e/o d (3)
k+k!
(—71) if N =8,

where 1y is the trivial character modulo N .

Hence, the product of eta-multipliers in the lemma gives the Dirichlet character x’

as in (4.1.4).

4.3.4 PROOF OF THEOREM 4.1.8.

We keep the notation of Sections 4.3.1, 4.3.2, and 4.3.3: We let N > 1, we let

a b
€ I'o(N), and we let £ > 5 be prime. We let f(2) = [[7n(62)™ and fT(z) =

c d O0|N

[17(02)" be minimal holomorphic level N eta-quotients with denominator D and
SIN

weights & and k" as in (4.3.1) and (4.3.3), and we let F'(2) € M,(I'o(N), x), where

w > 0 is an integer. We recall from (4.3.4) that

(f(Dz)F(Dz)) | T,
f1(Dz)

H(z) =

In this section we apply the lemmas of Section 4.3.3 to prove, with x’ as in (4.1.4),

that
1 0 a bl (D O



as in (4.3.7) of Proposition 4.3.1. We compute the slash operation on the numerator

and denominator of H(z) separately. For the denominator, Lemma 4.3.4 yields
s
1 0)(fa b} (D O a bo

=11 v fi(Dz). (4.3.12)
#\o D) \c dJ\0o 1] v \c¢/d d

f1(D2)

For the numerator, we consider cases depending on whether ¢ | c. When ¢ 1 ¢, we also

have £1 N. We compute
1 0 a b D 0
wt+k \Q D c d 0 1
A 1 j\ (1 0\ [a b\ (D 0
=271 Dz)F(Dz
(oo, z) L) )0)
k_q (fl)ks 0 a b D 0
02 /
S (G R W e [ A [ )
/—
_ s Zl (F(D=)F (D> ( )(a—i—Dcy x) (D 0) (1 z)
=0 w+k 1 0 7
#Z—a(Dc)~1(mod £)
1 0 al m D 0 1 w
w+k \0 D c n 0 1 0o 7
1 0 u b+ Ddt D 0 £ 0
wtk \Q D c dl 0 1 0 1

a b £ el 1 =z
=x(@ [ ( ) ez > (f(D2)F(Dz)) ( )
j=0 wtk \Q /¢

Z—a(Dc)~1(mod ¢)

(f(D2)F(Dz)) | Tv)

o

_ ks
w5 (SR o arm:)

Lrs
b
Hu( ) (F(D2)F(D2)) | T.

5N c/d d
The first equality in the computation follows from (2.4.3); the second equality follows

from parts (1), (2), and (3) of Lemma 4.3.2. The third equality results from parts
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(1), (2), and (3) of Lemma 4.3.5, and the fourth equality results from another ap-
plication of (2.4.3) together with Lemma 4.3.3. The transformation of F/(Dz) in the

computation holds since F(z) € M, (Io(N), x).
When /¢ | ¢, we note, for all 0 < j < ¢ —1, that a + Dcj = a # 0 (mod ¢). When

1 0 a b D 0
wt+k \Q D c d 0 1

1 5\ (1 0\ [a b (D 0
wtk \0 / 0 D c d 0 1

¢ 0 1 0 a b D 0
wtk \0 1 0 D c d 0 1

1 0 a+ Dcj =z D 0 1 =z
wtk \0 D cl Y 0 1 0o 7

1 0 a W D 0 {0
wik \0 D) \ese d) \o 1) \o 1
:X(d)HV “ : Eg_lei:l(f(Dz)F(Dz)) e

SN ! c/d d j=0 wtk \Q ¢

a b " . ¢ 0
(2) (2roearen] (1)
5N c/d d w+k \Q 1

(1 N, we compute

((f(Dz)F(Dz)) | Tv)

i (<( 12 )x(f)(f(DZ)F(DZ))

£—1

_ ks
e (SR o arm:)

(S v IIn
rs

a b
= x(d Iz Dz)F(Dz Ty.
x( )él_J[V (0/5 d) (f(D2)F(Dz)) | Te

Since a + Dcj # 0 (mod ¢) for all j, the computation differs from the one in the
previous section. The second equality follows from parts (1) and (4) of Lemma 4.3.2,
the third equality follows from parts (1) and (4) of Lemma 4.3.5, and we do not
require Lemma 4.3.3. When ¢ | N, the Hecke operator Ty reduces to the U, operator;
in the computation above, the terms with x(¢) vanish and the result continues to
hold.

To conclude the proof of Theorem 4.1.8, we use (4.3.12), the computations above

and Lemma 4.3.6 to compute
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1 0 a b D 0

((f(DZ)F(DZ)) | Tz)

fi(D2) wiw \0 D) \e ) \o 1
ng—'rg
_ 1 bo (f(Dz)F(Dz)) | T,
= X(d> in Y] 0/5 p fT(DZ)
@ UDIFD) | T,

f1(Dz)

Proposition 4.3.1 now implies Theorem 4.1.8.

4.4 PRrooOF OofF LEMMA 4.3.2

In this section, we prove the factorizations of the matrices given in Lemma 4.3.2. For
part (1), let j € {0,...,¢ — 1} with a+ Dc¢j # 0 (mod ¢). Since D | 24 and ¢ # 2, 3,
we know D(a+ Dcj) # 0 (mod ¢). Choose z to be the least nonnegative integer with
z = (b+Ddj)(D(a+Dcj))~! (mod ¢). Tt follows that Dz(a+Dcj) = b+Ddj (mod ).
Let = and y be integers such that ¢ = b+ Ddj — Dz(a + Dcj) and y = d — Dcz.
Then

T o O T I G TG T

(10 D(a+ Dcj) Dz(a+ Dcj)+ xf

- 0 D Dct Dflcz + yt )

(10 D(a+ Dcj) Dz(a+ Dcj) + (b+ Ddj — Dz(a + Dcj))
- 0 D Dct Dlcz + ¢(d — Dcz) )
(1 0\ (Dta+ Dej) b+de)

0 D D¢t dal

D(a+ Dcj) b+ Ddj
D?ct Dd¢

b))
L)



For part (2), let ¢t € {0,...,¢ — 1} with a + Dct = 0 (mod ¢) and let u be the
integer such that u¢ = a 4+ Dct. Then we have

1 0\ [(u b+Ddt (D 0\ (¢ 0 1 w b+pat\ (¢ 0o\ (D o
S L 1 A 1 I 1 G T 1 WO
1 0\ (ut b+Dat\ (D 0
ODdeQJ
~ (1 0\ (at+Det b+Ddt\ (D 0
s S0
a+ Dct b+ Ddt
N Dt )( )
1 D 0
—OJQ)Q)
1
o 6)(0 D)(c d)(o 1)'

For part (3), assume ¢ { ¢. Therefore, £ + Dc since ¢ > 5. Let w be the least
nonnegative integer with w = d(Dc)™! (mod ¢). It follows that Dcw = d (mod /).

O o

Let m and n be integers such that m = b — Daw and nf = d — Dcw. Then

O G 1 S [ I SO [V T W

1 0 Dal Dawl + mt
N 0 D Dc Dcw+nl )
10 Dal Dawl + (b — Daw)l
- 0 D Dc  Dcw+ (d — Dcw) )
1 0 Dat bl
N 0 D Dc d)
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Assume /| c. Part (4) follows from the fact that diagonal matrices commute with

one another and

4.5 PRrRoOOF oF LEMMA 4.3.5

We suppose that 0 < j < ¢ —1 has a+ Dcj Z 0 (mod ¢), and we let z, y, and z be

as as in the first part of Lemma 4.3.2. In particular, we recall that
2l =b+ D(dj — (a+ Dcj)z), y=d— Dcz. (4.5.1)

From Lemma 4.3.4, we have

1 0)(a+Dcy x| D O a+ Dcj xd
f(Dz) =11 v f(Dz).
k\0 D cl y/ \0 1 SN cld oy
Therefore, it suffices to show that
Ors
a+ Dcj xd a bd
11w / =[] v . (4.5.2)
5N clls vy 3|N c/o d
We also require
A= (jy — az)(d — Dcz) — bez. (4.5.3)

The following proposition gives a useful expression for zy modulo 24.

Proposition 4.5.1. In the notation above, we have
xy = ADl+bdl  (mod 24).

Proof. Equation 4.5.1 implies that ¢ = b+ D(jy — az). Since ¢ > 5 is prime, (4.5.1)
and (4.5.3) give

xy = Ly(xl) = 4(d — Dez)(b+ D(jy — az)) = ADL+bdl  (mod 24).

[
In view of (4.5.2) and Definition 2.3.2, we consider ¢/ even and ¢/d odd separately.
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The case of ¢/é§ even.

a b
We note that d is odd since € I'o(N), and hence, that y = d — Dcz is odd.
c d
a+ Dcj x6
Definition 2.3.2 gives the following expression for v, ;
/s vy

(iw)e ((a+ch +y)c(f — Yo ((?)2 - 1) T3y =3 3yi5€> - (48d)

We now proceed to simplify (4.5.4). Since ¢ > 5 is prime, a computation using

Proposition 4.5.1 and (4.5.1) shows that
( 0\? 0
(a—l—ch—iry)%—xyé ((%) —1)—|—3y—3—3yc5

c c? cd

D0

+ = (y—z)—ADé(S(CZ—1>+3Dcz<c£—1>—3(d—1)(£—1) (mod 24).
(

52 J
We use (2.3.4), (2.3.5), and Definition 2.3.1 to see that

-
We also use (2.3.5) and (4.5.1) to compute
e(=3(d—1)(¢—1)) =e(=3(y+ Dcz — 1)(£ — 1))
=e(—3(y—1)({ —1) —3Dcz(l — 1))

— e (-12 (y;l) (‘g;l» e(—3Dex(f — 1))

= <_£1>y;1 e(—=3Dcz(f —1)). (4.5.7)

Substituting (4.5.5), (4.5.6), and (4.5.7) in (4.5.4) and using Definition 2.3.2 yields
¢

a+ Dcj xd a bd 2 2
Uy / =1, (i{)e(Dgg(j—z)—AD% <§2—1>>
cld oy c/d d

X <Cd/;>* e (3Dcz€ (g — 1)) . (4.5.8)
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The case of ¢/ odd.

In this case, Definition 2.3.2 implies that

a+ Dcj x6 * 2
Vy / = (%) e ((a + Dcj —|—y)c(f —zyd ((?) - 1) — SC;)
clld vy ct/

(4.5.9)
To simplify (4.5.9), we note that ¢ > 5 is prime and apply Proposition 4.5.1 and

(4.5.1) to obtain

, cl A% cl
(a+ Dcj —i—y)g — 2yl ((5> - 1) — 3;

=/ ((a+ d)g — bdo ((; — 1) — 3C> + DC2£(] —z) — ADIS ((; — 1) (mod 24).

(4.5.10)

We use Definition 2.3.1 and (4.5.1) to get

I

Inserting (4.5.10) and (4.5.11) in (4.5.9) and using Definition 2.3.2 gives
¢

a+ Dcj x0 a bd y Dl c2
vy =, (€)e< 5 (j —z)— ADIS (52—1>>
/s vy c/6 d

(4.5.12)

Consolidating the two cases.

Equations (4.5.8) and (4.5.12) show, whether ¢/d is even or odd, that

) 4 , 2 s
51_][\,”" (a ;ZCJ x;) _ (sll_][V (un (CC/L(; b;) (%) e (Dg é(j —z) — AD(§ (52 — 1)))
< 1 ((‘;/;) * (3Dcz€ (5 - 1)))% (4.5.13)

S|IN
c/8 even

In order to further simplify the first product, we observe from Definition 4.1.1 that

D> ors =0 (mod 24), DNZ— =0 (mod 24).
SN SN
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These facts imply that

I1e (ng(j - z)) . (WDNZ?) =1 (4.5.14)

5IN 5N

and that

5N 5IN 5|N SN

ITe (—AD&S ((c; — 1>>T5 =]e (—A]ff DNZ%‘S + AEDZ(ST(;) =1. (4.5.15)

We also recall that the eta-quotient f(z) has integer weight £ = > r; = 0 (mod 2),

5N
which we use to deduce that
T ZT5
11 (y) *_ (y)w —1 (4.5.16)
5N 14 14
Using (4.5.14), (4.5.15), and (4.5.16) in (4.5.13), gives us
lrs
a+ Dcj xd a bd ) "
11v J = 11w 11 ((2{) e (3Dcz€ <; — 1))) .
SN cl/d y sN - \e/d d 5N Yy /.
c/§ even

(4.5.17)

Conclusion of part one of Lemma 4.3.5.

In view of (4.5.17), to conclude the proof of the first part of Lemma 4.3.5, it suffices

to prove the following proposition.

Proposition 4.5.2. In the notation of this section, we have

b_l_][V <<Cd/;> e (3Dcz€ (; - 1>)>T6 —1. (4.5.18)

c/8 even

a b
Before proceeding, we remark that ¢/d even and € SLo(Z) imply that c is
c d

even and that d and y = d — Dcz are odd. We also define v = vy(¢/§) > 0 and ¢ € Z
by

¢=2'¢. (4.5.19)
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Hence, ¢/ is the odd part of ¢/§. The following lemma simplifies the (C/—;> factors

n (4.5.18), thereby providing an equivalent condition sufficient for the proof of Part
1 of Lemma 4.3.5.

Lemma 4.5.3. In the notation of this section, the expression (4.5.18) in Proposition

4.5.2 1s equal to

yv <|d2y|>m . <3Dczr5 (e ((C; - 1) +d (i’; - 1))) . (4.5.20)

c/é even

Proof. Definition 2.3.1 and (4.5.19) give

(zs)*:('dy')”(';ﬁ( YO 2y
From (4.5.1), we have

dy \ _(@=Dedz\ _( d \'_
<|C/|/5>_< I/ ) <|c’|/5) L. (4.5.22)

We use (2.3.4), (4.5.1), and (4.5.22) to find that

B A e
_ (_1)(&/371)(*%)(_1)5@)5(@) . (12 (C,/Z_ 1) <_ D;dz>> (—1)F@=()

=X <3Dcdz (fs - 1>> (—1)s(=aw), (4.5.23)

The lemma follows from inserting (4.5.21) and (4.5.23) in (4.5.18). O

To conclude the proof of the first part of Lemma 4.3.5, we devote the rest of this
section to proving that the expression (4.5.20) in Lemma 4.5.3 is equal to one. We

require integers X and Y defined by

v2(NV)
X =) brs= > Y ors, (4.5.24)
5|N j=0 8N
v2(6)=j
v2(N)
Y = ZN” DS N” (4.5.25)
SIN Jj=0 6|N
v2(6)=j
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Definition 4.1.1 implies that X =Y =0 (mod 24/D). We also observe from (4.3.1)

that the integer weight £ has

UQ(N)
2k=>"rs=>, > r5=0 (mod 2). (4.5.26)
SIN Jj=0 §|N
v2(6)=j

Our arguments separate into cases depending on ve(Dc).

Case of va(Dc) > 3. From (4.5.1), we have |dy| = |d(d — Dcz)| = d*> =1 (mod 8).

It follows that <|d27\) =1 in (4.5.20). Hence, since

3Dczrs (E <§ — 1) +d (g - 1)) =0 (mod 24),

the full expression (4.5.20) reduces to 1, as desired.

Case of va(Dc) = 2. If ¢ is odd, then the product (4.5.20) is empty and there is
nothing to prove. Therefore, we suppose that ¢ is even. We have (vy(c),vo(D)) €
{(1,1),(2,0)}. Since N | ¢, we have vy(N) < vy(c) < 2. Using (4.5.24) and observing
that vy(D) € {0,1}, we obtain

UQ(N)
A= DY rs=> > drs=X=0 (mod?2). (4.5.27)
5|IN j=0  8|N
v2(6)=0 v2(6)=j

Similarly, when vo(N) = 2, we find from (4.5.25) and vy(D) € {0,1} that

2 N7’5
Srs=> > 5 = Y =0 (mod 2). (4.5.28)
S|IN J=0 4N
v2(6)=2 v2(6)=j

Therefore, when vy(N) € {1, 2}, we use (4.5.26), (4.5.27), and (4.5.28) to see that

B:= > r;=0 (mod?2). (4.5.29)
SIN
v2(6)=1
We now use (4.5.27) and (4.5.29) to simplify (4.5.20). Since va(c) < 2, we observe

that the factors in (4.5.20) have vy(d) € {0,1}. We also recall from (4.5.19) that

o8



v = vy(c/d). Therefore, we compute

H ( 9 >vr5 H <2v2(0)>7‘5 H (21}2(0)—1)7‘6
SIN |dy| - 5IN |dy| 3N |dyl|
¢/é§ even v2(6)=0 v2(6)=1
2112(0))‘4 <2v2(c)—l>B
_ — 1, 4.5.30
(ar) (i 4530

where the final equality follows from (4.5.27) and (4.5.29). Next, when ¢/¢ is even,

we recall that ¢ /0 and d are odd. Hence, since ¢ is odd and De =0 (mod 4), we find
that there exists m € Z such that we can simplify the argument of the exponential

in (4.5.20) as

3Dczrs <€ (; - 1> +d (f; . 1)) = 12mers  (mod 24). (4.5.31)

We then use (4.5.27), (4.5.29), and (4.5.31) to see that

/

c c
H e <3Dczr5 <€ (5 - 1) +d (5 - 1>>> = H e(12mzrs) = e | 12mz Z TS
5N 5N §|N
¢/ even ¢/ even c/é even

=e(12mz(A+ B)) = 1. (4.5.32)

To conclude, we use (4.5.30) and (4.5.32) along with (4.5.27) and (4.5.28) to reduce
(4.5.20) to the value 1.

Case of vy(Dc) = 1. As in the previous case, it suffices to suppose that ¢ is even.
Then we have v5(D) = 0, v5(NV) < va(c) = 1, ¢ = 2¢, and the factors in (4.5.20) have

v2(9) = 0. Equation (4.5.27) from the previous case continues to hold, and we use it

() - () -

c/§ even

to compute
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For the remaining part of (4.5.20), we compute

51|—][V e<3Dczr5 (ﬁ(g—l)—l—d(g—l)))
¢/ even
=e |6z Z r5<€<§—1)+d<§—1>>

S§|N
¢/d even

=e|6z(dd+cl) > o 62((+d)A
v 0
v2(8)=0

=e|6z(dd+cl) > 1o : (4.5.33)
v O
v2(6)=0

where the third equality holds by (4.5.27) since ¢ and d are odd. In view of (4.5.33),

it suffices to show that

(dd+ct) > 5= 0 (mod 4). (4.5.34)

We consider cases depending on vy(N) € {0, 1}.

Case of v3(IN) = 0. Since N | ¢ and ¢ = 2¢, we have N | ¢. We compute

(dd+ct) 3 2= (
5|N 0
v2(8)=0

> ]\;r(; =0 (mod 8),

SIN

dd+cl
N

where the congruence follows from (4.5.25) since vy(D) = 0, thereby establishing
(4.5.34).

Case of v2(IN) = 1. Observing that vy(D) = 0, we see from (4.5.24) that Y drs =0

SIN
(mod 8). Since vo(N) = 1, it follows that
Y drs=— Y érs (mod 8). (4.5.35)
S|N SIN
v2(6)=0 v2(6)=1
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Hence, we have

ors= > drs= Y, or;=0 (mod 2). (4.5.36)
3IN SN 3IN
v2(86)=0 v2(6)=0 v2(8)=1

Using vo(N) =1, (4.5.26), and (4.5.36), we obtain

0=2k= > rs+ Y rs= Y 15 (mod?2). (4.5.37)

SIN SIN SIN
v2(6)=0 v2(d)=1 v2(d)=1
Next, we claim that
N
Y —rs=0 (mod8). (4.5.38)
SIN 0
v2(8)=0

To see this, we note from (4.5.35) that

> F rs= Y Nérs=-— > Nors (mod8), (4.5.39)
SIN 5IN SIN
v2(6)=0 v2(6)=0 v2(d)=1

where we used 62 = 1 (mod 8) when § is odd for the first congruence. Now, since
vo(N) = 1, when v9(d) = 1, there exists odd ¢; with —N§ = 4¢s. We use this

observation and (4.5.37) to conclude the computation in (4.5.39) and prove (4.5.38):

N
Y, —rs=4 ) crs=0 (mod38). (4.5.40)
5|N 0 5|N
v2(6)=0 v2(6)=1

Recalling that N | ¢, vo(N) = 1, and 2¢' = ¢, we compute

, rs _ ¢ Nr(; cd 1 Nrs
(d'd+ cf) F:NK Z —r(;—i——d Z =%3 Z T:O (mod 4),
SIN 6|N 5IN
1)2(6):0 1)2(5) ’Ug((s) 0 ’U2(6):0

which proves (4.5.34). Specifically, we used (4.5.39) for the second and third con-
gruences. Therefore, when vy (Dc) = 1, we find that (4.5.20) is 1. This concludes the

proof of Proposition 4.5.2, and with it, the proof of the first part of Lemma 4.3.5.

61



4.5.1 THE REMAINING PARTS OF LEMMA 4.3.5.

The proofs of the remaining parts of Lemma 4.3.5 have structures similar to the proof

of the first part. Therefore, we only sketch the arguments. We require

DY ors =0 (mod 24), DNZ — =0 (mod 24), (4.5.41)
SIN 5 0

which follow from Definition 4.1.1.

Part two of Lemma 4.3.5.

We suppose that 0 <¢ < ¢—1 and v € Z have ul = a+ Dct as in part two of Lemma

4.3.2. From Lemma 4.3.4, we have

rs
1 0 w b+Ddt|\ D 0 u  (b+ Ddt)d
f(Dz) = H Un f(Dz).
k\0 D) \c d¢ 0 1 sIN - /6 e

Hence, it suffices to prove that

rs lrs

u (b+ Ddt)é _((_1)ks) a b
5N

7 : (4.5.42)
c/d d

[JEZ

sN - \ce/o dl

where s = [[0". Using Definition 2.3.2 and arguing as we did above, we find that

5|N
s
u (b+ Ddt)s
H [z is
5|N c/o avl
INED
2 a bd
11 <025> e (Dt€d25 — DH(d” = 1)~ +3(¢— 1)) v - (4543)
SIN c/6 d

From (4.5.41), it follows that

2\ "8
I1e <Dt£d25 — Dtl(d* — 1)%) =e (tﬁd > m)

SIN 5N

= \

X e (—w(d DNY ”) — 1. (4.5.44)

SIN
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Since s = [[0" and 2k = >_rs, we also have
SIN SIN

61% <<025> e(3(0 — 1>>>m = <(_2)k5> . (4.5.45)

To conclude, we substitute (4.5.44) and (4.5.45) in (4.5.43) to obtain (4.5.42).

Part three of Lemma 4.3.5.

We suppose that £ { ¢, and we let w, m, and n be as in the third part of Lemma 4.3.2.

Specifically, we have
w=d(Dc)™' (mod¥), m =b— Daw, nl=d— Dcw.
For convenience, we set
B := —bcwl — awl(d — Dcw).

Lemma 4.3.4 gives

rs
1 0 al m D 0 al  mo
f(Dz) = H 78 f(Dz).
k\0 D c n 0 1 SIN c/d n

We will prove that

rs Urs

al  mo —1)kg a b
11 = <( E) ) 11 : (4.5.46)
SN 0/6 n 8|N 0/6 d

where s = [[0". We use Definition 2.3.2 and simplify as we did above to see that
SIN

(;HVV" (C“/i T:Lj) ) _ };[V (<Cé5> c <D(w€ + B)? + BDS+3(0 — 1)) vy (;6 b;) i> |
x (SI'IIV ((flfi) e (3Dcw12 (g - 1))>m . (4.5.47)
¢/ even

With nf in place of y and w in place of z in Proposition 4.5.2, we obtain

I1 ((f/ﬂi) e (3Dcw€ (f; - 1)))71s —1. (4.5.48)

S|N
c/d even
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Applying (4.5.41) yields

2 Ts 2
[[e(-Dwe+B)S +BDs) =e|—(wl+B)%-DNS 2
8|N 0 N SN 0
X e <B : DZ(ST(;) = 1. (4.5.49)
8N

Noting that (4.5.45) continues to hold, we substitute it, (4.5.48), and (4.5.49) in
(4.5.47) to get (4.5.46).

Part four of Lemma 4.3.5.

We suppose that ¢ | ¢. Lemma 4.3.4 implies that

s
1 0 a bl D 0 a bl
f(Dz) = H Un f(Dz).
k\0 D) \c¢/t d]\0 1 sIN- \eflo d

As in the proofs of the previous parts, we simplify the expressions for the eta-

multiplier from Definition 2.3.2 and use the fact that 2k = >"r5 to get

SN
rs AN Urs
a bl d a b a bo
H Un = H <€> Uy = H Vp
SN c/td d 8§IN c/d d 5IN c/d d

4.6 PRrROOF OF LEMMA 4.3.6

a b
We let N € {1,2,3,4,5,6,8,9}, we let £ > 5 be prime, and we let € T'o(N).

c d
Proposition 4.1.6 implies, for all d | N, that
N ged(d, 6)? )
lrs — =0 d 24). 4.6.1
ged(d?, N) gv 5 (brs —ry) (mo ) ( )
When d =1 and d = N in (4.6.1), we obtain
lrs — s ,
N =0 (mod24), > 6(lrs—r5) =0 (mod 24), (4.6.2)
SIN 0 SIN
respectively.
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4.6.1 A PRELIMINARY SIMPLIFICATION

Toward a proof of Lemma 4.3.6, we simplify the product of eta-multipliers in the

lemma depending on the parity of the matrix entry c.

Proposition 4.6.1. In the notation of Lemma 4.3.6, we have

brs—rs d lrs—rf )
IT(% , ¢ 1s odd,
) a bo L (5)
- =
k+k' brs—r;
N \c/o d (%) " 61|_][V (g) "0 s even.
Proof. Definition 2.3.2 gives
Er(;—rg
H a bo H (( d)c bd5<c2 1) 3c>lr,srf; H < d >mrg
Vn = a+d)z — - — - = —
8N c/d d 3IN o 62 J 5IN le/d]
¢/§ odd
I1 CLANESECETE (—3(d ~1) (5 - 1)) e (4.6.3)
1 d 3 . .6.
c/§ even

Using (4.6.2), we find that the first product in (4.6.3) is

H ((a+d)§—bd5 ((C;—l> B ?Zsc)mrg =e€ ((a+d—bdc—3);{ (NZ&VS;T&'))

3IN 5IN
X e bdZ(S(&Qg —rs) | =1,
3IN
which allows us to simplify (4.6.3) as
lrs—r} , )
a bo d 7"
1 = 1l <| /6|>
N \efs d SN \I€
¢/§ odd
lrs—r}
< I <<C/5> (—1)5@=g <—3(d —1) (C - 1))) .
SN |d| 4]
c/d even

(4.6.4)

We now simplify (4.6.4) according to the parity of c.
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Case of ¢ odd. When c is odd, we have § and ¢/ odd for all § | N. Since the

weights k and k' are integers, we have that

> (rs —r5) =2k — 2K =0 (mod 2). (4.6.5)

SIN

It follows from (4.6.5) that (4.6.4) becomes

lrs—r}
a bd d brs—rg d lrs—r} d lrs—r}
I I () - nd)
sN\¢e/d d SIN |¢/9] SIN ] SIN 0
¢/§ odd
_ <d>§v(f'r(5—r:§)n <d>€7“5—7“3 _ H <d>€7“5—7“3
c] SIN 0 5|IN 0

Case of ¢ even. We first suppose that ¢/§ is odd, in which case (2.3.4) gives

Il (|Cc/l5|>hﬂé: 11 ((ﬁ) (—1)%1'”31(—1)5(@5@))%’“{s

SN SN
¢/ odd ¢/§ odd
lrs—rs
- 11 <<0/5> . (_3(d _1) (C _ 1)) <_1)e(c>e(d>>
v \\1d] J
¢/§ odd

Hence, when c is even, (4.6.4) is

© Té_r(s: @ el — — c_ _ E(C)S(d))em_r(@
11 }}«rdr) (8- (5-1)) -y (4.6.6)

We achieve further simplification of (4.6.6) through the following computations. Us-
ing (2.3.3) and (4.6.5), we find that

C/—(S — 5(0)5'?(0[)>£T6T:S - (<C> _ E(C)e(d)>h5r(ls <5>€r5r:s
51_1[\/<<|d|>( 1) yv a (—1) g )
<C> (_1)6(6)5(d)>521:\7(h5_rg) 1 <5>€T‘Hg Iy (5)”&—% o
|d| d] G . (4.6

5|N
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We also compute

- (_3(d o (g i 1>)m—rs . (—B(d S (g - 1) (brs — rg))

S|IN S|N

e (—S(d — 1)% NY md_ " +3(d—1)) (brs — ré))

SIN 5N

—e (3<d — 1) (lrs — r@) = e(6(d — 1)(kl — ¥))

5IN

—¢ (12 <d;1> (k + k:’)) = (—1)T ) = (j)kw . (4.6.8)

where the third equality holds by (4.6.2), the fourth by (4.6.5), and the sixth by
(2.3.5). We substitute (4.6.7) and (4.6.8) in (4.6.6) to conclude the proposition when

c is even. O

The proof of Lemma 4.3.6 now proceeds by studying the value of

lrs—rf d lrs—r5 .
H a bs 6]‘_1[V (3) , ¢ is odd,
V. =
n
i\ k+E lrs—r} .
oIN c/6 d (71) I (g) ., cis even.

5|N
in Proposition 4.6.1 for levels N € {1,2,3,4,5,6,8,9}. Our study requires formulas
for r§ found in Table 4.2 and for £’ found in Table 4.3. The formulas express 75 and
k' in terms of ag = |/ ord, (f)] for d | N. We group together N which require similar

arguments.

N =1. By (4.6.2), we have r; —r} =0 (mod 24). Therefore, we have

lrs—r% Lry—r}
a bo a b
H Uy =1y =1.
5N c/6 d c d

N = 2,4,8. For these NV, we have c even and d odd. We summarize here the relevant

information from Table 4.2 and Table 4.3.
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Table 4.9 Values from Table 4.2 and Table 4.3 for N = 2,4, 8
N | kK ‘ lry — 1) ‘ lrg — 1}
2 k<£—|— 1) —4(a1 +a2) 8(—611 +a2) —

4 k(ﬂ + 1) — 2(CL1 + as + (14) 4(—(11 + 5@2 + (14> —
8 k)(é + 1) — (a1 + ag + a4 + ag) 2(—2@2 + 5@4 — ag) 2(—&1 + 5@2 - 2&4)

When N € {2,4}, we have k + k' = lry — rl, = 0 (mod 2). In these cases, it follows

from Proposition 4.6.1 that

lrs—r}
a b5 _1 k+k' 2 57‘2—7‘/2
1w, () @) -
N \e/d d

When N = 8, we have lry — 1, = lrg —r{ =0 (mod 2). It follows in this case that

lrs—r}
H a b N\ FHE s tramry s8N sy 1N\ kR
(o8 EreTeT-e
3|V c/6 d d d d d
N = 3,9. We record the relevant information from Table 4.2 and Table 4.3:

Table 4.10 Values from Table 4.2 and Table 4.3 for

N =39
N ‘ k+ K ‘ lry — 1l
3 ]i](g + 1) — 3(&1 + CL3) 3(-&1 + 3&3)
9 /{?(6 + 1) — (CLl + 2(13 + CLg) —a1 + 10(13 — Qg

In both instances, we see that ¢r3 — 5 = k + k' (mod 2). Hence, in both instances,
Proposition 4.6.1 implies that
lrs—r}

a bd (

Vn ==

3|IN c/d d ((%) (%))Hk - (g)“k , ceven,

where the equality for ¢ even holds by (2.3.4) and (2.3.5).

) ¢ odd,

wl,

N = 5. Table 4.3 gives that

k+k =k(l+1)—2(a; +a5) =0 (mod 2).
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Proposition 4.6.1 gives

/
brs—rs

brs—rl

d 5

a bo (4", ¢ odd,
H Y - k+E lrs—rl brs—rl

oIy /o d (‘71) (2) S = (g) ', ceven,

where the equality for ¢ even follows from (2.3.4). Hence, it remains to show, for
all primes ¢ and for all minimal eta-quotients of level 5, that ¢r; —rf =0 (mod 2).
There are 11 minimal eta-quotients f5.(z) with level 5. These form are given in
Table ??7. We verify, for all primes ¢ > 5 and all minimal eta-quotients of level 5,

that fr; —r; =0 (mod 2).

NN = 6. The corresponding formulas in Table 4.2 and Table 4.3 are

k+k/:k(f+1)—(a1+az+a3+(l6)
lry —ry = —3ay + 6as + az — 2ag,
lrs —ry = —2a; + as + 6az — 3ag,

lre — rg = a1 — 2as — 3az + 6ag.
We observe that
(bro—rh)+(Ure+rg) =0 (mod 2), (brs—ry)+Ure+rg) = k+E  (mod 2). (4.6.9)

Since c¢ is even in this case, Proposition 4.6.1 now gives

!
brs—ry

H a bd -1 k+k' ) Lro—rh 3 lr3—rl 6 lre—ry
z -Z) @ @ @
o5 d d a d d

(HE-0"

where the second equality holds by (4.6.9) and the third holds by (2.3.4).

69



1]

2]

3]

BIBLIOGRAPHY

S. Ahlgren, P. Allen, and S. Tang, Congruences like Atkin’s for the partition
function, preprint (2021).

S. Ahlgren, O. Beckwith, and M. Raum, Scarcity of congruences for the partition
function, https://arxiv.org.abs/2006.07645 (2020).

S. Ahlgren, M. Boylan, Arithmetic properties of the partition function, Inventiones
Mathematicae 153 (2003), no. 3, 487 - 502.

S. Ahlgren, K. Ono, Congruence properties for the partition function, National
Academy of Sciences, 98 (2001), no. 23, 12882 - 12884.

A. O.L. Atkin, Proof of a Conjecture of Ramanujan, Glasgow Mathematical J., 8
(1967), 14 - 32.

M. Boylan, U,-operators and congruences for Shimura images, J. Number Theory
220 (2021), 75 - 93.

M. Boylan and K. Brown, Hecke operators on certain subspaces of integral weight
modular forms, Int. J. Number Theory 10 (2014), no. 7, 1909 - 1919.

S. Chen, Congruence for t-core partition functions, Journal of Number Theory,
133 (2013), no. 12, 4036 - 4046.

H. Cohen, J. Oesterlé, Dimensions des espaces de formed modulaires, Lecture
Notes in Math. 627, Springer-Verlag, New York, 1977.

[10] H. Cohen, F. Stromberg, Modular Forms: A Classical Approach, AMS, Provi-

dence, RI, 2017.

[11] F. Diamond, J. Shurman, A First Course in Modular Forms, Springer, New

York, 2010.

[12] F. Garvan, A ¢-product tutorial for a g-series MAPLE package, Sém. Lothar.

Combin., 42 (1999), 27 - 52.

70



[13] F. Garvan, Congruences for Andrews’ smallest parts partition function and new
congruences for Dyson’s rank, Int. J. Number Theory 6 (2010), no. 2, 218 - 309.

[14] F. Garvan, Some congruences for partitions that are p-cores, Proc. Lond. Math.
Soc., 66 (2003), no. 3, 449 - 478.

[15] F. Garvan, D. Kim, D. Stanton, Cranks and t-cores, Invent. Math., 101 (1990),
1-17.

[16] D. Goldfeld, J. Hundley, M. Lee, Fourier exapnsions of GL(2) newforms at
various cusps, Ramanujan J., 36 (2015), 3 - 42.

[17] B. Gordon, K. Hughes, Multiplicative properties of n-products II, Contemporary
Mathematics, 143 (1993), 415 - 430.

[18] B. Gordon, S. Robins, Lacunarity of Dedekind n-products, Glasgow Math. J., 37
(1995), 1 - 14.

[19] B. Gordon, D. Sinor, Multiplicative properties of n-products, Springer-Verlag,
Heidelberg, 1989.

[20] H. Iwaniec, E. Kowalski, Analytic Number Theory, AMS, Providence, 2004.

[21] N. Koblitz, Introduction to Elliptic Curves and Modular Forms, Springer-Verlag,
New York, 1993.

[22] G. Kohler, Eta products and theta series identities, Springer, Heidelberg, 2011.
MR2766155

[23] M. Knopp, Modular functions in analytic number theory, AMS, Chelsea, 1993.

[24] M. Newman, Modular forms whose coefficients possess multiplicative properties,
Ann. Math (2) 70 (1959), 478 - 489.

[25] K. Ono, The Web of Modularity: Arithmetic of the Coefficients of Modular Forms
and g-series, AMS, Providence, RI, 2004.

[26] S. Radu, J.A. Sellers, Parity results for broken k-diamond partitions and (2k+1)-
cores, Acta Arith., 146 (2011), 43 - 52.

71



[27] S. Ramanujan, Congruence properties of partitions, Proc. London Math. Soc.
(2), 19 (1919), 207 - 210.

[28] S. Ramanujan, Congruence properties of partitions, Mathematische Zeitschrift,
9 (1921), 147 - 153.

[29] G. N. Watson, Ramanujans Vermutung iber Zerfillungsanzahlen, J. Reine
Angew. Math. 179 (1938), 97 - 128.

[30] Y. Yang, Congruences of the partition function, Int. Math. Res. Not. (2011), no.
14, 3261 - 3288.

[31] Y. Yang, Modular forms of half-integral weights on SL(2,7), Nagoya Math. J.
215 (2014), 1 - 66.

[32] H-G. Zhou and X.-J. Zhu, Double coset operators and eta-quotients,
https://arxiv.org.abs/2110.06768 (2021).

72



APPENDIX A

MAPLE CODE FOR COMPUTATIONS

The following Maple code contains several functions which were helpful in both veri-
fying and proving our main results. In addition to our code, we made use of several of
the functions created by Frank Garvan in his two packages gseries and ETA. Most
importantly, we use gpZetaprod to create eta-quotients and etaprodtogseries to obtain
the g-expansions for these eta-quotients. These packages and several others can be

downloaded from Garvan’s website at
https://qgseries.org/fgarvan/research.html.

Also, instructions on how to use gseries and the other packages can be found on his
website and in [12].

Our code is used to generate Eisenstein series and to apply various operators to
the g-expansions of modular forms. In particular, we give code to calculate the action
of the Hecke operator T},, the U,, operator, the V,, operator, the % operator, the Serre
derivative, and the twisting operator on g-expansions. For each of these operators,
we constructed a function which acts on eta-quotients and a separate function which
acts on any ¢-expansion. The reason for handling eta-quotients separately is that
the code runs much faster for these modular forms. In the following sections, we
include the code for the operators on g-expansions. Then, we list code which is useful
for generating Eisenstein series and code for analyzing the coefficients in a certain

arithmetic progressions of a given g¢-series.
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A.1 HECKE OPERATOR

HECKE| HeckeSeriesWithChar| := proc (Series, wt, char, primes, N)
## Computes the first N coefficients of Series | Tpl | Tp2 | ... | Tpn,
where Series is a modular form of weight wt and character (char/=).
Also, primes = [pl, p2, ..., pn].
local poly, terms:
poly := convert(Series ,polynom):
a := Array(PolynomialTools[CoefficientList](poly,q)):
terms := ArrayTools[Size](a)[2]:
for k from 1 to ArrayTools[Size](primes)[2] do:

p := primes[k]:

b := Array ([seq(0,k=1..terms/p+2)]):

for j from 0 to terms/p—1 do:

if evalb(j mod p = 0) then
b[j+1] := a[p*j+1] + NumberTheory[LegendreSymbol]|(char,p) * p~(

wt—1) * a[j/p+1]:

else
blj+1] = a[pxj+1]:
fi:
od:
a := b:
terms := terms/p:
od:
b := convert (b, list):

RETURN(series (PolynomialTools [ FromCoefficientList](b,q),q, min(floor (
terms) ,N))):

end:
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A.2 U,, OPERATOR

HECKE[uOperatorSeries| := proc(Series, m, N)
## Computes the first N coefficients of Series | Um
local g, a, b, j, M, terms, i:
g := convert(Series, polynom):
a := Array(PolynomialTools[CoefficientList](g, q)):
terms := ArrayTools[Size](a)[2]:
M := min((terms—1)/m — 1,N):
b := Array([seq(0, i =1 .. M+2)]):
for j from 0 to M do:
blj + 1] = aljam+ 1]:
od:
b := convert (b, list):
RETURN( series (PolynomialTools [ FromCoefficientList](b, q), q, N+1)):

end:

A.3 V,, OPERATOR

HECKE[ vOperatorSeries| := proc(Series, m, N)
## Computes the first N coefficients of series | V.m
local g, a, b, j, i, terms, M:
g := convert(Series, polynom):
a := Array(PolynomialTools[CoefficientList](g, q)):
terms := ArrayTools[Size](a)[2]:
M := min(msterms ,N):
b := Array([seq(0, i =1 .. M+ m)]):
for j from 0 to M/m do:
bm«j + 1] = a[j+1]:
od:
b := convert (b, list):
RETURN( series (PolynomialTools [ FromCoefficientList (b, q), q, N+1)):

end:
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A.4 TwISTING OPERATOR

HECKE[ twistingOperatorSeries| := proc(Series, chi, N)
## Computes the first N coefficients of Series twisted by chi
local g, a, b, j, terms, M, i:
g := convert(Series, polynom):
a := Array(PolynomialTools[CoefficientList](g, q)):
terms := ArrayTools[Size](a)[2]:
M := min(terms, N):
b := Array([seq(0, i =1 .. M+ 2)]):
for j from 1 to MH41 do:
blj] = a[j]xchi(j—1):
od:
b := convert (b, list):
RETURN( series (PolynomialTools [ FromCoefficientList](b, q), q, N+1)):

end:

A.5 6 OPERATOR

HECKE[thetaOperatorSeries| := proc(Series, N)
## Computes the first N coefficients of theta(Series)
local g, a, b, j, terms, M, i:
g := convert(Series, polynom):
a := Array(PolynomialTools[CoefficientList](g, q)):
terms := ArrayTools[Size](a)[2]:
M := min(terms, N):
b := Array([seq(0, i =1 .. M+ 2)]):
for j from 1 to M do:
blj] = alils(i-1):
od:
b := convert (b, list):
RETURN( series (PolynomialTools [ FromCoefficientList](b, q), q, N+1)):

end:
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A.6 SERRE DERIVATIVE

HECKE[ SerreDerivativeSeries| := proc(Series, k, N)

## Computes the first N coefficients of the Serre Derivative of Series

of weight k
RETURN( series (HECKE|[ thetaOperatorSeries|( Series ,N) — k/12+«+HECKE]

Eisenstein](2 ,N+1)xSeries ,q,N+1):

end:

A.7 FEISENSTEIN SERIES

HECKE| divisor]:=proc (num, power)

## Computes the sum of divisors of num raised to power
local total:
total = 0:

for i in NumberTheory[Divisors](num) do:

total := total + i power;
od:
RETURN( total):
end:
HECKE| Eisenstein] := proc(k, N)

## Computes the first N terms of the Eisenstein series of weight k
local poly:
poly := 1:
for i from 1 to N+1 do:
poly := poly — 2xk/bernoulli(k) % divisor (i, k—1) *x ¢ i:
od:
RETURN(series (poly, q,N+1));

end :
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HECKE| Eisenstein2] := proc(k, r, N)
## Computes the first N terms of the Eisenstein series of weight k, with

argument z replaced by rz

local poly:
poly = 1:
for i from 1 to N+1 do:
poly := poly — 2xk/bernoulli(k) x divisor (i, k—1) % q (r=*i):
od:

RETURN( series (poly, q,N+1));

end:

A.8 COEFFICIENTS IN PROGRESSIONS

HECKE| SeriesProgression] := proc(Series, k, n, N)
## Returns the first N coefficients of Series in the arithmetic
progression k modulo n
local g, h, j, i:
g := convert(Series, polynom):
g := Array(PolynomialTools[CoefficientList](g, q)):
h := Array([seq(0, j =1 .. N)]):
for i from 0 to N/n — 1 do:
hii*n + k + 1] = g[i*n + k + 1]:
od:
h := convert(h, list):
RETURN( series (PolynomialTools [FromCoefficientList](h, q), q, N+ 1)):

end:
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APPENDIX B

MINIMAL ETA-QUOTIENTS

Let N € {1,2,3,4,5,6,8,9}. The following tables contain every minimal eta-quotient
of level N. There are 11 forms of level 1, 95 forms of level 2, 35 forms of level 3, 383
forms of level 4, 11 forms of level 5, 287 forms of level 6, 383 forms of level 8, and
35 forms of level 9. The forms are grouped with their corresponding forms given by

Theorem 4.1.8. For each f in the table, let v; = 24 ords(f),

B.1 MINIMAL ETA-QUOTIENTS OF LEVEL 1

Table B.1 Minimal
eta-quotients of level 1

f oDk |
n(z)* |12 1 | 2
1215 |10

n(z)

n(z)* 12| 7 | 14
n()2 | 12 | 11| 22
niz)* | 6| 2| 4
n(z)* | 6 | 10| 20
niz)b | 43| 6
n(z)®| 4|9 |18
niz)® | 3] 4|8
n(z)*% ] 3| 8 |16
n(z)?] 2|6 |12
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B.2 MINIMAL ETA-QUOTIENTS OF LEVEL 2

Table B.2 Minimal eta-quotients of level 2

f__|D|k|ve|w] f |D]

k ‘ Voo ‘ o

n(z) 244 1 |23 () 243 1 |17

n(22)7 n(22)

e |24 (4] 5 |19 2() 24 3|5 |13

17((22)93 n((2)zl)3

=z n(z

e 24 (4| 7 |17 par 24| 5| 7 |23
n(z)°n(22)% |24 | 4| 11 [ 13 || n(2)’n(2z) |24 |5 | 11 |19
n(z)3n(22)° | 24 | 4| 13 | 11 2y 24 (3] 13| 5

W o447 | T WBI= |24 |3 17

18 1241419 | 5 || n(z)n22)° |24 |5 |19 |11

n22)°  loq 4|23 1 n29° log 523 | 7

n(z)" n(z)*

n(z)" n(2)*

s 24 | 2 11 "o 24 | 1
n(z)>®n(2z) | 24|21 5 1o 2411 5
n(z)n(22)% | 24 | 2 n(z)’n(2z) |24 3| 7 |11

9L a2 10| 1| ple)m(22)° |24 | 3| 11| 7
n(z)"n(2z) |24 | 6| 13 | 23| n(2)™(22)® | 24 |5 | 13 | 17
n(2)™(22)% | 24 | 6 | 17 | 19 || n(2)3n(22)7 | 24 | 5 | 17 | 13
n(2)°n(22)" |24 | 6 | 19 | 17 || n(2)"n(22)° | 24 | 7| 19 | 23
n(z)n(22)" |24 | 6 | 23 | 13 || n(2)°n(22)° |24 | 7| 23 | 19

n(z)™ n(2)°

e 124 2 |22 o 12(2] 2 |10
n(z)8n(22)2 | 12 | 4| 10 | 14 L 12210 | 2
n(2)20(22)8 | 12 | 4| 14 [ 10 || n(z)n(22)2 | 12 | 6 | 14 | 22

w97 J12] 4] 22| 2 [ n(2)Pn2) ] 12 6] 22 | 14

n(z) 2 123] 2 |16 n(2z) 7 12]3] 16 2

n(22) n()?
n(z)*n(22)* |12 3|1 10 | 8 || n(z)*n(22)? |12 (3| 8 |10
n(2)5n(22) |12 | 5| 14 | 16 || n(2)*n(22)¢ | 12 {5 | 16 | 14

g |12]5] 228 1y 125 22

n(z)? 121 2 n(2z)? 12 |1 2

()0 1251020 m2)® |12|5] 2010

n(22)° 12314 | 4 n(z)° 12(3] 4 |14

n(z)? n(2z)?
n(2)5n(22)® | 12| 7| 22 [ 20 || n(2)®n(22)% | 12| 7| 20 | 22
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Table B.2 cont.

Minimal eta-quotients of level 2

[ 3 S T R S A RS
e [sfa] 3] 2L [s[3]3 ]
n(z)m(2z) | 8 4| 9 |15 B 85| 9 |21
n(=)n(22)" | 8 | 4| 15 9 18 |3] 153
9" 8|42 g 5|21 9
o 82 n(z)n(2z) | 8 |1 3
82 nEn) | 8 3]0 | o
n(z)n(22)3 | 8 | 6| 15 | 21 || n(2)°n(22)° | 8 | 5| 15 | 15
n(z)3n(22)° | 8 | 6| 21 | 15 || n(2)™m(22)7 | 8 | 7| 21 | 21
o 6 4] 4 20] net [6|2]4]s8
po 6 [4]20 | 4 ||n(z)'m22)%| 6 |6]| 20|16
n(22)t |62 8 s Jaf4a] 6|18
n(2)¥n(22)4 | 6 | 6 | 16 | 20 2 414] 18] 6
24 77224
5%(2:2; i zla 168 ”?22%2 i zl’) 168
n(22)° n(z)8
n(z)8 4 |3 12 n(2z)° 4 13112
n(z)?n(22)% | 4 |5 18 | 12 || n(2)®n(22)* | 4 | 5| 12 | 18
n(z)*n(22)? | 4 2| 6 | 6 n(z)® 3 14| 8 |16
n(2)%n(22)% | 4 | 6| 18 | 18 n(2z2)8 3 14|16 | 8
n(z)'n2:)t | 2[4 12 12| 2 [2]2]0 |12
o) 2 (2120
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B.3

MINIMAL ETA-QUOTIENTS OF LEVEL 3

Table B.3 Minimal eta-quotients of level 3

S D kfvw|w] s | D]k[v]|u
n(2)°® n(2)°
a Ti2f3] 2 [22] L Ti2f2] 2 [14
n(z)n(32)2 | 12| 3| 10 |14 || n(2)™m(3z) |12 | 4 | 10 | 22
2 4 n(32)°
n(2)n(32)% | 12| 3| 14 | 10 (82 12214 2
27(5’528 12| 3] 22 n(z)n(3z)7 |12 |4 ] 22 | 10
0z (121 2 6| #nB2? |12]1] 6 | 2
n(z)n(3z)% |12 12110 | 6 || n(2)3*n(3z) | 122 | 6 |10
n(z)°n(32)2 |12 | 4| 14 | 18 || n(2)*n(32)° | 12| 4 | 18 | 14
n(z)'n(32)% | 12 | 5| 22 | 18 || n(2)5n(32)* | 12 | 5| 18 | 22
L 613|420 ne* 62| 412
s 6 |3]20 n(z)(32)° | 6 | 4] 20 | 12
n(3z2)* 6 |2 12 n(z)n3z) | 6 | 1| 4 | 4
n(2)n(32)? | 6 | 4] 12 |20 | n(2)°n(32)> | 6 | 5| 20 | 20
n(z)8 4 13| 6 [ 18] n(2)°n(3z) | 3 3| 8 |16
n(3z2)° 4 13|18 n(z)n(32z)> | 3 | 3| 16
2z 3
n(z)?n32)*| 3 | 2] 8 Zg:s% 311
n(z)*n32)* | 3 | 4|16 | 16 i 312 16
iy 3018 n(z)Pn(32)% | 2 [ 3] 12 |12
) 3216
n(z)?
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B.4 MINIMAL ETA-QUOTIENTS OF LEVEL 4

Table B.4 Minimal eta-quotients of level 4

k

f D Uso | VL | Vo f D|k|vs vL | Vo
nECT oy 3] 1 [13]22 nCAnd7  Togl322]13] 1
ﬁ((24§)11 7(752311
(22 UG
T 2413| 5 [17]14 ) 24314 |17
_n(22)% LA
T 2413| 7 [19]10 T 2413(10 {19
_n(2z) T e
ey | 243 123 20 gememy 1 2413) 212311
% 24131 13 929 n<j7>(gz<;f> 2413122 13
aeLael 9413|117 | 5 |14 AL 9413|145 |17
n(z)n(252)n(ilZ)4 2413119 10 77(2)477(422)775(42) 2413110 19
(22)5n(42) (2)"n(22)
1 n(j)?g 2413 (23 [11] 2 W 241312 11|23
(22) (2z)
n("z()g(ﬁzﬁ 2413 19|16 n("z();n) = 2413(16 (19| 1
n(2z 2%
Tl e i I il Il i, S e B B
n(;)(zgg) 243 13116 "(22)(;)72(42) 24316 |13
n(2z)11 n(2z)'*
n(2)3n(42)2 241311117 8 n(z)?n(4z)? 24131 8 1711
n(z)°n(22)n(42)* | 24| 3| 13| 7 116 || n(2)*n(2z)n(42)° | 24| 3] 16| 7 |13
% 2413117111 8 n<zg)(ggd 2413] 8 1117
MG 12413]19| 1|16 WAL 24|3]16 | 1 |19
n(z)n(42)° 241323158 n(=)0n(42) 2413 8 | 523
o Gtz
_n(22) ° M
ey | 243 22|13 o R o1
% 2413 14|17 "<237(Z$Z> 2413 8 |23
n(z)*n(22)4 n(22)"°
i 2413 10|19 S 2413 16|13
U 194|311 | 2 | 23| n(2)*n(22)*n(42) |24 |3 | 11| 8 |17
n(22)16 n(22)1°
(243131221 wemas (243 13]16) 7
WE 12413]17 |14 5 || n(2)n(22)*n(42)° |24 |3] 17 | 8 |11
n(2Z)‘z77§4Z)3 2413119 |10 % 24(3]19 16| 1
n(z 47
mDT o4|3(23 | 2 11| 22RA® 9403193 |8 | 5

83



Table B.4 cont.

Minimal eta-quotients of level 4

f Dk’voov%vo f Dk‘voov%vo
:((2?)73 oulol 1]1 ][22 ZE;‘QZ 24l2l22] 11
n(z)*n(22) 2412| 5|5 |14 n(2z)n(4z2)> 241211415 |5
n(z)n(2z)> 2412 7| 7110 n(22)%n(4z) 2412110 7|7
’jff;’j 241211 111 2 Zgjjz 2412] 2 |11]11
n(z)377(92z)5 24|14(13 13|22 77(22)577(942)3 24141221313
1) 24417 (17|14 757((24?2 24|4|14 17|17
we 24(4(19 1910 LES 24141101919
nffjgf 24423123 2 ’j;(%g)lf 2414| 2 |23]23
WG 242 7l16| 2RI foaf2)16| 7
n(22)" n(22)”
TeTeaE 24(2| 5 |11 8 | 24)2] 8 |15
2 ) 242 7 16 2 ) 24|2| 16 7
77(2)77(22’)1117(42)2 2412|1115 |8 n(z)277(22’1)177(4z) 24121 8 | 5|11
mac 244131916 S 24|4(16 1913
n(g)(?;gz)Q 24417123 8 n(z)(?;zii)s 24|4| 8 [23|17
n(2)n(22)°n(42)? |24 4|19 [13 |16 n(z)* (222)573(42) 2414116 13|19
9 2
a@ ) 24423178 ) ) 24|4| 8 |17|23
P 24(2| 1 13|10 e 24/210 (13| 1
213
777(2)(3;2224 24(2| 5 |17 2 s |24]2) 2 |17
aehGa " Jo4)4| 7 (19|22 2D 94042219
0(22)'? 02217
| 24]4] 112314 oty |24]4]1423) 11
MWD |24]2]13 | 1|10 M- |24]2[10| 1|13
2 9412017 | 5 | 2 nC)alee) 24(2] 2 17
2T 19414019 | 7|22 2T 94422 7|19
n(2)n(22)3n(42)* |24 1423 [11 {14 || n(2)'n(22)3n(4z) |24 4| 14 | 11|23
T 15
% 24(2] 1 [19] 4 T 2412] 4 [19] 1
s T s
o 24|4| 5 23|20 et 244120 |23
2’9
e |24(2] 7 [13] 4 A | 24]2) 4|13
o 24411 |17 |20 a2t o414 20 [17]11
2@ Al 9412|138 (7 |4 aClnal - Ho4l2) 4| 7 (13
n(z)377(22)37£(4z)2 2414171120 77(2)27}(26z)377(4z)3 2414120 1117
Ao 24(2| 19 4 2 ) 242 4| 1|19
aelale {24423 5 |20 aClale” | 24]420 | 5 |23
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Table B.4 cont. Minimal eta-quotients of level 4

f D k|vy vL | Vo f D |k 1
1CnEE - l24[2] 1 [10]13 2 242
”(;)(ZQ§§Z> 22| 5|2 |17 % 24 |2
2% o4 |4 7 [22]19 n(2)° 242
(2)n(42)° 1(z)n(4z)

MG 24| 4| 11 {1423 MG 242
20 240213 |10] 1 s 244
sebi i) 2412( 17| 2 | 5 || n(2)n(22)n(42) |24 4
s [24]4] 19| 22| 7 || n(2)Pn(22)*n(42)* | 24 | 4
pENIEE 41423 14|11 nC (944

P 12

e 242 4119 A [24)2
2EMEIE 24|45 |20 (23 ol 24 (2
n(z)3n(4z) |24|2 4113 o 24 |2
el lodl4|11|20|17| 220D og 9
n(z)n(4z)? 24|12/ 13| 4|7 pebilza) 24 |4
2 |24]4] 17|20 (1] n(2)’n(4z)®  |24)4

sip 24(2[19] 4 |1 2Ga0s) o4 \4
19202 19414123 (20| 5 || n(2)’n(42)° | 24]4

T 241 10 a Lt 241
e 241 2 e 241
n(2)°n(2z) 2413 22 n(22)n(4z)° 2413
n(z)n(2z)° 2413|111 |11|14 n(22)°n(4z) 2413
el 241313 [13] 10 wze) 243
n(2z) | 24317 17| 2 n2z) 243

n(z)° n(4z)°
n(z)n(2z)° 2415|119 (19|22 n(22)°n(4z) 2415
n22) 2 24|523 (23|14 n(2z) 2 24|5

n(z)3 n(4z)3

(22 2
rerce R R I e, | 241
MG (243 1120 *ngggg%) 243
n(z)n(4z)* 2411 4 n(z)°n(4z) 2411

nz) nzz)

% 2413|115 (20 % 243

@ 19413 13(19) 4 n(2z) © 243
n(z)°n(4z)? n(z)n(4z)°
n(22)"? n(22)"?

B 24517 (23|20 e 24|5

2GR 19413119 [13] 4 )’ 243

n(2)n(22)n(42)% (24 |5 23 | 17]20 || n(2)*n(22)™n(4z) |24 |5
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Table B.4 cont.

Minimal eta-quotients of level 4

f Dkvoovévo f Dkvoov%vo
()(372({12)3 241 1 |10] 1 "(Zg&(jff 24111 |47
n(z)n(4z)  |24]1] 5 | 2 e 24/3| 5 20|11
(”)@722;6) 24|3| 7|22 220k ogl1| 7 4|1

7(42)° n(z
o) 24(3] 11 14|11 M 24311 |20 5

n(2)n(22)*n(4z) |24]3]13 10|13 mealie) 2413113 4 |19
AUl Joa|3| 17| 2|17 2R 1941517 |20 |23
n\<z n(4z

n(2z) 2 24 5|19 |22 19 n(z) n(d2)° 24(3]19| 4 |13
_n(z)n(42) , 1(22)2

n(2)*n(22)"'n(42)* | 24| 5| 23 | 14|23 a2 ) 124]5| 232017
sl 12]3] 2 1420 2l [19]3]20]14] 2
@ 12]3]10 22| 4 EAE 12]3] 4 |22/10
n(=)0n(42)"? (=) (4]0
7(2(21()4”4 12|3] 14 2 |20 aelale 1120320 | 2 |14
peada 112]3]22]10) 4 unG 11213) 4 10|22

mnz n(4z
s |12(3] 2 [20]14 "(jzgf?“ 122) 2 | 8|14
Mal”  112(3]10 | 4 |22 2 121410 | 16|22
2 |12)3]14 |20 2 2= y912]14 | 8 | 2
n(z)%n(4z n
n(z)n(12)° 12(3]22] 4 |10 2ty 12]4|22 /1610

fiel e
e 12]2] 2 20 ndz 12]2[20 22
oo ERE
— 12]2/10 | 10| 4 g 122 4 10|10
n(z 27}(32)6 1214114 (1420 n(2 )67]1(:12) 1214120 (14|14
n(2z) (22)

o 12]4] 22|22 ey 12]4| 4 |2222
<z z
n(z)%n (%5)4 1212 2 |14 7() (lef) 1212 141 2
n<"§25,24z)4 12/4110 22|16 e 12]4]16 122110
el 1202014 | 2| 8 1l l12)2) 8 | 2|14
<z n(2z

(2)?n(22)%n(42) 124 | 12 |10 [ 16 || n(2)*n(22)*n(42)? | 124 | 16 | 10 [ 12
16 [}
G 12]2] 2 |20 2 s 121282
n(z)2n(42)2  |12]2]10| 4 |10 s 12]3]10 16|10
(Z)@;zz)g 1214114 (20 |14 ||n(2)*n(22)*n(42)? |12 3| 14| 8 |14
Ul alisl 121422 ] 4 |22 n(z)2(22)%y(42)? | 12| 5| 22 [ 16| 22

n(z)? 12]1] 2 8 n(4z)?2 12/1] 8|22
n(z)n(2z)*  [12]3110 |10]16| n(22)*n(42)? |12|3]16|10|10
n(22)* n(22)%

o 12]3|14 | 14| 8 o 12(3| 8 14|14
ni2z), 12|5(22 /22|16 n2z) 12516 | 22|22
n(2) n(4z)
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Table B.4 cont.

Minimal eta-quotients of level 4

f Dkvoov%vo f Dk:voovévo
n(2)n(22)° 1(22)7n(4z)
e 8|33 |15[18 o, 831815
2z _n2z)"
| 81319120 6 s [ 813] 6121
M |8 (3| 15] 3 18| mMED 18131183 |15
n(22)3n(42)* 81321 6 n(z)*n(22)3 813 6 21
o o
_M\2z) T _M\ez) T
T 813 21|12 TS 8(3]12(21| 3
THEemE 813/ 9 [15]12 B 813/12[15] 9
77(2)77(232)377242)2 813[15|9 |12 77(2)277(622)373(42) 813[1219 (15
n(2)*n(4z) n(2)°n(4z)°
T 8|3]21|3 |12 ey 83123 |21
niz) " nl«z i<z
T 813 12|21 o 8|3 1815
w2 813 9(12/15| n(2)%n4z) |83 6 |21
12
n(22)"n(4z) 813]1512 n(Z2) 8|3]15[18] 3
n6(Z)4 . n(2)°n(4z)
1) ) 8132112 n(z)n(4z)® | 8(3|21]6 |9
n(2)° 1(42)°
ana | 02| 03 2 seyey 82121180
n(2) 77(232) 81210 15 n(2z) 77(342) 812115 0
i
n\sz n(2z
17(2)(227754115)5 8 2 0 ].5 n(z)(zngzllg)z 8 2 15 0
_n\sz) " _n\sz) "
iy 812] 0 |21 TEEEL 8|2 211 0
nz) n\az <z
TR 8203|021 D 82 18| 3
Ho) X 81219 |0(15] n(z)n22)*(4z) | 8 |2 6|9
n(2)*n(42)° n(22)"°
TeR 812150 el 8|4]15|18/15
A 8(2]21]0 A 8|4]216 |21
n(2)° n(42)°
en) 8|2 3|18 o) 8218
10! 8 (2 96 ) 8 (2] 6
n(z)n(2z)7 8|4|15[15[18| n(22)n(4z) 814118 15|15
n(22)'3 n(22)13
o 8|4]21(21]6 ok 84| 6 |21/21
eher 182 12| 22D g2
maz z
77(2)%77(42)2 ]2 12 n(2)*n(42)* 812112
pisedt prsedt
_M\2z) T n(2z
TESH T 8|4]15(21 12 TP 8|4]12]21/15
n@anlz" g 4|21 1512 n(=) n(2z) 814112 (15|21
) o
_n\ez)” n(z)°n(2z
TP 82 12 i 8|2 6 |15
S 8 |2 12 qere) 8 |4 1821
n(=)n(22)'n(4z) | 8 |4] 15| 12|21 2@LaE P8 ig) 5 ) 6
n(z2)n(22)'n(42)? | 8 [4]21 12|15 22209 g 1q] 91 |18
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Table B.4 cont.

Minimal eta-quotients of level 4

f Dkvoov%vo f Dkvoov%vo
2)11 1T
77(2)(:377242)4 81213 |15 6 n(z)(znz42)3 81216115
n(22)"? n(22)"?
P LR 84| 9 |21]18 L 8[4/18 (21| 9
. 82/15|3]6 el atte] 812/ 63|15
n(z)3n(22)n(42)* | 8 |4 21 18 || n(2)*n(22)n(42)%| 8 | 4| 18 21
77(277)2;72()%) 311l 0 n(2zn)(77z()4Z)2 81 0
(22)" (22)7
n(zn)jn(42)3 81110 77(217)3977(42)22 8|1 0
L 83| 0 |15|21| 22t 8[3]2115]0
n(2z) 2 8(3/0 21|15 n(2z)° 8(3/15(21| 0
n(z)2n(4z)7 n(z)"n(4z)?
(2)°n(42) (22)%
nn(szg gl1l3]o0 ng%n(%) 8|1 6|3
“;igg)? g1/ 9]0 N 83 18] 9
"(j(;jﬁf>5 813|15| 0 |21| n(2)®*n4z)?® |8|3[15[6 |15
”(j(“’;(;“gy 813]21| 0 15| n(z)n(22)%n(4z) | 8 |5|21 [18]21
n(z)n(2z) 8(1/3]13|6 n(2z)n(4z) 81/ 6[3|3
n(z)°n(2z)* |8 13| 9|9 |18| n(22)°n(42)> |8|3|18[9 |9
n(2z)] 813/15|15| 6 n(2z)] 813 6 15|15
n(z)3 n(4z)3
n(2z)7 8 |5|21 21|18 n(2z) - 85|18 (21|21
n(z) n(4z)
10 10
2 613]16 |16/ 4 s 6|3 4 16|16
n(z)n(22)2 |63 8| 8|20| n(22)*n(42)* |6[3|20|8 |8
n(z)™n(42)" 6131161 4 |16 n(22)"2 62| 4 (16| 4
n(22)2 n(z)in(4z)*
T 6|3 20 8 || m(z)*n(4z)* |6 (4|20 20
n(z)* 6|2 4116 n(4z)* 612164 |4
we) 64|20 |20 ) 64| 8 [20]20
n(22)>2 61|44 sl 412 18
n(22)10 6|5]20|20/20 e 41218
Wl E |42 6 [18] 2R Tal2]18] 6
n(2z) 2 412 18] 6 n(2z) 2 4126 |18
n(z)*n(4z)° n(z)%n(42)*
n(z)in(42)? | 4]3]12]6 [18]] n(z)m4)* [4]3]18]6 |12
n(2z) ° 413]12]18]6 @2 |y |3 18/ 12
n(z)4n(4z)? n(z)2n(4z)*
2 2 2
) 413) 6 [12]18] I g 6
neelaGa” | g 0318 |12 aebalia® 4 03]18 0 |18
s 41116 |6 a 41 6
n(2z) 2 413]1818 n(2z) 2 413 18] 18
n(z)° n(4z)°
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Table B.4 cont.

k

Minimal eta-quotients of level 4

f D Uso | VL | V0 f D k|vs 1| Vo
n(2)*n(22)? 41216 |6 [12||n(22)*n(42)*| 4|2[12|6 | 6
20 4 04|18 |18]12| M=o |4 )4)12|18)18
A0 426 [12[6] w2t [3]2] 8|88
n(2)2n(22)n(42)?| 4 [4]18 | 12]18]  n(22)* |3 |4|16]|16|16
s 21 0l12] 2 J2]1]12]0]0
S 2 (1] 0 |12 A0 1|2 12] 0 |12
we) 2[2]12]12 =T a2 0 [12]12
n(22)° 213112 [12]12
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B.5 MINIMAL ETA-QUOTIENTS OF LEVEL 5

Table B.5 Minimal eta-quotients of level 5

‘D‘k‘voo‘vo

| D kv |w]

o o0 | AN
QT e O
o o0 | AN
DRSS R
AN AN |[— M| AN
© O |FH FH AN
m |
/N N | T/
47~7~7~
+ T |0 oo
)Z(((
D n & g s
Tl
S EIE
(] AN <t |©
. N ~[= ©
S <t AN Nej
N DA AP
— = M M A A
R R
PR P
222&2
2\!/55/.\5
\)Z((n(
ZrOnnnon
((42))
SRS I
((((
=~ o~ & £
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B.6 MINIMAL ETA-QUOTIENTS OF LEVEL 6

Table B.6 Minimal eta-quotients of level 6

f Dk:voov%v%vo f Dkvmv%vévo
w2 ogfal 1 | 5 |19]23] 2Em2l0G [9y]9] 1 [11]19]17
n(6z) 1(62)2
e ) 24/2| 5 | 1|2319|| 2E5a02 Io4)2) 5 | 7 |23]13
n(z)Pn(22)n(32) |24/2| 7 [11)13[17|  2Ea0Doala) 7 |5 (1323
n(=)n(22)2n(62) 24]2] 11| 7 |17[13|| 0@ 94 19] 17 | 1 |17]19
n(2)n(32)*n(62) |24(2|13|17| 7 |11|| 22600 9yf9)13 193] 7 | 5
n(22)n(32)n(62)2(242| 17| 13| 11| 7 || 2EL1E00 |9y 9117 |19]11 | 1
wzla©a og)2) 19|23 2B 194)2(19 (17 1 |11
7:(3”)%7)(6) 24(2/23119| 5 ’7<n>(77<6)> 24(2|23 (13| 5 | 7
n(z n(2z
n(z)%n(22)n(32)* n(22)Tn(32)*
T 242 17\11119)) Lot [24)2 1711911
n(2)*n(32) 2419 13 7 123|| 2220mB2°  loy|9 13123| 7
n(2z) n(2)%n(62)?
% 24|2| 7 23] 513 % 24|2| 7 [23]13] 5
n(2)*n(B32°n62) |ogl9l11 (19| 1 17| 2@2mB2" l94]9]11(19|17] 1
n(22)? n(2)3n(62)
%Em 24121131 5 23] 7 % 2412135 | 723
AW AE 9412]17| 1 (19]11] 2O 19402117 1(11{19
n<2>"ngs)>n<6> 2412 19|11117] 1 W 24/2|19]11] 1 |17
n(z nizz)°n(sz
1@ oplolog| 7113 5| 2En62° Hoglol93| 7|5 (13
?7(2:)(2& 2412] 1 123/11[13 W 24(2] 1 ]23/19|5
77ng)3 n(2)3n(62)%
melnG2’Joglo) 5 19| 7 (17| MR loylo) 5 119(23) 1
71(1)7{2&%) 24|2| 7 [17] 5 (19 ”((QZZ)ZZ"(()?’?S 24|2| 7 [17]13]11
n(2z %
"<Zn>("’2’7z<)6;>2 24/2(11]13] 1 |23 "<2Z;(Z§33>2 24|2(11(13[17| 7
nGGoa|2|13|11(23| 1 || MELAEE oala) 13111 7 |17
77<2Z37(g)<62>2 24/2]17] 7 (19| 5 77(327?;3;’”3 2412|177 [11]13
1(22)°n(62) 2412119 5 17| 7 n°n(62)° oy 19|19 1123
772(32% s 77(22)577(6326
) i) 242|23| 1 |13|11]| HEIEAL 124]2]23] 1|5 |19
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Table B.6 cont.

Minimal eta-quotients of level 6

f Dk:voov%v%vo f Dk:voov%v%vo
n(2)°n(32)" 1(22)*n(62)°
ZONTCDN 24(2| 1 |23 3|21 e 24(2[21| 3 23
n227nG2)t 24/2| 5 |19]15] 9 n2) 02 loyl9) 9 |15/19] 5
e b
n(2z)°n(3z z z
TR 2412| 7 [17|21| 3 Mo, 24(2| 3 |21]17| 7
n(2)?n(32)n(62)  [24|2{11[13| 9 |15|| n(2)n(22)n(62)* |24|2|15| 9 [13|11
n(22)?n(32)n(6z) [24]2[13|11(15| 9 || n(2)n(22)n(32)? |24|2| 9 |15[11|13
1(2)°n(62)* 1(2)*n(62)°
T 2412|177 | 321 g o 24(2(21|3 | 7|17
niz)"mbz) n(z) n(bz
T 2412119] 5|9 (15 e 24(2(15|9 | 5|19
nlez)"n(dz) " n(z) n(sz
reTioa 24(2(231 21| 3 oA 24(2| 3 |21] 1|23
niez) " noz) " n(2z)"n(3z
TDET D] 24(1[ 1 |1111] 1 A 24(1[ 1 | 5(11] 7
n(22)n(32) 24(1| 5 % 241 711
n(2)n(62) 24[1| 7 % 24(1| 7 |11] 5
1(2)°n(62)* n(z)n(62)°
emen, 24[1(11) 11|11 205 24(1[11|7 |15
e 2413113 123|23|13|| n(2)n(22)*n(32)? |24|3]13[17|23|19
n(2)n(22)?n(32)?n(62)(24(3| 17 [19[19|17|| n(2)3n(22)n(62)* {24|3|17|13|19|23
n(2)*n(22)n(32)n(62)?|24|3| 19 [17|17]19||n(22)*n(32)3n(62)|24|3| 19 |23| 17|13
ealee) 243|23 13| 13(23| n(2)2n(32)n(62)% |24|3| 23 |19| 13|17
n(z)? 7(62)3
e 24/1| 1 [5|3](15 ) 24(1[15|3 |51
"fjg 24|1| 5 | 1|15| 3 nggz)) 24/1| 3 |15] 1
n(22)*n(32)* 1(22)*n(32)*
o) 24[2| 7 |11/21| 9 TeuE) 24(2| 9 |21]11] 7
”"(GZ) 24|2/11] 7|9 |21 n(z) n(62)° 2412/21] 9 | 7|11
22)n(3z) "7(222)"7(32)3
<2;(Z)g3z 24|2|13|17|15| 3 % 24|2| 3 [15(17|13
el 24/2(17(13| 3 |15|| 2GR ogf9)15| 3 |13]17
MmO 9413|119 (23] 9 |21 2GR 941391 | 9 (2319
n(2z n(3z .
2B 941312311921 9 ’W"(fg%"(” 24|3] 9 |21(19(23
Nz n(6z
n(2)n(32)" 2411 1 [11] 3 @) fo41] 9 | 3[11] 1
n(62) n(z)
n(2)3n(2z) 24|21 5 | 7|15|21 n(3z)n(62) 2412|121 |15| 7|5
n(2)n(2z)? 2412 7 | 5(21|15||  n(32)3n(62) |24]2]15(21| 5| 7
n(22)n(62)2 oul1l11l 11913 n(2)*n(32) 24|11 3|91 11
n(32) n(22)
n(2)?n(22)n(32)%  [24|3|13]23|15|21||n(22)3n(32)n(62)?|24|3|21|15|23|13
n(2)n(32)*n(62)* 2412117119/ 3 1(2)*1(22)?n(62) 2412 311917
1(22) , 132)
77(22)77(3(2)) n(62)? 2412119 117! 9 n(2) 77((26Z)) n(3z) 24192 9 (17119
m= n(6z
n(2)n(22)?n(62)%  [24(3]23 13|21 15| n(2)3n(32)?n(62) {24|3|15|21|13|23
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Table B.6 cont.

Minimal eta-quotients of level 6

f Dkvwvévévo f Dk:voov%v%vo
n(22)n(32)* n(22)n(32)
A2 u(d:) 24/1] 1 [17] 3] 3 ) Jaa]1 3 | 3171
% 24|2| 5 [13]15]15]|| 222 ’7((33))2’7(62) 24/2]15(15(13| 5
n(oz nz
% 24|3| 7 [23]21]21 "(2Z>4”§3§33”<6Z> 24|3|21(21]23] 7
nivz n(z
n(22)n(32)3  [24(2[11(19] 9 |9 || n(22)n(32) |24]2| 9 | 9 |19|11
2EPOINEE 1941213 | 5 |15(15|| 2D 9q19)15 115 5 |13
nsz n(2z
n(z)n(62)* n(z)*n(62)
aeomep | 2417 w241 L117
n(2)n(62)3  |24]2[19]11] 9 n(2)3n(6z) |24]2] 9|9 |11[19
w2262 Hogislog | 7 (o1 |21|| 2 HEE2 oy131 91 |21 7 |23
AT P
ni<zz) " n(oz niz)"nisz)n sz
Ut J12)2] 2 |22(22] 2 e 1212] 2 [10]14]22
n(22)?n(32)%  [12(2]10|14|14|10 %)g"“) 12(2]10] 2 22|14
n(z)*n(62)?  |12|2]14 10|10/ 14| 22MOI002 112]9] 14 |22] 2 |10
n(2)5n(62)° n(22)n(32)n(62)*
i 12[2122] 2| 2 |22 e 12|2]22|14[10] 2
n(2z)*n(3z n(2z)°n(3z)°
W [1212] 2 [10(22 14 e 1212] 2 |22]14]10
MG 12]2(10( 2 |14|22)  MERAGEL 11912110 |14(22) 2
% 12[2]14(22]10| 2 % 12[2]14]10] 2 |22
n(z)?n(62)* n(2)*n(62)
1 AC” 1202 22(14] 2 |10 ZEIG 12]2]22| 2|10|14
1B 9[22 | 4 [22(20]] 28T iof9f90(22] 4 | 2
n\oz n(z
n@2PnBt - 9lol 10|20 14| 4 || 222G H1919| 4 |14[20]10
) R,
n(2)"n(62)° n(2)°n(62)"
Uiy [12(2)14) 41020 o 121212010/ 4 |14
W 12]2]22 20| 2 2T 11202] 4 | 2 [20(22
n\zz n(3z
n(22)°n(32)* n(22)™n(32)°
s 12)2] 2 16|22 8 || mEREEE [19]o] 8 [22]16) 2
n(2)?n(22)n(62) [12|2| 10| 8 |14[16||n(2)n(32)n(62)*|12|2| 16 | 14| 8 |10
n(22)n(32)?n(62)|12|2| 14 [16|10| 8 ||n(2)n(22)*n(32)|12|2| 8 |10|16|14
n(z)*n(62)° n(2)°n(62)*
2, |12]2[22] 8| 2|16 FEBLTERL 12/12/22] 8 | 2 |16
% 1222161416%1221614162
% 12|2(10| 8 22| 8 % 12|2| 8 |22]| 8 |10
% 12|2| 14 |16] 2 |16] 20202 11919] 16| 2 |16]14
WO 12)2)22| 8 108 || MDA 19)9] 8 10| 8 |22
1 G” T1202] 2 [22] 6 (18] 2EEEE - 19]2]18] 6 [22] 2
% 1212]10|14| 6 |18 % 12/2/18| 6 |14]10
n(2z
n(2Z)3nE3;)n(GZ) 1212114 110]18] 6 771(2%(2(;)’)7(3@3 12|2] 6 |18]10]14
n\z n(6z
n(22)*n(62)* n(z)*n(3z2)?
nEl @l 12|2(22( 2 (18] 6 L 1212| 6 |18] 2 |22
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Table B.6 cont.

D

Minimal eta-quotients of level 6

f k:voov%v%vo f Dkvmvévévo
TGt T12[1] 2 [16] 6 [ 0 wLad s 12/1/ 0 | 616/ 2
w 12|1110] 816 |0 % 12|1] 0 [ 6| 8|10
% 12|2] 14 |16/18] 0 %777@% 12|2] 0 |1816|14
ueelals)’ 1909928 18] 0 e 12|2] 0 |18] 8 |22
woru 12[1[16] 206 e 12[1] 6 [0 |2 |16
w 1211 8 110/ 0] 6 % 12|11/ 6 | 0|10{ 8
n(?gg]z(gz) 1212116114/ 0 |18 % 12(2]18| 0 |14|16

n(;ﬁﬁ 12121 8 [22] 0 |18 % 12|12[18] 0 (22| 8
77(22%25’2)2 12111 2 [10l 6 % 12]1 6 (10| 2
n(%(gzﬁ 1211110l 2 | 6 n<j7>(22772()6z> 12|11 6 [ 6|2 10

n(2)n(22)2(32)% |12(3]14]22|18]18|| 7(22)*n(32)*n(6z) |12|3]18|18|22|14
n(z)*n(22)n(62)* |12]3]22(14]18|18|| n(2)*n(3z)n(62)* |12|3|18|18|14 |22
7?7%;25;) 121] 2 [ 4 [14] 4 Waepnle) 12|1] 4 14|42
uBLE g;(zaz)?’ 1213110 20|22 /20 w 12/3/20(22|20/10
I - AR
ACInGm0E119]3)92 |20 10[20)]  MmEmO® Hy9]3)90|10|20|22

n(z)? 12/1 2 [ 4|6 |12 n(62)> 12/112]6 [ 4 |2
n(z)n(3z)*  [12/2/10(20| 6 |12 n(22)%n(62) 122|126 [20(10
% 1212114 4 |18]12 77<Z>2’37<(3;Z>)2’7<62> 12]2/12]18] 4 |14

1(22)*n(32)°n(62)*|12]3| 22|20|1812|| n(z)*n(22)*n(32)* |12|3] 1218|2022
n(22)? 12/1] 4 [ 2 [12] 6 n(3z)? 12/1] 6 [12] 2 | 4
n(22)n(62)®  |12]2]20|10{12| 6 n(z)*n(3z) 12|12| 6 [12/10]20
aCEEGmG12]2) 4 (14]12]18|  MEENER19)9) 1812|144
n(2)?n(32)?n(62)? [12|3]2022(12|18]| n(2)?n(22)?n(62)* [12|3|18]12(22|20
TORCHE 82| 3|15/ 921 gt 8123 |21 9|15
% 812[ 921315 % 812 9 {15/ 3 |21
% 8(2(15]3 (21| 9|  22LaBgn 1gig)15]9 |21 3
% g 12211915 3 % 81(2(21] 3115/ 9
% 8 |1 n(z)n(2z) 8|1
e ) e s
n(22)3n(32)* | 8 (3|15 |21|21|15|/n(2)2n(22)2n(32)n(62)| 8 |3] 15 |15|21 |21
n(z)3n(62)3 8 13|21 (15/15|21||n(2)n(22)n(32)?n(62)?| 8 [3]21|21|15|15
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Table B.6 cont.

Minimal eta-quotients of level 6

f Dkvoov%v%vo f Dkvoov%v%vo
n(22)°n(32)° n(2)°n(32)°
R 62| 4 20|20 4 e 62] 4 [20] 4 |20
n\z) " n\bz n\<z)"n(bz
L 62204 |4 |20 el 62]20| 4 |20
n(6z
2eIn(Enloe) 62(20 16| 4 | 8 B CEHTS 2 nite) 62| 8 | 416/20
% 62| 4 [20]12]12 % 6/2]12]12|20] 4
n(z)’n(62)* 6(2]204 [12]12 n(2)'n(62)* 621212 4 |20
FEDEE 1227
W) 614 |812|0 e 61| 0[12|8 |4
n(2Z)2n(?3)22n(6Z)2 612120116/12] 0 —n<Z>2n<(22>;"<3Z>2 6(2| 0 |12/16(20
z n(6z
) (6 ) (627
tohon (6|18 |4]0]12 doway |O|1[12/0]4]8
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B.7 MINIMAL ETA-QUOTIENTS OF LEVEL 8

Table B.7 Minimal eta-quotients of level 8
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Table B.8 Minimal eta-quotients of level 9
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