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ABSTRACT

In this manuscript we study entanglement measures defined via the convex roof con-
struction. In the first chapter we build the notion of an entanglement measure from
the ground up and discuss various issues that arise when trying to measure the amount
of entanglement present in an arbitrary density operator. Through this introduction
we will motivate the use of the convex roof construction. In the second chapter we
will show that the infimum in the convex roof construction is achieved for a specific
set of entanglement measures and provide canonical examples of such measures. We
also describe LOCC operations via a tree structure and show this tree structure’s
utility in proving LOCC monotonicity for candidate entanglement measures. In the
final chapter we supply a variational quantum algorithm which allows for the approx-
imation of the convex roof construction and show that the algorithm experiences the
problem of exponentially vanishing gradients for a functional we call an entanglement
detector. We showcase some numerical experiments of the algorithm that illustrate
convergence for a small number of qubits. The work presented herein is the merging

of two works coauthored with Dr. George Androulakis.
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CHAPTER 1

INTRODUCTION TO ENTANGLEMENT

1.1 OVERVIEW

The quantification and classification of quantum entanglement play a fundamental
role in quantum information theory. Bipartite entanglement, which is entnaglement
between only two quantum systems, is well understood and is straightforward to
detect for pure quantum states. However, for ensembles of pure states, the quan-
tification of entanglement becomes more computationally intensive. Moreover there
exist different notions of entanglement for ensembles, distillable and nondistillable.
These two types of entanglement are differentiated by their ability to be used as a
resource for quantum teleportation, a vital phenomenon in the transmission of quan-
tum information. Distillable states allow for teleportation while nondistillable do
not. This distinction has inspired different notions of what it means to measure the
amount of entanglement present in a system. Some types of measures can separate
distallable states from nondistillable and nonentangled states, while another can sep-
arate entangled states (whether they are distillable or not) from nonentangled states.
In this text, we will focus on the second notion of measuring entanglement. We
seek to only determine whether a state is entangled, and do not care if the state is
distillable.

Entanglement can be detected via the use of a function called an entanglement
measure. Usually these measures are interpreted as detecting the amount of infor-

mation present when half of a bipartite system is discarded. If there is information



still present, then state was entangled. If no information is present after discarding a
system, then the state was nonentangled. These measures of information are usually
constructed by an extension of generalized entropies to quantum states. For pure
states, these entropies can be calculated precisely via the functional calculus. But for
ensembles of states, these entropies must be extended via the convexr roof construc-
tion, which is often difficult to compute directly. In what follows, we will show that
convex roof construction indeed exists for all ensembles of quantum states as well as

how to approximate the convex roof for a certain class of entanglement measures.

1.2 ENTANGLEMENT

In this section we discuss the basic notions of entanglement. Broad overviews of the
subject can be found in [31, 52, 26].

Denote by D (H) the set of density operators on a Hilbert space H, and by S ()
the unit sphere of a Hilbert space H. Throughout this work we will consider quantum
states on a particular type of Hilbert space. Namely, we want to study Hilbert spaces
of the form H = A ® B where A and B are both finite dimensional Hilbert spaces
over C. The main questions that we will investigate are 1) whether or not a state
[©) € H can be “factored" as [¢) = [Y4) ® |[¢p) for some |14) € A and |1g) € B and
2) whether a density matrix in D () can be expressed as a convex sum of factored
states.

We’ll start by considering the first question: How do we know if a state can be
factored, and what does this mean physically? Let H = A ® B be a tensor product
of finite dimensional Hilbert spaces over C and let [¢) € H. If |¢) can be written as
1) = |Y4) ® |[tg) for some |14) € A and |5) € B, then [¢)) is called a product state,
otherwise [¢) is said to be entangled. As an example, let H = C**? and |¢)) = [01).
Then |¢) = |0) ® |1) by definition, and so |¢) is a product state. Physically, ff the |0)

were discarded on the left side of the tensor product, then the state on the right side



would be unaffected. The |1) would remain a |1). The “factor states' on A and B do
not affect each other when [¢) is a product state. This is in contrast to the case in
which a state is entangled, which allows operations on A to alter the state of B and
vice versa as we'll see in the next example. Now let |1)) = %(|00) +]11)) and let’s
observe what happens when we measure one of the qubits. If we apply the projection
operator |0)0] to the first qubit of |i)) we see that

1

V2

The measurement forced both states on A and B into the |0) state even though

(10)0] ® Is) [¢)) = == 100). (1.1)

only space A was acted upon, thus Einstein’s nickname for this phenomenon “spooky
action at a distance". This use of entanglement will be useful later when we construct
a quantum algorithm to measure the “amount of entanglement" present.

So how does one determine if a state is entangled? For bipartite pure states there
a couple of options. One possibility is to use the purity theorem presented below

along with its usual proof.

Theorem 1.2.1 (Purity Theorem). Let |¢)) on H where H = A® B for some finite
dimensional Hilbert spaces A and B. Then |) is factorable if and only if Tr 4 |¢) (¢

1S a pure state.

Proof. Denote the purity,y, of an density operator p by v(p) = Tr(p?). If p is a
pure state, then it is a rank 1 projection and p? = p, and so it will have purity 1.
Otherwise, p will have eigenvalues that are strictly between 0 and 1, and therefore
the v(p) will be strictly less than 1. Using the purity function, we can rephrase the
the above theorem as “|1)) is factorable if and only if v(Tr 4 [¢)Xv|) = 1.

= ) Suppose that [¢)) can be written as [)) = |a) ® |) for some o € A and some
B € B. Then Tr 4 |¢) (| = |5)}B| which is a pure state. Thus 7<TrA |¢)(¢|> =1.

= ) Now suppose that ’Y(TI‘_AHDXlM) = 1 for some pure state [¢) € H. Let



Tr 4 [¢)(3)| have spectral decomposition Tr 4 [¥)v| = 3°; 0;11; where each o; € [0, 1]

with }°; 0; = 1 and the II; are mutually orthonormal projections. Then

A Teallel) = ot =1 (1.2

And since Tr 4 |¢)v)| is still a state,

T (Tralo)e] ) = oy =1 (1.3)

Now suppose towards a contradiction that all of the o; are strictly less than 1. Then

0]2- < o for each nonzero o; and therefore

Yoi<> o=1, (1.4)
J J

which is a contradiction. Thus there must be a unique eigenvalue o} with o, = 1
and all other eigenvalues 0. Tr 4 must then be a rank 1 projection, and thus a pure

state. O

Another possibility is to use the Schmidt-Decomposition of a state, which can offer
slightly more information about a state than the purity theorem. The Schmidt decom-
position takes advantage of the conjugate linear one to one correspondence between
A ® B and Homg¢ (.A, B) in which a state |1)) on A ® B is transformed into a linear
operator by mapping basis elements [i) ® |7) — |é) (j|, and then extending by linear-
ity. Thus a state [¢)) = >, ¢ij |7, j) is mapped to the operator £ = 3=, i c;; [4) (j|.
One can then use the singular value decomposition of E to write E uniquely as
E =% M\ |zx) (ye|, where Ay, are the singular values, and {|z}) : 1 < k < d} and
{lye) : 1 < k < d} are orthonormal sets of norm 1 vectors. Lastly we map this
expression linearly back to A ® B in order to express ¢ as

d
) = ]; Ak [Tk) @ [yi) - (1.5)
The singular values of E are known as the Schmidt Coefficients of |1). If the length

of the singular value decomposition, d, is equal to 1, then [¢)) can be written as



1) = A |x1) @ |y1) and thus |¢) is a product state. If however d is greater than 1,
then |¢) is entangled. The length of this singular value decomposition is often called
the Schmidt Rank of a state [)).

On top of telling us whether a state is entangled, the Schmidt decomposition
allows us to extract even more information about the state [¢)). Suppose that |¢)
has full Schmidt rank with Schmidt coefficients {A1,..., As}. If all of the Schmidt
coefficients are equal, i.e. \; = ﬁ for each i € {1,...,d}, then [¢) is said to be
maximally entangled.“Most" quantum states are going to be entangled, but may not
have full Schmidt rank, or if they do, the Schmidt coefficients may not all be equal,
so the natural question of what these numbers mean physically arises. One approach
is to first notice that the set {A\% ..., A} is a discrete probability distribution since
(¥|1b) = 1. Once we interpret the squares of these coefficients as probabilities, we can
then measure the amount of “uncertainty" present in this probability distribution
using classical entropies. Perhaps the most famous such entropy is the Shannon

entropy [52] which is defined by

S(P1, - Pn) = —Zn:pz logy (pi) (1.6)

i=1
where {p1,...,pn} is any finite probability distribution. Using the above definition
of entropy, we then define the entanglement entropy [26] of a state |¢)) as
d
S(v) = —;A? logy (A7), (1.7)
where {1, ..., A\s} are the Schmidt coefficients of |1)). The entanglement entropy is
one of the fundamental and most commonly used entanglement measures [26, 51, 41,
50].
An interesting property of the entanglement entropy and entanglement measures
in general is that they can be computed in a more natural way, although the com-
putational complexity is the same [34]. Suppose that |¢)) has Schmidt decomposition

1) =) = 9, A |zk) @ |yx). We can then apply the von Neumman entropy [52],



which is defined by
N(p) := —Tr (plogy(p)) (1.8)

for all density operators p, to the reduced density matrix of |¢) (¢| in order to compute

the same quantity. To see this, let’s first compute Tr 4 |¢) (¢].

Trale) (6] = (Tr @ Is) 3° Aoy la) (] © [y (]

i,j=1

d
= 2 AN () [ya) (ws]

W (1.9)
= Y NXNdijlyi) (| (orthonormality of |;))

ij=1

d
= Z A? ’yz> <yz| .
i=1

Using the functional calculus with the function —zlog,(z) we can compute the von

Neumann entropy of Tr 4 [¢) (¢].

N(Tral) (1) = —Te (32 2 1ogs 02 ) )

=1

d
= —>_ A logy (A7) (wilyi) (1.10)

i=1

d
== Alog,(A)

i=1
Note that the computation would’ve yielded the same result had we instead computed

the von Neumann entropy of Trp [¢)) (] instead due to the orthonormality of the
singular vectors. It turns that all entanglement measures on pure states, not just
the von Neumann entropy, can be computed in the same way as above [51], as we’ll
see in more detail later on. This functional approach to quantifying entanglement
allows to “easily" determine if a pure state is entangled by simply computing the von
Neumann entropy of the reduced density matrix of the state. If the entropy yields
0, then the state would have to have been a product state as the classical Shannon
entropy can only achieve 0 when the probability distribution is of the form p; = 1 for

some i € {1,...,n} and p; = 0 else. Otherwise, the state is entangled.



The question of how to measure entanglement for density matrices then arises, but
before we can measure entanglement we must first discuss what it means for a density
operator to be entangled as the definition of entanglement differs slightly from the
pure state definition at first glance. We say that a density operator p € D (A ® B)
is separable [52] if and only if there exist convex coefficients {pi,...,p,} and pure

states {|11) 4, [n) 4} C A and {|[¢1)g,. .., [tn) g} C B such that
p=>_pilti) (Wil 4 @ |Ws) (Wil g, (1.11)
i=1

or in other words, p can be expressed as a convex sum of product states. If p is not
separable, then p is said to be entangled. But how does one find such a decomposition?
Since we used an algebraic invariant of pure states to measure entanglement, a natural
guess might be to use a natural invariant of a density matrix such as the spectral

decomposition. However, as we’ll see in the next example, this won’t work.

Example 1.2.2. Let H = C?**? equipped with the computational basis and define
p € D(H) by p = 5100X00| + % [11)}11|. If an observer were measuring this state
in the computational basis, they would observe |00) half the time, and |11) half the
time. No matter which state is observed, they would observe a product state. These
measurements would lead the observer to the conclusion that p is separable, and they
would be correct.

What if instead, the observer measured p used the Bell Basis [31], which consists

of the states

®*) = 5 (100) + 1)
1
) = —=(J00) — [11)),
) ? (1.12)
v = ﬁ(|o1> +]10Y),
V) = (o) - [10))



which are known as the Bell States, all of which can be seen to be mazimally entangled.
Since p can also be written as p = 5 |PTNDT[45 [D~ND~|, the observer would observe
|®T) half the time, and |®~) half of the time. These measurements would lead our
observer to erroneously believe that p is entangled. Since both of these decompositions
of p are valid spectral decompositions, we can see that spectral decomposition cannot
tell us whether or not a state is entangled. So if a natural algebraic invariant of p

doesn’t work, what will ?

One possibility is to use the geometry of the set of density operators to extend
the domain of entanglement measures, such as the entanglement entropy, to general
density operators instead of just pure states. It can be shown that the set of density
operators is compact and convex. Moreover the extreme points of D (H) are precisely
the set of projections onto the pure states of H. And since we saw in the previous
example that a density operator can have more than decomposition into pure states,
a viable solution is then to find the decomposition of {(p;)icr, (¥;)ier} of p such that
>icr iS(1;) is a minimum. The problem here is that it’s not clear if such a minimum
exists, and if it does, what conditions are necessary to ensure its existence. It’s also
not clear how one would even begin to approach this minimization process. In order
to address these concerns we need to first study entanglement measures in a more

axiomatic fashion.



CHAPTER 2

ENTANGLEMENT MEASURES

2.1 BASIC DEFINITIONS

Let H = A ® B for some finite dimensional Hilbert spaces A and B, then a function
p: D(H) — Rsp is an entanglement measure if and only if the following three

properties hold for all p € D (H):
1. u(p) =0 if and only if p is separable, (i.e. p is faithful).

2. w(A(p)) < u(p) where A is an LOCC channel, (i.e. pis an LOCC monotone).
LOCC stands for Local Operations and Classical Communication. See Section

2.5 for a precise description of these channels.

3. p((U1Us)p(Us @Uy)) = u(p) where Uy and Us are unitaries, (i.e. uis invariant

under local unitaries).

A function p on the states of a Hilbert space is called an LOCC monotone [51] if
property (2) is satisfied. LOCC channels are hard to represent, [7]. In Section 2.5 we
provide a tree representation of LOCC channels which contributes to a better under-
standing of these channels. Our result, Theorem 2.5.1 which is a slight strengthening
of a result of Vidal [51] with a simplified proof, shows that many common entangle-
ment measures and the recently proposed “entanglement number" are indeed LOCC

monotones.
The goal of this section is to formalize the notion of what it means to find an

ensemble whose average entanglement is a minimum. First we define the set of



convex decompositions of a density matrix p € H, CD(p) by

CD(p) = {{()\i)?im {0320} : M > 0,3 Xi= 19 € H, and Y N [ohi) (¥s] = P} : (2.1)

i=1 =0

Now let i be a defined on the pure states of ‘H taking values in R>y. One can then
extend p to the set of density operators D (H) of a Hilbert space H by the convex

roof construction:

o) =t {3 Nuten) s (W) }Ea} € €D 22

As mentioned before in the previous chapter, the only problem with this construction
is that it’s not immediately clear that the infimum should even exist. In the next

section however, we prove existence in the affirmative.

2.2 EXISTENCE OF OPSE

In this section we prove that the infimum in the definition of convex roof construction
which extends entanglement measures from pure states to mixed states, is always

achieved for a certain class of entanglement measures as summarized below.

Theorem 2.2.1. If p is a norm-continuous function on the pure states of a finite
dimensional Hilbert space H, then the infimum in Equation (2.2) is attained for all
p € D(H).

Acknowledgement 2.2.2. We would like to thank Shirokov who made us aware of
his paper [47] where an extension of our Theorem 2.1 has been proved that is applicable
even for infinite dimensional Hilbert spaces. We were not aware of publication [47],
and the method used here in the proof of Theorem 2.1 is different that the one used
in this publication. We decided to keep our proof of Theorem 2.1 for the completeness

of this work.

Proof. An important role in the proof of this theorem will be played by a compact

metrizable topological space (II,7) that we define now. Throughout the proof, for
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any Hilbert space H, we will denote by S(H) the unit sphere of H, (i.e. the vectors
of H of norm equal to 1). As usual, the set S(H) is identified with the set of pure

states of H. Define

P ={(N)2y : A\ > 0 for each i 72/\7? =1} (2.3)

1=0

i.e., Py, is the intersection of S(¢!) with positive cone of ¢!. Next we define
II = P x S(H)N (2.4)

which intuitively can be thought of as the collection of all possible pairings of “convex
coefficients" with sequences of pure states. Equip II with the product topology 7 of
the weak* topology on ¢; with the product topology of (any) norm topologies of the
unit sphere S(H) of the Hilbert space H.

Notice that P, is compact since it is a closed subspace of a weak* compact space.
And as long as dim (H) < oo, S(#H) is norm compact. This implies that space of all
sequences of pure states, S(H)" is norm compact by Tychonoff’s theorem. Thus IT
is the product of two compact spaces and must therefore be compact. Note that we
had to restrict ourselves to finite dimensional Hilbert spaces since in general the set
of pure states is not weak®* compact, (see for example [17, Theorem 2.8]).

Also notice that (II,7) is metrizable. Indeed the weak* topology on bounded
subsets of ¢; is metrizable since the predual of ¢, (which is usually denoted by cp), is
separable. Also S(H)" is the countable product of metric spaces, hence its product
topology is metrizable. Thus (II, 7) must be metrizable.

We split the rest of the proof into two Claims in order to make it more readable.
Claim 1: If H is a finite dimensional Hilbert space, then for every p € D (H), the
set CD(p) is T-compact.

In order to prove Claim 1, assume that H is a finite dimensional Hilbert space

and define f : 1T — D (H) by

()220, () 20) iA ) (] (2.5)

11



Since the \;’s are summable and the target space of f, (i.e. D(H)), is complete, this
series will always converge. Moreover notice that f~'({p}) is the set of all possible
convex decompositions of p into pure states, i.e. f~1({p}) = CD(p). Since f~'({p})
is a subset of the compact space II, in order to show that f~'({p}) is compact, it
is enough to show that f is continuous on II. Since both spaces, II and D(H) are
metrizable, we will use sequences to check the continuity of f, i.e. we will prove that
7, — 7 in IT implies that f(7,) — f(7) in D (H).
So let m, = (A1), {¥r}52,) be a sequence in II converging to m = ((A;)52y, {1 }ico)

as n goes to infinity, and let e > 0. Then there exists some I € N such that Z Ai <€,

i=I+1
I
and so Y \; > 1—e. Moreover, since (A7)32 — ();)2, in ¢!, there exists some Ny € N
=0
I
such that [[(A7)/y — (A)/o|ln < € for all n > Np. And so » A? > 1 — 2¢ which

1=0

yields that Z A" < 2e. Thus we have the following inequalities:

i=I+1
1f(ma) = F(m)[l1 < ) w—ZA [s) (i) DN W = D i) (vl
1 i=I+1 i=I+1 1
gy (] — Z i i) (W]
=0 1
O AR @R+ YD Al ) (il
1=I1+1 1 i=I+1 1

+ Z AT 4 Z Ai (2.6)

I I
=[S0 a ey = 7 A ) (vl
1=0 i=0

1=I+1 =141
I I
<IN Al (Wil - ZAZ- 1) w + 3
=0 3
I
= D008 = A+ ) [l (@] - Zﬂwz (Wil|| + 3¢
=0
I
< |A?—Az«|-H 7| +ZA ) (] — i) (@l ||+ Be
1=0 1

~

i) (it = li) (bl

< <|>\§‘—)\Z-|+ >+3e
=0 1

Now since weak-* convergence implies coordinate-wise convergence in ¢!, we have

12



that for all n large enough, [A\} — ;| < 45 for each i € {0,1,...,I}. We can also
make sure that for all such n and i, || [¢") (¢7'| = [vi) (¥i] |1 < 757, since ¥} converges
to ;. Thus for large enough n, we get that || f(7,) — f(7)[|1 < e, which implies that

f is continuous. This finishes the proof of Claim 1.

Next we define g : IT = R by

()20 1)) f;mwa 2.7)

Thus the statement that the infimum in Equation (2.2) is always achieved, is
equivalent to the fact that g always attains its infimum on the set CD(p), for any
density matrix p. Since by Claim 1, CD(p) is always T-compact, the proof of Theo-
rem 2.2.1 will be complete once we prove the following:

Claim 2: If p is a norm-continuous function on the set of pure states of a finite
dimensional Hilbert space, then g is continuous on (II, 7).

The argument for the continuity of g will be almost exactly the same as that for
f, that is given in the Claim 1. Since p is norm-continuous on the unit sphere of a
finite dimensional Hilbert space which is norm-compact, we have that p is bounded,
there exists some finite number M such that p(1)) < M for all pure states ¢. Again,
let m, = ((A)2q, {¥1"}2,) be a sequence in I converging to m = ((A\;)i2, {¥i}ic,) as
n goes to infinity, and let ¢ > 0. Then using the same choice of I as in the proof of

the continuity of f, we have the following inequalities:

13
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1=0
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(2.8)

Now taking n large enough so that |A? — \;| < e and |pu(¥f) — p(2i)| < eM for
each i € {0,1,...,1}, we get that |g(7) — g(m,)| < beM. Thus g is also continuous
of IT This finishes the proof of Claim 2 and thus the proof of Theorem 2.2.1. n

Terminology: The decomposition of a density operator p with respect to a con-
vex roof extension of an entanglement measure p which is initially defined on the
pure states of a multipartite Hilbert space is usually called an Optimal Pure State
Ensemble, which is often abbreviated as OPSE [51, 49].

Using the above theorem, we are also able to prove that an entanglement measure

that is faithful on pure states is then faithful for general density operators.

Corollary 2.2.3. Let H = A ® B for some finite dimensional Hilbert spaces A and
B and let 1 be a norm-continuous function on the pure states of H with values in
R>¢ which is faithful, in the sense that it only vanishes on the factorable pure states.
Extend p on the set of all states of H via the convex roof construction. Then  is

faithful, i.e. for any density matriz p, we have p(p) = 0 if and only if p is separable.

Proof. =) Suppose that p € D (H) with u(p) = 0. Then by Theorem 2.2.1, there
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exist some {(\);, (¢4)} € CD(p) such that

Z Aipt(i) = p(p). (2.9)

Since p only takes non-negative values, we obtain that p(1);) = 0 for each i. Since p
is assumed to be faithful on the pure states, this implies that each 1; is factorable,
and so p is the convex combination of some factorable pure states and is therefore
separable.

<= ) Conversely, suppose that p is separable. Then p is the convex combination
of some factorable pure states in H. Let p = >, \j; where \;’s are convex coefficients
and 1);’s are factorable pure states of H. Since p is faithful on the pure states of H,

we have that u(1;) = 0 for every i. Then

5 () = 0 (210

which, by the definition of the convex roof extension, implies that i (p) = 0 since each

1 takes on nonnegative values. for each i. O]

2.3 APPLICATIONS OF THEOREM (2.2.1)

Now that we’ve shown the existence of OPSE for general norm-continuous functions
on pure states of finite dimensional Hilbert spaces we can present some common
applications. In literature the existence of OPSE has many times been taken for
granted, but other times it has been questioned [19], and other times claimed in a
particular special case [49].

In [19], Gudder in [19] introduced a general theory of entanglement which applies
even to classical probability measures with discrete support. In the same article, he
also introduced a quantity that he called the entanglement number which quantifies

entanglement for classical probability measures as well as for density operators. In-

deed the formula e(|1))) = /1 — 3; A? (where (v/A;); are the Schmidt coefficients of
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the pure state ¢, with A\; > 0 and Y>°; \; = 1) defines the entanglement number e(|¢)))
of a pure bipartite state 1) and can also be naturally extended to classical probability
measures. The advantage of the entanglement number besides the fact that a similar
formula makes sense even in classical probability theory, is that it can be computed
easily for pure bipartite states. Indeed, in [20, Theorem 4.2] a closed form formula is
given for computing the entanglement number of a pure bipartite state |¢)). Indeed,
if X, Y are two finite dimensional Hilbert spaces with orthonormal bases (|z;)) and
(ly;)) respectively, and [1)) € X ® Y is a pure state written as [¢) = >, ; ¢ j i) |y;),

then the entanglement number e(|¢))) can be computed by
(1)) = /1= T (ICT) (2.11)

where C' is the matrix (¢; ;). Moreover, it is shown that if (¢;)’s are the columns of

C then
Tr (|C|4) = Z l{c,, cs)|2. (2.12)

The extension of the entanglement number from pure states to mixed states is done

via the convex roof construction:

e(p) = inf {i Aie(¥;) + Xy > 0,> N\ = 1,¢; are pure states, and i)‘i |1i) (] = p}

= l = (2.13)
Gudder states in [19] the open question of whether the infimum in the above convex
roof construction is always attained. Indeed some of his results, (such as [19, Theorem
3.3]), depend on that assumption. An application of our Theorem (2.2.1) answers his

open question in the following corollary.

Corollary 2.3.1. Let H =X ® Y be a finite dimensional bipartite Hilbert space and
consider the entanglement number defined on pure states of H via Equations (2.11)
and (2.12), and extended to mized states via Equation (2.13). Then every mized state

p € D(H) admits an OPSE.
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Proof. 1t is obvious that Equations (2.11) and (2.12) define a norm-continuous func-

tion e on the pure states of H. Hence the result follows from Theorem 2.2.1. O

Another common entanglement measure to which we can apply our result is the
Entanglement entropy. Recall that for Hilbert spaces A and B the entanglement

entropy S of a pure state |¢) € A® B is defined by

S(1) = =T (Tr a(|) (¥]) log(Tr al8) (¥])) = =Tr (Te s(|) () log(Tr 5 [¢) (¢]))
(2.14)

The entanglement entropy is then extended by the convex roof construction as in

Equation (2.2) by defining

S(0) = nt { - AS(01)+ {0, (9120} € €D | 215)

for all density operators p € D (A®B). The convex roof extension of the entanglement
entropy is also often called the entanglement of formation. It’s been shown that the
von Neumann entropy, H(p) = —plog p, is a continuous mapping on density operators
[12]. Moreover it is well known that the partial trace is a bounded linear operator from
the space of trace class operators on a bipartite Hilbert space to the space of trace
class operators of one of its parts, and therefore continuous. Thus the entanglement
entropy is continuous on pure states since it is the composition of two continuous
maps, and therefore, by Theorem 2.2.1, it must always exhibit OPSE.

Next we apply our result to the convex roof extended negativity [32, 15] of a state.

Recall that the negativity [15] of a state p € D (A ® B) is defined by

N(p) = ("]~ 1) (2.16)

where d = min{dim A, dim B}, p’# is the partial transpose of p on the space D (B),

and the norm is the Hilbert-Schmidt norm on operators on A® B. While N is indeed

defined for all density operators, it cannot distinguish bound entangled states and
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separable states. One solution [32] to this problem is to first define the negativity for
pure states [¢) € A® B by

M) = (1) (™ ) - 1) (217)

then extend the domain of A/ by the convex roof construction. This definition of N
can then distinguish bound entangled and separable states and is an entanglement
monotone [32]. Now since the norm of a Hilbert space is obviously a norm-continuous
function, and partial transpose is also continuous, it follows that A is continuous on
pure states. Therefore, by Theorem 2.2.1, the convex roof extended negativity of a
state must admit OPSE.

We can also apply our result to the family of concurrence monotones Cj, [18] of a

bipartite pure state 1) € A ® B which are defined by

Sk(/\l""’)‘d>>’l“ (2.18)

Culv) = ( Si(%, ... 3)
where Sy, is the k-th elementary symmetric polynomial [11], the A; are the Schmidt
coefficients of ¥ ; d = min{dim .4, dim B}, and k ranges from 1 to d. The C}, are then
extended to the set of all density operators on A®B by the convex roof construction as
well. Recall that the k-th elementary symmetric polynomial of d variables is defined
by Si(z1,...,%4) = Yi<ii<iy<..<ip<d Tiy Tig - - - T Since the Cy are just the 1/k-th
powers of the normalized elementary symmetric polynomials in the Schmidt coeffi-
cients of a state, they are continuous on A ® B for each k. Thus, by Theorem 2.2.1,
the generalized concurrence monotones also admit OPSE.

A particularly interesting example is the geometric measure of entanglement [2].
Let H = &1 ® - - - ® H,, be the tensor product of some finite dimensional Hilbert

spaces H;. Then for pure states |¢)) € H, the geometric measure of entanglement is

a family of entanglement measures defined by

By, (V) = Sup, |PL®---® P, |y | (2.19)
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where each P; is a rank k; orthogonal projector on the space H; for each index j. The
supremum in this definition is achieved if H is a finite dimensional Hilbert space, since
the set of projections of a finite dimensional Hilbert space is compact with the norm
topology. This measure is an example of an increasing LOCC monotone; i.e., E cannot
decrease under LOCC channels. While at first glance such monotones seem to do the
opposite of what we discuss in Section 2.5 there is a one to one correspondence between
the set increasing LOCC monotones and the set of (decreasing) LOCC monotones
(the type discussed in Section 2.5). To see this relationship, consider the map F(A) =
sup,, A(¥) — A for all increasing LOCC channels A. We leave it to the reader to verify
that this map is indeed a bijection between the two types of non-negative and bounded
monotones. Another difference between the two types of monotones is that increasing

monotones are extended to general density operators by a concave roof construction:

o) =sp {3 ) s (M Z) €D} 220

But because of the correspondence between the two types of monotones, we've also
shown the existence of OPSE for concave roof constructions as well. To apply our
result to the geometric measure of entanglement, we must first show that it is con-

tinuous on the set of pure states of a general multipartite space H.

Proposition 2.3.2. Let H = Hi ®---®H, be a tensor product of finite dimensional

Hilbert space, then Ly, ., is continuous for all choices of k; < dim (H;) for each j.

Proof. Let (1;):2, be a sequence of pure states in H converging to ¢ for some pure

state 1. Then

By (Vi) = By, (@) = sup ||[PL®--- @ Py} [P = [Q1 @ @ Qn [¥) |||
PP (2.21)

< sw [P@- @ Py i) | = [[Pr@- - @ Py |9) %]
1. P

Now using the reverse triangle inequality and the fact that orthogonal projectors
have operator norm 1, the right hand side of the last inequality is less than or equal

to
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Sup [P@- - @P ) [ - |PL@- - @ P [) [ [ [ [|PA @ @ Pr[gi) [[ +||[PL®@- - @ Po[y) || |
1...Pp
<2 sup HPL®- - @Pp ) || - [|PL®- - @ Py [Y) || |
1P

<2 sup [|[PA®---®P(|ti) — )|

1---I'n

<2 sup [[PL@-- @ Byll - [[ohi — 1|
P1~~<Pn

< 2| [t — 3|
(2.22)

Now letting ¢ tend to infinity, it follows that |Ey, &, (¢) — Ex, ., (¥)| = 0, implying
that Ej, x, is continuous for all possible combinations of ranks kj ...k, of local

projections on H. O]

Thus Theorem 2.2.1 applies to the geometric measure of entanglement, and there-
fore this entanglement measure also exhibits OPSE.

While convex roof constructions often appear in the discussion of entanglement
measures, they also arise in other contexts in quantum information theory. For in-

stance, the entropy of a channel ® with respect to a state p [39] is defined by

(@) = 1(8() ~ nf { S AR (00)) {00 ) €CDO)] (229

where H(c) is the von Neumann entropy of a state 0. The existence of OPSE for this
case was proven by Uhlmann [49] but our Theorem 2.2.1 is applicable to this problem
as well. Since the von Neumann entropy is continuous [12] and since all quantum
channels are continuous [52], H<®(¢)> is a continuous function on pure states ¢ of
a Hilbert space. Thus H,(®) exhibits OPSE for all states p and fixed channels @,

verifying Uhlmann’s result.

2.4 F,D-EXTENSIONS OF ENTANGLEMENT MEASURES

Despite knowing that OPSE exist for a large class of functions on quantum states,

it turns out that approximating these OPSE will be difficult. While we derive an
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algorithm in the next chapter to approximate OPSE, we won’t be able to analyze
the convergence of the algorithm because of the highly non-polynomial nature of
many entanglement measures. We do however manage to analyze the convergence
for a certain transformation of the Tsallis entanglement entropy. In this section
we develop the theory of these transformations, which we call f, d—extensions, so
that we can refer to their properties later on. This extension method is defined
using a method similar to the convex roof extension. It depends on a fixed function
f :[0,1] — [0,00) which vanishes only at zero, and it yields a family of extensions
indexed by the integers d € N. The domains of these extensions increase with d,
and they become equal to the set of density operators on the Hilbert space when d is
large enough, (more precisely, when d strictly exceeds the dimension of the manifold
of the density operators on the given Hilbert space). These extensions decrease with
respect to d € N at any fixed density operator, and their infimum for all d is equal

to zero. More precisely, we have the following definition.

Definition 2.4.1. Let H be a bipartite Hilbert space, u be an entanglement measure
on the set of pure states of H, and f : [0,1] — [0,00) be a function that vanishes
only at 0. For every d € N define the set D(H)q of density operators of H that can

be written as a convex combination of at most d many pure states, i.e.
D(H)s = {p € D(H) : there exists a family of pure states (|¢;) ((¢:])5,
d d
ond () € (0.1 with 3= 1 and p = 3 43) (|
i=1 i=1
Note that
(1) D(H)1 is equal to the set of pure states of H.
(ii) D(H)q € D(H)as1 for every d € N.

(iii) There exists d € N such that D(H)q = D(H), (indeed, by Caratheodory’s theo-

rem in convexr analysis, this happens when d > dim (D (H)) + 1).
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Define a function pgq: D(H)a — [0,00) by

) =8 {3 )6 () = X160 (4] € D31

We call the function g4 the “f-d extension of p”. We call the sequence (fif,q4)den the

“sequence of f-extensions of u”.

Remark 2.4.2. Let H be a finite dimensional bipartite Hilbert space, p be an en-
tanglement measure on the pure states of H, and f :[0,1] — [0,00) be a continuous
function which vanishes only at 0. Then for every d € N the infimum in the definition

of ps.a s attained, (i.e. it is a minimum,).

Indeed, since H is finite dimensional, the set of pure states on H is a compact set.

Let P denote the set of pure states on H. Also, the set

d
C={(p)ly:pi>0foralli=1,...,dand > p; =1}

i=1
is compact as well. Now the function defined on P4 x C by
d d d :
PxCo ([¢n) (il)izy x (p)imy = D fpa)ul|¥n) (i),
i=1

is a continuous function, since both f and p are assumed to be continuous. Hence
it achieves its minimum on its compact domain, which finishes the proof of Re-
mark 2.4.2.

Remark 2.4.2 justifies the next terminology.

Terminology 2.4.3. Let ‘H be a finite dimensional bipartite Hilbert space, p be an
entanglement measure on the set of pure states of H, and f : [0,1] — [0,00) be a
continuous function which vanishes only at 0. Let d € N, and p € D(H)q. The tuple
(p) Ly, (|0s) (W) )) with p; > 0 for alli = 1,...,d, XL, p; = 1, |;) (¥;] being
pure states on H, and pysq(p) = S0, f(p) (i) (i), is called “Optimal Pure State
Ensemble (OPSE) for i, f and d”.
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Recall that the Tsallis entanglement entropy , 75, is defined by

To(l)wl) = 1 = Tr ((Tr a(l X)) (2.24)

for all pure states |¢)) € H = A® B and is then extended to general mixed states p

of H via the convex roof construction given in Equation (2.2), namely

Ta(p) = int {f;pmmxm )20 (D)5} € cmp)} )

In Chapter 3 we study the sequence of f-extensions of Tsalis entropy 75, where
f:10,1] — [0, 00) is defined by f(z) = 2*. We will denote by (T} 4)4en the sequence of
f-extensions of Tsalis entropy 75 defined on the set of pure states of a bipartite Hilbert
space H = H ® B. More precisely, by combining Equation (2.24) and Definition 2.4.1
we obtain

d

Tya(p) = inf { Z:pf(l — T ((Tr a([ebs) <¢z|))2)) p= Z:Pz' [0i) (il € D (H)d}
B - (2.26)

Remark 2.4.4. The reason that we bound the length of the conver combinations
in Definition 2.4.1 by a finite number d, is because otherwise the infimum in FEqua-

tion (2.26) would be equal to zero for every p.

Indeed, in order to verify the statement of Remark 2.4.4, notice that if p =
S pi [i) (] € D (H)g for some (p;)L, C [0,1] with =%, p; = 1 and a sequence of
pure states (|¢;) (¥;])L,, then for every n € N we can write p = Z?Zl Y [1i) (]
and S0, S0 (2)2|n) (i) = n Sy Bl () = L 0, pua(|ebs) (), which
tends to zero as n tends to infinity.

Given an entanglement measure p on the set of pure states of a finite dimensional
bipartite Hilbert space, and a continuous function f : [0,1] — [0, 00) which vanishes
only at 0, the sequence of the f-extensions of p can be used in order to detect

entanglement in the following sense:
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Definition 2.4.5. Let H be a bipartite Hilbert space, and for every d € N let D (H)q
be a subset of the set D(H) of density matrices of H, satisfying properties (i), (ii)
and (iii) of Definition 2.4.1. For every d € N let a function pg : D(H)q — [0, 00).
We say that the family (q)aen detects entanglement, if for every density operator p

on H, p is separable if and only if there exists d € N such that rho € D(H)y and

pa(p) = 0.

Proposition 2.4.6. Let pu be any entanglement measure on the pure states of a finite
dimensional bipartite Hilbert space H = A®B. Consider the f-d extensions (fif,q)den
of  to the density operators of H, where f : [0,1] — [0,00) is a function that vanishes
only at zero. Let p be a mized state on H. Then p is separable if and only if there

ezists d € N such that psq(p) = 0.

Proof. +— ) Let pra(p) = 0 where p is an entanglement measure, f is as in the

above proposition, ad d is some positive integer. Then there exists some pure state

ensemble { (p)Ly, (|¢i); b with S0, pi [:)(ti] = p and

d
fralp) = z; f(pi) () = 0. (2.27)
If we assume without loss of generality that each p; > 0, then it must follow that
w(;) = 0 for each ¢ € {1,...,d}. Since p is an entanglement measure, it must be
true that 1; is factorable for each i € {1,...,d}. Thus p can be written as a convex
sum of factorable pure states and is therefore separable.
= ) Conversely, suppose that u is separable. Then there exists some ensemble
{(pi)glzl, (|¢Z))§l:1} of p such that each [¢)), is factorable. Therefore 11(1);) = 0 for each
ie€{l,...,d} and so

d

pralp) = > f(pi)u(y:) = 0. (2.28)

i=1

]

In the next chapter, we show that for f(z) = 22, the sequence of f-extensions

that is obtained when the Tsalis entanglement measure 75 is extended from the set of
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pure states of a bipartite Hilbert space to the set of all density matrices, experiences

the problem of exponentially vanishing gradients.

2.5 LOCC CHANNELS AND LOCC MONOTONES

In this section we show that Gudder’s entanglement number is an LOCC monotone
using a slight extension of a criterion due to Vidal [51]. Moreover we simplify Vi-
dal’s proof of this criterion. Furthermore during the course of its proof, we provide
a representation of LOCC operations using trees, which we believe gives a better
understanding to the complicated notion of LOCC channels.

Vidal [51] shows the following result: Assume that X is a finite dimensional
Hilbert space, and f : D (X) — R is a function which is invariant under unitaries
(i.e. f(UpU*) = f(p) for every p € D(X) and every unitary operator U on X),
and concave (i.e. f(Aoyp + (1 — N)oz) > Af(o1) + (1 — N)f(o9) for all X € [0,1]
and all 01,09 € D (X)). Then define a function p on pure states of X} ® X» where
X=X, =X, by

p(h) = f(Tra, |¢) (@) = f(Tr , [3) (¥]) (2.29)

Extend the function p from the pure states of X} ® X, to all states of X} ® A, via
the convex roof construction. If the infimum in the definition of the convex roof is
always attained, (i.e. if OPSE’s exist for every mixed state), then the extension of p
to mixed states of X} ® Xy via the convex roof construction is an LOCC monotone.

Recall that a function p defined on density operators of a multipartite Hilbert
space H and taking non-negative real values is called an LOCC monotone if u(A(p)) <
p(p) for all density operators p € D (H) and all LOCC channels A. The image of
an LOCC channel may not be the density operators on the tensor product of two
identical Hilbert spaces, and indeed it can be easily verified that Vidal’s proof extends

to that case very easily. Moreover, it is well known that for any two finite dimensional
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Hilbert spaces X} and X5, and for every normalized vector ¢ of X} ® X5, the set of
non-zero eigenvalues of Tr x, [¢) (¢] is equal to the set of non-zero eigenvalues of
Tr x, [¢) (0]. Thus if the Hilbert spaces X; and &; are equal, (or at least have equal
dimension), then the matrices T x, [¢) (¢| and Tr x, [¢)) (1| are unitarily equivalent.
In the proof that we present below we do not assume that the Hilbert spaces X}
and X, are equal, or have equal dimension, and we simply assume that f is concave
function that depends only on the nonzero eigenvalues of the densities matrices.
Moreover, our proof is simpler than Vidal’s proof, and along the proof we give a
pictorial tree representation of LOCC channels that helps to understand this notion.

More precisely, our main result of this section is the following:

Theorem 2.5.1. Assume that a function f is defined on the density operators of all
finite dimensional Hilbert spaces and takes values in mon-negative real numbers. As-
sume that f is concave, and it depends only the non-zero eigenvalues of its argument.
Let 1 be defined on pure states of any bipartite Hilbert space via Equation (2.29),
and extended to all mized states of the bipartite Hilbert space via Equation (2.2), and

assume that the infimum in (2.2) is always achieved. Then p is an LOCC monotone.

Before providing the proof of this result, we will provide a discussion on the
structure of LOCC channels using the notion of the tree.

Let A be a Hilbert space whose states can be manipulated by only one party Alice,
and B be a a Hilbert space whose states can be manipulated by only one party Bob
(local operations). Then Alice may perform quantum channels on her space which will
be of the form & 4(X) = 3, A; X A and Bob may perform channels on his space which
may be of the form ®5(Y') = 3, B; X B} where }-; AfA = [4and }_; By Bj = I5. Note
that for simplicity, we keep the domains and ranges of each channel vague and simply
write A to be the current space of Alice and B to be the current space of Bob,
even though these spaces A and B keep changing during the application of every

channel of the LOCC communication. Now suppose that Alice and Bob share a state
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p € D(A® B), then Alice could perform ® 4 and Bob could perform ®5 and the post
operation state would be (® 4 ® ®5)(p). But operations of this form do not explicitly
allow for communication between the parties and therefore do not adequately describe
LOCC channels. In order to incorporate classical communications, we must have that
each party’s channels depend on the other’s in some way.

Consider the following operation on a state p € D (A ® B): Alice performs the
channel ® 4 then measures the outcomes of her operation and sends the result to Bob
via some method of classical communication. To an outside observer ;the operation

on p would appear as
=Y _&l(p) where & (p) = (4 ® Ip)p(Af @ Ip) (2.30)

The outcome states of such an operation would be given by

pi= Gl (Ai@L)p(A7 @ 14)
COTr(&(p) v ((A;*AZ- ® ]Bp>)

with probability Tr ((A;k Al Bp)) for each 1.
(2.31)
Alice then measures the state on her system and sends the result to Bob. Then Bob

acts accordingly and applies the channel
o) = & (o) where & (o) = (14 ® By)o(I4 ® By)) (2.32)
J
when he learns that the measured state was p;. Since ®; is a channel for every fixed
1, we obtain that,
ZB%BU =15 (2.33)
and the channel that describes the fjinal outcome of the scenario above will be of the

form

A(p) =D (A; @ Bij)p(A; ® B};) ZZ&’” (2.34)
.3
But not all LOCC channels will be this simple. ThlS scenario was only one round
of operations and the communication only went in one direction. To extend the defi-

nition to more rounds of communication going in various directions, we can iteratively

extend our scenario using the following tree structure.
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Let T C {0} UU;2; N™ be a finite collection of finite subsets of N including the
empty set. Endow T with a partial order < by defining {z1,...,2x} < {v1,...,y} if
k <land x; = y; for all i € {1,...,k}. Moreover we define ) < x for all z € T\ {0},
and we denote the length I(z) = k if © = {xy,...,z;} for some x; € N for each i.
Also define I() = 0. Lastly we denote the immediate successors of an element x by
I(z)={y € T’x <y and l(y) = I(z) +1} and we denote F(T) to be the collection of
final nodes of the tree T where the final nodes are the nodes which have no immediate
successors. Using this notion of a tree, we can index all possible states that occur
in an LOCC process by a tree 7. We will also use the convention py to represent p
before any operations have been applied. Thus an LOCC process can be visualized

using the following tree

Po
P{1} P{2} : : : P{K.}
P{11y  © P{1,Kia.}  P{21} ° P{2,Ki.} P{K:i-1,1} °  P{Ki,Kik,}

where p, represents the unnormalized state that occurs after the z-th Krauss oper-
ator has been applied to previous normalized state. Moreover, each row of the tree
represents a single party applying conditionally operations while the other party does

nothing. Hence, each node in the tree p, is of the form

px * pr *
Toy (A @ 1s) or py = (L@ By (I @ 1)) (2.35)

Py = (Ay ® IB)

where y € I(x), A, is an operation on Alice’s space, and B, is an operation on Bob’s

space. The physical significance of this construction being that Py is the state
TPy

observed with probability Trp, after the previous party’s operations. In order to
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refer to the Krauss operators at each node, we can define the maps &, by
Ey(X) = (A, ®@I5)X(A, ® Is) or £,(X) = (14 ® By)X(I4 ® By) (2.36)

depending on which party is applying operations at node y. Thus using this notation,

we express an LOCC channel A as

AMp)= > -+ D2 &0 0&(m) (2.37)

y161(0) ynEI(yn—l)

where the vy, are the final nodes of the tree 7. Then to prove LOCC monotonicity,

we need to ensure

i X Eoro&nlm)) < plp). (2.38)

y1€1(0) Yn€l(yn—1)

But before we prove this we’ll need the following lemma to ensure the self containment

of the proof of our main result:

Lemma 2.5.2. Let H = A® B be a finite dimensional Hilbert space, then the partial

traces Tr 4 and Trg are cyclic on the spaces A and B respectively.

P’f’OOf. Let Al € L(.Al,.A2>, Ag € L(AQ,Al), 61 < L(Bl,Bg), and Bg < L(Bg,Bl),

then using the cyclicity of the trace operator on A we have that

Tr Ao (A1A2 X BlB2> = (TI' X IBg) (A1A2 X BlBg> =Tr (A1A2>B132
(2.39)

=Tr <A2A1>BlB2 = (TI' X ]Bg) <A2A1 & B1B2> =Tr Ay <A2A1 (024 BlBg)
which completes the proof. n
Henceforth, instead of writing the precise space that is being traced away, we will
use the convention that Tr 4 traces out the space on the left, no matter what Hilbert
space A is, and Tr 5 traces out the Hilbert space on the right. With this convention,

the previous lemma can be written as
TI‘A(AlAQ & B1B2> == TI‘A(AQAl X BlBg) (240)

Using this lemma we can prove another useful property of the partial trace.
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Corollary 2.5.3. Let A € L(A;,As), and p € D(A; ® B), then
TTA((A © Ig)p(A* ® IB)) - TrA<(A*A ® Ig)p) (2.41)

Proof. Let {]i) }ier and {|j)};es be orthonormal bases for the Hilbert spaces A; and
B respectively. Then every p € D (A; ® B) can be written as p = 32, ; 1 pijka 1) (k| ®
17) ({]. Thus

Tra((A® Ie)pA @ 1)) = 3 pigaaTra((A® L)1) (1 1) UD(A" © 1)

/[:7j7k7l

= pi,j,k,lTrA(A i) (k] A* @ |j) <l|)

irjikesl
= 3 paTra(AAL) (@15 )
irjok,l
= TYA((A*A ® IB)P)
(2.42)
which is the desired result. ]

Finally we are ready to give the

Proof of Theorem 2.5.1. Let p € D(A® B) and let A be an LOCC channel with its
corresponding tree 7. In order to show that u decreases under A, we will first show

that

Pa Py
> T 2.4
u(Trpx) > ) rpyu(Trp ) (2.43)

y€l () y
where z € T\ F(T) and the p, and p, are the unnormalized states at nodes x and y
respectively. Thus we need to show that u decreases on average at each node in the

tree. So let x € T be a non-final node and let p, be the unnormalized state at node

2. Then without loss of generality we can write

Py
py = (Ay®[B>Trp

(A7 ® Is) (2.44)
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for each y € I(x), where
ZA;;Ay — I (2.45)

Thus the normalized state at node y will be of the form = ( - Now let {( M)y (¥4):}

be an OPSE for . Then
Tr Pz
,U TI' px XZ:)\LM wl
= Z)\if<T1"A |9s) W%’) (2.46)

=S NS (Tra X (A @ Is) [13) (1] (A4 @ 1))

y€l(z)
where the last equality follows from Corollary 2.5.3 and Equation (2.45).

Notice that for every y € I(z) we have

ZA y © In) i) (¥il (A ® Ip) = (Ay @ Ip) (A, ® Is) = py. (2.47)

Tp

Ay ® Ip |¢z>
\/piy

Next define p; , = (i Ay Ay @ I [1hi) and vy, by [thy,) = for each ¢ and

each y € I(x) so that

pzy
[ | — 2.48
; T |77Z) y> <¢ y| Tr py ( )
iy i .
Now taking the trace of both sides of the above equation we get >, Z,;y = 1. This
I py
implies that { szzy |¢1y)} is a pure state ensemble (not necessarily optimal) of
el
Tfi)y for each y € I(z). Thus

SNf(Tra Y (Ay® Is) i) (Wil (A7 @ Is)) = SN (30 pay Tr a [t} (3 )
i yel(z) i Y

> Z )\ipiyf(TrA |thiy) (Vi )

= Z )\z’piy,u (@/)z'y)

(2.49)
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Now since { Piy , |¢Z~y>} is not necessarily an optimal decomposition of , We
Tr py el Tr py
arrive at the inequality
)\ipiy Py
i ) > 2.50
;Trpyu(m) 2 () (2.50)

for each y € I(x). It then follows that
Tr py
Z Azplyﬂ(@bzy) = Z )‘zpzy T <¢zy>
iy

—ZTrpyZA p”’ (wzy) (2.51)

yel(z)
And therefore
Pz Py
M =) 2 Tr pyp(—) (2.52)
Tr p, yezl(:m) YTy Py

Thus g monotonically decreases at each node in 7. Next to show that u(p) >

1(A(p)), we simply iterate the argument over all nodes in the tree to obtain

nlpo) > Y Trpyn( P )

yleI(@) Trpy1
P
Z Z TI‘,Oyl Z TI‘py2ILL(Try2 )
nel() y2€l(y1) Py: (2.53)
Z.

> Y Tip, o Y Tepp(2)

ylEI [D) ynEI(yn71) Tr pyn

where each p,; is the unnormalized state at node y; € T and y, are the final nodes of
T. Many authors [26, 7, 10, 50, 51] consider the above inequality the defining quality
of an LOCC monotone and say that p decreases on average under local operations and
classical communication. But for a more functional result, we will go a step further
and show that u(pg) > p(A(pg)). In this last step we will repeatedly use the fact
that p is convex which is an immediate consequence of the definition of convex roof

extension. This repeated use of the convexity of u corresponds to loss of information
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to the communicating parties, (Alice and Bob), and can be thought as black boxes
in Alice’s and Bob’s labs dismissing states produced by the LOCC channel without
informing Alice or Bob, (see [51, Citation [19]). Continuing the previous argument,

we use convexity in the nodes 1, to obtain

Z Trpy, - - Z Trpyn#( &n )

y1€1(0) Yn€I(Yn_1) Tr py, (254)
> Z Trpy, - - Z Tr pynﬂ,u< Z pyn)
y1€1(0) Yn—1€1(Yyn—2) Y€l (Yn—1)
Now can assume without loss of generality that p,, = &, ( Pyn—1 ) for each

Yn € I(yn—1). Using this expression for p,,, it follows that

Z Pyn = Z &y ( Puns ) (2.55)

Tr
Yn€I(Yn—1) Yn€I(Yyn—1) Pyn-1

is a normalized state, which allows us to use convexity in the index 1,1 so that
> Tepyn( X p) e Y S &p)  (2.56)
Yn-1€1(yn—2) Yn€l(yn—1) Yn-1€1(yn—2) yn€I(yn-1)
for each y,,_1 € I(y,_2). We then iterate the above argument to arrive at the inequal-
ity
plo) Zp( X o X Eo-0&u(m) = n(Mpo) (257

y1€1(0) yn€l(yn—1)

]
Corollary 2.5.4. The entanglement number is an entanglement measure.

Proof. Instead of using the definitions of the entanglement number given in Equa-
tions (2.11) and (2.12), we will use an alternative definition ([19, 20]) so that we can
invoke our proof for establishing Theorem 2.6.3 in the next section.

First define a function f on density operators of finite dimensional Hilbert spaces

by

Flp) =y 1= llpll3, (2.58)
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where || - |2 denotes the Hilbert-Schmidt norm. Then if A ® B is a bipartite Hilbert

space, and |¢) is a pure state of A ® B, we can define the entanglement number by

e(y) = f(Tral¥) (¥f) = f(Trg[¢) (). (2.59)

Finally extend the definition of the entanglement number e to all mixed states of
A ® B using the convex roof construction.

As Gudder proved, the entanglement number is faithful when restricted to pure
states [19]. Moreover since the function f is norm-continuous, the entanglement
number is norm continuous on pure states by Equation (2.59). Therefore by Corol-
lary 2.2.3 the entanglement number is faithful, i.e. it vanishes only on separable
states.

In order to apply Theorem 2.5.1 to the entanglement number, (and deduce that
the entanglement number is an LOCC monotone), notice that the function f defined
in Equation (2.58) is concave since the Hilbert-Schmidt norm is convex, the square
function is increasing and convex on the positive numbers, and the square root func-
tion is increasing and concave on the positive numbers. Moreover f(p) depends only
on the singular numbers (and hence on the non-zero eigenvalues) of the density ma-
trix p for every density matrix p. Furthermore, the extension of the entanglement
number to the mixed states of A ® B via the convex roof function guarantees the
existence of OPSE for all mixed states by Corollary 2.3.1. Thus by Theorem 2.5.1,
the entanglement number is an LOCC monotone.

Finally notice that the entanglement number is invariant under local unitary trans-
formations. Indeed for any pure state [1) (1| of a bipartite Hilbert space A ® B, local
unitary transformations will not effect the non-zero eigenvalues of Tr 4 [¢) (¢|, or of
Tr 5 |¢) (¥], and therefore will not effect e(1)) according to Equation (2.59). This will
remain valid under the convex roof extension of the entanglement number to mixed

states. OJ
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2.6 P-NUMBER OF A STATE AND ITS PROPERTIES

Motivated by Equations (2.58) and (2.59) we now define a family of entanglement
measures. We assume that all Hilbert spaces mentioned in this section are finite
dimensional. Let Z be a (finite dimensional) Hilbert space and 1 < p < oo then
define f, : D(Z) — R by

50 = (1= llolz)” (2.60)

where || - ||, is the Schatten p-norm on L (Z).

Remark 2.6.1. For 1 < p < oo the function f, has the following properties:
1. f, depends only on the non-zero eigenvalues of its argument.
2. fp is concave.
3. fp is norm-continuous.

The proof of the Remark is similar to the corresponding properties of the function
f defined in Equation (2.58).

Then we define a function p, on pure states of a bipartite Hilbert space A ® B by

1p(¥) = Sop(Tr a9} (¥]) = fp(Tr 5 |9) (P1) (2.61)

for all pure states |¢) € A® B, and extending p, by the convex roof construction to
all mixed states as in Equation (2.2). We call p, the p-number of a state. Now notice
that for p = 2, the p-number of a state coincides with the entanglement number of

the state.

Remark 2.6.2. For all p € (1,00), every mized state on a bipartite Hilbert space

A ® B admits an OPSE for the convex roof construction defining fu,.

Indeed since f, is norm-continuous we obtain that s, is norm-continuous and the

Remark follows from Theorem 2.2.1.
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Theorem 2.6.3. For allp € (1,00), , is an entanglement measure.

Proof. The proof of Corollary 2.5.4 repeats verbatim here, with the only addition
that needs to be made is to verify that p, is faithful when restricted to pure states,
(a statement that for the entanglement number e was proved by Gudder [19]).

For pure states, notice that we can compute p, using only the Schmidt decomposi-

tion of a state as follows. Let |1)) € A®B be a pure state with Schmidt decomposition
2k VAR o) 4 @ |Br)g- Then

Tr 1) (4] = TrA(Z\/AkAllak (o] ® [Be) (Bl ) = Suld (5l (262)

Notice that a similar result will follow if B is traced out instead of A because of the

orthonormality of the (|ay))r as well as the (|fk))g. Thus

() = (1- Z Ap)% (2.63)

Finally we verify that for a pure state ¢ in a bipartite Hilbert space A ® B,
tp(¢) = 0 if and only if ¢ is factorable.

— ) Suppose that p,(¢)) = 0 and let > VA |@) 4 ® |Bi)y be the Schmidt
decomposition of ). Then the Schmidt coefficients satisfy the following system of
equations.

AN =1land Y N\ =1 (2.64)
k k
Since each A, € [0, 1], it must follow that A, = 1 for some [ and that A\; = 0 for all
j # 1. Thus |¢) = |ay) ® | ) as desired.
<) Conversely, suppose that 1)) = |u) ® |v) for some states u € A and v € B.

Then the length of the Schmidt decomposition is 1 with Schmidt coefficient 1. Thus

pp(¥) = 0. 0

We also leave as an exercise to the reader to show that for any pure state |¢)) in

a bipartite Hilbert space,

iy - 10g 1,(1) = S(4) (2.65)

p—1
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The p-numbers of a state also obey the following monotonicity property:

Remark 2.6.4. Let 1 < p < q < 00, then 0 < py(p) < pqe(p) < 1 for all states
pe D(A®B).

This can be easily seen first for pure states using Equation (2.63) and the fact
that the sum of the p-th powers of the eigenvevalues of any density operator is in the
interval (0, 1] for any p € (1, 00), and then observing that the monotonicity passes to

the mixed states via the convex roof extension.

Remark 2.6.5. A measure of entanglement similar to the p-number was proposed by
Cirone [8]. Clirone defined his measure v, only for pure bipartite states by v,(¢) = 1—

" AP where the \/A; are the Schmidt coefficients of the pure state 1. Majorization
techniques were used to discuss conversion of pure states to pure states via LOCC
operations and LOCC monotonicity was restricted to pure states only. It was left as
an open problem to extend v, to general density matrices. The solution for states on
bipartite Hilbert spaces is implied by Gudder’s [19] result on the entanglement number
Jor the case of p = 2, and our results in Section 2.6 for all other p’s. Namely pb is

the extension of v, to all bipartite states.

2.7 MEASUREMENT INEQUALITIES

In this section we provide a list of measurement and lipschitz inequalities related to
general quantum entropies. The first inequality is a generalization of the inequality
by von Neumann [38] stating that application of a measurement channel to a state
cannot decrease the entanglement entropy. We show that this inequality is true for a
large class of functions on a Hilbert space which may not even be considered a proper

“entropy”.

Theorem 2.7.1 (Generalized Measurement Increasing Inequality). Let H be a finite

dimensional Hilbert space and f : D(H) — R be concave, continuous, and unitarily
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invariant. Define ®g(p Z elple) le) (e| for any orthonormal basis B and oper-
le)e

B
ator p. Then f(p) (@g (p)) for every orthonormal basis B, and density operator
p.

Proof. Since f is unitarily invariant, it is a function of the spectrum of a given

density p. And so f can be thought of as a concave function on the probability

vectors of length N where N = dim (H). Suppose p has spectrum {oy,...,0n}

and notice that the spectrum of &5 is {{e1|ple1),...,{en|plen)} for any orthonor-
mal basis B. Thus to prove our result, it suffices to show that f(oy,...,0n) <
f( (er]lpler),...,{(ex|plen) ) Now suppose that p has spectral decomposition p =

2
> 0i|xi) (xi|, then for any j, (e;| ple;) = X5 04 (Xile;) ’ . This observation motivates

2
us to define X ; := ’ (xilej) | , so that

f(<el|pyel>,...,<6N\p|eN>) _ f(;aixi,l,...,zijaixw (2.66)

Expressing f in this way allows us to prove the desired inequality by minimizing over
all relevant X. But before we can minimize, we must first determine the domain
over which the minimization is to take place. Notice that for each j, >, X;; =
Tr |e;) (e;| = 1 and for each i, >°; X;; = Tr |x;) (xs/ = 1. These constraints tell
us that we're actually minimizing over the set of doubly stochastic matrices. The
Birkhoff-von Neumann theorem states that the set of doubly stochastic matrcies is
the convex hull of the set of permuation matrices. Thus the domain over which the
minimization takes place is a polytope whose vertices are the permutation matrices.
And since f can easily be shown to be concave in X, the minimum must occur at
(ales) | € 0,13,

therefore the basis B differs from the eigenbasis of p only by local phase shift, and

one of the vertices of the polytope. This implies that for each i, j,

will thus produce the same measurements. The result follows. O
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Recall that the Tsallis entropy of a quantum state p is defined by

T.(p) = - (17 - 1) (2.67)

—

for all positive o not equal to 1. An interesting consequence of the above lemma
is that we are able to reproduce some Lipschitz continuity bounds in a similar but

slightly different way as other others [22, 43] for the Tsallis a-entropy for a > 1.

Proposition 2.7.2. For any two density operators p,o € D(H) for some finite

dimensional Hilbert space H, it follows that

Talp) = Talo)| < —llp = ol (2:68)

Proof. Our proof will mimic the proof of Lemma II1.2 in [25] where the Tsallis entropy
takes the place of the von Neumann Entropy. Let H be finite dimensional with p, o €
D (H). Suppose without loss of generality that T, (p) > T, (o) and let {|1),...,|n)}
be the eigenbasis of o. Lastly let A be the measurement channel over the eigenbasis

of 0. We then have that

(2.69)

by the measurement increasing inequality. Next we use the functional calculus to

write
1
Ta(Ap)) = == (1oL nlpln) ) (2.70)
where f(z1,...,2,) = 1 — X, 2 for (z1,...,24) on the n—th probability sim-

plex. Notice that ||V f||« = « where the norm is taken over the probability simplex.
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Putting everything together, we can then write
T, (A(p)) -7, (A@))
=L (r(em. o) ) = (ol o) ))
< VTl (5 (it pliy — i1o 1))’

a—1 i

(2.71)

n 1

_ le(z(@m_am)z)z.

o i—1

Next we can use Jensen’s operator inequality to arrive at

>~ (tio—al))’ < X6l (p—0) 10 (2.72)

1 =1

Lastly, using the definition of the Hilbert Schmidt norm and the monotonicity of the

Schatten p-norms, it follows that

n n

(S omon)) < 25 (S -a)1n)’

i=1 a—1\iH
a
= ——llo—allus (2.73)
a—1
< —llp—ol
-0
=1 p 1
thus proving the claim. O

The next lemmas outline methods of extending Lipschitz functions on the set of
density operators to the set of positive Hermitian operators with trace less than or
equal to 1. These types of operators can be thought of as incomplete measurements
of a quantum state. Thus the following lemmas can be used to construct Lipschitz

functions on the measurements of a quantum state.

Lemma 2.7.3. Let f : D(H) — R be continuous, bounded by a constant M, and

Lipschitz with constant 1. Define the extension f : (P(H) N Herm(?—[)) — Rs
Tr<l

by f(P) = Tr(P)f<T1f(DP)>. The extension f is then Lipschitz with constant at most
M + 2n.
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Proof. Suppose that p,q € P(H)NHerm(H) with Trp, Tr ¢ < 1 and suppose without

loss of generality that Trq < Trp.

L

!ﬂ@—f@ﬂ=ﬁwﬂﬁ;%ﬂhﬁ%m

= (Tepf (o) = Traf (i) + Traf () = Traf ()

Trq
q
<|Trp-—-T —— T —) — f(=— 2.74
< [Top = Toal () + Tralf () — £ ) (2.74)
p
< Mllp — Trg| -2 —
< M]lp W+"rﬂHm) Tlan
Trq
— Mllp — el PO
Ip m+mgkp ql
Now we need to bound the term ||z Trq — ¢|| in the right hand side of the above
ineqaulity.
I = all = I o = Tt + e —
b T Trpq Trp q
Trq Trq
< 14y, -4 .
< e —al+ g = 1 lal
Trq Trq
< 2y — g 1L 1] - )
rp rp (2.75)

1
= |lp— — Trg — Trol -
[F2 QWhBHrq rp| - pl
=|lp—qll +[Trqg — Trp|
<2|lp -4l
Putting everything together, we can then see that
1f(p) = fl@)] < (M +2n)|p —ql|. (2.76)

]

Using the above lemma, we can also extend functions that are Lipschitz on the

set of pure states to the set (73(7-[) N Herm(?—[)) in a similar manner.
Tr<1

Lemma 2.7.4. Let H = A® B® W for some Hilbert spaces A, B, and YW where
W has basis {|i) : 1 < i < d} and define P; = |i) (i| for each i. Lastly, let f :
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H(.A ® B) — Rxo be Lipschitz and bounded on the pure states of D(A® B), the the

function fu : H(A ® B ® W) — Ry defined by

fu(X) = Z Tr (BX)f (m) (2.77)

is Lipschitz in the trace norm with constant M +2n, where i) is the Lipschitz constant

of f and M is the supremum of f on A® B.

Proof. Let X,Y be pure states on A® B ® W and define X; = P,XP, and Y; = P}Y;.
Then using both the previous lemma and the fact that the partial trace is a contraction

map, it follows that

T (X £ () = T v ()|

|fu(X) = fu(Y)] < Z Tr X, Ty,

< (M +20) 3 I Trw (X = i) Il (2.78)
< (M +20) Y |1 — Yil.
Lastly, since X; —Y; is diagonal and (X; — Y;)(X; —Y;) = 0 when i # j,
DX =Yilh = IX =YL (2.79)

which implies that |f1/(X) — fu(Y)] < (M +2n)||X — Y1 O
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Lipschitz Extension of Tz(x, y)
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Figure 2.1: Lipschitz extension of T5 on the probability simplex in two variables
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CHAPTER 3

A QUANTUM ALGORITHM FOR APPROXIMATING OPSE

3.1 APPROXIMATING ENTANGLEMENT MEASURES

Even after discussing the existence of optimal pure state ensembles, we still don’t
much about how to actually find them, as the proofs for their existence were not
constructive. However, methods for approximating them on a quantum computer are

heavily implied by the following theorem [46, 27, 21, 37, 16].

Theorem 3.1.1 (Purification Theorem). Let H be a finite dimensional Hilbert space
and suppose that p € D(H) can be expressed as both of the following pure state
ensembles:
d d
Zpi |¢z> <?/12’ =p= Z% |<Z>z> <<Z>z|
i=1 i=1
and define
d
) =D Vi i) @ i) (3.1)
i=1
where {|i)}L, is an orthonormal basis for W := C%.  Then there exists a unitary

U € U(d) such that (I ® U) o) = Sy v/ [63) @ Ji).

This theorem tells us that any two pure state ensembles of the same the length
are related by a unitary map. So if we already know one pure state ensemble of
a given density, we can find all others simply by applying unitaries onto the ancilla
space of a purification [1/) of p. Hence we can minimize the quantity %, ¢;ju(¢;) over
the unitary group, where the ¢; and ¢; are as in the previous theorem, and g is an
arbitrary entanglement measure. Moreover, the theorem hints at using the following

quantum circuit to achieve our goal.
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Figure 3.1: The quantum circuit implied by the
purification theorem.

Here h = dim (H) where p € H and d = dim (W) where W is the ancilla space.
In particular, d is also the length of the pure state decompositions output from the
circuit. Usually d is taken to be greater than h.

Examining the circuit, notice that after preparing the system in the state |1)) and
applying the unitary U, the system is put into the superposition 3%, V@i |¢i) @ 7).
When measuring the system, if the state |j) is observed on the ancilla space, then it
must be the case that the top qubits are in the state |¢;) with certainty. Running
this circuit a number of times allows the observer to experimentally reconstruct both
|¢;) and g;, and therefore compute the quantity ¢, ¢;1(¢;). But in order to find
the best ensemble we need expressions for |¢;) and ¢; in terms of U. So examining
step by step, the circuit first prepares the purification |¢)). The unitary U is then
applied to the ancilla space resulting in the state (I ® U) |[¢) (¢| (I3 ® U*). Lastly,

measuring the ancilla yields the states

(e 6) 1l (o Ui @) (3.2)
where

B ((IH & Ii) (i U) ) (] (IH ® U* |i) (il )) (3.3)

= Wl (o U 1) (1) 10).
And to access the state on the space H, we partial trace the ancilla and use the partial

cyclicity of the partial trace to arrive at the following expression for the states in the
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new ensemble, |p;) (p;:

o3 (il = - Trw ((m & U*10) (ilU) 1) (6 ) (3.4

for each 7 in {1,...,d}.

The natural question that arises is how to search the unitary group for unitary
minimizing this quantity. There are several ways to accomplish this task, the most
common being the utilization of a parametrization of the unitary group [48], or the use
of random parametrized quantum circuits [30, 45, 35]. We choose the latter, as this
choice will greatly simplify calculations in the proof of our main result. Specifically,
we will use parametrized unitaries of the following form:

L
Ubr,...,00) = [] eap(i6iVi) By (3.5)

=1
where V} is a Hermitian operator and 6, € [0,27) for each [ € {1,...,L}, and the
E; is an entangling gate independent of the parameters 6y, ...,6,. Common choices
for £, are a CX or C'Z ladder. In applications, the V; are often taken to be a
randomly chosen string of Pauli operators, which is the convention we use. Since
we have introduced the parameters 61, ...,60 into our unitaries, the ansatz we wish
to train can be written as %, ¢;(1, ... ,QL),u(gpi(@l, . ,9,;)), thus allowing us to
use common optimization techniques to approximate the minimum. Thus a quantum

algorithm to approximate optimal pure state ensembles can be summarized as below:
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Algorithm 1: Variational Approximation of OPSE
Input: An ensemble {(p;)L,, (¢;)%,} of a density matrix p € D (C") and an

optimization routine [42].
Parameters: Initial parameters 69, ..., 6.

while Optimization routine has not converged do
Prepare the purification |¢) = Y0, /p; |1:) @ |i) on H @ W.

Construct U(6y,...,0.) as above and apply it to the ancilla, W.
Measure.

Use measurements to compute S0, (61, . .. ,QL)u(gpi(Ql, . ,GL)> (or
related quantities such as gradients as required by the chosen

optimization technique).

Update 64, ...,60; according to optimization routine.
d d

,(gpi(ﬁl,...,eL)) ).

=1

return {(qi(eb . ,9L)>

i=1

An algorithm of this type is called a wvariational quantum algorithm(VQA) [3].
VQA has shown great success in various settings such as Hamiltonian Simulation and
Quantum Machine Learning [30, 3, 6, 29] where most cost functions are physically
implementable on a quantum computer. In the algorithm described above, we instead
train a nonlinear cost function on the measurements of a physically implementable
ansatz. While VQA is believed (not yet proven) to offer a possible quantum advantage
over classical algorithms for certain problems [3] Chapter 1 - section C, there are still
drawbacks, namely the issue of Barren Plateaus [36, 5, 1, 40]. These are regions of the
training landscape on which the partial derivatives with respect to the parameters
decrease exponentially as the number of qubits in the experiment increase. More
precisely, we give the following definition.

Consider the ansatz in Equation (3.5) on d qubits, with objective function

ClOr,..0) = S a0, ,eL)u(%(eb . ,eL)>. (3.6)

Then the training landscape will contain barren plateaus if and only if for each
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jed{l,...,L},

Vary(ar |05,C(01, ..., 0)| ~ O(a¥) (3.7)
where the variance is taken with respect to the Haar measure on the Unitary group,
k is the number of qubits, and is a real number such that a € (0,1) [1]. When this
variance is exponentially small, the ansatz can become untrainable in practice because
an exponentially large amount of precision will be required on the classical hardware
to evaluate the derivatives. For instance, if it were shown that the variance is on the
order of 2%, where k is the number of qubits, then systems with only 100 qubits can
start creating issues since the number of classical bits required to differentiate the
values of the gradient from 0 will be in the order of 271,

We attempted to determine the existence of barren plateaus for both the von Neu-
mann entanglement entropy, and the Tsallis entanglement entropy, but were unsuc-
cessful due to the non-polynomial nature of Zle qi(01, ... ,QL)u(gpi(el, . ,HL)> on
the entries of the unitary U(6y,...,601). However, we were successful in showing that
the 22, d-extension of the Tsallis entropy does indeed exhibit barren plateaus. No-

tice that T4 will retain the faithfullness and local unitary invariance of the Tsallis

entanglement entropy but it will not be LOCC monotonic. T4 is given by

d
Tralp) = nf {3 XD (O (W)} € €O 38)
While the OPSE of T} 4 will yield T} 4(p) = 0 if we allow infinitely long decompo-
sitions as considered in remark (2.4.4), T} 4 can still be useful in trying to determine
whether a state is entangled as long as we consider decompositions of finite length.
For if we let T4 take the place of the entanglement measures in the variational al-
gorithm discussed above, then we are not only able to determine the existence of
entanglement, we can also prove the existence of barren plateaus. Instead of writing
Tt q, we will suppress the length d and assume that all ensembles have some fixed
length d for the rest of this work. Continuing in this direction define the new cost

function for the algorithm to be T¢(p; 6y, ..., 60;) which is given by
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Tf<p76177 Zqz 017"'7 T2(¢1(917"'76L))' (39)

To simplify notation somewhat, we define ®; by
(01, .., 00) = qi0r, ..., 00) @i, ..., 1)) (i(br, ..., oL)]

(3.10)
- Trw(<IH®U* i)l U) ) <w|)

For readability, we will usually suppress the parameters (6, ...,607) and simply write
®;. This notation allows us to write T’ succinctly as
2
3 ((Tr Tr 4®;) — Tr (TrAcbf)) = (qf —Tr (TrAcbf)). (3.11)
To prove the non-negativity of the above quantity, we only need to show that
2
(Tr (P)) > Tr (P?) for all positive operators P. Let P = Y, \,II; be the spectral
decomposition of P. Then all eigenvalues \; are non-negative and the II; are mutually
orthogonal projections with TrII; = 1 for each 7. Thus

(T > SLAN TN TN 2 NS TH). (1D

i i#]

Faithfulness can then be seen via proposition (2.4.6). It turns out that the training
landscape of T¢(p; 01, ..., 0;) will indeed exhibit barren plateaus, which is interesting
because this demonstrates that cost functions that are non linear in the unitaries U
and U* can have barren plateaus despite being defined by a sum containing exponen-

tially many terms.

3.2 THE EXISTENCE OF BARREN PLATEAUS

Theorem 3.2.1. For each j € {1,...,L}, Var[%Tf] ~ O(5¢) where the variance is
taken with respect to the Haar measure on the unitary group and k is the number of

qubits.
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Training Landscape of T¢p; 8, ¢)

m
& 32

2

Figure 3.2: Training landscape of T(p; 6, ¢) where p is the maximally mixed state
and 6, ¢ € [0, 27].

In order to prove this result, we’ll need the following results on integrals over the

unitary group [53, 9]

Lemma 3.2.2. For any strings of indices iy, ... ip, 1, -, Jp and iy, ... iy, i, Jo

whose values range from 1 to d

T -1
/u o Vo Vi Uty Uiy AU = Opg- ZE:S Wo(aT™ )0\ Ojvst ) Ot Ot
o,T D
(3.13)
where dU is the Haar-Measure on the Unitary group and Wgq is the Weingarten func-
tion [33, 13].

While notation can make this lemma difficult to parse at first glance, notice that
the integral is 0 when the number of complex conjugate entries of the matrix is

different the number of non-conjugated entries. Unfortunately, the integrals used in
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this work aren’t lucky enough to fall into this category and we must instead use the
expression on the right hand side of the equation to evaluate our integrals. Since
this expression can be difficult to understand at first, we supply a simple example of

computing such an integral via this lemma.

Example 3.2.3. Let U,V be unitary matrices on C?. Then the average gate fidelity
between U and V', Fo,(U, V), is defined by

Fug(UV) = [ 100]UV ) P (3.14)
where S(H) is unit ball of H.

Such an integral over pure states is defined by

/S(H) | (| UV ) [Py = /u(d) | (0| WU VWV |ahe) |PdW (3.15)

where each ¢ is replaced by W |i¢y) for some arbitrary state |¢g) € H. Now let
{|i) : 1 <i < d} be a basis for C? and without loss of generality, set [¢)g) := |1). Next

write H = U*V and suppose that H has spectral decomposition
H = ZO’Z'P* i) (i| P (3.16)

where o; € C with |o;| = 1 for each 1 < i < d and P is some unitary on H. Using

these substitutions, the integral in Equation(3.15) transforms as

[ 1w WU VW o) Paw
U(d)

_ /M(d) (1| W*HW [1) (1[W*HW [1)dW (3.17)

= S0 [, QWP i) L PW ) QTP 1) GTPW 1) dw
1,J

Now using the translation invariance of the Haar measure on U(d), we use a change

of variable to simplify the above integral. Set @ = PW so that dQ = d(PW) = dW.
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Therefore

Zaz%/ (LW2P™[a) G| PW 1) (AW P*[j) (| PW [1)dW

=Yoo [, A1Q" 161 Q) TTQMQ 8
- Zz’]‘:aiaj/u(d) Qi1Q;1Qi1 Q;1dQ

We can now use the integration formula given in (3.2.2) to evaluate the integral in

the last expression of the previous equation and we arrive at
ZUiUT'/ Qi1Q;1Qi1 Q;1dQ
i ud

= X o (We((1)(1+5:,) + We((1,2)(1 + 1)) (319
2Y)
! > 0o (1+6;5)
=——> 0,0 ii)-
d(d+1) 45
where Wg((l)) = & and Wg((l,Q)) = d(d2 5y Since H is a unitary, each o; has

absolute value 1, and so
ZO’iO'ijéi’j = Z |Oi|2 =d. (320)
i i
To compute the other sum, we use the fact that the sum of the eignvalues of a matrix
is its trace, so that
Com-(To)(TA) - om
1,] ? J
Recalling that H = U*V| we can see that Tr (H) = (U, V') gs where the inner product

is taken to be the Hilbert-Schmidt inner product. Thus it follows that

(U, V)] +d

Fawg (U, V) = d(d+1)

(3.22)

We can see that in order to compute these integrals, we must be familiar with the
Weingarten function on the unitary group. In general, the Weingarten function can

be difficult to compute, and we therefore include a table of values for the Weingarten
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function for the first four permutation groups as we’ll need these values in the com-
putation of the variance of concern. In the tables, we list the cycle structure of a
given permutation o in the left hand column and the the value of Wg(o) in the right
hand column. These values were computed using the tool [14] written by M. Fukuda

et alii.

Table 3.1: Table of Values for the Weingarten Function

Cycle type of o Wg(o)
1 i
1,1 pem
—1
2 d(@—1)
22
1,11 d(d*—5d>14)
—1
2,1 5014
3 2
d(d4—5¢f+4)2
d*—8d?+6
11,11 d%(d5—14d*+49d%—36)
—1
2,1,1 AT 10859
2.9 d>+6
’ d%(d5—14d*+49d%—36)
31 2d> -3
) d2(d5—14d*+49d%—36)
—5
4 d(dS—14d*+49d%—36)

Notice that the value of the Weingarten function of a given permutation is depen-

dent only on the cycle structure of a permutation. For example, let 0 = (12)(34) € S,.

d2+6
d?(d—14d*+49d2—36)

This permutation has cycle structure 2,2 and so Wg(o) = Now
before computing the mean and variance of the derivatives of the cost function
T¢(p;01,...,01), we must first discuss the probability distribution of unitaries pro-
duced by the circuits defined in Equation(3.5).

In order to make the notation more readable, suppose that 6 = 0, for some

je€{l,...,L} and that V = V. Then the derivative of U with respect to # can be

written as

;U(ﬁ) =i I exp(ifh, Vi) B, )V ( 0 expliVi)EL)  (3.23)

L=1 la=j+1
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The derivative splits the circuit into two “pieces", the left side and the right side
which we define accordingly
J L
L= H exp(i0l1‘/l1)El1 and R = H exp(i0l2%2)El2 (324)
=1 lo=75+1
which lets us write 9pU (0) = iLV R. Moreover, using this expression for the derivative
of U lets us express 0pU* |i) (i| U as

DUt ) 01U = VTR [V, i) i 2] R (3.25)

We will often write K; = /—1 [V, L* i) (i L} for readability so that

;U* i) ()| U = R* KR (3.26)

This splitting forces us to consider the distributions of the L and R separately.
Therefore, just as in the paper [35] by McClean et alii, we write the probability

distribution generated by the entire circuit as

p(U)dU = §(U — LR)py(L)pa(R)dLdR (3.27)

where dU,dL, and dR are the Haar measure on U(d), p; and py are densities on
U(d), and 0 is the dirac measure centered at the 0—matrix. This distribution forces
any unitary U to be split as the product of two other unitaries L and R with their
own distributions p; and p, respectively. To quantify these distribution we’ll need
to use the notion of unitary k-designs. A distribution P is defined to be a k-design
if P matches the Haar measure on the unitary group up to and including the k-th

moment [24, 4, 53, 9]. In other words,
[ U e )PP = [ U@ (U du(U) (3.28)
U(d) U(d)

for all 0 < [ < k. In practice, exact k—designs are costly to produce. And so we’ll

also need the notion of an e—approximate k—design [4]. We say that a a measure v
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is an e—approximate k—design if and only if

(1—e) /M o UK W)au < /M o UKW auU) < (14) /u o U au
(3.29)

for any X € L (Cd®k), where ¢ € (0,1) and dU is the Haar measure on U(d). Such

measures v are attainable in practice using only polynomially many gates [4].

With the distribution p from Equation (3.27) in mind, we will split the computa-
tion of the mean and variance of 9pT(p; ) into two cases; One in which we assume
that p; is a 4-design, and the other in which p, is a 4-design. Note that this assump-
tion is a practical one since it has been proven [24] that polynomial depth quantum
circuits such as those given in Equation (3.5) are e—approximate k-designs, if they
are of sufficient depth.

Next let’s expand the various components of %7T(p;6) using the definitions of ¢;

and ®;, given in Equations (3.3) and (3.10) respectively, for each i € {1,...,d}.
6= @l (Le o U 1) (1U) I¥)
= (2 v (] @ i) (Las @ U7 1) 601 0) (3 /o, o) @ 1))
7

J

= > By (g ) G U i) Gl U [51) (3.30)

= " /P, (i) (01U 1) GO 5

jl’ji

= > Ppy, (Vi) GILR i) (] LR57)

J1.44

It can be shown in a similar fashion that

(i LR |j1) (i| LR |j1)- (3.31)

Tr 4P, = Z VP Pj, Tr 4 |7/Jj1> <¢ji

J1,J]

Using the commutator expression given in Equation (3.25) for the derivative of ¢;
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as follows:

dq; i

Ll (Las @ 25U ) i1V ) )
= (¢)] (1,45 ® R*KiR) %) (3.32)
= > g (Vi) Gl ROKGR )

J1,01
In the same way, a similar expression is found for %Tr 4P;:

JOTr A(D

(ji| R*K;R|j1) (3.33)

=Y vBm Tralvi) (v,

_71 ]1

Putting all of this together we see that

J 5 5 dq;
2% = 245

= Y. /Pl Dpbi, <1/’j; 1/1j1> <¢j§ ¢j2> (il LR|j1) (il LR |j1) (jo| R* KR |j2)

J1,92,01:3%
(3.34)
And again, a9T1r (Tr A<I>2> has a similar expression:
0 OTr Aq)i
%Tr <TrA<I> ) =2Tr <Tr AD; - 89) (3.35)

which can be seen to be equal to

2 > /pipipnpy Tr (TI"A [9,) (e | Tr a lwg,) (g ) (il LR|j1) (i] LR |j1) (jo| R*KiR |j2)

J1,J2,31 94
(3.36)
Putting all of this together, we can expand %Tf(p; 0) as
0 0Tr .Aq)i
—T( =2 — Tr (Tr 4, - )
o0 fp7 Z( I‘< ra o0 >)7 (337)

and then integrate this expression term by term using the expressions above. In what

follows, we’ll fix an 7 and integrate the terms g; % aql and Tr <Tr 4P;- M) separately
for clarity. After the computation of the integrals, we’ll then sum the results to arrive

at the appropriate expected value.
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Now notice that the expressions given in equations (3.34) and (3.36) are of the
form
2 3 PBRPRP ey (| DR 1) GILR ) (ol ROKGR|j2) - (3.38)
132,31 75
where |cj, i j, 4| < 1 for any choice of indices. Because we only need an upper
estimate for our variance, we’ll soon see that we don’t need the exact values of the
Cjy it jo.j, @0d that we’ll only use the fact that they are bounded in absolute value by
1. Next we need to integrate the above expression with respect to the distribution
p1(L)p2(R)dLdR. Since only the expression (i| LR |j;) (i| LR|j}) (j}| R*K;R|j,) is
dependent on L and R, we can integrate this expression and substitute its value back
into Equation (3.38).
In the integration formula given in Lemma 3.2.2, the expressions that were inte-
grated were given in terms of the coordinates of the unitaries, but the expression we
currently have is not in this form. We must therefore force the expression into this

form and expand the commutator R*K;R. It’s easy to see that
(il LR|j1) Gl LR1j1) (Gol BEGR o) (3.39)
is, up to a multiple of v/—1, equal to
(i LR 1) GILRTA) - (G5 RVL10) (] LR 1j2) = G5 R7L[0) (1 LVR|72) ). (3.40)

For our computations, we’ll just use the first term, (j5| R*V L*|i) (i| LR |j2), of the
commutator since the computations with the second term are nearly identical. Sup-
pose for now that p;(L)dL is at least a 2-design, then p;(L)dL is equal to the Haar-

distribution dL up to the second moment. Thus

[ [ I LR 1) GILRIG) Gal RVL i) (il LR j2) pr (L) pa( R)ALAR
(3.41)

— [ [ GILR1) Gl LR |j2) GTLR ) GILV RIS pa( R)ALAR
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Using the translation invariance of the Haar-integral on the Unitary group, we define

the change of variables W = LR with dWW = dL. The integral then becomes

| [ GIER 1) G LR 1j2) GILR]E) GILVRj5)pa(R)LAR

= [ [ @I 1) GIw 1) GIW170) GIWRVRIj5)dWpa(R)R (3.42)

= [ [ Wer Wi, Wog, GIWRVRI)W po(R)AR

The last thing that we need to do before using the integration formula is to express

(1| WR*V R |j4) in terms of the coordinates of W. To do this, first define @ = R*V R

so that
RV R|jy) = Q1)
(3.43)
- Z Qa,jé |Cl{> )
and thus
(il WR*V R ja) = (i| WQ j3)
(3.44)
=2 Qaygy (| Wla).
Substituting this expression back into the integral we see that
[ [ Wiss Wi Wes;, GIWRVRIYAW po(R)AR
= Z/Qa,jé/mmwi,jgm,j{ (i W |a)dW po(R)dR (3.45)

=) / Qa.jy / Wi i WijsWiji WiadW pa(R)dR.

Notice that all of the row coordinates of the W’s in the integral are equal to i, so we
can suppress the d;, ;- , terms in the integration formula from Lemma (3.2.2) since
they are always equal to 1. The index a also took the place of j} in the column
coordinate of one of the Ws in the last expression of the above equation.Therefore

the a must be treated as a j;, when using the integration formula from Lemma (3.2.2).
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For clarity, we isolate the inner integral and compute it as follows:

= Wa((e)dhsdne (o =7=(1))
FWa((1.22) e (0= (1227 = (1))

(3.46)
+We((L2)dadiny (0= (D27 = (L2))
#We((0e)dading (0 =7=(1,2))

= (Wg(l, 1) + Wg(Q)) (5j1,j15j2,a + 5j1,a5j2,j1>-

Defining C' := (Wg(l, 1) + Wg(Q)) = m and substituting the last expression of
the above equation back into Equation (3.45), we see that the value of the integral is

equal to

C’Z/Qa jg( J1 .71 .72 « + 5.717065]2,]1)p2(R)dR

= C [ Qb (BYAR + C [ Q558552 R)AR.

Ignoring the integral and outside constants for the moment, let’s plug the expressions

(3.47)

Qj,105,.50 and Qj, 105, 5+ into Equation (3.38) and try to bound the sum in absolute
value. Substituting @, ;0 404, 41, we see that
Z v/ Pj1Pj! Pj2 P35 C 5, g2 JQQJQ 7595197 — Z Pj \/pj2pjécj17j{,j2,j§Qj2,j§ (3.48)
j17j27j17.72 .717.7'27‘75

Now taking absolute values,

‘ Z pjl vV p]2p] le ]1 2J2s JQQ]2 .72‘ S Z p]l AV, p]zp]2 le Jl 2J2, ]2 ‘QJQ ]2
J1,J2 ]2 J1,J2 ]2
Y Pi/TiDs|Qiniy
jl’j27jé
(3.49)
= (ijl) : (Z VPiPj; Qm‘g)
jl jQ’jé
=D VPiDs | Qi st |

ijjé
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Lastly using the Cauchy-Schwartz inequality and the fact that the Hilbert-Schmidt

norm of a d X d unitary matrix is equal to v/d, we can see that

1 1
2 2
2
S VPP |Qny| < | X paps | | X @
J2:3% J2.7% J2.dh

= | Qllus
= /d.

(3.50)

The computation when substituting the term Q;, ;6 74044 18 almost exactly the same
so we omit it for brevity. We have thus showed that when p(L)dL is at least a 2
design and py(R)dR is an arbitrary distribution, the integral of Equation (3.38) is

bounded in absolute value as

‘ / Z \/Pi1Pj; P2 Pjt Ci1.,54 52,54 (i LR |j1) (i ‘ LR|j1) <]2| R*K;R|j2) p1(L)dLp2(R)dR

J1,J2, ]1 ]2

< / 2CVdpa(R)dR

_2vd
Cd(d+1)

(3.51)

And since both E|2¢; 5L 9 | and E

2 Tr (Tr ACD?) are both bounded by the above

integral, it follows that

0q; 1 0 1
E |2¢g; 89] No(dg) and E 89T1" <TrA(I> ) No(dg)' (3.52)
Therefore
0 N dq; 0 ) 1
E %Tf(p,e)] > (E 2ot | ~E| o Tr (TrACI>> ) o(\/a) (3.53)

This shows that the expected gradients converge exponentially to 0 in the number of
qubits when L is at least a 2-design and the distribution of R is arbitrary.
Suppose now that the distribution of R is at least a 2-design and the the distri-

bution of L is arbitrary. We will make almost the same change of variables as before
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with W = LR and dW = dR. However we now define () = LV L* so that

(i] LV R |j3) = (i| QW |72)

_ZQza a,jb

(3.54)

Now using the same steps as in the first case in Equations (3.43) and (3.44), we arrive

at the integral

Z/%/Wi,jlm,ﬁwi,ji Wadepl(L)dL
=) / QiaCio (53'1,3‘15]'2,]'; + 5j1,j§5j2,jg>p1(L)dL (3.55)
=C / %<5j1,j15jz,jg + 5j1,jg5j2,j;>,01(L)dL

And again we now substitute one of the expressions containing deltas into Equation

(3.38) and bound the expression.

Y PRPiPRPRC i Qi 3 Ogay = D PinPisCin oo Qi (3.56)

j17j27jivjé j11j2

Since both the ¢;, j, j,;, and Q;; are bounded in absolute value by 1, we see that

‘/ VPP PiaP3 g oangy (i DR i) (Gl LR1j7) (a| R* KR [j2) pr(L)dLps(R)dR

J1,J2, .71 JQ

Z 20 Z Pj1PjaCir g1 g Qi

J1,J2

< 2CZ Z PjiPjs |Cj17j1,j2,j2| : |Qm|

i J1,J2

<2C Z Z Pj1Pjs

i J1.J2

:2021

2
T d(d+1) d
2

(3.57)

Now we the same steps as in Equations (3.52) and (3.53) to compute the expected

value again. Thus in the case when po(R)dR is at least a 2-design and py(L)dL is
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given by an arbitrary distribution, we see that

;Tf(p; 9)] ~0 (Cli) (3.58)

We now need to compute the second moment of the %Tf(p; ). We will accomplish

E

this by squaring the expression in Equation (3.37) and integrating term by term just
as we did with mean. In order to compute these integrals, we need stronger,but still
modest, assumptions on the distributions of p; amd ps. Namely we must split into
cases when p; is a 4-design and p, is not, and vice versa. Note that such a circuit is

indeed possible in practice and only needs to be of polynomial depth [4].
First let’s square the sum in Equation (3.37) to understand what we’re working

with.

o3 (028 e ) (420 o, )

(3.59)

When multiplying term by term in the last line of the equation above, making
substitutions using Equations (3.30) through (3.33) and using the same change of

variables W = LR, we encounter expressions of the form

> P Pi P PiPis i Piabi Civ gt g Cindtdands Wi Wagt Wi Wi g, (jb] R* KR [j2) (j4] R KR |ja)
3153253135
J3:94:35:34
(3.60)
for each each fixed ¢ and j. Just as we did in the computation of the mean, we will
fix 2 and j, compute the appropriate integrals for each term, and sum the results at
the end.
Again, we only need to worry about the terms of the above equation that involve

only entries of W, L, or R when integrating, and can substitute the values of these

integrals back into the Equation. Because there are now two commutators, K; and
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K, in the expression, we’ll need to break our proof into cases based on which terms

of the commutator are multiplied together. To understand the cases better, let’s
expand fully expand (j5| R*K;R |js2) (ji| R*K;R |js). Using the definitions of K; and

k; respectively, we can see that

(Jaol R*Ki R |j2) (i R* KR |ja)
= — Gl R V.1 1) GI L] R 1) Gl RY Vo2 13) G 2] R )

= — (ol R'V.L™[d) (i| LR |j2) (jal RV L™ [7) (G| LR |ja)

(3.61)
+ (Jo| RVL™[i) (i| LR |j2) (4 R7L" |7) (§] LV R |ja)
+ (Jo| R*L™ |4) (i| LV R |j2) (| RV L™ |5) (| LR |ja)
— (sl R*L™ (@) (i| LV Rj2) Gyl R*L™ [4) (jI LV R|ja) -
This first case we need to consider, case A, is when either the first term,
— (ol RTVL*[i) (6| LR |j2) (i3l R*V L™ |j) (§| LR |ja) , (3.62)
or the last term
— (Jal RL™ [4) i| LV R |jz) (il R*L" |5) (j| LV R |ja) , (3.63)

are used in the computation of the integral of Equation (3.60). The computations
involved in bounded the integral of those expression are almost idential to each other.
The second case, case B, is when either of the middle terms in the above expansion
of the commutator, are used in the computation of the integral of Equation (3.60).

Let’s look at case A first. The expression that we want to integrate is given by
Wi Wiga (| BTV L™ [i) (jal RV L |j) (3.64)

Thus we need to integrate expressions of the form:

Wi gs Wi js Wi gs Wi g Wi 3o Wi s (Gol B*V L™ (i) (G R*V L™ [) (3.65)
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Since the computations that follow are very similar for when either p;(L)dL or
p2(R)dR is a 4-design respectively, we only provide the details for the first case.
So suppose that pi(L)dL is at least a 4-design , and again define @) to be R*V R so

that the integral of the above expression is equal to

/ / Wiy Wit Wi s Wi s Wi 5, Wi (ol ¥V L™ [i) (53] RV L™ [4) pr(L)dLpy(R)dR

— [ [ Wer W Wasa o Wiss Wi Gal QW™ 1) Gl QW* 1) pu(L) Lo (R)AR
— [ [ Wer W Wasa W Wi s Wi GIW Q130 GTW Q7 (L)dLpa (R) AR
— [ [ Wer W Wasu W Wi Wi LW Q IBYGTW Q) o1 (L) dLpa R)AR

= Qajy, Qs / / Wi i WiisWi3sWi5.Wi gy Wi Wia Wjgp1(L)dLps(R)dR
o

(3.66)

where the two lines are derived using the fact that () is hermitian, and by expanding
(@ in terms of its coordinates. Since computing the exact value of this integral involves
summing over Sy X Sy, we'll instead show the value of one of terms in the sum using
o = (1234) and 7 = (13)(24). It'll be easy to see that each term has value on the
order d% and that the choice of permutation doesn’t play a significant role in the
computation.

These choices of permutations lead us to the following expression:

Weg (07_1) Y Qay Q.j10i3051 005,505, 5105, 5 = Wg (0 T _I)le,jg Qj,7,94,70j3.5 0.5
af
(3.67)
Ignoring the constant Wg (UT*1> and substituting the right hand side of the equa-

tion into Equation (3.60) we obtain

Y DD PP PPl Cir it et Cis o, @ity Qg Oat O gy 0

jhj%ji»jé
is.9a.idh (3.68)
= Y PisPis/ PPl Cin gssanitCisainndt @init, @i 0icj

J1,92:5%

73,7404
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Then ignoring the 6; ; term for the moment, taking absolute values, and using the

Cuachy-Schwartz inequality again, the above sum is less than or equal to

Y PiPin/Pi PP Qi sl - 1@

J1,J2,94
j37j47jz/1
= > Pibubibil Qi) - 1Qjs.]
J1,92:0% 34
= ( > \/pjlpjg\le,jél) ‘ ( > \/Pjapjﬂszajéo (3.69)
jlvjé j2’j4/1 ‘
: : : N
< <ij1pj§) ) (Z |Qj1,j§|2) ) <ij2pjf;) ) <Z |Qj2,jz'1| )
1,34 1,34 32,34 J2,34
= [Qll%s
=d

Choosing any other pair of permutation ¢ and 7 will yield a result of the same
magnitude. Since Wg (07"1) is of order at most 5 L for any 0,7 € S,, the integral of
these terms must be of order at most ﬁ. The computation for when R is a 4-design
will be similar to the previous case and will result in a value whose magnitude is of
the order 71

Now we need to consider case B, in which we substitute the middle terms from
the commutator in Equation (3.61) into Equation (3.60) and integrate. Namely, we

want to integrate expressions of the form

Wi Wag Wigs Wiy Gl RTV L [i) (il LR |j2) (3l B*L”|5) GI LV R[js) . (3.70)

Now suppose that L is at least a 4-design and define ) = R*V R again. Then the

above expression reduces to

Wl J1W7J2Wl ]3W W7]3 W 9:J4 <]2| QW* | > <]’ WQ |j4>
(3.71)

- ZQJQ OéQﬁJzLWlJlW,]leJ:aVVJ BW WZJS W Wla
a,l

This integral is a little trickier than the rest. Up to now the indices ,a and 3, that

were added when applying () to a ket or bra, have been paired with a j,j’, or an 4
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when integrating. However, there is now the possibility that o and 3 can be paired
with each other this time. When looking at the string of Kronecker deltas produced
from the Haar integral, we must simplify the sum in Equation (3.60) based on two
distinct cases. The first, when a and [ are not paired with each other, and the
second when « and [ are paired with each other. Computationally, the first case is
nearly identical to case A. We will only focus on the case in which o and ( are paired
with each other in the integration formula in Lemma (3.2.2). Once again, we only
focus on example permutations of this form, and leave it to the reader to see that
the computations are unchanged by a different permutation as long as « and [ are
still paired with each other. For simplicity, take ¢ = 7 = (1)4. Then integrating the

above expression with respect to W yields

Y QrraQp Wi Wiy Wi s W, sWi it Wi Wi n Wi o dW
a”B

= We(1,1,1,1) Y Qjs.0a@5.54 )11 02.71,053.7, 0.5 (3.72)
oy

= Wg(l, 1,1, 1) Z Qjé,aQa,jAL(Sh,j15j27j§5j3,ji

Just like before, we ignore the leading constant for readability and substitute the

above expression into 3.60 and bound it in absolute value.

Yo > PPy PP PP Db, Cir.t et Cisdyiad, @it aQagaOr gt 0.t O
L
71532571572

J3,J4,55,34 (3.73)
= > PuPiPis/PiPiaCis o Cingariads @0 Qas

..... ’

& j1,92,73,J4,5%

Taking absolute values using Cauchy Schwartz again, we see that the magnitude
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of this sum is bounded by

Z Z \/pjépjz;‘Qjé,a’ ’ ’Qa,jz;‘

& jagh
=2 <Z\/ﬁ|@a,j4|) : (Z\/@@jg,al)
o \G 7

IN

2 (S0)  (S10ul) - (Sre) (Sieusr)’ 670
d1

=d

IN

Thus when multiplying by the appropriate evaluation of the Weingarten function,
this expression is of order at most d%,. And since there are d? terms in the integrand
of the second moment given in Equation (3.59), the second moment must be of order
<. And therefore

Vi [8T( 9)} o<1> (3.75)

ar|— ; ~ 0Ol - .
a6~ " d

Lastly, since d = 2* where k is the number of qubits, we see that the variance decreases
exponentially in the number of qubits, implying the existence of barren plateaus in

the training landscape of T (p;0).

3.3 NUMERICAL SIMULATIONS

Recall that for a two qubit state |¢) = 3} ¢ |ij), the concurrence [26, 44] of a
state C(¢) is defined by

C() = 2|co0c1,1 — coic10]- (3.76)

The concurrence is related to the von Neumann entanglement entropy via the formula

1—C(¢)2>

S(yp) = h<1 ’ 5 (3.77)

where h is the standard binary entropy defined by h(x) = —zlog,(z) — (1 —2) log,(1—

x) [26]. Interestingly enough, it is possible to directly measure the concurrence of a
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2 qubit quantum system if there is access to two decoupled copies of the same state

[44]. One can do this using the following quantum circuit:

Figure 3.3: Quantum circuit for directly
measuring concurrence in 2 qubit states.

where the first two wires and the second two wires are in the state |¢) respectively,

and R is the unitary

R Lt ! (3.78)
\/5—11

After applying these operations to the state |¢)) ® |¢), the probability amplitude of
the state |00) will be %‘Z’)z.

Using the above ideas, we can append the circuit for measuring the concurrence
of a state to the pure state ensemble circuit, to the measure the concurrence of
formation of a 2 qubit ensemble of states directly, and therefore efficiently compute
the entanglement of formation for 2 qubit states. The entire circuit for this process
is given below when for a an arbitrary density matrix p with a purification [¢) only
requiring two qubits.

Using the above ideas, we can append the circuit for measuring the concurrence of
a state to the pure state ensemble circuit, so that we can measure the concurrence of a
2 qubit ensemble of states directly, and therefore efficiently compute the entanglement
of formation for 2 qubit states. The entire circuit for this process is given in Figure 3.4

for an arbitrary density matrix p with a purification [¢) requiring two qubits.
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Let’s go through the circuit in Figure 3.4 step by step since there’s a lot going on.
We first prepare the purification |¢)) of a two qubit density operator on the first four
and last four quantum registers so that we can access two decoupled copies of the pure
state ensemble. Next we apply U (é) to both of the ancilla spaces and measure the
ancillae. This will put the top two registers into the state |¢;), (as in Equation (3.4)),
the third and fourth registers into the state |i), the bth and 6th registers into the
state |¢;), (again, as in Equation (3.4)), and the last two registers into the state |j),
where 7,7 € {0,1,2,3}. Thus the state of circuit at this point is then |p;ip;j). If
1 = j, then we can measure the concurrence by appending the circuit in Figure 3.3
to wires 1,2,5, and 6, and taking note of the frequency of the state |00i005) where the
first two registers are in state |00), the third and fourth are in state |i), the fifth and
sixth are in state |00), and lastly the 7th and 8th are in the state |j). We then run
this experiment a desired number of times to also make note of the probabilities ¢; as
defined as in Equation (3.3) and the concurrence C(y;) for each i € {0, 1,2, 3}. Lastly
we use the measurements to approximate the entanglement entropy in the equation
below via

;%‘h(l “V 2_ ¢ (%)) ~ S(p)- (3.79)

Using the maximally mixed state and its canonical purification with 4 ancillae, we

simulated the above variational algorithm and showcase our results in Figures 3.5
and 3.6. Notice that in the circuit above, the first two quantum registers will be
in the state |¢;) for some i € {1,...,4} and the fourth and fifth quantum registers
will be in the state |¢;) for some j € {1,...,4}, each appearing with probability ¢;
and g; respectively, after the ancillae have been measured. If the two sets of ancillae
are not in the same state, then we can make note of the probability p(i|j) which is
defined as the probability that the second ancilla is observed to be in state |j) given

that the first ancilla was observed to be in state |i), and then we can discard the
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Figure 3.4: Quantum circuit for variationally approximating the en-
tanglement of formation by directly measuring the concurrence of pure
state ensembles.

state of the system. However, if they are in the same state, then amplitude of the
’002007" quantum register will be C(¢;) for each ¢ € {1,...,4}. Running this circuit a
number of times allows us to approximate p; by computing the marginal distributions

of p(z|y) while also taking note of C(¢;) for each i € {1,...,4}. We can then compute

Zpih<1+ 12—C (@)) ~S(p). (3.50)

i

Using the maximally mixed state and its canonical purification with 4 ancillae, we
simulated the above variational algorithm and showcase our results in figures 3.5 and
3.6.

The python code corresponding to the simulations and plots can be found at
https://github.com/TheMathDoctor/code_for_vqga_paper. These simulations

made extensive use of both the numpy[23] and matplotplib [28] python libraries.
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Training Landscape of S(p; 8, ¢)

& 32

2 0

Figure 3.5: The training landscape of S(p; 0, ¢) where p is the maximally mixed
state and 60, ¢ € [0, 27].
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Convergence of the algorithm for S(g; 8, ¢)

1071 4

1072 7

107 5

Error

107 3

1077 3

1075 3

[terations

Figure 3.6: Convergence of the algorithm for the entanglement of formation
of the maximally mixed state.
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APPENDIX A

CobpEeE For PLOTS

A.1 LipscHITZ EXTENSION PLOTS

import numpy as np

import matplotlib.pyplot as plt

from mpl_toolkits.mplot3dd import Axes3D
from typing import Callable

from matplotlib import rcParams

rcParams.update ({’figure.autolayout ’: True })

class lipschitz_extension (object):
A class for extending a lipschitz
function on the unit circle
to the wunit disc using the lipschitz

extension theorem

nnon

def __init__ (self ,f: Callable || float , float], float])

—> None:

nmnn

:type f: Callable [[float , float], float ]
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:rtype : None

f should be a function that takes in two float parameters

and outputs 1 float parameter.

The domain of f should include the unit circle in two

variables.

nun

self.f = f

def extension(self ,x: float ,y: float) — float:
type: x: float
type: y: float

rtype: float

The extension of self.f to the unit disc.

nmun

norm = np.sqrt (xxx + yxy)
if norm > 0:

X, Y = np.abs(x)/norm, np.abs(y)/norm

#return 0 for x + y > 1 so that plot
doesn’t extend past unit ball

return normskself.f(X,Y) if norm > 0 and x + y < 1 else 0
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def plot extension(self) — None:

o

Plots self.extension on the domain [0,1]x[0,1].
a = np.arange(0,1,.01)
b = np.arange (0,1,.01)
X,Y = np.meshgrid(a,b)

L = len(a)

Z = np.zeros ((L,L))

for i in range(L):
for j in range(L):

Zli,jl]=self.extension(al[i],b[j])

fig = plt.figure()

ax = fig.add_subplot (111, projection = ’'3d’)
ax.plot_surface (X, Y, Z,cmap = ’Blues’)
ax.set_xlabel ('x7)

ax.set__ylabel (’y”)
ax.set_zlabel (r’$T 2(x,y)$")

ax.set_zlim ((0,.25))

x = np.arange (0,1,.01)
y = l—abs(x)
n = len(x)

z = [extended tsallis(x[i],y[i]) for i in range(n)]
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ax.plot3D (x,y,z, red’,linewidth=3)
ax.set_title(r’ Lipschitz Extension of $T 2(x,y)$’)

#ax.view_init (0,0)

#tsallis entropy
def tsallis(x,y):

return x—x*%x2 + y — y*x%x2

tsallis_extension = lipschitz_extension (tsallis)

tsallis__extension.plot extension ()

A.2 CoDE For TRAINING LANDSCAPES AND CONVERGENCE CHARTS

The following code is taken from a jupypter notebook and will supply the plots for

training landscapes as well the convergence chart.

import numpy as np
import matplotlib.pyplot as plt
from matplotlib import rcParams

rcParams . update ({’figure.autolayout ': True})

def adjoint (M):

return np.transpose (np.conj(M))
def binary entropy(x):

return —xs*np.log2 (x)—(1—x)*np.log2(1—x)

if x> 0 and x <1 else 0
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nomralization = 1/np.sqrt(2)

[2 = np.identity (2)

[4 = np.identity (4)

I8 = np.identity (8)

[16 = np.identity (16)

164 = np.identity (64)

proj0 = [[1,0],[0,0]]

projl = [[0,0],[0,1]]

X = [[0,1],[1,0]]

Y = [[0,complex(0,—1)],[complex (0,1),0]]

def rx(theta):
a = complex(np.cos(theta),0)
b = complex (0,np.sin(theta))
M = np. array ([[a,=b] ,[b,a]])

return M

def ry(theta):
a = complex (np.cos(theta),0)
b = complex(np.sin (theta),0)
M = np.array ([[a,b],[=b,a]])

return M
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cx_next = np.array ([[1,0,0,0],
[0,1,0,0],
[0,0,0,1],
[0,0,1,0]])

#the following two lines are written this way so
#that the code fits into the margin requirements
#of my dissertation .

cx_15 = np.kron(I2 ,np.kron(proj0 ,164))

cx_ 15 4= + np.kron(I2 ,np.kron(projl ,

np. kron (I8 ,np.kron(X,I14))))

R = np.array ([[nomralization ,nomralization |,

[—nomralization ,nomralization |])

initial = [.5,0,0,0,
0,.5,0,0,
0,0,.5,0,
0,0,0,.5]

def pqc(theta ,phi):
#U = np.kron(rx(theta),ry(phi)) # first training landscape
U = np.kron(ry(theta),ry(phi))
U = np.matmul (U, cx_next)

#return U
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#return np.matmul (U,U)
U = np.matmul (U,U)
U = np.matmul (U,U)

return U

def measure(i,j):

bit0 = proj0 if i

0 else projl
bitl = proj0 if j = 0 else projl
M = np.kron(bit0, bitl)

partial _measurement = np.kron (14 ,M)

return partial measurement

def concurrence (theta ,phi,i,j):
U = pqc(theta ,phi)

one_ side = np.kron(I4,U)

first _operation = np.kron(one_ side,one_side)
state = np.kron(initial ,initial)
state = np.matmul(first_operation ,state)

M = measure(i,j)

M2 = np. kron (M,M)

state = np.matmul (M2, state)

ygates = np.kron(I16 ,np.kron(Y,np.kron(Y,14)))
state = np.matmul(ygates ,state)

state = np.matmul(cx_15,state)

r_gate = np.kron(I2,np.kron(R,164))

state = np.matmul(r_gate,state)

#conc = np.abs(state[0])x%2
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index = i%(2%x%x5+2) + jx(2xx4+1)
#concurrence squared divided by 8
conc = np.abs(state[index])

return conc

def probability (theta ,phi,i,j):
state = initial
state = np.matmul(np.kron (14 ,pqc(theta ,phi)), state)
M = measure(i,j)
state = np.matmul (M, state)
probability = np.dot(np.conj(state), state)

return probability

def entanglement (theta ,phi):
entropy = 0
for i in range(2):
for j in range(2):
prob = probability (theta ,phi,i,j)
conc = concurrence (theta ,phi, i, j)=*8
val = (14np.sqrt(l—conc))/2

entropy += probxbinary_ entropy (val)

return np.abs(entropy)

def grad entanglement (theta ,phi):
delta = .0001

first = entanglement (thetat+delta ,phi)
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first — —entanglement (theta—delta ,phi)

first /= 2xdelta

second = entanglement (theta ,phi+delta)

second — —entanglement (theta ,phi—delta)

second /= 2xdelta

return np.array ([ first ,second])

entanglement (0,0)

probability (.1 ,np.pi,1,1)

a = np.arange (0,2«np.pi,.5)
b = np.arange (0,2*np.pi,.5H)
thetas ,phis = np.meshgrid(a,b)
L = len(a)
Z = np.zeros ((L,L))
for i in range(L):
for j in range(L):
x = ali]
y = blj]

Z[i,j]=entanglement (x,y)

fig = plt.figure()

ax = fig.add subplot(111, projection

= '3d7)

ax.plot_surface(thetas, phis, Z,cmap='inferno_ r’)

ax.set__xticks(np.arange(0,2%np.pi+.001,np.pi/2))

ax.set__yticks(np.arange(0,2%np.pi+.001,np.pi/2))
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labels = [7$0%°, r’$\pi/2%8’, r’$\pi$’
, 1783\ pi/287, r’$2\pi$ ']
ax.set__xticklabels(labels)

ax.set__yticklabels(labels)

ax.set_xlabel ('x7)
ax.set__ylabel (’y’)

ax.set_zlabel (’z7)

ax.view__init (0,0)

fig

epochs = 100

eta = .01

theta = 2xnp.random.rand ()
phi = 2xnp.random.rand ()
thetas = [theta]

phis = [phi]

for epoch in range(epochs):
if epoch in range(15):
eta = .1
elif epoch in range(15,30):
eta = .01
elif epoch in range(30,75):
eta = .0001

else:
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eta = .000001
grad = grad_entanglement (theta , phi)
theta — etaxgrad[0]
phi —= etaxgrad[1]
thetas.append(theta)

phis.append(phi)

entanglements = [entanglement (thetas[i],phis[i])

for i in range(epochs+1)]

plt . plot (range(epochs+1),entanglements , color="red ")
plt.yscale(’log’)

plt.title (r’ Convergence of the

algorithm for $S(\rho;\theta ,\phi)$’)

plt.xlabel (’Iterations )

plt.ylabel ("Error )

#two 1y
a = np.arange (0,2«np.pi,.01)
b = np.arange (0,2*xnp.pi,.01)
thetas ,phis = np.meshgrid(a,b)
L = len(a)
Z = np.zeros ((L,L))
for 1 in range(L):

for j in range(L):

x = ali]

y = b[j]
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Z[i,j]=entanglement (x,y)

fig = plt.figure()

ax = fig.add_subplot (111, projection = ’'3d’)
ax.plot_surface(thetas, phis, Z,cmap='inferno_r ")
'$\theta$ ')

"$\phi$ ")

ax.set_xlabel (r
ax.set__ylabel (r
ax.set xticks(np.arange(0,2xnp.pi+.001,np.pi/2))
ax.set_yticks(np.arange(0,2%np.pi+.001 ,np.pi/2))
labels = ["$0%", r’$\pi/2%",

r’$\pi$’, r’$3\pi/2%8’, r’$2\pis ]
ax.set_xticklabels(labels)
ax.set__yticklabels(labels)

ax.set_zlabel (r’$S(\rho;\ theta ,\ phi)$’)

ax.set_title(r’Training Landscape of $S(\rho;\ theta,\phi)$’)

ax.view__init (0,0)
fig
ax.view__init (45,45)

fig

#t_f training landscape and convergence
def probs_and_phis(theta ,phi):
probabilities = []

big_ phis = []
state = initial
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state = np.matmul (np.kron (14 ,pqc(theta ,phi)),state)
for i in range(2):
for j in range(2):
M = measure(i,j)
measurement = np.matmul (M, state)

probability = np.dot(np.conj(measurement ), measurement)

probabilities.append(probability)

outer_product = np.outer (measurement , measurement )
#below is written so that the code fits into
#the margin requirements
#for my dissertation
A =[[np.trace(outer_product[0:8,0:8]),
np.trace (outer_product[0:8,8:16])],
[np.trace (outer_product[8:16,0:8]),
np.trace (outer product [8:16 ,8:16])]]

partial trace = np.array (A)

big phis.append(partial trace)

return probabilities ,big phis

def t_f(theta ,phi):

probabilities_and_big_ phis = probs_and_phis(theta ,phi)
t =0
for i in range(4):

p = probabilities_and_big_phis[0][i]

state = probabilities _and_big_ phis[1][i]
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t += px*2 — np.trace (np.matmul(state ,state))

return np.abs(t)

stuff = probs_and_phis(np.pi,np.pi)
stuff [0]

x,y= np.random.rand (2,1)

t f(x,y)

a = np.arange (0,2«np.pi,.01)
b = np.arange (0,2*xnp.pi,.01)
thetas ,phis = np.meshgrid(a,b)
L = len(a)
Z = np.zeros ((L,L))
for i in range(L):

for j in range(L):

x = ali]

y = b[j]

fig = plt.figure()

ax = fig.add_subplot (111, projection

73d7)

ax.plot_ surface(thetas, phis, Z,cmap='inferno r )

ax.set_xlabel (r’$\theta$ )

ax.set__ylabel (r’$\phi$’)

ax.set_xticks(np.arange(0,2%np.pi+.001,np.pi/2))
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ax.set_yticks(np.arange(0,2%np.pi+.001,np.pi/2))
labels = ["$0%", r’$\pi/2%",

r’$\pi$ ', r’$3\pi/2%’, r’$2\pis ]
ax.set_xticklabels(labels)
ax.set__yticklabels(labels)

ax.set_zlabel (r’$T_f(\rho;\theta,\phi)$’)
ax.set_title (

r’ Training Landscape of $T_f(\rho;\theta,\phi)$’)

ax.view init (45,45)

fig

ax.view_init (0,0)

fig
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