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ABSTRACT
The microfluidic concentration gradient generator (µCGG) is an important device
to generate and maintain concentration gradients (CGs) of biomolecules for understanding
and controlling biological processes. However, determining the optimal operating
parameters of µCGG is still a significant challenge, especially for complex CGs in
cascaded networks. To tackle such a challenge, this study presents multi-fidelity surrogateand reduced-order model-based optimization methodologies for accurate and
computationally efficient design of µCGGs.
The surrogate-based optimization (SBO) method is first proposed for the design
optimization of µCGGs based on an efficient physics-based component model (PBCM).
Various combinations of regression and correlation functions in Kriging and different
adaptive sampling (infill) techniques are examined to establish the design process with
refined model structures. In order to combine the simulation data from different sources
with varying fidelities and computational costs for improved design efficiency and
accuracy, a novel multi-fidelity surrogate-based optimization (MFSBO) method is
presented. For the first time, a new computation-aware adaptive sampling strategy based
on expected improvement reduction (EIR) is proposed to accelerate the convergence of
MFSBO. EIR-based infill determines the data source and infill location by hypothetically
interrogating the effect of samples and simulation fidelities on the reduction of the expected
improvement. It also enables low-fidelity batch infills within a dynamically varying trust
region to improve exploration on the fly. Subsequently, a new data sparsification technique
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based on the reduced design space and data filtering (RDS&DF) is investigated to eliminate
redundant data and reduce the modeling time for improved optimization efficiency, hence
addressing the long-standing “big data” issues associated with MFSBO. RDS&DF is also
combined with EIR-based infill technique, enabling both parsimony and computational
awareness for MFSBO. Finally, a multi-fidelity reduced-order modeling (MFROM)
method is developed to enable model reusability and completely replace the CFD
simulation when different µCGGs need to be designed. The key innovation of MFROM is
using the proper orthogonal decomposition to obtain the low-dimensional representation
of the high-fidelity CFD data and the low-fidelity PBCM data and a kriging model to bridge
the fidelity gap between them in the modal subspace, yielding compact MFROM applicable
within the broad trade space. As a result, MFROM is highly compatible with GPU-enabled
optimization by utilizing its massively parallelized computing threads. The excellent
agreement between the designed CGs and the prescribed CGs demonstrates the
unprecedented accuracy and efficiency of the proposed multi-fidelity modeling and
optimization methodologies.
In conclusion, given their non-intrusive, data-driven natures, both (MF)SBO and
MFROM are versatile and can serve as a new paradigm for µCGG design.
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CHAPTER 1 INTRODUCTION
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1.1 Background
Formation of complex concentration gradients (CGs) of biomolecules, which
regulate the signaling pathway between cells, plays an important role in biological and
chemical processes, such as immune response, wound healing, embryogenesis, cancer
metastasis, drug screening, and others (Irimia, Geba, and Toner 2006; Cabaleiro 2020; C.
G. Yang et al. 2011; X. Wang, Liu, and Pang 2017). To achieve a better understanding of
the influence of CGs on biomolecules, various devices and methods have been developed
to generate CGs within an in vitro environment. Early work focused on establishing the
platforms, such as the Boyden chamber, Dunn slide chamber, Zigmond chamber, agarose
dish and the micro-aspirator to create the CG for enhanced understanding of cell response
through a signaling pathway (Toh et al. 2014). However, these early platforms, typically
with the characteristic lengths of a few millimeters to centimeters, were difficult to realize
the length scale of actual biological cells, which range from 1 to 100 µm (Sadava, Hillis,
and Heller 2009). Therefore, the microfluidic concentration gradient generators (µCGG)
were proposed, which operate on nanolitres or microlitres volumes scale of reagents and
provide higher gradient resolutions to generate and maintain concentration gradients, such
as linear, parabolic, exponential, sawtooth, and hybrid profiles (Dertinger et al. 2001; Tang
et al. 2018; Jeon et al. 2019). In contrast to their counterparts at the macroscale, the µCGG
features several unique merits, including short transportation time, fast analysis speed,
simple operation, precise manipulation of locations and quantities of biomolecule delivery,
and excellent physiological capability to cellular assays at spatiotemporal scales (C. G.
Yang et al. 2011; X. Wang, Liu, and Pang 2017; B. Hong et al. 2016; Mulholland et al.
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2018). Therefore, a variety of µCGGs are designed, microfabricated, and demonstrated in
the field of cell biology and biochemistry, including tree-shaped, altered tree-shaped, Yshaped, pressure-balanced, incomplete mixing-based, and membrane µCGGs for various
CGs (X. Wang, Liu, and Pang 2017; Höving, Janasek, and Novo 2018).
In general, methods for generating CGs can be classified into two categories: static
and dynamic (C. G. Yang et al. 2011). The static method forms continuous CGs by
molecular diffusion in static liquid. No external force is applied to accelerate the diffusion
process, and thus, the diversity of CGs obtained by this method is usually limited. On the
other hand, the dynamic method generates CGs by taking advantage of convection in
laminar flow driven by external forces. Therefore, the CGs generated by the dynamic
method are diverse and have large-range gradients, and hence, widely employed. Besides,
µCGGs also can be classified into two categories according to the carrier medium for CG
generation: mono-phase and droplet-based (X. Wang, Liu, and Pang 2017). The monophase method can be further divided into two groups by distinguishing the presence of
shearing. The µCGGs in the mono-phase with shearing form CGs based on the fluid
splitting and combining at the junction, and mixing in channels, and include the tree-shaped,
altered tree-shaped, Y-shaped µCGGs (Höving, Janasek, and Novo 2018; Y. Wang,
Mukherjee, and Lin 2006; Cabaleiro 2020). The tree-shaped network is one of the earliest
µCGG designs and widely used due to its simple geometry, which successively splits,
mixes, and recombines biologically relevant chemical solution to form digitalized CGs
across channel widths (Gorman and Wikswo 2008; Rismanian, Saidi, and Kashaninejad
2019). In order to generate more complex CGs with higher resolutions, the number of
stages of tree-shaped µCGG needs to be increased, which however may be more prone to
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clogging or leakage (Y. Wang, Mukherjee, and Lin 2006; X. Wang, Liu, and Pang 2017).
Therefore, an altered tree-shaped device was developed, which is able to reduce the number
of stages of the tree-shaped network and simplify the structure by delicately designed
splitting-and-combining patterns (Hattori, Sugiura, and Kanamori 2009). Moreover, a Yshaped generator is designed to simplify the structure compared to conventional and altered
tree-shaped networks by reducing the mixing channel length (Höving, Janasek, and Novo
2018). It can generate the monotonous CG by supplying the fluid with different chemical
concentrations at two inlets. In contrast to these complete mixing-based µCGGs, µCGGs
utilizing partial mixing were also proposed by our coauthor that manipulates species
transport within microchannels and juxtaposes constituent CGs to form complex ones,
leading to simple network topology and salient device reliability (Y. Wang, Mukherjee,
and Lin 2006; Y. Zhou et al. 2009). Typically, fluid flows fast in these devices, and the
CGs are generated within a short period of time. Thus, the shearing effect in the fluid can
be significant. To mitigate the issue, membrane systems is developed, that utilizes the
unique property of the membrane for flow and species transport, which only allows specific
molecules to diffuse through, to form the CG in multiple parallel channels (Zhang et al.
2015). It effectively reduces the flow rate of fluid, increase the residence time, and thus
reduce the shearing effect and yield shear free CGs (Zhang et al. 2015). On the other hand,
droplet-based methods have been extensively studied and applied recently. Droplet
generation, coalescence, and mixing are major techniques to generate CGs for this method
(Seemann et al. 2011). Protected by the interface, the droplet is isolated, and the enclosed
internal environment meets the requirement of chemical and biochemical processes.
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Moreover, the droplet-based µCGG can handle small volumes of sample and perform
quantitative analysis using the generated CGs.

1.2 Motivation
Research efforts above mostly focused on demonstrating µCGGs that were
fabricated with known operating parameters, such as inlet concentrations and
pressures/flow rates. Nonetheless, determining these design parameters is challenging, a
trial-and-error process entailing iterative modeling, simulation, and experiments under the
guidance of prior experiences, especially when complex CGs are desired. Wang et al. (Y.
Wang, Mukherjee, and Lin 2006) proposed a physics-based component model (PBCM) for
partial mixing-based µCGGs, which runs orders of magnitude faster than high-fidelity (HF)
computational fluid dynamics (CFD) simulations, although less accurate, especially when
asymmetric flows from multiple branches are combined (H. Yang et al. 2020). Due to the
computational efficiency of the PBCM, multiple simulations were performed iteratively
within the design space to find the operational parameters that can generate CGs matching
the prescribed ones(Y. Zhou et al. 2009). However, this is a trial-and-error process that
needs to be performed manually and requires a large number of simulations, leading to a
long design cycle, even though the simulation itself is computationally efficient. Such a
challenge can be resolved by an automated design optimization approach that can combine
computationally efficient models and optimization algorithms within a single framework.
Friedrich et al. (Friedrich, Please, and Melvin 2012) generated the prescribed CG using a
customed µCGG, which consists of a single microfluidic channel and oblique-angled
grooves. The angle was determined by an optimization loop wrapping around CFD
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simulations, and therefore, the desired CGs were generated by designing grooves with
different angles. Nonetheless, optimization of CFD simulation requires demanding
resources, and can be computationally prohibitive for a resource-limited environment. An
efficient µCGGs design automation method based on physics-based models and simulation
to rapidly determine operating parameters that accurately generate prescribed CGs is
indeed scarce and strongly needed.

1.3 Scope
Therefore, in this context, we developed design optimization algorithms using
surrogate and reduced-order models to address such a challenge, where optimization is
undertaken on the model and searches within the design space for optimal parameters that
can generate CGs matching the prescribed ones. Surrogate models, also known as response
surface models and metamodels are used to approximate the behavior of physics-based
models through direct mapping between input-output data pairs produced by the latter, and
is more computationally efficient to evaluate. Therefore, they are widely used to minimize
the number of evaluations by physics-based computer simulation, such as the CFD or the
computational structural dynamics (CSD) (I. Couckuyt et al. 2010; Singh et al. 2016) for
accelerated optimization and design process. It is well known that high-fidelity, physicsbased simulation can be computationally prohibitive for optimization in high-dimensional
design parameter space (Forrester and Keane 2009; Bhosekar and Ierapetritou 2018). The
surrogate model, constructed by a small number of selected physics-based simulations, and
expressed in a compact form comprised of elementary functions. Therefore, the surrogate
model is extremely fast-to-evaluate and enables a cost-effective and rapid exploration of
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the design space, which is often used to approximate and replace the high-fidelity, physicsbased model in computationally intensive processes, such as optimization for enhanced
efficiency and resource utilization (Forrester, Sóbester, and Keane 2007; H. Yang et al.
2020; Park, Haftka, and Kim 2017; Z.-H. Han and Zhang 2012; Haftka, Villanueva, and
Chaudhuri 2016).
The multi-fidelity surrogate model (MFSM) is one special type of surrogate models,
and is built by making use of the data from multiple sources with different fidelities and
the correlations between them (Marques et al. 2019; Park, Haftka, and Kim 2017;
Fernández-Godino et al. 2016). Because the low-fidelity (LF) model is cheap to evaluate,
the global trend of the response surface can be quickly explored and estimated by running
a large number of LF simulations. On the other hand, HF simulations are accurate but
computationally expensive. As a result, their availability is limited, and they are more
appropriate for further accuracy enhancement of the global trend captured by the LF model
(Kuya et al. 2011; B. Liu, Koziel, and Zhang 2016). Therefore, LF and HF simulation data
play complementary roles in MFSM, and proper management of both could contribute to
significant improvement in the computational performance of the analysis. MFSM
methods can be classified into several categories (Park, Haftka, and Kim 2017; FernándezGodino et al. 2016; Peherstorfer, Willcox, and Gunzburger 2018), including adaption,
fusion, and filtering. The adaption method enhances the LF model with the information
from the HF model through different correction strategies, such as additive, multiplicative,
and comprehensive (Fernández-Godino et al. 2016). The fusion method combines the
information from HF and LF data, and formulate one MFSM for prediction. Co-Kriging is
an example of fusion methods and has been widely used in various engineering fields. The

7

filtering method performs HF evaluations only when the LF model becomes inaccurate. In
other words, the LF model serves as a filter to select candidate points to perform HF
evaluations.
Proper orthogonal decomposition (POD), also known as principal component
analysis or Karhunen-Loeve expansion, is a powerful method of low-rank matrix
approximation to reduce the dimension of complex data for the reduced-order model (ROM)
(Bai and Wang 2021; Robertson et al. 2018). It extracts L2 optimal orthonormal basis
vectors spanning the subspace of the data, and reveals the hidden underlying structure of
the data (Guénot et al. 2013; Kato and Funazaki 2014; Gutierrez-Castillo and Thomases
2019; Quesada, Villon, and Salsac 2021). Therefore, POD is often used to construct the
ROM of low dimensions that represents the solution in the modal subspace spanned by the
extracted orthogonal basis.
An adaptive sampling and infill strategy is utilized to determine new sample points
at the most important but under-explored regions for the next round of physics-based
simulation to progressively improve surrogate model accuracy, especially near the region
of the global optimum by analyzing its underlying response surface. The infill is
undertaken with respect to a criterion that balances between exploitation and exploration
(Forrester, Sóbester, and Keane 2008). Examples of traditional infill strategies for
surrogate-based optimization (SBO) include minimization of the predicted objective
function (MP), statistical lower-bound (LB), probability of improvement (PI), expected
improvement (EI), and others (J. Liu, Han, and Song 2012). Recently, several novel infill
strategies are proposed for both the global multi-fidelity surrogate modeling that aims to
accurately capture the response surface within the entire parameter space through MFSM,
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and the multi-fidelity surrogate-based optimization (MFSBO). For example, Zhou et al.
proposed a sequential multi-fidelity metamodeling approach to determine the location of
the sample point that reduces the maximum mean squared error (MSE) of the predictor
within the parameter space (Q. Zhou et al. 2017). Huang et al. proposed an extension of
the sequential kriging optimization method for global prediction (Huang et al. 2006). The
location and the fidelity level (or source) of the next evaluation are selected by maximizing
an augmented expected EI function. Chen et al. proposed a new fusion-based sequential
optimization approach, which identifies the sample location based on the EI criterion and
which model to evaluate at the chosen sample location by incorporating one additional
hypothetical data into the initial data set and comparing the reduction in predicted
uncertainty for each model with different fidelities (S. Chen et al. 2017). Kaya et al.
presented a sample refinement strategy that adds samples to the location where the
difference between the MFSM and the HF surrogate model is largest (Kaya et al. 2019). In
all these methods, one sample is determined for each infill iteration regardless of the
fidelity level of the evaluation. Thus, computational resources may not be fully utilized, in
particular, when LF evaluation is performed which in general is less demanding. Therefore,
batch sampling, i.e., identify multiple infill samples at one iteration to allow parallelized
evaluation of the LF model is highly desirable, which will improve not only resource
utilization, but also exploration for global optimum localization in MFSBO. Le Gratiet and
Cannamela presented a co-Kriging-based sequential design method, which evaluates both
the MSE from the predictor and the errors from the leave-one-out cross-validation
procedure, forming a modified co-Kriging variance. It then determines the infill samples
based on the combined errors above (Le Gratiet and Cannamela 2015). It also infills a batch
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of samples and determines the fidelity of simulation for infill. Similarly, Shi et al. proposed
a novel dual-sampling-based co-Kriging method for optimization (Shi et al. 2018). The
dual-sampling approach consists of trust-region- and MSE prediction-based sampling
modules. Trust-region-based sampling identifies a sub-region in the design space
according to the minimum of the surrogate model in the current iteration, and sampling is
then undertaken within this region. MSE prediction-based sampling infills a sample where
the MSE is the largest.

1.4 Dissertation Organization
The rest of the study is organized as follows. The fundamentals of design
optimization for µCGG are presented in Chapter 2, including the µCGG and its data
generation engine, data-driven modeling techniques, adaptive sampling strategies, and
optimization algorithms. The SBO methodology and corresponding results and discussion
of µCGG design are introduced in Chapter 3. In Chapter 4, in order to combine the data
from different sources with varying fidelities and computational costs to accelerate the
optimization process and improve design accuracy, an MFSBO methodology for µCGG
design is proposed. Chapter 5 elucidates a novel computation-aware MFSBO methodology
and a new sequential and adaptive sampling strategy based on expected improvement
reduction (EIR). Chapter 6 introduces a new data sparsification method for MFSBO to
balance between exploration and exploitation during optimization and reduce surrogate
modeling complexity and time for improved efficiency. In Chapter 7, a multi-fidelity
reduced-order model (MFROM) is presented for rapid and accurate simulation and thus
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utilized for the design of µCGGs. Finally, the study concludes with a summary and future
work in Chapter 8.
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CHAPTER 2 RESEARCH FUNDAMENTALS

12

In this chapter, the fundamentals for design optimization are introduced, including
the structure of the Triple-Y µCGG, simulations (PBCM and CFD) for data generation,
surrogate modeling methods, infill strategies, and genetic algorithm (GA).

2.1 Microfluidic Concentration Gradient Generators and Data Sources
2

4

3

Y junction
1

5
300 µm

6

313 µm

Ψ junction
Detector

Figure 2.1 Schematic of the Triple-Y µCGG.
The proposed methods in the following chapters are implemented and demonstrated
for a triple-Y µCGG (Y. Wang, Mukherjee, and Lin 2006; Y. Zhou et al. 2009). The
configuration of the triple-Y µCGG is shown in Figure 2.1, which is comprised of six inlets
and one outlet. All channels have a depth of h = 60 µm with the aspect ratio of 5 to 20, and
other geometric parameters of the µCGG are given in Figure 2.1. Phosphate-buffered saline
(PBS) with a viscosity of 0.001 kg m-1 s-1 is used as the carrier fluid. A chemical with a
diffusivity of 1×10-10 m2 s-1 is used to form various CGs. In each Y-shaped mixer, two
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streams containing chemicals of different concentrations enter the µCGG via the two inlets,
and then merge together and diffuse transversely within the mixing channel following the
Y-junction. At the end of the mixing channel, a monotonically increasing or decreasing
linear CG is generated. Subsequently, constituent CGs emanating from all the three Yshaped mixers are concatenated along the width direction in the Ψ-shaped junction to form
an even more complex CG at the entrance of the main output channel. Likewise, the
chemicals carried by the three streams will also diffuse within the main output channel,
and the extent of mixing depends on the location relative to the entrance. Both the chemical
concentrations at the inlets and the pressure (or equivalently the flow rates) can be used to
tune precisely the generated CGs. For example, a large flow rate driven by a large pressure
head applied to the inlet will reduce the residence time of the chemical and inter-stream
diffusion within the microchannels, resulting in a sharp gradient of the chemical
concentration. On the other hand, a small flow rate and pressure head leads to milder CGs.
In addition, unequal pressure or flow rates among the three Y-shaped mixers will also give
rise to different widths of the constituent CGs in the concatenated one. In this study, two
models with different levels of accuracy and fidelity are used to simulate this triple-Y
µCGG: PBCM and CFD, which are detailed below.
2.1.1 Physics-based Component Model
The PBCM, treated as the LF model in this study, decomposes the triple-Y µCGG
network of complex topology into a set of constituent components: microchannels (straight
or curved), Y junctions, inlet reservoirs, and outlet reservoirs as shown in Figure 2.2. Due
to the simple geometries of these components, analytical solutions of the species transport
equation within them that considers the species convection and diffusion given the
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background flow, can be obtained analytically. The component models are then connected
in correspondence to the desired µCGG topology to form a network model that can
typically run orders of magnitude faster than high-fidelity CFD simulation because of its
analytical, closed-form nature, but less accurate due to the assumptions used in the model.
PBCM considers the fluid flow and the species transport separately within each
constituent component above. Since the full set of the models were reported previously (Y.
Wang, Mukherjee, and Lin 2006; Y. Zhou et al. 2009), the important ones for the
microchannel and the Y-junction are described here briefly for the sake of completeness of
the work. The microchannel is used for mixing and diffusion of chemicals along the
channel width to form desired CGs. The fluid flow within the microchannel is modeled
using the electric analogy and its hydrodynamic resistance is given in our previous work
(Y. Wang, Mukherjee, and Lin 2006). To model the species transport, two assumptions are
taken, that is, the channel is flat with a large aspect ratio and long. With a flat channel, the
effect on the chemical transportation due to nonuniform velocity distribution along the
channel cross-section is negligible and the convection term in the transport equation can
be approximated by the cross-sectionally averaged velocity. Within a long channel, the
axial diffusion is also negligible (Y. Wang, Mukherjee, and Lin 2006). The simplification
allows analytical solution to the convection-diffusion equation, in which the chemical
concentration is represented by a Fourier series, and the relationship of the Fourier
coefficients (dn) between the inlet and the outlet is given by
d n( out ) = d n( in ) e − ( n )

=

2



,

(2.1)

lD
Vw2
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where l is the length of the channel, w is the width of the channel, D is the molecular
diffusivity of the chemical, and V is the average flow velocity along the cross-section.
For the Y junction, two streams enter from the inlets, and are combined as a single
stream exiting through the outlet. The flow resistance between the inlets and the outlet of
the Y-shaped junction is assumed zero, that is, it is treated as a point-wise component
without the physical size. The relationship between Fourier coefficients dn(in) and dn(out) of
the concentration profile at the inlets and the outlet is

d n( out )


d 0 ( L ) s + d 0 ( R ) (1 − s ),
  , m  ns
 , m = n (1− s )
 , m = ns
 s  d ( L ) f1 sin( f 2 ) + f 2 sin( f1 ) + s  d ( L ) + (1 − s )  (−1) n − m d ( R )

m
m
m
f1 f 2
=  m=0
m=0
m=0

 , m  n (1− s )
 +2(−1) n (1 − s)  d m ( R )  cos( F2 / 2) sin( F1 / 2) + cos( F1 / 2) sin( F2 / 2)  ,

F1
F2
m=0




n=0

(2.2)
n 1

where L, R, and out denote the left inlet, right inlet, and outlet, respectively; s =
q(L)/(q(L)+q(R)) denotes the flow ratio of the left stream to the combined stream at the Yjunction, and also the normalized position of the stream interface; q is the flow rate. f1 =
(m-ns)π, f2 = (m+ns)π, F1 = (m+n-ns)π, and F2 = (m+n+ns)π. A Ψ-shaped junction
consisting of three inlets and one outlet can be treated as a cascade concatenation of two
Y-shaped junctions as shown in Figure 2.2, and the Fourier coefficients are obtained by
computing Eq. (2.2) twice. That is, the Fourier coefficients at the outlet of the first Yshaped junction is supplied to the left inlet of the second Y-shaped junction.
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Figure 2.2 Component model of the Triple-Y µCGG.
All

the

PBCMs

above

in

this

study

are

developed

in

MATLAB

(www.mathworks.com), and the simulation is carried out in two serial steps. First, the
pressure and the flow distribution within the CGG network is simulated following the
Kirchhoff’s law given the boundary conditions, i.e., the pressure and/or flow rate specified
at the inlet and outlet reservoirs. Next, the Fourier coefficients of the concentration profiles
are calculated along the flow direction determined in the previous step, and the calculation
is initiated from inlet reservoirs where constant concentrations of the chemical are specified





j

as the design variables in SBO. The coefficients d n( out ) at the outlet of the jth component
are computed using those at its inlet(s), and then assigned to those at the inlet of the
component immediately downstream. It should be noted that PBCM above is applicable to
both the partial mixing- and the complete mixing-based CGG (Y. Wang, Mukherjee, and
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Lin 2006), while in this study only demonstrated for the former that involves species
transport along the width of each component and is more challenging to design (Gorman
and Wikswo 2008). The PBCM was previously verified by both CFD simulations (Y.
Wang, Mukherjee, and Lin 2006) and experiments (Y. Zhou et al. 2009), and it exhibited
good agreement when the branch streams entering the Y and Ψ junction have the same
flow rate. However, it was found in our recent study that distinctly different flow rates of
the branch streams cause appreciable errors of PBCM prediction immediately after the
junctions (H. Yang et al. 2020).
2.1.2 Computational Fluid Dynamic Model
CFD simulation is performed with the commercial package STAR-CCM+ based
on the finite volume method, and serves as the HF model in this study. The computational
domain is discretized into 785,664 structured cells, and fine cells are applied at all the
junctions to capture steep velocity fields and concentration gradients. CFD is based on the
discretized numerical formulation of the PDEs with fewer assumptions, and hence, is more
accurate to represent a higher-level fidelity. The steady, laminar, passive scalar models are
selected in STAR-CCM+, which solves the continuity equation, the Navier–Stokes
equation, and the convection-diffusion equation for flow and species transport in the threedimensional µCGGs. The equations are given as follows:

 ( V ) = 0



dV
=  g − p +  2V
dt

c
=   ( Dc ) −   (Vc ) + R
t
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(2.3)

(2.4)

(2.5)

where ρ is the fluid density, V is the flow velocity, g is the gravitational acceleration, p is
the pressure, μ is the dynamic viscosity, c is the chemical species concentration, and R is
the source term. The segregated flow solver is applied and the algebraic multigrid (AMG)
iterative method is used for solving the linearized algebraic equations. The computational
time for CFD simulation is 1,325 s per simulation, and much longer than that of PBCM.
Figure 2.3 illustrates the example results of CGs obtained by PBCM and CFD models given
the same simulation parameters, and an appreciable difference between them is clearly
observed.

Figure 2.3 Example results and comparison
between PBCM and CFD model given the
same simulation parameters.
2.1.3 Automated Simulations
Performing design optimization for µCGG requires automated simulation (S. H.
Hong et al. 2021; Shu et al. 2020), that is, all the simulations need to be invoked and
controlled by the optimization process, which in the present work is implemented in the
MATLAB environment. The details of the automated simulation are given as follows. First,
the design algorithm supplies the input samples to the simulation solver, i.e., PBCM and
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CFD. Second, automated simulations will be performed either with PBCM or by STARCCM+ computation. The PBCM was also developed within MATLAB, and hence, can be
directly simulated in the optimization environment. CFD simulation in commercial
software STAR-CCM+ can be started in the batch mode through JavaScript that also can
be invoked by MATLAB. Third, the CG at the detector is extracted and new samples for
the next round of simulation will be determined by the design algorithm. This fully
automated process is repeated till the end design optimization iteration.

2.2 Surrogate and Reduced-order Models
2.2.1 Kriging
The kriging interpolation method first proposed by Krige and Sacks is mainly used
to predict the unknown response based on existing samples by minimizing prediction’s
MSE (Z.-H. Han and Zhang 2012). To construct a Kriging model that maps the relationship
between input and output, two data sets corresponding to inputs and responses are needed

 x(1) 
 y (1) 




X=
,Y = 

 ( np ) 
 ( np ) 
x 
y 

(2.6)

where X is input samples; Y is the responses of the samples; np is the total number of data
pairs. Kriging model consists of two components: a regression model f(x) to represent the
global trend of the input-response mapping, and a Gaussian process model Z(x) with zero
mean and variance σ2 to capture the residuals from the data points to the surface of the
global trend function (Ivo Couckuyt, Dhaene, and Demeester 2014). Mathematically, the
Kriging model reads
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y ( x ) = f ( x ) + Z ( x ) , x  Rk

(2.7)
In general, the regression model can be either a constant or low-order polynomials
(first-order polynomial in this study)
p

f ( x ) =   i bi ( x )

(2.8)

i =1

where bi is the polynomial basis functions and γi is the corresponding coefficients.
Therefore, in order to calculate the γi in Eq. (2.8), the regression matrix F is assembled first

 b1 (x(1) )

F=
 b1 (x ( np ) )


bp (x (1) ) 


( np ) 
bp (x ) 

(2.9)

The correlation matrix of the Gaussian process Z model is defined as

  (x(1) , x(1) )

Ψ=
 (x(np) , x (1) )


 (x(1) , x(np) ) 


(np)
(np) 
 (x , x ) 

(2.10)

where ψ represents a correlation function that measures the relationship between two
samples based on their Euclidean distance. The smaller distance between two points results
in higher correlation, and therefore, the closer function values. In this study, a widely used
form of the correlation function is adopted


k



j =1

 ( x, x  ) = exp  −  j x j − x j

pj





(2.11)

where θ and p are hyperparameters to be determined and subscript j = 1, 2, …, k denotes
the jth dimension of the input and k is the number of dimensions of the input. Typically, p
can be specified as a constant, e.g., p = 2 corresponding to a Gaussian correlation function
(adopted in this study) and p = 1 for an exponential correlation function. The natural log of
the marginal likelihood is given by

( Y − Fγ ) Ψ −1 ( Y − Fγ )
n
n
1
2
− ln ( 2 ) − ln ( ) − ln Ψ −
2
2
2
2 2
T
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(2.12)

where γ = [γ1 γ2 … γp]T. Maximum Likelihood Estimation (MLE) is applied to Eq. (2.12)
to compute the hyperparameters in the Kriging model (γ, θ, σ2). Then, the prediction ŷ(x)
should follow the Gaussian process governed by the same correlation parameters identified
in the training process. Subsequently, the predicted mean is obtained by maximizing the
augmented likelihood function, i.e.,

ŷ ( x ) = mT γ + r ( x ) Ψ −1 ( Y − Fγ )

(2.13)

m = ( b1 ( x ) b2 ( x )

(2.14)

T

where

bp ( x ) )

T

γ = ( F T Ψ −1F ) F T Ψ −1Y
−1

r ( x ) =  (x, x(1) )

(2.15)

 (x, x(np) ) 

T

(2.16)

The estimated mean-squared error by the predictor is

(

s 2 ( x ) =  2 1 + u T ( F T Ψ −1F ) u − r ( x ) Ψ −1r ( x )
−1

T

)

(2.17)

where u = FTΨ-1r(x)-m.
2.2.2 Multi-fidelity Surrogate Model (Cokriging)
The MFSM fits the data generated by simulation of different fidelities and analyzes
the correlation between them (Marques et al. 2019; Giselle Fernández-Godino et al. 2019;
Park, Haftka, and Kim 2017). It is able to reduce the computational cost while preserving
model accuracy by judiciously assigning the computational resource to models/simulations
of different fidelities. Cokriging is one of the widely used MFSM methods, and is also
adopted in this work (Forrester, Sóbester, and Keane 2008; Shi et al. 2018; Le Gratiet and
Cannamela 2015). As an extension of Kriging, the co-Kriging method is also a Gaussian
process model that establishes the correlation between two data sets of different natures
and fidelities (Shi et al. 2018; Forrester, Sóbester, and Keane 2008). To construct a co-
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Kriging-based MFSM, two data sets with sampled inputs and the responses are needed,
which are given by

 X L(1) 
 YL(1) 








 ( nL ) 
 ( nL ) 
X
X 
Y  Y
X =  L  =  L1 ,Y =  L  =  L 1 
 X H   X H( ) 
 YH   YH( ) 








 ( nH ) 
 ( nH ) 
 XH 
 YH 

(2.18)

where X is the inputs of the sample points; Y is the corresponding responses/outputs of the
samples; n is the number of sample points; subscripts H and L represent the data from HF
(computationally expensive) and LF (computationally cheap) models, respectively. Then,
the relationship among three Gaussian processes ZH, ZL, and Zd, for the HF model, the LF
model, and the difference between them, need to be established. That is, the Gaussian
process of the HF model ZH is represented by the Gaussian process of the LF model ZL
multiplied by a constant ρ plus another Gaussian process Zd (Forrester, Sóbester, and Keane
2007):

Z H ( x ) =  Z L ( x ) + Zd ( x )

(2.19)

where x is the input in the parameter space. The covariance matrix governing the entire
process in Eq. (2.19) is expressed as follows
 cov{YL ( X L ) , YL ( X L )} cov{YL ( X L ) , YH ( X H )} 
C=

cov{YH ( X H ) , YL ( X L )} cov{YH ( X H ) , YH ( X H )}
  2Ψ ( X , X )

 L2 Ψ L ( X L , X H )
=  L2 L L L

2 2
2
  L Ψ L ( X H , X L )   L Ψ L ( X H , X H ) +  d Ψ d ( X H , X H ) 

(2.20)

where σL and σd represent the standard deviations of ZL and Zd, respectively. ΨL and Ψd
represent the correlations of ZL and Zd, respectively. Applying the MLE for LF data yields
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( Y − 1L ) Ψ L ( X L , X L )
n
1
− ln ( c2 ) − ln Ψ L ( X L , X L ) − L
2
2
2 L2
T

−1

( YL − 1L )

(2.21)

where μL is the mean of ZL. The hyperparameters for the mean μL and the variance σL of ZL
are obtained:

1T Ψ L ( X L , X L ) YL
−1

L =

1T Ψ L ( X L , X L ) 1
−1

( Y − 1L )
2 = L

T

L

,

Ψ L ( XL , XL )
nL

−1

(2.22)

( YL − 1L )

Similarly, the MLEs for HF data are performed, leading to

( d − 1d ) Ψ d ( XH , XH )
n
1
− ln ( d2 ) − ln Ψ L ( X L , X L ) −
2
2
2 d2
T

−1

( d − 1d )

(2.23)

where μd is the mean of Zd, where d = YH-ρŷL(XH), and ŷL is the LF surrogate model
prediction. Then, the hyperparameters for the mean μd and the variance σd of Zd are given
as

1T Ψ d ( X H , X H ) d
−1

d =

1T Ψ d ( X H , X H ) 1
−1

( d − 1d )
2 =

T

d

,

Ψd ( XH , XH )
nH

−1

( d − 1d )

(2.24)

The unknown parameters in the Gaussian process and constant ρ are also
determined by MLEs (Forrester, Sóbester, and Keane 2008). Finally, the predictor for
MFSM is given by

yˆ ( x ) = ˆ + cTC−1 ( Y − 1ˆ )
where
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(2.25)

ˆ ˆ L2 Ψ L ( X L , x )



c =  2 2

2
 ˆ ˆ L Ψ L ( X H , x ) + ˆ d Ψ d ( X H , x ) 

(2.26)

ˆ = 1T C−1Y / 1T C−1 1

(2.27)

The estimated mean-squared error by the predictor is

s2 ( x ) = ˆ 2ˆ L2 + ˆ d2 −cTC−1c

(2.28)

2.2.3 Proper Orthogonal Decomposition
Consider a set of data C ∈ ℝmp×np, where each column of C represents a
snapshot/date instance, that is C(k) ∈ ℝmp, where k = 1, 2, …, np, and np is the number of
snapshots. In this chapter, one snapshot corresponds to a CG profile/vector generated by
the simulation (PBCM or CFD) with one set of design parameter values. Although there
exist different approaches to compute POD basis vectors and coefficients, in this work
singular value decomposition (SVD) is adopted and applied to matrix C,

C = UΣV T

(2.29)

where U ∈ ℝmp×np, V ∈ ℝnp×np, and Σ ∈ ℝnp×np. Σ is a diagonal matrix with singular values
on its diagonal and sorted in the descending order, viz., σ1> σ2> ···> σnp. Each column of
U represents the POD orthonormal basis vector ui and i = 1, 2, …, np. A salient feature of
SVD is that the first several leading POD basis vectors, corresponding to large singular
values, represent the most important structure underlying the data and contribute most
when the data needs to be reconstructed. Therefore, a low-rank approximation of the data
matrix C can be obtained through truncation, i.e., only keeping the leading POD basis
vectors (also called modes)
C  U R Σ R VRT
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(2.30)

where UR ∈ ℝmp×k, VR ∈ ℝnp×k, and ΣR ∈ ℝk×k. k is the number of the truncated POD basis
vectors. The accuracy of POD approximation can be estimated using the energy ratio,
which is defined as
k

 =



2
i



2
i

i =1
np

i =1

  lim

(2.31)

where γlim is the threshold of energy level to determine the number of the POD basis vectors
to keep and the accuracy of truncation for data approximation. In this study, an empirical
value γlim = 0.9999 is adopted. In addition to the POD basis vectors UR, the POD modal
coefficient

matrix

can

also

be

obtained

by

A = ΣVT 

k np

and

A = α1  α i  α np  , where i = 1, 2, …, np. Applying the POD onto both the
PBCM and the CFD simulation yields, respectively, the POD basis matrix U PBCM
and
R
. Correspondingly, α iPBCM and α iCFD are the POD modal coefficient of the ith
U CFD
R
snapshot/data instance of all the np PBCM and CFD simulations, respectively.

2.3 Adaptive Sampling and Infill Strategies
Adaptive sampling and infill, is a key technique that exploits response surface
information of the existing surrogate model and adds new samples and information at
critical regions within the design space to further refine the surrogate model for
optimization (Parr et al. 2012). Through a discreet selection of infill points, accurate
surrogate models can be constructed with a small number of samples (Cozad, Sahinidis,
and Miller 2014). Normally the infill process is repeated until stopping criteria are satisfied,
such as the number of maximum iterations and error tolerance. The infill process is
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embedded in the optimization loop, the choice of infill techniques and criteria is critical for
optimization performance. In this chapter, four different infill techniques: MP, LB, PI, and
EI are introduced.
MP determines the infill location at the minimum of the current surrogate model,
which is defined as:

Min yˆ ( x )

(2.32)

where ŷ(x) is the prediction of the surrogate model. MP is solely based on exploitation, that
is, MP believes the surrogate model is globally accurate and only infills at the location
where the minimum of the surrogate model is present. The MP works well when the
surrogate model is generally accurate. However, if the surrogate model is not accurate
enough and the minimum is not trustworthy, the infill samples from MP may not identify
the good sample location or benefit the optimization.
LB is defined as:
Min LB ( x ) = yˆ ( x ) − Asˆ ( x )

(2.33)

where ŷ(x) and ŝ(x) are the prediction and MSE of the surrogate model at the input variable
x, respectively. A is a constant that balances between the exploitation term ŷ(x) and
exploration term ŝ(x) (Forrester, Sóbester, and Keane 2008) for sample selection, and in
this study, an empirical value of A = 2 is accepted. Exploitation uses the information of the
optimum in the current iteration, and select infill points close to it. It is well suited for the
scenario when the global optimum is relatively easy to find. Exploration focuses on the
regions that are unknown or under-sampled, and then adds infill points where the surrogate
model exhibits the large MSE, and hence, is more suitable for complex problems where
multiple optimums appear in the response surface, such as the multi-modal response
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surface. In this chapter, the infill point is obtained by finding the sample location that
minimizes the statistical lower-bound.
PI selects an infill point that leads to a maximum probability of an improvement, I
= ymin - ŷ(x) (Ivo Couckuyt, Deschrijver, and Dhaene 2014), where ymin is the minimum
observation of existing samplings. PI is expressed as an error function as shown in Eq.
(2.34), and maximizing it yields the infill point
Max P  I ( x )  =

1
sˆ 2

0

e

( −( I − yˆ ( x )) ) 2 s dI
2

2

(2.34)

−

EI, which is one of the widely used sample infill strategies for surrogate-based
optimization problems, is utilized in this study. EI measures the integral of the PI (Forrester,
Sóbester, and Keane 2008). The first term determines the infill based on the exploitation
of the current minimum ymin, and the second term prioritizes exploration and samples the
under-sampled region. The balance of exploitation and exploration is a typical
consideration for acquisition functions of adaptive sampling. The infill is essentially to
maximize the amount of improvement we expect (Forrester, Sóbester, and Keane 2008).
The equation of EI is shown in Eq. (2.35).


 ymin − yˆ ( x ) 
 ymin − yˆ ( x ) 
( ymin − yˆ ( x ) )  
 + sˆ ( x )  

Max E  I ( x )  = 
sˆ ( x ) 
sˆ ( x ) 



0


if s > 0
if s = 0

(2.35)
where Φ(x) and φ(x) are the cumulative distribution function and the probability density
function, respectively. This equation represents the area enclosed by the Gaussian
distribution below the minimum of surrogate model found at the current iteration (Forrester
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and Keane 2009). Similar to PI, the infill point is attained by maximizing the EI in Eq.
(2.35).

2.4 Genetic Algorithm
For the design optimization, global optimization needs to be performed for sample
infill and search for the minimum of the surrogate model. Despite various global
optimization methods, the GA (Taylor 1994) is selected for use. GA evolves an initial
population of random gene sequences, through many generations, and toward a final
population of “fit” gene sequences that demonstrate optimal performance on a fitness
function used to assess the performance of a given gene sequence. There are three basic
genetic operations, reproduction, cross over, and mutation (Jahed Armaghani et al. 2018),
which need to be undertaken to generate the next generation with consideration of both
exploration and exploitation. The GA process will be terminated by evaluating certain stop
criteria, e.g., meeting the desired tolerance in the fitness value or reaching the maximum
number of generations.
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CHAPTER 3 SURROGATE-BASED OPTIMIZATION FOR
MICROFLUIDIC CONCENTRATION GRADIENT GENERATOR
DESIGN1

1

Yang, Haizhou, Seong Hyeon Hong, Rei ZhG, and Yi Wang. RSC Advances 10, no. 23
(2020): 13799-13814.
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In this chapter, we propose a SBO with adaptive sampling framework to do design
optimization for µCGG. In contrast to existing efforts of µCGG modeling and design, this
chapter presents several novelties. First, to the best of our knowledge, it is an initial effort
to establish SBO with adaptive sampling/infill method for µCGG design. Second, a
comparative analysis is carried out to thoroughly investigate the effects of various
combinations of correlation functions, regression functions, and infill strategies on
surrogate model accuracy and SBO convergence for µCGG design. Last, a new formulation
for SBO of µCGGs is proposed to avoid the backflow issue, that is, liquid solution
unexpectedly exits through inlets of the µCGG network due to overly large difference of
the pressure head among inlets. In this formulation, instead of the inlet pressures, the
pressure differences between branch points within the µCGG network are used as design
variables, which facilitates surrogate modeling and adaptive sampling. Note that the new
formulation can potentially be extended to microfluidic electrokinetic flow driven by the
electric field (Y. Wang, Lin, and Mukherjee 2005; Biddiss and Li 2005).

3.1 Methodology
Figure 3.1 illustrates the SBO process with adaptive sampling (Forrester and Keane
2009; Forrester, Sóbester, and Keane 2008; Z. H. Han et al. 2018; X. Chen et al. 2014),
specifically for designing inlet operating parameters of µCGGs that allow generating userdesired/prescribed CGs. It includes initial sampling, model selection, surrogate modeling,
surrogate model optimization, adaptive sampling (or infill), and iterative surrogate model
update to gradually identify the global optimum parameters within the design space. The
detailed procedure is given as follows: first, Latin hypercube sampling (LHS) (block
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labeled ‘1’ in Figure 3.1), one kind of the one-shot space-filling techniques for the design
of experiments (DoE), is used to generate initial samples in the multi-dimensional design
space (Cozad, Sahinidis, and Miller 2014; Etikan 2016), which includes chemical
concentrations at the inlet reservoirs and pressures (or flow rates). Second, the
aforementioned PBCM (Y. Wang, Mukherjee, and Lin 2006)(labeled ‘2’ in Figure 3.1)
representing the designated µCGG network is then simulated as the main engine to predict
corresponding CGs at each sample obtained in the previous step for surrogate model
construction and SBO. The discrepancy Jd between the generated CG Co at the sampled
point and the user-prescribed CG Cs, i.e., the Normalized Root Mean Squared Error
(NRMSE) (Rai and Campbell 2007) is used as the output of the surrogate model. Next, the
existing sampled points and their corresponding discrepancies Jds relative to the userprescribed CG are utilized as the input-out data pairs to construct the surrogate model
(labeled ‘3’ in Figure 3.1). Despite a variety of surrogate model techniques available to
establish the input-output mapping relationship (Forrester, Sóbester, and Keane 2008), the
Kriging interpolation method that is comprised of a trend regression model and a
correlation model is adopted in this chapter. Because of multiple choices of the regression
model and the correlation model, the best combination of them needs to be selected and
will be used for subsequent infill and SBO. Therefore, a model selection process (labeled
‘4’ in Figure 3.1) will be executed using the initial sampling data during the first iteration.
That is, the data of initial sampling is divided into two subsets, and the first subset is used
to construct the surrogate model, while the second to evaluate its accuracy.
Since the surrogate model is an approximation of the physics-based model, an
adaptive sampling technique (also known as an infill) (labeled ‘5’ in Figure 3.1) will be
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incorporated into SBO, which during each iteration will add a new sampled point and its
corresponding discrepancy Jd computed by PBCM (labeled ‘2’) into the data set to update
the surrogate model (labeled ‘3’) for enhanced accuracy. Essentially infill is a suboptimization process to identify a new sample within the design space that minimizes or
maximizes a specific infill criterion, and hence, providing more information than randomly
selected samples for SBO. In addition, the surrogate model is very computationally
efficient, and each evaluation only costs milli- to centi-second. As a result, it can be used
to find the global optimum, e.g., using the genetic algorithm that entails a large number of
model evaluations. The infill, PBCM simulation, and optimization will be repeated until
the minimum of the surrogate model (labeled ‘6’ in Figure 3.1) converges with respect to
a predefined tolerance or the maximum number of iterations defined by the user is reached.
Once converged, the optimum design (labeled ‘7’ in Figure 3.1), selected from the
minimum of the surrogate model and all existing samples in the last iteration, will be
supplied to PBCM and CFD simulation to predict corresponding CGs, which then will be
compared with prescribed CGs to verify SBO-based design of µCGGs. The detailed
verification process is elucidated in section 3.3.
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Figure 3.1 Flowchart of the SBO with adaptive sampling for µCGG.

3.2 Problem Formulation and Case Studies
In this section, the problem of µCGG design will be formulated, including the
design variables and the cost function used in SBO, and case studies used to verify the
proposed method will also be described. The first step of our SBO design formulation is to
prescribe a desired CG Cs, such as the linear, sawtooth, trapezoidal, and others. The cost
function is then defined as the l2 norm of the discrepancy Jd between the CG created by the
candidate design Co at the detector location and the prescribed one Cs. It seems that the
inlet parameters of the triple-Y µCGG should be used as the design variables to minimize
Jd, such as inlet concentrations Ci and pressures pi (or equivalently the flow rate qi) at the
inlet, where i denotes the ith inlet. However, as shown in Figure 3.2, when the pressure at
junction 7 is greatly higher than those at junction 8 or (and) 9 and the outlet 0, the pressure
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at junction 10 may also be higher than that at Junction 8 or (and) 9. Thus a fraction of fluid
from the first Y-shaped mixer will be diverted towards the second and the third Y-shaped
mixer, and unexpectedly exit through inlet 3, 4, 5 and 6, viz., backflow, although the inlets
are originally intended for inflow. To eliminate such an issue, the pressure difference
between junctions in each Y-shaped mixer, instead of the inlet pressure is proposed as the
design variables, which is one of the novelties of the present work. The flow conservation
at junction 10, 7, 8, and 9, is written as

p7,10 p8,10 p9,10 p10,0

+
+
=

R
R
R
R10,0
7,10
8,10
9,10

 ( p1 − (p10,0 + p7,10 )) ( p2 − (p10,0 + p7,10 )) p7,10

+
=
R1,7
R2,7
R7,10


 ( p3 − (p10,0 + p8,10 )) + ( p4 − (p10,0 + p8,10 )) = p8,10

R3,8
R4,8
R8,10

 ( p5 − (p10,0 + p9,10 )) ( p6 − (p10,0 + p9,10 )) p9,10
+
=

R
R
R9,10
5,9
6,9


(3.1)

where as shown in Figure 3.2, p, p, and R are the pressure, pressure difference, and
resistance, respectively; the subscript with a single number or two numbers, respectively,
denote the quantity at the junction or the quantity across the channel, e.g., pressure
difference and resistance between two junctions. The pressure at the outlet is assumed zero
in Eq. (3.1), i.e., grounded, and the pressure at junction 10, i.e., p10 is equal to p10,0.
Therefore, the inlet pressures p1, p2…, p6 can be expressed using pressure differences p7,10,
p8,10, and p9,10. In our formulation, the incoming branch channels of each Y-shaped
mixer and the pressures at their inlets are set the same, while the pressures could be
different from one Y-shaped mixer to another, that is, p1 = p2, p3 = p4, p5 = p6, and p1  p3
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 p5. By simply constraining the values of these pressure differences to be larger than zero,
the backflow can be effectively eliminated because positive pressure differences of
junction 7, 8, and 9 relative to junction 10 imply that all fluid streams enter the main output
channel.

Figure 3.2 Illustration of the backflow issue and
reformulation of the design problem to use the
pressure difference as the design variables rather
than the inlet pressure for the Triple-Y µCGG.
Mathematically, the SBO-based design of µCGGs can be summarized as follows:
min
x

Jd =

Co − Cs
Cs

2

(3.2)

2

where x is the vector of the design variables; recall that Cs and Co are, respectively, the
prescribed CG and the CG of candidate design extracted at the detector location; and Co
depends on the values of the design variables x. The CG is measured with 100 uniformly
distributed probes along the channel width direction, and thus, both Cs and Co are a 100dimensional vector.
In this chapter, two case studies following the formulation above are investigated
to verify SBO-based design of µCGGs. In the first one, only normalized chemical
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concentrations at the six inlets are included as the design variables, i.e., x = [c1, c2, …, c6]
with ci being a scalar, and the pressure difference applied across the merging channel of all
the Y-shaped mixers is the same, i.e., Δp7,10 = Δp8,10 = Δp9,10. This reduces the problem to
six dimensions and is called design of inlet concentrations hereafter. In this case study, p1
= p2 = p3 = p4 = p5 = p6 = 382.44 pa is used, and correspondingly the flow rate through each
inlet channel is fixed as 864 nl/min (Y. Wang, Mukherjee, and Lin 2006). Figure 3.3
illustrates three prescribed CGs, i.e., Cs that need to be generated by selecting appropriate
inlet concentrations ci, which include the sawtooth-shaped, trapezoidal, and linear CGs.
The normalized concentration is in the range of [0 1]. Note that due to the same flow rate
through each inlet channel, the three linear segments in the prescribed CGs have the same
width.
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Figure 3.3 Prescribed CGs in the first case study: design of inlet concentrations.

In the second case study, the pressure difference across the merging channel of the
three Y-shaped mixers (Δp7,10, Δp8,10, and Δp9,10 in Figure 3.2), are introduced as three
additional design variables to generate more complex CGs. This will increase the design
dimension to 9, viz., x = [c1, …, c6, Δp7,10, Δp8,10, Δp9,10], making it more challenging to
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construct the surrogate model and to search optimal parameters corresponding to minimum
Jd. Note that once the optimal values of the pressure difference are found, they can be
converted to the inlet pressures at the reservoirs using Eq. (3.1). Because of the identical
size of the inlet branch channels in all Y-shaped mixers, the two inlet pressures and the two
flow rates through each Y-shaped mixer are equal, that is q1 = q2, q3 = q4, and q5 = q6.
However, the flow rate can be different among them, i.e., q1  q3  q5. Therefore, the CGG
in this design can generate CGs comprised of three segments with different widths as
shown in Figure 3.4, which include the sawtooth-shaped, trapezoidal, and valley-shaped
CGs.
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Figure 3.4 Prescribed CGs in the second case study: design of both inlet concentrations
and pressure differences.

3.3 Results and Discussion
In this section, we will first describe a process to verify the optimum design
obtained by SBO with adaptive sampling. Then the details of the SBO design solutions for
both case studies above will be presented. Specifically, in each case study, the model
selection step is first undertaken to compare various combinations of the regression model
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and the correlation model and select the best one for surrogate model construction. The
adaptive sampling is then carried out to update the surrogate model and the response
surface will be refined with infills for enhanced approximation, in which various infill
criteria are also compared in terms of convergence rate. The performance of SBO with
adaptive sampling will also be benchmarked with other relevant optimization methods,
including SBO with random sampling and gradient-based optimization.
The procedure to verify the design obtained by SBO with adaptive sampling and
benchmark its performance with the other optimization methods is illustrated in Figure 3.5.
Starting with a minimum number of initial samples, SBO with adaptive sampling (within
the black box) consisting of model selection and infill will be performed, and eventually
yields an optimum design when convergence criterion is reached. For verification, the
optimum design parameters are then entered to CFD simulation or PBCM simulation,
producing a CG that is then compared against the prescribed CG, i.e., Cs. The process will
be repeated for several prescribed CGs as presented in Section 3.3. To quantitatively
characterize the performance of the proposed design method, two performance criteria are
defined, including discrepancy of PBCM JdPBCM and discrepancy of CFD JdCFD
J dPBCM =
J dCFD =

Cs − g PBCM (xopt )
Cs

2

Cs − gCFD (xopt )
Cs

2

,

(3.3)
2

2

where Cs again is the prescribed CG; xopt is the optimal design parameters; gPBCM and gCFD
represent PBCM and CFD simulation, respectively, which takes xopt as inputs and predicts
the generated CGs. In this chapter, CGs produced by CFD simulation is treated as the
ground truth. JdPBCM and JdCFD are used to inspect different aspects of the design process.
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JdPBCM compares the prescribed CG and the CG computed by PBCM using optimal design
parameters, and therefore, it characterizes not only design performance, but also feasibility
of generating the prescribed CG. It should be noted that it is almost impossible to generate
prescribed CGs in Figure 3.3 and Figure 3.4 exactly using CGGs due to the physical
limitation that CGs will be bent at all channel walls due to their impermeability to species
transport (Y. Wang, Mukherjee, and Lin 2006). More broadly, JdCFD will also examine the
discrepancy between PBCM and high-fidelity CFD arising from the assumptions used in
PBCM. CFD simulation is performed to verify the optimal parameters and corresponding
CGs obtained by various design methods above. The details regarding CFD simulation is
presented in our prior work (Y. Wang, Mukherjee, and Lin 2006).
As discussed above SBO with adaptive sampling is also compared with two other
design methods, i.e., SBO with random sampling and gradient-based optimization as
shown by the gray dashed lines in Figure 3.5. In the former, the one-shot random sampling
is used, and the surrogate model is only constructed once before the design process using
simulation data at these randomly sampled parameters. In the latter, Matlab’s built-in
function, fmincon, a gradient-based optimization method to find the minimum of a
constrained nonlinear multivariable function, is used to search for the optimum given
prescribed CGs. The design performance of these methods, including accuracy and the
numbers of evaluations, i.e., design costs are also compared.

40

Gradient-based
Optimization
CG Comparison

SBO with Random
Sampling
Initial
Samples

SBO with Adaptive
Sampling

CFD
Optimum
Design

PBCM

Figure 3.5 The procedure for design verification and performance benchmarking.

3.3.1 Case Study 1: Design of Inlet Concentrations
For each prescribed CG given in Figure 3.3, a comparative analysis is performed to
compare the performance of various combinations of the regression model and the
correlation model in order to construct a surrogate model of salient accuracy for SBO
design. 28 training data, the minimum number of required samples to build a surrogate
model in the 6-dimensional design space is adopted (Z.-H. Han and Zhang 2012). For each
prescribed CG, a total of 15 surrogate models are constructed by the full-factorial
combination of three regression models and five correlation models. The regression models
under consideration include the 0th, 1st, and 2nd order polynomial. The correlation models
include spline, Gauss, exponential, linear, and spherical, and their mathematical
expressions are described in (Forrester, Sóbester, and Keane 2008). Then surrogate modelpredicted values are compared with true values of 9 validation data, and the relative error
between them is defined as

=

1 n J d − J d
 J 100%
n 1
d
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(3.4)

where Jd is the true value of the discrepancy between the prescribed CG Cs and the CG
generated at the validation samples Co, while 𝐽𝑑′ is the discrepancy predicted by the
surrogate model, n is the number of validation samples and is 9 in this case study. Table
3.1 lists the relative error for various combinations of the regression model and the
correlation model, according to which the most accurate one is selected for adaptive
sampling and SBO.

Table 3.1 Relative percentage errors of surrogate models built by different combinations
of regression and correlation models in the case study: design of inlet concentrations.
Regression
Model

Zero Order
Polynomial

First Order
Polynomial

Second Order
Polynomial

Correlation Model
Spline
Gauss
Exp
Linear
Spherical
Spline
Gauss
Exp
Linear
Spherical
Spline
Gauss
Exp
Linear
Spherical

Relative (Percentage) Errors 
Sawtooth-shaped
Trapezoidal
20.60%
22.56%
17.63%
17.45%
19.59%
21.18%
20.60%
22.56%
20.60%
22.56%
15.20%
10.52%
13.25%
9.48%
15.20%
10.31%
15.20%
10.52%
15.20%
10.52%
16.14%
26.08%
16.14%
26.08%
16.14%
26.08%
16.14%
26.08%
16.14%
26.08%

Linear
20.69%
12.78%
13.07%
20.69%
20.69%
10.10%
8.89%
10.59%
10.10%
10.10%
9.60%
9.60%
9.60%
9.60%
9.60%

It was found that the first-order polynomial regression model combined with the
Gauss correlation model reveals the smallest relative error  for all three prescribed CGs,
and thus, is selected for SBO with adaptive sampling. In this case study, 30 adaptive
samples/infill (corresponding to 58 in total) are allowed to find the optimum design for
each prescribed CG. For comparison, three infill techniques above are applied separately.
Figure 3.6 shows the convergence of Min. Jd of the surrogate model for different infill
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strategies for each prescribed CG. Multiple runs of the same optimization configuration are
repeated for each prescribed CG, and all converge to the global optimum, and therefore,
the same results are not duplicated here for the sake of conciseness. For sawtooth-shaped
CGs, LB exhibits a faster convergence rate compared to the other two infill strategies. For
the trapezoidal CG, three infill strategies have a similar convergence rate. For the linear
CG, EI converges to a better solution, i.e., lower Jd at a faster rate.

(a) Sawtooth-shaped

(b) Trapezoidal

(c) Linear

Figure 3.6 Convergence of Min. Jd using different infill strategies for prescribed CGs: (a)
sawtooth-shaped, (b) trapezoidal, and (c) linear in the case study: design of inlet
concentrations.
Table 3.2 Comparison of different infill strategies and prescribed
CGs in terms of Jd of optimum design for the case study: design of
inlet concentrations.
Infill
LB
PI
EI

Jd
Sawtooth-shaped
9.83%
10.24%
9.91%

Trapezoidal
4.07%
4.54%
4.20%

Linear
2.97%
7.04%
2.60%

Table 3.2 lists the numerical values of Jd of optimum design in all cases above. The
Jd achieved for each infill strategy represents the closeness between the CG generated by
the candidate design and the prescribed CG. A better infill strategy constructs a more
accurate surrogate model near the region around the optimum to capture the true response
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surface of Jd there, but not necessarily the entire design space. This is because the goal of
our infill is to improve the accuracy of the optimal design, rather than building a global
surrogate model to represent the input and output relationship across the entire domain.
The results in Table 3.2 confirm that LB outperforms the other two for the sawtooth-shaped
CG, all the three are equivalent for the trapezoidal CG and LB is used for the analysis
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Figure 3.7 Response surface plots of the surrogate models in 3D that vary with c1 and c2
while keeping the other design variables constant for different numbers of sample infills:
(1) 0, (2) 15, and (3) 30 in the case study: design of inlet concentrations.

Figure 3.7 shows the response surface of Jd predicted by the surrogate model as
more samples are added by the best infill strategy identified above for each prescribed CG.
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To facilitate visualization, the surface is portrayed in 3D that only varies with c1 and c2
while keeping the other design variables constant. 0, 15, and 30 sample infills are employed
in the surface plot from the top to the bottom, respectively. It clearly shows that for each
prescribed CG, the minimum value of the surrogate model becomes smaller and converges
to a single point as more infills are added. Besides, the infill points are mostly distributed
within the region close to the minimum, and impact the response surface shape there, which
improves the accuracy of the optimal design solution and confirms that adaptive sampling
effectively accelerates the process of search.
CFD simulation results and the comparison between the prescribed and predicted
CGs in terms of the normalized chemical concentration are shown in Figure 3.8. The
concentration contour near the Ψ-shaped junction is displayed in the top row, and the CGs
across the channel width are observed at the detector, which is located 400 µm downstream
of the Ψ-shaped junction. The PBCM- and CFD-predicted CGs match well with prescribed
CGs, which as illustrated in Figure 3.8, are obtained by supplying the optimal design
variables to PBCM and CFD simulations. The excellent agreement of PBCM- and CFDpredicted CGs with respect to prescribed CGs verifies the accuracy of SBO with adaptive
sampling for the CGG design. However, minor differences are also observed at the stream
interface and the side walls, which can be attributed to the fact that the prescribed CGs are
created by concatenating three linear profiles while in actual µCGGs, CGs will be bent
near all channel walls resulting from their impermeability to chemical species. In other
words, the µCGG is not able to generate exactly the same prescribed CGs if the latter are
artificial and do not fully match the solution of the underlying species transport equation.
In addition, there is also an excellent match of the CG results predicted by PBCM and CFD,
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which implies that PBCM although with assumptions to allow analytical solution, is an
accurate approximation of computationally demanding CFD, and can be used in place of
the latter for design.
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Figure 3.8 CFD contour plots and predicted CGs relative to the prescribed CG for the
case study: design of inlet concentrations.

The optimum design found by SBO with adaptive sampling is also compared with
two other design methods, i.e., SBO with random sampling and gradient-based
optimization (enclosed in the dashed boxes in gray in Figure 3.5), for all three prescribed
CGs. In the former, one surrogate model is constructed using training data produced at
parameters selected by one-shot random sampling before the design, and it is then used in
the design process without infill or model update. Figure 3.9 shows Min. Jd found by SBO
with random sampling that uses the different number of samples, and compares it with the
reference line in orange, viz., adaptive sampling results using 58 samples in total. The red
circle represents the result of random sampling when 58 samples in total are used. It clearly
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reveals that the optimal solution determined by the one-shot random sampling and
corresponding surrogate model exhibit a much larger value of Min Jd for all cases. The
adaptive sampling at least improves the accuracy of random sampling by two times, that
is, Min. Jd drops from 21.6% to 9.83% in the sawtooth-shaped CG, from 11.4% to 4.07%
in the trapezoidal CG, and from 23.2% to 2.60% in the linear CG. Even if the number of
randomly selected samples is increased to 1000, the accuracy of random sampling-based
design cannot reach that by adaptive sampling. Besides, as we can see from the figures, the
oscillation present in the curve of the random sampling is due to the insufficient number of
samples. Therefore, given a fixed simulation budget, adaptive sampling is more
computationally efficient and desired for global optimum search.

(58, 23.2%)

(58, 21.6%)

(58, 11.4%)

(a) Sawtooth-shaped

(b) Trapezoidal

(c) Linear

Figure 3.9 Comparison of results between SBO with random sampling and adaptive
sampling for the case study: design of Inlet Concentrations.

Next, SBO with adaptive sampling is compared with the gradient-based
optimization method in terms of the total number of PBCM simulations, and the latter uses
Matlab’s built-in function, fmincon. It is well known that the number of model evaluations
(viz., PBCM simulations herein) in gradient-based optimization heavily depends on the
selection of initial start points. Therefore, ten runs with different initial points, which are
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selected from initial samples in SBO with adaptive sampling, are undertaken and examined
for the gradient-based optimization. The number of PBCM evaluations required to reach
the same accuracy as SBO with adaptive sampling in the ten runs is averaged, and the
average number is then compared with that of the proposed method. Table 3.3 shows that
for all three prescribed CGs, SBO with adaptive sampling uses a smaller number of PBCM
evaluations/simulations (~30 less on the average) for this case study involving 6 design
variables.
Table 3.3 Comparison of the number of PBCM evaluation/simulation between
SBO with adaptive sampling and gradient-based optimization for the case
study: design of Inlet Concentrations.
Method
Gradient-based
SBO

Sawtooth-shaped
100
58

Trapezoidal
87
58

Linear
109
58

3.3.2 Case Study 2: Design of Inlet Concentrations and Pressure Differences
Next, we extend the study to the 9-dimensional design space encompassing six inlet
concentrations of chemicals and three pressure differences in all the Y-shaped mixers.
Similarly, the best combination of the regression model and the correlation model is first
selected through a comparative analysis. Each combination uses 55 samples in the training
data, which is the minimum number of samples required to build a surrogate model in the
9-dimensional design space. Subsequently, 17 validation samples are utilized to evaluate
performance of the 15 combinations of the regression model and the correlation model for
all three prescribed CGs in Figure 3.4. The relative percentage errors are listed in Table
3.4, which clearly indicates that the first-order polynomial regression model and the Gauss
correlation model yield the smallest relative errors  and is the best one for all three cases.
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Table 3.4 Relative percentage errors of surrogate models built by different combinations
of regression and correlation models in the case study: design of inlet concentrations and
pressure differences.
Regression
Model

Zero Order
Polynomial

First Order
Polynomial

Second Order
Polynomial

Correlation
Model

Relative (Percentage) Error 
Trapezoidal
Valley-shaped
28.90%
18.54%

Spline

Sawtooth-shaped
17.87%

Gauss

17.57%

25.21%

17.57%

Exp

17.87%

28.90%

18.54%

Linear

17.87%

28.90%

18.54%

Spherical

17.87%

28.90%

18.54%

Spline

16.55%

20.46%

11.64%

Gauss

16.48%

20.44%

11.10%

Exp

16.55%

20.46%

11.64%

Linear

16.55%

20.46%

11.64%

Spherical

16.55%

20.46%

11.64%

Spline

83.02%

56.99%

83.66%

Gauss

83.02%

56.99%

83.66%

Exp

83.02%

56.99%

83.66%

Linear

83.02%

56.99%

83.66%

Spherical

83.02%

56.99%

83.66%

With the best surrogate model structure selected, SBO design with adaptive
sampling is then carried out subject to a budget of 700 infill samples that are selected by
three different infill strategies. Figure 3.10 portrays convergence curves of Min. Jd of the
surrogate model using the three infill strategies for each prescribed CG. LB outperforms
the other two in terms of the convergence rate, and constructs more accurate surrogate
models that find inlet concentrations and pressure differences. This is quantitatively
confirmed by Jd of optimum design listed in Table 3.5, which clearly shows that LB
achieves the lowest Jd for all three prescribed CGs, yielding better designs than PI and EI.
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(a) Sawtooth-shaped

(b) Trapezoidal

(c) Valley-shaped

Figure 3.10 Convergence of Min. Jd of surrogate model using different infill strategies for
prescribed CGs: (a) sawtooth-shaped, (b) trapezoidal, and (c) valley-shaped for the case
study: design of inlet concentrations and pressure differences.

Table 3.5 Comparison of different infill strategies and prescribed
CGs in terms of Jd of optimum design for the case study: design
of inlet concentrations and pressure differences.
Infill
LB
PI
EI

Sawtooth-shaped
11.90%
12.97%
14.61%

Jd
Trapezoidal
3.75%
4.36%
4.43%

Valley-shaped
11.23%
11.57%
12.77%

The response surface of Jd predicted by the surrogate model with more samples
added by the LB infill is shown in Figure 3.11. Similarly, for the sake of visualization, only
c1 and c2 vary while the other design variables are held constant. The surface plots from
the top to the bottom are generated by surrogate models with 0, 300, and 700 infills. It
shows that without infills, the response surfaces appear almost linear because of the use of
the first-order regression model and extremely insufficient training data. As more infill
points are added, e.g., 300 infills, the nonlinearity of the response surface for each
prescribed CG is observed, and Min. Jd becomes evident. The profiles of the response
surfaces only change slightly at 700 infills along with the converged solution of Min. Jd.
Again, this confirms that the surrogate model can be improved and the optimal design in
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9-dimensional space can be found in a reliable manner given adequate infill points. More
importantly, adaptive sampling based on the LB infill strategy successfully assigns most
of the infill points within the region close to optimum (not shown to avoid data clustering
and facilitate visualization) that provides more topological information to speed up the
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search process and improve the solution accuracy.

C2

C1

(b) Trapezoidal

C2

C1

(c) Valley-shaped

Figure 3.11 Response surface plots of the surrogate models in 3D that vary with c1 and c2
while keeping the other design variables constant for different numbers of sample infills:
(1) 0, (2) 300, and (3) 700 in the case study: design of inlet concentrations and pressure
differences.
Figure 3.12 shows the CFD contour plots of the normalized chemical
concentrations and the comparison between the prescribed and predicted CGs extracted at
the detector location. Table 3.6 lists the numerical values of Jds of CGs predicted by PBCM
and CFD simulation using the optimal design parameters found above by SBO with
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adaptive sampling. There are several points of note. First, the PBCM-predicted CGs match
well with prescribed CGs in all cases, although their shapes are more complex in this case
study with 9 design variables. The discrepancies between prescribed CGs and PBCMpredicted CGs are mostly due to bending of the concentration distributions at the side walls
that are impermeable to chemical transport. Second, CFD-predicted CGs exhibit noticeable
discrepancy from the prescribed and PBCM-predicted CGs in the sawtooth-shaped and
trapezoidal CGs, and therefore, the values of Jd by CFD is appreciably higher than that of
PBCM in both CGs. This is caused by appreciable transverse flow immediately
downstream the -shaped junction before the flow is fully developed, and the presence of
the detector within the flow entrance region of the main output channel, as revealed by the
concentration contours in Figure 3.12 (a) and (b). However, as discussed above, our PBCM
is not able to take into account such an effect because of its modeling assumptions. To
confirm the interpretation, Figure 3.13 illustrates the comparison between PBCM- and
CFD-predicted CGs when the detector is located further downstream (2000 µm from the
-shaped junction), and we can see that both match very well. It is also noticed that for the
valley-shaped CG, the transverse flow is relatively weak due to the pressure symmetry in
the streamwise direction, which again is apparent in CFD contour plot of Figure 3.12 (c).
Therefore, PBCM- and CFD-predicted CGs are almost identical with negligible differences.
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Figure 3.12 CFD contour plots and predicted CGs relative to the prescribed CG for the
case study: design of inlet concentrations and pressure differences.
Table 3.6 Jds of CGs predicted by PBCM and CFD using the optimal
designs found by SBO with adaptive sampling.
PBCM
CFD

Sawtooth-shaped
11.90%
22.98%

Trapezoidal
3.75%
6.42%

Valley-shaped
11.23%
12.34%

Figure 3.13 Comparison between PBCM
and CFD simulation at fully developed
region for the sawtooth-shaped CG.
Min. Jd for the different numbers of samples obtained by SBO with random
sampling is shown in Figure 3.14, and compared with shows the reference line in orange,
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viz., adaptive sampling results using 755 samples in total. Again, Min. Jd achieved by the
random sampling is at least 2 times larger than that by adaptive sampling with 755 samples
in total. Even if the number of samples and evaluations is 13 times larger than adaptive
sampling, it still cannot reach the same level of accuracy. This is because even 10,000
samples for 9 dimensions are still too small for constructing an accurate surrogate model
in the entire design space, in particular, around the region of optimum. It turns out that
adaptive sampling effectively accelerates the process of searching minimum. Besides, the
uniform distribution of samples contributes to the oscillation of the curve as the correlation
matrix in Kriging can vary dramatically and randomly. However, the general trend of
random sampling error is to decrease as more samples are added.

(755, 25.2%)
(755, 32.0%)
(755, 9.2%)

(a) Sawtooth-shaped

(b) Trapezoidal

(c) Valley-shaped

Figure 3.14 Results of SBO with random sampling for the design of inlet concentration
and pressure difference.

Table 3.7 shows the number of evaluations required by the gradient-based
optimization to reach the optimum solution at the same level of accuracy as SBO with
adaptive sampling. Again, 10 different start points are selected from the initial samples
used in SBO design to initiate 10 gradient-based optimization runs. It shows that 50% of
the runs fail to converge to the optimum solution for the sawtooth-shaped CG, 10% failure
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for the trapezoidal, and 50% for the valley-shaped. It seems caused by being trapped at
local optima because Min. Jds achieved in these failed runs are notably higher than those
at the global optimum. This implies that although gradient-based optimization can be more
computationally efficient for high-dimensional design problems, there is a risk of missing
the global optimum, in particular, for generating complex CGs. However, for the
trapezoidal CG, gradient-based optimization outperforms SBO with adaptive sampling in
efficiency for 9 runs, which may be attributed to the simpler topology of its response
surface. Generally speaking, because of its exploratory nature, SBO with adaptive
sampling is a more feasible and reliable method to search for the global optimum, while
the gradient-based approach is more computationally efficient and requires fewer PBCM
evaluation in high-dimensional design space if not trapped at the local optimum. The large
variation in the number of PBCM evaluations further reveals that the gradient-based
optimization is indeed dependent on the initial start point.
Table 3.7 Evaluation comparisons between the SBO with adaptive sampling and the
gradient-based optimization methods.
Run
No.
1
2
3
4
5
6
7
8
9
10

Sawtooth-shaped
Number of
Min. Jd
Evaluation
247
11.42%
280
11.17%
Fail
31.11%
484
11.12%
Fail
31.11%
279
10.63%
297
11.06%
Fail
31.11%
Fail
31.11%
Fail
31.11%

Trapezoidal
Number of
Min. Jd
Evaluation
448
3.74%
207
3.73%
246
3.70%
255
3.69%
204
3.75%
195
3.72%
219
3.74%
195
3.73%
216
3.71%
Fail
4.62%
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Valley-shaped
Number of
Min. Jd
Evaluation
Fail
22.37%
Fail
22.36%
307
10.83%
260
10.93%
Fail
21.99%
229
11.18%
Fail
21.93%
255
11.15%
351
10.96%
Fail
22.28%

3.4 Summary
In this chapter, a new method based on SBO with adaptive sampling is developed
for efficient and reliable design of µCGGs. The key rationale of the proposed method is to
construct the surrogate model, i.e., Kriging, using physics-based simulation data, update
the model using incrementally and adaptively added data, viz., infill, and then utilize
continuously enriched topological information provided by the surrogate model to guide
the search of global optimum. New aspects of the proposed research include: First, the
feasibility of applying SBO with adaptive sampling to complex µCGG design is
systematically examined. Second, the PBCM of µCGGs in the closed-form is employed to
generate data for surrogate model construction to further reduce the computational cost.
Third, a comparative analysis is performed to identify the best combinations of the
regression model and the correlation model, and determine the infill strategies for improved
surrogate modeling and design performance. Last, the use of pressure differences rather
than the native inlet pressures as the design variables to eliminate the backflow issue.
Two case studies are undertaken on the partial mixing- and species transportgoverned triple Y-shaped µCGG to evaluate design performance of the proposed method.
Key technical findings are obtained, including
1. Our comparative analysis indicates that combining the first-order polynomial
regression model and the Gauss correlation model in Kriging yields the highest
surrogate model accuracy.
2. In general, three infill strategies all allow the design to converge to the global optimum,
while on average LB exhibits faster convergence rate than EI and PI.
3. All CGs predicted by PBCM using the optimal design parameters match prescribed
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CGs, which verifies feasibility, robustness, and accuracy of the proposed method.
4. Both PBCM-predicted and CFD-predicted CGs match very well in the first case study,
which validates the accurate design of SBO with adaptive sampling, while an
appreciable difference (average Jd difference 4.95%) between them is observed in the
second case study. It is attributed to asymmetric flow rates through Y-shaped mixers in
the second case study that give rise to significant transverse flow in the entrance region,
the effect of which on species transport can be captured by CFD but not PBCM.
5. The proposed method is at least two times more accurate than SBO with random
sampling for all prescribed CGs, which confirms that adaptive sampling-based infill is
necessary for SBO design of complex CGs.
6. The gradient-based optimization method requires at least 30 more evaluations
compared to the method of SBO with adaptive sampling in the first case study. In the
second case, approximately 1/3 of the runs of gradient-based optimization fail to find
the global optimal solution, although on average it uses less simulation than SBO with
adaptive sampling. In short, SBO with adaptive sampling is preferred as a robust
method to find the global optimal design.
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CHAPTER 4 MULTI-FIDELITY SURROGATE-BASED
OPTIMIZATION FOR MICROFLUIDIC CONCENTRATION
GRADIENT GENERATOR DESIGN2

2

Yang, Haizhou, Seong Hyeon Hong, Yu Qian, and Yi Wang. Submitted to Engineering
Computations, 01/20/2022
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In the previous chapter, we developed an SBO technique (H. Yang et al. 2020), in
which the time-consuming CFD simulations were replaced with PBCM simulations. More
importantly, SBO significantly reduced the number of total simulations required to reach
the global optimum. In a complementary work, we also developed a deep learning-based
inverse design method that used the PBCM to generate a large number of data samples by
parallel computing, and the samples are then used to train artificial neural network models
to instantly compute the operational parameters to match the desired CGs (S. H. Hong,
Yang, and Wang 2020). However, the PBCM model used in both methods above was based
on assumptions that could be violated for complex CGGs, leading to inaccurate design.
First, only the one-dimensional flow (averaged along the channel’s cross-section) in the
longitudinal direction was considered in the model, and the velocity nonuniformity across
the cross-section was neglected. Second, the developing flow at the entrance of a junction
was not taken into account, which could result in appreciable errors when the flows from
multiple branch channels entering the merging junction are not equal (i.e., asymmetric)
giving rise to significant transverse flow.
To address this limitation, a novel approach for the µCGG design that combines the
HF CFD model and the LF PBCM model in the optimization is highly desirable, as both
phenomena above can be effectively captured by the CFD simulation. This will not only
improve the accuracy, but also retain the computational efficiency. Therefore, an MFSBO
framework is presented in this chapter. The contributions of the present effort include: (1)
the MFSM is used to combine PBCM and CFD, two models with distinctly different
natures, fidelities, accuracies, and computational efficiencies. The underlying principle of
MFSM is to improve the prediction accuracy and modeling efficiency by establishing the
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correlation between HF and LF data. In other words, the objective function of the HF model
can be learned more quickly by adding the cheap LF function evaluations (Marques et al.
2019; Fernández-Godino et al. 2016; Peherstorfer, Willcox, and Gunzburger 2018;
Forrester, Sóbester, and Keane 2007). With such a consideration, we propose to use the
PBCM as the LF model, which is based on the system decomposition method and the
analytical solution of the convection-diffusion equation for species transport. Note that the
PBCM takes the aforementioned assumptions to allow the closed-form solution and is
extremely fast to evaluate, but less accurate (Y. Wang, Mukherjee, and Lin 2006). On the
other hand, CFD relies on the direct discretization of the governing equation with fewer
assumptions compared to PBCM. Although more time-consuming, it is more accurate to
evaluate involved transport behavior in complex CGGs, and hence, serving as the HF
model in this work. Our MFSM combining such two complementary sources of data is able
to generate accurate surrogate model and optimization results with salient computational
efficiency (Kuya et al. 2011; Fernández-Godino et al. 2016); (2) Due to incorporation of
HF CFD data, MFSBO allows the automated design of CGs with asymmetric flows, which
is otherwise not achievable through SBO only with PBCM (H. Yang et al. 2020); (3)
Because of its negligible computational cost, the parallel multi-fidelity adaptive infill
strategy, infilling one HF and multiple LF samples, is utilized to determine new samples
for sequential evaluation to gradually improve model accuracy, especially near the region
of the global optimum. Parallel infill relies on multiple infill criteria and principles from
different statistical perspectives to balance sample exploration and exploitation, and hence,
is more robust and computationally efficient; and (4) to the best of our knowledge, the
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present research represents an initial effort to investigate the feasibility of applying
MFSBO to µCGG design.

4.1 Methodology
Initial Sampling Plan

1

Simulation
2

PBCM
Simulation
CFD 3
Simulation
Discrepancy =

Co − Cs

Parallel Multi-fidelity Adaptive Sampling
1

…

Multi-fidelity Surrogate Model

1st iteration

2nd iteration
6

4

Multi-fidelity Surrogate Model
Optimization
5

Converge?

Optimal Design

7

Figure 4.1 Flowchart of the MFSBO for µCGG.

Figure 4.1 illustrates the MFSBO process for finding the optimal operational
parameters of the µCGG at its inlets that allow generating prescribed CGs. It includes initial
sampling, MFSM, surrogate model optimization, and parallel multi-fidelity adaptive

61

sampling. The detailed process is given as follows: First, the LHS (labeled “1” in Figure
4.1) is applied for generating initial samples in multi-dimensional design parameter space
(Etikan 2016; Ferrari et al. 2019), which in the present study are chemical species
concentrations at the inlet reservoirs and pressures applied (or flow rates). Second, the
PBCM and CFD simulations (labeled “2” and “3” in Figure 4.1), representing the LF model
and the HF model, respectively, are performed at the sample points/locations generated in
the previous step. The discrepancy, Jd, which is defined as the L1 norm of the difference
between the CG generated at the sampled point (Co) and the user-prescribed CG (Cs), is
computed to directly measure the difference between them, and is used as the output of
MFSM (and also the objective function for optimization). Next, MFSM (labeled “4” in
Figure 4.1) is constructed to capture the mapping relationship between the input design
variables and their corresponding outputs (discrepancies Jds) using the HF and LF data at
the sample locations. Specifically, the Cokriging method, an MFSM technique based on
stochastic process modeling, is adopted in this study. The constructed MFSM is then used
for global optimization to search for the best design corresponding to the minimum
discrepancy Jd (labeled “5” in Figure 4.1). Since the initial samples are not enough to build
an accurate MFSM, parallel multi-fidelity adaptive sampling (labeled “6” in Figure 4.1)
will be performed to infill additional samples in the design space, which are then simulated
again using the PBCM and CFD to compute the corresponding discrepancies at these new
sample locations and update the MFSM following the same procedure. Two different infill
strategies are applied and compared in terms of convergence rate, computational cost, and
design accuracy in the present effort. The first strategy is infilling one HF and one LF
samples at the same location that could be determined by one of the following infill criteria:
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MP, LB, PI, and EI. The other strategy infills one HF sample generated by one of the infill
criteria above, and four LF samples determined by all four criteria listed above. The whole
process is repeated until the minimum of the MFSM converges or the maximum number
of global optimization iterations is reached. Finally, the HF CFD simulation at the
minimum of the MFSM in the last iteration is performed and compared with all existing
data for verification. The set of operational parameters with the smallest discrepancy is
selected as the optimal design (labeled “7” in Figure 4.1).

4.2 Problem Formulation and Performance Verification
4.2.1 Problem Formulation
The MFSBO design optimization for µCGGs is essentially to determine operational
parameters that allow µCGGs to generate a CG to match a prescribed CG. Design variables
are the chemical concentrations at the inlets (c1, c2, …, c6) and the pressure differences
across the mixing channels (Δp1, Δp2, Δp3). The reason of optimizing the pressure
differences rather than the pressures at the inlets is to avoid the backflow issue (H. Yang
et al. 2020). Significantly unbalanced pressures at the inlets, i.e., pressures within different
branches have large differences, may cause the reversed flow out of the inlets. Therefore,
replacing the pressures at inlets with the pressure differences across the mixing channels
guarantees positive pressures in the inlet and mixing channels, and ensures the solution
flows out via the outlet. The discrepancy Jd (H. Yang et al. 2020), which is defined as the
L1-norm of the difference between the generated CG (Co) at the sampled design variables
and the user-prescribed CG (Cs), serves as the objective function of this µCGG design
problem. In this chapter, three different prescribed CGs are considered, which are shown
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in Figure 4.2, and include sawtooth-shaped, trapezoidal, and valley-shaped. Note that, all
the prescribed CGs are asymmetric, i.e., the width of each constituent segment is not equal,
which introduces transverse flow and associated species transport at channel junctions that
cannot be captured by PBCM, but can be by the three-dimensional CFD simulation.

3

4

5

(a) Sawtooth-shaped

3

4

(b) Trapezoidal

5

5

4

3

(c) Valley-shaped

Figure 4.2 Prescribed CGs including asymmetric constituent components of CGs.
To verify the proposed MFSBO method, three µCGG design cases with increasing
levels of complexities are devised and investigated, although the same prescribed CGs
above are used in these studies. In the first case study, only the pressure differences across
three mixing channels are treated as design variables, i.e., x = [Δp1, Δp2, Δp3], and the
chemical concentration at inlets are kept as constant, which makes a three-dimensional
optimization problem. In the second case study, only normalized chemical concentrations
at six inlets are considered as design variables, i.e., x = [c1, c2, …, c6] with ci being a scalar,
and the pressure differences across three mixing channels are kept constant, yielding a sixdimensional optimization problem. In the third case study, the design variables include
both normalized chemical concentrations at the six inlets and the pressure differences
across the three mixing channels i.e., x = [Δp1, Δp2, Δp3, c1, c2, …, c6], viz., a ninedimensional optimization problem.
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4.2.2 Performance Verification
Our proposed MFSBO method will be compared with the SBO method, which
performs optimization only using HF simulations. The SBO method has been proven
effective for generating faster, more stable, and accurate designs than gradient-based
optimization methods in our previous work (H. Yang et al. 2020). In the present MFSBO
work, two different multi-fidelity adaptive sampling strategies are evaluated and compared.
‘MFSBO-1’ infills one HF and one LF samples at the same location for each iteration,
which is determined by the LB infill criterion. LB exhibits a faster convergence rate for
µCGG design in our previous research (H. Yang et al. 2020). ‘MFSBO-4’ adds one HF and
four LF in each iteration. The HF infill location is determined by the LB infill criterion,
while four LF samples are determined by the four different infill criteria presented in the
previous section. For SBO, one HF sample is determined by the LB infill criterion for each
iteration.

Convergence
Analysis

Initial Samples
for SBO

SBO

Optimal Design

MFSBO-1

Optimal Design

MFSBO-4

Optimal Design

CGs Comparison

Initial Samples
for MFSBO

Computational
Cost Comparison

Figure 4.3 The procedure for design verification and performance benchmarking.

65

The details of the procedure for design verification and performance benchmarking
are illustrated in Figure 4.3. First, the initial samples for SBO and MFSBO are generated
LHS separately. Note that, the initial computational cost of MFSBO will be less than
SBO’s. Second, SBO, MFSBO-1, and MFSBO-4 are performed respectively to update the
surrogate model following the optimization iteration process discussed above, and yield
the optimal designs. Last, the optimal designs from these three methods are compared in
terms of the convergence, accuracy of optimal design, and computational cost.

4.3 Results and Discussion
4.3.1 Case Study 1: Design of Pressure Differences
For each prescribed CG in Figure 4.2, initial samples are generated first for SBO
and MFSBO, respectively. Five HF samples are generated for SBO, while 3 HF and 100
LF samples are produced within the design space for both MFSBO-1 and MFSBO-4. The
computational cost of the initial samples of MFSBO is less than that of SBO as shown in
Table 4.2. In this case study, 30 infill iterations are performed to find the optimal design
for each prescribed CG. For comparison, the convergence analysis of minimum Jd (Min.
Jd) of the surrogate model for these three different optimization methods is shown in Figure
4.4. For all prescribed CGs, two MFSBO methods converge faster, i.e., a lower Jd within
fewer iterations. SBO does not fully converge, and therefore, more infills are necessary to
reach the global minimum. Besides, two MFSBO methods have a similar convergence rate.
For this particular case study, MFSBO-4 does not dramatically exceed MFSBO-1 because
optimizing three design parameters is a relatively easy task, and the four parallel LF infills
may not be able to exhibit their full utilities.

66

(a) Sawtooth-shaped

(b) Trapezoidal

(c) Valley-shaped

Figure 4.4 Convergence of Min. Jd using different optimization methods for prescribed
CGs: (a) sawtooth-shaped, (b) trapezoidal, and (c) valley-shaped.
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Figure 4.5 Comparison of predicted CGs to the prescribed CG: (1) the design
corresponding to the minimum of the surrogate model at 20th iteration and (2) optimal
design at the end of the optimization, and (3) the CFD contour plots at optimal designs
attained using MFSBO-4 for three prescribed CGs: (a) sawtooth-shaped, (b) trapezoidal,
and (c) valley-shaped.
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Table 4.1 Jd of the design corresponding to the minimum of the surrogate model at the
20th iteration and the optimal design for the three prescribed CG.
Jd

Method

20th Iteration

Optimal
Design

Sawtooth-shaped

Trapezoidal

Valley-shaped

SBO

8.73

2.17

3.82

MFSBO-1

4.58

1.41

3.12

MFSBO-4

4.47

1.41

3.03

SBO

5.09

2.29

3.63

MFSBO-1

3.79

1.40

2.79

MFSBO-4

3.61

1.41

2.85

The comparison between the prescribed CGs and the predicted CGs at the minimum
of the surrogate model at the 20th iteration and the optimal design is made in Figure 4.5
along with the CFD contour plots of predicted CGs at the optimal design attained using
MFSBO-4. The top row shows the predicted CGs at the minimum of the surrogate model
at the 20th iteration, which represents the intermediate results prior to reaching the optimal
design, and can be used to observe the optimization process. The second row in Figure 4.5
shows the CGs comparison at the optimal design obtained at the end of the design
optimization (i.e., 30th iteration), and the third row is the CFD contour plots at the optimal
design by MFSBO-4 for the three prescribed CGs. The corresponding numerical values of
Jds are also computed and listed in Table 4.1. Recall that Jd represents the discrepancy
between predicted CGs with respect to prescribed CGs. It is clear that all predicted CGs at
the end of the optimization more resemble the prescribed CGs, indicating convergence of
the optimization method. The results also show that the predicted CGs by the two MFSBO
methods are closer to the prescribed CGs than that by the SBO method at the 20th iteration.
According to Jds in Table 4.1, the predicted CGs by SBO deviate more from the prescribed
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than the other two methods, especially for the sawtooth-shaped CG. The results at optimal
design clearly show that compared to SBO, MFSBO finds the design that could generate
CGs in better agreement with all the three prescribed CGs, corresponding to 29% reduction
in Jd on the average. All these confirm that the MFSBO converges to better design, i.e.,
lower Jd at a faster rate.
The number and cost of simulation runs for the three different optimization methods
are listed in Table 4.2. Note that, the computational time of the HF simulation (CFD) is
1,325 s per simulation, and the LF simulation (PBCM) is 0.103 s per simulation (the
number of the Fourier series terms used is 700). Because MFSBO uses LF simulations to
reduce the number of HF simulations and the computational time of LF simulation is
almost negligible, the initial and the total computational cost for MFSBO is actually less
than SBO, while the former converges to a better design faster.
Table 4.2 The number and cost of simulation runs for the three optimization methods.
Initial

Total

CFD

PBCM

Simulation time

CFD

PBCM

Simulation time

SBO

5

0

6,625

35

0

46,375

MFSBO-1

3

100

3,985.3

33

130

43,738.39

MFSBO-4

3

100

3,985.3

33

220

43,747.68

4.3.2 Case Study 2: Design of Inlet Concentrations
Next, the design of inlet concentrations, a six-dimensional optimization problem,
is investigated for the µCGG design. Similarly, the initial samples are generated first. Five
HF samples are produced for SBO, while 3 HF and 100 LF samples are generated for
MFSBO. In this case study, 30 infill iterations are performed to find the optimal design for
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each prescribed CG. Note that, even though the prescribed CGs are the same as the first
case study, the difference in design variables makes the problem different. In general, a
high-dimensional problem is more difficult to find the global optimum. The convergence
comparison of Min. Jd of the surrogate model for the three different optimization methods
is shown in Figure 4.6. Similar to the design of pressure differences above, both MFSBO
methods outperform SBO in terms of the convergence rate. The SBO could not reach the
global minimum manifested by a higher Jd for the three prescribed CGs. Besides, MFSBO4 shows a slight advantage over MFSBO-1 for trapezoidal and valley-shaped CGs. It
converges to a better design with a faster convergence rate while the added computational
cost is negligible, i.e., three more LF PBCM simulations in each iteration. Therefore, the
MFSBO-4 has faster convergence compared to MFSBO-1, when the complexity of the
problem increases.

(a) Sawtooth-shaped

(b) Trapezoidal

(c) Valley-shaped

Figure 4.6 Convergence of Min. Jd using different optimization methods for prescribed
CGs: (a) sawtooth-shaped, (b) trapezoidal, and (c) valley-shaped.
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Figure 4.7 Comparison of predicted CGs to the prescribed CG: (1) the design
corresponding to the minimum of the surrogate model at 20th iteration and (2) optimal
design at the end of the optimization, and (3) the CFD contour plots at optimal designs
using MFSBO-4 for three prescribed CGs: (a) sawtooth-shaped, (b) trapezoidal, and (c)
valley-shaped.
Figure 4.7 portrays the comparison between the prescribed and predicted CGs
corresponding to the minimum of the surrogate model at the 20th iteration and the optimal
design for the three different prescribed CGs, along with the CFD contour plots of predicted
CGs at the optimal design attained using MFSBO-4. The corresponding numerical values
of Jds are listed in Table 4.3. Compared to the SBO method, predicted CGs of the two
MFSBO methods are closer to the three prescribed CGs at both the 20th iteration and the
optimal design. The better agreements of CGs predicted by the MFSBO method at the 20th
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iteration (row 1 in Figure 4.7) mean that even within the first half of the optimization
process, MFSBO is already more accurate than SBO. According to the predicted CGs at
optimal designs (row 2 in Figure 4.7), the SBO’s predicted CGs have noticeable differences
from the three prescribed CGs, indicating SBO does not converge to the global optimum.
The comparisons in CGs at the optimal design further confirm that MFSBO outperforms
SBO in terms of the convergence rate and accuracy with 57% additional reduction in Jd on
the average. Besides, the predicted CGs of MFSBO-4 match the prescribed CG slightly
better than those of MFSBO-1 with 4% more reduction in Jd. This further confirms the
MFSBO-4 with four parallel LF infills accelerates the optimization process with three
additional LF simulation runs whose computational time, however, is almost negligible.

Table 4.3 Jd of the design corresponding to the minimum of the surrogate model at 20th
iteration and the optimal design for the three prescribed CG.
Jd

Method

20th Iteration

Optimal
Design

Sawtooth-shaped

Trapezoidal

Valley-shaped

SBO

9.36

10.05

4.52

MFSBO-1

4.02

2.26

3.81

MFSBO-4

3.32

1.56

3.24

SBO

8.62

5.87

4.25

MFSBO-1

3.23

1.48

2.94

MFSBO-4

3.22

1.38

2.82

Table 4.4 summarizes the simulation runs and time for the three different
optimization methods. Similar to the design of pressure differences above, less HF CFD
simulation and computational time is needed for MFSBO both initially and totally, because
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of the negligible LF simulation time. Thus, compared to SBO, MFSBO is more efficient
(faster convergence) and accuracy (better agreement with the prescribed CGs).
Table 4.4 The number and cost of simulation runs for three optimization methods.
Initial

Total

CFD

PBCM

Simulation time

CFD

PBCM

Simulation time

SBO

5

0

6,625

35

0

46,375

MFSBO-1

3

100

3,985.3

33

130

43,738.39

MFSBO-4

3

100

3,985.3

33

220

43,747.68

4.3.3 Case Study 3: Design of Pressure Differences and Inlet Concentrations
Furthermore, the design of pressure differences and inlet concentrations, a ninedimensional optimization problem, is performed. Because of the increased complexity of
the optimization problem, more initial samples and infill iterations are required. 10 HF
samples are generated for SBO, while 8 HF and 500 LF samples are generated for MFSBO.
Optimizations are then carried out with 200 infill iterations for each prescribed CG. Figure
4.8 portrays convergence curves of Min. Jd of the surrogate model using three optimization
methods for each prescribed CG. MFSBO outperforms SBO in terms of the convergence
rate. SBO solution seems to reach the local minimum and more iterations are needed to
converge to the global minimum. MFSBO methods approach the optimum before the 200th
iteration, leading to a short optimization process. Compared to MFSBO-1, MFSBO-4
converges significantly faster and to a better solution for all three prescribed CGs due to
the use of more LF PBCM simulations whose computational time, however, is negligible.
Therefore, it substantiates that MFSBO-4 outperforms MFSBO-1 drastically for a more
complex design optimization problem.
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(a) Sawtooth-shaped

(b) Trapezoidal

(c) Valley-shaped

Figure 4.8 Convergence of Min. Jd using different optimization methods for prescribed
CGs: (a) sawtooth-shaped, (b) trapezoidal, and (c) valley-shaped.
Table 4.5 Jd of the design corresponding to the minimum of the surrogate model at 100th
iteration and the optimal design for the three prescribed CG.
Jd

Method

100th Iteration

Optimal Design

Sawtooth-shaped

Trapezoidal

Valley-shaped

SBO

10.49

3.61

10.54

MFSBO-1

9.12

2.34

5.48

MFSBO-4

4.44

1.71

2.88

SBO

10.26

2.65

10.00

MFSBO-1

4.08

1.43

2.83

MFSBO-4

3.17

1.41

2.78

Figure 4.9 shows the comparison between the prescribed and the predicted CGs
corresponding to the minimum of the surrogate model at the 100th iteration and the optimal
design for three different prescribed CGs. Table 4.5 lists the corresponding numerical value
of Jd. The CGs comparisons at the 100th iteration (row 1 in Figure 4.9) agree with the
convergence analysis of Min Jd in Figure 4.8. Besides, the predicted CGs at the optimal
designs (row 2 in Figure 4.9) of MFSBO-4 are extracted from CFD contour plots (row 3 in
Figure 4.9). The predicted CGs from the SBO exhibit huge differences from prescribed
CGs for the sawtooth-shaped and valley-shaped CGs, and also a noticeable discrepancy for
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the trapezoidal CG. It turns out that SBO is not able to converge to the global optimal for
such a complex problem given a small number of iterations. The CGs comparisons at the
optimal design show that the predicted CGs of MFSBO are closer to the prescribed CGs
than those of SBO with 61% less Jd on the average. This provides additional evidence to
confirm that MFSBO converges faster than SBO. Furthermore, MFSBO-4 also exceeds
MFSBO-1, and the predicted CGs of MFSBO-4 have 8% less Jd than those of MFSBO-1.
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Figure 4.9 Comparison of predicted CGs to the prescribed CG: (1) the design
corresponding to the minimum of the surrogate model at 100th iteration and (2) optimal
design at the end of the optimization, and (3) the CFD contour plots at optimal designs
attained using MFSBO-4 for three prescribed CGs: (a) sawtooth-shaped, (b) trapezoidal,
and (c) valley-shaped.
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Table 4.6 portrays the number and cost of simulation runs for three different
optimization methods. MFSBO uses fewer HF simulation runs initially and totally, and
reaches a better design at a faster rate. Besides, in contrast to MFSBO-1, MFSBO-4
achieves a better convergence rate and optimal design with almost the same simulation
time due to the tiny cost of the LF PBCM simulation.
Table 4.6 The number and cost of simulation runs for three optimization methods.
Initial
CFD

Total

PBCM Simulation time (s) CFD

PBCM Simulation time (s)

SBO

10

0

13,250

210

0

278,250

MFSBO-1

8

500

10,651.5

208

700

275,672.1

MFSBO-4

8

500

10,651.5

208

1300

275,733.9

4.4 Summary
In this chapter, an MFSBO method is presented for the efficient and reliable global
design optimization of µCGGs. Two new multi-fidelity infill strategies for MFSBO are
developed and compared with surrogate-based optimization in terms of the convergence
rate, optimal design accuracy, and simulation run time. New aspects of the proposed
research include: first, the feasibility of applying MFSBO to complex µCGG designs is
systematically examined and established. Second, data from two different sources (PBCM
and CFD) and with different fidelities and computational costs are combined into MFSBO.
Third, the design of CGs comprised of asymmetric constituent profiles, which cannot be
obtained through SBO with PBCM only, is achieved by MFSBO. Last, a parallel infill
strategy is applied, and its salient efficiency is confirmed for complex, high-dimensional
optimization problems.
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Three case studies are undertaken to evaluate the performance of the proposed
method. Results show that all predicted CGs from MFSBO match prescribed CGs, which
verifies the feasibility, robustness, and accuracy of the proposed method. Furthermore,
MFSBO exhibits a faster convergence rate and a better design than SBO as indicated by
49% less Jd of the former on the average. MFSBO-4 outperforms MFSBO-1 in both
convergence rate and design accuracy. MFSBO-4 reaches 4% and 8% additional reduction
of Jd relative to MFSBO-1 for the last two case studies, respectively. Therefore, MFSBO4, which applies four parallel LF infills, is more robust and efficient for complex design
problems.
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CHAPTER 5 A SEQUENTIAL MULTI-FIDELITY SURROGATEBASED OPTIMIZATION METHODOLOGY BASED ON EXPECTED
IMPROVEMENT REDUCTION3

3

Yang, Haizhou, Seong Hyeon Hong, and Yi Wang. Submitted to Structural and
Multidisciplinary Optimization, 10/25/2021
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In this chapter, in order to enable sequential and adaptive batch sampling, and
determine the evaluation fidelity (which is also called data source hereafter in this chapter)
and infill samples to maximize the optimization efficiency, a computation-aware MFSBO
methodology and a new infill strategy based on EIR are proposed. “Computation-aware”
means that the selection of data sources and subsequent infills also depends on their
computational costs. Given a fixed computational budget for each iteration, the proposed
MFSBO methodology will first determine a single infill location through one of the
commonly used criteria EI. Two hypothetical MFSMs will be obtained by updating the
existing MFSM separately with additional hypothetical HF and LF data. The hypothetical
HF data is acquired by evaluating the MFSM exactly at the infill location. The hypothetical
LF data is obtained through two steps: sampled inputs are generated by space-filling
sampling techniques within the trust-region centered around the infill location, and the
output responses are evaluated by the low-fidelity surrogate model (LFSM). Finally, the
values of EIR are computed for both hypothetically updated MFSMs to determine the data
source and samples of infill for the next iteration (see detail in section 5.1.1).
The major novelties of the present chapter include: (1) a new EIR infill strategy is
proposed to determine the data source (fidelity level) and samples of infill. The decision is
made by examining the potential of EIR through hypothetically updated MFSMs and the
computational cost ratio between HF-based and LF-based update (including simulation
time and MFSM update time, shown in Eq. (5.2)) given a fixed computational budget for
each iteration; (2) The MFSM update time or surrogate modeling time, typically neglected
in the previous research, is considered in the present work; (3) the dynamically varying and
iteration-dependent trust-region allows batch sampling for LF model evaluation and data

79

generation to improve exploration on a self-adaptive, as-needed basis for enhanced
optimization convergence and computational resource utilization; and (4) EIR-based infill
strategy is thoroughly studied by comparison with other pertinent infill strategies, and its
performance is fully characterized through numerical studies of varying complexity levels.

5.1 Proposed Methodology
Figure 5.1 shows the flowchart of the proposed MFSBO with the EIR-based infill
strategy. The detailed procedure is described as follows: First, it starts with an initial
sampling plan, such as the LHS to generate two sets of initial samples, i.e., X = { XH, XL},
where XH is the HF sample set and XL is the LF sample set to fill the multi-dimensional
parameter space (Block ① in Figure 5.1). Second, HF and LF models are simulated at HF
and LF sample points to generate corresponding responses i.e., Y = {YH, YL}, which then
form the training data (Block ② and ③ in Figure 5.1). Third, an MFSM (denote as ‘F’)
(Block ④ in Figure 5.1) is constructed using the training data in the previous step and the
co-Kriging method above to capture the input-output mapping relationship. Fourth, the
initial MFSM is inaccurate because the initial training data is limited, and hence, the
optimum found by the current MFSM might not be accurate. Therefore, the proposed
adaptive sampling process, EIR-based infill (Block ⑥ in Figure 5.1), is incorporated into
the process to add samples at critical locations iteratively within the parameter space, which
will improve the accuracy of MFSM gradually and accelerate the convergence of the
optimization process. In the EIR-based infill, the infill location x̂i (Block (6-a) in Figure
5.1) is determined first by the EI criteria (i.e., Eq. (2.35)), where i denotes the ith iteration
or the current iteration. At this infill location, two hypothetical cases are interrogated and
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compared to determine the data source (HF or LF) for infill with respect to the
computational cost ratio of HF-based to LF-based update and the potential of EIR.
In case 1, 1 hypothetical HF infill sample x̃ Hi is added at the infill location x̂i
determined in Block (6-a), and its output response ỹHi is calculated by the MFSM Fi-1
obtained in the last iteration, only an approximate value of the true response, instead of the
true HF simulation. This is also the reason why it is named the “hypothetical” HF infill,
i.e., Block (6-b) in Figure 5.1. Then the hypothetical HF infill sample xHĩ and corresponding
output ỹHi are tentatively included in the true data set from the last iteration, i.e., X̃ Hi = {Xi1,

xHĩ } and ỸiH = {Yi-1, ỹHi }, where Xi-1 and Yi-1 denote the input and the response of the

data set generated by the true HF and LF simulation in the previous iteration; and the tilde
represents the quantities associated with the hypothetical data. The data set X̃ Hi = {Xi-1, xHĩ }
and ỸiH = {Yi-1, ỹHi } are used to update MFSM, i.e., F̃ HI (Block (6-c) in Figure 5.1).
In case 2, Q LF hypothetical infill samples x̃ Li (Block (6-d) in Figure 5.1) are
generated within a trust-region centered around the infill location x̂i determined in Block
(6-a), where Q is the computational cost ratio between HF-based and LF-based update. The
trust-region is a reduced design space, whose center locates at the infill location x̂i, and its
size is determined by a convergence rate-related parameter (detailed in section 5.1.1). The
outputs for the Q LF samples ỹLi are generated by the LFSM fi-1 that is constructed by using
only LF simulation data (including the input set XLi-1 and the output response set Yi-1L ) and is
explicitly available when MFSM is built (see Eq. (2.22)). Therefore, ỹLi is also hypothetical.
Similar to case 1 above, xLĩ and ỹLi are tentatively included in the true data set in the last
iteration, i.e., X̃ Li = {Xi-1, xLĩ } and ỸiL = {Yi-1, ỹLi }) to update MFSM F̃ Li as shown in Block
(6-e) in Figure 5.1.
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After analyzing these two hypothetical cases, the values of expected improvement
reduction (EIRs) that measure the EI differences of MFSMs before and after the two
hypothetical infills (i.e., EIRs of F̃ Hi and F̃ LI relative to Fi-1), are computed (Block (6-f) in
Figure 5.1). The one with the larger EIR implies a higher potential of improving the
optimization accuracy and accelerating the design process. Thus, the data source (from
either HF or LF simulation) and infill samples (either x̃ Hi or x̃ Li ) are determined by
comparing EIRs in both cases (Block (6-g) in Figure 5.1). Subsequently, the infill samples
(either xHi = xHĩ or xLi = xLĩ ) and the corresponding true outputs (either yHi or yLi ) generated
by HF and LF simulation (Block ② and ③ in Figure 5.1), are added to the true data set in
the last iteration, viz., Xi= {Xi-1, xHi or xLi } and Yi = {Yi-1, yHi or yLi } to update MFSM, i.e.,
Fi for the current iteration. It should be reiterated that in contrast to the hypothetical
evaluation above (Block ⑥ in Figure 5.1), the output response yHi or yLi are generated by
HF and LF simulation rather than MFSM Fi-1 or LFSM fi-1. This process continues until
the minimum of MFSM (Block ⑤ in Figure 5.1) converges or the maximum number of
iterations is reached. Finally, the minimum of MFSM in the last iteration is extracted. The
details of the EIR-based infill process, i.e., Block ⑥ in Figure 5.1 are presented in the next
section.
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Figure 5.1 Flowchart of MFSBO with EIR-based Infill.

5.1.1 EIR-based Infill
Figure 5.2 illustrates the proposed EIR-based infill procedure using an example in
2D parameter space. First, an infill location x̂i, i.e., Step (2) in Figure 5.2 corresponding to
Block (6-a) in Figure 5.1 is determined by applying one of the widely used infill strategies
to the current MFSM. Specifically, the EI infill is adopted in this study, although others
can also be used in this step (H. Yang et al. 2020). The infill location will be used for
generating HF and LF infill samples.
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Figure 5.2 2D example flowchart of EIR-based infill.

Second, once the infill location is determined, two hypothetical cases presented
above are performed independently. In the first case, 1 HF hypothetical sample xHĩ , i.e.,
Step (3) in Figure 5.2 corresponding to Block (6-b) in Figure 5.1, located exactly at the
infill location x̂i, is selected for generating the hypothetical HF output ỹHi and updates the
MFSM. Again, in order to reduce computational time, the predicted value from MFSM,
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rather than the HF simulation, is used as the approximate HF output response. Note that
the computational cost of MFSM is virtually negligible compared to HF simulation. The
hypothetical HF sample xHĩ and corresponding response ỹHi are tentatively combined with
the true data set (Xi-1 and Yi-1) as described above to update MFSM F̃ Hi (hypothetical
updated MFSM with hypothetical HF infill data), i.e., Step (4) in Figure 5.2 and Block (6c) in Figure 5.1. In the second case, the EIR-based infill strategy simultaneously samples
Q LF hypothetical samples xLĩ (Step (5) in Figure 5.2 corresponding to Block (6-d) in Figure
5.1) by LHS in a trust-region. As described above, the center of the trust-region is at the
infill location x̂i determined in Step (2) in Figure 5.2, and its size is dictated by a
convergence rate-related parameter. The range of the trust-region is defined as:

TLi = max{xd min , xˆ i − ri }
TUi = min{xd max , xˆ i + ri }

ri = i  ( xd max − xd min )

0.1


0.7
i −1
i −2

ymin
− ymin


i = 


max(
K
)
−
min(
K
)



0.7


i  0.1

(5.1)

0.1  i  0.7

i  0.7

where TL and TU are the lower bound and upper bound of the trust-region, respectively.
xdmin and xdmax are the lower bound and upper bound of the design parameter space. Again
x̂

is the coordinate of the infill location (Step (2) in Figure 5.2). r is half of the length of

the trust-region, and also determines the area of the region. λ is the convergence rate
i −10
i −9
parameter, and measures the convergence rate at the ith iteration. K =  y min , y min ,

, y imin−1 

is a vector that records the minimum of the model in the previous ten iterations and is
utilized to compute the convergence rate parameter λ. p is a user-defined parameter that
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adjusts the effect of the convergence rate on the size of the trust-region. In this study, an
empirical value p = 0.7 is applied. The limit for λ is empirically set to be [0.1 0.7], which
works well for all the case studies in this chapter. A larger λ at the ith iteration indicates that
the minimum of MFSM deviates a lot from that of the last iteration, and thus, more
exploration needs to be applied for infill. Therefore, a larger λ results in a larger r and a
larger range of the trust-region for sampling. On the contrary, a smaller λ corresponds to a
smaller r, which narrows down the trust-region for sampling to allow more exploitation.
Within the trust-region, Q LF hypothetical samples xLĩ (Step (5) in Figure 5.2 and Block
(6-d) in Figure 5.1) are generated with LHS and used to update MFSM F̃ Li . Next, Q LF
samples x̃ Li and corresponding hypothetical responses ỹ Li evaluated by LFSM (not LF
simulation), are tentatively incorporated into the true data set to update MFSM, i.e., F̃ Li for
case 2 above (Step (6) in Figure 5.2 and Block (6-e) in Figure 5.1). Q, the computational
cost ratio of HF-based to LF-based update, is defined as:

Q=

TSH + TMH
TSL + TML

(5.2)

where TS is the simulation time; TM is the average surrogate modeling time during the
optimization (Block ④ in Figure 5.1). Superscript H and L represent HF and LF,
respectively. Note that the ratio Q in this study considers LF or HF simulation time and
surrogate modeling time as well during each iteration, which is one of the distinguishing
aspects of the present work from previous research efforts that often neglected the surrogate
modeling time. For some optimization problems, the surrogate modeling time could
increase dramatically relative to the simulation time when the data set becomes larger and
the correlation matrix calculation becomes more computationally demanding.
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Third, expected improvement reductions (EIRs) obtained by the updated MFSMs
in the two hypothetical cases (F̃ Hi and F̃ Li relative to Fi-1) are measured by

EIRM = EI M − EI 0

M =1, 2

(5.3)

where EIM is the expected improvement in case M, viz., after Step 4 or Step 6 in Figure 5.2.
EI0 is the one before infill, viz., in Step 1 in Figure 5.2. Since EI0 is the same for both
hypothetical cases, we can also directly compare the resulting EIs without resort to EIR.
Last, the data source M* (HF and LF) and corresponding infill samples (1 HF sample or Q
LF samples) in the case with the higher EIR is selected for the next round of simulation
and MFSM update:
M * = arg max EIRM

(5.4)

5.2 Results and Discussion
The proposed EIR-based infill method is examined with three case studies,
including two numerical examples and one engineering example, which represent
optimization problems with different dimensions and levels of complexities. It is also
compared with the other three infill strategies in terms of convergence and optimization
accuracy, including (1) H-infill strategy that adds 1 HF sample at the infill location in each
iteration; (2) Alternating infill strategy that adds 1 HF sample and Q LF samples
alternatively. For example, it infills Q LF samples at the 1st, 3rd, 5th, … iteration, and 1 HF
sample at the 2nd, 4th, 6th, … iteration, and so on; and (3) Random infill strategy that adds
1 HF sample or Q LF samples randomly in each iteration, that is, the infill in each iteration
will be randomly determined on-the-fly during optimization. For all infill strategies, the
computational cost ratio is kept the same and constant throughout the optimization, and the
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initial samples are also identical for the sake of fair comparison. Besides, due to the
randomness associated with the genetic algorithm optimization and LHS in the LF infill,
each numerical experiment below is repeated five times and the average is calculated and
presented for objective performance benchmarking (convergence and design accuracy) of
the proposed method.
5.2.1 2D Numerical Example: Brainin
The Brainin benchmark function is a two-dimensional, widely used function for the
optimization problem. The HF and LF models are given as follows (Perdikaris et al. 2017):
2

 −1.275 x12 5 x1
 
5 
fH = 
+
+ x2 − 6  + 10 −
 cos ( x1 ) + 10
2

4 


 
f L = 10 f H ( x − 2 ) + 2 ( x1 − 0.5 ) − 3 ( 3x2 − 1) − 1

(5.5)

x1  [−5,10], x2  [0,15]

where fH represents the HF model, and fL is the LF model. Their response surfaces are
depicted in Figure 5.3. There are three global optima, x* = (-π, 12.28), (π, 2.28), and (9.42,
2.48), and their corresponding function value is fH(x*) = 0.40.

Figure 5.3 Response surfaces of HF and LF models
for the Brainin function.
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The optimization process starts with two HF and two LF samples, which are the
same for all infill strategies in comparison. In this case study, 20 infill iterations are
performed to add samples to update MFSM and conduct MFSBO. The computational cost
ratio Q for this case study is set to be 10, that is, the computational time of a HF-based
update (including simulation time and MFSM update time) is 10 times longer than that of
a LF-based update. For comparison, the convergence of the minimum of MFSM for four
different infill strategies is shown in Figure 5.4. Note that average results of five repeated
runs that take the exactly same optimization parameters (initial samples, number of infill
iterations, cost ratio, etc.) are presented for a fair comparison. The results show that EIR,
alternating, and random infill converge faster than the H-infill. EIR, alternating, and
random infill strategies converge at the 12th, 18th, and 18th iteration, respectively, while Hinfill has not converged yet at the 20th iteration. Comparing to the other three infill
strategies, the EIR-based infill strategy converges faster and to a minimum closer to the
global optimum.

Figure 5.4 Convergence of MFSBO to the
global minimum using different infill
strategies.
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(1)

(2)

(3)

(4)

(a) 5th Iteration

(b) 10th Iteration

(c) 20th Iteration

Figure 5.5 Response surface plots of the MFSM for the four infill strategies: (1) H infill,
(2) alternating Infill, (3) random Infill, and (4) EIR-based Infill.

To further confirm the observation, the surface plots for H-only, alternating,
random and EIR-based infill strategies are portrayed in Figure 5.5 from the first row to the
fourth row. Their variations at the 5th, 10th, and 20th iteration are shown from the left to the
right. Note that among the five repeated optimization runs, the one with median
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performance in design accuracy is selected for these plots because average surface plots
are physically meaningless. It clearly shows that the minimum of MFSM during iterations
keeps decreasing and converges to the optimum as more infills are added for all infill
strategies. For H-only, alternating and random infill, the MFSM gradually exhibits the true
response surface around one global optimum. However, their convergence rates are
relatively slow because many samples are infilled into non-targeted regions that have large
objective values and are far away from the global optima. For the EIR-based infill, MFSM
finds one global optimum at a relatively faster rate, and the region around the global
optimum is under intensive search. Besides, the infill samples are mostly distributed in the
region around the global optima. These results confirm that the EIR-based infill strategy
outperforms the other three in terms of convergence rate and optimization accuracy, which
agrees with the convergence analysis in Figure 5.4.
The minimum of MFSM and the corresponding objective value obtained from the
average of the five repeated runs at the 10th and the 20th iteration (i.e., in the middle and at
the end of the optimization) are listed in Table 5.1 for comparing the four infill strategies.
At the 10th iteration, the objective value of the minimum of MFSM using the EIR-based
infill is closer to one of the global optima with a smaller relative error, while the relative
errors of the other three are 1675.98%, 2335.84%, and 2706.37%. Furthermore, the results
at the 20th iteration show that the EIR-based infill identifies a more accurate optimum with
0.08% relative error only, which is in distinct contrast to the H-only, alternating, and
random infill strategies that, respectively, have relative errors of 401.63%, 80.24%, and
177.64%. Note that although the Brainin function has three optima, they share the same
objective value. The relative error presented above is based on any optimum found by the
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individual method. The numerical results agree with the convergence analysis above, and
EIR-based infill indeed outperforms the other three in terms of convergence rate and
optimization accuracy.
Table 5.1 The minimum of MFSM and corresponding objective values at the 10th and
20th iteration.
10th Iteration

20th Iteration

xmin

ŷ(xmin)

Relative Error

xmin

ŷ(xmin)

Relative Error

H

(2.64, 4.98)

7.07

1675.98%

(4.52, 3.81)

2.00

401.63%

Alternating

(6.86, 1.58)

9.69

2335.84%

(6.79, 2.04)

0.72

80.24%

Random

(6.68, 1.68)

11.17

2706.37%

(8.15, 2.24)

1.10

177.64%

EIR

(3.10, 2.96)

1.87

369.84%

(3.14, 2.27)

0.40

0.08%

Global Optima
(x*)

(-π, 12.28), (π, 2.28), (9.42, 2.48)

fH(x*)

0.40

Figure 5.6 illustrates the data source selection during each iteration for the EIRbased infill. Again, among the five runs, the one with median performance is presented. In
the figure, ‘H’ represents choosing one HF sample for the infill, while ‘L’ means Q LF
samples. It clearly shows that four iterations are selected to use LF data for infill to update
MFSM, while the other 16 iterations are performed with HF simulations. Since each LF
infill iteration runs 10 LF simulations that generates sufficient LF data, the EIR-based infill
uses more HF iterations to obtain sensible contributions from both HF and LF data sources.
In short, the proposed EIR-based infill judiciously manages the fidelity level (or data
source) and samples to accelerate the convergence, i.e., 20% of the computational time
allocated to LF simulation and 80% to HF simulation.
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Figure 5.6 Selection of data source (fidelity level) at each iteration for the EIR-based
Infill for the Brainin function.
5.2.2 4D Numerical Example: Hartmann 4-dimensional Function
In this example, we will evaluate the proposed method using the Hartmann 4dimensional model. The HF model given in Eq. (5.6) is provided by (Picheny, Wagner,
and Ginsbourger 2013) and the LF model is obtained by changing the optimum location
and the scale of the functional value. Both are given as follows

fH =

4
 4
2 
1 
1.1
−

exp

 − Aij ( x j − Pij )  

i
0.839 
i =1
 j =1
 

f L = 0.9 f H ( x − [−0.03, 0.05, − 0.1, 0.07]) + 0.37
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5569 124 
8307 3736 
3522 2883

8732 5743
xi  [0, 1] for all i = 1, 2, 3, 4
1696
4135
1451
8828

The global optimum of the Hartmann 4-dimensional function is x* = (0.19, 0.19,
0.56, 0.26) and the corresponding function value fH(x*) = -3.14. Figure 5.7 portrays the
response surfaces of the HF and LF model. To facilitate visualization, the surfaces are
shown in a 3D space and only vary with two design variables while keeping the other two
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constants at their corresponding global optimum values x*. The global optimum denoted
by the triangular symbol in black can also be visualized in Figure 5.7.

Figure 5.7 Response surfaces of the HF and LF model for the Hartmann 4 function.

Figure 5.8 Convergence of the minimum
of MFSM using different infill strategies.
Similar to the first case study, the initial samples are generated first, including two
HF and two LF samples for all infill methods. In this case study, 20 iterations are performed
to search for the global minimum. Since this numerical example is a four-dimensional
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optimization problem with an elevated level of complexity, a larger computational cost
ratio Q = 20 is set. The convergence comparison among the four infill strategies is shown
in Figure 5.8. Again, the average results of the five repeated optimization runs are presented.
At the 2nd iteration, the random infill strategy exhibits a sudden drop, which is attributed to
the fact that the initial MFSM is not sufficiently accurate, and predicts a wrong minimum.
This problem can be resolved by the adaptive sampling process, which adds more data into
MFSM to improve its accuracy, and the minimum of MFSM will gradually converge to
the global optimum. According to the convergence analysis, the EIR-based infill reaches
the global minimum around the 16th iteration, while the other three could not converge until
the 20th iteration. Thus, the EIR-based infill exhibits a faster convergence rate.
Figure 5.9 shows the surface plots of MFSM at the 5th,10th, and 20th iteration for
the four infill strategies. Again, to facilitate visualization, the surface plot is portrayed in
3D by fixing x3 and x4 at their corresponding values of the global optimum x*. Similar to
the above, the plots are extracted from the one with median performance. We can see that
surface plots for the H-infill do not show a clear trend of convergence at the early iterations,
although the profile of the response surface around the global optimum becomes more
obvious with more infill samples. The minimum of MFSM with the alternating and random
infill converge to a single point as more infill iterations are performed. However, it seems
like the minimum does not fully reach the global minimum, and more iterations are
required to improve the prediction accuracy. For the EIR-based infill, the minimum of
MFSM progressively converges to the global optimum as more infill iterations are
performed. Besides, EIR is able to find the optimum much faster than the other three
methods.
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(1)

(2)

(3)

(4)

(a) 5th Iteration

(b) 10th Iteration

(c) 20th Iteration

Figure 5.9 Response surface plots of MFSM for the four infill strategies: (1) H infill, (2)
alternating Infill, (3) random Infill, and (4) EIR-based Infill.

Table 5.2 lists the minimum of MFSM and the corresponding objective value
averaged across the five repeated runs at the 10th iteration and the 20th iteration. At the 10th
iteration, the minimum of MFSM with the EIR-based infill is closer to the global optimum
with only 8.21% relative error. The objective value of the 20th iteration for the EIR-based
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infill is also closer to global optimal with only 0.15% relative error. It further confirms that
the EIR-based infill accelerates the optimization process and produces more accurate
optimization results.
Table 5.2 The minimum of MFSM and corresponding objective at 10th iteration and 20th
iteration.
10th Iteration
xmin

ŷ(xmin)

20th Iteration

Relative Error

xmin

ŷ(xmin)

Relative Error

H

(0.20, 0.12,
-2.57
0.33, 0.29)

18.12%

(0.20, 0.19,
0.53, 0.27)

-3.10

1.03%

Alternating

(0.14, 0.33,
-2.72
0.61, 0.33)

13.30%

(0.15, 0.21,
0.60, 0.28)

-3.04

3.01%

Random

(0.25, 0.39,
-2.48
0.69, 0.34)

20.81%

(0.22, 0.33,
0.65, 0.28)

-2.78

11.28%

EIR

(0.17, 0.24,
-2.88
0.49, 0.30)

8.21%

(0.19, 0.19,
0.55, 0.26)

-3.13

0.15%

Global
Optimum
(x*)

(0.19, 0.19, 0.56, 0.26)

fH(x*)

-3.14

Figure 5.10 shows the selection of the data source (fidelity level) at each iteration
for the EIR-based infill, which again is extracted from the one with median performance
in the five optimization runs. Three iterations are assigned to LF simulation and infill, and
17 iterations to HF simulation during the adaptive sampling process. In other words, more
computational time, i.e. 85% is assigned to HF infill, while 15% is left to LF infill. Besides,
it also shows that the EIR-based infill chooses LF infills at the beginning for more
exploration, while performing HF infills for exploitation to improve optimization accuracy
in the latter half of the optimization process. This confirms that the EIR-based infill can
select the data source adaptively based on EI reduction to benefit MFSBO most.
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Figure 5.10 Selection of data source (fidelity level) at each iteration for the EIR-based
Infill for the Hartmann 4-dimensional Function.
5.2.3 Engineering Example: Design of Inlet Concentrations for Microfluidic
Concentration Gradient Generator
In this example, an engineering example that utilizes the proposed EIR and MFSBO
methodology for the design of the µCGG is carried out. µCGG is an important device in
biological and chemical processes to generate stable CGs (Irimia, Geba, and Toner 2006;
Cabaleiro 2020; C. G. Yang et al. 2011; X. Wang, Liu, and Pang 2017). Numerous µCGGs
are proposed to generate CGs of various shapes to meet application requirements.
Searching for operating parameters that could yield a user-prescribed CG using a given
µCGG device is a formidable challenge (H. Yang et al. 2020; S. H. Hong, Yang, and Wang
2020), which, therefore, will be examined by the proposed method.
In both PBCM and CFD models, the design variables of the optimization problem
are the chemical concentrations at the six inlets x = [c1, c2, …, c6]. The pressures at the inlet
reservoirs are fixed as constants, yielding a six-dimensional problem, whose objective
function is defined as Jd - the L1 norm of the difference between the generated CG (Co =
f(x)) and the user-prescribed CG (Cs) in Eq. (5.7) (H. Yang et al. 2020)
min
x

J d = Co − Cs

1

(5.7)

Figure 5.11 shows three prescribed CGs, which are trapezoidal, valley-shaped, and
sawtooth-shaped. Pressures at inlet reservoirs for these three prescribed CGs are listed in
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Table 5.3, and extracted from the previous study (H. Yang et al. 2020). Since these three
prescribed CGs consist of segments with different slopes and widths, the pressure
magnitudes are also different. Similarly, the four infill strategies above are implemented
with two HF (CFD) and two LF (PBCM) initial samples for each prescribed CG. To update
MFSM and search for the optimal parameters of inlet concentrations, 30 infill iterations
are performed. The computational cost ratio Q is set to be 20, which is computed based on
the computational cost ratio of HF-based and LF-based update for this case study using
Eq.(5.2). It should be noted that the modeling time during the optimization process varies,
because the amount of the LF and HF data increases with the iterations. Therefore, the
computational cost ratio value Q above is an estimated average.

3

4

5

5

(a) Trapezoidal

4

3

3

(b) Valley-shaped

4

(c) Sawtooth-shaped

Figure 5.11 Prescribed CGs.
Table 5.3 Pressures at inlet reservoirs for three prescribed CGs.
P1 (Pa)

P2 (Pa)

P3 (Pa)

P4 (Pa)

P5 (Pa)

P6 (Pa)

Trapezoidal

193.99

193.99

257.33

257.33

300.20

300.20

Valley-shaped

352.50

352.50

259.53

259.53

178.62

178.62

Sawtoothshaped

239.09

239.09

360.60

360.60

478.02

478.02
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(a) Trapezoidal

(b) Valley-shaped

(c) Sawtooth-shaped

Figure 5.12 Convergence of Min. Jd using different infill strategies for prescribed CGs:
(a) trapezoidal, (b) valley-shaped, and (c) sawtooth-shaped.
Figure 5.12 shows the averaged results for the convergence analysis of the
minimum Jd (Min. Jd) of MFSM for the four infill strategies. For the trapezoidal and valleyshaped CG, the alternating and random infill converges slightly faster than H-infill. For the
sawtooth-shaped, H-infill converges faster than the alternating and random infill. This may
be ascribed to the fact that the LF model is relatively less accurate for the sawtooth-shaped
CG, and hence, alternating and random infill converges slowly due to inordinate use of the
LF data. Under this circumstance, the H-infill, which only adopts HF infill for each
iteration, preserves necessary MFSM accuracy and achieves a faster convergence rate.
Furthermore, the EIR-based infill properly selects the data source and samples of infill on
the as-needed basis by following the EIR criteria, and therefore, it is able to converge even
faster to a lower Jd. Quantitatively, the EIR-based infill obtains its full convergence at the
21st, 24th, and 26th iteration for all the three prescribed CGs, respectively, while the other
three infill strategies mostly have not converged at the 30th iteration, and more iterations
are needed.
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Figure 5.13 Predicted CGs relative to the prescribed CG based on (1) the minimum of
MFSM at the 15th and (2) at the 30th iteration, and (3) the CFD contour plots at the 30th
iteration for the three prescribed CGs: (a) trapezoidal, (b) valley-shaped, and (c)
sawtooth-shaped.
Figure 5.13 illustrates the comparison between the prescribed CGs and the
predicted CGs at the 15th and 30th iteration for different infill strategies. The predicted CGs
are obtained by supplying the found minimum of MFSM as the inlet concentrations to CFD
simulation. Again, each predicted CG is the average of those from the five repeated runs.
The bottom row of the figure presents the CFD contour plots at the 30th iteration using the
EIR-based infill for three different prescribed CGs. Similarly, the contour plots are
extracted from the run with the median performance. The averaged numerical values of Jds
of predicted CGs at the 15th and the 30th iteration (extracted from row 1 and row 2 in Figure
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5.13) are listed in Table 5.4. Recall that Jd is the measure of the difference between the
predicted CG and the prescribed CG, and a smaller Jd corresponds to better agreement
between them. Results clearly show that predicted CGs of the EIR-based infill are closer
to the prescribed CGs than those of the other three infill strategies at the 15th iteration with
63.04% Jd reduction on average, indicating a faster convergence rate of the former. Similar
findings of optimization performance are observed at the 30th iteration that predicted CGs
obtained by the EIR-based infill match the prescribed CGs better with 59.42% Jd reduction
on average, viz., faster convergence to lower Jds.
Table 5.4 Jd at the minimum of the MFSM at the 15th and 30th iteration for the three
prescribed CG.
Jd

Infill Strategy

15th Iteration

30th Iteration

Trapezoidal

Valley-shaped

Sawtooth-shaped

H

14.19

9.88

12.67

Alternating

7.71

11.11

17.81

Random

9.08

9.58

18.57

EIR

4.56

4.74

5.43

H

5.84

5.32

4.89

Alternating

5.48

5.38

13.38

Random

6.50

5.61

10.34

EIR

1.65

3.07

3.48

Figure 5.14 shows the selection of the data source (fidelity level) at each iteration
using the EIR-based infill for three prescribed CGs. Similarly, the one with the median
performance among the five runs is presented. The results show that the EIR-based infill
assigns five iterations to LF simulations and 15 iterations to HF simulations. For the
trapezoidal CG, a relatively small number of iterations are allocated to the LF infill. This
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is because the design for the trapezoidal CG is relatively easy, and fewer LF infills that aim
at improving exploration for MFSM are needed. However, it should also be pointed out
that even if only a few LF infill iterations are selected, the number of LF samples is actually
more than that of HF samples because each LF infill adds Q = 20 LF samples. Take the
trapezoidal CG in Figure 5.11 (a) as an example, there are totally 42 LF data and 30 HF
data after performing the EIR-based MFSBO. On average, 25% of the computational time
is used to run LF infills, while 75% to perform HF infills for the designs of the three
prescribed CGs. Besides, similar to previous case studies, LF infills are mostly selected at
the beginning of the optimization to explore the design space, and HF infills are performed
during the latter half of the optimization to identify the optimum from the results of five
runs. For the valley-shaped profile, LF infills are also selected at the latter half of the
optimization, which may be attributed to a more complex shape of the local response
surface, which, hence, needs more LF samples for enhanced exploration. In conclusion, the
EIR-based infill strategy that maximizes the reduction of EI selects the data source and
samples in a more adaptive manner and accelerates the optimization process.
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(a) Trapezoidal

(b) Valley-shaped

(c) Sawtooth-shaped

Figure 5.14 Data source selection at each infill iteration for EIR-based Infill.

5.3 Summary
In this chapter, an EIR-based infill strategy is proposed to accelerate the
convergence of MFSBO. New aspects of the proposed method include: first, the EIR-based
infill method selects the data source (i.e., simulation fidelity level) and samples of infill
automatically and judiciously based on the potential of reducing EI through hypothetical
interrogation. Second, batch LF sampling is applied within a dynamically varying trustregion, which appreciably improves sampling exploration on an as-needed basis and
accelerates the optimization process. Third, given a fixed computational budget for each
iteration, the proposed method allows batch LF infills to fully utilize the computational
resources because of the lower computational cost of the LF model. Besides, in contrast to
existing studies, the present research also takes into account the computational cost
incurred for surrogate modeling. Last, the efficiency and accuracy of the proposed method
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are thoroughly examined by comparing it against the other three infill strategies (H-only,
alternating, and random).
Three case studies are conducted to verify the performance of the proposed method
in terms of convergence rate and design accuracy. Results confirm that the proposed EIRbased infill effectively searches within the design space and finds the global minimum in
all three case studies. It is able to determine both the sample location and data source in a
self-adaptive manner during each iteration, and achieves faster convergence and more
accurate design than other infill strategies for all case studies. Specifically, compared to
the other three infill strategies, the relative errors of optimal designs found by EIR-based
infill decrease by 219.80% and 5.02% on average for the first two numerical case studies.
Min. Jd decreases by 59.42% on average for all CGs design in the third engineering case
study. Therefore, the EIR-based infill is a more feasible and computation-aware approach
for multi-fidelity surrogate-based optimization problems.
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CHAPTER 6 A SPARSE MULTI-FIDELITY SURROGATE-BASED
OPTIMIZATION METHOD WITH COMPUTATIONAL AWARENESS4

4

Yang, Haizhou, and Yi Wang. To be submitted to Structural and Multidisciplinary
Optimization.
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The CoKriging method, one of the multi-fidelity Gaussian process (GP) surrogate
modeling techniques, can be used to handle those data and learn the correlation between
them and often utilized in various engineering fields (Marques et al. 2019; Park, Haftka,
and Kim 2017; Fernández-Godino et al. 2016; Peherstorfer, Willcox, and Gunzburger
2018). Nevertheless, the GP model suffers from the big data problem, cubic time
complexity of Ο(n3) and memory storage of Ο(n2) (Lawrence, Seeger, and Herbrich 2003),
due to the inversion and determinant calculation of the matrix (H. Liu et al. 2020), where
n is the number of training samples. This limits the scalability of the GP model and prevents
it from the domains with a large dataset.
In order to overcome the scaling problem, various sparse GP approximations were
proposed, which are divided into two main categories (H. Liu et al. 2020; Lawrence, Seeger,
and Herbrich 2003; Lee, Lee, and Kim 2017; Hensman, Fusi, and Lawrence 2013; Snelson
and Ghahramani 2007): global approximations and local approximations. Global
approximations simplify the kernel/correlation matrix to achieve scalability, including (1)
Subset of Data: the GP model can be approximated by using a subset of the training set (m
data points), introducing a smaller kernel matrix, and simplifying the calculation (Chalupka,
Williams, and Murray 2013; Das, Roy, and Sambasivan 2018). This method retains the
similar accuracy of standard GP, and achieves a lower time complexity Ο(m3). (2) Sparse
Kernel: the kernel matrix is simplified by removing uncorrelated entries, such that the entry
becomes zero when entry exceeds a certain threshold (Melkumyan and Ramos 2009). As
a result, only nonzero entries in the kernel matrix are involved in the calculation and that
reduces the time complexity to Ο(αn3) with 0<α<1 (3) Sparse Approximation: the full-rank
kernel matrix can be replaced by a low-rank approximation through eigenvalue
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decomposition (Wilson and Nickisch 2015). The most important features are reserved in
the low-rank approximation to retain the accuracy, and the time complexity is reduced to
Ο(nk3), where k is the number of modes kept in the low-rank approximation. On the other
hand, local approximation divides the training data into several subsets (Rullière et al. 2018;
Gramacy 2016; H. Wang et al. 2017). For each subset (m0 data points), a local GP model
is built and conquers a subdomain to gain scalability, capturing more local features. Then,
the modeling average is employed through a mixture or product of local experts to produce
a global prediction. With local approximation, the time complexity is reduced to Ο( nm03 ).
Moreover, MFSBO based on Cokriging may also suffer from big data issues. In
previous chapter, a computation-aware MFSBO method was developed, which
automatically determines both the data source (i.e., the fidelity level HF vs LF) and infill
locations by hypothetically estimating the reduction of EI, hence enabling computational
awareness. The EIR-based infill takes into account computational costs of both simulations
and surrogate modeling, although the latter is often neglected by existing research.
However, this approach also suffers from a unique big data issue. That is, for a higherdimensional complex design problem, a large number of exploration-based LF samples are
generated by batch sampling and infilled for surrogate modeling, which increases the
sample size dramatically and may eventually compromise MFSBO efficiency.
In order to address the challenges above, this chapter presents a new data
sparsification method that balances the exploration and exploitation during MFSBO. It
consists of two key components: reduced design space (RDS) and data filtering (DF) to
judiciously select data subsets of maximum values for multi-fidelity GP, more specifically,
CoKriging, and EIR-based infill strategy in MFSBO. The proposed method aims to remove
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the redundant data in multi-fidelity data sets for reduced surrogate modeling time and
enhanced optimization efficiency. RDS identifies the region where the optimum is most
likely located, and shrinks the design space into a targeted region of a smaller size (reduced
design space). Then the data outside RDS, within the non-interested region, is removed,
leading to reduced modeling time. On the other hand, DF directly removes redundant LF
samples only within the reduced design space. This is because the CoKriging Model when
applied to engineering applications, typically has a large number of LF samples and a few
HF samples. The LF data is cheaper but less accurate, and may cluster significantly to
provide similar or even redundant information to construct the response surface due to the
infill process. Therefore, DF is designed for eliminating these LF samples based on certain
criteria.
The major novelties of the chapter include: (1) To the best of our knowledge, this
chapter presents an initial effort for developing a data sparsification method to address the
big data issues in MFSBO, in particular, the one with computational awareness. The data
sparsification is performed on an as-needed basis to shrink the modeling time and enhance
the optimization efficiency; (2) a two-pronged approach based on different principles is
applied before the modeling process to reduce redundant data on the fly. RDS eliminates
the data outside the region of interest (the region near the global optimum) to emphasize
exploitation, and DF removes the LF samples to mitigate data redundancy in exploration;
(3) the proposed RDS&DF method eliminates the bottleneck of the EIR-based infill
method (i.e., big data issue) and the novel combination of this data sparsification method
with EIR-based infill makes the sparse MFSBO also computation-aware; and (4) previous
studies mostly assume the computing load of HF or even LF simulation significantly
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dominates over that of surrogate modeling, infill, and optimization, and the latter are
neglected. In contrast, this chapter considers a more generic scenario where the latter is
comparable to or even more demanding than the HF or LF simulations. This could occur
when the aforementioned big data issues emerge, or the MFSBO and HF/LF simulations
are conducted on different computing platforms (e.g., due to software, licenses, and
hardware constraints). Therefore, in this chapter, the computation time of each constituent
piece in MFSBO is taken into account and quantitatively analyzed with respect to the HF
or LF simulation time.

6.1 Problem Formulation
Suppose there are two different data generation sources for solving a real-world
problem, respectively, denoted in the decreasing order of fidelity as fH(x) and fL(x), where
x ∈ ℝd is the input variable, d is the number of dimensions of the input variable. fH(x)
represents the HF simulation data generation source with a more accurate response but is
computationally expensive. On the contrary, fL(x) is the efficient LF simulation data
generation source with a shorter computational time but low accuracy. The objective of the
optimization is to minimize fH(x) within the design space:

x* = mind f H ( x )
x

(6.1)

However, direct optimizing based on fH(x) can be computationally prohibitive
because it involves numerous HF simulations, in particular, for the global optimization in
the present chapter. Therefore, a CoKriging model F(x) is constructed to approximate fH(x),
which has excellent computational efficiency and can be utilized for accelerating design
optimization, i.e.,
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x* = mind fH ( x )  mind F ( x )
x

x

(6.2)

6.2 Proposed Methodology
Our prior study proposed an MFSBO framework based on the EIR to enable
computational awareness for accurate and efficient design optimization. More specifically,
a CoKriging model is constructed to capture the input-output mapping relationship using a
small amount of selected simulation data (both HF and LF data) and serves as the main
engine for the optimization to reduce the computation cost. A novel EIR-based infill
strategy is utilized to determine the data source (fidelity level) and infill samples in each
infill iteration to update the model for enhanced accuracy. This MFSBO design
optimization method and infill strategy have been verified and exhibited excellent
performance in convergence rate and accuracy. However, for a more challenging, higherdimensional design problem, a large number of iterations are needed to search and locate
the global optimum because the data landscape will be more complex. Thus, many infill
samples are added to the data set, and the time for surrogate modeling, infill determination,
and design optimization all increases exponentially, which compromises the intent of using
the surrogate models. To effectively utilize the CoKriging method for MFSBO, a novel
data sparsification method that continuously shrinks the targeted design space and filters
out redundant data is proposed in this chapter. As shown below, when combined with EIRbased infill, the new sparse MFSBO framework could saliently boost the computation
efficiency by curtailing the surrogate modeling time while remaining the design accuracy.
Figure 6.1 illustrates the flowchart of the proposed MFSBO that includes both EIRbased infill and RDS&DF. The details of the procedure are described as follows: First, two
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sets of the initial samples are generated by LHS, i.e. X = { XH, XL}, where X is the input
samples. Subscripts H and L represent the samples for HF (computationally expensive) and
LF (computationally cheap) simulations, respectively. Second, both sets of samples are
supplied to corresponding HF and LF simulation engines (Block (1) in Figure 6.1) to
generate their responses, i.e., Y = {YH, YL}, forming the set of data pairs (X, Y) for
surrogate training/modeling. Third, the sample size of the data set is examined with respect
to an upper limit of the number of samples, which will determine if data sparsification by
RDS&DF needs to be executed to mitigate the big data issues above. If the sample size is
smaller than the upper limit, all existing data is used for training the surrogate model.
Otherwise, the RDS&DF process (Block (2) in Figure 6.1 and detailed in section 6.2.1) is
applied to remove redundant data in the existing data set to shorten modeling time, hence
improving optimization efficiency. Typically, at the beginning of the design optimization
process, the number of samples is below the limit, and the RDS&DF module will only be
triggered after a certain number of iterations. Fourth, a CoKriging model (Block (3) in
Figure 6.1) is constructed using the training data of both fidelities to capture the inputoutput relationship. Then, the EIR-based infill process (Block (4) in Figure 6.1) is invoked
to determine where the infill will be and which source/fidelity of the data (HF vs. LF) will
be added within the design space iteratively to improve model accuracy and accelerate
optimization convergence. Next, the infill samples are supplied to the corresponding
simulation engines to generate new data associated with the infill samples to update the
model. This process continues until the minimum of the CoKriging converges or the
maximum number of iterations is reached. Finally, the CoKriging model in the last iteration
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is utilized for design optimization to search the global optimum with accuracy similar to
the HF simulation.

Initial Samples

No

New Data

Data Generation

Big Data?
Yes
RDS & DF

1

• Generate Simulation Data with
Varying Accuracy & Cost

2

• Reduced Design Space
• Data Filtering
Remaining Data

MFGP/CoKriging Model
• Map Input-output
Relationship
• Utilize Data with
Varying Fidelities

Data Source &
Infill Samples

EIR-based Infill

4

• Data Source and Infills Decision

3

No

Converge?
Yes
Optimal Design

Model Generation

Model Validation

Model Utilization

Figure 6.1 Flowchart of MFSBO including both EIR-based infill and RDS&DF.
6.2.1 Reduced Design Space & Data Filtering
The flowchart of the proposed RDS&DF is illustrated in Figure 6.2. If the total
sample size (Ntotal) is larger than the user-prescribed upper bound (NUB), viz., too many
samples in the data set, RDS&DF will be performed to remove redundant data prior to
surrogate modeling to reduce its computation cost. Otherwise, the algorithm will skip this
step and execute the surrogate modeling module directly.
Once the sample size reaches the upper bound, the algorithm enters the first
component of the module, viz., RDS. As discussed above, RDS shrinks the design space
to eliminate the redundant data outside the targeted design space and improve exploitation
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when the response surface around the global optimum is well captured and the search
approaches the global optimum. RDS component is triggered only when a specific criterion
is satisfied, which in the present study is when the convergence rate of the optimization
reaches a user-defined threshold. The convergence rate measures the standard deviation of
the normalized minimum of the surrogate model in the latest ten iterations and is
mathematically defined as
K =  y imin−10 , y imin−9 , , y imin−1 
K − min ( K )
K =
max ( K ) − min ( K )

(6.3)

 i = std(K )
th
where yi-1
min is the minimum of the surrogate model at the (i-1) iteration while the other nine

follow the same notation; K is a vector that records the minimum of the CoKriging model
in the previous ten iterations. K′ is the normalized version of K; σi is the standard deviation
of K′. If σi is smaller than a threshold (σlim), it is considered that the minimum of the
surrogate model is converging to a specific region, and therefore, RDS is applied.
Otherwise, the minimum keeps varying from one iteration to the next, indicating that the
search is still far away from the global optimum, and thus, it is not appropriate to shrink
the design space, and RDS should be skipped. In this study, an empirical value σlim = 0.25
is adopted. The detailed procedure of RDS is given as follows:
First, the center and the half-length of the RDS are determined to identify the
location and the range of the RDS (Block (a) in Figure 6.2), which is defined as
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−1
RDSLi = max{xilb−1 , ximin
− li }
−1
RDSU i = min{xiub−1 , ximin
+ li }

lb
l i =  i  ( xub
i −1 − x i −1 )

(6.4)

i

 i = ( 2 −  LB ) − (1 −  LB )
lim

 LB = k  LB
where RDSL and RDSU are the lower bound and upper bound of the RDS, respectively.
xlbi−1 and xub
i−1 are the lower bound and upper bound of the design parameter space in the
−1
i-1th iteration. x imin
is the coordinate of the design variables corresponding to the minimum
i −1
of the surrogate model ymin
in the last iteration (i-1th iteration). li is the half-length of RDS

and also determines the area or the volume of the region. γi is a shrinkage ratio measuring
the contracted length scale of the design space at the ith iteration. A larger γi indicates that
the minimum of the surrogate model still varies dramatically, and the search does not
converge to one location, and thus, the design space cannot be shrunken much. On the other
hand, a smaller γi represents a better convergence to the minimum of the surrogate model,
and it is reliable to shrink the design space more, resulting in a shorter li and a smaller
region with a high probability to accommodate the global optimum. γLB is the lower bound
of the shrinkage ratio for each dimension. γLB is determined by ξLB, and ξLB prescribes the
lower bound of the shrinkage ratio of the hypercube volume enclosed by RDS. A larger
ξLB makes a conservative reduction of the design space, hence avoiding missing the global
optimum, while a smaller one will remove more data to further reduce the surrogate
modeling time and improve optimization efficiency but at the risk of missing the global
optimum. A value of ξLB = 0.7 is appropriate to balance from both perspectives and used
for all case studies in the chapter. k is the dimension of the problem. The fourth equation
in Eq. (6.4) calculates the length ratio based on the standard deviation calculated in Eq.
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(6.3) followed by an exponential scaling, and the former then can be used to determine the
bounds of RDS in each dimension. The last equation in Eq. (6.4) transfers the lower bound
of the volumetric shrinkage ratio to the lower bound of the shrinkage ratio for each
dimension.
Second, all the samples out of the RDS (Block (b) in Figure 6.2), including HF and
LF samples, are removed to improve the surrogate modeling efficiency and preserve the
design accuracy.

no

NTotal > NUB
yes

no

σi < σlim

yes

yes

Delete LF Samples too close to each other
Determine range of RDS
based on li and xi−min1

a

Search nis LF Samples by K-mean clustering
Find nin nearest neighbor LF Samples to xi−min1

Delete samples
outside RDS

Reduced Design Space (RDS)

no

NTotal > Nt

b

Keep nih HF Samples and nis + nin LF samples

c

d

e

f

Data Filtering (DF)

Figure 6.2 Flowchart of reduced design space and data filtering.
Following RDS, the DF step is applied to further remove redundant data within
RDS when a specific criterion is satisfied, that is, the current sample size is larger than the
target sample size (Nt). The target sample size (Nt) is a user-defined parameter representing
the number of total samples following the RDS&DF module. Nt is determined empirically
prior to the MFSBO and is subjected to the constraints of the physical memory of the
computing platform and the computational time of surrogate modeling and infill relative
to the HF simulation. Once the criterion is satisfied, DF filters out the potentially redundant
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data. In this process, only LF samples will be removed and all the HF samples will be kept
because the latter are limited in quantity, more costly to collect, and more accurate than the
former. The details of the DF step are described as follows: First, the LF samples too close
to each other, are removed to improve the numerical conditioning of the covariance matrix
for enhanced model accuracy (Block (c) in Figure 6.2), yielding nil LF samples in total. In
our DF, all HF samples ( nih ) are kept. Thus, the total budget for LF samples is Nt - nih ,
of which nis and nin will be selected based on exploration and exploitation measures (see
below), that is nis and nin LF samples will be drawn from the nil LF samples above with
better numerical conditioning. A user-defined parameter rl = nis /( nis + nin ) is used to
determine the ratio between nis and nin to balance the exploration and the exploitation. In
this study, an empirical value rl = 0.7 is adopted for all case studies. Next, nis LF samples
will be determined based on the clustering technique (Block (d) in Figure 6.2). That is, all
the existing LF samples will be grouped into nis clusters, and for each cluster, only one LF
sample is selected, retaining totally nis LF samples that still maintain sample exploration.
−1
Furthermore, the distances of all remaining LF samples ( nil - nis ) to x imin
are measured, and

the top nin LF samples with the shortest distance are chosen for exploitation-based
sampling (Block (e) in Figure 6.2). Eventually, all nih HF samples and nis + nin LF
samples (totally Nt = nih + nis + nin ) are kept and used for surrogate modeling (Block (f) in
Figure 6.2).
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6.3 Case Studies
Two design optimization case studies, including one numerical example and one
engineering example, are conducted, and their results are compared with solely EIR-based
infill without RDS&DF. For a fair comparison, the initial samples and computational cost
ratio are all kept the same. Besides, each optimization is repeated five times, and the
average and standard deviation are presented in this study to evaluate the statistical
characteristics.
6.3.1 Numerical Example: POWELL
In this case study, a POWELL benchmark function with eight-dimensional input
variables is adopted to examine the proposed method. Both HF and LF models are given
in Eq. (6.5) (Laguna and Marti 2005).
2

2
2
4
4
f H =  ( x 4i −3 + 10x 4i −2 ) + 5 ( x 4i −1 − x 4i ) + ( x 4i −2 − 2x 4i −1 ) + 10 ( x 4i −3 − x 4i ) 


i =1

f L = 1.2 f H ( x −  0.3 −1.1 1.5 0.8 −2 0.6 0.1 −1.1) − 1113

(6.5)

xi  [−4,5]

The global optimum of the POWELL function is at xi* = 0 and the corresponding
function value is fH(xi*) = 0. First, 100 LF and 10 HF initial samples are generated for
constructing the initial CoKriging model. 100 infill iterations are then performed using the
EIR-based infill to update the CoKriging and search the global optimum continuously. The
computational cost ratio is set to be 20. The prescribed upper bound of the sample size NUB
and the target sample size Nt are set to be 315 and 285, respectively. Figure 6.3 reveals the
convergence of the EIR-based infill with and without RDS&DF. The curves represent the
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average of the five runs, and the shaded areas indicate the 95% confidence interval. The
optima found in both methods oscillate dramatically at the beginning because of the poor
accuracy of the initial CoKriging model. As more samples are added, both of them
gradually reach the global minimum, and the confidence intervals of the two methods
continuously shrink, indicating their stable convergence. Besides, the EIR-based infill with
RDS&DF exhibits a slightly faster convergence to a point closer to the global optimum.

Figure 6.3 Convergence of the minimum of
CoKriging using EIR with and without RDS&DF.

Figure 6.4 portrays the selection of the data source (fidelity level) at each iteration
for the EIR-based infill with and without RDS&DF, and the results are collected from the
run with the median performance among the five runs above. In both cases, more
computational time is spent on HF simulations, which is more accurate for design
optimization to locate the minimum. There are 31 infill iterations assigned to LF for the
EIR-based infill without RDS&DF, and 23 LF infill iterations for the one with RDS&DF.
Besides, more LF infills are performed at the beginning for enhanced exploration, while
HF infills are dominant in the latter half to utilize exploitation more when it starts to
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approach the optimum, which confirms that the EIR-based infill automatically allocates
the computational resource as needed to accelerate design optimization maximally.

None:

RDS&DF:

Figure 6.4 Selection of data source (fidelity level) at each iteration for the EIR-based
infill with and without RDS&DF for the POWELL function.

Figure 6.5 shows RDS&DF application, the volume ratio ξ of RDS to the initial
design space, and the number of HF and LF data at each iteration. Similarly, the run with
the median performance among the five runs is presented. RDS&DF is triggered five times
at the 33rd, 59th, 68th, 80th, and 96th iterations as shown in Figure 6.5(a) and (b), where
RDS and DF are, respectively, colored in blue and purple. At the 33rd, 59th, and 80th
iterations, only RDS is invoked to remove redundant samples. There are several interesting
observations. First, after RDS, the sample size drops below the target sample size Nt = 285,
and thus, the DF step is not necessary. Both RDS and DF are employed to eliminate
redundant samples at the third and fifth use of the RDS&DF module (i.e., the 68th and 96th
iteration), because even after RDS, the samples size still exceeds the target number.
Therefore, DF further removes the less valuable LF data within the design space. Figure
6.5(c) shows that the volume of the RDS shrinks every time the RDS module is triggered,
resulting in a smaller and smaller design space to search the global optimum and thus
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accelerating the optimization. Figure 6.5(d) presents the number of both HF and LF
samples at each iteration. Results show that both HF and LF redundant data are removed
when the RDS&DF is invoked. In general, the numbers of both HF and LF samples
fluctuate a lot at the beginning. Then, the number of LF data becomes almost saturated
after the 50th iteration, while the number of HF data keeps increasing especially when it
approaches the end of optimization, indicating that the ratio of the HF to LF data keeps
ramping up at the latter half of the optimization. This is because the HF data provide more
accurate information for surrogate modeling and is more beneficial for exploitation, it is
preserved during the latter half of the optimization to locate the global optimum.

(a)

(b)

(c)

(d)

Figure 6.5 (a) RDS application, (b) DF application, (c) volume ratio ξ of RDS, and (d)
number of HF and LF data at each iteration.

The average of the computational time in the five runs (including the time for
surrogate modeling, EIR-based infill, both HF and LF simulations, and CoKriging
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optimization), and the average of the found optimum are listed in Table 6.1. Results show
that although RDS&DF reduces the data size used in surrogate modeling, it is slightly faster
in optimization convergence and reaches a closer vicinity of the global minimum with the
same number of iterations relative to that without RDS&DF. This may be attributed to the
fact that the design space is reduced and the infill samples are used to only explore the
shrunken region. Since the problem in this case study is a benchmark function, the function
evaluation time is negligible, and thus, the total computation time and the computation time
excluding simulation are almost the same. Due to RDS&DF, the computational time is
shrunken significantly by 69.49%. This again confirms that the RDS&DF module can
effectively eliminate the redundant data to accelerate the surrogate modeling and
optimization process and preserve and even improve optimization efficiency.
Table 6.1 The computational time of the
optimization and the minimum of CoKriging
found by the optimization.
None

RDS&DF

Computational time (s)

22007.53

6714.19

Computational time (s)
(Exclude Simulation Time)

22007.47

6714.18

fH(xmin)

64.75

24.71

fH(x*)

0

6.3.2 Engineering Example: Microfluidic Concentration Gradient Generator Design
In this section, an engineering problem of µCGG design optimization is
investigated to further verify the feasibility of the proposed RDS&DF method. µCGG is
an important biological device to generate and maintain stable CGs that are widely
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employed in biological processes (Irimia, Geba, and Toner 2006; Cabaleiro 2020; C. G.
Yang et al. 2011; X. Wang, Liu, and Pang 2017), such as immune response, wound healing,
embryogenesis, cancer metastasis, etc. Numerous research efforts focused on fabricating
novel µCGGs to stably generate various CGs for different engineering applications.
However, determining values of operational parameters for µCGGs to generate a CG
profile with the best agreement with the user-prescribed one is still a challenge (H. Yang
et al. 2020; S. H. Hong, Yang, and Wang 2020), and MFSBO with the EIR-based infill was
developed to tackle such a challenge. As mentioned before, MFSBO with the EIR-infill
also suffers from the big data problem, making it forbidden from the design of µCGG with
high dimensional input parameters. Therefore, the proposed RDS&DF method in convert
with the MFSBO and EIR-based infill is examined on a nine-dimensional µCGG design
problem in the present work.
6.3.2.1 Description of µCGG Design Optimization Problem
The HF and LF models for this engineering problem are defined as
f H = c H ( x ) − cs
f L = c L ( x ) − cs

1

(6.6)

1

where cH(x) and cL(x) represent the CGs predicted by HF CFD simulation and LF PBCM
simulation at sample point x, and cs is the user-prescribed CG (H. Yang et al. 2020). The
optimization problem is to minimize the discrepancy (defined as Jd) between the CFDpredicted CG and the prescribed CG following Eq. (6.1). The design variables include the
normalized chemical concentrations at the six inlets and the pressure differences across the
three mixing channels, i.e., x = [Δp1, Δp2, Δp3, c1, c2, …, c6], yielding a nine-dimensional
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problem. In order to visualize the design accuracy, optimal design parameters x*RDS&DF or
x*None found by MFSBO with or without RDS&DF are supplied to CFD to generate

(

*
corresponding CGs, i.e., c H x RDS&DF

) and c ( x ) , both of which will be compared
*
None

H

with the prescribed one cs .
Three different prescribed CGs are considered in this section as shown in Figure
6.6. Each represents a different case study, and thus, the µCGG design optimization can be
thoroughly investigated.

3

4

5

(a) Trapezoidal

5

4

(b) Valley-shaped

3

3

4

5

(c) Sawtooth-shaped

Figure 6.6 Prescribed CGs: (a) trapezoida; (b) vally-shaped; and (c) sawtooth-shaped.

6.3.2.2 Result and Discussion
For each prescribed CG, 150 LF PBCM and 10 HF CFD simulations are performed
to generate initial training data for CoKriging modeling. Since the initial CoKriging is not
accurate, 150 EIR-based infill iterations are added during the design optimization to
improve the model and design accuracy. The computational ratio is set to be Q = 20 in this
case. The prescribed upper bound of the sample size NUB and the target sample size Nt are
set to be 500 and 470, respectively. Figure 6.7 depicts the convergence of the minimum of
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CoKriging (Min. Jd) for two methods, which again are the averaged results from five runs.
For all three prescribed CGs, both MFSBO with and without RDS&DF exhibit similar
convergence rates and eventually converge to designs with similar accuracy (Jd). Moreover,
the confidence intervals of both methods are also similar, confirming their consistent
design performance regardless of RDS&DF.

(a) Trapezoidal

(b) Valley-shaped

(c) Sawtooth-shaped

Figure 6.7 Convergence of the minimum of CoKriging with and without RDS&DF.

Figure 6.8 presents the selection of the data source (fidelity level) at each iteration
for the EIR-based infill with and without RDS&DF. Similarly, the one with the median
performance among the five runs is presented. In all case studies, the number of the HF
infill exceeds that of LF infill during design iterations. Besides, the LF infill iterations are
mostly selected at the beginning of the optimization to explore the design space, and the
HF infills are utilized during the latter half of the optimization to locate the global optimum
through exploitation. In summary, the EIR-based infill strategy intelligently selects the data
source and sample locations to accelerate the optimization process.
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None:

RDS&DF:

(a) Trapezoidal

None:

RDS&DF:

(b) Valley-shaped

None:

RDS&DF:

(c) Sawtooth-shaped

Figure 6.8 Selection of data source (fidelity level) at each iteration for the EIR-based
Infill with and without RDS&DF for µCGG design.

Figure 6.9 shows RDS&DF applications, the volume ratio ξ of RDS (viz, the
volume of RDS to that of the whole initial design space), and the number of HF and LF
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data at each iteration. Again the one with the median performance among the five runs is
presented. It clearly shows that RDS&DF is applied nine times on average for all three
prescribed CGs. For the initial uses of RDS&DF, only the RDS step is executed. This is
because at the beginning the sample size after RDS is less than the targeted value. Later,
both RDS&DF steps are performed to further sparsify the data, including both HF and LF
data outside RDS and the LF data within the RDS, to shorten the surrogate modeling time
and accelerate the optimization process. Besides, through the applications of RDS, its
volume decreases dramatically for all cases as shown in all subplots (3) in Figure 6.9. The
contraction of the design space leads to a more focused and effective search within the
small region of interest and faster localization of the global optimum. Furthermore,
subplots (4) in Figure 6.9 show that the numbers of both HF and LF data have large
fluctuations at the beginning due to the RDS&DF module. After the 70th iteration, the
optimization algorithm seems able to localize the global optimum within RDS, and the HF
data is more needed for more exploitation because of higher accuracy. It is even more
striking to observe that as the optimization approaches the optimum, the number of LF data
actually slightly decreases, indicating that given a fixed budget of the sample number, our
RDS&DF method can intelligently enrich HF data by eliminating LF data to maximize the
exploitation at the later stage of MFSBO.
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(a-1)

(a-2)

(a-3)

(a-4)
(a) Trapezoidal

(b-1)

(b-2)

(b-3)

(b-4)
(b) Valley-shaped

(c-1)

(c-2)

(c-3)

(c-4)
(c) Sawtooth-shaped

Figure 6.9 (1) RDS application, (2) DF application, (3) volume ratio ξ of
RDS, and (4) number of HF and LF data at each iteration for three
prescribed CGs: (a) trapezoidal, (b) valley-shaped, and (c) sawtooth-shaped.
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Table 6.2 The computational time of MFSBO, min. Jd corresponding to the found
minimum, and the ratio of reduction in computation time.

Trapezoidal

Valley-shaped

Sawtoothshaped

Computational
time (s)

Computational time (s)
(Exclude Simulation Time)

169264.70
41980.74
75.20
118556.58
44362.96
62.58
111730.99
38596.73

159719.56
31473.54
80.29
107887.48
33573.91
68.88
100818.88
27631.91

65.46
67.74

72.59
73.92

None
RDS&DF
Reduction (%)
None
RDS&DF
Reduction (%)
None
RDS&DF

Reduction (%)
Average Reduction (%)

Min. Jd
1.55
1.67
2.94
2.84
3.52
3.53

(1)

(2)

Concentration

0

0.2

0.4

0.6

0.8

1

(3)
Detector

(a) Trapezoidal

Detector

(b) Valley-shaped

Detector

(c) Sawtooth-shaped

Figure 6.10 Predicted CGs relative to the prescribed CG based on (1) the minimum of
CoKriging at the 75th and (2) at the 150th iteration, and (3) the CFD contour plots at the
150th iteration for the three prescribed CGs: (a) trapezoidal, (b) valley-shaped, and (c)
sawtooth-shaped.
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Table 6.2 lists the average computational time of the optimization and the average
Min. Jd obtained by the design optimization. There are several points of note: (1) in the
case without RDS&DF, the computational time of the surrogate modeling and design
optimization (excluding CFD simulation) occupies 91.87% of the total time on average for
the three prescribed CG profiles. Therefore, it is expected that removing redundant data
will significantly boost the computational efficiency of the entire process, which also
justifies the need for developing the proposed RDS&RF. (2) Since the time of each CFD
simulation in general is fixed, it would be more meaningful to reduce the surrogate
modeling through RDS&DF. As shown in the table, RDS&DF greatly curtails the surrogate
modeling and design optimization time (excluding CFD simulation) and the total
computational time by 73.92% and 67.74%, respectively. Besides, the optimal design
found by the EIR-based infill with RDS&DF exhibits similar Jds as the one without
RDS&DF, viz., almost the same discrepancy from the prescribed CG. Figure 6.10 shows
the comparison between the prescribed CGs and the predicted CGs at the 75th and 150th
iteration for two methods. More specifically, the optimal design parameters (inlet
concentration and pressure difference) found by the MFSBO with or without RDS/DF are
supplied to the CFD simulation as the boundary conditions. The predicted CGs are then
extracted from the CFD simulation results. The bottom row of the figure is the CFD contour
plots at the 150th iteration using design parameters determined by the EIR-based infill with
RDS&DF. Similar to the above, the contour plots are extracted from the run with the
median performance. Results clearly show that predicted CGs of both methods are almost
the same and resemble the prescribed CGs at both the 75th and 150th iterations. These
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observations verify that RDS&DF can shrink the surrogate modeling and infill time, hence
improving optimization efficiency without sacrificing design accuracy.

6.4 Summary
This chapter presents a new data sparsification method utilizing exploitative RDS
and explorative DF for MFSBO to reduce the complexity and time of surrogate modeling
and infill, while preserving design accuracy. By combining RDS&DF with EIR-based infill,
a sparse MFSBO with computational awareness is achieved, enabling not only automated
determination of the data source during infill, but also intelligent enrichment or dilution of
the data of varying fidelities on an as-needed basis. New aspects of the proposed method
include: first, its utility to address the big data issue is examined and established for
computation-aware MFSBO. Second, RDS tackles the challenge from the exploitation
perspective by removing samples outside the RDS containing the global optimum. On the
other hand, DF only eliminates LF samples of less accuracy that provide repetitive
information while retaining both explorative and exploitative characteristics of LF data.
Third, a thorough analysis is conducted to compare the design optimizations with and
without RDS&DF in terms of design accuracy and efficiency (computation time and
convergence rate).
Two case studies, an eight-dimensional benchmark function and a ninedimensional µCGG design problem, are performed to examine the performance of the
proposed method. Results show that the proposed RDS&DF significantly reduces the
modeling time of CoKriging and thus accelerates the entire optimization process. The EIRbased infill technique developed by the authors recently to enable computation awareness
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of MFSBO is rendered more applicable to higher-dimensional problems. More importantly,
in combination with EIR-based infill, RDS&DF is even able to tailor the ratio of the already
existing HF and LF samples on an as-needed basis during MFSBO, which to the best of
our knowledge has not been reported before. Besides, the optimal designs obtained with
RDS&DF exhibits similar or even better accuracy than those without RDS&DF,
confirming its salient optimization efficiency and accuracy. Specifically, the overall
computation time is reduced by 69.49% and 73.92% for two case studies, respectively.
Therefore, data sparsification based on RDS&DF in conjunction with EIR-based infill is a
promising approach for achieving efficient computational-aware MFSBO.
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Traditional global design optimization methods for µCGGs solely use HF CFD
simulation and search for optimal parameters that can generate a CG with the best
agreement with the prescribed CG. However, GA, as a global optimization method,
requires a large number of CFD evaluations, and hence, is computationally prohibitive. To
overcome this issue, (MF)SBO for µCGG design is proposed in previous chapters. That is,
first a Kriging-based or Cokriging-based surrogate modeling method constructed with a
small amount of selected simulation data, is used to approximate the response surface by
capturing the relationship between the input and output data pairs. Therefore, the demand
for HF CFD simulation is reduced in the (MF)SBO method. Second, once the (MF)
surrogate model is built, the optimization can be performed on the surrogate model and the
computation time would be largely curtailed since the surrogate model comprises
elementary functions, and the time of its evaluation is extremely low. However, the issue
associated with the (MF)SBO method is that the infill sampling is performed during
optimization, which needs to run HF CFD simulation and train a new surrogate model.
More importantly, the surrogate model for optimization and infill depends on prescribed
CGs, and therefore, for different prescribed CGs, the entire optimization and infill process
needs to be repeated. This is inefficient when many prescribed CGs are considered.
To overcome such an issue, this chapter proposes an MFROM framework for
µCGG design. It combines both the low-fidelity PBCM and the high-fidelity CFD
simulation data and makes use of their complementary merits for enhanced computation
efficiency. The dimensions of PBCM and CFD data are reduced by POD, a low-rank matrix
approximation technique. The fidelity gap between them is then bridged through a Kriging
model within the modal subspace. The compact and portable nature of MFROM enables
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ultrafast evaluation speed and global optimization of µCGG design on a highly parallelized
graphics processing unit (GPU) platform.
The novelties of the present research include: (1) An MFROM is proposed to
combine PBCM and CFD simulation and learn the relationship between them in POD
modal subspace. It harnesses the merits of both, hence achieving an excellent balance
between the computational cost and model accuracy; (2) in contrast to our prior effort (H.
Yang et al. 2020) where surrogate modeling and optimization are interwoven into a single
process and the model needs to be regenerated for each new prescribed profile, the present
methodology separates them into two stages. The MFROM broadly applicable within the
entire parameter space is constructed offline with more powerful computing resources.
Global optimization that incorporates the generated MFROM as the simulation engine can
be achieved very rapidly (even on low-end computing devices) due to MFROM’s compact
sizes and composition of elementary functions. Such a new method enables the use of
different computing platforms for modeling and optimization, salient portability and
deployability of the optimization module in the resource-limited environment, and
repetitive simulation of MFROM with different parameters to match any prescribed CG
profiles without the need for additional CFD simulations; and (3) to the best of our
knowledge, the present research represents an initial effort that integrates POD for data
dimensionality reduction, PBCM and CFD for multi-fidelity data generation, and Kriging
model for fidelity fusion to achieve salient µCGG design in an automated manner. Owing
to POD, the global optimization can be performed within the modal subspace rather than
the physical CG domain.
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7.1 Problem Description
The objective is to construct an MFROM for optimization to determine the
operating parameters that generate a CG with the best agreement with a user-prescribed
CG. The CG (c) at any location within the µCGG can be represented by (Y. Wang,
Mukherjee, and Lin 2006)

c = Ffs d
0 y 
)
w 


m y 
cos(n d ) 
w 


1

Ffs = 

1

d =  d0

cos(n

(7.1)

dn 

T

d1

where Ffs is the discretized Fourier basis matrix; md+1 is the number of grid points at the
detector location to resolve the CG, and n+1 is the number of Fourier coefficients dn (or
Fourier series terms) used to reconstruct CG from the coefficient dn.
The objective function of this optimization problem is defined as

min
x

J d = c − cs

2

(7.2)

where Jd is the L2 norm of the difference between the generated CG c = c(x) and the
prescribed CG (cs) (H. Yang et al. 2020). Here x represents the design variables, and c(x)
is the function to predict CG given any values of design variable x. Essentially Eq. (7.2)
minimizes the difference between two CG vectors, corresponding to the best agreement of
two profiles.
Two case studies with different complexities are conducted to verify the proposed
methodology. In the first case study, design variables include the normalized chemical
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species concentrations at the inlets (c1, c2, …, c6) and a scalar u that defines the pressure
magnitude, i.e. x = [u, c1, c2, …, c6], forming an optimization problem of seven dimensions.
In this study, the ratio of the pressure differences across the three mixing channels (between
the Y junction and the Ψ-shaped junction) is kept constant, viz., Δp1: Δp2: Δp3 = 75:93:98.
In the second case study, a more challenging problem involving 9 dimensions is employed
to further examine the feasibility of the proposed method. The design variables include
both the normalized chemical concentrations at the six inlets and the pressure differences
across the three mixing channels i.e., x = [Δp1, Δp2, Δp3, c1, c2, …, c6].

7.2 Proposed Methodology
In this section, the MFROM-based optimization methodology is presented, which
includes two separate stages: offline MFROM construction and online MFROM
optimization. The former constructs an MFROM based on both PBCM and CFD simulation
data of CGs, and incorporates a sample infill step to iteratively update the model for
enhanced accuracy. Once built, the MFROM can be used in the online optimization stage
to replace CFD for predicting CG profiles. Since the MFROM can predict CGs with similar
accuracy as the CFD but at a much faster evaluation speed, the optimization can be
performed very efficiently. The offline MFROM construction and online MFROM
optimization will be described in detail below.
Figure 7.1 illustrates the offline MFROM construction stage, and its detailed
procedure is given as follows: first, the initial samples are generated in the multidimensional design space using LHS. Second, both CFD and PBCM, representing highfidelity and low-fidelity µCGG simulation, are conducted to generate CGs data at these
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sampled locations in the previous step. Next, the POD (detailed in section 2.2.3) is
performed on CGs data (also called snapshots) of PBCM and CFD at the detector to
PBCM
CFD
generate the POD modal coefficients α iPBCM , α iCFD and basis matrix U
and U
of

underlying subspace, achieving low-rank representation of the snapshot data. Index i
denotes the ith data instance. Furthermore, a Kriging-based surrogate model is constructed
to establish the relationship between α iPBCM and α iCFD , which are, respectively, treated as
the inputs and outputs. It is essentially a multi-input multi-output surrogate model, and the
dimension of input and output is therefore determined by that of α iPBCM and α iCFD . Since
the data obtained through initial sampling is insufficient to capture the response surface
that maps between these two POD coefficients within the whole parameter space, an
exploration-based adaptive sampling technique is developed to add samples and
corresponding CGs simulation data to further improve the accuracy of MFROM by
updating the Kriging model. Specifically, a distance-based infill is defined as

x j * = max(min x j *-xij )

(7.3)

where xj* represents the jth element of the infill location (x* = [x1*, x2*…, xj*…]T); xij is
the jth element of the ith existing sample point xi. This infill criterion searches for a point in
the parameter space that maximizes the smallest distance to all existing samples along each
dimension, leading to a more uniform distribution of all the samples. The whole process is
repeated until the maximum number of global optimization iterations is reached. Finally,
PBCM
CFD
the POD basis matrix of the PBCM and CFD data, i.e., U
, U
and the Kriging

surrogate model that form the MFROM will be utilized for online optimization. Note that
the goal of the offline stage is to build an MFROM that has similar accuracy as CFD within
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CFD
subspace U , and hence, can be used to replace CFD simulation in the online

optimization stage.

Initial Sampling Plan

Infill Samples

Samples

PBCM Simulation

PBCM CGs

CFD Simulation

CFD CGs

Kriging Model

Proper Orthogonal Decomposition
POD Basis
coefficient

and
U PBCM

Distance-based Infill

POD Basis
coefficient

and

Figure 7.1 Flowchart of offline MFROM construction for µCGG design.
Figure 7.2 shows the flowchart of online optimization for µCGG design using
MFROM constructed above. The user-prescribed CG (cs) is projected onto the POD basis
matrix of CFD data, i.e., UCFD obtained in the offline MFROM construction process,
resulting in the modal coefficients ( α s ) of the prescribed CG. Next, α s are supplied to
the optimization loop to search for optimal design parameters that make the POD
MFROM
coefficients predicted by MFROM α
match α s . Therefore, the cost function of the

optimization process in POD subspace is defined as
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J = αMFROM − αs

2

(7.4)

During optimization, the candidate design under evaluation (x) is supplied to
PBCM
PBCM simulation first and the PBCM-predicted CG c
is projected onto POD basis

U PBCM to obtain POD modal coefficients ( α PBCM ) of the design. α PBCM is then provided to
the Kriging model for mapping POD modal coefficients of different fidelities, yielding

α MFROM . Next, the fitness value of the cost function is evaluated by comparing α MFROM and
α s as shown in Eq. (7.4). At the end of optimization, the values of design parameters that
MFROM
produce the closest agreement of α
with the prescribed one α s are obtained.

CFD
Eventually, the actual CG can be reconstructed by multiplying U
and optimal design
MFROM
parameters α
, and compared to the prescribed cs. The key advantage of this approach

is that no CFD will be used during the online design optimization, and the cost function
evaluation only involves PBCM simulation, subspace projection, and surrogate model
evaluation. Both PBCM and surrogate models are made up of elementary functions, and
can be performed rapidly (less than 0.01 second in total), leading to salient computation
efficiency. Eq. (7.4) is minimized with GA, a global optimization method to search for the
MFROM
design parameters that yield the minimal difference between α
and α s .
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Figure 7.2 Flowchart of offline optimization of the MFROM for µCGG design.

7.2.1 Computation Acceleration by Basis Transformation
MFROM
It should be noted that the explicit approach above to obtain α
is less efficient

PBCM
as the CG c
needs to be reconstructed using the Fourier expansion, as shown in Eq.
PBCM
PBCM
(7.1), and then projected onto POD basis U PBCM
to yield α
.α
is then supplied to
R

the Kriging model for multi-fidelity mapping. This process can be simplified by combining
the Fourier expansion and the projection into a single, more computationally efficient
PBCM
matrix operation. Specifically, the CG predicted by PBCM, i.e., c
can be represented

as the product of Fourier basis matrix and the coefficient according to Eq. (7.1), viz.,
cPBCM = Ffs d . Next, the projection of the c

PBCM

on the POD basis vectors is given by

α PBCM = ( U PBCM
) cPBCM
R
T
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(7.5)

PBCM
where U PBCM
is the truncated POD basis matrix. Thus, computation of α
can be
R

rewritten as

α PBCM = Zd, and Z = ( U RPBCM ) Ffs
T

(7.6)

where Z is a constant matrix, which can be precomputed outside the optimization loop once
and the number of Fourier terms and detector resolution are determined. Eq. (7.6)
U PBCM
R
essentially indicates that directly mapping from the Fourier series subspace to the POD
modal subspace of PBCM can be obtained through a single matrix multiplication. This is
not only computationally efficient, but also reduces the usage of physical memories.
Specifically, the memory requirement of Z is k  (n+1), which is less than that of U PBCM
R
(mp  k) and Ffs (mp  n+1), since k is greatly less than mp, which makes the algorithms
even more amenable to GPU computing.
7.2.2 Online GPU-based Global Design Optimization
The PBCM model, the mapping matrix Z in Eq. (7.6) and the Kriging model in Eq.
(2.13) then can be combined for online optimization as illustrated in Figure 7.2. Their
compact sizes and rapid evaluation speed enable the use of heuristic global optimization
methods (such as genetic algorithm, particle swarm optimization, and differential evolution)
on the GPU computing platform. The massive parallel computing threads available in GPU
allow for concurrent evaluation of an enormous number of candidate designs, significantly
improving design exploration, convergence speed, and accuracy towards the global
optimum. For this reason, in the present work the entire optimization loop built on the GA,
one of the most widely used and stable global optimization algorithms, is developed in
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GPU, and its flowchart for online µCGG design is depicted in Figure 7.3. At the beginning,
initial populations are randomly generated in the CPU. All necessary models and
information must be transferred from CPU to GPU prior to GA runs, including PBCM,
Kriging model, modal coefficients of desired CG, initial population, and lower and upper
bounds. In addition, memory must be allocated to store fitness values, and gene sequences
of parents and offsprings. GPU then handles the entire process of fitness evaluation and
GA operations until the solution converges. Fitness evaluation is broken into three stages:
(1) PBCM evaluation; (2) mapping from PBCM Fourier coefficients to PBCM modal
PBCM
coefficients α
; (3) Kriging model evaluation; and (4) cost computation, and GA

operations include four steps: (1) sorting and selection; (2) crossover; (3) mutation; and (4)
migration. In the first step of GA operation, gene sequences of populations are sorted
according to their fitness values, and then parents are selected. In this work, the truncation
selection method is implemented, which randomly selects the top 15% of the population as
the parents. Once the parent genes are selected, crossover is implemented to generate the
offspring. A single-point crossover is adopted, which particularly selects the pressurerelated genes from one parent and the concentration-related genes from another. In the third
step of GA, mutation operation is performed on the offspring with a mutation probability
of 0.25. Once the gene sequence is selected for mutation, three values from the gene
sequence are selected randomly and mutated by the Gaussian distribution with a deviation
equal to 5% of the range. It is essential to mention that 2% of elite sequences are passed to
the next generation without crossover and mutation to preserve the best designs. At the last
step, migration operation is conducted, which exchanges the genes between populations,
preventing pre-maturations. For every 10 generations, 2% of the best genes are passed on
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to the neighboring population in the same direction, forming a circular pattern. In this work,
32 different populations, each with 64 individuals (i.e., gene sequences) are utilized for
optimization. In total, 2,048 candidate designs are evaluated in parallel, which is difficult
for CPU to handle but feasible on GPU. The entire optimization process is repeated for a
predefined number of iterations (or generations). After the last generation, the optimum
solution is transferred back to CPU. A GPU workstation is utilized for this research, which
is comprised of Intel(R) Core(TM) i9-9820X CPU @ 3.30 GHz and NVIDIA GeForce
RTX 2080 Ti GPU. Details regarding GA implementation can be found elsewhere (Katoch,
Chauhan, and Kumar 2021; S. H. Hong et al. 2019).
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Figure 7.3 GPU-enabled optimization flowchart.

7.3 Results and Discussion
Two case studies representing different levels of complexities, respectively,
including seven and nine design parameters, are presented to examine the proposed
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methodology. For both cases, the MFROM is first constructed following the offline
construction process in CPU above due to its need for CFD simulation and Kriging model
construction. Then, given the user-prescribed CG profiles, the MFROM is used in online
global optimization to search optimal design parameters that yield CGs closest to the
prescribed ones. Note that the online optimization is performed within GPU to make use
of its massive computing threads.
Correspondingly, two comparisons will be made in this chapter, respectively, in the
offline model construction and the online optimization stages to scrutinize the model
accuracy and the optimization accuracy. In the former, a set of parameters x will be
provided by a random sampling technique, and then supplied to MFROM and CFD
simulation to compute their CGs, i.e., cMFROM ( x ) and cCFD ( x ) . A small difference
between them suggests excellent accuracy of MFROM. To evaluate optimization accuracy,
prescribed profiles cs will be first provided, and the optimal design parameters
found by the proposed MFROM-based optimization method.

x* will be

x* is then supplied to

( )

( )

MFROM
x* and cCFD x* , both
MFROM and CFD to generate corresponding CGs, i.e., c

of which will be compared with the prescribed one cs . In this comparison, agreement of

( )

( )

cMFROM x* and cCFD x* with cs reflects salient accuracy of optimization. However,

( )

( )

MFROM
x* and cCFD x* match well but are very different from cs , it indicates that
when c

the optimization has poor performance or the µCGGs have physical limitations that render
obtaining the desired CG profile difficult.

145

The NRMSE is adopted in this chapter to measure the difference between two CGs,
which is defined as:

 (c − c )
m

B

2

t =1

=

m
c Bmax − c Bmin

(7.7)

where m is the resolution (m+1 grid points) at the detector to observe CGs, and also the
length of the CG vector c. c and cB are, respectively, the predicted CG under comparison
and the true/benchmark values. When evaluating MFROM accuracy in the offline stage, c
and cB are, respectively, cMFROM ( x ) and cCFD ( x ) . For optimization accuracy

( ) and cB is c . A smaller ε corresponds

examination, c is either cMFROM ( x* ) or cCFD x*

s

to a better agreement between the two CGs.
7.3.1 Design of Inlet Concentration and Pressure Amplitude
In this section, we will present the results of the first case study that involves the
design of six inlet concentrations and one pressure magnitude, leading to an optimization
problem of seven dimensions (see details in Section 7.1).
7.3.1.1 Offline MFROM Construction
First, LHS is used to generate 20 initial samples in the seven-dimensional design
space. Besides, 20 testing samples are also generated with LHS, where CFD data is
collected and used to evaluate the accuracy of MFROM. Figure 7.4 shows the average
NRMSE (ε) of the 20 testing samples. Results show that as more infill samples are added,
the average ε gradually decreases, which means that MFROM becomes more and more
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accurate. After 480 infill iterations, the average ε drops below 0.55%, and more
importantly, starts to saturate. Then our infill iteration is terminated.

Figure 7.4 Average NRMSE of 20 testing
inputs.

Figure 7.5 Singular values comparison
between PBCM and CFD snapshots.

The singular values  and POD basis vectors UR for both PBCM and CFD
snapshots after the infill process are compared in Figure 7.5 and Figure 7.6. Recall that
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PBCM and CFD, respectively, represent the low-fidelity and high-fidelity data set in the
present work. Figure 7.5 shows that singular values of both data sets decay rapidly,
confirming that the high-order basis vectors (i.e., modes of the high index) make less
contribution to data variance and representation. Thus, only the first ten modes are kept for
both PBCM and CFD data sets to achieve a 0.9999 energy ratio, and the rest of them are
truncated. Besides, the singular values of the first several leading modes of both data sets
are also close, implying that these modes may also look similar. The comparison for the
first four modes is presented in Figure 7.6. The first three modes of PBCM and CFD data
are alike with small differences, which means that the most important features of CFD CGs
are also present in the low-fidelity PBCM data, and more importantly, in the same order of
importance. The fourth mode of PBCM and CFD, although very dissimilar, are actually
mirroring of each other, which is within our expectation as the basis vectors computed
numerically by singular value decomposition can take opposite spatial directions.
Consequently, the observation of these POD modal characteristics also proves that PBCM
is a great low-fidelity alternative to CFD for µCGG modeling and simulation (Y. Wang,
Mukherjee, and Lin 2006).
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(a) Mode 1

(b) Mode 2

(c) Mode 3

(d) Mode 4

Figure 7.6 POD basis vectors/modes comparison between PBCM
and CFD snapshots.

To visualize the accuracy of MFROM after the infill process, the CGs predicted by
MFROM are compared with PBCM and CFD for 4 testing samples as shown in Figure 7.7.
In each subfigure, the contour plots of CFD results are at the top row, and the bottom
compares PBCM and MFROM with CFD on CGs. The corresponding NRMSEs of PBCM
and MFROM are listed in Table 7.1. It is clearly shown that MFROM-predicted CGs match
CFD-predicted CGs very well and their differences are almost negligible (ε <1% for all
testing samples), and thus, MFROM is more accurate than PBCM. Besides, MFROM
simulation takes only ~ 0.007s and is much faster than CFD simulation (1325s), both
measured on the same CPU platform for a fair comparison.
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Figure 7.7 CGs comparison for four selected testing samples.

Table 7.1. NRMSE of the 4 selected testing samples.
Testing Sample

(a)

(b)

(c)

(d)

εPBCM

10.39%

6.01%

11.06%

4.52%

εMFROM

0.64%

0.45%

0.66%

0.59%
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7.3.1.2 Online Optimization
Once the MFROM is built and verified, it can be used to replace CFD simulation
in design optimization using GA on GPU given any prescribed CG profiles. The number
of generations of the GA is set to be 40, which is found through trials and guarantees
convergence of the solution. Four prescribed CGs (blue lines in Figure 7.8) are considered,
each of which is obtained by connecting three line segments in different directions. For
each design, ten independent runs are performed following the online optimization
algorithm above. The mean () and standard deviation (σ̃) of each design parameter and
optimization time in these 10 runs are listed in Table 7.2, and the small standard deviations
indicate consistent optimization results for all 10 runs. More importantly, all optimal design
is attained rapidly and only with ~6.4 s. The design parameters extracted from the run with
median performance are supplied to both MFROM and CFD simulation to evaluate the
prediction of CGs. In Figure 7.8, the label ‘Prescribed’, ‘MFROM’, and ‘CFD’,
respectively, denote the prescribed CG and CGs predicted by MFROM and CFD at the
optimal design. In each subfigure (corresponding to different prescribed CGs), the top row
shows the CFD contour plots of the chemical species concentration, and the comparison
between the prescribed, MFROM predicted and CFD-predicted CGs is illustrated at the
bottom. The corresponding NRMSE errors, which measure deviations of MFROM- or
CFD-predicted CGs (viz., c) from the prescribed CGs (viz., cB) using Eq. (7.7), are listed
in Table 7.3. There are several interesting observations. First, the CFD-predicted CGs (red
lines in the bottom plots in Figure 7.8) match the MFROM-predicted CGs excellently,
which also confirms the accuracy of MFROM and validates the modeling method. Second,
the MFROM-predicted CGs at the optimal design parameters can generate a CG
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resembling the prescribed CGs, which confirms the feasibility of MFROM-based design
optimization. However, differences between the MFROM- and CFD-predicted and
prescribed CGs are also noticeable, which is attributed to the impermeability of channel
walls. No species flux at the channel walls leads to zero concentration gradient at channel
walls, hence making it impossible to match prescribed CGs with non-zero gradient therein.
Such a disagreement is associated with the physical limitation of the CGG device rather
than the deficiency of the proposed design method. More detailed discussion can be found
in (H. Yang et al. 2020).
Table 7.2 Mean and standard deviation of design parameters and optimization time.
Prescribed
u

c1
c2
c3
c4
c5
c6
t (s)

μ1
σ̃1
μ2
σ̃2
μ3
σ̃3
μ4
σ̃4
μ5
σ̃5
μ6
σ̃6
μ7
σ̃7
μt
σ̃t

(a)
Sawtooth-shaped

(b)
Trapezoidal

0.829
0.003
0.924
0.005
0.039
0.006
0.736
0.003
0.261
0.004
0.624
0.003
0.383
0.005
6.271
0.030

0.878
0.025
0.005
0.012
0.867
0.027
0.797
0.003
0.803
0.003
0.852
0.005
0.090
0.014
6.423
0.035
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(c)
Symmetric
trench-shaped
0.866
0.003
0.238
0.004
0.683
0.004
0.298
0.005
0.310
0.004
0.622
0.003
0.286
0.004
6.407
0.022

(d)
Asymmetric trenchshaped
0.781
0.009
0.941
0.007
0.648
0.007
0.423
0.004
0.052
0.004
0.163
0.006
0.950
0.006
6.421
0.028
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Figure 7.8 MFROM predicted CGs relative to the true prescribed CGs.

Table 7.3 NRMSE of predicted CGs.

Prescribed

(a)
Sawtooth-shaped

(b)
Trapezoidal

(c)
Symmetric trenchshaped

(d)
Asymmetric trenchshaped

εMFROM

6.64%

3.08%

10.13%

2.76%

εCFD

6.46%

3.13%

9.94%

2.70%
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7.3.2 Design of Inlet Concentration and Pressure Differences
In this section, we will present the results of the second case study, whose
optimization includes six inlet concentrations and three differential pressure values,
yielding a nine-dimensional design problem.
7.3.2.1 Offline MFROM Construction
For offline MFROM construction, 60 initial samples are generated to construct the
initial MFROM, and 1,440 infill samples of CFD simulations are added iteratively to
enhance MFROM accuracy. Similarly, data of 20 testing samples are used to evaluate
NRMSE of MFROM during the offline stage following Eq. (7.7). Figure 7.9 presents the
NRMSE as infill samples are continuously added. It shows that the average ε eventually
reaches a lower value below NRMSE = 3% and MFROM accuracy gradually improves
given 1,500 CFD simulations in total.

Figure 7.9 Average NRMSE of 20 testing
inputs.
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The singular values and the POD basis vectors extracted from the PBCM and CFD
snapshots are illustrated in Figure 7.10 and Figure 7.11, respectively. Similar to the
previous case study, there is a fast decrease in the singular value  for both data sources as
the mode number increases. Eventually, 21 and 25 POD basis vectors/modes (u) are kept
for PBCM and CFD data, respectively. In Figure 7.11, we can clearly observe that the basis
vectors of PBCM and CFD match well. The notice differences in mode 1 arise from the
different fidelities of the simulations and their distinct model assumptions. However, the
resemblances of modal characteristics between PBCM and CFD snapshots confirm both
models capture key physics of flow and species transport and can be used to serve as data
sources of different fidelities for MFROM construction.

Figure 7.10 Singular values comparison
between PBCM and CFD snapshots.
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(a) Mode 1

(b) Mode 2

(c) Mode 3

(d) Mode 4

Figure 7.11 POD basis vectors/modes comparison between
PBCM and CFD snapshots.
Similarly, CGs comparison among PBCM, MFROM, and CFD for four testing
samples is illustrated in Figure 7.12, where CFD contour plots at the detector location are
also included at the top of each subfigure. Corresponding NRMSEs of PBCM and MFROM
of the four testing samples relative to CFD results are listed in Table 7.4. MFROMpredicted CGs exhibit better agreements with CFD than PBCM, indicated by lower
NRMSEs, signifying that MFROM is more accurate for approximating CFD models.
However, the average NRMSE of MFROM is higher than the previous case study. That is
because the model complexity in this study grows dramatically as the dimension of design
variables increases to 9, and thus a significant amount of data is entailed to further improve
model accuracy globally within the entire 9-dimensional parameter space. In this study, the
total number of simulation runs is set to be 1,500 to obtain a reasonable balance between
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simulation time and model accuracy. Similar to the previous case study, MFROM only
takes 0.007s to predict a CG with excellent accuracy, while CFD simulation costs 1,325s.
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Figure 7.12 CGs comparison for four selected testing samples.

Table 7.4 NRMSE of the four selected testing samples.
Testing Sample

(a)

(b)

(c)

(d)

εPBCM

5.71%

4.89%

3.38

3.83%

εMFROM

2.68%

2.90%

1.97

2.35%
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7.3.2.2 Online Optimization
Next, the verified MFROM is utilized for design optimization of CGGs using
GPU-enabled GA. Due to the increase in the dimension of the problem, 70 generations of
GA are adopted for searching optimal design in this case study. Four prescribed profiles
same as the above denoted by the blue lines in Figure 7.13 are used in the design
optimization to inspect the proposed method. Likewise, 10 runs are repeated, and the mean
() and standard deviation (σ̃) of each optimal design parameter and optimization time are
listed in Table 7.5, and we can see that all design variables have a relatively small deviation
(2.6% relative to the mean value on average), which indicates that GA optimization on the
GPU platform yields consistent results. The design parameters extracted from the run with
median optimization performance are supplied to both MFROM and CFD simulations to
obtain their CGs, which are represented by the green and red lines in Figure 7.13.
Meanwhile, the contour plots of CFD are also included at the top to visualize the flow and
species concentration distribution at the junction region. The NRMSEs of predicted CGs
relative to the prescribed CGs are summarized in Table 7.6. Observations are similar to the
previous case study that CGs predicted by MFROM and CFD exhibit excellent agreement
both visually and quantitatively even in the 9-dimensional trade space and the proposed
MFROM-based global optimization is feasible for the µCGG design. Both lead us to
believe that MFROM can be potentially used in lieu of CFD simulation for microfluidic
device optimization, particularly in the circumstances where design speed is more critical.
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Table 7.5 Mean and standard deviation of design parameters and optimization time.
Prescribed
Δp1
Δp2
Δp3
c1
c2
c3
c4
c5
c6
t (s)

μ1
σ̃1
μ2
σ̃2
μ3
σ̃3
μ4
σ̃4
μ5
σ̃5
μ6
σ̃6
μ7
σ̃7
μ8
σ̃8
μ9
σ̃9
μt
σ̃t

(a)
Sawtoothshaped

(b)
Trapezoidal

0.846
0.021
0.923
0.014
0.954
0.010
0.811
0.010
0.157
0.010
0.732
0.006
0.274
0.008
0.601
0.003
0.414
0.002
11.266
0.176

0.757
0.025
0.943
0.026
0.841
0.031
0.066
0.012
0.747
0.036
0.800
0.004
0.803
0.004
0.731
0.019
0.094
0.012
11.529
0.038

(c)
(d)
Symmetric Asymmetric trenchtrench-shaped
shaped
0.851
0.021
0.925
0.014
0.958
0.010
0.295
0.004
0.616
0.005
0.302
0.004
0.285
0.004
0.598
0.005
0.319
0.004
11.585
0.032

0.727
0.017
0.863
0.013
0.876
0.012
0.908
0.005
0.708
0.004
0.419
0.004
0.075
0.004
0.218
0.006
0.890
0.006
11.608
0.022

Table 7.6 NRMSE of predicted CGs.

Prescribed

(a)
Sawtooth-shaped

(b)
Trapezoidal

(c)
Symmetric trenchshaped

(d)
Asymmetric
trench-shaped

εMFROM

6.09%

3.02%

8.80%

2.98%

εCFD

6.26%

3.53%

8.50%

2.92%
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Figure 7.13 MFROM predicted CGs relative to the true prescribed CGs.

7.4 Summary
In this chapter, an MFROM method that combines both the low-fidelity PBCM and
high-fidelity CFD simulation is proposed for accurate and efficient simulation and global
design optimization of µCGGs. The entire process is divided into the offline MFROM
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construction and the online global optimization stages. In the latter, because of its compact
size and multi-fidelity nature, MFROM can be used in lieu of the high-fidelity CFD
simulation to boost up the computing speed significantly while maintaining optimization
accuracy, enabling an efficient and portable design platform. To construct MFROM, POD
is first applied to both PBCM and CFD snapshot data, producing the low rank
representation of the data in the POD modal subspace, in which the kriging-based surrogate
model is utilized to learn the relationship between the modal coefficients of both data sets
and bridge the fidelity gap. A simple adaptive sampling/infill technique is developed and
incorporated into the MFROM construction process to continuously improve MFROM
accuracy in the offline stage. In the online stage, MFROM replaces CFD simulation in
design optimization of µCGGs using GPU-enabled GA by taking advantage of the massive
parallel computing threads available within GPU, leading to significant computing
acceleration.
Two case studies are performed on triple Y-shaped µCGGs to examine the
modeling and design performance of the proposed method. In the first study, design
variables only include the chemical concentrations at the inlets and the magnitude of the
pressure differences (or differential pressures) across the mixing channels, resulting in an
optimization problem within a 7-dimensional trade space. In the second, the individual
pressure differences are also included as separate design variables, which is capable of
generating more complex CG profiles and yields a 9-dimensional problem. Results show
that generated MFROM exhibits excellent accuracy, and CGs predicted by MFROM are
almost the same as those by CFD with only 0.55% and 2.78% average NRMSE in the two
case studies, respectively (about 0.007 second). Due to its salient accuracy and speed,
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MFROM is utilized in global design optimization of µCGGs to eliminate the need for CFD
in the online optimization process, which is an important enabler for design optimization
on different computing platforms. Four different prescribed profiles are supplied in both
case studies for design optimization. The excellent agreement of both MFROM- and CFDpredicted CGs with prescribed CGs is observed. Specifically, 5.65% and 5.56% NRMSE
for the first case study and 5.22% and 5.30% NRMSE for the second case study are attained,
which verifies the design accuracy achieved by the proposed method. In conclusion,
MFROM is a feasible, efficient, and accurate modeling approach for global optimization,
which allows repetitive simulations with different design variables to match different
prescribed CGs and potentially enables portable design in a resource-limited environment.
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CHAPTER 8 CONCLUSION AND FUTURE WORK
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8.1 Conclusion
This study investigates and develops optimization methodologies based on
surrogate and reduced-order models for efficient and reliable design of µCGGs. The PBCM
model and CFD simulation embedded in the methodology and framework serve as the data
generation engines with varying fidelities. Surrogate models (including Kriging and
Cokriging) and ROM are constructed using the training data generated by the engines to
approximate the mapping relationship between input and output, and then used for µCGG
design optimization that traditionally has been performed by a large number of function
evaluations with physics-based models and is computationally prohibitive. The adaptive
sampling (also termed infill) strategy is incorporated into the optimization algorithm to
determine the samples at the critical location for the next round simulation to generate new
data for updating the model. The intent of adaptive sampling is to continuously improve
the model accuracy, hence accelerating optimization convergence. Furthermore, an
RDS&DF strategy is proposed to remove the redundant data to address the big data issue
for high-dimensional, complex optimization problems, where many iterations are needed
to resolve the design space and search the global optimum. Several important technical
findings are obtained from the case studies performed for the proposed methodologies and
summarized as follows:
1. The comparative analysis proves that the combination of the first-order polynomial
regression model and the Gauss correlation model forms the most accurate Kriging for
modeling µCGG design using the PBCM model. It is also found that LB exhibits a
faster convergence rate than other infill strategies, such as EI and PI, leading to a more
accurate design given the same number of iterations.
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2. For µCGG design based on SBO, both CFD-predicted and PBCM-predicted CGs match
the prescribed CGs very well in the case study with the symmetric flow, which indicates
the feasibility and design accuracy of the SBO method.
3. The SBO method requires at least 30 fewer function evaluations than the gradientbased optimization when only inlet concentrations are treated as design variables. For
the design of inlet concentrations and pressure differences, 1/3 of gradient-based
optimization has failed to search for the global optimum, while the SBO method can
successfully localize the global optimum. Therefore, as a global optimization method,
SBO is more robust to search the global optimum than gradient-based optimization.
4. The MFSBO method allows the utilization of data from two (or more) different sources
with different natures, fidelities and computational costs (such as PBCM and CFD in
this study) for µCGG design. The predicted CGs generated by MFSBO exhibit
excellent agreement with the prescribed CGs, which verifies the feasibility, robustness,
and accuracy of MFSBO for µCGG design.
5. MFSBO converges faster than SBO, resulting in a better design with 49% less
discrepancy relative to the prescribed CGs on the average in the case study.
Furthermore, MFSBO-4 achieves more accurate designs than MFSBO-1, indicating
that MFSBO-4 with four parallel LF infills converges faster and to better designs for
complex design problems.
6. The proposed EIR-based infill effectively searches the global optimum and accelerates
the optimization process by determining both the sample location and the data source
in a computation-aware and self-adaptive manner. The relative errors of the optimum
designs found by the EIR-based infill reduce by 219.80%, 5.02%, and 59.42%
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compared to the other three infill methods (H-only, alternating, and random) for two
numerical case studies and one engineering case study, indicating the EIR-based infill
improves both the optimization efficiency and accuracy.
7. The proposed RDS&DF effectively removes the redundant samples during the
optimization process, and thus largely shrinks the surrogate modeling time. More
importantly, in combination with the EIR-based infill, RDS&DF is even able to tailor
the ratio of the already existing HF and LF samples on an as-needed basis during
MFSBO and leads to sparse MFSBO with computational awareness. Without
sacrificing the design accuracy, RDS&DF improves the design efficiency by reducing
the optimization time by 69.49% and 73.92% for two case studies, respectively, relative
to those without RDS&DF.
8. MFROM exhibits the salient evaluation speed, viz., 0.007 second/simulation, and CGs
predicted by MFROM show excellent agreement with those by CFD with only 0.55%
and 2.78% average NRMSE in the two case studies, respectively. Due to its accuracy
and efficiency, MFROM is utilized to replace CFD simulations for the computationally
intensive µCGGs design.
9. MFROM- and CFD-predicted CGs exhibit excellent agreement with the prescribed
CGs with only about 5% NRMSE. It is proven that MFROM is a feasible, efficient,
and accurate modeling approach and can be utilized for µCGGs design.

166

8.2 Future Work
This study presents several methodologies for µCGGs design, and the excellent
results accomplished in the analysis shed light on several topics that can be further
investigated and expanded to improve the design optimization for future research:
1. When SBO is applied to µCGG design, the regression model and the correlation model
are defined a priori for the optimization and fixed through the optimization. This can
be improved by an adaptive selection of the regression model and the correlation model
strategy for improved model accuracy and infill efficiency.
2. This study employs the Cokriging model to combine the data from two different
sources to reduce the computation load for improved efficiency and accuracy. However,
this can be further extended to more data sources and build a model with multiple
fidelities. Additional data sources that can be taken into account include experiments,
CFD simulation of varying mesh densities, among others.
3. The computational budget of the EIR-based infill presented in this study is the time of
one HF simulation. When there are sufficient computing resources, a larger
computational budget might be used to fully utilize them. Therefore, the EIR-based
infill can be extended to the scenario with multiple HF simulations or equivalent LF
simulations during each infill iteration and perform an intelligent selection for both data
source and infill samples in a batch mode.
4. The procedure of RDS&DF contains several user-specified parameters, which may not
be optimal for different problems. Therefore, further investigation of automated
parameter selection will be pursued.
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5. The adaptive sampling technique applied to MFROM construction is a distance-based
infill method for global modeling. Since MFROM contains the POD procedure, further
investigation of adaptive sampling techniques will take into account the effect of the
POD on modeling and optimization accuracy.
6. The stopping criteria in this study is the maximum number of iterations or function
evaluation. In future work, the tolerance parameter of the convergence will be
incorporated as the stopping criteria for automated termination of the optimization
process.
7. Although RDS&DF is developed to remove redundant samples for MFSBO, big data
issues could still appear when there is an extremely high-dimensional problem.
Therefore, an alternative modeling technique better-suited for the higher dimensional
problem and the large data sets will be considered, such as a machine learning model.
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