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ABSTRACT

This dissertation considers three different topics. In the first part of the dissertation,
we use Newton Polygons to show that for the arithmetic functions g(n) = n*, where
t > 1 is an integer, the polynomials defined with initial condition Pyj(X) = 1 and

recursion

are X/ (n!) times an irreducible polynomial.

In the second part of the dissertation, we show that, for 3 < n < 8, there are
infinitely many 2-adic integer solutions to the Prouhet-Tarry-Escott (PTE) problem,
that are not rational integer solutions. In particular, we look at the 2-adic valuation of
a certain constant associated with the PTE problem and for the case n = 8 there exist
solutions whose valuation is strictly less than any known rational integer solution.

In the third part of the dissertation, we obtain a number of results pertaining to
polynomials f(x) with non-negative integer coefficients that take on a prime value
at © = b, where b > 2 is an integer. In particular, we give an explicit bound M;(b)
such that if the coefficients of f(x) are each < Mj(b), then f(z) is irreducible. We
also show that there are similarly explicit bounds My (b), M3(b) and M,(b), for b
sufficiently large (made explicit), that can be placed on the coefficients of f(x) such
that if f(x) is reducible then it must be divisible by at least one of the shifted

cyclotomic polynomials ®3(z — b), ®4(z — b) or Pg(x — b).
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CHAPTER 1

INTRODUCTION

1.1 IRREDUCIBILITY OF A FAMILY OF POLYNOMIALS USING NEWTON

PoLYGONS

In [24], Heim and Neuhauser were interested in the family of polynomials defined

with initial condition Py(X) = 1 and recursion

_ ifki o (k) Po_y (X) (1.1)

for n > 1, where o (n) is the sum of divisors function. These polynomials arise as
Fourier coefficients of powers of the Dedekind eta functions, shown by Newman in
[32]. In [23], Heim, Luca and Neuhauser generalised the recurrence relation in (1.1) by

replacing o (n) with other arithmetic functions. Namely, they studied the following.

Definition 1.1. Let g (n) be an arithmetic function. Define a family of polynomials

P9 (X) associated with g by P (X) := 1 and

Zg ) Pl (X))

In particular they looked at the coefficients of X in P9 (X) when g (n) = n and
g (n) = n? as these functions provide bounds on o (n). They found explicit formulas

for the coefficients and concluded

—1 ) n-l 1 (n+k
Xk d P (X :X Xk



In [23], Heim, Lucas and Neuhauser looked further at these polynomials. One of the

results they obtained was the irreducibility of the polynomials

P00 = om0 =3 (e

They also conjectured the irreducibility of the polynomials

~ n!_ o l nl n+k
P (X)=—P"(X)=Y —— x*
R ,§<k+1>!<2k+1) |

a result that was proven by J. Juillerat, J. Southwick and the author in [19].

Chapter 2 discusses the work between J. Southwick and the author to generalise
the result of J. Juillerat, J. Southwick and the author. We look at the irreducibility
of the polynomials that arise when g (n) = n' for any positive integer t. To obtain
these polynomials, we modify the derivation of the polynomials in [24]. We begin by
an observation from [23] that

ip’?t (X)q" = exp <X i qu”> : (1.2)

n=1
We expand the right-hand side of (1.2) and manipulate it to compare formally the

coefficients of the different powers of q. We have
t

k
exp(Xan”>:1+Zk'Xk< 1nt 1q>
k=1 "

n=1 n=

=1+ Z kl'Xk ( Z cee Z m’ifl .. -mzlqm1+"'+mk)

mi1=1 mg=1

mi+-t+mp=n

=1+ I:!Xk ( > m’i_l'--m;;l) q",

where, in the innermost sum, the m; are positive integers. Thus for n > 1 we obtain
¢ =~ 1 t—1 t—1 k
=Y mitmp) x6
k=1"" \mi+--+mr=n
For 1 < k <n and t a positive integer, define
S(k|n,t)= > omi-om.
mi+--+mip=n

Consequently the main goal of this work is to prove the following



Theorem 1.2. The polynomials

n

f(x]|n,t) :Z

S(k|n,t)x (1.3)

w\z

are irreducible for all integersn > 2 and t > 1.

Here we note that P (X) = (X/n!) f (X | n,t — 1). The proof of Theorem 1.2 will
follow similarly to that of the main result in [19]. In Section 2.1, we define Newton
polygons along with stating a theorem of Dumas [12], and we list several results
regarding factorials and binomial coefficients. Section 2.2 is dedicated to studying
the expressions S (k| n,t) so that we can construct the Newton polygons of f (x|n,t)

in Section 2.3. We bring everything together to prove Theorem 1.2 in Section 2.4.

1.2 2-ADIC INTEGER SOLUTIONS TO THE PROUHET-TARRY-ESCOTT PROBLEM
For n > 3, we consider two lists of integers
X =[z1,29,...,2,] and Y =[y1,Y2,...,Unl,

where z; # y; for some j € {1,2,...,n}, for any reordering of the z;’s. The Prouhet-
Tarry-Escott problem (the PTE problem) asks for such X and Y satisfying
> 75 =

J=1 J

Y5 foree {1,2,...,k} (1.4)
1

where k is an integer in the interval [2,n — 1]. If X and Y satisfy (1.4) then the
pair is called a solution of the PTE problem, denoted X =, Y. A solution is ideal
if K = n — 1. The significance of the case kK = n — 1 is that with X and Y distinct
as required above, it is impossible for (1.4) to hold if & > n — 1. Thus, the largest
possible value for & in (1.4) is n — 1.

Literature on the PTE problem is extensive. The problem is a focus of an entire
chapter (Chapter 24) of L. E. Dickson’s classical volumes “History of the Theory of

Numbers” [11] and numerous early references can be found there. The problem is



also discussed in G. H. Hardy and E. M. Wright’s well-known “An Introduction to
the Theory of Numbers” [22], undoubtedly in part due to Wright’s own interest in
the problem (cf. [42, 43, 44]). We note that for the first half of the twentieth century,
the problem was referred to as the Tarry-Escott problem, until Wright [43] pointed
out that E. Prouhet [36] first discussed the problem in 1851. A few of the more
recent investigations on the PTE problem include [4, 5, 9, 27, 38]. Interesting work
on generalisations of the PTE problem can be found in [1, 8]. For applications arising
from the PTE problem see [2, 21, 25, 31, 39].

An important open problem in the area is a conjecture of Wright [42] that for
every natural number n > 3, an ideal solution exists. Despite its long history, ideal
solutions are only known to exist for 3 < n < 10 and n = 12. In particular, no ideal
solution is known for n = 11.

To help formulate further discussion, we note that the following result and its
corollary are fairly simple consequences of properties of elementary symmetric func-

tions (see [3, 4]).

Lemma 1.3. Let n and k be integers with 1 < k <n. Let x1,...,x, and y1,..., Yy

denote arbitrary integers. The following are equivalent:

. ij:z:y]‘f, foree {1,2,... k},

Corollary 1.4. The lists X = [x1,22...,2,] and Y = [y1,y2...,Yn] give an ideal
PTFE solution if and only if
H(z—xj)—H(z—yj):C (1.5)
j=1 j=1

for some real constant C' # 0.



We will view ideal PTE solutions over the integers as being a pair of lists {X, Y}
satisfying (1.5). For computational reasons (see [4, 7, 38|), information on possible
values of C' and, in particular, on the factorisation of C' given (1.5), has played an
important role in arriving at examples of ideal PTE solutions. As C depends on n,

X and Y, we define, for X =,,_; Y, the constant

n

ancn(X,Y):H Z—xj) Hz—y]
j=1

J=1

Define
= [I»y. (1.6)
j=1
where p; is the jth prime number and
e; = min {e | p5[|C, (X,Y) for some X and Y as above with X =, , Y} .

The values of C,, for 3 < n < 7 are known (see [7]):

Cr=2°-3".5.7-11.
For n =8 and n =9, [7] also gives

Cy=2-3.52.72.11-13

Cy=2%.3%.5%2.72.11-13-17% . 23% . 29%

4<e <8, 7T<e<9, 3<e3<4 and 0<e;<1forje{4,56}. (1.7



In their paper, Filaseta and Markovich [18] improved on (1.7) and showed, using

Newton polygons, that
6<e; <8 and ey =09.
In the same paper, for n = 8, they gave the example

X = [31914804930538, 392011859134314, 414199788923609,
550721232905543, 563570240533272, 870589495146520,

1039460985683225, 1113937730497799 |
and

Y = [226375709153429, 382003430459158, 502458387218286,
690280771238587, 750383096702563, 764464731978500,

790357673966989, 870082337037308 |

which has the property that

8 8
11 (z — =) H z — y;) = 95466849288194  (mod 2°°),

j=1
where it should be observed that the number 95466849288194 is exactly divisible
by 26. Filaseta and Markovich posed three questions based on the existence of this

example:

Question 1. Is it possible to show that a 2-adic ideal solution exists for the PTE

problem for every n > 37

Question 2. For a prime, p, is it possible to have a p-adic solution to

n n
1[(—2)—11(~w) =
J=1 J

for which v, (C) < v, (@n), where v, is the usual p-adic valuation and n

is some integer > 37



Question 3. For a prime, p, does a p-adic ideal solution necessarily exist for n = 117

In this chapter, we will address Question 1 restricted to 3 < n < 8. Namely, we

will prove the following.

Theorem 1.5. For 3 < n < 8 there ezist lists of 2-adic integers X = [x1,Za, ... Ty)

and Y = [y1,Ya, - .. Yn], such that at least one x; or y; is not in Q, that satisfy

=1

ﬁ<z—%>—ﬁ(z—yj>=0n,

for some 2-adic integer C,, with vy (C,) = k,,, where

2 ifn=3,4,

4 ifn=2>5,
k, =

5 ifn=26,

6 ifn="17,8

The case n = 8 is particularly significant as there are currently no known examples

over the integers where the same equation holds with v, (Cs) = 6.

1.3 IRREDUCIBILITY CRITERIA FOR NON-NEGATIVE INTEGER COEFFICIENT

POLYNOMIALS

If d,d,_1 ...dydy is the decimal representation of a prime, then a result of A. Cohn

[34] asserts that
f(iL') = dnl’n + dn,lx"_l + -+ dl.T + d[)

is irreducible over the integers. If we generalise this setting and view f(z) as a
polynomial with non-negative integer coefficients and with f(10) prime, does the
irreducibility of f(x) depend on the coefficients being less than 10?7 Is the base 10

special, or do similar results hold when 10 is replaced by a different base b > 27



Some answers to these questions can be found in the literature. The result of Cohn
has been extended to all bases b > 2 by J. Brillhart, M. Filaseta and A. Odlyzko [6].
In [15], M. Filaseta extended this to base b representations of kp where k is a positive
integer < b and p is a prime, and M. R. Murty [37] has obtained an analog in function
fields over finite fields. Furthermore, [6] allows the coefficients d; in Cohn’s theorem
to satisfy 0 < d; < 167 rather than 0 < d; < 9; and later M. Filaseta [16] showed
that the d; need only satisfy 0 < d; < 10%d,,, and further that simply d; > 0 suffices
if n < 31.

Recent work by M. Filaseta and S. Gross [17] extended this last line of investigation
even further. They showed that if f(z) is a polynomial with non-negative coefficients
bounded above by

49598666989151226098104244512918

and f(10) is prime, then f(x) is irreducible over Z. They also showed that if the

coefficients are instead bounded above by

8592444743529135815769545955936773,

then f(x) is either irreducible over Z[z] or divisible by 2 — 20z + 101. Furthermore,
they showed that these values are sharp, in that they exhibited polynomials having
non-negative integer coefficients with f(10) prime and maximum coefficient one more
than each of these numbers where in each case the polynomial factors in Z[x] and in
the latter case is not divisible by 2% — 20z + 101.

In [10], M. Cole, S. Dunn and M. Filaseta extended these results and found bounds
M;(b) such that if the coefficients of f(z) are bounded above by M;(b) and f(b) is
prime for an integer b € [2,20], then f(z) is irreducible in Z[x]. They also found
bounds M;(b) such that if the coefficients of f(z) are bounded above by Ms(b) and
f(b) is prime for 3 < b < 5, then f(x) is either irreducible or divisible by ®3(x — b),

where ®,,(x) is the nth cyclotomic polynomial. Similarly, if 6 < b < 20 and the



coefficients of f(x) are bounded above by Ms(b), then f(zx) is either irreducible or
divisible by ®4(z — b). Furthermore, they established that the upper bounds M;(b)
are sharp for 3 < b < 20, and that the upper bounds M;(b) are sharp for 4 < b < 20.

Work by M. Filaseta, J. Juillerat, J. Southwick and the author extends the results

in [10] to all integers b > 2. That is, we prove the following.

Theorem 1.6. Let b € Z with b > 2. Let f(x) be a polynomial with non-negative
integer coefficients and f(b) prime. For n € Z%t, let ®,(x) be the n™ cyclotomic

polynomial and ¢, = e*™/™. Define

1€{0,1} P

LDg—iJ _Z '
B = max ( 2 @ +1> <b+Re<<n>>D“’““<Im<<n>)k) R

with D, = |7 /arg (b+ ()], and let

ne{3,4} ne{3,4}
and
(b— 1.5221)" (b—2.5221) (B2 — 1)
1(0) 1+ cot (r/b?) e 0.8444
b?arctan | ———
(b—0.2)
Then

If b > 2 and each coefficient of f(x) is less than My(b), then f(x) is irreducible.

e Ifb> 2 and each coefficient of f(x) is less than My(b) and f(x) is reducible,
then it is divisible by ®3 (x — b) if b < 5 and divisible by ®4 (x — b) if b > 5.

e Ifb > 69 and each coefficient of f(x) is less than Ms(b) and f(z) is reducible,

then it is divisible by at least one of ®3(x — b) or @y (z —b).

e Ifb> 69 and each coefficient of f(x) is less than My(b) and f(x) is reducible,
then it is divisible by @3 (x —b), ®4(z —b) or Dg (z —b).



In particular, for b > 5, M;(b) is equal to
Dy—i 2\* | (12 Dy—1—i
max ZD_,-<2/€+1>( b?)" | (b — 2b+2) bPe
Oshs=4—

For b = 10, this gives
M (10) = 49598666989151226098104244512918,

which agrees with the bound by M. Filaseta and S. Gross given above.

Whereas M. Cole, S. Dunn and M. Filaseta were able to show for a fixed b €
[4,20] N Z that the given upper bounds are sharp, we were not able to do so for
general b > 2. However, the bounds in Theorem 1.6 agree with the prior sharp
bounds obtained for 4 < b < 20, and we conjecture the bounds for M;(b), My(b) and
Ms;(b) in Theorem 1.2 are sharp for all b > 4. Furthermore, the values M (b), My(b)
and M;(b) are sharp in another way: For b > 5, if ®4(z — b) is a factor of f(x) and
f(z) has non-negative coefficients (and where we no longer require that f(b) is prime),
then the largest coefficient must be at least as large as M (b). Similarly, if ®3(x —b)
is a factor of f(x) and f(x) has non-negative coefficients (and where we no longer
require that f(b) is prime), then the largest coefficient must be at least as large as
M, (b). Finally, if ®g(x —b) is a factor of f(x) and f(x) has non-negative coefficients
(and where we no longer require that f(b) is prime), then the largest coefficient must
be at least as large as M (b).

The main focus of Chapter 4 is to provide the details on how to find the bounds
M, (b), Msy(b) and M;(b).

While Theorem 1.6 focuses on bounding the coefficients of f(z), a secondary goal
of our work was to examine the situation where the coefficients are unbounded (non-
negative) integers with f(b) prime for an integer b > 2. In this setting, what can be
said about the irreducibility of such a polynomial? The existing literature provides
some preliminary answers. M. Filaseta [16] has shown that for all b > 2, if the degree

of such an f(x) is bounded above by 7/ arcsin(1/b), then f(z) is irreducible.

10



M. Cole, S. Dunn and M. Filaseta [10] further showed that for 2 < b < 20 there
are sharp bounds D(b), D1(b), and Ds(b) on the degree of f(x) so that if f(z) has
degree less than or equal to D(b), then f(x) is irreducible; if f(x) has degree less than
or equal to Dq(b), then f(z) is only reducible if it is divisible by ®,(xz — b); while if
f(z) has degree less than or equal to Ds(b), then f(z) must be divisible by ®3(x —b)
or &y(x —b). The theorem below extends these ideas to all b > 2 and for b > 26

integrates a similar divisibility condition with ®g(x — b).

Theorem 1.7. Fiz an integer b > 5, and for n € {3,4,6} set

™

Dy=Dpb) = | —" d E=E®b)= T .
() {arg(b%— Cn)J " ©) chtan (100(1)2111))‘

Let f(x) € Z[x] with non-negative coefficients and with f(b) prime. If the degree of
f(z) is < Dy, then f(x) is irreducible. Additionally, if the degree of f(x) is < Ds
and f(x) is reducible, then f(z) is divisible by ®4(x — b). Furthermore, in the case
that b > 27, if the degree of f(x) is < Dg and f(x) is reducible, then f(x) is divisible
by either ®4(x — b) or ®3(x — b). Lastly, in the case that b > 27, if the degree of
f(x) is < E and f(x) is reducible, then f(z) is divisible by ®3(x —b), Py(x —b), or
Og(x —b).

The proof of Theorem 1.7 is given in J. Southwick’s dissertation [40].

11



CHAPTER 2
IRREDUCIBILITY OF A FAMILY OF POLYNOMIALS USING

NEWTON POLYGONS

2.1 PRELIMINARY MATERIAL

We first introduce the notion of Newton polygons. Let f(z) = X', a;x? € Zlz]
with aga, # 0 and fix a prime p. For an integer m # 0, denote v,(m) to be the p-adic
valuation of m, that is, the exponent in the largest power of p dividing m. Let S
be the set of lattice points (j,v,(a,—;)) for 0 < j < r with a,_; # 0. The Newton
polygon of f(x) with respect to the prime p is the polygonal path along the lower
convex hull of these points from (0, v,(a,)) to (r,v,(ag)). The endpoints of every edge
belong to the set S, and the slopes of the edges strictly increase as we move from left
to right along the Newton polygon.

Newton polygons hold a wealth of information regarding the irreduciblity of a
polynomial. The main result we use regarding Newton polygons is due to Dumas
([12], [35]) and relates the Newton polygon of two polynomials to the Newton polygon

of their product.

Theorem 2.1. Let g(x) and h(z) be in Z[z] with g(0)h(0) # 0, and let p be a prime.
Let k be a non-negative integer such that p* divides the leading coefficient of g(x)h(x)
but p*1 does not. Then the edges of the Newton polygon for g(x)h(x) with respect
to p can be formed by constructing a polygonal path beginning at (0,k) and using
translates of the edges in the Newton polygons for g(x) and h(x) with respect to the

prime p, using exactly one translate for each edge of the Newton polygons for g(x)

12



and h(x). Necessarily, the translated edges are translated in such a way as to form a

polygonal path with the slopes of the edges increasing from left to right.

We prove Theorem 1.2 by explicitly constructing the Newton polygons for the
polynomials f (x| n,t), for each prime p dividing n — 1. To do this we make use of
three lemmas regarding binomial coefficients, factorials and their p-adic valuation.

The first is a classical result of Legendre [29].

Lemma 2.2. Let n be a positive integer, and let p be a prime. Let s,(n) denote the

sum of the base p digits of n. Then

Lemma 2.2 implies the following result due to Kummer [28].

Lemma 2.3. Let n and j be integers with 0 < j < n. Then

" ((7;)) _sp0) + Sp;n_—lj) —sy(n)

Equivalently, v, <<n>> is the number of borrows encountered when subtracting j from
J

n in base p.
We also note Lucas’s binomial theorem [30].

Lemma 2.4. Let n > j be non-negative integers. Write, in base p, n = a,p" + --- +

aip+ag and j = j.p"+- -+ j1p+jo where 0 < a;, j; < p—1 for eachi € {0,1,...,r},

5 =0 ()() mean

2.2 AN ExpriciT FORMULATION OF THE COEFFICIENTS

and a,. # 0. Then

To construct the Newton polygons of f (x| n,t) we will require a clearer understanding
of the numbers S (k| n,t). Specifically, we will want to know enough about S (k|n,t)

so that we can talk about its p-adic valuation with respect to different primes.
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Firstly, observe that
k
S (k|n,t) = > mﬁ---m}@z[x"]<(x—|—2tx2—|—3tx3+4tx4+~-~)),
mi+-+mEp=n
where [2"] (h(z)) denotes the coefficient of 2™ in the power series h(zx).

Secondly, taking |z| < 1, recall

1
——=l4z+2?+ P+t
11—z

and observe that

d 1
x( ):x(1+2x+3x2+4x3+~--):x—|—2x2+3x3+4x4—|—---.
dr \1—=z

Iterating this pair of operations t times, we obtain

d d 1 t,.2 t,.3 t .4

t times

For ease of notation, let D (-) := z (d/dx) (-). Then

S(k]7%t)::[x”]((l)t((l——xj_l))k>. (2.1)

To study the numbers S (k|n,t) we start by studying the sequence

{D'(1/(1-2))}

teN

An induction argument gives that D' (1/(1 — z)) is x times a polynomial of degree

t — 1 divided by (1 —2)"™". Define A (t, ) by

Dt( 1 )_:z: oAt )2

— T (2.2)

Then, for any t > 1, we have

d (. 1\ _ d[(zXZ5A )
dx(D <1—x>)_dx< (1— )™ )
(1—2)"" S G+ DA+ (E+1) (1 —a) S At j—1)af

= (1= )"
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SO HDAR ) ) = jA )l + (E+ 1) At — 1)

(1—2)™
_ARO)+ Y+ DA+ (-G + DA — 1))’ + At t — 1)’
(1— )" :

Observe that A (1,0) = 1 and from the above, for 0 < j < ¢, we have
A(t,0) if =0

ACTL) = G+ A+t —j+ 1A —1) f1<j<t—1

At t—1) if j=t.
The numbers A (¢, 7) are the so-called Eulerian numbers. See [13], [14], [20] and [41].

We will make use of the following identities associated with the Eulerian numbers:

A =30 (e 23)
7= _OA (t,m) (x t m) (2.4)
A(t,m)=A{t,t—1—m). (2.5)

Combining (2.1) and (2.2) yields
o (B At Y g ((ES A )
S (k|n,t) = [z"] (( (1) ) ) = 2" ( TG ) (2.6)

Substituting (2.3) into the right-hand side of (2.6) and expanding with multinomial

coefficients yields the following

Lemma 2.5. The value S (k|n,t) is the coefficient of x"~* in the expansion of

( > L i) @AW“)@?—*“)i(ﬂﬁ;?ﬁﬂﬂ,

kot t+ki—1=k 7=0

where ko, kq, ..., ki1 represent non-negative integers.

2.3 CONSTRUCTING THE NEWTON POLYGONS

The remainder of this chapter follows the basic idea discussed in [19]. That is, we

will first explicitly construct the Newton polygons for f (x| n,t) with respect to each
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prime p | (n — 1) and then apply Theorem 2.1 to show that any factor of f (z|n,t)
has degree at least n — 1. We start by introducing some notation.
Let v =v, (n — 1) and u = [log, (n — 1)| —v. Note that since p | (n — 1) we have
v > 1. Then
n—1=p"> a;p’ where a,, a9 > 1 (2.7)
=0
is the base p expansion of n — 1. For each J € {0,1,...,u}, we denote by n; the

pUT/th truncation of n — 1 in base p. That is,

J
ny ZPUZ%P]‘ (2.8)
§=0
Let n_; = 0. It is useful to note at this point that when J = u, we get n —ny =1,
and more generally when J € {—1,0,...,u}, we have
n—ny;=1+p" > a;p. (2.9)
j=J+1

We prove the following

Theorem 2.6. Fix integers n > 3 and t > 1. Let f (z|n,t) be as in (1.3). Let p be
a prime dividing n — 1, and let
n—1=p"> ap’
j=0
be the p-ary expansion of n — 1 as in (2.7). Then the vertices of the Newton polygon

for f (x| n,t) with respect to p are precisely the points in the set

{(0,0) }U{(Zajpvﬂ ZCL] v+J__ 1)

JE{O,l,...,u}}. (2.10)
To prove Theorem 2.6 it suffices to show each of the following:

1. The Newton polygon for f (z|n,t) with respect to p is the lower convex hull of

the points in (2.10).
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2. The slopes of the edges joining the successive pairs of points in (2.10) are strictly

increasing from left to right.
To do this we will first establish two lemmas.

Lemma 2.7. Letp | (n—1). For each J € {0,...,u}, we have v, (S (n —ny|n,t)) =
0.

Proof. Since n — (n —ny) = ny, Lemma 2.5 implies that S (n — ny|n,t) is the coef-

ficient of 2™ in the expansion of

n—ny . N thl ik
, 2 T~i= .
)3 I At )" ) wica (211)
ko+-+ki—1=n—ny ko’ Tt kt*l 1=0

<j+(t+1)(n—nJ)—1>xj
(t+1)(n—ny)—1 '

times

oo
We first focus our attention on (2.11). We fix 0 < 45 < ¢ — 1 and derive conditions
on k;, necessary for a given term in (2.11) to not contribute to S (n —ny|n,t). In

particular, if k;, > p"7/*1, then by (2.8) we have
t—1
Ziki > igky, > p't T >y
i=0
Thus no terms in (2.11) with such values for k;, would contribute to S (n — ny|n,t).
So for all i € {1,...,t—1}, we need only consider terms from (2.11) with k; < pv™/*1.
Now we fix more generally 0 < i3 < ¢ — 1. By considering (2.9) we see for

J €{0,...,u— 1} that if k;, #Z 0,1 (mod p**/*1), then there will be at least one

borrow when subtracting k;, from n —n; in base p. Hence by Lemma 2.3, we obtain

P (”,?O“) implying

’( n—ny >_<n—nJ>< n—mny— ki )
b kOw'-akt—l kio k())"'vkio—lakio-‘rl?'"kt—l '

Thus, to determine S (n — ny | n,t) modulo p, we need only consider terms in (2.11)

with kg = 0,1 (mod p*T/*1) and k; = 0,1 for each i € {1,2,...,t —1}.
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With i € {1,2,--- ,t — 1} and k; as in the sum in (2.11), let z be the number of

such i with k; = 1. Then kg = n—ny—2z = 1—2 (mod p**/*1), where the congruence

v+J+1)

comes from (2.9). Since kg = 0,1 (mod p , we must then have

z=1,0 (mod p'™*1).

If z > p*T/*! then we would have

Yoiki= Y i> > 1=z>p" T >,

i=0 1<i<t—1 1<i<t—1
ki=1 ki=1

This means we only need consider z = 1,0. Hence, since A(¢,0) = 1, we use (2.9) to

deduce for each J € {0,...,u} that

nJ—i-(t—i-l)(n—nJ)—l)

S(n—nJ|n,t)E<

- (nJ—j+(t+1)(n—nJ)—1

Fn—ny) Y At)) o ) (212)

j=1

Ei;)A(t,j) (”J_j+(t+1)(”_”J)_1> (mod p).

ny—17>7

Rewriting (2.12) yields

S(n—ny|n,t)= i)A(t,j) (nj_j+(t +n1)£nj_ ! _n‘])+t> (mod p).

Since (t+1)(n—1—ny) =0 (mod p*™/ ™) and for 0 < j <t —1,ny; —j < p'™/TL
any borrows in the subtraction (ny —j+ (t+1)(n —1—ny) +t) — (n; — j) in base
p will come from the subtraction (n; — j +t) — (ny — j) in base p.

We can use these facts to simplify S (n —ny|n,t) further. Via the division algo-
rithm, we write ny — j +t = ¢ - p*7/*! + 7 where 0 < r < p**/*1. Then the base p
expansion of (ny — j+ (t +1) (n — 1 — ny) + t) has its digits in the p"™/*!-place and
higher arising from (t + 1) (n — 1 — ny) + ¢ - p**’/*1, while the lower digits arise from
r. Thus we can use Lemma 2.4 to obtain

(nJ—j+(t+1)(n.—1—nJ)+t> _ ((t+1)(n—1—nJ)/p”+J+1+q>< r )

ny—17 o 0 nJ_.j
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()= (3 e

Substituting this simplification into S (n — ny|n,t), we obtain

t—1 .
Stn-—nsn =540 (") mod
=0 ny—17J

Using the symmetry of binomial coefficients, we have
— N (g —g+t t
S(n—nyn,t) =3 A(tj) ; =(ny+1)" (mod p),
=0
where the second equivalence comes from (2.4) and (2.5). Recalling that n; is divisible

by p¥, we see S (n —ny|n,t) =1 (mod p) so that the lemma follows. O

While Lemma 2.7 will allow us to find candidates for the vertices on the Newton
polygon of f (x|n,t), we will use the following lemma to show that no other vertices

can appear in the Newton polygon.

Lemma 2.8. Let p | (n—1). If m =n (mod p), then v, (S (n —m|n,t)) > 0.

n—(n—m) _ ,.m

Proof. By Lemma 2.5, we have that S (n —m |n,t) is the coefficient of = x

in the expansion of

n—ny t—1 ks thl ik
) [TA )| aXizoik:
ko+-+ki—1=n—ny ko, ceey kt—l i—0

S <j+(t+1> (n_nJ)_1>xj.

(t+1)(n—ny)—1

times

5=0
We fix 0 <179 <t —1 and consider the k;, appearing in the first factor above. Since
m =n (mod p), we have p | (n —m). If p [ k;,, then we can rewrite the multinomial

coefficient and use Lemma 2.3 to obtain

n—m n—m n—m — k;,
= =0 (mod p),
<k07 SR kt—l) ( kio ) (kOa SR kio—la k’io-i—la s 7kt—1> ( p)
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since there will be a carry when subtracting k;, from n —m in base p. Thus the only
nonzero terms in

s ) ()=
0,..., —

ko+-+kt—1=n—m

when considered modulo p, are those where for each ¢ € {0,...,t — 1} there are non-
negative integers k. such that k; = pkl. That is, reducing S (n — m|n,t) modulo p,

we only need consider the coefficient of 2™ arising from the multiplication of

n — t—1. ,,
Alt, 2 im0 K]
Z <pk0, oo DRy 1) (H Z ) ’

pk6+~~-+pk£ ,=n—m =0

SO

For each term in the first sum in order to get a contribution to the coefficient of =™

in the product, we want to consider

t—1

j=m—=>_ ipkj

1=0

in the second sum.

We now turn our attention to the binomial coefficients

<j+(t+1)(n—m)—1> _ <m— E;éipkH(tH)(n—m)—l).

(t+1)(n—m)—1 (t+1)(n—m)—1
Recall m =n =1 (mod p), so
m— Zzpk/ (t+1)(n—m)—1=0 (mod p)
and
(t+1)(n—m)—1=p—1 (mod p).

Thus, Lemma 2.3 implies that

<m —lyipkl+ (t+1) (n—m
(

)— 1\ _
t+1)(n—m)—1 ):0 (mod p).

Hence, S (n —m|n,t) =0 (mod p) since each term contributing to the coefficient of

2™ in the product above is divisible by p. The lemma follows. O
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We can now prove Theorem 2.6.
Proof of Theorem 2.6. Recall it suffices to show each of the following:

1. The Newton polygon for f (z|n,t) with respect to p is the lower convex hull of

the points in (2.10).

2. The slopes of the edges joining the successive pairs of points in (2.10) are strictly

increasing from left to right.

Fix integers n > 3, t > 1 and a prime p dividing n — 1. Starting with (1), for

0<7<n—1,set

¢ = ?:S(ﬂn,t):(n—j)!<nfj>5(jln,t)-

Thus f (z|n,t) = X}, c;a7~'. For J € {0,...,u} define n; as in (2.8), with n_; = 0.
Note that since f (x|n,t) is monic, v, (¢,) = v, (1) = 0, meaning (0,7, (¢,)) = (0,0)
is on the Newton polygon with respect to p.

Next, we show for J € {0,1,...,u} that

Vp (Cnn,) = 11 > a, (p”+j — 1) . (2.13)

pb— j=0

Using the definition of v, (-), we see that

ny

v (Cnn,) = vy (n)1) + 1, (( " )) 4, (S (n—ny|n,t)). (2.14)

Since v > 1, the difference n—n; requires no borrows in base p. So, applying Lemmas

2.2, 2.3 and 2.7 to the respective terms in (2.14), we see

ny— sp(ny)

Vp (Cn_n(]) - p _ 1

1 :
+04+0=—=) aqa;(p"7 —1).
p—1 jgo J ( )
Thus, we see (2.13) holds, and the set (2.10) is precisely the set

{(ns,vp (cn-n,)) | J € {—1,0,...,u}}. (2.15)
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To prove (1) we must show that all points in the set

{Gvp(cny)) 5 €40,1,...n = 1}}

lie on or above the lines joining successive points in (2.15). It is clear that the points
in (2.15) lie on said lines, so consider a point (m, v, (¢4—m)) not belonging to (2.15).

If ny <m <mnyy for some J € {—1,0,...,u — 1}, then it suffices to show

i (€amm) = Vp (ncny) < Yo (nnra) = % (enn)

(2.16)
m—ny Njy1 —nyg

Using the definition of v, (-) once more with (2.13), the inequality in (2.16) is equiv-

alent to

vp (m) + v, (1)) + 2 (S (n = m | n, 1) = (ng = s,(ns))/(p — 1) R
m—ny T (p—1)pot/tt’

(2.17)
We note from (2.9) and v > 1 that s,(n)—s,(ns) = s,(n—ny). Using this observation
along with Lemmas 2.2 and 2.3, we multiply both sides by p — 1 to transform (2.17)

into

(m—=mny)+(sp(n—m)—=s,(n—ny))+(pP—-1)1,(S(n—m|n,t)) N PP
m—"ny - pv+J+1

Subtracting 1 and then multiplying both sides by (m — n;) yields

m-—n
sp(n—m)—sp(n—nj)+(p—1)1/p(S(n—m|n,t))2—pv+J+i7. (2.18)

From (2.9), we have that

n—ny=n—1-n;+1=p" Y ap’ +1,
j=J+1
S0
sp(n—ny)=1+ > aj (2.19)
j=J+1
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Recall ny < m < nyy1. In the equations that follow we interpret a sum from 57 = u+1

to j = u as 0, which arises when J = u — 1. Then we can write

n—m=Mm-1-—ny)+ nsj1+1—m)=p" Z ajp“rzej% (2.20)
j=J+2 jET

where T C {0,1,...J + v + 1} is a non-empty set and each ¢; € {1,2,...,p — 1}.

Thus, we obtain

u

sp(n—m)= > aj+ > €. (2.21)

J=J+2 JjeT
Further, we can write
n—-m=mMm-1-—ny)+ns+1-m)=p" > ap) +n;+1—m. (2.22)
j=J+1

Setting the right-hand sides of (2.20) and (2.22) equal and solving for n; — m gives

nyg—m=>Yy_ ep —azap’ - 1. (2.23)
jET
Substituting (2.19), (2.21) and (2.23) into (2.18) yields

S epeipt — agapttt — 1
D= arn = 1 (0= 1) (S (n = m|n, 1)) > =T

JET

Rearranging the above gives

Se(1-p ) 1+ (=D (Sn—m|nt) > —p 7 (2.24)

jeT
Recall T # 0. Observe that if v, (S (n —m|n,t)) > 0, then the left-hand side of
(2.24) is positive, and so the inequality holds. Alternatively, the contrapositive of
Lemma 2.8 tells us that if v, (S (n —m|n,t)) = 0, then m # n (mod p), implying
0 € T so that ¢y > 1. This allows us to simplify the left-hand side of (2.24), obtaining
Se(l-pT ) -1ze(1-p ) 1z (1-p ) m 1= p
jeT
Thus, (2.24) and the equivalent (2.16) holds. This completes the proof of (1).

For (2), let J be such that n; # nyi;. Then,

vy (Cn—nJ+1) — 1V (Cnen,) A (perJH B 1) _ 1 (1 1 > . (2.25)

Nyp1— Ny - (p _ 1) aJ+1pv+J+1 - p—1 pv+J+1

Since the right-hand side of (2.25) increases as J increases, we deduce that (2) holds.

This completes the proof of the Theorem 2.6. m
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2.4 PROOF OF THEOREM 1.2

We now have what we need to prove Theorem 1.2, namely

Theorem 1.2. The polynomials

n

f(z|n,t) = Z

S(k|n,t)x

w\:

are irreducible for all integers n > 2 and t > 1.

Proof. When n = 2, we have f (z|2,t) = x + 2" which is irreducible. For n > 3, let
p be a prime dividing n — 1 and adopt the notation of Section 4. From the proof of
Theorem 2.6, the slope of the line segments joining two successive points in (2.10) is

of the form

1 1 I 1
gfl (1 - pv+J+1> - (p— 1) prtJ+l
for J € {—1,0,1,...,u}. Observe that when this last fraction is reduced, the de-
nominator is p**/*!. This implies that for a segment with this slope, the horizontal
distance between the consecutive lattice points is p*T’/*!. In particular, from Theo-
rem 2.6, the smallest horizontal distance between any two consecutive lattice points
on the Newton polygon of f (z|n,t) with respect to p is p¥, and so the horizontal
distance between every pair of consecutive lattice points is divisible by p¥. This is
true for every prime power p¥ dividing n— 1. Thus, any irreducible factor of f (x| n,t)
has degree divisible by n — 1. Since the degree of f (z|n,t) is n — 1, the proof is

complete. O

24



CHAPTER 3
2-ADIC INTEGER SOLUTIONS TO THE

PROUHET-TARRY-ESCOTT PROBLEM

3.1 PRELIMINARY MATERIAL

Let n be a fixed positive integer and let X = [z1,29,...,2,]) and Y = [y1,y2, .. ., Yn]

be lists of integers. Define

w(z) =w(X,Y,2) Hz—xj Hz—y]

Recall from Corollary 1.4 that the pair {X,Y} is an ideal PTE solution over the
integers if and only if w(z) is a non-zero constant. We adapt this definition in the

following.

Definition 3.1. For a positive integer k, let X and Y be lists whose entries are
integers that lie in the interval {O, 2’“). We say that the pair {X,Y} is an ideal PTE

solution modulo 2% if
w(X,Y,2)=C (mod 2%), (3.1)
for some integer C' # 0 (mod 2F).

Ideal PTE solutions modulo 2* satisfy the following.

Proposition 3.2. If {X,Y} is an ideal PTE solution modulo 2%, then

Yoa'=> ¢y (mod?2Y), forie{l,2,....,n—1}

zeX yey
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Proof. Let X = [x1,29,...,2,] and Y = [y1,¥2,...,ys] be an ideal PTE solution

modulo 2¥. Define, for 0 < j < n, integers a; and b; such that

H (z —z;) = Zajzj and H (z —y,)) ijzj.
j=0 j=1 =0

j=1

Note that

Since {X, Y} is an ideal PTE solution modulo 2%, we have that
a; =b; (mod2%) forje{1,2,...,n—1}. (3.2)

The integers a; and b; are precisely the (n — j )th elementary symmetric polynomials
n

in X and Y, respectively. For each 0 <i <n — 1, we know that >}, 2% and 37, ¢/}

can be expressed as linear combinations of a; and b;. By (3.2), the result follows. O

The converse to Proposition 3.2 is not true. For example, the lists X = [1,0, 0] and
Y = [1,1,1] satisfy the conclusion of Proposition 3.2 with £ = 1, but w (X, Y, z2) =
z+1 (mod 2). This differs from the the result over the integers in Corollary 1.4. With
this in mind, we define ideal PTE solutions modulo 2* as we do in Definition 3.1 rather
than an analog of (1.4) as we are interested in studying the 2-adic valuation of C,
defined in (1.6).

We will now look at some more properties of ideal PTE solutions modulo 2.

Lemma 3.3. If {X,Y} is an ideal PTE solution modulo 2%, for some k > 0, then X

and Y contain the same number of odd entries.

Proof. Let o, and o, be the number of odd entries in X and Y respectively. Without

loss of generality, suppose o, — 0, > 0. Then

w(z)=2"""Z+1)"+2""%(=z+1)% (mod 2)

7o (24 1) ((z 4+ 1) +2°7%)  (mod 2). (3.3)
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If {X,Y} is an ideal PTE solution modulo 2%, for some k > 0, then {X,Y} satis-
fies (3.1) with C' = w (0). So we have,

w(z)=w(0) (mod 2),
which is constant. We see that (3.3) is constant only if
(z4+ 1) +2%"% =0 (mod 2).

which happens only when o, — o, = 0. That is, {X,Y} is an ideal PTE solution

modulo 2 only if X and Y have the same number of odd entries. O]

Given an ideal PTE solution modulo 2¥, we are interested in whether or not there
exists a lift of that solution that is an ideal PTE solution modulo 2¥*!. We now
introduce some notation that will be useful when talking about lifting solutions. For
ordered lists A = [ay,...,a,] and B = [by, ..., b,| and integers ¢ we define list addition

and scalar multiplication as
A+B=Ja;+b,...,an,+b,] and c-A=|[c-ay,...,c-a,],

respectively. We will let {Xj, Y;} represent a solution modulo 2* with each entry
of X} and Y}, in the interval {0, 2’“). Further, wy (z) will represent the correspond-
ing polynomial w (Xy, Yy, 2). Let T = 28 - [ty,...,t,] and Uy = 2 - [uy, ..., uy)
where t;,u; € {0,1} for 1 < j < n. Let {X,j,Y,j} = {Xx + Tk, Yx + Uk}, whose

corresponding polynomial is

wy (2) = f[l (z 2 2ktj) — 12[1 (z -y — 2kuj) . (3.4)

Observe that each entry of X; and Y, is in the interval (0, 2*"!] and congruent to
their corresponding entries in X}, and Y, modulo 2*. Also, wj (2) = wi(z) (mod 2%).
We refer to {X;7, Y, } as a lift of {X4,Yi}. If {Xg, Y3} is an ideal PTE solution

modulo 2% lifting will refer to the process of finding a pair {X;",V,F} that is a
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lift of {X, Y} A pair {X},Y,} is said to be lifted if a lift {X;",Y,"} has been
found. If {X},Y;} is an ideal PTE solution modulo 2%, we say that {Xj,Y;} has
been successfully lifted if we have found a lift {X,", Y, } that is an ideal PTE solution
modulo 2. In this case, { X", Y, } will be referred to as a successful lift of { X, Y}

Studying the polynomials wy (2) and w; (2) is going to be key to us finding 2-
adic solutions. Specifically, we want to get a handle on the coefficients of wy (z) and

For a list S = [s1,...,s,) and 1 < j < |S|, denote by e; (S) the 5 elementary
symmetric polynomial whose variables are the elements in S. For later purposes, we

note that eq (S) = 1. We also make note of the following.

Lemma 3.4. Let S = [s1,...,5,] be a list of integers and let n,qq denote the number

of odd entries in S. Then
e; (S)=0 (mod 277"d)  for j > n,q4q.

Proof. Each term in e; (S) is a product of j entries in S. If j > nyqq then necessarily

each term in e; (S) must contain at least j —nqaq even entries. The result follows. [

For a pair { X}, Y,}, we can write
n—1 ) )
wi (2) = w (X, Vi, 2) = Y (=1)" (en—y (X)) — ey (Yi)) 2.
=0

If {X}, Y.} is an ideal PTE solution modulo 2%, then wy, (2) = wy (0) (mod 2%). For

1 <j <n —1, define the integers d; by

en—j (Xi) — en—j (Vi)

d; = 57 :
Then
n—1 ) ]
wy, (2) = wy, (0) + 28> (=1)"7 d;2. (3.5)
j=1
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Define S = [$1,- -, 8i—1,8i11,---,Sn]. That is, St is the list S with the it entry

removed. Expanding wj (2) given in (3.4) yields

wf (2) = 22 b T o)t T1 ) | 4w () + 2%0(2)

1<j<n 1<j<n
i i
n—1 . n ;5 A '
=25 0 (S s (85) e () ) 2
J= =

(3.6)
+wp (2) +2%p (2),

for some polynomial p(z) with integer coefficients. Let n,qq be the number of odd

entries in each of X, and Yj. For each ¢, both X i and }}kz contain at least ngqq — 1

odd entries. So, by Lemma 3.4, e,,_; ()2}6) ti —en_1 ()?,g) w; is divisible by 27 "edd for

each 1 <14 <n. With this in mind and substituting (3.5) into the (3.6), we obtain

o (5 =2 % (-1 (43 (eonros (R2)t = oy (7)) )

+ wy, (0) + ohtn—noaar 4 92k (2),

for some integer C'. For 1 < j < n — 1, define

n

dj = dj + Z <€n—1—j (AXAVIE) ti —€p—1—j (}}kz) ul) .

i=1
Then
n—1 ) ]
wi (2) =283 (=) df 2 4wy (0) + 28N 0+ 2% (2) (3.7)
j=1
and in particular
wi (0) = wy, (0) 4 28 =medd 0 4 92ky, (0) (3.8)

Proposition 3.5. If {X}, Y.} is an ideal PTE solution modulo 2% and {X;",Y,"'} is

any lift of { X}, Y1}, then vo(w; (0)) = va(wy(0)).
Proof. From (3.8), we have
Vo (w,:r (O)) =1y (wk (0) + 2FFn—nead 0 4 92k (O)) .
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Since {X},Y;} is an ideal PTE solution modulo 2% we have v,(wy,(0)) < k. Then,

since n > nygq, we have
2 (wk (0) 4 25 moad 4 9% (0)> = vy (wy, (0)) -
Hence vo(w; (0)) = vy (wy, (0)). O
The following corollary immediately follows.

Corollary 3.6. If {X},Y,} is an ideal PTE solution modulo 2F and ({X;,Y;}); )1

is a sequence of successive lifts of { Xy, Yi}, then vy (w; (0)) = vo (wy (0)).

Proposition 3.7. A lift {X;",Y,t} of an ideal PTE solution modulo 2 is an ideal

PTE solution modulo 28! if and only if
df =0 (mod 2) (3.9)
foreach1 <7 <n-—1.

Proof. From Definition 3.1 and Proposition 3.5, the lift {X;",¥,'} is an ideal PTE

solution modulo 2! if and only if
wi (2) —wy (0)=0 (mod 2").

This consequence is equivalent to having both 2% dividing w; (2) — wj} (0) and the
congruence (w,f: (2) —wi (O)) /28 =0 (mod 2). From (3.7) we see that

n—1 ) )
wi (2) —wi (0)=2">"(=1)"7df2/  (mod 2"*1).

=1
This is equivalent to 2% dividing w; (2) — w;" (0) and
1

(—1)" 7 dfz’  (mod 2). (3.10)

1

wy (2) = wy (0) _
9k

<.
I

The right-hand side of (3.10) is 0 (mod 2) if and only if (3.9) holds for each 1 < 5 <

n — 1. Proposition 3.7 follows. m
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The next examples illustrate that not every solution can lift and even if we can
successfully lift a solution, we are not guaranteed to be able to lift the solution more
than once.

If n = 4 and the pair {X}, Y.} is an ideal PTE solution modulo 2*, then Propo-
sition 3.7 implies a lift {X;,Y,j} is an ideal PTE solution modulo 2¥*! if the

t;,u; € {0, 1} satisfy
0=+ 3 (e (K1)t 2 (V) ) (o ),
0=+ 3 (o (K1) ti—er (V) ) (mod ),
0=+ 3 (e (XE) = o (V2) ) (o ),

Suppose X and Y} each contain exactly one odd entry. Without loss of generality

we suppose that z; and y; are odd. Then the above congruences become

0=d; (mod 2),
4
0=dy+> (ti+u;) (mod?2),
i=2
4
0=ds+ > (t;i+u;) (mod?2).
i=1

We can always find a solution to the last two congruences, but we have no control
over the first. So, we can only lift the solution { Xy, Y} if the coefficient of z in wy, (2)

is divisible by 2¥*1, which is not always the case. For example,
X =[1,42,0,0], Y;=[33,2,4,4 and wg(z)= —320z%+ 1088z — 1056,

is an ideal PTE solution modulo 2¢, but the coefficient of z in wy, (z) is not divisible
by 27, so we cannot lift {X¢, Y5} to an ideal PTE solution modulo 2.

Now consider

Xo =[1,34,24,0], Ye=[33,10,12,4] and wg(2) = —1922% + 6528z — 15840,
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which is also an ideal PTE solution modulo 2°. The coefficient of z in wg(2) now is
divisible by 27, so we can lift {Xg, Xg} if we can choose the ¢;’s and u;’s so that they

satisfy

(ti + Ul) (mod 2),

i
e

I
[N}

n
M-

(t; +u;) (mod 2).

<.
I

One possible assignment is to = t4, = u; = uqy = 1 and t; = t3 = us = ug = 0, which

gives
Xog =11,98,24,64], Y, =[97,10,12,68] and wg (z) = 4224z — 640992.

This is an ideal PTE solution modulo 27. Similar to the first example, the coefficient
of z in wg (2) is not divisible by 28, so we will not be able to find a successful lift of
{X§, Y5} to a solution modulo 28. If we make a different assignment above, however,

say t3 =u; = 1 and t; =ty = t4 = us = ugz = uy = 0, we obtain
X& =11,34,88,0] YgH =[97,10,12,4] and w{ (2)= 38422 + 176642 — 46560.

With these lists, the coefficient of z in wg (2) is indeed divisible by 2%, so we will be
able to keep lifting. That is, we can let {X7, Y7} = {X{, Y} and repeat the lifting
process.

What we have seen is that, even though Proposition 3.7 gives the criteria to find
a successful lift of a pair {Xj, Y}, not all lifted solutions we obtain can continue to
be lifted. In the next section, for 3 < n < 8 we will present sufficient criteria for
{ X%, Y3} to have a successful lift and give examples of ideal PTE solution modulo 2%

that can be lifted indefinitely.

3.2 SEQUENCES OF IDEAL PTE SOLUTIONS MODULO 2

For a positive integer K, suppose ({Xg, Yi})i—x 1S a sequence of pairs such that

{Xk, Yy} is an ideal PTE solution modulo 2% and {Xj,1, Ys1} is a lift of {X},Y:}
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for each k > K. Define for each k > K and j € {1,2,...,n — 1} the integers dj; by

en—j (Xi) — en—j (Vi)

dpj = 5 . (3.11)
Then, by (3.5), we obtain
wy, (2) = wy, (0) + 2F nf (=)™ dy ;27 (3.12)
j=1
Since {Xyi1, Yiy1} is a lift of { Xy, Yi}, by (3.7), we see that
Wit (2) =2 nf (=1)" 7 di ;27 4wy (0) + 28T O 4 2%y (2) (3.13)
j=1
for an integer C}, a polynomial py(z) € Z[z], and
diy = dij + Zn; (en-1s (X7) ths — a1y (Vi) uas) - (3.14)

Lemma 3.8. Suppose, for an integer k, that {Xy,Yr} is an ideal PTE solution
modulo 28 and { X1, Yii1} is a lift of { Xy, Yi}. Let dyiq; and dzj be asin (3.11) and
(3.14), respectively. Let m be a positive integer and a; be an integer for 1 < j < n—1.

Then for k > m, we have

n—1
> ajdi1; =0 (mod 2™) (3.15)

j=1
if and only if

n—1

Y ajdf; =0 (mod 2.
=

Proof. Note that (3.15) holds if and only if

n—1
23 ajder1; =0 (mod 2™F). (3.16)

j=1
Comparing (3.12) and (3.13) we have
2yy1; = df 4+ 2"pry, forje{1,2,...,n—1},
for some integer py ;. Substituting the above into (3.16) yields
n—1 n—1
> ad; + 2"> ajpr; =0 (mod 211
j=1

j=1

Since k > m, the result follows. n
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We will now show for 3 < n < 8 that there exist infinitely many sequences of
pairs ({Xx, Ya})pep, 1 such that, for each k > k, + 1, we have {Xj, Y3} is an ideal
PTE solution modulo 2% with vy (wy, (0)) = k,, and { X1, Yiy1} is a lift of { X4, i}
In the next section we establish Theorem 1.5 by describing how one can construct a

2-adic integer solution from a sequence ({Xg, Ya}),—p 4

3.21 n=3

Lemma 3.9. For n = 3, if {X}, Y.} is an ideal PTE solution modulo 2%, for some
k > 0, with nygq = 1, then there exists a lift {X;7,Y,'} of {Xk, Yi} that is an ideal

PTE solution modulo 2Ft1.

Proof. Without loss of generality we suppose that x; and y; are odd. By (3.14) we

have
d;g =dp1+tpo+tes+uks +urs (mod 2)
(3.17)
iy = dyo+th, +teo +trg + upy +ups +upg  (mod 2).
Let
tk,l - dk}l + dk72 (mOd 2)7 uk,l = 07
lko = dk,l (IHOd 2), tr3 = 0 (318)

Up2 = Up3, w3 € {0, 1}.

Substituting (3.18) into (3.17) yields

diy =0 (mod 2)

diy =0 (mod 2).

Thus (3.9) holds and so by Proposition 3.7, {X;",Y,"} is an ideal PTE solution

modulo 2571, O
Proposition 3.10. There exist infinitely many sequences ({ Xy, Yi})po s with

{X:}:YFS} = {[1a47 O]v [57672]}a
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such that for each k > 3, the pair { Xy, Yi} is a lift of {Xk_1,Yr—1} that is an ideal

PTE solution modulo 28 with vy (wy, (0)) = ks = 2.
Proof. Observe that
w3 (2) =82* — 482+ 60 =4 (mod 2%).

So, {X3,Y3} is an ideal PTE solution modulo 23, that is not an integer solution
to the PTE problem and that satisfies v, (w3 (0)) = 2. Since {X3, Y3} satisfies the
hypothesis of Lemma 3.9, so will any lift { X3, Y3}, and we see that we can construct
a sequence ({Xj3,Y3});”, such that for each k& > 3, the pair {Xj,Y,} is a lift of
{X}_1,Y_1} that is an ideal PTE solution modulo 2¥, by lifting { X3, Y3} successively
with the assignments (3.18). By Corollary 3.6, it follows that v, (wy (0)) = 2 for all
k > 3. To see that there are infinitely many such sequences, observe that in (3.18)
we allow for w3 to be either 0 or 1. Thus, we can construct a sequence ({ Xy, Y3})re s

corresponding to any sequence of 0’s and 1’s for the values of u 3. O]

3.22 n=4

Lemma 3.11. Forn = 4, if { X}, Y} is an ideal PTE solution modulo 2%, for some

k>0, with negqg = 2 and
0= dk,l + dk,g + dk73 (IIlOd 2), (319)

then there exists a lift {X;",Y,F} of { Xy, Yi} that is an ideal PTE solution modulo

2k:+1'
Proof. Without loss of generality we suppose that z; and y; are odd for j € {1,2}.
By (3.14) we have

diiy = dey +tes 4 tra + ugs + ups  (mod 2),
dfy = dig + tiy + teg + uky +ue  (mod 2), (3.20)

ng =dps+tey +tpo +tes +tha+ Uky + Upo + Ups + uks  (mod 2).
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Let t); and uy; in {0,1} be defined by

_dgy Fdio +dis

th = 9 (mOd 2), tk,g = 0,
Upy =ty +die  (mod 2), U2 = 0,
(3.21)
thy =dpo+drs  (mod 2), tpa =0,
U3 = U4, u4 € {0,1}.

Note that such t;; and ug; in {0,1} exist since (3.19) holds. Substituting (3.21)
into (3.20) yields that each of dy,, djf, and d 5 is 0 (mod 2). Thus, (3.9) holds and

Proposition 3.7 implies that {X;", ¥} is an ideal PTE solution modulo 28+, O
Proposition 3.12. There exist infinitely many sequences ({ Xy, Yi})pes with
{X37Y3} = {[171707 0]7[7737672]}a (322)

such that for each k > 3, the pair {Xg, Yi} @s a lift of {Xk_1,Yr—1} that is an ideal

PTE solution modulo 28 with vy (wy(0)) = ky = 2.
Proof. Observe that
w3 (2) = 162° — 1122% + 2882 — 252 =4 (mod 2°).

So, {X3,Y3} is an ideal PTE solution modulo 23, that is not an integer solution to

the PTE problem and that satisfies v, (w3 (0)) = 2. Also note that
d3’1 + d372 + d3,3 =-36—-14-2=0 (mod 2),

so {X3, Y3} satisfies (3.19) with k& = 3.

First we prove that we can construct a sequence ({Xj,Ys});—5 of ideal PTE so-
lutions modulo 2* that are obtained by successively lifting { X3, Y3}. Since {X3, Y3}
satisfies the hypothesis of Lemma 3.11 with £ = 3, it suffices to show that for an

integer k > 3, if {X}, Y;} is an ideal PTE solution modulo 2% congruent to { X3, Y3}
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(mod 8) that satisfies (3.19), then the lift of { X}, Y;} obtained in the proof of Propo-
sition 3.11 also satisfies (3.19) but with k& replaced by k + 1.

From (3.14) we note that for all £ > 3 we have

n
~

d—/:,j = dkvj + Z (en—l—j (Xé) lki — €n—1—j (Ygl) Uk;,z‘) (mod 2m)

i=1
for j € {1,2,3} and m < 3. Substituting (3.22) into the above with m = 2 yields
d;l = dk,1 + tk73 —+ tk,4 — U3 — Uk 4 (mod 4)
d;2 = dk,g +tp1 +teo + th,g + th’4 + Ug,1 + U2 (mod 4)

d;?) =drs+tea+tro+tes +tha— Up1 — Uko — Uz — Upg  (mod 4).
From the above we deduce that
diy +dfs+dfs=diy +dpa+dis + 2 (tky + ugs + ura)  (mod 4).
Substituting the assignment (3.21) into the above yields
diy 4+ diy + dfs = 2(dey + dip + drs)  (mod 4).
Since { X}, Y, } satisfies (3.19), we have
d;l + dzg + dkf?) =0 (mod 4),

and so by Lemma 3.8, we see that {Xy,1, Y41} satisfies (3.19) but with & replaced
by k + 1.

So, we can construct a sequence ({Xj,Y;}),—; such that for each k > 3, the pair
{ Xk, Yy} is a lift of {X;_1, Y, 1} that is an ideal PTE solution modulo 2*, by lifting
{X3,Y3} successively with the assignments (3.21). By Corollary 3.6 it follows that
vy (wg(0)) = 2 for all k£ > 3. To see that there are infinitely many such sequences,
observe that in (3.21) we allow for w4 to be either 0 or 1. Thus, we can construct a
sequence ({Xj, Yy }); 5 corresponding to any sequence of 0’s and 1’s for the values of

Uk 4- ]
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3.23 n=5

Lemma 3.13. For n =5, if {X}, Y.} is an ideal PTE solution modulo 2%, for some

k>0, with negg =1 and
0=dk1+2dis (mod8) and 0=dge (mod 2), (3.23)

then there exists a lift {X;",Y,F} of { Xy, Yi} that is an ideal PTE solution modulo

2k+1
Proof. From (3.23), we see that 2d 5 =0 (mod 4), and so
dp1 =0 (mod 4).

Without loss of generality we suppose that z; and y; are odd. By (3.14) we have

diy = dey  (mod 2)

diy = drz (mod 2)

dk3 =dy3+ Z (tk; + uk;) (mod 2) (3.24)
k4_dk4+2_: (tr; +ug;) (mod 2)
Let ¢ ; and uy; in {0,1} be defined by
tkn = dgs+dia (mod 2), up1 =0,
tro = dI;Q +dis (mod 2), trs =0,
Upo = dkl—;M“ (mod 2), tra =0, (3.25)
Uk3 = U2 + dSQ (mod 2), trs =0,
Uka = Uk, ks € {0, 1}.

Note that such t;; and u; in {0,1} exist since (3.23) holds. Substituting (3.25)
into (3.24) yields that each dj; in (3.24) is 0 (mod 2). Thus, (3.9) holds and so by

Proposition 3.7, the pair {X;", ¥} is an ideal PTE solution modulo 2F+1. O
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Proposition 3.14. There exist infinitely many sequences ({ Xy, Yi})pos with
(X5, Ys) = {[1,4,8,16,0], 17, 14,10, 18, 2]}, (3.26)

such that for each k > 5, the pair { Xy, Yi} is a lift of {Xy_1,Yr_1} that is an ideal

PTE solution modulo 28 with vy (wy, (0)) = ks = 4.
Proof. Observe that
ws (2) = 322* — 11522% + 140802% — 668162 + 85680 = 16 (mod 2°).

So, {X5,Ys} is an ideal PTE solution modulo 2°, that is not an integer solution to

the PTE problem and that satisfies v5 (w5 (0)) = 4. Also note that

d5,1 + 2d5,2 = —2088 — 880 =0 (mod 8),

d5,2 =—-440=0 (IIlOd 2),

so { X5, Ys} satisfies (3.23), with k£ = 5.

First we prove that we can construct a sequence ({Xj,Y)}),—s of ideal PTE so-
lutions modulo 2% that are obtained by successively lifting { X5, Y3}. Since { X5, Y5}
satisfies the hypothesis of Lemma 3.13 with & = 5, it suffices to show that for an
integer k > 5, if {X},Y;} is an ideal PTE solution modulo 2% congruent to { X5, Y5}
(mod 32) that satisfies (3.23), then the lift of { X}, Y, } obtained in the proof of Propo-
sition 3.13 also satisfies (3.23) but with k& replaced by k + 1.

From (3.14) we note that for all £k > 5 we have

d;;j =dy; + Z (en—l—j (X§> ki = €n—1—j (Ygf) Uk,z’) (mod 2™),
i=1
for j € {1,2,...,4} and m < 5. For j € {1,2}, substituting (3.26) into the above

with m = 4 yields

diiy = dey — dugn — dugs — dupy — 4dugs  (mod 16),

d—ki_’z = dk,Q + 8tk72 + 4tk73 — 4tk74 — 4tk75 + 6uk72 + 2uk73 — Guk,4 — 6uk,5 (mod 16)
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From the above we deduce that

dljr_,l + 2dk72 = dk71 + 2d/§72 + 8 (tk73 —+ tk74 + tk75 —+ Uk;72) (mod 16),

dyy = dpo + 2 (ugs + upa)  (mod 4).
Substituting the assignment (3.25), into the above yields

diy 4 2dy = 2 (dgy + 2dz)  (mod 16),

diy = 2dys  (mod 4).
Since { Xy, Y;} satisfies (3.23), we have

dz’l + 2d:§72 =0 (mod 16),
diy =0 (mod 4),

and so by Lemma 3.8, we see that {Xj,1,Yr1} satisfies (3.23) with & replaced by
kE+1.

So, we can construct a sequence ({Xj, Yy }),—s such that for each k& > 5, the pair
{ Xy, Y3} is a lift of { X1, Y, 1} that is an ideal PTE solution modulo 2*, by lifting
{X5, Y5} successively with the assignments (3.25). By Corollary 3.6 it follows that
vo (wg(0)) = 4 for all £ > 5. To see that there are infinitely many such sequences,
observe that in (3.25) we allow for w5 to be either 0 or 1. Thus, we can construct a
sequence ({Xj, Yy });—s corresponding to any sequence of 0’s and 1’s for the values of

Uk,5- ]

3.24 n=6
Lemma 3.15. For n =6, if {X}, Y.} is an ideal PTE solution modulo 2%, for some
k>0, with nygg = 3 and

0=dky —dyo+dps—dis+dps (mod8),

0=dro+dis (mod 2), (3.27)

0=drs+dis (mod 2),
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then there exists a lift {X;",Y,'} of { Xy, Yi} that is an ideal PTE solution modulo

2k+1

Proof. From the first congruence in (3.27), we have

0= dk@ + dk’g + dk,g + dk,4 + dk75

(mod 2).

Adding the second and third congruences in (3.27) to the above yields

dr1 =0 (mod 2).

Without loss of generality we suppose that x; and y; are odd for j € {1,2,3}. By

(3.14) we have

diy = dpy (mod 2)

6
d;;z = dk?g + Z (tk,j + uk,j)

j=4

6
diy = dps+ Y (try + ury)

J=1

6
dl—i_A = dk,4 —+ Z (tk,j + ’LL]CJ')

Jj=4

6
d;ré = dk?5 + Z (tk,j + uk,j)
j=1

Let ¢ ; and uy; in {0,1} be defined by

d d
bt = ‘2* (mod 2),
_ dpg —dro +dps — dga+dis
U2 =
8
dps+d
tk75 = tk,l -+ M (mod 2),

2

tk,4 = tk,5 + dk,4 (mod 2),

tho =th1 +Uko +dia +dis  (mod 2),

Uk,5 = Uk,6,

(mod 2)

(mod 2) (3.28)

(mod 2)

(mod 2).

trs =0,

(mod 2), tkﬁ = O,

Uk1 = 07
(3.29)
U3 = Oa
Uk,4 = 0,
ukﬁ € {O, 1}

Note that such t;; and u; in {0,1} exist since (3.27) holds. Substituting (3.29)

into (3.28) yields that each dj; in (3.28) is 0 (mod 2). Thus, (3.9) holds and so by

Proposition 3.7, the pair {X;", ¥} is an ideal PTE solution modulo 2¢+1. O
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Proposition 3.16. There exist infinitely many sequences ({ Xy, Yi})pog with
(X6, Yo} = {[3.1,1,2,8,0], 59,29, 45, 42, 12, 20]}, (3.30)

such that for each k > 6, the pair {Xg, Yi} is a lift of {Xy_1,Yr_1} that is an ideal
PTE solution modulo 2% with vy (wy (0)) = k¢ = 5.

Proof. Observe that

we (2) = 1922° — 170242* 4 7172482° — 160209912
+ 1791237122 — 776109600

=32 (mod 29).

So, { X, Ys} is an ideal PTE solution modulo 2°, that is not an integer solution to

the PTE problem and that satisfies v5 (wg (0)) = 5. Also note that

do1 — dgs + dgs — do s + ds 5 = —2798808 + 250328
—11207+266 —3=0 (mod 8)
dos + dga = —250328 — 26 =0 (mod 2)

dgs+ dss = —11207 —3=0 (mod 2),

so {Xe, Y5} satisfies (3.27), with k& = 6.

First we prove that we can construct a sequence ({Xg, Y3});—q of ideal PTE so-
lutions modulo 2% that are obtained by successively lifting {Xs, Ys}. Since {Xg, Y5}
satisfies the hypothesis of Lemma 3.15 with & = 6, it suffices to show that for an
integer k > 6, if {X},Y;} is an ideal PTE solution modulo 2% congruent to {Xg, Y5}
(mod 64) that satisfies (3.27), then the lift of { X}, Y, } obtained in the proof of Propo-
sition 3.15 also satisfies (3.27) but with k replaced by k + 1.

From (3.14) we note that for all £ > 6 we have

diij = drj + Zn: (enflfj ()2@ ki — €n—1-j (3}(}) u;“) (mod 2™),

i=1
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for j € {1,2,...,5} and m < 6. Substituting (3.30) into the above with m = 4 yields

d;@ =dj1 + 8tpa+ 6ty s — 2ty 6 — 2up s + 6uke  (mod 16)
diy = dpg — Oty — 2po — 2bp3 — Stpa + tes — Thig
+ 6ug 1 — 6ug o — 6ug s — 3upa + 3uks — duge  (mod 16)
i3 = dis + 5tey — Stk — Btrs — tea + trs — Thie
+ 3ug 1 + o + Up s — Tukg — dugs + 3uge  (mod 16) (3.31)
diy = dea — Aty — 2t — 2t 3 — tpa + Thrs — trg
—dug ) — 2up o — 2up 3 — Sugg — 3ugs + duke  (mod 16)
dz’s) =dps +lp1 +Hteo T les ttea eyl
— Up1 — Uk — Upg — Uka — Ugps — Upe (mod 16).

Recall the 5, ; and wuy ; in (3.29) that were assigned to be zero.

tk,g == O, tk,g = O, U1 = 0, U3 = 0 and U4 = 0.
Substituting the above into (3.31) yields

d;l = dj1 + 8tga + 6ty s — 2ups + 6uke  (mod 16)

diy = dpy — Oty — 2lpo — Stga + trs — Ougz + 3uks — Sugg  (mod 16)
df s = djs + Bty — St — tia + tis + e — Sugs + 3ugs  (mod 16)
dZA =dpy — At — 2t — tpa + Ttes — 2ugo — 3ugs + Suke  (mod 16)

dis = dis +tey 4+ tho + e +ths — Uka — ugs — Urg  (mod 16).
From the above we deduce that
Ay — dfg +dify — dify + ds = dyy — dio + dig — dpa +dis
+ 8 (U2 + uks + uke) (mod 16)

d;z + dg,z; =dyo+ dya+ 2ty (mod 4)

d;:,:} + d—ki:g) = dk73 + dk75 + 2 (th + tk75 + Uk,5 + ukﬁ) (HlOd 4)
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Substituting the assignment (3.29) into the above yields

d& — dZQ + dl—l_,?, — dl—l_A + d2:5 =2 (dk71 — dk72 + d/ﬁg — dk74 + dk75) (mod 16)
dli_,2 + dZ_A =2 (dkg + dk,4) (mod 4)

djy +dj s =2 (dps +dy5)  (mod 4).
Since { Xy, Yy} satisfies (3.27), we have

df, — dfy +diy —df, +df;=0 (mod 16)
diy+diy =0 (mod 4)

dis+dis =0 (mod 4),

and so by Lemma 3.8, we see that {Xy,1,Yri1} satisfies (3.27) with & replaced by
kE+1.

So, we can construct a sequence ({Xj, Yy }),—q such that for each k > 6, the pair
{ Xk, Y} is a lift of {X;_1, Y, 1} that is an ideal PTE solution modulo 2¥, by lifting
{X,Ys} successively with the assignments (3.29). By Corollary 3.6 it follows that
Vo (wg(0)) = 5 for all & > 6. To see that there are infinitely many such sequences,
observe that in (3.29) we allow for w6 to be either 0 or 1. Thus, we can construct a
sequence ({Xj, Y3 });og corresponding to any sequence of 0’s and 1’s for the values of

Uk 6- ]

3.25 n=7

Lemma 3.17. Forn =7, if {X}, Y.} is an ideal PTE solution modulo 2%, for some
k>0, with nygg = 3 and
0=dy1+dyo—dis+dps—dis+dig (mod8),
0= dk72 + dk73 — dk74 — 3dk75 — dk,6 (HlOd 8),
(3.32)
0= dk73 + dk,5 (HlOd 2),

0= dk74 + dk’ﬁ (mod 2),
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then there exists a lift {X;",Y,'} of { Xy, Yi} that is an ideal PTE solution modulo

2k+1

Proof. From the first and second congruences in (3.32), we have
0=dp1+dpo+dps+diatdis+deg (mod 2),
0=dko+dis+dps+dis+die (mod 2).

Combining these with the third and fourth congruences in (3.32) we deduce

0=dr1 (mod2) and O0=dgs (mod 2).

Taking x; and y; odd for j € {1,2,3} and using (3.14), we have

diy = dpy (mod 2)

dZa =dys (mod 2)

7
d;:,B = drs + Z (tr; +ug;) (mod 2)
j=4
- 3.33
dzA =dpa+ Y (tr;+ur;) (mod 2) (3-33)
j=1

7
d,i'j =dis+ Z (tr; +ug;) (mod 2)

j=4
7
d% =dpe+ ; (tyj + ug;) (mod 2)
Let t;; and uy; in {0, 1} be defined by

tha = W (mod 2), trs =0
the = tg1 + dk’rgdk’G +ds (mod 2), trr =0
tos = tho + dpy + dro — di3 ;; dpa — dis + dig (mod 2), w1 =0
tho =tp1 +ths +des +dpe  (mod 2), U2 =0 (3.34)
Wes = o + dio + di3 — dké4 — 3di5 — dig (mod 2), s — 0
tha =tre +ura+dis (mod 2), Uy =0
Uge = U7, uk7 € {0,1}.
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Note that such t;; and ug; in {0,1} exist since (3.32) holds. Substituting (3.34)
into (3.33) yields that each dj; in (3.33) is 0 (mod 2). Thus, (3.9) holds and so by

Proposition 3.7, the pair {X;",Y,"} is an ideal PTE solution modulo 2+, O

Proposition 3.18. There exist infinitely many sequences ({ Xy, Yy }) oo, with
(X7, Y2} = {[3,5,1,10,2,0,0], [115,29, 121, 38, 38, 28, 36}, (3.35)

such that for each k > 7, the pair {Xg, Yi} @s a lift of {Xy_1,Yr_1} that is an ideal

PTE solution modulo 28 with vy (wy, (0)) = k; = 6.

Proof. Observe that

wy (2) = 3842° — 650242° 4 5417082* — 2546140162°
+ 684675225622 — 98422903808z + 587366176320

=64 (mod 27).

So, {X7, Yz} is an ideal PTE solution modulo 27, that is not an integer solution to

the PTE problem and that satisfies v5 (w7 (0)) = 6. Also note that

dry + dry — dog + dry — drs + d7g = —768928936 — 53490252 + 1989172
— 423214508 —3=0 (mod 8)
d7g + dps — drg — 3drs — drg = —53490252 — 1989172
+42321 41524 +3=0 (mod 8)
drs+drs =—1989172 =508 =0 (mod 2)

d774 + d7’6 =—-42321-3=0 (HlOd 2),

so { X7, Y7} satisfies (3.32), with k = 7.
First we prove that we can construct a sequence ({Xj,Yy});—, of ideal PTE so-
lutions modulo 2* that are obtained by successively lifting {X;, ¥7}. Since {X7, Y7}

satisfies the hypothesis of Lemma 3.17 with & = 7, it suffices to show that for an
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integer k > 7, if {Xj,Y;} is an ideal PTE solution modulo 2% congruent to { X7, Y7}
(mod 128) that satisfies (3.32), then the lift of {Xj,Ys} obtained in the proof of
Proposition 3.17 also satisfies (3.32) but with & replaced by k + 1.

From (3.14) we note that for all £ > 7 we have

~

diij = drj + Xn: (enflfj ()2%) ki — €n—1-j (Y%) u;“) (mod 2™),

i=1
for 7 € {1,2,...,6} and m < 7. Substituting (3.35) into the above with m = 4 yields
d;l = dg1 — At — Atg 7 + dugs + dur;  (mod 16)
dify = dio + 4tk — Aty — At 3 — 2ty 4 + Gty
— dug g + dug o + dug s + 6ug g + 6ug s + dug g — dug 7z  (mod 16)
diis = dps + Aty + Ao + At s — Btpa + Stis + Tt + Ty
— dup g — dugo — dug s + Tugg + Tugs — 3uke + dugz  (mod 16)
dfy = dy +tiy + Ttio + Stes — Thea + tes + Tt + Thor (3.36)
— Ug 1 + Up 2 + Dug s + uka + 3ugs + duge — 3ugr  (mod 16)
difs = dps + 2ty + A — Stya + 3tis + Slie + Sty
— 2upy + Sup s + dups + upa + ks + Tupg — upy  (mod 16)
die =dpe+ 1 +teo T lez +ttpa +tes +lee + iy
— Up1 — Upo — Up3 — Ugg — Ups — Upg — Up7  (mod 16).

Recall the t;; and uy ; in (3.34) that were assigned to be zero.
tk,5 = 0, tk,7 = 0, Uk1 = 0, Uk2 = 0 Ug,3 = 0 and Uks5 = 0.
Substituting the above into (3.36) yields

dk+,1 = dk,l — 4tk,6 + 4uk76 + 4uk77 (mod 16)
dz_,Q = dk,z + 415]{,1 — 4tk72 — 4tk,3 — ZtkA + 6uk,4 + 4uk,6 — 4uk77 (mod 16)

dz_,g = dk,S + 415]4,1 + 4tk,2 + 415]973 — 3tk74 + 7tk,6 + 7uk74 — 3uk,6 + 5uk,7 (mod 16)
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dify = dia + teg + Ttz + 3tes — Tea + Tleg + 3uga + Supg — 3u;  (mod 16)
difs = dis + 2tk + Alks — Bty + Bty + Uga + Tupg — upy  (mod 16)

dife = die +teg +tra + tes + tea + tie — Uga — Upg — upy  (mod 16).
From the above we deduce that

diy+dfy—dis+dfy—dis+dfg = diy + deg — dis + dpa — dis + dig
+ 8ti3 + 8tre + Suke + 8urz (mod 16)
dzz + dZF,S — d;rA — 3d;5 — dzﬁ =dyo+dis — dia — 3drs — dig
+ 8tgo + Supg + Supe + 8upy (mod 16)
d;ﬁg, + d,jé =dgs+ dps +2tg;  (mod 4)

dzA + d;(; = dk,4 + dk,6 + th,l + th’4 -+ 2uk,4 (IIlOd 4).
Substituting the assignment (3.34) into the above yields

diy 4 diy — df g+ dif g — dis 4 difg = 2dp s + 2dyy — 2dy 3
+2dy 4 — 2di 5 + 2ds  (mod 16)
diy+ dig —df, — 3di s — df s = 2 (dpa + diz — dia — 3dis — drg)  (mod 16)
d:ﬁ + d;ﬁ = 2(dgs +drs) (mod 4)

iy +dig =2 (dpa +dyrg) (mod 4).
Since { Xy, Y;} satisfies (3.32), we have

diy +diy = dig+diy —dis+dig=0 (mod 16)

dk+,2 + dzﬁ — dzA — 3d;,5 — d;ﬁ =0 (mod 16)
dis+dis =0 (mod 4)

dis+dig=0 (mod 4).

and so by Lemma 3.8, we see that { X1, Yei1} satisfies (3.32) with & replaced by

k+1.
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So, we can construct a sequence ({Xj, Yy }),—, such that for each k > 7, the pair
{ Xy, Yy} is a lift of {X}_1, Y, 1} that is an ideal PTE solution modulo 2*, by lifting
{X7, Y7} successively with the assignments (3.34). By Corollary 3.6 it follows that
Vo (wg(0)) = 6 for all £ > 7. To see that there are infinitely many such sequences,
observe that in (3.34) we allow for w7 to be either 0 or 1. Thus, we can construct a
sequence ({Xj, Y3 })r—, corresponding to any sequence of 0’s and 1’s for the values of

Uk,7- ]

3.26 n=28

Lemma 3.19. For n =8, if {X}, Y.} is an ideal PTE solution modulo 2%, for some

k>0, with nygg =4 and

0=dp1 +dyo+dis+dia+dis+dieg+der (mod 16),
0=dra+dis+drs (mod38),

0= dps+ 2dy4 + dys — 2dig — 3dpr  (mod 8), (3.37)
0=dks+drs (mod 2),

0 = dk75 + dk:,6 (mod 2),

then there exists a lift {X;7, Y.} of {Xx, Yi} that is an ideal PTE solution modulo

2k+1

Proof. Without loss of generality we suppose that z; and y; are odd for j € {1,2,3,4}.
In addition to (3.37), we will justify and make use of three additional congruences

modulo 2 that follow from (3.37), namely
dia =0 (mod 2), dy2=0 (mod2), and dysz+die+diy =0 (mod 2). (3.38)

The first of these follows from adding the first three congruences in (3.37), the second
from adding the second and fourth congruences in (3.37), and the third from adding

the third and fifth congruences in (3.37).
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By (3.14) we have

d,;l =di1 (mod 2)

dify = dyz (mod 2)

8
dl—l_,?) = dk,3 + Z (tk;,j + de')
=5
’ 4
d;rA = dk’4 + (tk’j + uk,j)
Jj=1
4
dis = dys + D (teg + )
=1
’ 4
dl—l_,6 = dk:,G —+ (tk;,j + 'LL].CJ')
J=1
8
iz = dpg+ D (teg + uey)
j=1

Let t;; and uy; in {0, 1} be defined by

_dgy Fdrot+dps+dia+dis +die + dir

e = 16

thr = W +die +dp7 (mod 2),

gz = tr1 + A2 + d§’4 + dis (mod 2),

U1 =t + e + W +dre (mod 2),
thy =tp1 +Ups +up1 +die  (mod 2),

A3+ 2dpa + dys — 2d6 — 3dg 7

Ups =t + ez +
lks = Uks +

2

Ug,7 = Uk,

dpa+ dig

8
(mod 2),

(mod 2)

(mod 2)

(mod 2)

(mod 2)

(mod 2).

(mod 2)7 tk,g = 0,
tra =0,
tre =0,
tk,S = 07
Uk2 = 0)

(mod 2), us =0,
Uk, = 07
Ukg € {0, 1}.

(3.39)

(3.40)

Note that such ¢ ; and uy; in {0, 1} exist since (3.37) holds. Substituting (3.40) into

(3.39) yields that each djf; in (3.39) is 0 (mod 2), where here we make use of the

congruences in both (3.37) and (3.38). Thus, (3.9) holds and so by Proposition 3.7,

the pair {X;7,Y;"} is an ideal PTE solution modulo 2F+1.
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Proposition 3.20. There exist infinitely many sequences ({ Xy, Yi})po, with
(X7, Y2} = {[83,19,33,1,42, 10,64, 0], [15,7, 13,101, 14,22, 28,52]},  (3.41)

such that for each k > 7, the pair { Xy, Yi} is a lift of {Xy_1,Yr_1} that is an ideal
PTE solution modulo 28 with vy (wy, (0)) = kg = 6.

Proof. Observe that

wr (2) = 2562° + 222722° — 46873602 + 2131289602
— 382227225627 + 275462548482 — 61825283520

=64 (mod 27).

So, {X7,Y7} is an ideal PTE solution modulo 27, that is not an integer solution to

the PTE problem and that satisfies v (w7 (0)) = 6. Also note that

dey +dio +dis +dpa+ dis + dig + dpr = —215205116
— 29861502 — 1665070 — 36620
~17442+40=0 (mod 16),
dio + s + dig = —29861502 — 36620 +2 =0 (mod 8),
dis + 2dps + dyos — 26 — 3dyr = —1665070 — 73240
—174—-4-0=0 (mod 8),
dpa+ dre = —36620+2 =0 (mod 2),

dk,5 + dk,6 =—-174+4+2=0 (mod 2),

so { X7, Y7} satisfies (3.37) with k = 7.

First we prove that we can construct a sequence ({Xj,Yy});—, of ideal PTE so-
lutions modulo 2* that are obtained by successively lifting { X7, Y7}. Since {X7, Y7}
satisfies the hypothesis of Lemma 3.19 with £ = 7, it suffices to show that for an

integer k > 7, if {X}, Y;} is an ideal PTE solution modulo 2* congruent to { X7, Y7}
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(mod 128) that satisfies (3.37), then the lift of {Xj, Yy} obtained in the proof of
Proposition 3.19 also satisfies (3.37) but with k replaced by k + 1.

From (3.14) we note that for all £ > 7 we have

A~

diij = drj + i (en—l—j (X%) ki — €n—1—j (Y%) Uk,i) (mod 2™),

i=1
for j € {1,2,...,7} and m < 7. Substituting (3.41) into the above with m = 5 yields
d;ﬁ = dp1 + A7 + dtgs + 16uy s + 16up s — dugp 7 — 4ugs  (mod 32),
dify = dra + 1251 + 12t 0 + 4tz + 4ty — Olis
— 6t — 12t 7 — 12t 8 + dupy + 4up o + 12uy 3
+ 12ug 4 + 10uy 5 — 1duy 6 + Sugr  (mod 32),
difs = dig — 8ty — 8t + 16tg3 + 16t, g — Ttps — Ttig + tig + tis
— 8up1 — 8ugs + Tugs + Tuke — k7 — ups  (mod 32),
dify = dea — 13t — 13tg o — 15ty 3 — 15tk — 12ty 5
— 12t 6 + 16t 7 + 16t5 8 + Yup1 + up o — Sug3
— 13up 4 + 4up s — 120y 6 + 8ug 7 — 8ugg  (mod 32), (3.42)
dis = dys + 15ty + 15t gy — bz — tra + Olis
+ 6tg6 — 6ty 7 — 6tp g + up 1 — Tup o + uy 3
— Tug 4 + 10uy 5 + 10uy 6 + 6ug 7 + 6ug s (mod 32),
dite = die + ey + Mo — Styg — Sty — 145
— 1ty — Aty — dtps — 13upy + 1ups — 15ups
+ Yug 4 — 1dug 5 — 6uge — 8ups  (mod 32),
di7 = deg +teg +tra +tes +tea + ths + tee +trr + tes
— Up1 — Up2 — Upg — Uka — Ups — Uk — U7 — Ugg  (mod 32).

Recall from (3.40) that we have

tk72 = O, tk74 = O, tkﬁ = O, tk,8 =0 U2 = 0 U4 = 0 and Uk6 = 0.
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Substituting the above into (3.42) yields

d,il = di1 + 4t 7 + 16Uy s — dupr — duys  (mod 32),
dify = dpg + 12ty + 4ty 3 — Ol s
— 12t 7 + 4ugq + 12up 3 + 10uy 5 + 8uy 7z (mod 32),
difs = dy3 — 8ty + 16t 3 — Tl
+ter — 8upy + Tugs — upr — ups  (mod 32),
Ay = dps — 13ty — 15,5 — 12655
+ 16tk 7 + Yug 1 — Sug s + dugs + Sugr — 8ugs  (mod 32),
dits = dis + 15ty — ts + Oty s
— 6tg7 + up1 + ugs + 10ug 5 + 6ug 7 + 6urs  (mod 32),
di = dig + Otpr — Btrs — 144, 5
— 4t 7 — 13up 1 — 15u 3 — 1dugs — 8ugs  (mod 32),
dif7 = deg +teg + trs + tes

+ ity — Uy — Up — Upps — U7 — Ugs (mod 32).
From the above we deduce that

diy +dfy+dis+di g+ dfs 4+ dig+ di s = diy + dieg + dis + diga
+di s + die + di7 + 1681
+ 16uy 7 + 16u,s  (mod 32),
diy 4+ df,y + dfe = deo + dia + dig
+ 8ti1 + 8uks (mod 16),
dis 4 2d5 4 + dif 5 — 2d; g — 3y, = dys + 2dps + dis — 2dp 6 — 3dy 7

+ 8tp1 + 8tz + Buy s

+ 8ug 7 + 8ups (mod 16),

dli_A + d;ﬁ =dpa+ die + 2tes + 2urs  (mod 4),
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lecré + d:ﬁ =diys + die + 2tp3 + 2ty 7

+ 2up 3 + 2up 7 + 2us  (mod 4).
Substituting the assignment (3.40) into the above yields

dzl T d:,? + d;:,3 + lecrA + dz,s + dzﬁ + de = 2di1 + 2dp2 + 2di 3 + 2dg 4
+ 2dy 5 + 2dig + 2d 7 (mod 32),
diy+ diy + dfg =2 (dpo + dea + dig)  (mod 16),
df s+ 2di, + dif 5 — 2di g — 3df; = 2dj s + Adya + 245
—4dy¢ — 6d7  (mod 16),
di g+ dig =2 (dpa +drg) (mod 4),

dis +dig =2 (dps +drg) (mod 4).
Since { Xy, Yy} satisfies (3.37), we have

dity + dfy + dfy+ df g+ df s+ dig+df; =0 (mod 32),
dfy+df,+dfg =0 (mod 16),
g + 2+ dif 5 — 2di s — 3di; =0 (mod 16),

df ,+dig=0 (mod 4),

dis+dig=0 (mod4).

and so by Lemma 3.8, we see that {Xyi1, Yei1} satisfies (3.37) with & replaced by
kE+1.

So, we can construct a sequence ({Xj, Yy }),—, such that for each k > 7, the pair
{ Xy, Yy} is a lift of {X}_1, Y, 1} that is an ideal PTE solution modulo 2*, by lifting
{X7, Y7} successively with the assignments (3.40). By Corollary 3.6 it follows that
vo (wg(0)) = 6 for all £ > 7. To see that there are infinitely many such sequences,

observe that in (3.40) we allow for us to be either 0 or 1. Thus, we can construct a
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sequence ({Xj, Yy });—, corresponding to any sequence of 0’s and 1’s for the values of

Ug,8- ]

3.3 2-ADIC INTEGER SOLUTIONS

We now prove Theorem 1.5.

Theorem 1.5. For 3 < n < 8 there exist lists of 2-adic integers X = [xq1,Za,...x,]

and Y = [y1,Ya, - .. Yn], such that at least one x; or y; is not in Q, that satisfy

[T =)~ [T =) = .

for some 2-adic integer C,, with vy (C,) = k,,, where

2 ifn=3.,4,

4 ifn =25,
ky, =

5 ifn=206,

6 ifn="18.

Proof. Fix n and let { Xy, 11, Y%, +1} be the corresponding pair from the list below.

{[1,4,01,[5,6,2]},
{[1,1,0,0],[7,3,6,2]},
{[1,4,8,16,0],[17, 14, 10, 18, 2] },
{[3,1,1,2,8,0],[59,29,45,42,12,20] },
{[3,5,1,10,2,0,0],[115,29, 121, 38, 38, 28, 36|},
{[83,19,33,1,42,10,64,0],[15,7,13,101, 14, 22, 28, 52] }.
In the previous section we established that, from each of the above ideal PTE solutions
modulo 2¥*1 we can construct a sequence ({ X, Yi}),, ,; such that for each &k >

k,+1, the pair { Xy, Y;} is a lift of { X}_1, Y1} that is an ideal PTE solution modulo
2k,
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For 1 <j<mnandk >k, +1, welet x;; and y;; denote the j™ entry of X} and
Y}, respectively, and let ¢ ; and uy; denote the corresponding t; and u; when lifting
from { Xy, Yi} to {Xpi1, Y1 }. For 0 <k <k, +1, let ¢y, uxr; € {0,1} be such that

kn kn
Thpt1j = ];)tk,ﬂk and Y, 411, = ];)ukﬂk.

For 1 < j < n, define the formal power series

rj=> ;2" and y; = w2k
k=0 k=0

For 3 <n <8, the sequence ({ Xy, Yi}),—, ,, can be constructed by successively
using the assignments given in (3.18), (3.21), (3.25), (3.29), (3.34) and (3.40), respec-
tively. In each of these assignments we have uy,—1 = uj,, and we have a free choice
of whether we want them both to equal 0 or both to equal 1. If we choose uy, to
be equal to 1 infinitely often with no repeating pattern then we ensure that y,, and
Yn—1, are 2-adic integers that are not rational integers (or rational numbers).

Recall that the field of 2-adic numbers, Q», is a metric space with respect to the
metric d (p, q) = 272P~9 for p, ¢ € Q,. From (3.8) we see that wy, (0) —wy, (0) =0

(mod 2%) for each k > k, +1 and m > 1. Thus, the sequence (wy, (0)) , is Cauchy

o0
izkn‘f’

in Qq, and so, since Qs is complete, (wy, (0));2, ., is convergent in Q. Define
C,, = lim wy (0) € Q,.
k—o0

Then the z; and y; are 2-adic integers satisfying

(z =) = [[ (= y;) = Ch.

n n
-1 j=1

J

By construction, our choice of { Xy, 1, Yk, +1} gives
Wy (0) = w11 (0) = 25 (mod 2*F1),

which implies v, (C),) = k,,. This completes the proof. O
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CHAPTER 4
IRREDUCIBILITY CRITERIA FOR NON-NEGATIVE

INTEGER COEFFICIENT POLYNOMIALS

Recall Theorem 1.6.

Theorem 1.6. Let b € Z with b > 2. Let f(x) be a polynomial with non-negative
integer coefficients and f(b) prime. For n € ZT, let ®,(z) be the n™ cyclotomic

polynomial and ¢, = e*™/™. Define

2

2] oy |
By = max ( > (5,;;1) <b+Re<<n>>D"2’“’<Im<cn>>’“) B, (1-b), (4.1)

i€{0,1} par

with D,, = |7 /arg (b+ ()], and let

ne{3,4} ne{3,4}
and
(b— 1.5221)" (b—2.5221) (B2 — 1)
1(0) 1+ cot (r/b?) e 0.8444
b2 arctan | ———
(b—0.2)
Then

e Ifb> 2 and each coefficient of f(x) is less than M (b), then f(x) is irreducible.

e Ifb > 2 and each coefficient of f(x) is less than My(b) and f(x) is reducible,
then it is divisible by @3 (v — b) if b < 5 and divisible by ®4 (v — b) if b > 5.

e Ifb> 69 and each coefficient of f(x) is less than Ms(b) and f(x) is reducible,

then it is divisible by at least one of ®3(x —b) or &4 (z —b).
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e Ifb> 69 and each coefficient of f(x) is less than My(b) and f(x) is reducible,
then it is divisible by ®3(x —b), ®4 (x —b) or $g (x — b).

The focus of this chapter is to give the details on how to find the bounds M (b),
My(b) and M;5(b). The bound My (b) is found in J. Juillerat’s dissertation [26]. To
start, in Section 4.1 we explain why the polynomials ®,(b) for n € {3,4, 6} play such
an important role, which in turn gives the motivation for finding the bounds M;(b),

Mg(b) and M3<b)

4.1 A RootT BounbpING FUNCTION

The following lemma can be found in [16, Lemma 1].

Lemma 4.1. Fiz an integerb > 2. Let f(z) be a polynomial with non-negative integer
coefficients such that f(b) is prime. If f(x) is reducible, then f(z) has a non-real root
in the disc O, ={z € C:|b—z| < 1}.

A motivating idea for this section is to replace the disc ®, in Lemma 4.1 with a

% is in this region, then || is bounded above by a

different region such that if o = re’
small number.

For a given integer b > 6, to establish the bounds M;(b), Ms(b) and M;(b) in
Theorem 1.6 we utilise three main methods. First, we introduce certain rational
functions that will give us information about the location of possible roots of f(x)
assuming f(z) is reducible. While better rational functions can be chosen, as in [10],
we will make choices to simplify the results in later sections. Second, we will obtain
four upper bounds for the coefficients of f(z) such that if a bound is satisfied, then
f(z) cannot have a root at a certain location. Third, we will determine the minimum
M (b) of these four bounds; hence, if the coefficients of f(z) are bounded above by
M (D), then f(x) cannot have roots at the locations required for f(z) to be reducible.

In the remainder of this section, we focus on the first of these ideas.
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Recall that ®,(z) denotes the nth cyclotomic polynomial, and let ¢, = >/,
As usual, for z € C, the notation z will refer to the complex conjugate of z. Thus,
(, = 72"/ Fix an integer b > 2, and let f(x) be a non-constant polynomial with
non-negative integer coefficients such that f(b) is prime. Suppose f(x) = g(x)h(x),
where g(z) and h(z) are in Z[z], g(z) and h(x) have positive leading coefficients, and
g(x) and h(x) are not identically £1. Since f(b) is prime, we may take, without loss
of generality, g(b) = £1 and h(b) = £f(b). Using the ideas of [17], we want to show

that either g(z) has a root in common with one of
Py(z —b) =2 — (2b— Dz +b* —b+1,
y(x —b) = 2% — 2bx + b* + 1,
P(z —b) =2 — (2b+ D)z + b+ b+ 1,

or g(z) has a root in a certain region R; to be defined shortly.

We define

where

Ny(2) = [b=1—=2P2(|b+ G = 2||b+ G — 2])*

(i = 2l — i = 2+ G — #llb+ G — 2],

Db(z) e ‘b — 2’4(e3+34+66)+2(62+d+1),

and ey, e3, ey, €6, and d are all non-negative integers that could depend on b. Although
we want some flexibility on the choices for e, e3, €4, €6, and d for a given b, for clarity,
we indicate in Table 4.1 the choices for these variables we use to establish Theorem 1.6.
Note that the values for b < 20 are the same as the values chosen in [10]. The values
we chose for b > 21 are not sufficient to obtain results that include b < 20. Thus, we
will refer to [10] to make a statement about all b > 2. Our choices for b > 21 were

based on trial and error to give us our desired results.
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Table 4.1 Numbers used in Fy(2) for b

b 2 3 4 5 6<b<20 b>2l
e2(b) 20 0 0 0 0 0
es(b) 4 15 9 6 4 1
esb) 0 2 2 2 2 1
es(b) 0 0 3 3 3 1
db) 0 3 3 3 3 1

Setting z = x + 4y, direct computations show that the following expressions in N

and D, simplify as shown:
b—1—2=9y*+(z -0 +2(x—b) +1,

(1b+ ¢ —2llb+ G — 2)* = y* + (2(x = 0)* + 2(x — ) — 1)y

+ (=0 + @b+ 1),
(|b+i—z2||b—i—2])?=y*+ 2@ —-0b)*=2)y* + ((x — b+ 1)

(1b+ G — 2llb+ G — 2)* = y* + (2(2 — b)* — 2(z — ) — 1)y?

+ ((x — b)? — (z — b) + 1)?,
and
b—z|? =9* + (z — b)*%.

Notice that each one of these expressions is in Z[b, z,y?]. Thus, Ny(z) and Dy(z) are
in Z[b, z,y?], making F(z) a rational function in b, z and y*. Moreover, we observe

that for each integer b > 3, the polynomial
Po(w,y) = Dy(x + iy) — Ny(x + iy)

can be written as
Pb(l‘7 y) = Z ij(b, x)ij
=0
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where 7 = 2(e3 + e4 + €g) + e2 + d + 1 and each a;(b, z) is in Z[b, z]. We write the

factor g(x) of f(z) in the form

o(z) —cﬁl@—ﬁj),

where ¢ is the leading coefficient of g(x) and 5y, ..., [, are the roots of g(x) and,

therefore, roots of f(x). One can check that

lg(b — 1)[**[g(b+ (3)g(b + (3)**|g(b+ 1)g(b — i) [***|g(b+ (6)g(b + (6) [
’g(b)|4(33+€4+€6)+2(e2+d+1)

and
1 m
c2(d+1) H Fo(B;)
J

1

are equal. We denote this common value by V' = Vj(g).

Since each of g(b+(3)g(b+G), g(b+1i)g(b—1) and g(b+(s)g(b+ () is a symmetric
polynomial in the roots of an irreducible monic quadratic in Z[z|, we conclude that
each of these expressions are themselves integers. Also, g(b— 1) is an integer and, by
assumption, ¢g(b) = £1. Thus, by looking at the first expression for V', either V' =0
or Vezr.

We can say more about when V' = 0. Since f(z) has non-negative integer coef-
ficients, it cannot have a positive real root, and neither can its factor g(x). There-
fore, g(b — 1) # 0. Either expression for V' now implies that V' = 0 if and only if
g(b+3)g(b+G3), g(b+i)g(b—1), or g(b+(s)g(b+(s) is zero, which happens precisely
when ¢(x) is divisible by at least one of ®3(x —b), ®4(x — b) and Pg(x — b). If one of
these is not a factor of g(z), we have V' € Z*. Observe that F(z) is a non-negative
real number for all z € C with z # b. By looking at the product in the second
expression for V', we see that if V' # 0, then F(/5;) > 1 for at least one value of
Jj€{1,...,m}. Said differently, if V # 0, then there is a root ; of g(z), and thus of

f(z), that lies in
Ry ={z€C: Fp(z) > 1}.
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Figure 4.1 The region R, for b > 21, along with the location of b + (, for
n € {3,4,6}.

We have, then, four locations where roots of g(z) may lie. Our next step is to
find four bounds, BgB), B£4), Bt(,ﬁ) and B, such that if g(z) shares a root in common
with ®,, (x — b), for n € {3,4,6}, or the region R, then it has a coefficient at least as
large as Bl(,n), for n € {3,4,6}, or By, respectively. Comparing these four bounds will
allow us to find the four bounds as stated in Theorem 1.6. In the next two sections
we present the details of finding the bounds Bén) for n € {3,4,6}. J. Juillerat gives

the details for finding the bound By in their dissertation [26], which is

(b— 1.5221)% (b — 2.5221) | (B —1)7
— h ok =r(b) = (42
By 1+ cot (/b2) with x =k (b) 2 roran 08444 (4.2)
e V)

4.2 BounDS BASED ON RECURRENCE RELATIONS

In this section we will establish results that will help us find bounds B(()n) for n €
{3,4,6} such that if f(z) is divisible by ®,,(x — b), then f(x) must have a coefficient
> B, We take b > 5.

Much of this section is based on the work done in [10] and [17]. We give enough

background from these to describe our work for general b.
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Fix positive integers A and B and integers b; such that
f(@) =hx)g(x) = (box® + bia® " + -+ + bs_1z + by)(2° — Az + B) (4.3)

is a polynomial of degree n = s+ 2 with non-negative integer coefficients. We restrict

ourselves to the case where
> —Arx+ B=®,(r—b), withn¢c {3,4,6}
so that
(A,B) € {(2b — 1,0 —b+1),(20,0* + 1), (20 + 1,0* + b+ 1)}.

Recalling b > 5, for these values of (A, B), the following inequalities can be directly

verified and will be used later:

VB—-2>0
A2 —3B >0
1-A+B>1
1-A4A<0
2B—A>0 (4.4)
—B*’+A2-B<0
4B — A% >0

A*—AB-B*< -1 (ifb>7).
3—3A+2B>0

Define b; = 0 for all j < 0 and all j > s. Since the coefficients of f(x) are all

non-negative, we deduce that by > 1 and b; > Ab;_1 — Bb;_ for all j € Z. Define

0 if 7 <0,
Bi=11 if j =0, (4.5)
ABj1 — BBj 2 ity >1,

so that the (3, satisfy a recurrence relation for j > —1. In particular, 3; = A and

By = A2 — B. Also, with our restriction on our choice of 22 — Az + B above, we have
pr € {20 —1,2b,2b+ 1},
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so the sequence Sy, f1, ... is initially increasing. We obtain a closed form for the solu-
tion to this recurrence relation. The recurrence relation has characteristic polynomial
x? — Az + B, which has roots b+ ¢, and b+ (, for some n € {3,4,6}. So 3; has the

closed form

ﬂj = Cl(b+ Cn)] + CQ(b +C7)j,

for some constants ¢; and ¢, depending on A and B. Taking j = 0, we obtain
co = 1 — ¢1; and taking j = —1, we see that ¢; = (b+(,)/ (Cn - @) Substituting

these values for ¢; and ¢y and reducing, we deduce

= = [0+ e+ 0]

b+ G Hrettitarg(bttn) | 4 |7+ e+ arg (b+Cn)

Cn _gn

B

(4.6)

o+ G

= W sin ((] + 1) arg(b + Cn))

We note that B is the constant term of the minimal polynomial for b + (,, so
B =|b+ (.| (4.7)
For ease of notation, we set
0 =0,=arg(b+¢(,) €(0,7/2) and D =D,=|n/0,] (4.8)

where # and D depend on both b and n. We now take a moment to obtain some

useful inequalities involving € and D that will be used later.
Lemma 4.2. Let b € Z with b > 3, and let n € {3,4,6}. Then 7/0, & Z.

Proof. Letting r = arg(b + (,,)/m, it suffices to show r ¢ Q. Observe that for n €
{3,4,6} we have

arg(b+ (,) = arctan(x) where =z € {

V3 1 V3
2—1b"26+1("
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In each case, we have sin?(arctan(z)) = 2%/(2* + 1) € Q, and hence
cos(2mr) = 1 — 2sin?(7r) = 1 — 2sin?(arg(b + ¢,)) € Q.

By Corollary 3.12 in [33], we deduce that if » € Q and cos(27r) € Q, then cos(27r)
is an element of {0,+1/2,+1}. One checks that 0 < arg(3 + ¢,) < 7/6 for each
n € {3,4,6}. Since, for fixed n € {3,4,6}, the value of mr = arg(b+ (,) decreases to
0 as b increases, we see that 1/2 < 1—2sin?(7r) < 1. Thus, cos(27r) & {0,+1/2, +1},

and the lemma follows. O

From Lemma 4.2, we obtain
T T T

D, =|— —=————— forb> d ,4,6}. 4.
an < 5.~ arg(b £ ) orb>3and n € {3,4,6} (4.9)

For n € {1,2} and for n > 4, the inequality
arg (b+ () < arg (b+ (4) (4.10)

is easily verified for all b > 4. For n = 3, we show that (4.10) also holds for b > 4.

Observe that

V3
2b— 1

arg (b + (3) = arctan ( ) and arg (b + (4) = arctan (2) :

We deduce that, for n = 3 and b > 4, it suffices to show

V3
2b—1

<

S

The latter inequality holds for b > 3.74. Thus, (4.10) holds for all b > 4 and n > 1.

From (4.10), for b > 4 and all n € N, we deduce that

™ ™

7r
arg (b+ (,) <arg(b+ (4) = < = —, 4.11
Bl o) S0 = v ) “Tmser ] b
where the strict inequality follows from (4.9).
From (4.6) and (4.7), we obtain
\/§j+1
= ———sin((j + 1)0). 4.12
= sl + 10 (412
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By taking j = 0 in (4.6), with (4.5), we see that

sin(6) = Sm@\/%/"). (4.13)

From (4.12), we deduce §; > 0 provided sin ((j +1)0) > 0. Thus, 5; > 0if 0 <

(7 +1)0 < 7 or, equivalently, if 0 < j < D — 1. On the other hand, we have
T <(|7/8] +1)0 < 2m

so that (4.12) implies fp < 0.
We claim that §;_; < f; for 1 < j < D — 2. Given (4.12), we can view [3; as a
differentiable function of j. Differentiating 5; with respect to j, we obtain

% B \/§j+1

r ey Gy [sin ((j + 1)0) log VB + 0 cos ((j + 1)0)] -

Setting this last expression equal to 0 to find critical values, we have
log V' Bsin ((j + 1)8) + @ cos ((j + 1)8) = 0,

which implies
620
logv/B  logB’

tan((j + 1)0) =
Solving for 7 + 1, we find the solutions

mm — arctan(260/ log B)

11—
J+ 0

where m € Z. The smallest positive solution for j + 1 occurs when m = 1. Since
b > 5, we have log B > log21 > 3. Also, arctan(z) < x for all z > 0. Thus, the

smallest positive solution for 5 4+ 1 is

Z_arctan(QQ/logB) >I_M>1_1> {W
— 10

0 0 0 0 0 J_lzD_l‘

Thus, the least positive critical point occurs for some 7 > D — 2. Since the sequence

Bo, B1, - .. is initially increasing, we see that the derivative is positive for j < D — 2.
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We show next that

Bp-1 7 Bp-2-

Assume otherwise. Then (4.12) gives
VBsin(D#) = sin((D — 1)) = sin(D8) cos() — cos(DO) sin(6).
From (4.9), we have D < m. Also,
(D+1)0=(|7/0+1])0 >7 and 0<6<m/2,

SO

DO >m—0>m/2

Thus, we obtain sin(D6f) > sin(m — 6) = sin(¢). Hence,

0 = sin(D6) (VB — cos(6)) + cos(D8) sin(h)
> sin(#)(VB — 1) — sin(6)
= sin(d) (VB — 2) > 0,

where the last inequality holds by (4.4). Thus, we have a contradiction, so
Bp-1 # Bp-a.
Summarizing, we now know
Bp <0< fo<Br<-<PBpa+#PBpa (4.14)
Define J to be the smallest positive integer such that
Bri1 < B and B < By
Observe that (4.14) implies that J is well-defined and

J=D-2 o J=D-1 (4.15)
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As a consequence, recalling (4.9) again, we have
0<(J+1)8 <. (4.16)

Since 6 = arg(b + (,) Recalling b > 5, (4.11) and (4.8), and using arctanz < x for

x > 0, we also obtain

3> T 3= T 3spr—3>6. (4.17)

>D—-2>
= - arg (b+ (4) arctan(1/b)

T
6
In (14) of [17], the definition of J was used to establish

bj > B;by  for all integers j < J + 1. (4.18)

The identical argument works to establish (4.18) here, and we will take advantage of
this inequality as well.

We now note some further useful observations from [17]. Let
U=U(A,B) = max {b;} and L=L(AB) = IJIlzl(I)l {b,}. (4.19)

Since b; = 0 for j > s, we have the trivial bound L < 0. From equation (4.18), we
obtain U > [3;by.

We are interested in A and B with f(z) divisible by ®,(z —b) = 2* — Az + B,
where n € {3,4,6}. We view A and B as fixed. We want f(z) to have non-negative
integer coefficients but with the largest coefficient as small as possible. Theorem 3.8

in [40] implies such f(x) exist (also, see Lemma 3 in [16]). Let

M = M(A, B) denote the maximum coefficient for such an f(x). (4.20)
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Let ¢ € Z". We consider the matrix equation

1 1 1 1 1 1 Lo 1
-A B 0 0 0 0 1 0
1 —-A B 0 0 0 fho 0
=1: (4.21)
0 0 0 B 0 0] -3 0
0 0 0 ... =A B 0| |2 0
0 0 0 ... 1 —=A BJ) \jp 0
in the unknowns g, pt1, ..., mue—1. Let £ = J + 1. We make some observations about

the solutions to (4.21), as well as produce a closed form for such a solution.

Lemma 4.3. Let b be an integer > 5. Let A and B be such that x* — Ax + B is
O, (x —b) where n € {3,4,6}. The above matriz equation has a solution where p; > 0

forall0 <5 < J.

Proof. Let M be the matrix in (4.21) with ¢ = J + 1. The equation in (4.21)
arising from the second row of M is equivalent to the condition p; = Apg/B. The
next £ —2 = J — 1 rows of M correspond to a recurrence relation for pg, i1, ..., s

beginning with po and p; and satisfying

:AMjl—'Msz for2< <

Hj B

We will have a solution in p; to (4.21) provided then that we can find po > 0 for

which p11 = Ap/B and the above recurrence gives > o<,< jt; = 1. Observe that with

o defined arbitrarily, this solution gives each p; as a multiple of 1. With this in
mind, we define p} = p;/io.

As before, we find the characteristic polynomial for this recurrence relation to find

the general term. This recurrence has characteristic polynomial 22 — Ax/B + 1/B,

which is the reciprocal polynomial of 22 — Ax + B divided by B; hence, the roots of

69



the characteristic polynomial are 1/(b+ (,) and 1/(b+ ¢,). So

. 1Y 1y
,uj = C (b—|— Cn) + Co (MZ) (422)

for j > 0, where ¢; and ¢, are constants to be determined. Taking j = 0 in (4.22),

we see that since p; = 1 we obtain ¢ = 1 — ¢;. Next, we take 7 = 1 and use both

Cn — Cu = —2isin (27/n) and (4.7). Since u} = A/B, we obtain

e, = %_b—i-l?n _ A_(b+<n)
b+1<n - b+1§ —2isin(27/n)
and

“ T Toisin(2n/n)  —2isin(2r/n)  2isi(27/n)

Thus, for 0 < j < J, we have

= A—(b+§n)< 1 >j+A—(b+Cn)< 1 )j

I 2isin(2m/n) \ b+ Ca 2isin(27/n) \b+ G,
B 1 B—Ab+¢)  A(b+¢)—B
~ 2Bsin (27/n) | i(b+ ()it i(b+ G-t |

Recall (4.8). As in (4.6), for any ¢ € Z, we deduce
(b+G)' — (b+ ) = —2i|b + (| sin (t0).

Taking t =j and t =5 — 1 with 0 < 5 < J, we obtain

. 1 2Ai|b + (| sin (jO) — 2Bilb+ C,[i sin ((j — 1)6)
M= 9B sin (27 /n) i|b+ G201
L1 A+ Gl sinG6) — Blb+ G sin((— 1)6)
~ Bsin (27/n) Bi-1 '

Using (4.5) and (4.6), we get

. ABj-1—BBj2 ﬁ
Hj = BJ Y

(4.23)

for 1 <j<J. As ug=1= By/B°, we see that u} = §;/B7 for all j € [0, JJNZ. The

definition of J implies y is positive for 0 < j < J.
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Recall that we want Yo, pt; = 1, which is equivalent to Yo<;<; p; = 1/p0. Set

J Bj
Jj=0 Jj=0
As K > 0, we can take p1p = 1/K to deduce that the lemma holds. ]

From the proof of Lemma 4.3, we have a closed form for p; > 0 satisfying (4.21).
Because we will be using this closed form, we would like a nicer way to write K. To

do so, observe that, for m a positive integer, we have

m mo il _ =it
> rlsin(j0) =Y 1l ———
j=1 i=1 20
1 & 76 70
= — Z(re Y — (re )
2055
_ 1 _reie m_l(re i Z
21 I 20
1 rez@ 1— Tmemze B Te—i@ 1— Tme—mié' (425)
20 | 1 —re? 1 —rei

re?(1 — rmem™?) (1 — re=) — e (1 — rme=m9)(1 — re¥)
2i|1 — ret|?

reil — pe—it _ pmAlo(mt1)i0 o pmtlo—(m+1)i0 | pm+2omi0 _ pmt2,—mif

2i|1 — re?|?

rsin(f) — r™tsin((m + 1)0) + r™ 2 sin(mo)
|1 — ret|? '

From (4.12) and (4.24), we see that

P B LA

7 sin 27r/n

é;/n (75 ) sin((j +1)0)

Jj=0

|
'M“

|
Mz



Using (4.25) with r = 1/v/B and m = J + 1, we get

B VB 'smn(0)-vB sin((J +2)0) + VB sin((J + 1)6)

K = —
sin(2m/n) 1-vVB 619‘2

B VB’ sin(f) — VB sin((J +2)0) + VB sin((J + 1)0)
sin(27m/n) VB B- 2B — /Beif|? .

Using (4.13) and rearranging, we obtain

_ 1 B VB sin((J + 2)0) . VB sin((J + 1)0)
B7-1 B — /Bei®|? sin(27/n) sin(2m/n) '

By (4.7) and (4.8), we see v/ Be?? = |b+ (,|e*#+n) = b 4 (, for each n € {3,4,6}.
Thus, from (4.12) with j = J + 1 and j = J, we acquire

_ B/t — Bis1+ By
B7-Yb+ ¢, — B|?

(4.26)

Recalling from the proof of Lemma 4.3 that 15 = p;/po, 1o = 1/K and (4.23),

we see that

B
M= BiKk

(4.27)

In the next section, we will use the value of K in (4.26) and f; in the formulation
of p; in (4.27) to obtain bounds for L = L(A, B) and M = M(A, B), which were
defined in (4.19) and (4.20).

4.3 ESTABLISHING BOUNDS

Recall the setup thus far. Let f(z) = g(x)h(x) be a polynomial in Z[z] with non-
negative coefficients where g(z) = 2> — Az + B is ®3(x—b), ®4(z—b), or D¢(z—b), and
h(x) has positive leading coefficient denoted by as in (4.3). Recall that M (A, B) is the
smallest value that the largest coefficient of f(z) can be under these conditions. It is
worth noting that we do not require f(b) to be prime in the definition of M (A, B).
We proceed towards proving Theorem 1.6. Using the previous sections, we will

find three bounds, B : B£4), and 8156) such that if f(z) has coefficients less than
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or equal to B,()") with f(b) prime, then f(x) cannot be divisible by ®,(z — b) for
n € {3,4,6}. Note the difference between Blgn) and M (A, B); M(A, B) does not

require f(b) to be prime while Bén) does. We begin by showing both of the following:
(i) The value of M(A,B)is (1— A+ B)- 3, for each n € {3,4,6}.
(ii) If the maximal coefficient of f(x) equals M (A, B), then f(b) is composite.

Assuming (i) and (ii), we explain now that we can take B,(,") = M(A, B). If f(z) has
each coefficient less than M (A, B), then f(z) cannot be divisible by ®,(z —b) by the
minimality of M (A, B). Note that this conclusion does not require f(b) to be prime.
If we further require f(b) to be prime, then by (ii), we would also have that the largest
coefficient of f(z) cannot equal M (A, B). Hence, we can take an) = M(A, B).

Notice the dependence on n; A and B are the integers such that 22 — Az + B is
®,(x —b), so A and B depend on n. Also, 5; depends on D and 6, both defined in
(4.8), so 3 depends on n.

We start by establishing (i). We follow the method used in [10]. Suppose first

that
M(A,B)<(1—A+B)-p;. (4.28)

We eventually want a contradiction if strict inequality holds; however, there will be
a significance in seeing what this inequality gives us. Since M (A, B) is a coefficient
of f(z), it must be positive. Also, by definition, 8; > 0; thus, in order for (4.28) to
make sense, we must have 1 — A+ B > 0, which follows from (4.4).

We start by setting
u= B, v=jyo— A and w = gy, (4.29)

where p; is as in (4.27) and where ¢ = J + 1. Then [17] establishes that

u? — (v+w)? Ul s u? — (v + w)?
u u

M > U (4.30)

73



u? — (v +w)? (u? — (v +w)*)By

> —————[sbo =

and

U+ w

From (4.28) and (4.30), we have

uM (A, B) - uw(l—A+B)- 5y

boBs < U(A,B) <
OBJ_ ( ’ )_u2—(v—|—w)2_ u2_(fu+w>2

(4.32)

We make an observation about this inequality with ¢ = J + 1.

Lemma 4.4. With the prior notation,

wW(l1— A+ B)-B,
uQ—(U+w)2 < pBs+1.

Proof. Simplifying the left-hand side of the inequality above, we obtain

u(l—A—I—B)-ﬁJ: poB(1 — A+ B)j,
E (0w RB— (s — g A D)

%B(l — A+ B)jy

B~ (F — A (A= VP

_ KB¥Y(1- A+ B)8,

- B2z — (BBj_1— ABs+ Bs)?

_ KBY*(1- A+ B)g,

- B2t — (By— Br)?

From the definition of K in (4.26), we obtain

w(l—A+B)-B;, B¥Y(1 - A+ B)3,;(B'* — 141+ By)

W= wl? BT+ G BB (B~ )

Since n € {3,4,6}, the field Q(¢,) is of degree 2 over Q and |b+ (, — B|?* is the norm
of b+ ¢, — B in the field Q(¢,) over Q. The norm of b+ (, — B is the constant term
of its minimal polynomial over Q, which is (z + B)? — A(z + B) + B. Thus, we see
that

b+ ¢, — B]* = B(1— A+ B).
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Therefore,

u(l—A—l—B)-BJ_ BJ+2(1—A—|—B)BJ(BJ+1—5J+1+BJ)
u? — (v+w)? B(1 = A+ B)(B/* — ;4 B741) (BT + B — Br41)
BJ+15J

T B By~ B
B4,

" BT 3, + ABy — BBy
BJ+1

:f§4+A—1—B%%'

To prove the lemma, we need to show

BJ—H
B;H—FA—l—B@ <6J+17
J B
which is the same as showing
BJ+1 _
By B

Moving all terms to one side, this is equivalent to

6] 1 J+1
1-A+ B—- +1) — < 0.
( 5 >(BJ "5
For ease of notation, let
Azl—A+Bﬁg_1<1—A+B, (4.33)
J

where the inequality follows from the definition of J which implies 5; > (5;_;. From
(4.12), it suffices to show

R ( \/§J+Tsin((<]+1)0)+1> - jggjilsin(%r/n) <o
sin(27/n) VB sin((J 4 1))

From (4.16), we have sin((J + 1)0) > 0. Multiplying by sin(27/n)sin((J + 1)0) in

the previous inequality, we see that we want
J+1 . 4 . . J+1 o
A (\/E sin®((J 4+ 1)0) + sin((J + 1)0) 81n(27r/n)> — VB sin®(2r/n) < 0.
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Rearranging, we want to show
VB [Asin?((J + 1)0) — sin®(27/n)| + Asin(27/n) sin((] + 1)) < 0.
From (4.33), we see that it suffices to show that

VB (1 = A+ B)sin?((J + 1)0) — sin(27/n)]
(4.34)
+ Asin(27/n) sin((J + 1)0) < 0.
We now break the proof into two cases, J = D — 1 and J = D — 2. Because
sin((D — 1)0) is close to sin(m) = 0, we will do some simple approximations to prove
(4.34) when J = D — 1. When J = D — 2, the value of sin((D — 2)0) is not close

enough to 0 to do the same approximations, so a different technique is employed.

Recall (4.8) which implies for b > 5 that
0 < 0 = arctan(b+ (,,) < arctan(5 + (4) = arctan(1/5) < 7/4.
Hence, when J = D — 1, we have
T>D0>(n/0—-1)0=m—60>r/2, (4.35)
so sin(D@) < sin(m — 0) = sin(f) = sin(27/n)/v/B by (4.13). With J = D — 1 and
(4.33), and since 1 — A+ B > 0 by (4.4), the left-hand side of (4.34) is
VB [(1 = A+ B)sin®(D8) — sin?(2r/n)] + A sin(D8) sin(27 /n)

sin?(27/n)

sin?(2m/n)
B —

VB

Thus, it suffices to show the right side above is < 0 to establish (4.34). After dividing

< VB~ l(l — A+ B) — sin2(27r/n)] +(1-A+ B)

out by sin?(27/n), we want to establish the equivalent inequality

— 1— — _
VEP[LTATE ] 1S ARE pellod] 1oAtB

Multiplying both sides of the inequality by Bv/B, we now want to show

VB 1 - A+ B1-A+B) <0,
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or equivalently
(L—m(¢§m4+B>+B2<Q

By (4.4), we see that 1 — A < 0 for b > 3. One can check directly that D > 3 for
each n € {3,4,6} where D is defined in (4.8). Thus the above inequality holds for
b > 3, so (4.34) has been established for J = D — 1.

We now move towards proving (4.34) for J = D — 2. Recall (4.13) and note that

sin (2/n) =Im (b+ (,) = V4B — A%/2, so

_ V4B - A?  sin(2n/n) A

sin (0) = B - VB cos (0) = Wiz and .
tan (6) = V4B — A% 2sin(27/n)
an (0) = ) = 1 :

By the definition of J, we have 8; > (8,11, which for J =D —21is fp_o > Bp_1.

Using (4.12), we obtain
sin((D — 1)0) > v Bsin(D9). (4.37)
Define n by
DO =m—n.
Then, by the definition of D and Lemma 4.2, we have 0 <7 < 6.
From (4.37) and (4.36), we obtain now that

sin((D —1)0)  sin(mr —n —0)
VB < sin(D§)  sin(m —n)

_sin(n+6)  sin(n) cos(f) + cos(n) sin(0)

sin(n) sin(n)

= cos(#) + sin(f) cot(n).

After manipulating this, we see that

; /AR — A2
n < arctan (sm@)) = arctan <4BA> =:T.
VB — cos (0) 2B — A
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From the definition of 7 we obtain the values

sin (1) = B - A cos (1) = 2B-4
2\/B(1— A+ B) 2\/B(1- A+ B) (4.38)
V4B — A2

and tan (1) = 5B A

which are well-defined by (4.4).
Lastly, by comparing sin(#) and sin(7) in (4.36) and (4.38) and noting 1—A+B > 1
by (4.4), we see that 7 < 6. Using the inequality arctanz < z for x € (0,7/2), we

observe that for b > 2 and n € {3,4,6} we have
77+9<7’+0<2(9<g. (4.39)

To prove (4.34), we first show that A > 0. Using (4.12), we have

A=1-Ayplos
B2
sin( D6 — 26)
=1-A B——~= .
+Vr_ampe—9) (4.40)
_ 14 yp S+ 20)
sin(n + 0)

Recall that n < 7 and by (4.39) we have both n + 6 and 7 + 6 are in (0,7/2), so

sin (n + 26)

sin (n + 0) = cos (0) +sin (A) cot (n + 6) > cos (0) +sin (f) cot (T +6).  (4.41)

Using (4.36) and (4.38) we see that

1 — tan (7) tan (6)

tan (7) + tan (0)

_ A + ‘/4B _ AQ ' 1 _ \/24BB:2442 \/4BiA—A2
2B 2B VAB-A? | AB—A?

cos (0) + sin (@) cot (7 + 0) = cos (#) + sin (0)

2B—A A
A VAB —A? A(2B—A) — (4B — A%, (4.42)
BN AR 9B\AB — A2
A A-2
"B 2B
A-1
VB
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Combining (4.40), (4.41), and (4.42), we deduce that
A>0 for J=D—-2. (4.43)
Note sin(27/n) sin((J + 1)8) < 1, so to show (4.34) it suffices to show
VB (1= A+ B)sin?(D — 1)9) — sin®(2r/n)] + A < 0. (4.44)
From (4.40), we see that (4.44) is equivalent to

D—1 9 .2 sin(n + 20)
VB [(1— A+ B)sin®*(n +60) — sin (27/71)]+1—A+\/§m

< 0. (4.45)
To show this inequality, we are going to view 7 in (4.45) as a variable and let it range
from 0 to 7, and see that the left-hand side of (4.45) is increasing to zero in this
range.

Observe what happens if we let n = 7 in (4.45). The inequality in (4.41) becomes
an equality. When combined with (4.42), we obtain A = 0. Thus, the left-hand side

of (4.45) is equal to
VB T[(1 = A+ B)sin?(0 + 1) — sin®(27/n)). (4.46)
Using (4.36) and (4.38), we see that

sin?(0 4 7) = (sin @ cos T + cos fsin 7)?

_ (sin(2m/n) 2B— A A sin(2m/n) ?
B ( VB 2VBV1—A+B * 2\/§\/§\/1—A+B>
_ sin®(27/n) 5
- 4B%(1 —A+B)<QB)
_ sin?(27/n)

1-A+DB

Hence, the expression in (4.46), which is the left-hand side of (4.45), is zero.
We now move to showing that (4.45) is negative when 7 ranges from 0 to 7. We

begin by showing the similar expression

VB[(1 — A+ B)sin*(5 +6) —sin’(2n/n)] + 1 — A+ /B S +20)

e (4.47)
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is negative for n between 0 and 7. By applying angle-sum identities for sine and

cosine and rearranging, we rewrite (4.47) as
—4(1— A+ B) (A* = B) VB — A% cos® (1))
+(342(1— A+ B) — B (4B — A?) + 4VB) V4B — A2 cos (1)
+ (44(1 — A+ B) (4* = 3B)) sin” ()

+ (A (4B — A%) (3 — 3A+2B) — 4(2B — A) VB) sin (n)

divided by
4 (VAB = A% cos (n) + Asin (1)) VB. (4.48)

It is clear that the denominator (4.48) is positive, so we focus on the numerator,
which we call W. If we can show that W is increasing for 0 < 1 < 7, then it must be

negative. Differentiating W with respect to n yields

aw _
dn_

12(1 - A+ B) <A2 - B) V4B — A2 cos? (1) sin (1)
+B (4B - AQ) sin (1)

+12(1 - A+ B) (A2 — SB) cos (n) sin? (1)
(4.49)
+ A (4B — A2) (3—3A+2B)cos(n)

— (34%(1— A+ B) +4VB) VAB — A%sin (1)
— 4 (2B — A)VBecos (),

where (4.49) is written so that each expression in A and B that appears is positive
by (4.4), a trait that will be carried forward for the remainder of this argument. We
now bound (4.49) below by an expression that does not depend on 7. Recall that
0 <n <7 <80. Then, using (4.36) and (4.38), the bounds

A V4B — A?

pyp ~ RSt St 0SS <) =
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give us

dW  A? (4B — A%) (3 — 3A + 2B)
>
dn 2V B

201 T (4.50)
B (342(1— A+ B)+4VB) (4B A)_4(2B_A)\/§7
2\/B(1— A+ B)

where in (4.49), the first 3 terms have been bounded by 0 < sin (), the fourth has
been bounded by cos (6) < cos(n), the fifth has been bounded by sin (7) > sin (),

and the sixth has been bounded by 1 > cos (7).
Since B —2A > 0 for b > 3 and b > 2, we have
0<3(B—2A)<3B—-4A<4—-4A+3B< B(4—4A+3B),
which when rearranged gives
4B(1— A+ B) > B~ (4.51)

Also, by the arithmetic-geometric mean inequality, we obtain

2
A;;;lB > 2VB. (4.52)

Using (4.51) and (4.52), we bound the right-hand side of (4.50) below by
A% (4B — A%) (3 — 3A + 2B)
(A2 +4B)/(24)

(34%(1— A+ B) +2(A° +4B) / (24)) 4B — A%) (4 53)
B

A% + 4B

—2(2B - A) —

Substituting A = 2 (b+ Re((,)) and B = (b+ () (b + C:), the expression in (4.53)

becomes

—32 (462 —9b + 3) cos® (27 /n)

— 16 (40b* — 11167 + 62b — 12) cos” (27/n)
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8 (164b" — 5461° 4 400b* — 121b + 9) cos” (27/n)
4 (352" — 1380b" + 11885° — 307b* — 84b + 23) cos” (27/n)

4 (208b° — 948b° + 873b* 4 223b° — 562b° + 227b — 45) cos® (27/n)

-8
-4

-4

-8 (32b7 — 16865 + 128b° + 430b* — 5166 + 3056 — 80b + 11) cos® (2 /n)

— 8 (4b° — 24b7 — 165° + 394 — 449b" + 355b° — 861 + 30b + 2) cos? (27 /n)
+4 (3267 — 3086 + 384b° — 380b" + 92b° — 57 — 28b + 1) cos (27 /n)
+4(

4 (468 — 4407 + 6405 — 76b° + 23b% — 1903 — 14b% + b — 3)

divided by

2b cos* (27 /n) + (llb2 + 1) cos® (27 /n)
+b (17b2 + 7) cos® (27 /n)
+ (10b4 + 9b% + 1) cos (27 /n)
+b (202 +1) (B +1).
The final lower bound comes from bounding the first of these below and the second
of these above using |cos (27/n)| < 1/2. Doing this and collecting powers of b yields

dw - 64b% — 128007 + 32320° — 82160° + 39500* — 3288b% — 374b* — 110b — 149
dn 160° + 40b* + 583 + 47b% + 23b + 5 '

The denominator is positive, and one checks that the numerator is as well for b > 18.
To prove the expression in (4.45) is negative, we observe that since A > 0, we

have

(1 — A+ B)sin*((D — 1)f) — sin*(27/n) < 0.
Since D > 1, the expression in (4.47) being negative implies (4.45) holds. O

Recall the setup so far. We are working under the assumptions that f(x) is a

polynomial with non-negative integer coefficients such that
f(@) = h(z)g(z) = (boz® + b1z* ' + -+ b1z + by)(2* — Az + B)
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where ®,,(z —b) = 2* — Ar + B. From Lemma 4.4 and (4.32), we see that by < 2, and
since by is an non-negative integer, by = 1. Thus, (4.28) implies that h(z) is monic.

Also, using Lemma 4.4 and (4.32) with by = 1, we have
By <U(AB) < B;+1.

Thus, we have established that U(A, B) = ;. Recalling (4.19), we see that the

largest coefficient of h(zx) is B;. Next, we observe the following.

Lemma 4.5. Under the assumption (4.28) with u, v, and w defined as in (4.29), we
have
U+ w

§i=—— . M(A B) € (0,1)

u? — (v+w)?

for all b > 3.

Proof. From (4.31), we see that 6 > 0. We now claim that 6 # 0. The only way
could = 0 is if M(A,B) =0 or v +w = 0. From the definition of M (A, B), we see
that M (A, B) > 1. By way of contradiction, assume that v + w = 0, then v = —w.

By the definitions of v and w in (4.29) with ¢ = J + 1 we have
py-1— pgA=—py.
From (4.27), we see that p; # 0 and

Hi-1 1 _A+BﬁJ71

0=1—-—A+ .
mr B

Notice that the right-hand side is the definition of A in (4.33). We showed that A > 0
for J = D —2 by (4.43), so recalling (4.15), we restrict our attention to the case that

J =D — 1. Using (4.12), the sum of angles formula for sine, and (4.36), we obtain

Bp-2 sin(D6 — )
A=1-A+B =1-A+vVB—————-—=
i Bp-1 * sin(D6)

B sin(DO) cos(0) — cos(D@) sin(0)
=1-4+VB sin(DO)
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—1— A+ VB (cos(0) — sin(f) cot(D8))

B A sin(27/n)
_1—A+\/§<2\/§— N cot(DQ))

A
=1- 9 sin(2m/n) cot(DB).
From (4.35) and (4.36), we see that
A
A=1- 5 sin(2m/n) cot(DO)
>1-— 1;1 — sin(27/n) cot(m — 0)

=1- ;1 + sin(27/n) cot ()

_q_ A N Asin(27/n)
B 2 2sin(27/n)

= 1.

Thus we have a contradiction in both cases, so v + w # 0. Hence, § > 0.
Next, we show that § < 1. We start by observing that Lemma 4.4 and (4.28) give

us

5— uM (A, B) va < (B, +1)

u? — (v+w)?

v+w

Using the definitions of u, v, and w in (4.29) with ¢ = J + 1, we obtain

v+ w py-1— py(A—1)

d<(Bs+1) = (Bs+1) 1108

From (4.27) and (4.12), we have

— A-1 1 —
= (- )

5 < (By+1) Kt

+1
= Ot (B, + (1 - 28)

J+1 .
B0 1y (/BT sin(g6) S A VB sin((J + 1)9)
B B+l sin(27/n) sin(27/n)

VB sin((J + 1)0) + sin(27/n)

N (VBsin(J6) + (1 — A)sin((J + 1)6))
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We make a few observations to help simplify. First, (1 —A)sin((J+1)8) < 0 since
sin((J+1)0) > 0 by (4.16). Second, using (4.16), (4.15), and noting that D > 7/6—1,
we have

7> J0>(D—-2)8>(n/0 —3)0 =n—30.

™ ™ ™

< a0
mjarg(b+C) 7/ arg(b+ )] Dy
From (4.9) and (4.11), for b > 5 we obtain

arg (b+ ¢,) < arg(b+ ¢4) =

9§arg(b—|—C4)<z T

T
0, arctan(1/b) <6

Putting these together, we get for b > 5 that

7r>J9>7r—39>g,

so sin(J0) < sin(30). Likewise, from (4.16), we have © > (J + 1)0 > m — 20 > /2.

Thus, sin((J + 1)0) < sin(260). Using these bounds, we acquire

VB sin(26) + sin(27/n)
VB’ sin?(2m /n)
Using double and triple angle formulas for sinf and (4.36) with 4B — A% =

0 <

sin(30).

2sin(27/n), we get
T+l . .
VB 2sin 6 cos 0 + sin(27/n)
\/EJ sin?(2m/n)

J+1Asin(27/n) |
VB ——5 " +sin(2n/n) <3sin(27r/n) B 4sin3(27r/n)>

VB’ sin?(2n/n) VB BVEB
_ AVB T 41 ( 3 _4sin2(27r/n))
VB’ VB BVB
B A\/Ej—l 1
= \/§J+3

AVBT
= \/EJ-H’)

)< (3sin @ — 4sin®0)

(3B — 4sin’*(27/n))

(A2 - B).

85



This last expression is less than 1 precisely when

J+3

AvB Ty - B - vB P <o
Thus, since J > 6 by (4.17), and using (4.4), we get

AVB T )2 B - vB T =VB T4 —AB B} 1 A2 B

« VB ' 4 A2 B<_B24A2_B<o

for b > 7. Thus, the lemma holds for b > 7. Direct calculations on small b show that

Lemma 4.5 holds for b > 3. O

Thus, from Lemma 4.5 and (4.31) we see that L = 0 where L is defined in (4.19).
Putting this together with the consequences of Lemma 4.4, we see that (4.28) implies
h(zx) is monic, the largest coefficient of h(x) corresponds to the value of 5, and all
the coefficients of h(x) are non-negative. The proofs of (i) and (ii) now follow directly
from [10, page 172], which we reproduce here.

We continue to assume (4.28) and deduce as in [17] that h(z) can be written as a

sum over non-negative integers k of polynomials which are z* times

(50$J+51$J_1 +-o 1t 5J)$J+t/ + (x‘]”/_l R AL EPPE $J)5J (4.54)
+(Br = Bo)a’ ™+ (Bs = Br)a’ 2 4+ (B = Bia),

where t' = t/(k) is a non-negative integer. The values of k are taken so that there are

no overlapping terms for different k and so that the coefficient of z*~! in h(z) is 0.
To show (i), we assume that strict inequality holds in (4.28). Observe that since

f(x) = (2% — Az + B)h(z) with h(x) as described above, we see that f(z) has a

coefficient equal to

(Br—B1) —ABs—po) + BBy = (1= A+ B)B;— p1+ Abo
= (1—- A+ B)B;,
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which corresponds to the coefficient of x7 when the expression in (4.54) is multiplied

by 22 — Az + B. This contradicts our assumption, showing that M (A, B) > (1— A+

B)B;.
To show that equality holds, we will exhibit a polynomial motivated by (4.54)

with ¢ = 0. Consider

ho(z) = Bor®) + pra®’ ™t + - + Bz’

+ By = Bo)x’t+ (By — B)al 2+ + (Br — Bia)
Applying (4.5), we deduce that

(2% — Az + B)ho(z) = 2272 + ((1 —A)Bs+ BBj-1 — 1)x‘7+1
+(1—A+ BBz +---+(1 - A+ B)pa?

+ ((B —A)Br+ ABj-1 — BBJ—Q)HC + B(B; — B-1).

Note that the coefficient of x here can be rewritten as (1 — A+ B)f;. Furthermore,

the constant term of (x> — Az + B)ho(x) can be rewritten as

(1-A+B)Bs—Bs+ B

Since J was defined so that 5;_; < 8y and 8,1 < [, we see that the maximal
coefficient of (22 — Az + B)ho(z) is (1 — A+ B)B;. The definition of M(A, B) now
implies that the equality given in (i) holds.

Now we prove (ii). Since (i) holds, we have f(z) = (z* — Az + B)h(x) where
h(z) is a sum over some non-negative integers k of polynomials which are z* times
polynomials of the form (4.54). We refer to the polynomial in (4.54) as part of h(x).
We begin by showing that with A, B and J fixed, but ¢’ arbitrary, each part of h(x)
is divisible by

hi(r) = i(ﬁJ—j — By—j-1)2?,

J=0
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where we recall from (4.5) that 5_; = 0. From this definition of h(z), we have

J J J
Y Byt =Y Byt =) Byt (mod hy(z)).
=0 i=0 i=1

We deduce that the polynomial in (4.54) is

J ] , J+t —
(25) +( > wf)m—m s
=0

J=0

J ) J+t' 1 J )
= (et (8 P )= Lo
j=1 j=1

J ' , J+t’ ' J '
(Zﬁ>+< > xf)m—zmxf-l
7=0 j=1

J , / J+t’ 5 J '
= (Zﬁ]—jx]>$‘]+t + ( > xJ)ﬁJ —> Byt
=0 =0 i=1

J J
= Zﬁ]_jl’j — Zﬁj_jxj_l =0 (mod hl(I))
j=0 J=1

Thus, we obtain that each part of h(z), and therefore h(x) itself is divisible by A4 ().
Using that h(x) consists of at least one part as in (4.54) with ' > 0 and J > 1, we

deduce that

h(b) > (Bob” + Bib" ™" + - 4+ BT > Bob” + Bib? T+ By > hy(b) > 1

This means h(b) is the integer h;(b) times an integer that is greater than 1. We

deduce that f(b) = g(b)h(b) = h(b) is composite. This finishes the proof of (ii).
Thus, for n € {3,4,6}, we have bounds B ) such that if f(z) is a polynomial with

non-negative integer coefficients with f(b) a prime, and has coefficients less than or

equal to
B™ =(1-A+B)g,, (4.55)

then f(z) cannot be divisible by ®,(x — b). To see how the explicit expression for
B™ in (4.1) comes to be, we have, from the definition of 3; in (4.6),

1

bi = 2iIm(¢,) {<

b G = (b+ ()|
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1

= 57ty L0+ BelG) i m(G)P ! = (b Re(G) —itm(¢.))™'].

Writing out the binomial expansion of each term and combining like terms yields

1 T4+ 1Y it
sz%hn(cn)lz< L >(@Im(<n)>’“(b+Re(€n))+ g

k=0

Jj+1

—;CZﬂ@mmm%+m&WW1

J+1
:%Q@{zCZﬁwﬂme+%mmmﬁ44m&wﬂ

k=0

- X C*ﬂwﬂwmeJMMW.

0k 1 2k +1
Recall that in (4.15), J was defined to be either D,, — 1 or D,, — 2. Evaluating f;

at =D, —1and j =D, — 2, we get

Bp,1= ). <2,f+” 1) (b+ Re(¢n)) P21 (= Im(¢)?)"
0<k<Bn

and

Dn_ —f—
Bp,—2 = Z <2k n 11> (b4 Re(G,))P»272(— Im(¢)?)*,
0<h< Zn=

respectively. Thus,

D, —i Dp—2k—1—i k

= b n)) " —Im (¢, : 4.

8 3%(221@HJ<+M«» (~m ()] (456)
0<k<Pn=i

Further, observe that

(1—A+B)=d,(1-b), (4.57)

for n € {3,4,6}. Substituting (4.56) and (4.57) into (4.55) yields (4.1).

4.4 COMPARING THE BOUNDS AND ESTABLISHING THEOREM 1.6

We summarize what we have done so far. Let b be an integer greater than or equal

to 2, and let f(z) be in Z[z] with non-negative coefficients and f(b) prime. We write
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f(x) = g(x)h(z) with g(z) # £1, h(z) # 1, and both g(x) and h(x) having positive
leading coefficients. Using the fact that f(b) is prime, we reduced our considerations
to g(b) = £1. We then showed that either g(x), and hence f(z), is divisible by at
least one of ®3(x —b), ®4(z — b), and Pg(x — b), or g(x) has a root 5 € Ry. In the
previous sections we established that if the coefficients of f(z) are less than or equal
to Blgn) defined in (4.55), then f(z) does not have a root in common with ®,(x — b)
for n € {3,4,6}. In [26] it is shown that if the coefficients of f(z) are less than or
equal to B,, with By as in (4.2), then f(x) does not have a root in the region Ry.
Letting M (b) be the minimum of these four bounds, then if the coefficients of
f(z) are less than or equal to M (b), f(z) is irreducible. In [26], J. Juillerat shows the

following.

B < BY for2<b<5,
B,()4) < B,()B) for b > 6,
Bl(,?)) < Bl(,m for b > 2,

B,()B) <B, forb>3,

BY < B, forb>70.

Having established these inequalities, we have that for b large enough, each of
the following hold; if the coefficients of f(z) are less than or equal to Bl(f), then f(x)
is irreducible; if the coefficients of f(z) are less than or equal to B,Sg) and f(z) is
reducible, then f(z) is divisible by ®4(x — b); if the coefficients of f(z) are less than
or equal to Bl(,ﬁ) and f(x) is reducible, then f(z) is divisible by ®4(z —b) or ®3(z —b);
and if the coefficients of f(x) are less than or equal to B, and f(z) is reducible, then
f(z) is divisible by ®4(xz — b), ®3(x — b), or Pg(x — b).

With respect to Theorem 1.6, we note that M;(b) = B and My(b) = BLY, for
3<b <5, and My(b) = B and My(b) = B, for b > 5. Further, M;(b) = B®), and
M,y(b) = By. This establishes Theorem 1.6.
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