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ABSTRACT

In the past decades, model predictive control (MPC) has been widely used as an
efficient tool in areas such as process control, power grids, transportation systems, and
manufacturing. It provides an approach that aims to design stabilizing feedback to
the system so that the performance criterion gets minimized while the state and input
constraints get satisfied. In many situations, MPC may outperform other approaches
to design and implement feedback control systems. Furthermore, MPC may solve
optimization problems with large and practically important sets of multiple-input
multiple-output (MIMO) systems efficiently. A typical implementation of MPC
predicts the optimal control inputs that guarantee a certain level of optimality based
on the interest of model behavior to the actual dynamical system. Many schemes of
model predictive control have been addressed in the past years.

Recently, the technology development of computers, sensors, and communications
make the control systems much larger and more complex than ever before.
These advances also increase the need for MPC to design the controllers for
complex multiple-input multiple-output systems. Besides, the advanced computation
hardware has significantly improved the speed and reliability of solving optimization
problems.

In general, we can differentiate the MPC scheme into linear and nonlinear model
predictive control. Linear MPC refers to the MPC schemes that deal with linear
models to predict the system dynamics. Besides, the constraints on the states
and inputs should be linear, and the cost function can be as simple as quadratic.

The optimal solutions of linear MPC rely on the dynamic models, the constraints,
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and the optimal problems that aim to minimize the system performance, which is
usually expressed as the cost function. Nonlinear MPC refers to the MPC schemes
based on nonlinear models or non-quadratic cost functionals with corresponding
nonlinear constraints on the states and inputs. Nevertheless, linear models are often
inadequate in describing the optimal problem because of higher product quality
specifications, increasing productivity demands, tighter environmental regulations,
and the requirements of operating conditions. In this case, people need to use
nonlinear MPC to describe the models accurately.

This dissertation studies several MPC algorithms for solving nonlinear
continuous-time systems with uncertainties. The work focuses on systems with
disturbances, system discretization, and explicit model predictive control. Meanwhile,
we ensure these algorithms may provide a series of feasible solutions and stabilize the

control systems along the prediction horizon.
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CHAPTER 1

INTRODUCTION

This chapter is organized as follows: introduces the background of model predictive
control in Section 1.1, presents the basic knowledge of MPC in Section 1.2, and follows

with prior work on MPC and dissertation organization in Section 1.3.

1.1 BACKGROUND

Human activities implement the guidance of the basic concept of model predictive
control (MPC) in many areas. It provides the idea that people may obtain the
maximum benefit with minimum spend using a present decision according to a
prediction of future based on the current situation. For example, a chess player tries
to predict all the possible moves as far as possible to determine the actions that will
achieve minor losses. Meanwhile, the next move will be determined according to the
new situation based on the reaction of the opponent. Once the opponent has made a
move, the player will only need to add one more step to the previous prediction. The
schemes get repeated until the end of the game. Moreover, the prediction horizon is
determined by the length of the match.

Three features need to be discussed in the scheme. To begin with, the prediction
steps of each iteration are limited by the calculation ability of the player as it may
have kinds of choices for each move, which rapidly increases the cost and complexity
with the number of predicted moves. Secondly, it is crucial to decide a move among

a variety of choices. In general, a decision aims to get the best performance based



on evaluating possible actions. A good decision balances the cost of planning the
strategy to win and obtaining benefit from the opponent. Typically, it is difficult to
set a fixed criterion for the judgment as it is better to seize the advantage with a weak
opponent while it is wiser to achieve the strategy with a strong opponent. Finally,
a crucial point to win the match depends on the length of prediction moves since a
sequence of moves based on short-term predictions may lead to a bad result. In this
case, the side with longer-term prediction moves may have the ability to eliminate
the sequences of wrong actions and win.

The above aspects explain the critical points of model predictive control. We
may derive the match as an MPC problem by describing the model, condition,
and objective in mathematics, and we can get the prediction results by solving an
optimization problem. Similarly, as chess matches, the criterion is usually determined
by minimizing a cost function among the possible choices. People use the first element
of the sequence as the control input to the system, and the prediction process is
repeated with the new states. Besides, it is important that the control signal may
guarantee the robustness of the system so that the system may reach its destination
as the chess match.

In the 1960s, the research on control theory focused on three areas:

1. Maximum principle — producing necessary conditions for open-loop optimal control
problems;

2. Dynamic programming — solving optimal feedback control problems;

3. Lyapunov stability — giving sufficient conditions to ensure the stability of control
systems.

During this period, the linear quadratic regulator (LQR) was derived as one of
the most critical methods for solving optimal control problems. LQR provides the
approach for solving the optimization problem to linear time-invariant MIMO systems

with linear time-invariant state feedback controls. The control performance is always



a quadratic function, which presents the system energy in most cases. Meanwhile,
the robustness is guaranteed by driving the system to be asymptotically stable under
common assumptions. Most importantly, the optimal solution is explicitly provided
as a feedback gain formula which makes it easy to compute.

Nevertheless, few applications of LQR have been used in actual engineering
models during the following decades. The main reason for this is the weakness of
LQR considering the actuator saturation, which is called the constraint condition
in the optimization problem. In contrast, the former control method that has
been widely used for years — PID control — owns the ability to suit the actuator
saturation in practice. To overcome the weakness of LQR, the Pontryagin minimum
principle is proposed as a theory of optimal control that includes the effects of
saturation.However, three flaws prevent the approach from being used practically:
open-loop control law, difficulty computing the solution, and finite prediction horizon.

Nowadays, most existing control systems are operated in continuous time. Two
approaches may solve the continuous-time optimization problem. One method is to
solve the problem continuously and discretize the problem within a tiny period. The
other method is to discretize the problem first and solve the discrete-time problem via
the technique such as linear, quadratic, convex, and nonlinear programming. As an
open-loop control method, its optimal solution mainly depends on the initial states,
which is a significant disadvantage to system performance compared with feedback
controls. In this case, it is a good idea to insert a closed-loop controller into the
problem.

People find the open-loop controller can be estimated by a closed-loop controller
via recomputing the optimal problem at each discretized point with a new initial
state obtained in the previous optimal problem. Once the optimization problem is
feasible in each process and the system may achieve stability, the model predictive

control theory gets accomplished with the last method computation.



In general, the action of the MPC algorithm is obtained by solving a finite
horizon open-loop optimal control problem according to a feedback control law in
each sampling interval. We will use the first movement of the optimization from the
sequence of optimal solutions as the input of the plant. Meanwhile, the iterations get
repeated at shifted time-horizon using the most recently available state information
as a new initial condition to avoid accumulating the errors along the time-horizon.
In this case, we may simplify the computation by making the problem piecewise

continuous.

1.2 BAsic oF MODEL PREDICTIVE CONTROL

In the 1970s, linear MPC is invented and has become one of the critical advanced
control strategies since then. It is widely used in the area of industrial applications.
It may optimize the control performance based on the dynamic model while the
constraints get held. We can find the overviews and applications of linear MPC
techniques in [1] and [2]. So far, the theory of linear MPC grows maturely, and
it has been well studied in aspects such as computation method, system modeling,
and control strategy. We are going to describe the process of MPC theoretically in

continuous time as a feedback control method.

1.2.1 The Principle of Predictive Control

The model predictive control scheme can be treated as a repeated process on
solving finite horizon open-loop optimal control problem (FHOCP) subjects to system
dynamic, states constraint, and input constraint. As shown in Figure 1.1 of [3],
the controller predicts the dynamic behavior over the prediction horizon 7, by
determining the input in order to minimize the system performance based on the
sampled initial conditions at t. Ideally, if there do not exist model disturbance,

model-plant mismatch, and computation difficulty. In that case, we can solve the



optimization problem along prediction horizon until any time as 7}, can be determined
freely, and the problem can be solved at one time. However, it is always difficult to
find the systems that satisfy the three conditions above in most of time. In this
case, we need to divide the model and solve the problem recursively, which means

the process in Figure 1.1 gets repeated and moves forward along the time horizon.

past | future/prediction
set-point
predicted state x

closed-loop _ )

state x - open loop input i

closed-loop - -
input u ] . .
P8 =1y, 1+Te t+Tp

| control horizon T, |

prediction horizon T,

Figure 1.1: Principle of MPC

In general, we usually make the optimal solutions be piecewise-continuous for
simplicity. And the optimal inputs remain the same value as it is calculated at ¢ until
the next sampling time ¢;,,. Besides, the length of the sampling period § can be
determined according to the demands of accuracy.

Then we can summarize the MPC scheme process as:
1 Sampling states of the system;

2 Calculating FHOCP that minimizing the system performance with constraints over

the prediction horizon based on dynamic model and sampled state;

3 Implement the first step optimal input until the next sampling iteration.



1.2.2 Mathematical Formulation of State Feedback NMPC

Consider a continuous-time system:

(t) = f(z(t),u(t)), z(ty) = xy

where the system state z € X C R", the control input u e Y C R™, and f: X xU —
R™. Meanwhile, we assume f(x,u) as local Lipschitz, i.e., there exists a positive

constant Ly so that Vz,y € X, u € U, the following inequality holds:

1f (@, u) = fy,u) < Lylle — yl|.
Typically, the constraints may convex with the form as

Uu :{U S Rm|umin S U; S umax}

X :{{L’ € ]R”|xmm <z; < xmax}

where Umin, Umazs Tmin, Tmaz are scalars and w;, z; are elements of input and state
vector.

We solve the FHOCP problem with the prediction horizon [ty,t, + T),) at
tr based on the sampled state z(t;). Besides, we set the optimal input to be
piecewise-continuous with the length of 6(0 < 7},), which means the next prediction

routine starts at t; + 0. Then we may get the following optimal control problem

Problem 1 mEILI{l Jul|z(ty)]

s.t. &(t) =f(z(t),u(t)), z(ty) =z, t € [te,tx + 1))
u(t) e, z(t) e X, x(ty +1,) € X

ula(t)] = [ L), u(t)dt + Via(te + )

tk
where x;, is sampled from the plant at t;, Xy is the terminal set that the final state

stays inside. Meanwhile, we define J[u|z(tx)] as system performance, L(x(t),u(t)) as



stage cost, and Vy(x(tx +1,)) as terminal cost. In general, we may present

L(x(t),u(t)) =2(t)" Qx(t) + u(t)" Rx(t)

Vf(]}(tk -+ Tp>> :x(tk -+ Tp)THI(tk -+ Tp)

in quadratic form which is same as Lyapunov equations, and (), R, H are semi-positive
symmetric matrices. With the sampled state xy, we can solve Problem 1 subject to
the dynamic function and the constraints on the state and input. Besides, the solution
of the problem is used as the prediction to the control input. We define the optimal

solution as u*(t) and it applies to the plant until ¢, + § that can be presented as
u(t) = U*(tk), te [tk,tk + 5)

For the discussion on feasibility and stability of MPC algorithm, we will provide them

with corresponding proof in the following chapters in detail.

1.3 PROBLEM DESCRIPTION OF MODEL PREDICTIVE CONTROL

1.3.1 Systems with Disturbances

It is common to meet the situation that there exist disturbances or uncertainties
in dynamic models, such as the sampling errors to actual systems, the external
interferences to operate plants, and the deviations caused by transmission delays.
In this case, it is necessary to discuss the problem of the systems with disturbances
under the MPC scheme.

To begin with, there comes the study showing that the standard MPC algorithm
may admit a certain level of robustness concerning minor uncertainties. As it
discusses the conditions that may derive the stabilization for discrete-time nonlinear
systems with uncertainties under model predictive control schemes in [4]. The authors

prove that exponential stability theorems may still achieve asymptotic stability with



compact uncertainties inserted. Furthermore, the authors analyze the stability of
constrained nonlinear discrete-time systems with bounded additive uncertainty in [5].
The authors provide sufficient conditions that may guarantee the framework’s robust
stability and feasibility using invariance set theory. In the paper of [6], the authors
present some robust stability results for nonlinear constrained discrete-time systems
under model predictive control schemes without any particular properties of the
terminal cost on deriving such approaches. The authors introduce two assumptions:
the value function can be upper bound by a I, function of the state, and the
measurement should be detectable in the MPC algorithm. And these assumptions
have been treated as common conditions for solving MPC problems nowadays. Then
the authors show the system under previous assumptions may admit stability with
small disturbances.

Another approach to overcome the impact of the disturbances is to formulate MPC
as min-max optimization problems, which is to optimize the control performance
under the worst-case uncertainty. Comparing with standard MPC schemes, it
may improve the control performance since it always considers the impact of the
disturbances. In the paper of [7, 8], the authors first provide a notion of MPC
algorithm under min-max optimization formulation. And the system feedback is also
presented in the control implementation. The authors show that it does not need to
consider all possible disturbance realizations, and the optimization is always processed
under the extreme disturbance realizations. Nevertheless, the scheme may have high
computation costs on solving the optimization problems with large horizons. In this
case, the method may have a compelling performance in solving the system within
small horizons. Meanwhile, the authors also consider the possible feasibility problems
such that one fixed control profile may ensure the formulation of min-max MPC along
the prediction horizon. It presents a min-max MPC scheme for discrete-time nonlinear

systems in [9, 10]. The authors propose that the approach may be practical under



classical min-max MPC problem set-up, and the input-to-state stability is ensured. To
begin with, the authors show that input-to-state practical stability can be guaranteed
under closed-loop min-max MPC systems, and the corresponding explicit bounds on
the evolution of the state have been provided. To obtain a controller that may derive
the state around the desired point, the authors offer a priori sufficient conditions for
robust stability under the input-to-state stability (ISS) framework. The authors prove
that such conditions imply the overall system uniformly ultimately bounded. Finally,
the authors formulate sufficient conditions for ISS of min-max nonlinear MPC using
a dual-mode approach. In this case, the system may get robustly asymptotically
stable without assuming that the disturbance needs to converge to zero as the state
converges to the origin.

Furthermore, people introduce an adaptive model predictive control method,
allowing the model to estimate and predict the disturbances over the prediction
horizon. It should be a promising way to improve the control performance since
the worst-case uncertainties are not affine to the overall system, comparing with
the min-max MPC scheme. In the paper of [11], the authors consider the problem
of adaptive receding horizon model predictive control, which is the earliest paper
focusing on nonlinear systems. It presents an approach to estimate the uncertainties,
and the estimation procedure is employed in a receding horizon controller. In this
case, it may achieve an accurate prediction while there exists deviation between the
estimated parameter and actual parameter. Furthermore, the overall system may
admit stability with the allowance for the deviation. The authors demonstrated the
problem focuses on identifying the regions where the uncertainties should stay inside
accordingly in [12], which is a different approach for adaptive model predictive control
as previous research. By generating a set-valued measurement of uncertainties, it
may minimize the impact of parameter identification error. Meanwhile, it may

reduce the conservativeness of the computation by implementing such estimation



to the optimization procedure. Furthermore, the feasibly and stability of overall
system get guaranteed with constraints to state or input within the framework of
robust nonlinear MPC. It provides an adaptive MPC design technique for nonlinear
constrained systems with parametric uncertainties in [13, 14]. The authors develop
an approach that may generate the unknown parameter via a parameter estimator.
Specifically, the adaptive identifier formulated based on the Lipschitz projection
operator. Furthermore, a general min-max approach is considered combining with
the adaptive estimator. And the scheme of robust adaptive MPC is proposed
by solving the optimization problem of parameterized uncertain nonlinear systems
subject to state and input constraints. Similar to the previous work, it may reduce
the conservativeness while the robustness is still ensured under the adaptive MPC
scheme.

The work in [4-6] shows that the standard MPC algorithm admits a certain
level of robustness concerning minor uncertainties. Nevertheless, such marginal
robustness may not be enough in practice. An alternative method is to formulate
MPC as min-max optimization problems, which optimize the control performance
under the worst-case uncertainty (see [7—10] and reference therein). However, such
min-max approaches amplify the negative impact of uncertainties, either address
the robustness issue or degrade the control performance. It only approximates the
uncertainties at each sampling point in [11], while the errors may keep changing
inside each prediction interval. In the paper [12], the authors derive an adaptive
region for the uncertainties. However, it may generate unnecessary computation costs
without an accurate estimation of the uncertainties. The most related work is [13,
14], where estimators are embedded in the min-max MPC framework. Nevertheless,
the projection operator cannot be pre-calculated, which may impact the stability of

the system.
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1.3.2 System Discretization

In computer-controlled systems, the MPC schemes are often implemented in discrete
time for digital implementation. In this case, the sampling and computation of
optimal control inputs should be triggered in a discrete manner. And the models
used in the finite-horizon optimal control problem (FHOCP) should also be discrete.

As a common approach, the system is always discretized under fixed time
manners. The discretized models get expressed as piecewise constant models along
the prediction horizon. Meanwhile, the sampling periods follow the same periodic
time manner. Then the optimization problems are generated using such discrete-time
models with corresponding constraints. Typically, the authors derive algorithms of
continuous-time systems under model predictive control schemes in [15-19]. The
robustness of each algorithm gets guaranteed under appropriate stabilizing properties.
The approaches in the four articles provide a standard method of model discretization.
In the work of [20, 21], the authors propose the schemes of sampled-data model
predictive control for continuous-time linear parameter varying (LPV) systems. The
stability properties of the proposed MPC are discussed by modeling the closed-loop
systems with piecewise constant input. Meanwhile, the sampling interval is not
necessarily to be periodic with such linear systems. In this case, the approaches
are efficient to reduce computation conservativeness and achieve better performance.

The main idea of the event-triggered strategy is that the optimal control problem
is solved only under a specific event condition rather than making the computation
every step as classic MPC schemes. The authors propose a robust event-triggered
model predictive control scheme for linear time-invariant discrete-time systems
with bounded stochastic disturbances in [22]. The probability distributions of
the disturbances have been pre-determined. Meanwhile, the authors set the event

condition for the situation the state runs out of a given region so that the control

11



values get updated periodically. The authors employ the event-triggered profile under
Tube MPC methods. And the robustness of the overall system gets guaranteed with
the constraints on the input and state. The same strategy is considered in [23]
to design an MPC scheme for continuous-time event-based systems. The authors
introduced a state estimator with a bounded covariance matrix. The error between
estimated state and sampled state then gets implemented into the MPC formulation.
Meanwhile, the authors prove that the overall closed-loop system is input-to-state
stable (ISS) to the estimation error.

In the papers of [24, 25|, the authors consider an event-triggered strategy of
model predictive control schemes for discrete-time systems. The control law gets
updated with the event condition that a K, function of measurement error reaches
the critical region constructed by the system state. The authors show that the
event-triggered rule may generate effectively under either linear or nonlinear plants.
Furthermore, the event-triggered profile gets extended to a self-triggered formulation.
The triggered condition is determined by the previous measurement error to avoid
the need of monitoring the plant continuously. Further research [26] proposes a
novel event-triggered model predictive control scheme for nonlinear continuous-time
systems with uncertainties. In this work, the triggering condition of continuous-time
systems follows the same idea as previous papers. And the robustness analysis gets
provided to ensure the overall system is uniformly ultimately bounded under the
proposed framework.

The authors present an event-triggered control scheme for linear continuous-time
systems based on a combination of model predictive control (MPC) and integral
sliding lode (ISM) control in [27]. Similarly, the objective of such a control framework
may minimize the number of transmissions and save computation cost, while the
robustness gets ensured under the constraints. The authors introduce the sliding

mode approach to compensate the uncertainties of the system, and the MPC

12



framework may optimize the control performance with corresponding constraints.
The triggering condition is determined as the controller gets updated when the
error between the measured state and computed state reaches the limitation. The
paper presents an event-triggered implementation of MPC for linear discrete-time
systems with disturbances under the same triggering condition in [28]. The stability
conditions are analyzed by the comparison of event-triggered implementation and
common time-triggered scheme. An explicitly computable set is provided based on
the disturbance bound and the event threshold accordingly. The exact triggering
condition is studied in the paper [29] under the event-triggered model predictive
control (MPC) scheme for nonlinear continuous-time systems subject to bounded
disturbances. The authors investigate sufficient conditions for ensuring feasibility
and stability. Furthermore, it is shown that the length of the prediction horizon, the
range of disturbance bound, and the level triggering condition may directly impact
the system stability.

Self-triggered model predictive control proposes an approach that may adjust
the utilization of sampling procedure along the prediction horizon other than the
conventional periodic sampling. Self-triggered MPC follows the strategy that each
sampling interval is determined online based on the current state of the system
to achieve a low average sampling rate. In this case, it may minimize the control
communication and reduce the number of control updates. The authors introduce a
self-triggered MPC strategy for discrete-time linear systems in [30]. The triggered
interval is determined by the length of the controlling time under the current input
strategy. There are three features been studied under the control formulation. To
begin with, it guarantees the asymptotic stability of the system with corresponding
constraints. Moreover, the feedback law and the triggering condition get well
designed. Finally, the overall performance shows a significant reduction in the

usage of sampling resources. The authors propose a self-triggered MPC strategy
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for discrete-time nonlinear systems in [31] as an extension to the preliminary paper.
As an improvement of the previous work, the self-triggered MPC framework owns
the flexibility to determine an appropriate input strategy within limited options
rather than employing the same strategy through the whole iteration. A similar
self-triggered MPC scheme is introduced for linear systems with additive bounded
disturbances in [32]. The self-triggered formulation is derived under Tube MPC. And
the authors proposed a constraint tightening method to ensure the robustness of the
overall system.

In the paper of [33], the authors propose a self-triggered model predictive control
scheme for a robotic model, which is a continuous-time nonlinear nonholonomic
system with additive disturbances. The triggering mechanism is considered based on
the discussion of the stability, which may drive the state into a compact set and ensure
the framework gets uniformly ultimately bounded. Furthermore, the simulation
result illustrates the efficiency of the proposed approach. The authors present a
self-triggered MPC approach for the linear time-invariant (LTI) process in [34]. It
discussed the sufficient conditions to ensure the stability of the system. Meanwhile,
it provided an explicit solution such that the optimization problem gets pre-solved
offline, and the controller gets implemented from a lookup table of state feedback
gains. Furthermore, the simulation examples show the efficiency performance of the
scheme.

The sampled-data MPC has been discussed in [15-19] as periodic models.
However, it is conservative for these approaches to estimate control periods
sometimes. In this case, the control task may have greater utilization than actual
needs. It may lead to a significant over-provisioning to the operating system. To
overcome the problem, people present the method of aperiodic sampled-data MPC,
which considers linear uncertain continuous-time systems in the work of [20, 21].

However, the models used in the FHOCP are in continuous time. Meanwhile,
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event-triggered MPC is presented as another approach. The models are defined as
discrete-time systems in the work of [22, 24, 25, 28]. It only considers the linear
continuous-time system in the work of [23, 27], which the system can be discretized
easily. In the paper [26], it derives the overall scheme in continuous time. The authors
of [29] linearize the systems arbitrarily, which disregards the impact of linearization
error on stability. Besides, self-triggered MPC also works on solving the problem.
Different from event-triggered MPC, the sampling/computation instant expressed as
a function relative to the past information. The works of [30-32, 34] only consider
the strategies under discrete-time systems. And the authors of [33] generate the
optimization problem in continuous time. In conclusion, all previous work is not
friendly for digital implementation to practical models; either the models are defined

as discrete-time systems or set to be linear systems.

1.3.3 Explicit Model Predictive Control

As an efficient approach, explicit MPC may partially solve the finite horizon optimal
control problem (FHOCP) offline, which may reduce the online computation time on
solving the FHOCP for the discrete-time model. Explicit model predictive control is
a method that can pre-calculate the FHOCP problem as an explicit function of the
states and reference vectors rather than make the whole computation in real-time,
which is a crucial advancement compare with common MPC approaches [35, 36].
It can prevent the application of MPC in several contexts, such as the expense of
computation, delay of control schemes, and feasibility of states. Typically, explicit
MPC may solve the optimization problem using multi-parametric programming
technique. The optimal control input can be expressed as the function contains
sampling state, initial input, and reference conditions. In most cases, the optimal
input is piecewise affine with concerning the states [18, 37, 38|, and the MPC

controller can be expressed in linear form.
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The authors of [39] first introduce an algorithm to determine the feedback control
law for discrete-time linear time-invariant systems, which may minimize the quadratic
performance criterion with constraints on inputs and states. The online computation
of the finite horizon optimal control problem gets simplified as explicitly piecewise
linear functions to reduce the computational complexity. Then we may solve the
optimization using the Hamilton-Jacobi-Bellman equation for discrete-time linear
constrained systems under the controller structure. And the explicit solutions can
be obtained by solving multi-parametric quadratic programs with the parameters
based on of the state vector. The technique aims to avoid the procedure of online
computation, while the stability and performance properties of model predictive
control still get inherited. The authors show an efficient performance of the algorithm;
however, the scheme is not intended to replace the online computation approach,
especially for some industry systems with extensive applications. Furthermore,
the authors extend the previous work by studying the geometry properties of the
polyhedral partition in [40]. Then preliminary strategy gets improved that may
exclude the conditions such as the unnecessary partitioning, the solution to the linear
programming problems for determining the interior point of each critical region, and
the solution to the quadratic programming problem.

Explicit model predictive control may derive the topics such as trajectory
following, disturbances impaction, time-varying constraints, and criteria comparison.
In the work of [41], the authors study the explicit model predictive control schemes for
discrete-time linear time-invariant systems with constraints on inputs and states. The
authors compare the control performances under the criteria of 1-norm and oco-norm.
Based on the discussion, the authors provide the conditions for the weighting matrices
to ensure robustness. Another work on investigating the performance of explicit MPC
algorithm is presented in [42]. It considers the explicit scheme for multiparametric

nonlinear integer programming problems, such as the cost function and constraints in
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nonlinear fashions. The author examines the main theoretical properties and proposes
an adjusted solution under sufficient conditions.

The authors propose an approximate multi-parametric algorithm based on
the explicit model predictive control scheme in [43]. The approach allows the
implementation of bounded disturbance in real-time systems, while the trajectories
may converge to the pre-defined fixed sets, and robustness of the systems get
guaranteed. The authors analyze the impact of implemented errors and provide
alternative approaches to ensure stability. Meanwhile, the corresponding explicit
control law is provided. The author derives the formulation of explicit model
predictive control for nonlinear discrete-time system under the scheme of explicit
linear state feedback approximation in [44] as an extension to previous work. The
author provides the strategy to linearize overall system, and the robustness gets
ensured if approximation error gets bounded inside the stability margin.

The previous work of [39-43] consider deriving the scheme under linear
discrete-time systems. And [44] provides an extension of the formulation to nonlinear

discrete-time systems.

1.3.4 Contribution

In our work of Chapter 2, with relatively accurate estimation and prediction, one
expects to narrow down the region where the uncertainties stay. Compare with
preliminary strategies, we estimate the uncertainty using fast adaptation. Meanwhile,
we can predict the set-valued measurement of uncertainty over the prediction horizon
at each computation cycle based on the estimation. Then the adaptive regions of
the uncertainties get structured. Finally, the conservativeness due to the worst-case
synthesis can be significantly reduced.

We introduce a sporadic MPC algorithm for nonlinear continuous-time systems

based on the Lebesgue approximation in Chapter 3. The sampling is triggered by a
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self-triggering method, which may discretize the system directly. And the sampling
and prediction step-length are determined in an aperiodic manner accordingly.

We investigate an explicit adaptive MPC(EAMPC) algorithm for nonlinear
continuous-time systems in Chapter 4. We discretize the original system and develop
an adaptive discrete-time estimator to approximate the discretization error. And we
predict the error within a bounded region over each prediction iteration. In this case,
the online computation is mainly for function evaluation based on multi-parametric
programming, which may save computation costs dynamically. And the MPC

controller maps the state into a lookup table of linear gains.

1.3.5 Dissertation Organization

We are going to present the approaches on modeling systems with disturbance
adaptively, discretizing model using Lebesgue approximation, and solving FHOCP
of nonlinear continuous-time systems explicitly in the following chapters. The
dissertation is organized as follows: Chapter 2 introduces an MPC algorithm on
solving nonlinear continuous systems with state-dependent uncertainties adaptively;
Chapter 3 presents a discrete-time MPC algorithm for nonlinear sampled-data
systems with uncertainties based on Lebesgue approximation; Chapter 4 describes
an adaptive MPC scheme on solving the nonlinear continuous-time system explicitly,
Chapter 5 provides the examples for the application of the algorithm in Chapter 4;

Chapter 6 conclude current work along with a discussion on future research.
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CHAPTER 2
ADAPTIVE MODEL PREDICTIVE CONTROL OF
NONLINEAR SYSTEMS WITH STATE-DEPENDENT

UNCERTAINTIES

This chapter studies adaptive model predictive control (AMPC) with time-varying
and potentially state-dependent uncertainties. We propose an estimation and
prediction architecture within the min-max MPC framework. An adaptive estimator
is presented to estimate the set-valued measures of the uncertainty using piecewise
constant adaptive law, which can be arbitrarily accurate if the sampling period in
adaptation is small enough. Based on such measures, a prediction scheme is provided
that predicts the time-varying feasible set of the uncertainty over the prediction
horizon. We show that if the uncertainty and its first derivatives are locally Lipschitz,
the stability of the system with AMPC can always be guaranteed under the standard
assumptions for traditional min-max MPC approaches, while the AMPC algorithm
enhances the control performance by efficiently reducing the size of the feasible set

of the uncertainty in min-max MPC setting.

2.1 PROBLEM FORMULATION

Notations: We denote by R™ the n-dimensional real vector space, by R* the set

of the real positive numbers, and by RJ the set of the real non-negative numbers.
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We use || - || to denote the Euclidean norm of a vector and the induced 2-norm of a

matrix.

Definition 1. A continuous function o : R — R{ belongs to class K if it is strictly
increasing and o(0) = 0. A function o : R§ — R belongs to class Ko if it belongs

to class KK and lim, o a(r) = oco.

Definition 2. A set S C R" that contains the origin in its interior is called a robustly
positive invariant (RPI) set for the system governed by & = g(x,w) (with the set
and the terminal time T) if for all xy € S, the state trajectory x(t) with x(0) = xg

satisfies x(t) € S for any t € [0,T] and any w(t) € Q.

Definition 3. The state x(t) of a system @ = f(x) is called uniformly ultimately
bounded (UUB) with ultimate bound b if there exist positive constants b and c,
independent of to > 0, and for every a € (0,¢), there is T = T(a,b) > 0, independent

of to, such that ||z(to)| < a implies ||x(t)|| < b for anyt > to+T.
Consider a multi-input-multi-output (MIMO) state-feedback system:
(t) = fx(t),u(t)) + A(t,z(t)), x(0) =z (2.1)

where z : R — X is the system state, u : Rj — U is the control input, f: X xU —
R™ is a known function satisfying f(0,0) = 0, and A : Rf x R® — R" is unknown.
The compact sets X C R™ and U4 C R™ describe the state constraint and the input

constraint, respectively. In other words,
z(t) € X, u(t) el (2.2)

must hold for any ¢t > 0. The function f(z,u) satisfies the following condition over

r,y € X and u,v € U:

1z, u) = f(y, )l < Llle =yl + Lllu —vl, VeeX, ueld (2.3)
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where l,,l, € RT. The uncertainty A(t,z) is assumed to satisfy the following

condition:

Assumption 1. Given a positive constant T, there exist constants

In, Uiy basla,, ba,, la,,ba, € RY such that for any t,7 > 0 satisfying [t — 7| < T and

any x,y € X,
1A 2) = AT, y)|| < lalle =yl + Lt — 7] (2.4)
IAG0)] < ba 25)
OA(t, x
2552 <l b,

OA(t, x
255 < el s
x

hold. Moreover the positive constants Ia,ly,ba,la,,ba,,la,, and ba, are known.

Remark 1. This assumption is to ensure the growth rate of the uncertainty is bounded
so that it can be predicted over the prediction horizon. Such an assumption can often
be found in adaptive control literature [45]. A weaker assumption is that the function
A(t,z) and its first derivatives are uniformly bounded for any t > 0 and any x € X.
Our approach can be easily extended under this weaker assumption. However, those
uniform bounds are usually conservative because they should be valid for any x € X.
This chapter focuses on the Lipschitz assumption which will result in less conservative

and state-dependent upper bounds on A(t,x) and its first derivatives.

Given the fact that x should stay in a compact set X', we can define a constant 6

and a set ) as follows:

0=Ia max ||| + ba (2.6)
Q={weR"| |w| <6} (2.7)

We can see A(t,z(t)) € Q for any t > 0, given inequalities (5.13) and (5.16) in

Assumption 1.
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The objective of this chapter is to stabilize the system described in equation (5.11)

subject to the state and input constraints in (5.14).

2.2 ApapTIvE MPC

To stabilize the system subject to the state and input constraints, we consider
the MPC approach. Let {t;}?2, denote a time sequence with ¢4, = t; + 0 and
to = 0 where § € R* is the MPC iteration period. The related continuous-time
min-max MPC algorithm is proposed as follows: At time ¢, the controller solves the
constrained optimal control problem over the time interval [t, ¢, +T'), where T is the

length of the prediction horizon greater than :

Problem 2 : min max  J[a, Al
at)eU  AR)ewy(t)

s.b. 2(t) = f(&(0), a(t)) + At),
(t)e X
f(tk + T) € Xf.

for any Vt € [ty, tx, + T'), where

tp+T

T, AV 2 [T L), a)dt + Vil +T))
ty

L : X x U is the running cost, V; : R® — R is the terminal cost, A Ry — R

describes the uncertainty in the model, Xy C R" is the terminal set, and W (t) is the

predicted feasible set at the kth iteration that covers the uncertainty over [ty, tx +T).

Once this problem is solved at the kth iteration, then the optimal input, @j(t), over

[tk, tx + 0) will be applied to the plant, i.e.
u(t) = ﬁ;(t), Vit € [tk,tk + 5)

Meanwhile, the next iteration starts at ¢z, .
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Remark 2. Problem 2 implies an open-loop formulation of min-max MPC. We
use this framework as a carrier to discuss how adaptation can be introduced in
MPC. Notice that our method is also applicable to feedback MPC using closed-loop

predictions. More details on applying AMPC in a feedback MPC' framework can be
found in [14].

In this MPC framework, there are still several components to be determined:
Wi(t) over the time interval [ty,t, + 1), V¢, and Xy. In traditional min-max MPC
approaches, the set Wj,(t) is usually defined as Wy(t) £ €, based on which V; and
Xy can be selected [8, 10]. However, if the set 2 is very large, the worst-case analysis
will result in very conservative results, which lead to poor control performance or
even infeasibility of MPC. In our approach, we actively estimate the uncertainty w(t)
and quantify the estimation error using an adaptive estimator. With the estimated
information, it is expected to obtain a smaller set Wy(t) over the prediction horizon,
compared with €, which will help reducing conservativeness. The detailed AMPC
algorithm will be discussed in the following sections.

This section introduces the AMPC algorithm. It includes three steps as shown in
Figure 2.1: (7) estimate the uncertainty; (i) predict the set Wy(t) over [t, t,+71'); and
(#i1) solve Problem 2 for u}(¢). Notice that once the first two steps are completed, the
third step can be solved using dynamic programming [46]. Therefore, the following
discussion will mainly focus on uncertainty estimation and prediction and stability

analysis.

2.2.1 Adaptive Estimation

This subsection introduces the algorithm to estimate the uncertainty A(t, z(t)). We

expect to identify the set where A(¢,z(t)) stays. To obtain a tight estimation, we
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Figure 2.1: AMPC Procedure

take advantage of fast adaptation. The adaptive estimator is defined by
(t) = —ai(t) + f(2(t),u(t)) +6(t), 2(0) = xo (2.8)

where 2z : RY — R" is the state of the estimator, a € R is an arbitrarily chosen
positive constant and Z(t) = z(t) — x(t) is the state estimation error. The signal,

d(t), is updated according to the piecewise constant adaptation law:
5(t) = —X(T)F(KT,) (2.9)

for t € [kTs, (k+ 1)T) and k = 0,1,2,---, where T, € Rt (T; < 0) is the sampling
period, and

a
eals —1°

T(TS) =
Remark 3. The parameter a has to be positive to ensure convergence of Z(t). On
one hand, the larger a is, the faster T(t) converges. On the other hand, a should not
be too large from the robustness perspective. Also notice that the selection of a should

keep Y(Ts) away from being close to 0 or oo in order to prevent potential numerical

1SSUeS.
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The performance of this estimator is established in the following lemma:

Lemma 1. Consider the system (5.11) and the estimator defined by equations (4.9)

and (2.9). If Assumption 1 is satisfied, then the following inequality
[A(E z(t)) — o (1) < ~(T%) (2.10)
holds for any t > 0, where v : R{ — R{ is defined by

T,) = 2rT, + ||l — e 9T5 |0 2.11
ol

= L mavg ] + b, + (Lo, mase o+ b, ) s, 1wl +6)
and 0 is defined in (2.6).

Proof. Consider the system (5.11) and the estimator in (4.9). The error dynamics of

Z(t) satisfies
T(t) = —ai(t) + 6(t) — A(t,z(t)), #(0) = 0.

With the sampling period 7%, the dynamics can be discretized as

i(t) = e R Z(RT,) + ktT e (5(7) — A(r, x(7))) dr.

for any t € [kT, (k + 1)T;). By the adaptive law in equation (2.9), §(7) is constant
over kT, (k + 1)Ty), which is equal to 6(kTs). So the preceding equation can be

rewritten as

t t
B(t) = e HFIGET) + [ e dre(KT) — / e~ =D A(r, z(7))dr

kT, kT,
for any t € [kT, (k + 1)T}). Since Z(t) is continuous, the preceding equation implies

kTs+Ts

F(kT, + T,) =e T F(KT,) + " ¢ oW TAT =) 476 (KT,
[T T T A (7 ()
kT
=e~ " Z(kT.) + 2 (1—e™)6(kT:) — /k ’ZHTS e BTN\ (7. (7)) dT
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which implies
kTs+Ts

BT, +T,) = — / e~ W TAT=NA (1 o (r))dr (2.12)

kT

given the adaptive law in equation (2.9).

Let us now consider the term at the right-hand side in equation (2.12). Since the

a(kTs+Ts—T1

exponential function e~ ) is always positive and A(t, z(t)) is continuous, by

the first mean value theorem, there exist 7" € [kT}, (k + 1)7}] such that

kTs+Ts kTs+Ts
[ e A () = [ e R g A (7))
kT kT
1
S 1_ —aTs A * * .
(1- e ) A, 2(7))

Applying this equation into equation (2.12) implies

BT+ T) = = (1— ™) A, ().

a

Meanwhile, the adaptive law in equation (2.9) means

FT, + T,) = —%(&Ts —1)6()

for any t € [kT, + Ty, kT + 2T,). Combining these two equations yields
A(T*, 2(7%)) = =5 (1).
Therefore, for any t € [kTs + Ts, kT + 2T5),

|AR,2(t) = @)
< [IAQ 2(t) — e A", 2 ()|
< 1A 2(t) = A", 2(T)I + (1 = e ) A, 2 ()|

t .
< [ 1A a(m)ldr + 1 - e

[A(T 2 ()l

KT,+2T, .
</, lA@z@)ldr +][1 e

|A(T", 2(77))| (2.13)
where the last inequality holds because 7 > k7.
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Note that for any ¢t > 0,

d on oa
g Ar0) =5+ 5
LA DA

=5 + — o (f(z,u) + A(t,x)).

Therefore, we have

HA(t z(t)) H

H OA
<||IZ=
— ot

< ool + ba+ o llol + bs,) ( me, 1wl + Lallo] + b )

‘ H H 17 )|+ 18 2))

< i mage ] + b+ (Lo maie o] + bs) ( mace, 1)l + Lo mae o] + b )
=r
where the second inequality comes from Assumption 1. Applying the preceding

inequality and ||A(7*,z(7*))|| < € into inequality (2.13) yields

|A(t, 2(t)) — 6(t)|| < 2rT, + |1 — e~ **=||0

which completes the proof. O

Remark 4. The adaptive estimator in (4.9) and (2.9) is an extension of the
piecewise-constant adaptive law proposed in L1 adaptive control literature [45, 47,
48] to nonlinear systems with a much simpler adaptation structure. It enables us to
derive a tight and uniform bound on |A(t,x(t)) — &(t)||. Notice that the bound v(T%)
can be arbitrarily small as long as the sampling period Ty is small enough, which
implies that the estimation accuracy is subject to the hardware limitation. Another
advantage of using the piecewise-constant adaptive law is the ease of implementation
in computer-controlled systems, compared with projection-based adaptive laws [45,
49]. Notice that a small Ts will not significantly increase the computation workload
because the major computational cost in the AMPC' is to solve Problem 2, which takes

place every & unit-of-time and & is much larger than Tj.
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With inequality (2.10), we know that A(¢,z(¢)) will stay in the ball centered at

6 (t) with the radius v(Ty). Accordingly, at time ¢, we have
Alty,z(tr) € Ay &2 {w € R™ | ||w — 6(ty)|| < v(T\)}. (2.14)

The set Ay will be used as the initial set for the prediction of the feasible set of the

uncertainty, Wi(t), over the prediction horizon [ty,tx + T).

2.2.2 Prediction of Feasible Sets for the Uncertainty

As discussed in Subsection 2.2.1, the adaptive estimator can only provide set-valued
estimates of A(¢,z(t)) in the past (by time ¢). In the MPC framework, however, one
important step is to predict the state trajectory. It requires the future information on
A(t, ) as indicated in Problem 2. Therefore, at time ¢; we must predict and quantify
the change of A(t,x) over the time interval [tg, ¢, + T), i.e. we must predict the set
Wi(t) over [ty,tp + T), in which A(¢,x) stays for sure.

Consider the error dynamics of €(t) = x(t) — z(t) over [ty tx +T):

%He(t)ll < [le@)l = lz@I = [1f (x@), u®)) + Alt, z(t))]]
< Lllz@ + Lullu@)]| + Lallz@)] + ba
< (le 4+ 1a) [l + €

< (e + 1) lz(t) — 2(te)l| + (L + o) [lx(t) | + ¢

where the second inequality comes from inequality (5.12) and & = [, max,ey [|u]|+ba.
Solving this differential inequality over [ty,tx +7') with the initial condition €(t;) = 0

implies

e < (et + S ) (et 1),

lp + A
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Applying this inequality into inequality (5.13) yields

[AG 2(t) = Altk, ()] < lallz(t) — 2@l + Lt — )

> <€(lw+lA)(t_tk) _ 1) + lt<t _ tk)-

<
< ta (et +

Since ||A(tg, z(tx)) — (tx)|| < ~(Ts) as shown in Lemma 5.11, the preceding

inequality indicates

[AGE 2(t) = ()| < 1A x(t)) = 8 (8l + [[AG 2() = Altk, 2 ()]

§ (Lo-+la) (t—tx)
<AT) +1a <Hx(tk)||+ . (el=Ha)t=t) — 1) 4 1y (t — t)

= o(x(tr),t — ),
which means that
A(t,z(t)) € Wi(t)
holds for any ¢ € [tg, tx + T'), where
We(t) 2 {w e R" | |lw—6(t)| < d(ax(ty), t —ti)}. (2.15)

Note that Wi (t,) = Ay where Ay, is defined in equation (2.14). In fact, Wy(t) can be
regarded as the expansion of Ay along the prediction horizon [ty,tx + T).

To summarize, we have the following lemma:

Lemma 2. The uncertainty A(t, z(t)) always stays inside the set W,(t) defined in

equation (2.15) for any t € [ty tp +T).

With this lemma and equation (4.8), we know that A(¢, z(t)) will stay in both €
and Wy (t). Meanwhile, it is inside Wy_ (t) because Wy_1(t) is a set-valued estimate

of A(t,z(t)) at time ;1. Accordingly, we define the feasible set of A(t,z(t)) by

Wi(t) £ QNW,(t) N W1 () (2.16)
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for any ¢ € [ty t; + T), which can be computed at time ¢, and W_;(t) = Q. The
reason to include Wy_1(¢) in the definition is to ensure Wi(t) € Wy_1(t) for any
t € [tr,ty—1 + T), which will be used later in stability analysis. In general, most
elements in W(t) will be included in Wy_; () over [ty, te_1 +T) since Wi(t) is always
a more accurate set-valued estimate of A(t,z) compared with Wy_y(t), which is
computed at ty_1.

The variation in W (t) is described in Figure 2.2. At ¢t = t;, we have Wk(tk) = Ay
as mentioned before. Since v(Ty) can be very small given a short sampling period
T,, the set Wk(tk) will be small, according to its definition in equation (2.15), which
implies that Wg(¢x) is also small. As time elapses, Wk(t) continuously grows until it
completely covers ) defined in equation (4.8). Then Wg(t) becomes equal to Q. In
this process, the growth rate plays an important role. The smaller the rate is, the
slower Wj,(t) expands, which will lead to a smaller feasible set for A(t, x) for Problem

2. As the result, Problem 2 will admit a less conservative solution.
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Figure 2.2: Prediction of the sets containing A(t, z(t))

With the definition of the time-varying set Wi (t), the AMPC algorithm is

summarized as follows.
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Table 2.1: Adaptive MPC Algorithm

At time t = tg,

1 Compute vy(7s) according to (2.11);

2 Run the estimator defined in (4.9) and (2.9);
At time t = 1y,

3 Predict Wy(t) over [ty,t + T') based on (2.16);
4 Solve Problem 2 for uj(t) over [ty,t; + T);

5 Set u(t) = uj(t) for all t € [ty tx +9).

Remark 5. Notice that the uncertainty does not depend on the inputs in our
formulation. When the system contains input-dependent uncertainties, the proposed
AMPC algorithm cannot be directly applied because the growth rate of the uncertainties
may be unbounded due to possible discontinuity in the input u(t). One possible solution
is to add constraints on the input in Problem 2 so that the change in u(t) can be
bounded. Meanwhile, the set Wk(t) has to be re-defined since it may grow in a
piecewise continuous manner. We will investigate state/input-dependent uncertainties

in the future.

Remark 6. Notice that the set Wy(t) provides a more accurate set-valued estimate
of the uncertainty, compared with the traditional min-max MPC which considers the
worst-case static set, €2, for the uncertainty. With more accurate estimates of the
uncertainty in Problem 2, the cost function J [ﬁ,A] can be further minimized which

leads to higher control performance.

2.2.3 Stability Analysis

This subsection discussion the stability of the AMPC algorithm. We first introduce

the following assumptions that are standard in MPC formulation [10, 19, 50].

Assumption 2. There exist a positive constant ¢ € RT, class K function 3, a;,

s : Ry — RY, and a function h : R™ — R™ with h(0) = 0 such that:
(i) X; C Ay 2 {x € X | h(z) €U}, and 0 € int(X});
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(ii) Xy is a RPI set for system (5.11) in closed-loop with w = h(x) and A(t,z) € Q;
(iii) L(z,u) > B(||z]|) holds for all x € X and all u € U;
(iv) ar(flzll) < Vi(z) < as([|zl]) for all z € Xy;

(v) The following inequality holds for all x € Xy, and w € Q.

avafig@ (f(z, h(x)) +w) < —L(z, h(x)) +c. (2.17)

With Assumption 2, the main result is presented as follows.

Theorem 1. Consider the system (5.11) controlled by the AMPC law. If
Assumptions 1 and 2 hold, then the overall closed-loop system is uniformly ultimately

bounded.

Proof. First, let us define multiple Lyapunov functions for the closed-loop system.

For any t € [ty, tks1), let

t+T
Vi(t,2) 2 min max / U L(@k(r), a(r))dr + Vi@t + T))
WUT)EU  A(r)eW, (1), Vreltty+T) Jt

where Z(t) is the predicted state at the kth iteration. Notice that given Z(t) = z,

we have

tp+T
min [ L@, @) + V@t + T)) < Vit o)
a0 (r)el, A(T)=0 1

tp+T
< min  max / LG (r), a%(r))dr + V(@2 + T))
W (r)eU  A(r)en Jt

where 29(7) and 2(7) are generated under (0,4°) and (2,4%), respectively. By

Assumption (iii) and (iv), we know that there exist two class K functions yi, x2 and
a positive constant ¢, independent of k, such that xi(||z]|) < Vi(t,z) < xo(||z||) + ¢.

With the Lyapunov function Vi (¢, x), we have

tp+T
Vi(tg, x(tg)) = min max / L(&(7),a(r))dr + Vi(2(ts + T))
a(r)eu A(T)EW(T) VTE[tR, tr+T) itk

_ /t:w L(&3(r), g (7))dr + Vi (@3t + 1))

T (te) =24 (tr) = x(ty)
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where Z5(t) and u;(t) are the optimal state and input, respectively, generated at
the kth iteration with the initial condition z(t),). Also, we use A%(t) to denote the
corresponding worst-case disturbance. Note that the input 4j(¢) will be applied to
the plant over the time interval [ty, tg11).

Next, let us define a feasible control input that can be applied at tx,1:

N A ’&Z(lf), vVt € [tk+1, tr + T)
11 (t) =
h(f]k+1(t)), Vt € [tk + T, teq + T)

where %11 (t) is the predicted state generated by @1 () with an arbitrary disturbance

Apy1(t) € Wi (1) over [tiyn, trsr + T). The corresponding cost is then

~ ter1+T
i1 (Upy1, Digr) = /t L(Z441(7), U1 (7))dT + Vi(Zpgr (b1 + 7))
k+1

Ty (trg1) = 2(tp).

We now examine the difference between V. and Ji, which is shown as.

1 (lgs1, AkJrl) — Vi(te, 2(tr))

ter1+T . . .
= ; L<xk+17 uk+1)d7' + Vf($k+1 (tk+1 + T)) — Vk(tk, x(tk))
k+1
tp+T . . let1 .
= ’ L(ZL‘k_H, Uk+1)dT + \ L({L', U)dT + Vf($k+1(tk + T)) —Vk(tk, ZL'(tk))
k+1 k
3]
tpp1+T R R R R
+ o L(Zgq1, Q)T + Vi(@ppa (b + 1)) = Vi(@pa (b + 7))
k
)
lkt1
- L(z,u)dr. (2.18)
ty

Integrating inequality (2.17) in Assumption 2 over the time interval [t + T, ;41 +

T), we have
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Let us now consider ®;. Notice that ®; is the cost of system (5.11) over [tg,t, + 1)

with the initial condition z(t), the input w}(¢), and the disturbance

At 2 AA(th(t))a Vt € [tk, tht1)
Apii(t), Vt e [tipr,ts+1)

Based on the definition of Wi(¢) in equations (2.16), we know Wy1(t) € Wi(t) for

t € [tep1, tr + T). Therefore, Ayii(t) € Wiai(t) € Wi(t) and A(t) € Wi(t). Also,

we realize that Vi(tg,z(t)) is the cost of system (5.11) over [tg, ¢ + 1) with the

same initial condition x(tx), the same input uj(¢), but the worst-case disturbance

over Wy(t). Consequently, we can conclude that ®; — Vi (tg, z(tx)) < 0. Applying

this inequality and inequality (2.19) into inequality (2.18) implies

N (7]
Test (@1, Apir) — Vit 2(t)) < dc — / L(z,u)dr.

ty
Since Ajy1(t) is any disturbance in Wi (t), we have
R ~ tr+1

~ max Jear1 (Upr1, Agr1) — Vie(te, x(ty)) < dc — / L(z,u)dr.

Ap1(T)EWk41(T) b
and therefore

Vier1 (teans 2(tegn)) — Vit 2(tr))
= min max Jk—i—l(ﬁk—kh Ak—f—l) - Vk(tk, l‘(tk))

U1 (T)EU Ag iy (1) EWk41 (1)

<dc — /tk+1 L(z(7),u(r))dr

ty

<sc— [ lla(r) s

where the last inequality comes from item (iii) in Assumption 2. Notice that for any
t € [t tes1), Vil(t,z(t)) < Vi(ty, z(tx)) holds. Therefore, by Theorem 2.5 in [10], we

can conclude that the overall closed-loop system is uniformly ultimately bounded. [J

2.3 SIMULATION

This section presents the simulation results that demonstrate the performance of the

proposed AMPC algorithm. The system under consideration is the simplified model
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of the short-period dynamics of an aircraft [51]:

—0.1686  0.9562 0
= T+ u+ A(t,x)
—0.4002 —0.3393 —1.5313

where the state © = [, 2»]" includes the angle of attack and the pitch rate and
the input wu(t) represents the elevator deflection. The state must satisfy |z1(t)] < 2
and |zo(t)] < 2 for any ¢ > 0. The input constraint is —2 < wu(t) < 2. We set
the prediction horizon to be T" = 1.5 and § = 0.1. The running cost function is
L(z,u) = 2"z + 0.01u"u and the terminal cost function is Vy(z) = 2" 2. With this

setting and Xy = X, Assumption 2 can be verified.

AMPC

-~ ' ' — — — Min—Max MPC

Time

Time

Input

Time

Figure 2.3: Comparison between AMPC and min-max MPC

In the first simulation, the external disturbance is assumed to be a sinusoidal
signal A(t,x) = [1,1]" sin(0.47t), which is independent of the state. The system
is run for 10 seconds. We compare the simulation results with the min-max MPC
approach. Figure 2.3 shows the state trajectories of the systems under AMPC (solid

line) and min-max MPC (dashed line). From the top two plots, we see that z; by

35



AMPC stays much closer to the origin than that generated by min-max MPC, while
the trajectories of x5 are comparable for both cases. The input trajectories are also
comparable as as shown in the bottom plot, which suggests that AMPC admits a

smaller cost over the running time.

2 T T T T T T T T T
1r / -\‘ e o -
Q /N 7 o - ~
..‘E 0 I/ \ - = ~ . - =
2 \ 7 S -7 -
1 F \v,’ x|
_____ X2
_2 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
Time
4 T T T T T T T T T

Input

_4 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

Time

Figure 2.4: The states and the inputs generated by AMPC

36



State

Input
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— — — Min-Max MPC
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Time
4 T T T T
AMPC
o — — — Min-Max MPC |-

Time

10

Figure 2.6: Comparison between AMPC and min-max MPC
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The second simulation considers state-dependent uncertainties, where

0.3 0.1 0.2sin(0.47¢)
At,x) = x +
0 —-02 0.2 sin(0.47¢)

Figure 2.4 shows that the system under AMPC achieves similar performance to the
first simulation, which is not surprising. Figure 2.5 plots the predicted set of the
uncertainty, Wy (t), over [ty,t, + T), computed at ¢, = 3 using equations (2.15). It
can be observed that the expansion of the set is consistent to the plot in Figure 2.2.

The third simulation examines whether the proposed AMPC algorithm can be
applied to tracking problems. The objective is to transfer the output y(t) = x; to

the reference level 2, i.e., y(t) tracks 2. The running cost function is
L(z,u) = (21 —2) " (z; —2) +0.01u"u

and the terminal cost is chosen to be Vi(z) = (21 — 2)"(x1 — 2). The trajectory of
the output y(t) obtained from applying the AMPC algorithm is plotted in Figure 2.6.
Again, it is compared with the output of the min-max MPC approach with W, = (2.
Thanks to the adaptive estimator and the reduced feasible set for the uncertainty
Wi(t), we can see that the performance of the proposed AMPC is superior to that of

the min-max MPC from Figure 2.6.

2.4 (CONCLUSION

As discussed in context, the proposed AMPC algorithm enhances the control
performance by increasing estimation and prediction accuracy. We realize that timing
is very important in this framework: (i) the estimation error can be very small with
a short sampling period in adaptation; and (i7) if the uncertainty changes fast, the
set Wy (t) will converge to 2 very soon in prediction, which minimizes the benefit of
using adaptation (similar situations happen when the prediction horizon is overlong).

Further work will be done to study the impact of timing parameters on control
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performance and AMPC feasibility. Another observation is that the entire framework
in this chapter is continuous-time, which matches the idea of fast adaptation in the
adaptive control literature. However, implementing such continuous-time AMPC
will be computationally expensive. The continuous-time min-max optimization in
Problem 2 is challenging, especially when the plant is nonlinear. A more reasonable
way is to seek discrete-time AMPC algorithms, even for continuous-time plants. The
recent advances on sampled-data systems in fact provide the possibility [52, 53].
This is also one of the reasons to introduce the piecewise constant adaptive law, as
mentioned in Remark 4. Developing discrete-time AMPC algorithms will be the work

to be done in the future.
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CHAPTER 3
LEBESGUE-APPROXIMATION-BASED MODEL
PREDICTIVE CONTROL FOR NONLINEAR

SAMPLED-DATA SYSTEMS WITH MEASUREMENT NOISES

For computer-controlled systems, the MPC algorithms should be in discrete-time in
order to implement on actual systems. In this case, the sampling and computation
of optimal control inputs are triggered in discrete-time manners; and the models
used in the finite-horizon optimal control problem (FHOCP) are discrete-time. This
chapter presents a discrete-time MPC algorithm, based on Lebesgue approximation,
for nonlinear sampled-data systems. In this algorithm, the sampling instants are
triggered by a self-triggered scheme. The predictive model in the FHOCP is iterated
in an aperiodic manner subject to the Lebesgue approximation model. Sufficient
conditions are derived on feasibility and stability of the closed-loop systems with the

guarantee of exclusion of Zeno behavior.

3.1 PROBLEM FORMULATION

Definition 1. A continuous function o : RT — Ry belongs to class K if it is strictly

increasing and a(0) = 0,limg_,, a(s) = oo.

Definition 2. The state x(t) of a system & = f(x) is called uniformly ultimately

bounded (UUB) with wultimate bound b if there exist positive constants b and c,
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independent of to > 0, and for every a € (0,c¢), there is T = T(a,b) > 0, independent

of to , such that ||z (to)|| < a implies ||z(t)|| < b for anyt > to+T.

Consider a nonlinear continuous system:

w(t) = f(x(t), u(t)), =(to) = o (3.1)

where x € X C R" is the system state, u € Y C R™ is the control input, and f : R™ x
U — R™. The sets X,U are the constraint sets on the state and input, respectively.
We assume f(x,u) is locally Lipschitz, i.e., there exists a positive constant L; so that

Ve,y € X, u €U, the following inequality holds:

1f (2, u) = fy,u) < Lyllz —yll.

The main idea of MPC is described as follows: at time ¢, the system obtains the
sampled state Z(t;) and uses it as the initial point, the controller solves the FHOCP
over the prediction horizon [tx,ty + T}, where T}, is the horizon length, and identify
the next sampling time instant ¢;,;. Then the calculated optimal control input will
be applied to the plant over the time interval (tx11 < t; + Tx). The next sampling
and prediction will start at 5.

We assume the sampled state contains measurement noise, i.e.,
z(ty) = x(ty) + w(tx)
where w(t) is the noise satisfying
lw(te) < o- (3.2)

In our discrete-time MPC framework, the sampling time instants and the
calculation of FHOCP must be discrete. In general, the next sampling time

can be expressed as

thr1 = Ui + P
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where ¢, € RT is the inter-sampling time interval to be defined. The cost function
of the FHOCP at the kth computation is
t+ T,

Jlala(ty)] = /t L(#, @)dr + Vi (&t + Ti)) (3.3)
where 2 : RT — R" and 4 : R™ — R™ are the predictive state and input, respectively,
L :R" x R™ — R™ is the running cost function, and V; : R* — R* is the terminal
cost function.

Our objective is to design a design a completely discrete-time and cost-efficient
MPC algorithm to stabilize system (4.10), in the presence of measurement noises and

state/input constraints.

3.2 LAMPC ALGORITHM

This section presents the LAMPC algorithm. To begin with, we define the LAM for

FHOCP starts at time ¢, ,

gt =20 4 4zt D’i? 20 = 2y
T e
i
pirl g k40 _y (3.4)

diy, = f(3}, ),
where &, 4%, and Di = D(#%, 4} ) are the predictive state, input, and state-dependent
discretization level of LAM at the ith iteration, respectively. The threshold function
D :R" x R™ — R* will be discussed later.
Let N € N be the number of iterations, and the horizon length can be described

as T, = ti — 7. Using zero-order-hold approximation #(7)%%,a(7) = 4} for any
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7 € [ti, tith), and the cost function (4.11) can be rewritten as

N1 i+t
Jaela(t)) =Y [ L), a(r)dr + Vi)
=0 k
N-1 ]
= 3 L@ ) — ) + Vi)
=0
N-1 b g Dz
= 3 L@ ) i + Vi),
=0 k

Then we can state the FHOCP at t; as a discrete-time optimal control problem with

20 = T(ty):

) l)Z
subject to 24T = &% 4 dit -t T ) =0,1,---,N—1 (3.5)

e X, Iy € Xy =Xy
where X; are the constraint on the predictive state %, and Xy is the set of terminal
states.

Let @7* (i = 0,---,N — 1) be the optimal solutions and 27" € X; be the
corresponding optimal states. Accordingly, d#i and Di (4.1) in (4.12) can be
represented as

Dy = D@ al), dil = J(a i)
With the optimal solution, we can define the next sampling time instant ;.1

following the time iteration as (4.12)

. D

The LAMPC algorithm is summarized as follows.
Table 3.1: LAMPC Algorithm Routine

At time £ = £,

1 Sample the state and obtain x(t);

2 Solve the FHOCP (4.13) for iz*, "

3 Apply the optimal solution uk’ to the plant, i.e, set u(t) = 722* over [tg, tii1);
4 Start the next sampling and computation cycle at time t;,; defined by (3.6)
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3.3 FEASIBILITY

In order to guarantee feasibility of LAMPC, the constraint sets &; in the FHOCP
must be correctly defined. Notice that we do not have direct access to z(t), but only
access to :EZ* Therefore, to ensure z(t) € X, the idea is to reduce the constraint
set X by certain amount to obtain &; and hopefully a?r,lg* € X can imply z(t) € X.
To begin with, we first study the error dynamics between the LAM (4.12) and the

continuous-time dynamics (4.10). Let z(¢) be defined as
2(t) = Z(ty) + day" (t — ), V€ [ty tera.
Note that z(t) = 27" = Z(ty) and z(tpy1) = 2

Lemma 1. Consider the system (4.10) and the signal z(t), then for any t € [ty, tgi1],
the following inequality holds

~0,%

D ~0, %

k Dk

N L — L — ke
z(t) = 2(t)|| < e = Dg’*(e Mhaa T _ 1)+ oe P
where ¢ is defined in (3.2).

Proof. According to the definition of z(¢), we may get that
s=di)t = f(2",00%), V€ [tr, trr).

Let us set the error as e(t) = x(t) — z(t), and we can get its dynamics as:

et) = fx(t), ") — f(2(te), @)
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which leads to the inequality
D)) < lleco)|
= || £(x(t), ") — f(
< Lylle(t) ~ 7t
= Lylle(t) — =(1) + =(6) — ()]
< Lyllet)l| + Lyll2(t) — 2(t6) + =(t6) — (1)
< Lyllet)]| + Ll12(6) ~ =(5)]

< Lylle®)]| + Lylldzy™ (¢ — ti)]

I
VS
~

>
N—
<>
>~o
*
N—

< Lylle®)ll + Lyllday” (tear — ti)
= Lelle)ll + Lyllday ™| o

= Lylle(t)|| + Ly Dy"

Solving the inequality with [|e(tx)]| < o, we obtain

le(t)|| < DY* (Pt — 1) 4 gebrlt=t)

< DY (et =h) — 1) 4 st 0

DO* DO*

) Ly—k Ly—bk

= D0*(e "1 1) 4 ge e
for any t € [tg, tgy1]. O

Let
e =supe, = max D(x,u)(e LiTrea — 1)+ oe Ly Tran

rzeX ueld

and
X2 X — 2

where &) is the Pontryagin difference between X and a ball B(2¢) centered at the
origin with the radius 2¢ as it shows in . With the result of Lemma 1, if Z(ty) €

X —¢€,x(t) € X can be guaranteed for any ¢ € [ty, tgi1)-
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Figure 3.1: The relationship between X and X}

Assumption 1. To ensure feasibility, we assume that for any v,y € X, u € U, there

exists a positive constant Ly such that

Sz, u) [y, u)
1S (2, ) 1/ (y, w)

and there ezists a function h(z) : R" € R™ h(0) =0 such that

1D, w) = D(y, u) HH_Lﬂw—MI (3.7)

0 €int(X;) (3.8)
X +e(Ls + D)V CAy £ {x € Xy_1|h(x) €U} (3.9)
€ X +e(Ls+ 1)V =2+ D(a, h(x))% € Xy (3.10)

And we construct an admissible control input for the LAM at the (k + 1)th

computation with the initial condition 29, = x(tj41):

| a7, i =0,1,--- N =2
Ug+1 = ' (3.11)
We compute the optimization input from 0 to (N — 1)th step in each computation

cycle. As a result, the ith control input calculated in the current cycle can be mapped

to the (¢ — 1)th input in next iteration.

46



With @, and 2}, = Z(ts+1), the LAM can generate the states at the (k + 1)th

computation cycle as 2§, ;. Then we will study the difference between #}_' and i

Lemma 2. Given inequality (3.7), the following inequality holds

||£;€+11 AZ*H < Ek(Ls + 1)1'—1’ 1=1,2,--- ’N.

Proof. Let’s prove the statement using mathematical induction. To begin with, it

is obvious that the inequality agrees with the conclusion in Lemma 1 for ¢ = 0

Assuming the inequality holds,

According to (4.12), we can get that

i+1, f(i"z Uz)
AT * AZ* AZ* AZ* )
Ty, + D(& 4 ) i
! [ f(2g", @)l
@00
~i—1 ~i—1 fb* 1
ka —x§c+1+D($2+17 h )Hf( P 1 Az*)H-
Ly
Therefore,
nidl,
|40 — 27|

~i—1 ATk

_HAz 1 (Az 1 AZ*) f(xk-l—lauk

)
L, L, - -
o @ )
.’i’z 1 Az*)

A A A A~ f( k 1auk ATk ATk
<125 — & + ID(@5h, 4 = D(&", oy )—
@i )l 1f(@

Alyk ALk ATk (i‘;c ) ;c
| - xk D(xk 7 ) ,\7, z
k

According to (3.7), we can get that

1 — 24771

< (L+ Lo)llah — 27|
S €k<Ls + 1);0’

which finishes the proof by following the same rule of initial assumption O

According to Lemma 2, we can define the reduced constraint sets in the FHOCP

at each iteration as

X 2X—e(d (Le+ 1) +1),i=1, N—1 (3.12)

47



And Figure 3.2 shows the relationship between X and constraint set Aj.

Figure 3.2: The relationship between X and X

Theorem 1. With (3.12) holds, along with the assumptions of (3.8)-(3.10), the
FHOCP of (4.13) is always feasible.

Proof. We will prove that for xz* € X;,1 = 1,2,--- | N, there always have ﬁ};H €
X;, 2., € Xy and 4., € U as previous iteration, which makes it exists a feasible
solution @, of the optimization problem (4.13) at the (k + 1)th iteration.

To begin with, let us show that 4}, € U,i =0,1,--- , N — 1. Based on (3.11),
we may get that @f,, = @ " € U,i=0,1,--- ,N —2. Asit for i = N — 1, we can

get that
&5t — &) < Lo+ DY B e Xy
according to Lemma 2. With (3.9) holds, it may conclude that
N eX+e(Ly+ D)V C Ay (3.13)

which ensure that @, ;' € U.
Secondly, we will show that i‘}iﬁl cdXj,i=1,--- ,N—1and :/%{CVH € X;. Based on
(3.13), we may have 2}, € X; according to the assumption of (3.10). Meanwhile,

we can get that

Hﬁc-;—l AZ—H*H <e€(Ls+ 1) ) AZH* € Xy, xkf € Xy C Xy
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with Lemma 2 holds. Then we conclude that

‘,%ZJrlE'X%+1+€(Ls+1>i:X—G(Z(Ls+1)p_l+1):Xi7 i=1,---,N—1.

p=1

which completes the proof. O

3.4 STABILITY

This section discusses stability of the closed-loop system. Before presenting the main
results, we will first define the threshold function D(x,u) because this function will
directly affect system stability. If the threshold lA)}C is too large, the LAM may

significantly deviate from the actual system, which may lead to instability. Let

el el
D(z,u) = I, log( {Hf( ik 0} +1) (3.14)

where ¢ is an arbitrarily small positive constant and p is a positive constant to be

determined. Such a choice of the threshold can avoid Zeno behavior since ”?((:f’;‘))” >
891 always holds and therefore ¢! — ¢f > 180+ 5+1 according to (4.12)
Assumption 2. Assume the following inequalities holds:
L(z, u)
Bllx|]) < ————=, v(||z||) < D(z,u), Vi(x) < af|lz 3.15
(=) 7 ()] (zl]) < D(z,u), Vi(z) < a(|]]) (3.15)
f(z, h(z)) D(z, h(z))
Vi(x + D(x, h(x)) ) — Vi(x) < —L(x, h(2)) —7——r (3.16
et Dl MO happ) V1) D h@) )

where L(z,u) is the stage cost function; 5,v,a : R — R are class Ko functions.

Besides, we assume there exist the following Lipschitz continuous conditions

Vi) = Vi) <Lv;[lz =y

D(y,u)
1/ (2, )H YWl

Note that the inequalities are common assumption conditions in MPC algorithms.

| L, u) =

| <Leflz —yll.
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Theorem 2. Suppose the hypotheses in Assumption 1, 2 along with Theorem 1 hold,

if there exist the condition that

”M > BT — 1), pe (0,1)
’(L + )NV (3.17)
0 =L~ 7 + Ly, (L, + D)V
2 0
J(te)]| 2 ma{y™ (2). 7)) (3.18)

the system (4.10) under the MPC algorithm (4.13) is UUB.

Proof. Let J[tg+1]Z(tk41)] be the cost of the FHOCP generated by j,,, in (3.11)

with initial condition Z(¢;1). Consider

J[g1 |2 (trr1)] = V(Z(tr)) (3.19)
N-1 b
= L%, Uy Jhi + V(@) — V(Z(t))
= | k+1”
= Al ~7 D;H-l AN—1 ~N-—1 Eliv-l—_ll ~N—-1 ~AN—1
= L($k+1>“k+1>7dA + L<$k+1 » Uk41 )Ny a1 + Vf(l'k+1 ) — Vf($k+1 )
= |dz, 4] |dZy |
A A * A * l/jo* A * A * DO* —
VR @)+ LG8 e = O ) e — V@)
= ~7 Dz ~N—1 ~0,% AO* Dlg* =
<{ Z L(xk+1vuk+1)dT + Vf($k+1 )+ L(2 2y ) o NI V(z(te))}
= |dZ] 4] [z
(3N~ 1 AN—1 Dljcvﬂl Ve(2N Vo (aN-1VY — [(30% 70 DO’*
k+1

and we mark the first two parts of polynomial as ®, ¥. According to (3.16), we may

get
D!

\Il L(‘%}]Cvﬁ-ll?ﬂ{cv—f—ll) HdA H
kJrl

+ Vf(*rk—l—l) vf(fllcv—i-ll) <0, (320)

N—-1 ~N—1
. AN— AN—1 AN—1 AN—1 ~N—1y F@ )
since Uk+1 = h(Zypyr ) and &y = &4y + D(Ey s Ty )—”f(zile A Dl

Let us consider about the sign of ®. Note that the first term of ® can be written

as

=2 L Dlﬁ:—l—l L ~1—1 i 1 ﬁllcjl-ll
Z xk—l—lv uk+1 || || Z Lht1> k+1) ||dAz 1 H
i= -‘rl =1 k+1
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According to (4.13),

N-1 Dlzc* N

—_ A >|< A *

V(z(ty) =Y L&y, 05 i (2, 7)
=0 Hd Ty ||

And we can rewrite ® as
-1 i—1 Py, %
. . D ik Dy .
U= L 957c+117 2+11 dAkH Z L 2:*7 2* A% + Vf(xk:-i-l ) Vf(ml]cv*)-
P [ty [ —— [day" ||

By the Lipschitz conditions of Assumption 2, along with Lemma 2, we can write the

inequality as

N-1
Al Az * A ~ N %
U< Lellaigh — @7l + Ly, 123" — 27l
i=1
N-1
< Lcek(Ls + 1>i_1 + vaék(LS + 1)N_1 (321)
i=1
éﬁke
Then we may represent (3.19) as
AO,>s<
~ ot = /\0 * AO *
Ly

with the conclusion of (3.20) and (3.21). Therefore, it may establish that

V(Z(tey1)) — V(Z(te))

= mln 41| (tgs1)] — V(Z(tx))

gy
DY
;"]
N Dpo* po*
. O DO,* A 0. L k L k
= — L(2}", ay )—Hdi’g,*” + DY (e Phaal™ _ 1)0 + o(e Taal™ —1)0+ 00
k
L AO* AO* R
(xkvk)(,_pD —p0')+09

T lr@ER a)l

with the definition of ¢, and (3.17). Besides, we may get

DY* — pDY* > 2p0
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by combining the conditions of (3.15) and (3.18). According to the definition of
B(||lx]]) in (3.15) and (3.18), the preceding inequality implies that
L)
GRS
<~ B(la(te) oo + o8

V(@) = V() < po + ob

(3.22)

<0.

Meanwhile, by (3.16) in Assumption 2, we can get that
Vi(ap™) = Vi(ay) < —L(3), h(@}))
Summing up the inequality above for ¢ =0,1,--- , N — 1, then it may have

together with (3.22) holds, it implies that Z(¢;) will be uniformly ultimately bounded,

which also leads to the conclusion that z(t) is UUB. O

3.5 SIMULATION

This section shows how the LAMPC works on a nonlinear system with measurement
noises. We consider the crane model in [54] with the excitation angle ¢ and the

horizontal trolley position p:

p(t) = v(t)
0(t) = u(t)
o(t) = w(t)

w(t) = —gsin(¢(t)) — u(t)cos(p(t)) — bw(t)
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where z = (p,v,¢,w)? is the state and u is the control input. The control input
must satisfy —0.5 < wu(t) < 0.5. Besides, we use the parameters b = 0.2J and
g = 9.81m/s?. The measurement noise w(ty) satisfies ||w(ty)]| < 0.05.

The running cost function and the terminal cost function are defined as
L(x,u) = [f(z,w)] - (|2 + [u[ + 1), Vi(x) = 5]z|.

The threshold function D(x,u) is defined by (3.14). The BARON solver [55] is used

to solve the nonlinear FHOCP.
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Figure 3.3: The state and input trajectory generated by LAMPC
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As it shows, Figure 3.3 plot the the state and input trajectories of the system.
It is obvious that the system converges to a small neighborhood of the origin and
the constraints are not violated. Figure 3.4 plots the trajectory of V(z(tx)). We can
see that V(z(t;)) keeps decreasing until being close to zero. This is consistent to
the theoretical results. And Figure 3.5 shows the history of the inter-sampling time
intervals generated by the self-triggered scheme (top) and the length of prediction
horizons at each sampling instants (bottom). It is clear that those intervals are
time-varying until the state stays around the steady state. Also notice that they are

strictly greater than zero.

3.6 CONCLUSION

This chapter presents a LAMPC algorithm for nonlinear continuous-time systems
with measurement noises. A self-triggered method is used to trigger the sampling
and computation and the LAM is designed to discretize the FHOCP. We show that
with appropriate design of the threshold function in the LAM, even when the sampled
state contains measurement noises, the LAMPC can still guarantee the system to be
UUB. Meanwhile, this work can be applied to output-feedback systems as long as
the observer is well designed such that the error between the estimated state and the

actual state is uniformly bounded as stated in (3.2).
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CHAPTER 4
ExpLICIT ADAPTIVE MODEL PREDICTIVE CONTROL
FOR NONLINEAR CONTINUOUS-TIME SYSTEM WITH

UNCERTAINTY

As we discussed in Chapter 2, adaptive MPC (AMPC) may practically achieve
stability in the presence of uncertainties with tight estimation and prediction.
Nevertheless, the existing work focuses on continuous-time controllers where the finite
horizon optimal control problem (FHOCP) is formulated in continuous-time. Solving
such an FHOCP online will take a significant amount of computation resources. It
will prevent applications of AMPC in systems with fast dynamics. Moreover, in
practice, many controllers are implemented in digital environments, which require
discrete-time control algorithms that can comprise intermittent sampling and task
jitters in the system.

This chapter investigates an explicit adaptive model predictive control algorithm
for nonlinear continuous-time systems. In this algorithm, we develop a discrete-time
adaptive estimator to approximate the discretization error over the prediction horizon
and the upper bound of the estimation error is derived. The finite-horizon optimal
control problem (FHOCP) is formulated in discrete-time subject to the linearized
system model and the state/input constraints. And multi-parametric programming
is applied to find the explicit solution to the proposed FHOCP as a function based on
current state and the estimated uncertainties. Given the resulting close-loop system

with mixed continuous/discrete-time behaviors, we derive sufficient conditions on
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feasibility of the proposed EAMPC and show that the system will be uniformly
ultimately bounded under the proposed algorithm. Finally, we provide simulations

to demonstrate the performance of the algorithms.

4.1 Basic or ExprrLiciTt MPC
Consider a linear discrete-time model
Tpr1 =Axy + Buy (4.1)

where zj is sampled from the plant, U, X’ are the constraints to the input and state

with the shape of polyhedral as

U :{U S Rm‘umin < Ui < Upag
(4.2)
X :{LL‘ € R”|:L‘mm <z; < xmam}

where Upmin, Umazs Tmin, Tmae are scalars and u;, x; are the elements of the input and

state, and Xy is the terminal set that the final state stays inside. Meanwhile, we

define J[ug|zk] as the system performance with

1 1
Lz, uy) :ixZka + iu;fRuk

1
F(zy) zéx%PxN

as stage cost and terminal cost, and @), R, P are semi-positive symmetric matrices.

We can always present the future state as
Tppi = Ay + Y A Bugeyi1-j.
=0

By using it to substitute the states into (4.1) and (4.2), we can represent Problem 3

in the form as
1
V.(ry) =min 2" Hz
© 2 (4.3)
s.t. Gz <W + Sz,
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T
where 2 & U + H'FTz,, U = Up Upyr - Upsn—1| and H,G WS are
the matrices of appropriate dimensions. The problem of the multi-parametric

programming can be solved through Karush-Kuhn-Tucker (KKT) conditions as

Hz+G"'X=0, A e R
Ni(G'z — W' — S'zy) =0,
)\i 2 O, ]: 1,...,q

Gz—W — Sz, <0.

And we can get the inequalities

GH'GT(GH'GT)'(W + Say) <W + Sxy "
4.4

(GH'GTY (W + Say,) <0

for active constraints where S, G, W are the matrices constructed by the rows in
original matrices for A; # 0. Then we may get the critical region Ry satisfying (4.4)
and divide the constraints set into different regions R; - - - R5 based on the boundary
of the Ry as it shows in Figure 4.1. In this case, the optimization problem gets
simplified and the optimal solutions and be presented by the central point of each

polyhedron once x gets into corresponding area.

Figure 4.1: Division of Constraint Set X

For the process of selecting active constraints on composing (4.4) and dividing

corresponding regions can be pre-computed offline, we can get the full sequence of
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optimized solutions by applying sampled state z; during online computation and use

the element wu; as the current input.

complex real-time computation compares with common MPC approaches.

4.2 Expricit MPC SCHEME

In conclusion, explicit MPC does not need

In this section, we will provide the approach for solving the optimal problem as

Problem 3. We can always get zj,; in terms of z(ty) and U = [uy, ..., un_1]" so that

the summing function can be represented as

N—1
JU|z(ty)] = Z (mgﬂQ@{ﬂ' + UgﬂRUgﬂ‘) + I£+prk+N — ;. Quy,

0

~

Tk+1

Lh+2

Tr+N

T -

0

0

Meanwhile, we can present the states vector as

Ll+1

Tk+2

Lk+N

A
A2

AN

l‘k"‘

0 Tk+1
Tpt2
+
0
Pl | TN
B 0
AB B

AN—lB AN—2B

U

Uk+1

Uk4+N—-1

Let us make A = [A, ..., AN]T and present the matrices as

B 0
_ AB B
B pu—
AN_lB AN—QB

0

Q 0
a— | ¢
_0 0
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And we can get that

J[U|x(ty)] =[Azy + BU) C[Ax), + BU] + UT DU
=2t ATC Ay, + 20F ATCBU + UTBTCBU + UTDU

so that we may determine that H = 2D, F = 2ACB. If we have boundary condition

as
Tpri <v, 1=0,1,---,n
where v is the upper bound of the element, then it can be presented as

_ _ T
Az + BU <V, WhereV:{U v o W

IXNn

which makes the shape of constrain set X as a convex polyhedral. We can represent

Problem 3 as
min J{Ulz(t)] =z} ATC Az, + 22 ATCBU + U"B'GBU + U DU
BU <V — Az,
and we can set G = B,S = D 'ACB — A. Then the parameters of (4.3) get

determined, and we may solve the problem via using multi-parametric programming

as previous section.

4.3 PROBLEM FORMULATION

Notations: We denote by R™ the n-dimensional real vector space, by RT the set of
real positive numbers, by R{ the set of real non-negative numbers, and by Z{ the
set of non-negative integers. We use || - || to denote the Euclidean norm of a vector
and the induced 2-norm of a matrix. Given a positive constant d, let B(d) = {z €
R™ | ||z|| < d}. Given two sets X, S CR", X + S is the Minkowski sum of these two

sets.
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Definition 1. A continuous function o : Ry — R belongs to class K if it is strictly

increasing and «(0) = 0.

Definition 2. The state z(t) of a system & = f(x) is called uniformly ultimately
bounded (UUB) with ultimate bound b if there exist positive constants b and c,
independent of to > 0, and for every a € (0,¢), there is T = T(a,b) > 0, independent

of to , such that ||z (to)|| < a implies ||z(t)|| < b for anyt > to+T.
Consider a nonlinear multi-input-multi-output (MIMO) state-feedback system:
& = f(z) + Bu(t), x(0) =z (4.5)

where x : Rf — X is the system state, u : Ry — U is the control input, f : R" x
R™ — R™ is a known nonlinear continuously differentiable function. The compact sets
X CRI.U C R describe the state constraint and the input constraint, respectively,

i.e.,
x(t) e X, u(t) el
must hold for any ¢ > 0. Besides, we assume f(x) is locally Lipschitz that satisfies
1 (x) = FW)Il < Lellz =yl (4.6)
for any x,y € X, where [, € RT. Then we can get that
1F @) < le max 2] = frnax. (4.7)

Let T to be the sampling period. So the state x(t;) is sampled at ¢, = kT. Let us
denote xp = x(ty) for simplicity.
When the sampled state z; is obtained, a discrete-time N-step FHOCP will be

solved. And the FHOCP with z} = 2 under EAMPC framework is formulated as
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follows:

Problem 3: min J[ug|zy, oy
ul el

st. ottt =20 + BTu), + Toy, i=0,1,--- N — 1

T € X, Iy € Xy = Xy (4.8)
where
& iT =i —iT i =NT p=N
Jlu|zg, o%) = > (2}, QT), + uj, Ruy) + )y Py (4.9)
=0

Ti ul are the predicted state and input generated at tp,; = (k + i)T at the kth
computation cycle. In this formulation, @), R, P are semi-positive symmetric matrices,
o is a parameter that estimates the discretization error at t;, and X is the constraint
set used in FHOCP of the predicted state. The optimal solution u%* will be applied

to the plant as the input during t € [tg, tgy1), i-€.,
u(t) = ay™, Yt € [ty tepr).

We may present the system dynamic of (4.8) as
i—1
b = A+ Y_AEu T, g = (75 Tox]
=0
where A = [I,, I,;0 I,],E = [BT; 0]. And we are going to use the approach of
explicit MPC to solve the optimize problem as previous section during each prediction
iteration.
Finally, the next computation cycle starts at ;4,1 by solving the same problem
but a different initial state a_:g 41 = T4 and a different parameter o1, in order to get

a close-loop FHOCP. The control objective is stabilize the continuous-time system

under the framework (4.8).
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4.4 ADAPTIVE ESTIMATOR

In this section, we design the discrete-time adaptive estimator. To begin with, let us

take integral on both sides of equation (5.11) over [ty, txi1)

tet1

/:H T dt = (f(x)+ Bu(t))dt

ty
which provides the discretized system

th+1
Tpe1 =T + BTuy + f(z)dt (4.10)

ty
where uy, = u(ty) as u(t) is a constant over [tg, txi1).

Let us consider the adaptive estimator

i'k-i-l :FGk + Tk + BTUk + TO'k, fo = 29 (411)

where Ty is the state of the estimator, €, = &) — xy, I' is an arbitrarily chosen positive

constant over (0, 1), o is estimated by the following adaptive law

O = —;Ek+f($k). (412)

Note that the estimator runs independent of the optimizer.
Lemma 1. Consider the system (4.10) and the estimator (4.11). The inequality

1F(x) = oxll <o (funax + max | Bull)(t — t, + T'T)
e (4.13)
2ot — tr)

holds for any t € [ty, tyrn), where foax is defined in (5.12).

Proof. By (4.10) and (4.11), the error €, satisfies

e =Tf (@) — [ oyt

tk

=T f(xr) = Tf(x(y))
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for 7;f € [tg,try1) by applying the first mean value theorem. Equation (4.12) also

implies that

Ok+1 = _T€k+1 + f(@rg1)-

Therefore, it exists that

orr = Df (7)) = Tf () + fwri)
for all k € Zg. Consider the difference between f(x) and oy, for t € [ty, trin):

1/ () = ol

<If (@) = fleo)ll + 1 (2r) — oxl

<|f@) = F)ll + | -Tf () + T )|

<lo|lz(t) — ill + LT |2(7 1) — 2l

Sl frvax + max [ Bul)(t — ti + T'T) £ ¢(t — ty)
and the proof gets finished. O
Remark 1. The bound ¢ can be arbitrarily close to 0, if T is small enough and I’
is close to 1. It implies that when the sampling rate is high enough, the estimation

error can be very small. Besides, oy, is always converges to f(x) as the system reaches

stability.

Lemma 1 suggests that we can use the constant o to approximate f(x) over the
prediction horizon [t, ;. n) and formulate the discrete-time dynamics constraint by

represent the system in (5.11) as follows:
it = 7 + BTu,, + Toy,

where z(t1;) = Z&. It shows the routine of EAMPC in Figure 5.3 with corresponding

description as Table 5.2.
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Plant x(tx)
& = f(z) + Bu(t)

Adaptive Estimator
Tr41 =l'ex + x + BTup + Toy,

Ok

y
_ 0. MPC Algorithm

min J[ﬁk|xk,ok]

u; €U -—

st. ! =z}, + BT}, + Toy
Ty € X;, T3 € Xn = Xy

Figure 4.2: The Procedure of EAMPC

Table 4.1: EAMPC Algorithm Routine

1. At tx, run the estimator defined in (4.11) and compute oy by (4.12);
2. Solve the FHOCP in (4.8) with the parameters ) and oy;

3. Apply ﬂg’* as the input to the plant for ¢ € [ty, tx11);

4. Repeat Step 1-3 until the state researches the destination.

4.5 FEASIBILITY ANALYSIS

This section discusses the feasibility of EAMPC. To begin with, we are going to
discuss the condition which may ensure z(t) € X under the constrains of (4.8). The
basic idea is making X; to be a reduced set of X based on the difference between

z(tyy1) and 7}, so that ) € X} implies x(t) € X for t € [ty,t;.1]. Let us construct a
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continuous-time system over t € [ty, tgp11] as
i, = Buy™ + o, = Buy, + oy, 2(ty) = 2(t),) = 10 (4.14)
according to (4.8), so that
2k(t) = zk(ty) + (Buy + og)(t — tx,) (4.15)

and zx(tr41) = 7. Consider the error between z;(t) and z(t) over the time interval

t € [tg, tp+1] with same control input @y and initial state 2(ty), the following Lemma

holds.

Lemma 2. Consider the systems (5.11) and (4.14), the following inequality holds
[2(t) = z(B)]] < TH(T) (4.16)

for any t € [ty, tyia].

Proof. Comparing the systems (5.11) and (4.14), we may get the dynamic of error

e(t) = z(t) — z(t) as
e = f(ZU) — Ok
which may lead to the differential inequality
L)l <lf@) - ol
dt (& ~ T Okl
Then we may solve the inequality as
eIl <To(T)
for any t € [tg, tit1]. O

With (4.16) holds, we may define the constraint set &} and ensure z(t) € X over

the prediction horizon by the following theorem.
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Theorem 1. Assume the hypotheses in Lemma 2 holds, if x(ty) € X —B(T'¢(T)) and

set
X, 2 X —2B(To(T)) (4.17)
then x € X for any t > to under the model of (4.8).

Proof. We may present zx(t) as

t—t

Zk(t) = (1 — G)Zk(tk) + sz(tkﬂ), 0= ———
U1 — Uk

based on (4.15) for any t € [ty,tg.1] so that 8 € [0,1]. Let us discuss the statement

in a recursive way. Firstly, at the moment of ¢y, we have
20(to) = x(to) = 25 € X — B(T$(T))
with the assumption holds, and we may also get
20(t) = Iy € Xy = X — 2B(T¢(T)).
In this case, we may find that
20(t) € X — B(To(T)), t € [to, t1]

as X — B(T¢(T)) is a compact set for both of zy(to), 20(t1). According to (4.16), it
may imply that x(¢) € X for any ¢ € [to,t1]. Secondly, for the situation of ¢;, we may
get that

2(t) = a(t) = 21 € Xy + B(TH(T)) = X — B(TH(T))

with (4.16) holds. Together with the definition
2(ty) =7y € X =X = 2B(To(T))

we may get that
Zl(t) e X — B(T(b(T)), t e [tl,tQ]
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and z(t) € X for any t € [t1,t5] as similar as previous iteration. And the proof gets
completed by keep the processing along the prediction horizon with the conclusion

that x(t) € X for any t € [tg, tgy1]. O

Let us construct a control sequence for (4.8) at the (k 4 1)st FHOCP with the

initial condition ), = xy41 as
—it1, .
u, ", i=0,1,--- N =2

ﬂ?c+1 - . (4.18)

h(‘f§c+1>7 i1=N-1
where ﬂ?fl’* donates the optimal solution of the kth FHOCP, z} ,, is the predicted
state generated by uj_, at the (k + 1)st computation cycle, and h(z) : R* — R™
is a feedback law that will be defined later. We will consider a, " h(zZ '7!) as one

possible solution to the (k + 1)st FHOCP.
According to (4.10) and (4.11), it yields that

Jews — el < [T 0) = T ) = [ sy

12
12

f(a:)dt”

lk—1

STk — wpll + Tl f (2(75)) = f(@(m)]l

<T(1, + 1) (s + mays | Bul)
Given the Lipschitz condition on f(z), there exist the inequality that
r
o1 = okl < f(@rer = Flar))l + 5 llewsn — exll
r
< Lellowss = aull + llew — el
<T(Tle + T 4+ 1) (fimax + max || Bul|)
2 A(T). (4.19)

Lemma 3. There exists the relationship between states of neighboring prediction

routine as the following inequality

|Z)rr = 2 < 7 & TH(T) +iTA(T). (4.20)
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holds fori=0,1,--- N — 1.
Proof. We prove the statement using mathematical induction. According to Lemma
2, it is obvious that (4.20) holds for i = 0 as
17511 = 27l =l (i) — 27
<T¢(T).
Assuming (4.20) holds for i = p — 1, i.e.,
17551 = T2 < 91 = To(T) + (p = DA(T).
Notice that
bt =zb* 4 BT + Toy,
Ty =) + BT + Toyy.
Therefore, by the inequality (4.19), we have
125 = 2 <l#fs — 227+ TA(T)
<To(T) + pTA(T)
=p
which means that (4.20) holds for i = p. Besides, we may get limy_,or1 7 = 0 as

hmT_m A(T) =0 and hmT_mI_)l ¢(T> = 0. U]

With Theorem 1 and Lemma 3 holds, we may construct the constraint set for
1=1,2,--- ,N —1 as:
X, 2 X - Blg), ei=(i+1)To(T) + ZpTA (4.21)

p=0

Assumption 1. [t satisfies the following conditions that:
h(0) =0, 0 € interior(Xy), Xn + B (yw-1) C Xy & {x € Xy_1 | h(z) €U} (4.22)
x € Xy + B(yv-1) = x+ BTh(z) + Tf(z) € Xy — B(T¢(NT)) (4.23)

where ¢(NT) is defined in (4.13).
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Theorem 2. If Assumption 1 hold and the FHOCP in (4.8) is feasible at to, then
the FHOCRP is always feasible for k = 0,1,--- under the constraint sets defined in

(4.21).

Proof. We will prove that if 7;* € X; and u};* € U, then 7}, € X; and u},, € U,
which means that they are feasible to the FHOCP at the (k + 1)st computation.

To begin with, let us show that u},, € U fori =0,1,--- , N —1. Based on (4.18),
we know that ﬂfﬁq = _ZH* eU,i=0,1,--- ,N —2. Fori = N — 1, we know by

Lemma 3 that

— — N %
MR = 12 I < s — 271 < v
Since 7, € Xy, with (4.22), it implies that

i']kv_i__ll S .)EN +B(7N—1) C Xy

and therefore up.,' = h(Zp5') € U.

Secondly, we will show that :E};H €X,,i=1,---,N—1. By Lemma 3, we know
1Z5a | = 17 < Ty = 277N < e
Also, we have
I e Xy, and I € Xy C Xy_q.
Therefore,

j2+1€£i+1+8(%):9¥¢, i=1,---,N—1.

fori=1,---,N—1.

Finally, we show that zy,, € Xy. Since
Tpoy = Tp + BTh(zy5") + Tog

there exists the error T¢(NT) between oy.; and f(x) according to (4.13). With

(4.23) holds, we may ensure Z1,; € Xy and the proof gets finished. O
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4.6 STABILITY

It discusses the stability of the system under EAMPC algorithm in this section.

Assumption 2. There exist the positive constants ly,,lr,d € R*,p € (0,1), and

class Koo functions a,n: R — R, such that
(i) for any z,y € X andu €U

Vi) = Vi(w)] <lv;[lz =y

| Lz, u) = Ly, u)| <lg|lz -y (4.24)

Lz, uw) Z n([lx])), Vi(z) < a(ll])
(i) for any x € Xy + B(yn-1)

Vi(z 4+ BTh(z) + Tf(z)) — Vi(z) < —L(z,h(x)) + d (4.25)

Theorem 3. If Assumption 1-2 hold and the FHOCP in (4.8) is feasible, the system

is uniformly ultimately bounded.

Proof. Let us consider

|

J|

|Ths1, O] — V(w)

=

I
™

&
A
<) o

L(i;ﬁlv ﬂZH) + Vf(i‘]iv+1> - V(xr)

=

= L<i';c+17 ﬂ§;+1) + Vf@kﬂ )+ L($2*7 _2*)

1=

[e=]

_ _ 4.26
— V() + LENL YY) + VE) (4.26)

Vf(xl]evﬂl) L(z 2*7 ﬂg*)

Meanwhile, there exists

Vi(@n' + BTh(zpy') + Tf () — Vi@ )

L($k+1 h(xk—i-l ) +d

| /\
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with (4.25) holds. As we have

Vi(@Rn + BTh(zn') + Tf () — V(@)
=lv, |z + BTh(z3) + Tf(x) — 2l

<ly,To(NT)
according to (4.13). Then we may get

Vf(févﬂ) - Vf@kﬂ )+ L(37k+11a h($k+1 )

(4.27)
<d+1ly,T$(NT).
Also, notice that
N-2 N
= > L@ w ) + L@y ) + V@)
=0
then we may consider the first four terms in(4.26) as
N—2 ' ' N-2
L(Tjg1, Upgr) = L@ 3)
i=0 =0
+ V(@) = Vi@
= i+1, 1,
—1 —1 2 *  —i+1,%
< | L& Upyn) — L(2Z, 7w,
i=0
—N— — N %
+ Vi (@) — Vi@ ™)l
N—2 ‘ . X
< L Zgpy — 7l+ al +lVf||95k+1 T, |
i=0
N-2
< lpyi +lv,yn—1 = len—1 + lvy; v (4.28)

.
o

where the last inequality comes from Lemma 3. Applying (4.27) and (4.28) into (4.26)

yields

Ju|ps1, oka] = Viag)

<lpen-1+lv,yvoa +d+ 1y, TH(NT) —L(wg, ug).
¢
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Then we can further derive this inequality as follows:

V(1) = Vzg) =min J[u|zpsr, op] — V()

<¢ = n(llzxl)

which implies z;, gets uniformly ultimately bounded. As V(z(t)) < V(xy) for any

t € [tg, tk+1), which may conclude that z(¢) is also uniformly ultimately bounded. [

4.7 SIMULATION

This section presents simulation results that demonstrate the performance of EAMPC
algorithm. Consider the example as

@1 =0.12% — 0.25z5 + 2u,

iy =0.521 — 0.123 + uy
where z = [z; 29)T € X 2 {2 € R?| ||2]|oo <5}, u = [ug ug)]” €U 2 {u € R?| |Jul|o <
5}. Note that we use uniform norm to present distance of vectors in order to match
the conditions on solving multi-parametric programming problem. We set the step
length T = 0.05, the prediction steps to be 4 in each iteration, and the parameter
of discretize estimator I' = 0.04. And we solve the problem via multi-parameter
quadratic programming (MPQP) by using toolbox [56].

To begin with, let us check whether Assumption 1, 2 may get satisfied as common

conditions in MPC formulation. We can get the value of [, = 2.5, f,0: = 12.5. Then

we may present (4.13) as
o(t — tr) =56.25(t — t5, + 0.002).
Furthermore, there exists the coefficients that

okt — okl SA(T) = 59.4T = 2.97.
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Besides, we may always let

in order to guarantee that
&+ BTh(z) + Tf(z) =0 € Xy — B(NT¢)
for (4.23). And we may determine the feasible sets as

X =X = {||z] < 5}

X =X — B(0.15) = {||z||s < 4.85}

Xy =X — B(0.44) = {||z]|oe < 4.56}

Xz =X — B(0.88) = {||7||o < 4.12}

Xy =X — B(1.48) = {||7||» < 3.52}
Then the conditions of Assumption 1 get satisfied and we may present the
corresponding relationship of each set as the following figure. To simplify the

computation, we are going to use Xy as the uniform boundary along the prediction

horizon.

L L L b &y — BTo(NTY)

Figure 4.3: Relationship between each Constraint Sets
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Let us construct the functions of stage cost and terminal cost as

1 1
L(z,u) zixTx + iuTu
1
Vi(z) :ZxTac

then we may get ly, = 2.5, [, =5, and the Ko functions can be defined as

1
n(llzl) = 32", a(lz]) = 2",

And we may find that
Vi(x + BTh(x) + T (x)) - Vy(x) < — L(z, h(a)).

In this case, the conditions of Assumption 2 get guaranteed.

Let us run the example under EAMPC and common online MPC to compare the
performance of each algorithm. According to Figure 4.5, the system of online MPC
get stabilized more quickly and the optimization get stopped around ¢t = 5. However,
the trajectory of EAMPC in Figure 5.4 runs more gentle and smoother compare with
online MPC, which means the control of EAMPC may prevent the system states with
sudden change.

As it shows in the following table, the computation of EAMPC takes 5.78 seconds
with total cost of 363.96 for 25 prediction length, while it spends 52.99 seconds with
total cost of 69.04 for online MPC under same computation steps. The computation
time of online MPC is much longer than EAMPC although the total cost of online
MPC is low, which lead to a rough trajectory of online MPC. In conclusion, we may
find that EAMPC owns a better performance than common online MPC approaches

on dealing with nonlinear FHOCP.

Table 4.2: Comparison of EAMPC and online MPC

Running Time | Total Cost | Total Length
EAMPC 5.78s 363.96 95
online MPC 52.99s 69.04
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Figure 4.6: The Trajectory of f(z) v.s oy

Finally, it shows the approximation of f(z) with oy, via the discretize estimator in
Figure 5.7. We may find that the trajectory of oy always follows f(x). And it works

well along the prediction horizon.

4.8 (CONCLUSION

This chapter presents an adaptive explicit MPC algorithm for nonlinear
continuous-time system with uncertainty. It solves the optimization problems by
linearizing and discretizing the original model. Besides, it provides a method
to approximate the error generated by remodeling the original system adaptively.
Based on these works, it may improve the performance of the system and save the
computation cost. Finally, we will discuss the impact of linearization on control

performance and corresponding feasibility for future work.
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CHAPTER 5
ExpLICIT ADAPTIVE MODEL PREDICTIVE CONTROL

ON ROBOTIC MANIPULATORS

Robotics is a complex field with diverse areas such as physics, statics, dynamics,
electronics, control theory, and computer programming, to name a few. In our
research, we are interested in the control of robotic manipulators. In this chapter, we
study the approach to building the mathematic model of robotic manipulators and
operating the system using the algorithm of explicit adaptive model predictive control.
We review the knowledge of Lagrange’s equation, which is a common approach to
denote robot dynamics. Besides, we introduce a fundamental geometric structure
of robot manipulators, such as manipulator configuration, kinematic, and inverse
kinematic based on the content of [57]. And we are going to provide two examples of
the approach to derive robotic manipulators under explicit adaptive model predictive

control algorithm.

5.1 DERIVATION OF MANIPULATOR DYNAMICS

Lagrange’s equation aims to present the motion systems in the form as

doL OL

I 1
dt 0g  0Oq ’ (5:1)

where ¢ is defined as joint-variable vector, 7 is the vector of generalized forces, and

L is the difference between the kinetic energy K and potential energy P as

L=K-P (5.2)
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Typically, ¢ consists of the elements as variable angle 6; and/or variable length d; of
each joint while 7 contains torque n; and/or force f; of each joint.

In general, the dynamics of robots are always been presented in the form as
M(q)q+V(g,q) +Glg) =7 (5:3)

with the name as Lagrange’s mechanics, where M(q) is defined as inertia matrix,
V(q,q) is Coriolis/centripetal vector, and G(q) is gravity vector. It is necessary
to determine the kinetic energy K and potential energy P, along with Lagrange’s
equation, in order to get the general form (5.3).

To begin with, let’s discuss the kinetic energy of a point on the ¢th link in a
general manipulator model. We can determine the position of the point based on the
kinematics as
T

==l y s
vy oz 4x1

where T; is a 4 X 4 homogeneous transformation matrix contains the scalar joint
variables q1,qs,- - , g, 'r is the position of the point in the reference coordinates of
the ith link. According to the knowledge of kinematics, we can get the velocity of

the point in the base coordinates as

dr d(Ty'r) K0T, .,

and we can replace the upper summation limit ¢ by n which is the total number of

links of in the manipulator as it is obvious that

T, _ .\ o
8qj y J .
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Then we can determine the kinetic energy of the point with infinitesimal mass dm

and velocity of v as

1& oLy, ; 70T 1| . .
—— t Tt . d
53> trace | S G g

m—/wg—%z

t bl e 4 ’[_/ide
race [aqj [5’qk] ]q]qk r'rtdm

and the detail of pseudo-inertia matrix I; is provided in [57]. As it for the total kinetic

energy of the manipulator, we can present it as

1" LR 8T 8T
— trace ] ]q P (5-4)
1. .
=§fﬂﬂ®q (5.5)
where we make
' T
i=li @ dl,

and M (q) as a n X n symmetric inertia matrix with the elements of

“ oT; 0T, | OT;
]] =0, j>1i.

m;r(q) = Z trace [a—qlll[— 8q
j j

i=max j,k 8(]]“
With (5.5), it provides a convenient expression for kinetic energy in terms of known
quantities and the joint variable vector ¢q. Besides, M (q) should be symmetric and

positive definite.
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For the next step, let’s determine the potential energy of a general manipulator.

For the link ¢ with the mass m; at the center of gravity

in the coordinates of its frame 7, the potential energy of the link can be given by

. T
b= -miyg' T,'r, g = {gw Gy G- O]

where ¢ is gravity vector according to the base coordinates. For the most of cases,

we can express
T
9= [O 0 —9.81 O}
while the robot is operated on the earth. Therefore, we can get the total potential
energy as

P(q) ==Y mg T’
i=1

. (5.6)

== 9" Tiley, 642[0 001

i=1

According to (5.2),(5.5), and (5.6), we can determine

L(q,q) =K(q,q) — P(q)
1

zifﬂﬂ®Q—PM)

With (5.7) hold, we can also get the components of (5.1) as
oL oK _
og  0q

d 0L :
L% M(g)g+ M(q)g .
it 9 ~M@i+ Mg (5:8)
oL _0K(0,d) 0P
q 0q dq

Finally, we can express the Lagrange’s mechanics as

(5.7)

(2)q

M(q)G+Vi(g,q) +G(q) =7

V@@>:Aﬂ@q—95§}@,0@>:———
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by substituting (5.8) into (5.1), which is the general form of manipulator dynamics
(5.3).
As it for the dynamic function in state space, we may represent (5.3) as
Newton-Euler equation
7N _ q + ’ u(t), u(t) =7 (5.10)
i |-M N )(V(e.d)+G@)]| |[Mq)

where 7 is treated as input wu(t), joint-variable vector ¢ and its derivative ¢ is defined
as the element of system state.

We provide an example for the approach on constructing the Lagrange’s equation.
Consider a two-link planar elbow arm with the knowledge of joint variable vector and

generalized force vector

as it shows in the figure.

Figure 5.1: Two-link Planar Elbow Arm
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To begin with, we may build the kinematic matrices as

cos(fy) —sin(6y) 0 aycos(6y)
sin(f;) cos(6y) 0 aysin(6;)

T, =
0 0 1 0
0 0 0 1
_COS(Ql) cos(fy) —sin(fy)sin(fz) 0 aycos(fy) + as cos(6;) cos(hz)
T, = sin(fy) sin(fy)  cos(6y)cos(fz) 0 aysin(fy) + agsin(6y) sin(b,)
0 0 1
0 0 0

Assuming the mass of each link is concentrated at its ends then we may get

azm? 0 0 aym;
0O 00 O
0O 00 0

0
1

According to (5.4) (5.6), we can determine the kinetic and potential energy as

2 2 oT; aT

3233 e | (L g

i=1j=1k

l\’)I)—‘ l\')lf—‘

T
_ZgiT[iTie% 64—{0 0 0 1}

=1

=mygas sin(6y) + magay sin(6y) + magas sin(6; + 6).
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Then we can get the normal form (5.3) according to (5.8) as

M(q)Gg+Vi(g,q) +Glq) =7

Mg (my + ma)a? + maa3 + 2maajas cos(By)  maa3 + moayas cos(fs)
q =
Moa3 + maaiay cos(fy) moas

. —maayas(260105 + 62) sin(6,)

Vi(g,q) = .
Moy asd? sin(6s)
o) (my + mg)gay cos(0y) + magas cos(6y + 02)
q =
magas cos(fy + 0s)

and the example gets finished.

5.2 DERIVING AN MANIPULATOR DYNAMIC MODEL USING

EAMPC

To begin with, let us consider an manipulator model as:
M@0 +V(0,0)+GO) =T

where 6 = [0, 6,]T is the vector of angles, 7 = [r; T]T is torque input, M () is
defined as inertia matrix, V'(4,6) is Coriolis/centripetal vector, and G(6) is gravity
vector. We are going to represent the Lagrange’s mechanics (5.10) as Hamiltonian
formulation in order to linearize the input, so that the dynamic structure of EAMPC

gets satisfied. Let us define generalized momentum by

oL :
P= (6) (5.11)
so that the kinetic energy (5.5) can be expressed as
1. .
K :§9TM(9)9
1
1 5
=—p' 0.
2
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Let us define the manipulator Hamiltonian as

H=K+P

and the corresponding equations of motion should be

oH .
' 1
5 (5.13)
and
oH _ 0L
09 00
d 0L
—_ = 5.14
dt8€+T < )
:—p—|—7’

according to (5.1) and (5.11). We can also represent (5.14) as

__om
P=""90 77
_ AK+P)
1069T op (5.15)
== 559 M(p) — 55 +7
_ 1 7 OM ' (0)p
=5 (LQr')—F, GO)+

based on (5.9) and (5.12), where G(6) is the gravity vector and @ is the Kronecker

product. Combining (5.13) (5.16), we may get that

d 16 M0 0
= O + T (5.16)

T e —ae)| |,

so that we obtain the system with linearize form of input.
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For specification, we have

Vo, 8) _ -—.(9.2m2L1lm2 sin 6 —(92 + él)mnglmg sin 62 |
O1molnl,,, sin 62 0
G(h) = -lelml sin 6y + gmao Ly sin 6y + gmal,e sin(6y + 62)
gmalme sin(fy + 0s)
M(9) = -m1l72nl +mao(LY + lma + 2L1lpa cosb2) + I + In ma(12,5 + Lilyma cos ) + I
ma(12,5 + Lilymg cosby) + Iy Moty + I

with the parameters show in the following table.

Table 5.1: Specification of Parameters

my ma Ly Ly lm1 Ima2 I I
kg kg m m m m kg-m? kg-m?
2.970 0.540 0.400 0.355 0.124 0.146 0.11175 0.00708

We use (5.16) to build the system dynamic, and our objective is deriving the
manipulator via optimized path under explicit adaptive MPC algorithm. The
simulation finished in 12 seconds with step length 7" = 0.1, I' = 0.1, 2000 optimization
iterations, and 40 prediction steps in each iteration.

As we can see from Figure 5.2, the initial state of the angles is (1, —2)7, and
it converges to the origin smoothly, as well as the trajectory of the input torque.
Besides, the estimator shows a good performance on tracking f(x) in Figure 5.3. It
shows that the explicit adaptive MPC algorithm may have an excellent efficiency to

implement the practical systems.

86



Amplitude

5 T T T T T T T T T

ar x1 [
ak ——x2| |
2F 4

o 1 1

8 or —

? P / 7
2 ;
3k 4
4+ 4
-5 1 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 3 40 45 50
Time
5 T T T T T T T T T
4 ut |4
, r_\\\ —_—2 |
2 - -

il \\\ i

gof

£F |
2k 4
a3tk 4
4 ;
_5 1 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50
Time
Figure 5.2: The Trajectory of Angles and Torque
T T T T
fect)
—fx2) 4
sigmadatal
—— sigmadata?

06| 1

08| 1
-1 1 1 1 1 1 1 1 1 1

0 5 0 15 20 25 30 35 40 45 50

Figure 5.3: The Trajectory of f(z) v.s oy

87



5.3 DERIVING AN ACTUAL MANIPULATOR UsING EAMPC

In this section, we are going to operate an actual robotic manipulator under the
EAMPC algorithm. The PincherX 100 Robot Arm is developed by Interbotix as it
shows in Figure 5.6, which featuring the DYNAMIXEL X-Series Smart Servo Motors
that may offer a high resolution of 4096 positions. And the system may provide
the data such as temperature monitoring, positional feedback, voltage levels, load,
and compliance settings. As the heart of the PincherX 100, Robotis DYNAMIXEL
U2D2 in Figure 5.4 enables easy access to DYNAMIXEL Wizard software. Finally,
PincherX 100 offers 4 degrees of freedom and a full 360 degree of rotation. It shows
the technical specifications of PincherX 100 in Table 5.2 and the default joint limits
of each servo motor in Table 5.3.

Table 5.2: Technical Specifications of PincherX 100

PincherX-100
Degrees of Freedom 4
Reach 300mm
Total Span 600mm
Accuracy Smm
Working Payload 50g
Total Servos 5
Wrist Rotate No

Table 5.3: Default Joint Limits

Joint Min | Max | Servo ID(s)
Waist —180° | 180° 1
Shoulder —111° | 107° 2
Elbow —121° | 92° 3
Wrist Angle | —180° | 180° 4
Gripper 30mm | 74mm 5)
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Figure 5.4: PincherX 100 U2D2 and Power Hub

The DYNAMIXEL servos support up to 360 degrees of rotation, making the
PincherX 100 Robot Arm has a 30cm horizontal reach from the center of the base
to the gripper with a total span of 60cm as it shows in Figure 5.5. Besides, an
advantage of the X-Series manipulator is we can design the gripper fingers for different
projects under X-Series gripper carriages. We may download the CAD files, design

the structures, and make customization via 3D print.

C et pgn  ENE HEE B g

Span 60cm

Reach 30cm

Figure 5.5: PincherX 100 Reach
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Figure 5.6: PincherX Technical Drawings

As a software development kit, DYNAMIXEL SDK provides DYNAMIXEL
control functions using packet communication. The API of DYNAMIXEL SDK
is designed for DYNAMIXEL actuators and DYNAMIXEL-based platforms. We
may operate the actuators under all three operating systems: Windows, Linux, and
MacOS, and it supports various programming languages such as C, C++, C#,
Python, Java, MATLAB, and LabVIEW. In this case, we can configure register
settings such as PID gains, Control Modes (position, velocity, current, or PWM)
to tune joint motions via programming languages. We may also get feedback
information such as firmware updates, diagnostics, configuration and testing, data
plotting, generating, and monitoring DYNAMIXEL packets. Finally, the libraries
of DYNAMIXEL servos may abstract away the serial communication layer allowing

developers to concentrate their time on higher-level code.
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Let us discuss the approaches to operate the PincherX 100 Robot Arm under the
EAMPC algorithm. To begin with, we are going to design the system dynamic and
corresponding control objective. The position of the links in manipulator systems
should be determined by Denavit-Hartenberg parameters, which consist of four
parameters associated with a particular convention for attaching reference frames

to the links of the manipulator, such as

Ng Ox Qg Pg
Ny 0y Gy Py R P
n. 0, G, p: O I
0 0 0 I

where R = [n, 0, a] that presents the rotation matrix with vector n —the cosine value of
the angel between current x-axis and the three axises in ordinary coordinate system,
vector o — the cosine value of the angel between current y-axis and the three axises
in ordinary coordinate system, and vector a — the cosine value of the angel between
current z-axis and the three axises in ordinary coordinate system; P presents the
position vector which is the position should be appeared in ordinary coordinate
system; O presents the zero matrix, and I presents the proportion between the
unit length. Besides, there exist three forms of the rotation matrix as the current

coordinate system get rotated compare with ordinary coordinate system such as

1 0 0 cos(0y) 0 sin(6,)
Ry(0:) =10 cos(f,) —sin(0,)| . Ry(0,) = 0 1 0
0 sin(6,) cos(0,) —sin(fy) 0 cos(6,)

cos(0,) —sin(6,) 0
R.(0.) = |sin(h,) cos(h.) O
0 0 1
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Then we may determine the Denavit-Hartenberg matrix according to the

parameters of Figure 5.6 and corresponding transformation rules as

T =P R.(0,)R.(02) P,P3s R, (03) Py R, (04) Py

100 O 1 00 O 1 00 O
010 O 0 1 0 100 01 0 0
Pl = , P2 = , P3=
0 0 1 89.45 001 0 001 =35
000 1 000 1 000 1
1 00 0 cos(0;) —sin(fy) 0 0
0 1 0 100 sin(6 cos(6 0 0
P4 = Ry = [T @)
001 0 0 0 1 0
000 1 0 0 0 1
1 0 0 0 1 0 0 0
0 cos(fy) —sin(f2) O 0 cos(f3) —sin(f3) 0
Rx(02> = ) R(E(03) =
0 sin(fy) cos(fz) O 0 sin(f3) cos(fs) O
0 0 0 1 0 0 0 1
1 0 0 0
0 cos(0y) —sin(fs) O
R.(0,) =
0 sin(0y) cos(fy) O
0 0 0 1
where 6q,---,60, present the rotation angle of each joint. And the position of the

T
gripper finger in ordinary coordinate system should be P =T x [0 0 0 1] . We

find that the running velocity can be expressed as

d
i~ 2p
YT
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Then we determine the discretized system dynamic and control objective as

min J[ug|zg]

s.t. Thy1 =T + Tsuk

T, EX CR™
N-1
Juglzr] =D L(wg, ) + F(zn)
k=0

where x; presents the position of the gripper finger, u is the angular velocity of
each joint, Ty = 0.1, and the constraint X = {z; € R | z; € (—300,300), 7, €
(—300,300),z3 € (54.45,389.45)}. And the control objective is always finds the
shortest path operating the gripper finger to reach the destination.

Specifically, we have

T T

: 0
ug=P=—P|dw f+w +w Fw , w=6.28rad/s

00y,

70k:|:01 02 93 94

where w is angular velocity of each servo motor and the sign of each angular velocity
is determined according to the changing angle of each motor. Meanwhile, we also set

the rules on computing 6, as

nin J [0 | ur]

1 0 T
s.t. ug :?a—ng +w 4w 4w Fw| , w=06.28rad/s

J[uk|xk] :L(Qk — Qk—l)

where © = {6 € R*| 6, € (0,27),6; € (0,7),03 € (—7,0),0, € (—7/2,7/2)}. In
this case, we may always find the minimum movements of each joint to reach the

destination, so that the energy on operating the manipulator get optimized.
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Figure 5.8: The Trajectory of Position and Angle
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Based on previous settings, we operate the PincherX 100 manipulator arm with
the code generated on Matlab. We set the step length as T = 0.75, the parameter
of discretize estimator I' = 0.5, the prediction steps of each iteration n = 10, and
the total computation circle N = 50. Besides, we also set a threshold that the
computation gets stopped as the difference between current angles and the desired
angles less or equal to 0.0012 rad. And the actions of online computation and
manipulator operation spend 9 seconds.

As it shown in in Figure 5.7, the control objective is find the shortest path to reach
the destination for the gripper. In Figure 5.8,the trajectory of the state converge to
the reference position [35;269.45] gently. And the rotation angle of each joint starts
to adjust the value around the target after t = 4. It shows the trajectory of the
estimation error o} shown in Figure 5.9. We may find there exists a big disturbance
to the sampling state before T" = 5, which caused by the vibration from the servo
motors. And estimator provides a positive support to operate the manipulator.

In conclusion, the EAMPC algorithm shows an efficient performance to the

operation of PincherX 100 manipulator arm.
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CHAPTER 6

CONCLUSION AND FUTURE WORK

This chapter intends to to emphasize the main contribution of the dissertation. The

chapter ends with explaining the works for future research.

6.1 CONCLUSION

This dissertation presents three algorithms for solving the MPC problems in practical
application, which may improve the optimization accuracy, control efficiency, and
computation cost.

To begin with, we present an AMPC algorithm for systems with time-varying
and state-dependent uncertainties in Chapter 2. In this algorithm, we estimate the
uncertainty using fast adaptation. With the set-valued estimation of the uncertainty
as the initial condition, we can predict the set-valued measurement of uncertainty over
the prediction horizon at each computation cycle. Based on the prediction, a min-max
finite-horizon optimization problem is solved for the control input. We show that
the proposed adaptive uncertainty estimator can ensure uniform boundedness of the
estimation error, and the derived uniform bound can be arbitrarily small by increasing
the sampling rate in adaptation. Furthermore, the uncertainty is guaranteed to stay
inside the predicted feasible sets, which can be much tighter than the traditional
min-max MPC approach. It, therefore, allows the proposed AMPC to achieve better
control performance. We show that if the uncertainty and its first derivatives are local

Lipschitz, the stability of the system under AMPC can always be guaranteed under
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standard assumptions for min-max MPC approaches. Simulation results show that
the control performance can be improved by the proposed AMPC scheme remarkably,
comparing with the traditional min-max approach.

Secondly, we introduce a sporadic MPC algorithm for nonlinear continuous-time
systems based on Lebesgue approximation in Chapter 3. The sampling is triggered
by a self-triggering method, and the model is discretized in an aperiodic manner.
The basic idea of the Lebesgue approximation model (LAM) in this chapter is to
calculate the state and the period at the same time when a linear approximation
of state meets a threshold function. With such an aperiodic model, the predicted
horizon gets enlarged comparing with periodic models if we set the same prediction
iterations.

Besides, we investigate an explicit adaptive MPC(EAMPC) algorithm for
nonlinear continuous-time systems in Chapter 4. We develop an adaptive
discrete-time estimator to approximate the discretization error over the prediction
horizon with bounded estimation error. Accordingly, the finite-horizon optimal
control problem (FHOCP) is formulated discretely with the linearized system model.
And multi-parametric programming is applied in each prediction routine to find
the explicit solution of FHOCP subject to state and estimated uncertainty. In this
case, online computation is mainly for function evaluation based on multi-parametric
programming, and it can save computation costs dynamically. Given the resulting
closed-loop system with mixed continuous/discrete-time behaviors, we derive
sufficient conditions on the feasibility of the proposed EAMPC and show the system
is uniformly ultimately bounded under the proposed algorithm.

Finally, we apply the EAMPC algorithm to manipulator models to study its
efficiency to operate practical systems. We provide the approach to build the
mathematical model of robotic manipulators and set corresponding control objectives

under the EAMPC algorithm. We introduce knowledge such as Lagrange’s mechanics,
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Hamiltonian formulation, and Denavit-Hartenberg parameters. In conclusion, the

performance of such models is efficient under the EAMPC algorithm.

6.2 FUTURE WORK

For the future work, we consider a general framework for the co-design of discrete-time
MPC law and the associated scheduling schemes, where the discrete-time model
used in MPC approximates the behavior of the plant with state-dependent sampling
periods. We are going to study the stability of sampled-data systems controlled
by discrete-time model predictive control (MPC) algorithms. Sufficient conditions
are derived to guarantee uniform ultimate boundedness of the resulting closed-loop
system. The results can be applied to most existing model approximation methods
with either fixed or time-varying sampling rates.

We are going to relax the assumption of first-order approximation and considers
a more general framework of discrete time MPC for continuous-time systems
that is suitable to various approximation models with either time-triggered or
event /self-triggered scheduling schemes. The discrete-time model used in MPC can
approximate the behavior of the plant with state-dependent sampling periods. The
allowable model approximation error is also state-dependent and therefore admits a
tighter error bound in MPC framework, compared with the error bound related to
period only.

Another research topic mainly focuses on deriving the system and taking
advantage of explicit model predictive control, which may pre-solve the optimization
problems offline and save online computation. We are going to apply a sporadic time
manner to the original system as well as the structure of the explicit computation.
We may follow the rules to design the aperiodic time manner based on the content of
Chapter 3. Most importantly, it may overcome the limitation of the original system,

such as the form of the system input in Chapter 4. Finally, the stability should
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get satisfied by following the basic requirements of event/self-triggered scheduling
schemes, and computation steps admit the standard explicit model predictive control
procedure.

A variety of research on nonlinear model predictive control (NMPC) has been
derived. Most schemes assume that the full state information can be obtained entirely.
Nevertheless, the condition may not easily achieve in practice. In this case, it is
important to study the approaches to estimate the system states except sampling from
the plant directly. As shown in recent works, the strategy of combining sampled-data
NMPC for continuous-time systems with high-gain observers may overcome this
problem.

According to current research, this technique may estimate the output robustly
and ensure a fast convergence of the overall system. Moreover, it has shown
the high-gain observer can recover the system performance completely under a
sufficiently observer gain and a bounded controller. However, it is also known that
the measurement noise may have a significant impact on the stability of the system,
through the current research shows the good robust performance when uncertainty
and disturbances. One purpose of our future work on NMPC is to construct a
high-gain observer that takes the form of a piecewise linear function and achieves a
fast state estimation. We are going to design an adaptive control scheme based on a
high-gain observer, which may overcome the impact of measurement noise adaptively.
Meanwhile, the high-gain observer may be discretized via the Lebesgue approximation
so that the computation cost gets saved under the discrete-time model. Furthermore,
we may apply the explicit model predictive control strategy to reduce the computation

time on solving the optimization problem.
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