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ABSTRACT

There is a long-standing goal of understanding nuclear physics in terms of quarks
and gluons, the constituent particles of nucleons. However, the underlying theory
is strongly coupled at the scales relevant for nuclear physics; therefore, this goal
can only be achieved through nonperturbative calculations. Additionally, nuclear
targets are employed in a variety of experiments ranging from electroweak processes to
Beyond the Standard Model physics. Thus, it is important to have a strong theoretical
foundation for nuclear physics in the presence of external fields in order to interpret
experimental results. Effective field theory (EFT) for nuclear physics constitutes a
systematic and model-independent approach to performing the necessary calculations
to achieve this understanding in a manner that is consistent with the symmetries of
quantum chromodynamics (QCD), the theory of the strong interactions. Yet, an
EFT contains a priori undetermined coefficients that must be obtained either from
data or from nonperturbative calculations. In the absence of these determinations, it
is imperative to constrain the coefficients through other means. Here, the large-N,
limit of QCD, where N, is the number of colors, is combined with nuclear EFTs to
derive such constraints for one and two nucleons in external fields. A general set
of constraints for the nuclear currents is derived, and these constraints are applied
to the particular cases of electroweak currents, neutrinoless double g decay in the
context of the light Majorana exchange mechanism, and the direct detection of dark

matter.
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CHAPTER 1

INTRODUCTION

Quantum chromodynamics (QCD) is the SU(3) gauge theory of the strong interac-
tions describing the interactions between quarks, which are spin-1/2 fermions, and
gluons, which are the spin-1 gauge bosons [7-9]. There are three light quark flavors:
up (u), down (d), and strange (s), and there are three heavy quark flavors: charm (c),
bottom (b), and top (t). Individual quarks and gluons have not been observed in na-
ture, rather QCD exhibits color confinement such that the only observable particles
are color neutral [10]. These particles are broadly referred to as hadrons. Specifi-
cally, hadrons are either mesons, i.e., bosonic bound states, or baryons, i.e., fermionic
bound states. In the simple quark model, the observed mesons are bound states of a
quark and an antiquark, but there are possible exotic states. Conventional baryons,
on the other hand, contain three quarks in the simple quark model. In particular,
nucleons, which are the focus of this thesis, consist of u and d quarks. The modern
understanding of this picture is that nucleons contain u and d valence quarks as well
as virtual “sea” quarks and gluons. Because nucleons possess this QCD structure,
there is a long-standing goal of describing nucleons directly in terms of the underlying
quark and gluon dynamics.

Additionally, it has been shown that the theory is asymptotically free, i.e. the
quarks and gluons are weakly coupled, at high energies [10, 11]. Conversely, QCD
is strongly coupled, and therefore nonperturbative, at the scales relevant for nuclear
physics, which frustrates the attempts to describe nuclei in terms of the underlying

gauge theory. One approach to achieving this description is lattice QCD, QCD formu-



lated on a discrete space-time lattice and pioneered in Ref. [12]. Despite the fact that
lattice QCD provides a nonperturbative description of baryons through numerical
calculations, it is computationally expensive. As resources continue to improve and
more techniques are developed, it is expected that uncertainties in these calculations
will abate and that more properties of hadronic systems will become accessible. In
the meantime, though, it is necessary to explore other options that connect nuclear
physics to the underlying theory.

One method for studying baryons in terms of quarks and gluons is working in the
large- N, limit of QCD, where N, is the number of quark colors [13, 14]. In large-
N. QCD, the gauge group is taken to be SU(N,) with N, tending towards infinity,
and QCD acquires an expansion in powers of 1/N.. There are many interesting
qualitative results regarding mesons in this limit [4, 13-22], and the description of
baryons in large-N. QCD was initiated in Ref. [4]. In order to perform these studies,
it is often assumed that confinement persists in the large-N, limit; although, this
particular aspect is still an active area of research. For mesons, no modification for
the quark content is necessary because a quark-antiquark pair is still color neutral.
However, baryons must contain N, quarks in order to be color neutral; thus, a large- N,
description of baryons is considerable more difficult than the description of mesons.
Regardless, as we will see, the large-N, limit produces interesting constraints for
baryons that are in agreement with phenomenology.

Effective field theories (EFTs) written directly in terms of nucleon fields, and me-
son fields when relevant, are also invaluable tools that can encapsulate the symmetries
of QCD [23-29]. The power of EFT is summarized by a “theorem” due to Weinberg
that the most general S-matrix consistent with unitarity, analyticity, etc. can be ob-
tained by writing down the most general Lagrangian consistent with the symmetries
of a system and calculating matrix elements [30]. In particular, theories such as pio-

nless EFT (EFTy) for few-nucleon systems [31-36], chiral perturbation theory (xPT)



for a single nucleon [26, 27, 37|, and chiral EFT (ChEFT) for two or more nucleons
28, 29] constitute a variety of EFTs that are consistent with the symmetries of QCD.
The complicated dynamics of QCD are also subsumed in undetermined low energy
coefficients (LECs) in these theories that can be fixed by lattice QCD calculations or
by fitting to experiment. Once these coefficients are determined, an EFT becomes
predictive. Although these EFTs do not describe QCD directly, they form a powerful
approach to relating nuclear physics to the underlying strong interactions.

In the absence of data or lattice calculations, it is necessary to obtain theoretical
constraints for the LECs from other means. The large-/N. expansion can be combined
with the EFT paradigm in order to provide such constraints on the relative sizes of
LECs in the EFTs [38-42]. This combined framework has been employed to study
the properties of single nucleon matrix elements as well as several features of purely
two- and three-nucleon systems (see, e.g., [6, 38, 39, 43-45]).

The combined large- N, and EFT expansion, however, may also be used to provide
novel constraints for few-nucleon systems in external fields. We will obtain these new
constraints for one- and two-nucleon currents coupled to external fields throughout
this dissertation. The external fields considered here will be Standard Model fields
such as electroweak probes, which are important for obtaining a clear theoretical
picture of the Standard Model interactions in nuclei and some beyond-the-Standard-
Model (BSM) field such as a dark matter field for which it is pertinent to obtain
theoretical constraints for these systems in the absence of data. One outcome of this
work is that it sheds light on the QCD constraints for nuclei interacting with external
probes. We also desire that it will help to prioritize future lattice QCD calculations
while providing an additional hierarchy for terms at each order in the EFT expansion
that are employed in many-body calculations. These constraints will not be rigorous
predictions, but rather the constraints should be interpreted as general trends among

the various LECs.



The structure of this dissertation is as follows: the relevant background of nuclear
EFTs is contained in Ch. 2. In Ch. 3, large-N,. QCD is explored, paying close atten-
tion to the constraints that have been derived for one- and two-nucleon systems. The
remaining chapters of this dissertation contain the central new results. Novel con-
straints for currents in EF'T and isospin breaking currents in ChEFT are obtained in
Ch. 4 through the dual large-N, and EFT expansion. Targeted applications of these
constraints are contained in Ch. 5. Specifically, the large- N, constraints from Ch. 4
are used to analyze electroweak currents, lepton number violation, isospin breaking,
and the direct detection of dark matter. A summary of the results can be found in
Ch. 6. Finally, details for the Fierz transformations frequently used throughout this

work are presented in the Appendix.



CHAPTER 2

ErreEcTIVE FIELD THEORY

It is often the case in physics that a full theory for a process exists for a wide domain
of energies. However, these theories can also become intractable for many systems.
Effective theories, which are pervasive in the physics catalog, have become invaluable
tools in simplifying the necessary calculations for those initially intractable problems.
A textbook example is the multipole expansion of the electrostatic potential in clas-
sical electrodynamics. For a point outside of the charge distribution generating the
potential, the expansion is in powers of 1’ /r where 1’ characterizes the charge distri-
bution and r is the observation point. When r > 7/, the potential is insensitive to
the finite size and structure of the charge distribution; therefore, the expansion may
be truncated in order to achieve an accurate approximation of the potential at r.

This example illustrates a key feature of effective field theory (EFT): the separa-
tion of scales. The following discussion is strongly influenced by Refs. [1, 2, 46-54].
In general, an EF'T consists of an expansion in disparate momentum or energy scales.
The small scale, call it p, typically describes the characteristic momentum of the
constituents of the system of interest. The high scale, denoted by A, describes the
breakdown scale of the EFT. Thus, observables calculated in an EFT occur in an
expansion in powers of p/A.

In addition to the scales relevant for a given system, one must identify the ap-
propriate degrees of freedom. For example, the Fermi theory of the weak interaction
consists only of four fermions that interact via a local contact term. Now, it is well

known that a weak process such as beta decay is mediated by W* bosons; however,



if the energy scale of interest is well below the W mass, then these bosons can be
“integrated out” by performing the path integral over gauge bosons. That is to say
that the only degrees of freedom are the four fermions. This implies that low energy
physics is generally insensitive to the details of the high energy physics above the EF'T
cutoff [55] much like in the case of the multipole expansion in electrostatics when the
details of the charge distribution are not important.

With the scales set and the degrees of freedom determined, all of the possible in-
teractions between the degrees of freedom need to be derived. All allowed interactions
can be constructed through symmetry principles. First, the operators must satisfy
either Lorentz or Galilean invariance. The operators can also be constructed to have
any desired transformations under parity (P), time-reversal ("), and charge conjuga-
tion (C') as long as they are invariant under the combined C'PT. Gauge symmetries
can also be included systematically. For example, if electromagnetic interactions are
to be included, the theory must be U(1) gauge invariant. This procedure, in general,
leads to an infinite tower of operators.

Before actually doing meaningful physics with these operators, their relative im-
portance must be discerned through power counting. In some cases, it is possible to
determine the importance of an operator from its mass dimension. The operator’s
mass dimension can be translated into powers of p/A; therefore, a higher dimension
operator will be suppressed compared to low dimension operators. However, this
picture of power counting is overly simplistic, and this topic will be revisted in the
following sections. Regardless, the infinite number of operators in the EFT is distilled
to a finite number of operators at each order in the power counting.

Once the basic ingredients have been pinned down, it is possible to perform cal-

culations. The effective Lagrange density is written as

La=Lo+ Y (1) Co,0n, (2.1



where L is the free part of the effective Lagrange density, O, is an operator at order
n, and Cp is a Wilson or low energy coefficient (LEC) corresponding to O,. The
LECs can not be fixed by symmetry principles; thus, they must be determined either
from data or by matching to the full theory. Typically, the LECs are assumed to be
of natural size, i.e. on the order of unity, once any dimensional factors have been
removed. The sum in Eq. (2.1) is infinite, so in order to perform calculations it is
necessary to determine the desired precision. Then the Lagrange density is truncated,
and the standard machinery of quantum field theory is applied to calculate objects
such as correlation functions and scattering amplitudes. Divergences can appear when
evaluating loop diagrams, and these will require renormalization. However, there is
a finite number of terms in the Lagrange density at each order in the power counting
such that the EFT is renormalizable order by order.

In summary, there are several advantages in this EFT paradigm. First, even
if a full theory is known, it is often much easier to work with an EFT through a
judicious choice for the degrees of freedom and the expansion parameter. Second,
one can choose the level of precision at which to work due to the power expansion in
p/A. Therefore, EFTs can be improved systematically, and theoretical uncertainties
can be estimated in a fairly simple way. Last, a full theory may not be known,
or the full theory might be nonperturbative at the scales of interest as is the case
with QCD at the scales relevant for nuclear physics, so EFT provides a standardized
way to parameterize all of the necessary interactions. In this case, the LECs are
treated as free parameters, but their impact can be estimated through power counting.
Additionally, the LECs themselves contain all of the information about physics above

the breakdown scale A.
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Figure 2.1: Integrating out pion exchange. Figure from Ref. [1].
2.1 PIONLESS EFFECTIVE FIELD THEORY

Phenomenological potentials [56-58], especially meson exchange potentials [59, 60],
have dominated the nuclear theory landscape for a few decades. When the meson
exchange potential consists of one-pion-exchange, then the range is set by the pion
mass, my. Therefore, for momenta well below the pion mass, i.e. @ < Ay = my,
the pion can be integrated out and nuclear systems are reduced to a set of short-
range contact interactions as shown schematically in Fig. 2.1. The resulting effective
theory is pionless EFT (EFTy), which constitutes a systematic framework capable of
describing few-nucleon interactions including external fields in a renormalizable (in
the modern EFT sense) field theory. For reviews and notes, see Refs. [1, 2, 33, 50,
51, 61-63].

Before moving into EFT, it is necessary to review a few basic facts from nonrel-
ativistic quantum mechanics for the two-nucleon system. Nucleons are spin-1/2 and
isospin-1/2, so they can combine in a state of total spin S = 0 or 1 and total isospin
I = 0 or 1. The particular combination that they occupy will depend on what the
orbital angular momentum of the system is due to the fact that the overall wave func-
tion must be antisymmetric under the exchange of the two nucleons. At low energies,
S wave interactions, which have zero orbital momentum, should dominate. The spa-
tial part of the S wave is symmetric under the interchange of particles; therefore, the

possible configurations are a spin singlet-isospin triplet (1S;) or a spin triplet-isospin



singlet (351), where the partial waves are written in spectroscopic notation 25+1L;
with total spin .S, orbital angular momentum L, and total angular momentum J.
In S-wave scattering, the scattering amplitude in the center-of-mass frame is re-

lated to the phase shift 6¢), where s denotes the partial wave, by

A — 41 1
 mypcotd®) —ip’

(2.2)

where p = |p] is the magnitude of the three-momentum of one of the incoming nu-
cleons, and s denotes either the 35; or 'Sy channel. The quantity pcotd®) has the
expansion [64]

1 1
(s) — _ o O N
pcot 6 = o) + 570 P + (2.3)

where a'® is the scattering length, r(()s) is the effective range, and the ellipsis denotes
terms of higher order in p. This is the Effective Range Expansion (ERE). Keeping
only the first term in the scattering amplitude yields
ar 1

_ ..
mijsz

AW = (2.4)

In the complex momentum plane, the amplitude has a pole at p = The scattering

a(s) :
lengths in the 'Sy and 35; channels are [65]
al®0) = —23.71 fm (2.5)
a™) =542 fm . (2.6)

Therefore, the pole in the 35, channel is on the positive imaginary axis, which corre-
sponds to a bound state, i.e. the deuteron. On the other hand, the pole in 1Sy channel
is on the negative imaginary axis, which corresponds to a nearly bound virtual state.
The EFT should reproduce these features, but it will also go beyond the ERE to
include effects due to external fields for example.

In EFT4, nucleons are nonrelativistic, and the free part of the effective Lagrangian
is

Lo= Nt (z'ao - 1v2) N, (2.7)
27TLN



where N is a spin-isospin doublet and m y is the nucleon mass. The classical equations
of motion produce the Schrédinger equation for the field V. Interactions can be added
to the Lagrangian that are invariant under rotations and isospin transformations. In

the two-nucleon sector, there are four possible operators with zero derivatives,
~ 2 . SN2 = 2 . . 2
LAy =C (NTN> + Cf (NT0’N> + (4 (NTTGN) +Cy (NTOlTaN> . (2.8)

However, these operators are not linearly independent. Fierz transformations can be
used to eliminate the terms proportional to C and Cy such that the Lagrangian can

be written as [28, 29, 31, 32]

L5y = —;CS (NTN)2 - ;C’T (NTaiN>2 . (2.9)

Alternatively, the two-nucleon Lagrangian may be formulated in terms of nucleon

bilinears written in partial waves. The Lagrangian in this basis is [63]

Ly = —C5™ (NTPN) (NTPN) — ) (NTPIN) (NTPIN) . (2.10)

where
Pt = L027'27“ (2.11)
\/g )
) 1 )
P'= ——=d%0'1?, (2.12)

are the projectors onto the Sy and 35 states, respectively. These projectors are

defined such that they are normalized to

Te(P'P7) = ;5@7’. (2.13)

The LECs in the two bases are related according to

8™ =5+ O, (2.14)

ci™) = ¢y — 307 . (2.15)

10
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Figure 2.2: Sum of two-nucleon bubble diagrams in EFT,. Figure from Ref. [2].

In a theory where the only scale apart from momentum is the cutoff Ay, one might
expect that power counting is done through dimensional analysis. In this case, the
LECs are O(1/myAg). The factor of the nucleon mass appears in the denominator
due to the fact that the kinetic energy is included in the free part of the Lagrangian
and thus included in the nucleon propagator, so the loop expansion will carry factors
of my in the numerator. However, there is another low energy scale set by the inverse
scattering lengths, that is

1
5 <A (2.16)

This feature will result in a fine-tuning that necessitates a careful analysis of the
power counting in EFTy.

Now, it is possible to begin computing Feynman diagrams with the aim of cal-
culating the scattering amplitude. Since there are only nonrelativistic nucleons, the
amplitude will be a sum of bubble diagrams shown in Fig. 2.2. Thus, the amplitude

has the expansion
iA© = 0l 4+ (—iCSNI(—iCS) + -+ (2.17)

where the loop integral using dimensional regularization is

L
—\ 5 n 2 . 2 .
2 (27T) E_QO—Q:;T‘FZGC]O—;RT—FZE

= —imy (“)n/ d"'q 1
2 (2m)n1q? —myE —ie

m B\" A\ (n— 3—n
=~ (5) CmvE—@" VR (S e

11



In dimensional regularization, divergences appear as poles in the gamma function.
Using the minimal subtraction scheme amounts to subtracting a pole at n = 4;
however, this integral does not have a pole at n = 4 and is finite.

Now, summing Eq. (2.17) to all orders results in

47 1

A(S):_ 4 . 9
my 5 +ip

(2.19)

mNC'((]5

where the relation —ip = v/—m£E — ie has been used. Matching Eq. (2.19) to Eq. (2.4)

implies [31]
4ral®)

my

ol = (2.20)

If ﬁ ~ A, then this would be acceptable, and the sum in Eq. (2.17) could then be
done in perturbation theory without resumming all of the terms, or the resummed
amplitude can equivalently be expanded in powers of a(®p. However, the fact that
the scattering lengths are large leads to unnaturally large values for the LECs [31, 32].
A method to resolve this issue is a new subtraction scheme, Power Divergence Sub-
traction (PDS) [32]. This scheme consists of subtracting poles in n = 4 dimensions as
well as poles that might occur in n = 3 dimensions from Eq. (2.18), which correspond
to power law divergences in four dimensions. These poles are in fact a generic feature
of nonrelativistic theories.

Employing PDS in the two-nucleon system amounts to adding a counterterm to

the one loop diagram such that the one loop diagram plus the counterterm is

. S S .m S .
(G T+0C57) =i~ CR (ip+p) (2:21)

n=
where the subscript R indicates that this is the renormalized LEC. In this case, the

bubble sum for the amplitude yields

Al = A ! (2.22)
my mN4g’(S) + H + Zp ’ '
0,R

and matching to the ERE implies

s 47 1
Cip(p) = iy T (2.23)
a(s)

12



Thus, an explicit dependence on the subtraction point has been introduced in the
LEC. This relation could also be derived from the requirement that the amplitude
be invariant under the renormalization group and using the value of the scattering
lengths as boundary conditions. The new power counting is now obtained with u and
ﬁ ~ @, where () is the low momentum scale, while keeping ﬁ — i~ Q. With this
power counting, all of the terms in the bubble sum are O(1/Q). Therefore, each term
in the sum is equally important, which justifies the resummation of the series.

Two-nucleon contact terms with derivatives can also be added to the Lagrangian
as well as relativistic corrections. All of these terms can be treated perturbatively, and
the two-derivative terms can be fit to reproduce to the effective range. Additionally,
any operators that connect two S-wave states will also exhibit the 1/my(@ enhance-
ment from the dimensional analysis power counting similar to the LO interactions
[51].

It is also possible to fit the 35} LECs in order to reproduce the location of the

deuteron pole [63],

Y =\/mnDB, (2.24)

where v, =~ 45.7 MeV is the binding momentum and B ~ 2.22 MeV is the deuteron

binding energy. The ERE about this value has the form

1
peot ) =~ + S py (P +7)+--, (2.25)

where p, is the effective range. In this case, the LECs themselves are expanded in
powers of () and then matched to the ERE parameters. Another alternative is the Z-
parameterization [66]. In this approach, the LECs are fit to reproduce the residue of
the deuteron pole at NLO. The LECs have an expansion in () similar to fitting to the
ERE about the deuteron binding momentum; however, this approach demonstrates
faster convergence. While the correct residue of the deuteron pole can be approached

perturbatively in the ERE schemes, the number of diagrams at higher orders in the
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EFT proliferates. It is also possible to bypass the need for two-nucleon contact terms
through the use of auxiliary fields for the deuteron and spin-singlet virtual state [67].
In this scheme, the effective range is typically summed to all orders, and the dibaryon
fields are convenient for three-body processes such as neutron-deuteron scattering
(34, 68-70].

Finally, external fields such as magnetic fields can be included in EFTy in a simple
manner [63, 71]. Gauge fields can be included through the minimal coupling prescrip-
tion. Any general external field can be specified along with the desired transformation
properties of the nucleon operators under parity and time-reversal, and all of the op-
erators consistent with the symmetries can be systematically derived. Single-nucleon
currents will obey a power counting based on dimensional analysis while two-nucleon
currents will be counted like the two-nucleon contact terms. Specifically, operators
that connect two-nucleon 35; or 1Sy states will have the same 1/my(@Q enhancement
present in the two-nucleon scattering LECs while operators connecting other partial
waves will generally be suppressed [51]. These currents constitute the main focus of

this work.

2.2 CHIRAL PERTURBATION THEORY AND CHIRAL EFFECTIVE FIELD THEORY

2.2.1 CHIRAL SYMMETRY IN QCD

Another useful EFT for systems containing a single nucleon is chiral perturbation
theory (xPT), and the generalization to few-nucleon systems is referred to as chiral
EFT (ChEFT) [1, 26, 27, 37, 48, 49, 52, 72-81]. What follows recapitulates the main
results from this body of literature and is particularly influenced by Ref. [48]. The
low-momentum scales for these EFTs are set by the momenta of the external particles
and the pion mass m,. The breakdown scale for the single nucleon sector of yPT is
roughly A, = 47 F where F is the pion decay constant in the chiral limit; although,

the breakdown scale could be closer to mass of the p meson. Since the A-nucleon
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mass splitting is around 300 MeV, it may also be the case that xPT without the A
resonance has an even lower cutoff. In ChEFT, there is evidence that the breakdown
scale is closer to 500 MeV or even lower. These two EFTs are low-energy theories of
QCD that exploit the approximate chiral symmetry of the light quarks. In the chiral
limit, i.e. the limit of massless light quarks, the QCD Lagrangian is
. 1 y
Lacpo = Y qrilDqy — B Tr(G"Gu) (2.26)
f=u,d

where ¢; is a quark field with isospin index f = u,d where u (d) is the up (down)

quark. The gauge covariant derivative is
Dug = (9, +igAlN) g, (2.27)

where A’ is the SU(3) generator in color space, g is the quark-gluon coupling, and A,
is the gluon field. The gluon field strength tensor is G* and the trace of the gluon
kinetic term is over the color indices. It is possible to rewrite the Lagrangian in terms

of left- and right-handed quark fields as

- . 1 )
£ = (@iPar + Grilar) — 5 (G Cp), (2.28)
where
qr = Pprq.,
(2.29)
qr. = Prq,

and the subscripts denote the chirality of the quark field. The right- and left-handed

projection operators are defined as

P =5 (1£7°) . (2.30)

N | =

At this stage, it is also sufficient to consider the quark fields as isospin doublets,
i.e., ¢ = (u d)T. This Lagrangian is classically invariant under U(2)xU(2)g, which

would suggest that there are 8 Noether currents. In principle, strange quarks could
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be included and the symmetry group would then be U(3),xU(3)g; however, it is
sufficient to consider only the two-flavor case for systems containing only nucleons
because they only contain valence up and down quarks, so effects due to strange
quarks should be suppressed. Additionally, the size of the strange quark mass relative
to the masses of the up and down quark masses suggests that chiral symmetry is
stronger in the two-flavor case. However, the U(1)4 symmetry is anomalously broken;
therefore the symmetry group is SU(2),xSU(2)gxU(1)y.

Based on chiral symmetry alone, it might be expected that the hadrons come in
parity doublets and fill out representations of the chiral symmetry group. However,
it appears that the hadrons possess an SU(2) symmetry rather than SU(2) x SU(2)
because there are no observed parity partners. Additionally, the smallness of the pion
mass compared to the vector mesons insinuates that the pions could be the pseudo-
Goldstone bosons of a spontaneously broken symmetry. Observations do indeed sup-
port the conclusion that the SU(2) 4 subgroup is spontaneously broken, which implies
that there are three pseudoscalar pseudo-Goldstone bosons, one for each generator of
the broken symmetry.

If the light quarks really were massless then the pions would be massless Goldstone
bosons, but the quark masses break chiral symmetry explicitly leading to the small

masses of the pions. Including the mass term in Eq. (2.28) yields
. _ _ _ 1 y
Lqocp = (QLllDQL + QRZlDQR) — qrMqr, — G M'qp — 3 Tr(G"Gu) (2.31)

where M = diag(m,, mg) is the quark mass matrix. If the quark mass matrix trans-

formed under the chiral symmetry group as
M+ RMLT, (2.32)

then the Lagrangian would still be invariant under the chiral symmetry group.
External fields can also be incorporated in the Lagrangian in a way that is con-

sistent with chiral symmetry like the mass term. The Lagrangian with external fields
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is
= H 1# L 5 )
L= Lacpo+ qm (V' + 30 +77a q—QG—WVMQ~ (2.33)

The external isovector fields v* and a* can be written as

3
no_ a, p
v —ZTUG,
a=1

3
a*=> 7%k,
a=1

and thus couple to the isovector quark currents. The isoscalar vector current cou-

(2.34)

ples to vé‘s), but the isoscalar axial vector is omitted because of the axial anomaly.

Analgously the scalar and pseudoscalar fields can be written as
3
s=Y 1%,,
a=0
3
b= Z Tapa >
a=0

where a = 0 corresponds to isospin identity. This reduces to the Lagrangian in

(2.35)

Eq. (2.31) with v*, a*, vé), and p = 0 and s = M. The Lagrangian can also be

arranged into the form

~ 1 _ L
L = Lqocpo + " <l# + gvﬁ )> qr + qrY" (Tu + §U£ )) qr

— qr" (s +1p) g — @Y" (s — ip) qr (2.36)

where
Ty =V, +a,, (2.37)
ly=v,—a,. (2.38)

Under local chiral transformations, this Lagrangian will be invariant if

r, — Rr,R' +iRO,R' (2.39)
l,— LI, L' +iLo,L", (2.40)
vl(f) — v/(f) -0,0, (2.41)
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s+ipr R(s+ip) LT, (2.42)

s —ip+— L(s—ip)R'. (2.43)

This procedure is suitable for external fields such as electroweak fields or even BSM
fields. For example, interactions with an external electromagnetic field A, are ob-
tained by setting r, = [, = —57°A, and vff) = —5A,. However, a modification
similar to the procedure followed for the mass matrix is necessary if one wishes to
have dynamical photons, leptons, and BSM fields. These modifications will be re-

quired in this work and will be reviewed in a following subsection.

2.2.2 MESON CHIRAL PERTURBATION THEORY

In this section, the chiral meson Lagrangian is constructed following Refs. [23, 26, 27].
All of the features described above can be incorporated in an effective Lagrangian
written in terms of hadronic degrees of freedom and as an expansion in p, the momenta
of external particles. Since the expansion parameters for the effective Lagrangian are
p and m,, the power counting for all of the terms in the Lagrangian will be determined
by the number of derivatives and powers of the pion mass associated with each term.
In the meson sector, the pions are implemented through a nonlinear realization U of

the chiral symmetry group [24, 25, 72|, where

U = exp <;,0¢a7‘“) : (2.44)

and ¢,, a = {1,2,3}, are the Cartesian pion fields. This matrix exponential trans-

forms under chiral transformations as
U~ RULT, (2.45)

and is O(1) in the yPT power counting. In the chiral limit, the lowest order chirally

invariant pionic Lagrangian is [23, 26, 27]

2

F
L£O = IO Tr(9,U0"U") (2.46)

T
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where the subscript 7 indicates that this is the pion component of the chiral La-
grangian, the superscript indicates that this is the Lagrangian at O(p?) due to the
factors of p that enter through the derivatives, and F' is treated as an LEC that can be
extracted from semileptonic pion decay. The exponential U can be expanded in the
number of pion fields, which results in the kinetic term for a single pion and interac-
tions for even numbers of pions. Explicit symmetry breaking due to the quark masses
is included through constructing terms that are invariant under chiral transformations
that contain powers of U and M.

At first order in M, the Lagrangian becomes [23, 26, 27]
@ _ % N ; T
=7 Tr(9,U0"U") + 550 Bo Te(MUT+UMT) . (2.47)

In the isospin limit, i.e m = m, = myg, the pion masses are related to the LEC B,
through
m2 = 2Bym . (2.48)

The value for By can be determined from the value of the chiral quark condensate.
The external vector fields can also be included through the definition of the co-

variant derivative acting on U,
DU =0,U —r,U+1Ul,. (2.49)

Given the transformation properties of the external fields in Egs. (2.39)-(2.43), this
object transforms in the same way as U. Also, external fields count as a power of
momentum because they are included in the covariant derivative. The traceless field

strength tensors, which are O(p?), for r,, and [, are defined according to

FR = 0,r, — 0y, —i[ru,r)],
S S (2.50)
Fl = 0uly, — 0l —i[lu, 1) -
For the scalar and pseudoscalar fields, the mass matrix in the effective Lagrangian is

generalized to the form

X = 2By (s +ip) , (2.51)
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where s = M again when the external fields vanish. The most general Lagrangian
with these ingredients at lowest order is [23, 26, 27]

F 1
£¥ = > Te(DUDUT) + 2 Tr(xU' + Ux'). (2.52)

™

and the subscript indicates that the Lagrangian is O(p?) at this order. Higher order
components of the Lagrangian have been derived, and when doing so redundant terms
can be eliminated through integration by parts and the lowest order equations of
motion [26, 82-84].

2.2.3 BARYON CHIRAL PERTURBATION THEORY

Two-flavor yPT can also be extended to include the interactions of nucleons, pions,

and external fields [37]. The proton and neutron form an isospin doublet

v=@p n), (2.53)

where the proton (neutron) field p (n) is a four-component Dirac spinor. This field

transforms under the chiral symmetry group as
v— K(L,R,U)Y, (2.54)

where the SU(2) valued matrix K is defined as
K (L,R,U)=vVRUL RVU. (2.55)

When L = R, K reduces to a SU(2)y matrix, which is just an isospin transformation
on the nucleon field. The unitary square root of U is required, i.e. u? = U. This

matrix transforms under the chiral symmetry group as
u RuK' = KulL', (2.56)

The construction of a Lagrangian invariant under local SU(2),xSU(2)gxU(1)y

transformations including the external fields in Eq. (2.33) necessitates a covariant
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derivative acting on nucleon fields. This derivative is defined as

Dyt = (9 + Ty — i) ¥, (2.57)

m

where the so-called chiral connection is

1
Tu=3 (ut (9, = iry) + (8, — il uf] (2.58)

which transforms as

Db+ e ©KD,. (2.59)

Additionally, there is the chiral vielbein
w, =i [uf (9, — i) —u (9, —il,) ul] | (2.60)

which transforms as

uy, — Ku, KT (2.61)

Using all of these ingredients allows for the construction of the most general La-
grangian that is chirally invariant. The Lagrangian will contain bilinears of the form
POy where O — KOKT. The leading order component of the Lagrangian is thus
[37]

LY = (Uﬂ —m+ gAv“vsuu) Y, (2.62)
where m is the nucleon mass in the chiral limit, and g4 is the axial coupling in the
chiral limit. In order to construct higher order terms that may also include terms
proportional to the quark masses and external scalar and pseudoscalar fields it is
convenient to work with

e = ulyu' £ uyu. (2.63)

In this form, the parity of the resulting bilinears can be read off from the sign of y.

There are also the field strength tensors in Eq. (2.50) in addition to
) = 9l — 0,0, (2.64)
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+ _ + t ==
,uzl_qu,u,uu tu fR,uuu'

(2.65)

While this formulation of baryon xPT is covariant, it suffers from the fact that

derivatives acting on ¢ will bring down powers of the nucleon mass which is on

the order of A, [37]. There are renormalization schemes that are Lorentz invariant;

however, a popular approach to these issues is heavy baryon yPT (HBxPT) [73, 74].

The idea is to separate the large and small components of the Dirac spinor ¥ and

integrate out the small components.

First, split the momentum of the nucleon into the form
P = mu, + ky,

where k, is a soft residual momentum and
v =1
vy > 1.

—.

In the nucleon rest frame v, = (1,0). These conditions also imply

kb

vk, = 5
m

Y

and in the nucleon rest frame this becomes
]{30 = ENR =FE—-m.
Now, define the projection operators
1
The field ) can now be decomposed in terms of velocity dependent fields as

77Z} — 6—imv'x [Nv + Hv} 7

where
imu-xT
N,=c¢ Py,

Hv — eimvﬁcp_w )
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Inserting this decompostion into the Lagrangian in Eq. (2.62) and integrating out the

field H, results in

Lon =N, (iv- D+ gaS, -u) N, + O(1/m), (2.73)

which is valid up to O(1/m) corrections, and the spin matrix is defined as

Sh = %750‘“’1)”. (2.74)

Additional operators can be constructed that contribute at higher orders, and then

invariance under infinitesimal Lorentz transformations [85, 86] or equivalently repa-

rameterization invariance [87] can be used to constrain the LECs.

2.2.4 CHIRAL EFFECTIVE FIELD THEORY

Chiral EFT is the effective theory for systems with two or more nucleons incorpo-
rating the constraints of chiral symmetry. In the so-called Weinberg Power Counting
(WPC) scheme, the nuclear potential is defined as the sum of irreducible diagrams
that do not have intermediate nucleon propagators and include two-nucleon contact
terms along with the exchange of one or more pions [28, 29]. Again, the two-nucleon
system requires a resummation of the diagrams, so the two-nucleon scattering am-
plitude is then obtained through a Lippman-Schwinger equation. Specifically, the
leading order terms that are resummed in WPC are the diagrams that contain ver-
tices proportional to C's and Cr as well as one-pion-exchange. While this prescription
is phenomenologically successful, it requires the promotion of subleading operators in
WPC to leading order in order to achieve renormalization [31]. An alternative power
counting was suggested in Refs. [32, 88], generally referred to as KSW power count-
ing, in which interactions with pions are relegated to subleading order and treated
perturbatively. However, the KSW prescription with perturbative pions was later

shown not to converge in several partial waves [89]. Subsequently, reformulations of
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KSW approach have been presented but without widespread adoption (see Ref. [1]

and references therein).

2.2.5 SPURION FIELDS

While the chiral Lagrangian with external fields is sufficient to generate all Feynman
diagrams including virtual particles, there will in general be divergences that must
be renormalized by local counterterms. The use of spurion operators similar to the
inclusion of the quark mass matrix in the chiral Lagrangian is a convenient and
popular method to construct the counterterms [90-98]. These operators represent
the effects of virtual particles with momenta above the breakdown scale of the EFT.

Consider, for example, the QCD Lagrangian for two quark flavors with minimal
coupling to an electromagnetic field. The Lagrangian in terms of left- and right-

handed quark fields is

L =iqrdqr +iqrdqr — M 'qr — GrMaqr +ieA, (G Quar + arY'Qquar], (2.75)

where @, = diag(%, —%) is the quark charge matrix. The terms proportional to the
quark charge break chiral symmetry explicitly. However, the pattern of symmetry
breaking can be mapped onto the effective Lagrangian by splitting the charge matrix
into @)1, and Q)i such that the electromagnetic component of the Lagrangian can be

written as

Lpy =1eA, [y Qrar + qry"' Qryr) (2.76)

and requiring the charge matrices to transform under the chiral symmetry group as

Qr — RQrR', (2.77)

Qr v LQLL'. (2.78)

Now, it is possible to construct all terms in the effective Lagrangian using the

spurion fields Q; and Qg such that the operators are invariant under the chiral
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symmetry group. This procedure works for any generic spurion field, and at lowest
order there will be two insertions of the spurions. After constructing all possible
operators, the specific form of the spurions can be chosen. Continuing the example
of electromagnetic interactions, it is conventional to continue using the quark charge
matrix in the meson sector. However, it is also common to use the nucleon charge
matrix Qn = %(IL +73), and the difference compared to using the quark charge
matrix amounts to a shift by an unobservable constant [98].

When constructing the spurion operators in the nucleon sector, it is convenient to

use the combinations

Qi = ; [UTQRU + UQLUT} ; (2.79)

which transform under the chiral symmetry group as
Qr — KQuK". (2.80)

Lastly, it is also useful to separate the spurions into isoscalar and isovector compo-

nents,
Qs = L TH(Qu)1+ Qs (2.81)

where
Qs = ;Tr(QiT“)T”. (2.82)

Thus, all of the spurion operators can be derived in terms of Tr(Q+) and Qy.
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CHAPTER 3

LARGE-N. QUANTUM CHROMODYNAMICS

3.1 PLANAR EXPANSION

As mentioned in Ch. 1, QCD is the SU(3) gauge theory of the strong interaction.
At the scales relevant for hadronic physics, QCD is nonperturbative. However, by
considering the limit N, — oo, where N, is the number of colors in QCD, we can
deduce some of the important features of hadrons in an expansion in powers of 1/N,
[4, 13, 14]. The discussion in this chapter highly reflects Refs. [3, 4, 99, 100].

The QCD Lagrangian is

L 1 ,
L= a5 (" Dy =my) gy = 5 (G Gpu), (3.1)
!

where the sum over f is over quark flavors and the trace is a sum over color indices.

The gauge covariant derivative is
Dug = (9, +igA ) g, (3.2)

where A} is the gluon field, A is an SU(N,) generator, and ¢ is the quark-gluon

coupling. The generators are normalized such that
Tr(NN) = Lsi (3.3)
2
The gluon field strength tensor is
Guw = 0,A, —0,A, +ig[A,, A, (3.4)

where A, = AJA®. It is also possible to write the field strength tensor as an object

with a single adjoint index rather than two indices in the fundamental representation
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(a) (b)
Figure 3.1: Double-line notation of (a) quark and (b) gluon propagators. Figure from
Ref. [3].
of SU(N,) through the defintion G, = A\,G¥,,. This second definition has the explicit
form

wa = auAiy - auAL - gfijkAﬂAﬁ ) (3.5)
where f;;, are the SU(V,) structure constants.

At the one-loop level, the pg-function is

dg @ 1. 2
H— = — 2 [ c Nf] )
dp = (@nP L33

(3.6)

which is clearly not well defined as N, — oco. However, if g?N, = § is held fixed in

the limit N, — oo, then the beta function for g,

J ¢ 111 2N
=T |5 (3.7
is well defined [13]. Therefore, in the forthcoming discussion of Feynman diagrams
for large-N. QCD, a factor of 1/4/N, will be associated with every quark-gluon vertex
and three-gluon vertex, and a factor of 1/N, will be associated with every four-gluon

vertex. This scaling of the coupling, along with factors of N, that appear due to color

traces, will furnish a perturbative expansion in powers of 1/N..

In order to study the consequences of the large- N, limit for hadrons, it is beneficial
to understand how to determine the N, scaling of any given Feynman diagram (see
Refs. [3, 4, 13, 14] for greater detail). It is convenient to adopt the 't Hooft double
line notation to perform this analysis; this amounts to analyzing the flow of color in

the diagrams. First, quark propagators are given in the standard form
O T{q"(@)a(y)} |0) = 65 Sr(z —y) (3.8)
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Figure 3.2: Double-line notation of (a) quark-gluon vertex, (b) three-gluon vertex,
and (c) four-gluon vertex. Figure from Ref. [3].

where Sp(x —y) is the fermion propagator. The typical form of the gluon propagator
is

(O] T { A, ()AL (1) } 0) = 6" Dy (z — y) (3.9)
where D, is the propagator for a single gauge field. Instead of expressing the gluon
propagator in terms of the adjoint indices 7 and j, it may be alternatively expressed

in terms of the color indices as
i ai Aj cj 1 asc 1 a sc
OIT {4 N AL} 10) = 5Dl — o) (805 - 065)  (3:10)
after use of the identity

o 1
NN = (5ad50b - N(sabacd) . (3.11)

The second term in this identity appears due to the fact that the SU(V,) generators
are traceless. However, this term vanishes as N, — oo, so it may be neglected such
that the gluon matrices are in the adjoint representation of U(N,). This approxima-
tion is valid at leading order in the N, expansion, but corrections are 1/N? suppressed
and may be ignored. Gluons may now be represented as a double line with a sin-
gle color index on each line, one in the fundamental representation and one in the
antifundamental represenation as shown in Fig. 3.1. The QCD vertices can now be

translated into this double line notation and are shown in Fig. 3.2.
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Figure 3.3: Single quark loop that produces a sum over N, colors.

<>

Figure 3.4: O(N.) quark loop with three planar gluons and the corresponding double-
line graph. Figure from Ref. [3].

Now, this formalism can be used to analyze vacuum QCD diagrams. In particular,
the leading diagrams contain only planar gluons and are O(N?). At O(N,), there is a
diagram that consists only of a single quark loop. Any number of planar gluons can
be added to the quark loop such that the quark loop forms the edge of the diagram
without changing the large- N, scaling. For example, the single quark loop in Fig. 3.3
contains a single color trace and is thus O(N,). In Fig. 3.4, the double line notation
makes explicit the fact that there are three color traces, and accounting for the factors
of N, from vertices leads to an overall scaling of V.. Additional quark loops may be
included, but they require quark-gluon vertices; therefore, each additional quark loop

costs a factor of 1/N,.. Diagrams that contain nonplanar gluons are also suppressed

by 1/N?2.

3.2 MESONS

There are many interesting qualitative features of mesons that can be derived in the

large- N, limit [4, 13-22]. Let J be a current that creates a meson. The two-point
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correlation function for this current can be written as [4]

|an|2

TEI(R) = ¥ 5

BTy (3.12)
where a, = (0| J|n) and the states |n) are one-meson states. Since the two-point
function should be a sum of planar diagrams in the large-N, limit, Eq. (3.12) is
O(N,). For this statement to hold true for all values of k2, it is necessary that the
meson masses m, be independent of N.. In addition, it is known that the large-
momentum behavior of the two-point function on the left-hand side of Eq. (3.12)
depends logarithmically on k2. However, if there is a finite number of meson states,
then the sume on the right-hand side will behave as 1/k?. Therefore, there must be an
infinite number of meson states so that both sides agree. As a result, the amplitude
to create a meson from the vacuum, or equivalently the meson decay constant, a,, is
O(v/N.). Additionally, the single-particle poles are all on the real axis; therefore, the
mesons are stable.

Similar diagrammatic analyses of the three- and four-point functions reveal that
the three-meson vertex is O(1/4/N,) and the four-meson vertex is O(1/N.), and this
analysis can be extended to an arbitary number of mesons. This indicates that mesons
are weakly interacting for large but finite N, while they are free for N, = co. As a
result, meson-meson scattering at leading order in the large- N, expansion consists of
tree-level diagrams with meson exchanges which are O(1/N.,).

These features are also incorporated in the meson sector of yPT [40-42] since
chiral symmetry is still broken in the large-N. limit [101]. The LO pion Lagrangian
from Eq. (2.52) is

F ity o E t t
EzzTr(DMUD U)+ZBOTr<M U+ MU).

Now, a single flavor trace in xPT corresponds to a single quark loop in large-NN,
QCD and therefore scales as N.. Mapping the scaling of the traces onto the LECs
implies that F' ~ O(y/N,.) while By, which is determined by the pion mass, is O(1).

30



Additionally, by expanding Eq. (2.44) in the number of pion fields, it can be seen that
each additional pion leads to a 1/4/N. suppression due to the factors of 1/F that will
appear. These features are exactly what was just determined through the large-NN,
analysis.

It has also been shown that the U(1)4 anomaly does not persist as N, — oc.
Therefore, when strange quarks are included the chiral symmetry group breaks down
from U(3)r x U(3) to U(3)y. As a consequence the 7’ is the ninth Goldstone boson,
and should be included in Ny =3 xPT [41, 42]. For more information on this version

of the incorporation of the 1’ in large-N. xPT, see Refs. [102-107].

3.3 BARYONS

3.3.1 BARYON MASSES

Despite the success of the diagrammatic approach in the meson sector of large-N,
QCD, the case is not so simple for baryons. The analysis of this section follows
Refs. [3, 4, 100]. Since baryons are fermions, they must obey the Pauli exclusion
principle; therefore, a ground state baryon must consist of N, quarks completely
antisymmetric in their color indices and totally symmetric in the combination of
their spin and flavor indices.

Now, if one tries to perform an analysis of the diagrams in perturbation theory
for an N.-quark propagating state, it will quickly be seen that the diagrams grow
with increasing N.. The first correction to the free propagation of quarks consists of
single gluon exchange, and we determine the large- N, scaling of the diagram through
combinatorics. There are %NG (N. — 1) ways to choose a pair of quarks in the baryon.
When we include the factors of 1/1/N, from the quark-gluon vertices, the contribution
is O(N.). Going a step further, a connected n-quark interaction will yield an overall
contribution that is O(N,). This process can be conducted for a diagram with m

disconnected pieces, and these diagrams will contribute at O(N").

31



At first, this situation seems hopeless. However, it was pointed out in Ref. [4] that
the amplitude for a baryon to propagate from time ' = 0 to ¢’ = t is e~"™5!, where

mp is the baryon mass. Expanding this exponential yields
—impt , L 50
e :1_Zth_§th + - (3.13)

Thus, the growth of the interactions can be understood as the baryon mass being

O(N,) [3, 4, 100].

3.3.2 SCATTERING PROCESSES

In baryon-meson scattering, the meson carries a single quark that can be exchanged
with a quark from the baryon. Recall that baryons are composed of N, quarks that are
antisymmetric in the color indices. Therefore if the two quarks are of the same color
then there is only one possible exchange that can occur without gluon exchange and
this contribution is thus O(N?). If, however, the quark from the meson is exchanged
with a quark from the baryon of a different color, then there must be a gluon exchange
so that the baryon will be a color singlet. In this case, there are N.— 1 choices for the
quark exchange and the quark-gluon vertices contribute a factor of 1/N, resulting in
an overall contribution on the order of O(N?). Since the baryon mass is O(N,), then
this interaction does little to affect its motion while the interaction is on the same
order as the meson mass. Thus, the meson scatters off of the baryon [4].

For baryon-baryon scattering (see Fig. 3.6), there are N, ways to choose a quark
from the first baryon. The chosen quark can be exchanged with a quark of the same
color from the second baryon without any gluon exchange. There is only one such
quark, so this interaction is O(N.). On the other hand, the quark from the first baryon
can be exchanged with one of N, — 1 quarks from the second baryon, but this must
be accompanied by gluon exchange. Again, the combinatorics along with the scaling

of the quark-gluon coupling imply that the interaction is O(N.). By analyzing two-
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Figure 3.5: Baryon-meson scattering via quark and gluon exchange. Figure from
Ref. [4].
nucleon scattering through additional quark-gluon diagrams, it is possible to show
that a connected diagram involving r quarks will be on the order of N!="NT = N,.
As discussed in Ref. [4], it seems problematic that this interaction is O(N..). Specif-
ically, how can there be a smooth limit for the scattering amplitude as N, — oco? To
resolve this issue, Ref. [4] takes the baryon velocities to be fixed with respect to N..
The kinetic energy %va2 is then O(N.) because of the factor of the baryon mass.
Therefore, the kinetic energy is of the same order as the interaction. If instead the
momentum transfer is held fixed with respect to N., then the kinetic energy will be
O(1/N.). In this case, nuclear matter forms a crystal and does not scatter [39]. How-
ever, this kinematic regime will be the case of interest in this work since it justifies
the use of a nonrelativistic EFT like EFTy. Additionally, Ref. [39] advocates that
the large- N, expansion for nuclear forces is useful because it can shed light on certain
qualitative features of these forces. The following section examines the role of spin

and isospin towards that end.

3.3.3 CONSISTENCY CONDITIONS

First, consider the baryon-meson interaction. The size of the coupling can be deter-
mined by inserting a current J that creates a meson on one of the baryon’s quark
lines as shown in Fig. 3.7. The current can be inserted on any of the N. quarks

in the baryon, and accounting for the amplitude to create a meson from the vacuum
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Figure 3.6: Baryon-baryon scattering in large-N, QCD. Figure from Ref. [3].

Figure 3.7: Insertion of axial current in a baryon. Figure from Ref. [5].

through the LSZ reduction formula, the overall amplitude and thus the meson-baryon
coupling is O(v/N,).

Recall that the meson-baryon scattering amplitude is O(1). At tree-level in terms
of nucleon and pion fields, there are three possible contributions to the scattering
amplitude, two of which are shown in Fig. 3.8. The third contribution is a seagull
diagram which is usually argued to be suppressed in the large- /N, limit; however, this
detail is not necessary for the following. Since there are two O(y/N.) baryon-pion
couplings, one might expect that the overall result is O(N,). This is clearly at odds

with the fact that the scattering amplitude should be fixed with respect to N..

Figure 3.8: Tree-level pion-nucleon diagrams
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The solution to this problem is the existence of so-called consistency conditions
[108-111] (see Ref. [5] for a review). Essentially, the intermediate baryon should
include a sum over all baryon states which are degenerate with the incoming and
outgoing nucleons. It will now be shown that this tower of intermediate baryon states
leads to the necessary cancellations in order to produce an amplitude independent of
N..

The baryon-pion interaction can be parameterized as

0u0®

L (Bla""7*|B) (3.14)

In the limit of interest the baryon is static, so the matrix elements of the time com-
ponent of the axial current vanish. The matrix elements of the spatial components of

the axial current may be written as
(B'|¢7"+°1°q|B) = gN.(B'| X |B) . (3.15)

The factor of gV, has been removed so that the baryon-pion coupling is gN./F; ~
O(y/N,) with g fixed and the matrix elements of X are at most fixed with respect

to N.. Now, the scattering amplitude takes the form

g*N?

i X X7 (3.16)

Therefore, the amplitude will be O(1) if
(X X7 SO(1/N,) . (3.17)

The cancellations that occur to produce this scaling are the aforementioned consis-
tency conditions.

In general, the operator X has a 1/N, expansion of the form

X =3 NT"X*, (3.18)
n=0
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where the matrix elements of the X are O(1). Thus, for Eq. (3.17) to be true it is
necessary that

Xen X3 =0, (3.19)

which is the first consistency condition.

Now, if the process is nucleon-pion scattering and there is only an intermediate
nucleon which has I = J = %, then the operator X% is just proportional to o7 and
the matrix elements do not commute. If, however, the A resonance with [ = J = %
is included as an intermediate state, then the necessary cancellation can occur. As a

consequence, the consistency condition leads to the constraint [110]

a3
IrNA _ 2 1 O(1/N2). (3.20)
9rNN 2

This calculation can be performed for A-pion scattering in order to constrain the
I =J= % coupling, and this can be carried out recursively. This demonstrates the
necessity of an infinite tower of baryon states with I = J = %, %, -+ to ensure the
required cancellations for the consistency condition in Eq. (3.19). This paradigm may
also be used to systematically calculate 1/N, corrections to observables.

Since the operator X is a spin-1 isospin-1 operator, there are commutation re-

lations in addition to Eq. (3.19) which are satisfied:

B IR

(3.21)
1%, XP| = de™e X
In addition, there are the familiar commutation relations
[T ] = et g,
[Ia,fb} = jebere, (3.22)

[Ji, Ja} 0.

Now, consider the Lie algebra for SU(4). There are the SU(2),;xSU(2); generators as

well as as a combined spin-flavor G** = J*® I*. The commutation relations involving
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G' are
{Ji’ Gjb} _ iEijkab’
19, G| = deteGre, (3.23)
ia 70 _3 ijk 7k cab ij _abc 1c
[G ,G}—4(€ J0Y 4+ 0Ye I).
The matrix elements of the G are generally O(N.), so G*/N, will be fixed in the

large- N, limit [111, 112]. Therefore, the algebra in terms of the operator X can be

obtained from the SU(4) algebra through

a

X = lim )
Ne—00 Nc

(3.24)

This limiting process is what is known as a contraction. Thus, the operators J?, I,
and X{® are said to generate a contracted SU(4) symmetry under which the large-N,
baryons transform [108-110]. One can also see that the result generalizes to SU(6)

for the case of 3 quark flavors.

3.3.4 SPIN-FLAVOR SYMMETRY AND THE 1/N. EXPANSION

At this point, it is natural to wonder if the usual SU(4) generators may be used
to classify the N, dependence of baryon matrix elements. After all, the contracted
SU(4) symmetry is only exact as N, — oo. Indeed, this is possible since the only
difference in using X compared to G/N, amounts to a reorganization of subleading
corrections.

The general strategy is to classify the baryon matrix elements of various operators
according to the spin-flavor representations. In order to do so, the operator basis is

taken to be
Ji=q'Jq
fa — qTIaq (325)

éia _ qTGiaq’
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which is also the basis of the nonrelativistic quark model. There is also the operator
¢'q; however, this is the quark number operator and can be reduced to N.1. A generic

m-body QCD operator can be expanded in this basis as [112]

t

A\ S N t A n—s—
(m) . Jt e Gza
Ogep = No" Y ca <Nc> <]Vc> <N0> 7 (3.26)

n,s,t

where the coefficient of each term in the expansion ¢, is independent of N, and can in
principle be determined from the QCD dynamics. Many of the operators that occur
in the expansion are redundant and can be removed through various reduction rules.
For two quark flavors, these rules amount to the elimination of any operators in which
spin or isospin indices are contracted with a Kronecker delta or with the Levi-Civita
symbol except for the operator J? [112].

The axial vector current, for example, has the expansion [112]

N, TN

G® S ] (3.27)

0'7"7q = N [
In this form, it is clear that the LO contribution is from G** ~ O(N,), there are cor-
rections on the order of 1/N? for baryons with fixed spin and isospin, i.e. the physical
baryon states. This strategy has also been implemented to study other static prop-
erties such as the baryon masses and magnetic moments [5, 112-116]. Additionally,
when working with 3 quark flavors, the effects of flavor symmetry breaking can be

incorporated systematically [112, 116-121].

3.4 TwoO-NUCLEON INTERACTIONS

As previously mentioned, the two-nucleon interaction is expected to be O(N.,), which
can be described by a relativistic Hartree Hamiltonian [4]. While the exact Hamil-
tonian cannot be constructed, the general structure and its consequences may be

deduced in terms of the spin-flavor expansion. In the following, the operator J¢ will
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be replaced with Si. The Hamiltonian has the expansion [111, 112, 115, 122]

t

AN S A t A n—s—
SZ Ia Gza
H = Nc Z Vstn (M) <]Vc> < NC > s (328)

n,s,t

where the coefficients vy, are at most O(1) and are momentum dependent.
The two-nucleon matrix elements of operators appearing in the Hamiltonian fac-

torize in the large-N, limit [38],
(NoNg| 0105 |N,Ns) — (No| O1|N,) (Ns| Oz |Ns) + crossed, (3.29)

where «, 3, v and § denote the spin, isospin, and momenta of the fields. For physical
baryons, those with S = I ~ O(1), the scaling of the single-nucleon matrix elements

of the operators appearing in the expansion are determined from

o) 1
N IN) S sy (3.30)

where O™ is an n-quark operator with spin and isospin S and I respectively (38, 39].
For the SU(4) generators, this produces the expected scalings

1 Gia
N'| —|N) ~(N'| —|N) <1
(V5 IV) ~ (V] 5= IN) £
St I 1
N'| —|N) ~(N'| —|N) < — .
(V| 55 V) ~ (V5 1V) S 5

(3.31)

These large-N, spin-flavor properties make it possible to constrain the two-nucleon
potential

V(p+,p-) = (NaNs| H N, Ns) (3.32)

where the Greek subscripts denote the spin, isospin, and momentum dependence of
the nucleons, and the momenta are given in terms of the incoming (outgoing) relative

momentum p (p’)

1

p+=5 (P Ep) . (3.33)

For elastic scattering, the central potential has the form [39]
V;:entral = VE)O + Va()al <09 + (Vbl + V;O‘l . 02) T1 * To. (334)
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As a result, the scalings of each component of the central potential are

VE)ONV;NNC7

1
‘/ON‘/lf\Ji‘
o O "N,

(3.35)

These scalings provide an explanation of the approximate Wigner SU(4)y, symmetry
of light nuclei [38, 39]. The nucleon states p 1, p |, n 1, and n | transform under the
fundamental representation of SU(4)y,. In even partial waves, V) and V! respect the
SU(4)y symmetry while the terms that break the symmetry, V.2 and V!, are relatively
1/N? suppressed. This analysis was also performed for the spin-orbit, tensor, and
quadrupole contributions to the potential Ref. [39]. Additionally, the results were
compared to the Nijgmegen potential, and the sizes of couplings in the Nijmegen
potential fall roughly within the large- N, predictions.

When working to higher orders in the momenta, there are additional N, suppres-
sions that can arise due to relativistic corrections. For example, in t-channel meson
exchange, p_ is considered to be O(1) while py only occurs in relativistic corrections
as p/my and is therefore suppressed. In the u-channel, the roles of the momenta
are reversed which leads to identical results.

These results are also consistent with meson exchange as demonstrated in Ref. [6].
Given that the meson-baryon coupling is O(y/N,), one might assume that the tree
level diagram in Fig. 3.9 is O(N,) while the box- and cross-diagram are both O(N?). If
more meson exchanges are included, then this problem will be exacerbated. However,
it has already been pointed out that nucleons and the A resonance are degenerate in
the large- N, limit. In pion-baryon scattering, it was necessary to include all possible
intermediate baryons in order to achieve a scattering amplitude with the correct
N, scaling. In an analogous way, Ref. [6] showed that the inclusion of the A in
the two-meson exchange diagrams leads to cancellations that result in a potential
that is O(N.). Additionally, Ref. [123] found that three- and higher-meson exchange

contributions do not necessarily yield the correct large- N, scalings; however, this issue
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Figure 3.9: (a) Tree-level one meson exchange, (b) two-meson exchange box diagram,
and (c) cross-box diagram. Figure from Ref. [6].

is resolved through the observation that energy independent potentials adhere to the
large- N, scaling while energy dependent potentials can yield different N, scalings
[124].

In addition to the analysis of the parity conserving potential, the spin-flavor alge-
bra has been used to derive constraints for the three-nucleon potential [43] and parity-
and time-reversal-invariance-violating potentials [125, 126]. In the context of EFTy,
these techniques have been applied to the parity violation in the two-nucleon sector
[44, 127] and time-reversal-invariance violation in the three-nucleon sector [128]. Also,
constraints for two-derivative two-nucleon contact operators were derived in Ref. [45]
along with a detailed discussion of the tension between large- N, constraints and the

renormalization group in the PDS scheme.
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CHAPTER 4

ONE- AND TWO-NUCLEON CURRENTS

In this chapter, the one- and two-nucleon scalar, vector, and axial currents through
one derivative are derived, and the large- N, scalings of the corresponding LECs are
deduced from the derivative and spin-flavor structure of each operator. It is unnec-
essary to study the pseudoscalar currents at the order to which we will work as they
are related to the axial current [129, 130]. These currents are important for a variety
of processes including electroweak properties of nuclei, lepton-nucleus scattering, and
BSM applications such as neutrinoless double beta decay and the direct detection
of dark matter. The applications of these currents in those contexts will be demon-
strated in the subsequent chapter. For the one-nucleon currents there are isoscalar
and isovector operators, while the two-nucleon currents also include isotensor opera-
tors. The isotensor operators derived here are also symmetric and traceless. They are
symmetric because the irreducible representations of SU(2) are completely symmet-
ric, any antisymmetric isotensor can always be reduced to isovector operators. Also,
they are traceless in order to remove the I = 0 component from each operator.

The operators, that is the products of the external field and the currents, in
the Lagrangian are constrained by rotational symmetry to be scalars. Also, the La-
grangian should be invariant under infinitesimal boosts or Galilean transformations
and Hermitian. The constraints provided by boosts introduce factors of the nucleon
mass in the denominator of certain operators. These factors will be made explicit in

the large- N, scaling of the LECs. Also, when including gauge fields such as electro-
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magnetic fields, the operators should also be gauge invariant; however, this case is
reserved for the application to electromagnetic fields in Ch. 5.

In the following, the currents are divided into the categories vector, axial vector,
axial charge, and scalar. This nomenclature refers strictly to the parity of each cur-
rent, unless otherwise noted, and whether or not it has a free spatial index to couple
to the external field. In some cases there is only one option for the time-reversal
property of a current; in other cases the time-reversal properties of the currents can
fall into one of two groups. In principle, the currents with the “wrong” time-reversal
can be obtained from the nonrelativistic reduction of Lorentz covariant operators such
that the nonrelativistic operators receive contributions from several relativistic oper-
ators; therefore, it is not always possible to pin down the origin of the nonrelativistic
operator. It is for this reason and for the sake of completeness that the currents with
non-standard time-reversal properties are included in each section.

After deriving the parity invariant Lagrangian, the same currents can then be
coupled to other external fields in order to construct symmetry violating interactions.
For example, one could couple the vector currents to an external axial field to obtain
parity violating terms. Then, as long as the external field is not a QCD object, the
large- N, scalings remain intact for the symmetry violating LECs.

Finally, each component of the Lagrangian below is denoted as E((;’v’t; T), where
s, v, and t indicate the component with isoscalar, isovector, or isotensor currents.
The index ¢ is the type of field that the currents are coupled to, and 7" indicates the
time-reversal of the currents. In the isovector and isotensor cases, the time-reversal is
indicated by the free isospin indices. The external fields are allowed to carry isospin
indices so that the Lagrangian will be an isoscalar; however, these indices are implicit
throughout this chapter so that these currents can be used in more general isospin
breaking applications. There will also be the subscript N or NN depending on the

number of nucleons involved in the interactions, which should become clear. The
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5,0,t)
i

LECs in the overcomplete Lagrangian are denoted as ! , and in the minimal

basis the tildes are removed.

4.1 VECTOR CURRENTS

Consider a one- or two-nucleon system in an external vector field V* with the Cartesian
index ¢ = 1,2,3. There are two cases of the time-reversal of the external field to
consider. First, the vector field can be odd under both parity and time-reversal like
the electromagnetic vector potential, A. Second, the vector field can be even under
time-reversal like the electric field strength E; however, this analogy should not be
taken too literally as the actual currents that couple to E are constrained by gauge

invariance. Therefore, we will derive currents for all possible time-reversal properties.

4.1.1 ONE-NUCLEON CURRENTS

First, consider the currents that are odd under time-reversal. There are two possible

single-nucleon isoscalar vector currents,
Loy =v [27; o) (NTV N) + R g5, eIk (NTa’“N)] , (4.1)
N

If the external vector field were the electromagnetic potential A%, then the first oper-
ator would result from the minimal coupling prescription while the second operator
contributes to the anomalous magnetic moment. However, as will be discussed in
the following chapter, if the nucleon charge matrix is included caution is needed to
determine the correct large- N, scaling since the nucleon charge can be treated either
as O(1) or O(N,.). Here, the former scaling of the nucleon charge is chosen because
it the closest to the real world, but the scalings listed in this section are for a more
general external vector field. Thus, the LECs scale as

]' S S
M‘#gg,\)/’ ¢9§,€/ ~ O(1). (4.2)
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Although ﬁgf‘)/ appears to be LO-in-N,, the explicit factor of the nucleon mass in the
denominator of the operator indicates that contributions from both operators will be
of the same order in N.. In addition, there are two isovector currents that transform

under time-reversal as Ji% L4 (—1)* Ji#y, such that they are odd for a = 3,

LD =y [Z ot <NTV TaN> +F oS TR (NTOkTaN)] . (43)
2mpy ’ ’
where the LECs scale as
1 v
g~ O(1/No), (4.4)
N
Folh ~ O(N.). (4.5)

Additional constraints arise when a specific form for the vector field is chosen such
that the Lagrangian will be invariant under Galilean transformations or infinitesimal
Lorentz transformations.

The isoscalar operators with the opposite time-reversal are obtained by inter-

changing the derivative structure in Eq. (4.1)
. - ) ) . =y
£ior) =y l?‘ggs)vewkw (NTN) + —Fgi et (NT v okNﬂ : (4.6)
) 2mN )
where the LECs scale as
a5t ~ O(N,) (4.7)
1 s
——*g{ ~ O(1/N,). (4.8)
my

The isovector operators are also obtained by interchanging the derivative structure

in Eq. (4.3)
Loy Vgg@ewkw (Vo) + —Fglt) (va ng)] S
) 2mN )

where the LECs scale as

gl ~ 0(1), (4.10)
tgs ~ O0(1). (4.11)
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4.1.2 Two-NUCLEON CURRENTS

In this section, the two-nucleon contact vector currents are derived along with the
large- NV, constraints. Analogous structures can be found in Refs. [130-133]. However,
these references are specifically concerned with the context of electromagnetic cur-
rents. Regardless, it is necessary to derive an overcomplete basis for the Lagrangian
in order to discern which LECs are LO in the large-N,. expansion and which are
subleading without hiding any scalings through Fierz transformations. A direct com-
parison with Refs. [131, 132] is contained in Sec. 5.1. For a comparison of the pion
exchange contributions from time-ordered perturbation theory and the method of
unitary transformations to the vector current, see Ref. [130].

There are twelve possible two-nucleon isoscalar vector currents. The Lagrangian

with a nonminimal set of operators can be written as
: . N

Ly =V [ .o (NTV N) (NTN) + L(J‘ng <va TGN> (Ni7eN)

+ 70&/3 N1V UJN) NTajN) + —

<V5>5 <N Vo N) NW’N) + 70536 (N@%%W) (NoirN)

o€ 7F VI (NT "N) (N'7"N)

C’
O (V) (VAN) Ot (¥1) (ot )] a2

Including explicit factor of the nucleon mass, there are eight LECs which are O(1),

1 o 1 1

- (s)
2mpy VL 2my Vi 2mpy

C, WOV%,
~0(1), (4.13)
B, G, OO, 8,

while there are four that are 1/N? suppressed,

~(s 1 ~(s
, O, —C%L ~ O(1/N?). (4.14)
N mn



Denoting the current corresponding to the LEC C~"(/821, including the nucleon mass

when appropriate, by J‘i/’n, Fierz transformations lead to the system of equations:

0=>5J01 + Jig+ Jig + Jia, (4.15)
0=3J0, +3J0,+3J05— Jiy, (4.16)
0=9J},—3J,,—3J,5+5J}, (4.17)

0=Jy1+ o= g — Jua+ 505+ s+ Jvr+ Jis+ Jig+ Jiao — Jin
— Tz (4.18)
0=3J}, = Jio+3J5— Jia+3J5 5438 +3J0 . — Jhg+ 30— Ji
- 3j\i/,11 + j\Z/ 125 (4'19)
O:j‘1}71+j‘z},2_j‘z},3_ ~\Z‘/,4+j\i/,5+j\i/,fj7L5j\i/,7"'j\i/,aa_ ~%/,9_=]~xi/,10"'(]~\i/,11
+ 2 (4.20)

+ 3j\i/,11 - j\i/,m ; (4.21)
0= j\i/,5 + j\i/,e’ - jxi/,7 - jlif,s + 5j\i/,9 + j\i/710 + j\i/,n + j\i/,12 (4.22)
0=3J,s—Jis—3JL 7+ i s+3Ji g+ 3T 10+ 3T} 11 — Jir 1y (4.23)
0= j\2/5 + jxi/,ei - jXZ/7 - j\i/,s - j\i/,9 - jxi/,lo - 5j\i/,ll - j\i/,lz (4'24)
0=3J1s—Jig—3J0 1+ i s — 3T g+ Ji1g—3J0 11— 3J0 15 (4.25)

This system reduces the set of operators to five independent choices. One choice is

to retain Ji, |, Ji g, Ji 19, Ji 11, Ji; 15 such that the Lagrangian may be written as

s, — i { s o 7
Lo =V LmN ) (NTV N) (NTN) + ST

(s) THj Jj—a t i _a
mNOm(NvaTN) (Nfo'rN)

+ODETI (NgheN ) (N1rN) 4+ O,V (NTN) (NTo*N)

+OPhet Y (NTreN) (Nfokren )] (4.26)
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where the LECs are related to those from the overcomplete basis according to

1 o L s 1 o) O O O
2mN V, 2 V,1 2 V,2 2mN V,3 2mN V,4 my V,6 m V, 7>
(4.27)
1 1 = 3 - 3 - 1 -
o) _ () 3 AL _ (s o) 498
2mN ‘/',2 2mN V,5 2mN V,G QmN V,7+ QmN V,S’ < )
S 1 ~(s 1 ~(s 1 ~(s ~(s
C\(/):s = omn \(/)5 + %Cx(/)a - gcx(/,)g + Cx(/,)m ; (4.29)
s 1 ~(s 3 ~(s ~(s ~(s
C\(/,)4 = mcx(f)as . x(/,)7 - C\(/)g + C\(/,)n ; (4.30)
s 1 ~(s 1 ~(s 1 ~(s 1 ~(s ~(s
C\(/)5 = e \(/)5 T oma \(/')6 . \(/)7 —3 \(/)9 + \(/,)127 (4.31)

and the LECs in the minimal basis are all O(1) with respect to N..

Transforming to the partial wave basis results in

L =V { [—zmc 230%} iV (NTPIN)' (NTPIN)
+ :_2]\708) + 20(;)2] iV (NTPN) (NTPON)
[l + 08, - G+ 30 0 (VP (VT PN)
+ :—23N0 Y= 3C%, + O+ 3CY 5} ivi (N"PIN)' (NTPIN)
+ :QmNO(Vf)l — 30y — O + 30&?] ik (NTV PON)T (NTP*N)
e R R R O SR

(4.32)

where we have used the projectors [45, 89]
PY = L027'2 , (4.33)

Ve
P = \}gazaszTa (4.34)

Again, each term is of the same order in N.. However, the relative signs of the large-

N, basis LECs could lead to cancellations such that certain partial wave LECs will
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be suppressed. A derivative acting from the outside on a bilinear will be proportional
to a factor of the total momentum of the state, which does not change the orbital
component of the partial wave, so the first four terms connect two S-wave states.
On the other hand, the last two terms connect P-wave to a S-wave states and are
therefore expected to be suppressed in the EFTy; power counting [51].

The currents that are even under time-reversal are obtained by interchanging the
type of derivative occurring in each operator. Therefore, the overcomplete Lagrangian

is

LY =V [CF, V! (NTN) (NTN)+ DV (NN (N1

+ OV (N N) (NToIN) + C ’(N “N) (No/r*N)
+ OV (N1o'N) (NI N) + GV (N1 N) (No? 7" N)
+é€;f>19vf (NW‘N) (NWN) +C J( foir"N) (NTo'r*N)
+5 “’“( ) TN)

—l— ”k ( TV akTaN> (NTTC‘N>

+3 i Oyt (NTV N) (N1o*N)

o CV ) €% <NT \Y TaN> (NTakT“N)l . (4.35)

There are four LECs at O(N..)
CV 13» CV 167 CV 18> CV 20 ™ O(Nc> ) (4-36)

while the remaining LECs are O(1/N,.). Fierz transformations produce the homoge-

neous system

0= 5j\i/,13+j@,14+j\2},15+j€},16: (4.37)
0= 3j\i/, 13T 3j\i/, 14t 3j\i/, 15 — j\Z/ 16 (4-38)
0= 9j\i/, 13— 3J\i/, 14— 3j\i/,15 + 5j\i/, 16 5 (4.39)
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0=Jys+ Jva = Joas — Jae + 5007 + Jias + g + i
— Jyo1 = Jo0 + 0s + T

0=3J 13— Jy1a = 3,15 + Jir16 + 3000 + 3018 + 30,19 — S a0
— 3J0 01+ 00+ 3T 05 — Jou s

0=Jy s+ Joa— Joas — Joae + Jiar + Jias + 50019 + Ty
+j12},21+jx2},22_j11},23_j\z},24>

0 =313 — Jy1a = 3T, 15 + Jir16 + 3000 — Jias + 35,19 + 3790
+ 3j\i/,21 - j\i/722 - 3j\i/,23 + in/,24a

O:_j\i/,n_j\Z},18+j\z},19+j\l'/,20+5j\l'/,21+j\i/,22+j1i/,23+jxi/,24v

0= =30 17 + Ji 18 + 30,10 = Jir20 + 3001 + 3000 + 3JY 05 — Jiou

0=Jy 1+ Vs = Jo10 — Jooo + Joor + oo + 5005 + Jiaas

0= 3J\i/,17 - J\i/,ls - 3J\i/,19 + J\i/,20 + 3*]\@'/,21 - J\i/,22 + 3J\z‘/,23 + 3J\i/,247

(4.40)

(4.41)

(4.42)

(4.43)
(4.44)
(4.45)
(4.46)

(4.47)

which reduces the number of independent operators to six. Here, the choice is made

to write the minimal Lagrangian as

LY =V [CEV (NTN) (NTN) + C2L v (NN (N1 )

+CV (NTo'N) (NToN) + OV (N1o'mN) (NTo?7°N)

+ PV (NToireN) (Nfo'rN)

) g <7
—i—LC‘(}f)ﬂe”k (NTV O'kTaN> (NTT“N)] :

2mN

(4.48)

where the LECs are related to those from the overcomplete Lagrangian according to

Cifh = Oy = 2085 = 368 = 2080+ 5Ol — 72—l
O = CPha = Offls = 500 + G Cifly = 57—Cih,

Clfh = Cfha = Ol + o= Clfhy = 5—Cith,

Clfh = =3O8+ 5Ot — = O,

(4.49)
(4.50)
(4.51)

(4.52)



1 S 1 ~(s 1 ~(s
o = =3OV + Ol = 5 Ol (4.53)
Oy = = Oy = —— Dy + —— . (4.54)
my ’ 6my ’ 2mpy ’

In the minimal Lagrangian, there are three O(N..) LECs,

CEh O, Oy ~ O(NL) (4.55)
and three O(1/N,) LECs,
CV (4 OV 8 OV 1~ O(1/Ne). (4.56)

Transforming to the partial wave basis yields
£l = vi{ [oh + O - CBl - cih - e v (NTPN) (N7 P
+[C - 308, + Cfk — 368, - 3C8,| v (NTPIN)' (NTPIN)
+ —OF% + 30, +3CF, + 2 0&311] & (NTP’N)T (NTPIN)
+ [~ +308) + 309, - Cvs,u} v/ (NTPIN)' (NTPIN)

. ]
+ OS —3C%), +3CY o+ 3 CV 11] ik <NTV P'N) (NTP*N)

r . ]
O - O+ Ol — 5 O e (NTV P’““N) (NTPeN)
+He} . (4.57)

Again, each operator received O(N,..) contributions, but it is possible that the relative
signs of the LECs could lead to suppressions or enhancements in this basis. Addi-
tionally, the first four terms connect two S-wave states, so they are expected to be
enhanced in the EFTy; power counting.

Now, consider the two-nucleon isovector current operators that transform under
time-reversal as Ji¢ L o(—1)° Ji# with no sum over the isospin index a so that the
current will be odd under 7" for a = 3. There are 18 possible operators such that the

overcomplete Lagrangian is
LU = VORI (NToFN) (NP N) + OV (N1ohreN) (NTN)

o1



+CVhe VI (NTN) (Nfo7°N) + Cfhem V7 (NTreN) (Nfo* )
+27;Né${)5 (NT%ZN) (N17°N) + ) (NTV TQN> (N'N)
+—NC*<V?)7 (N@ZW) (NfoIrN) + 2?:1N Wk (N*v ajT“N> (NToIN)
O (Vo) (ot) ¢ il (wF e ) (vin)

+C eV (NP N) (NTreN) + O eV (NTod 7P N) (NToireN)

+é$j>156“bcvj (NTUinN) (NTU] CN) + CV 1€V (NTUijN) (NTJi

)~ y —J
+7z C'(U)”e”keabc (NTV TbN> (NTcrkTCN)
m 9

TCN)

7
2 CVI ¢k eabe (NTV crkaN> (NTTCN)] . (4.58)
There are five LECs at LO-in-N,,
CV 2 CV 3 Cv 14> CV 15 CV 16 ~ O(Ne) (4.59)
while the remaining LECs are all relatively 1/N? suppressed:
55 Gk O, =0, ——Cl, —-C), )
’ MmN TN N I MmN (1/N.). (4.60)
Lo Law Law aw L aw 1 aw
V10 v v, 12> GV 13 V175 V,18
Fierz transformations lead to the system of equations:
0=3J{ + Jify + 3T+ Jify — T — T, (4.61)
0:2]{}?1 _2j€}',13+j\z} JV 10 JV 11 JV12 Jv 15 ‘]V167 (4.62)
0:2j€}?2_2j€' JV 10— \711 ‘]V 12 JXZ}715+JV167 (4.64)
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0:3j€/?5+3j‘1;?6+3j‘2;?7_j€28+3~‘z}?13_j‘z}?147 (467)

_ Tia Tia Tia Tia Tia Tia Tia Tia Tia
0=Jv+Jys—Jys— e+ JIys+Ive—Jys— Jys+ 37

+ 30 + Jn + T, (4.69)

_ Tia Tia Tia Tia Tia Tia Tia Tia Tia
0=Jv+ e —Js == s — et v+ Ivs— vy

— Jifo = 3J{ 1 — 303, (4.71)
0= Qj\i/?ll - Qj\i/?m + j\i/?l?) - j\714 + j\i/?w + jxift,llﬁ - j\i/?n + j\Z},lls: (4.72)
0=Jifs — Jie+ Jits — Js + 201015, (4.73)
0=3Ji5 —3J{% — Jifr + Jifs + 20101, (4.74)
Ozjli/(,lg_ ~\i/(,llo"‘j\i/cfn_ ~\7J'/(,112+j\1215+ ~‘i/(,1167 (4~75)
0=Ji" — ity — TP+ T8y + T s — it (4.76)
0=Ji" — Sy + Jity — Tty — T — T s, (4.77)
0= ~€}?9_j\zg1o_ ~x2}?11+j\l}?12+ N{L}C,L17_ ~\i/(',lls- (4.78)

The solution to this system requires that both Ji¢y and Ji¢ ¢ vanish while Ji¢,, =
j‘i}fM. The remaining operators can be expressed in terms of the leading operators
Jigs, Jigy, and Ji |5 and the subleading operators Jif,, and Ji¢ ;. Therefore, the

Lagrangian may be written as

LYy = VIO eV (NTN) (NTokreN) + CheV (NTol 7P N) (NToI 7))

1

7 . .
cW [NV oireN | (NtoiN
)y (¥ o) (o)

—i—C‘(}j)ge“bCVj (NTainN) (NTUJTCN) + 5

U @) gk abe [ 1S b t k_c
+2mNCV’5€] € (NV TN (N o TN) : (4.79)

where these LECs are related to those from the overcomplete basis according to

ot =t} i+ 6+



3 v 1 v 1 ~(v 2 ~(v
MC( b - e Plo — —Cu + miNC\(/,ls ) (4.80)
v 1 ~(v 1 v 1 ~(v 1 ~(v ~(v ~(v
Ox(/)z = T Ima \(/35 + MC\(/)G - MO\% + . x(/)s + Ox(/,13 + C\(/,)147
(4.81)
v ~(v 1 ~(v 1 ~(v ]- v ]- ~(v 3 ~(v
it = -l + Soith+ Jew - cgh - e+ a)
3 = (v 3 ~(v v ~(v v
+ . \(/23 + Imn ‘(/)10 + MC\(/)H + C\(/,)w CPs + (4.82)
]_ v = (v = (v 1 v ]- v ]' v
e et e et . s
1 1 = 1 - 3 = 3 = 1 -
o0 _ () _ (v) A (v) A
oy V5 Ay Vs e V,6+4mN v,7 T . v,s T 5 V17
1 ~(v
" Yma Vs (4.84)
and the large- N, scalings are
o o) o)~ O(N, 4.85
vV, YV, 20 ~YV,3 ( C)a ( : )
1 1
— oW, — L~ O(1/N,). 4.86
Ol O, ~ O(U/N, (456

In comparison to the isoscalar couplings, the three leading isovector couplings are
dominant. Specifically, the isoscalar couplings are 1/N, suppressed relative to the

leading isovector couplings. Transforming to the partial wave basis results in
(w.0) _ i f [ W _ 1 Ao L) ki (vTRanT (NT P
Lo v HC‘“ R e A mNCV»*’)} éityi (N7 (NTPEN)

o . 1 v 1 . ii . 1 -
+ | OV + 200 + T oWy — mjvcgg} eé*vi (NTPEN) (NTPeN)

- . T
.. “J —
+ |V - C‘%] i€k eobe (NTV P’“”N) (NTP°N)
L m ’

i ; T
v v 1 v 1 v) | - &I pia j
OV 20 g O mNC\(/,)s} i (NTV P N) (N"P'N)

i , t
v v 1 v 1 v X —J o i
O 20 g O - ey (NTV P N> (NTPIN)

i . t
1 i _
+ [—6CY, — 201 + e C&L} i (NTV PON> (NTPN)

i . t
1 o .
20 20 - 5y )4] i (NTV PNN) (NTPIN)

o4



+ﬂ0¢2 vt (NTPN)' (N PeN) +H.c.} . (4.87)

All but the last term contain O(N,) contributions, so the last term is O(1/N,). Addi-
tionally, the first, second, and last terms connect two S-wave states. Therefore, these
three terms are expected to be enhanced in the EFT; power counting. All together,
there are two leading currents in both the EFTy power counting and in the large-N,
expansion in the partial wave basis, i.e., the first and second terms.

The currents that transform under time-reversal as Ji¢ AN (—1)CLJrl Ji¢ can be
obtained by interchanging the type of derivative occuring in each operator. Thus, the

overcomplete Lagrangian is

v, a+1
E%/NJ\J/F ) = & [Qm

(NT §ja’€N> (N17eN)
+ U ”k (NT%jakT“N> (NTN)
+—OV21 ik N1V N) fokre )

+5— ) W( NtV mv) (No*N)
)

CihaV' (NTN) (NT7°N) + G,V (NP2 N) (NTN)

+C\s V! (NI N

(
(

(NToIrN) + 1oV (NTo/7°N) (NTo/ N)

)
+C{"; V7 (NTo'N)

(NToIm*N) + C V7 (NTo'r"N) (NTo/ N)

+O(“29v' NToIN) (NTo'r"N) + C4 V7 (NToi7"N) (NTo'N)
+o (NTV TbN> (NrN)

+o (NTV o bN) (NfolrN)

+o (NTV o't N | (NToI7N)

+o— (NTV o bN) (Nfo'reN)

+C&35eijke“bcvj (NTTbN) (NTO'kTCN)
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+Chee eI (N1o* TP N) (N17eN)] (4.88)

Most of the LECs are O(1) with the exception of three LECs at O(1/N?),

1 - 1 < 1 -~
MCX(/,)M)? %C\%m Mcx(/,?sl ~ O(l/Nf). (4-89)

Therefore, relative to the isovector couplings of the opposite time-reversal, these cou-

plings are at least 1/N, suppressed. Fierz transformations lead to the homogeneous

system
0=3Jy,19 + 300 + Jvo1 + Joo — Jior = Jyos + Jae + Jino s (4.90)
0= 2Jy 19 = 200,90 + T35 — Taa + Jias + Jis6 s (4.91)
0= j‘i/,19 + j‘i/,2o + 3j\i/,21 + 3j‘i/,22 + j\i/,27 + j\i/,zs - j\i/,zg - j‘i/,?,o’ (4.92)
0= Qj\i/,m - 2j\i/,22 - jli/,33 + jxl'/,34 + j\i/,35 + j\i/,36 ) (4.93)
0=3J% 95+ 3J0 0y + i 05+ Jir o5 (4.94)
0= 2j\i/,23 - Qj\i/,zz; - jli/,31 - j\i/,327 (495)
0=2J 95 — 2J7 56 — 3J0 51 + S 59, (4.96)

0= ‘]\i/,23 + ‘]‘Z‘/,24 - J‘Z},25 - J\i/',26 + 3‘]\1‘/,27 + ‘]‘i/,28 + SJ{L},QQ + J\i/,30 - ‘]‘i/,?)l + J\i/,32
- J\z/, 33 ‘]XZ/, 34 (497)
0= J‘Z},IQ + ‘]\Z/, 20 Jéﬂ?l - ‘i/, 22 2‘]‘1/, 27 + 2J€/, 29 \i/, 35 + J‘Z/, 36 (498)

0= jxi/,23 + j\i/,24 - j\i/,% - ~\i/,26 + j\i/,27 + 3j‘i/,28 + 3j€/,29 + 3j€/',30 + j{i/,:n - j\i/,gz

+ T+ T (4.99)
0= j\i/,19 + j&i/,20 - j\i/,m - j\i/722 - 2j\i/,28 + 2j€/,30 + j\i/,35 - j\i/,36 , (4.100)
0= jxi/,23 - j\i/,24 + jxi/,25 - j\i/,%‘ - 2j\i/,31 ) (4.101)
0:3J\l},23—3j\2},24— jli/,25+j\i/,26 _Qj\i/,32> (4.102)

0= J\i/,zs - J\i/,24 - in/,zs + J\i/,26 + J\i/,27 - J\i/,28 + J\i/,zg - J\i/,:ao - in/,33 - in/734a
(4.103)

0= jxi/,lg - j\i/,QO - jxi/,21 + j\i/,22 + jxi/,33 - j\i/,34a (4-104)
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0=Ji 19— Fo0+ Jvor — Joa + s + i 36 (4.105)
0= jxi/,27 - ~\i/,28 - j\i/,29 + j\i/,so + jxi/,35 - J\i/,sﬁ- (4.106)
The solution to this system requires j{Z/ 59 = 0. Also, the number of independent

operators is reduced to six. Here, the minimal set is chosen such that the Lagrangian

may be written as
Lo =vi gV (NIN) (NN + v (NN (NTN)
—i—C‘(}j)SVi (NTO'jN> (NTO'jTaN> + 2721\[01(/12)6&% (NT%jO'ijN> (NTJiTcN>
+C‘(}j)106ijkeabcvj (NTTbN) (NTUchN)
+C‘(}:)Heijke“bcvj (NTO'kaN) (NTTCN)} , (4.107)

where the LECs are related to the overcomplete basis according to

O = === O + ch;;? + Ol = 30K s = 20 = Ol + C

+ mlNé&’gl . =P, (4.108)
O = 2P0 = Ot = o O + e Ol + Oty = 30

_2CV27 CV28+CV30+ Né\(}j?sl _2n?jnv~$j?32_n’? x(/v)?,s: (4.109)
Ch = Ok = T C8ho = Ol + Ol + Oty = Ol — Cit

+ Clfhy GOl = 5 C¥tha = ~— Oy, (4.110)
O = =0 = o= Cfho = o= O + o= Ol = 5= Ol

L %@%M (4.111)
C\(/U)lo = _27711N é\(;j)QO - 4; O\(/v)m + 430 Y — §C(y27 + Cx(/vzs + CV 30

zﬁivé%g +CWs (4.112)

O === 8o + o= Ol = Ol + 30 — 308 — O

+ ZW?;]VC*%S + P (4.113)
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All six of these LECs are O(1) in the large- N, expansion. In terms of partial waves,

the Lagrangian may be written as

T

L)y {[—O&jg — O 4300 ieevt (NTPPN) (NTPeN)

; T
1 i _
+ —COWE+ CF) =300, — OS’)Q] (NT% P°N> (NTP°N)
my ’

N

e , 0 1 ke (o
+|— (V{)+20(V)10—2C(V)H] i™v7 (NTPN) (NTPN)
—mN ) ) )

[ 1 v v v - 19 ] D,
+ | = 208+ 208, | eV (NTPAN

1 (v) T(—ﬂ o f T
+ —CW+ O o) — Vg} N'V PN (NTPIN)
m 9
my (

)
)

NTP“N)

| f
J . .
+ [~208, - 200))] <NT3 P’“N) (NTPIN)
: t
+ [2010 + 203 ] (NT%]PJ“N> (NTP'N) +H.C.} . (4.114)

Thus, each partial wave current is O(1) in the large- N, expansion with the same caveat
that the relative signs of the LECs might affect the overall sizes of each contribution.
Regardless, the four terms with a derivative acting on a bilinear from the outside
connect two S-wave states and will therefore be enhanced.

Lastly, consider the isotensor currents. The operators will be of the form Ji°, and
they will be symmetric under the interchange of a and b. Additionally, we begin by
considering the currents that transform under time-reversal as Ji® i (—1)atbtt jiab

so that the currents will be odd for a = b = 3. There are six possible operators:

: 1
Ly =V { : l

+—CV2 (NTV ot “N) (NToIr"N)

2mpy

(N@?W) (N17*N)

2mpy

( TV aiT“N> (NTO'ijN)
CV4 (NTV o’ “N) (NTO' TbN>
+C§€5eiﬂ‘kvj (NTokroN) (NN ) + Cge ™V (N17eN) (NToh ")
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—|—a<—>b}

1 » i
— o [ZC‘(Z)I (NT% TCN) (NTreN)

3 2mN

+—OV2 (NTV olr CN) (Nfolr°N)
2mpy

MCVS (NTV O'ZTCN> NTU] CN)

7~ 7 . z
+72mNC‘(/t’)4 (NTV ol N) (

+CVeT (NP N ) (NTroN ) + Clge™ V7 (NTreN) (NTokren) |}

where there are five LECs that are O(1),

and one LEC that is 1/N? suppressed

1 -
mn \(/t,)l ~ O(1/N?).

Fierz transformations lead to the system of equations

0=2J¢ + Jif%

0= Ji%5 + %,

0= me Jzab me J‘Z/alé ’
0= Jigh + T,

0= Jzab Jzab Jzab Jzab

The first, second, and third equations yield

TJiab 1 Tiab
V,1 — _5 V,25
tab 1ab

‘]V3 - JV4 )
tab 1ab

JV 5 JV 6

29

(4.115)

(4.116)

(4.117)

(4.118)
(4.119)
(4.120)
(4.121)

(4.122)

(4.123)

(4.124)

(4.125)



so that the remaining two equations both become
0= Ji% + Ji'% . (4.126)

Therefore, there are only two independent operators such that Lagrangian can be

written as

'ng\?;\;bﬂ) & {2 l <NTV CT]TaN> (NTO']TbN>

2my
+C\ eV (Nighre )(NT "N) +a <]
. .
57" [ s (¥ i) (vine)
+C,e V7 (NTokreN) (NN} (4.127)

where both LECs are O(1) and they are related to the original couplings according

to
1 1 - 1 -
cw —_ L a1 A0 4.128
2mN V1 4mN V1 + 2mN V,2> ( )
t 1 =~ (t t
Cys =  2my iy + 2m 5OVl + G5 = OV (4.129)

The Lagrangian in terms of partial waves may be written as
(t,a+b+1) _ 1ri 31 i ( AT Da T Db
LLebr _ {2{ o v (v PN)' (NTP'N)
. J _
—20C1, €Tk <NT% P’“‘N) (NTP'N) +a + b]
ES [—?’ic“) Vi (NTEeN) (NTEN)
3 my Vil

—201),€'* <NT§]P’“N> (NTPCN)l + H.c} : (4.130)

Again, both terms are O(1) in the large-N,. expansion, but the first term will be
enhanced in the EFTy power counting.
The analogous currents with the opposite time-reversal transformation property

lead to the overcomplete Lagrangian
LEND =V {; GV (NP N) (NN + CEV (NTol e N) (N1oi78N)
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+C~"(/€)9Vj (NTUiTaN> (NTO'ijN> + CN'\(Z)IOVj (NTO'jTaN) (NTO'inN>

i ~ i o a
+%C&)lle]k (NTV okt N) (NTTbN)

i ~ i ] a
—|—%C$)126 ik (NTV T N) (NTUkaN) +a b}

— 0 [CP T (NN (NN + G (Vo7 N) (N7

+C~"(/€)9Vj (NTUiTcN) (NTO'chN) + C"(}i)wvj (NTO'jTCN) (NTaiTCN)

i ~ i o c c
+%C&)Heﬂk (NTV or N) (NfrN)

i ~ i ] c c
+%C‘(/t7)126 ik (NTV T N> (NTO'kT N)]} ,

and the LECs scale as

~(t ~(t ~(t
\(/',)87 \(/,)9, C\(/,)w ~ O(Nc) )

~(t 1 ~(t 1 ~(t
C\(/,)% mo‘(/,)lla %C‘(A)H ~ O(l/Nc) :

Fierz transformations yield the system

o TJiab Tiab
0=3J%+ Jys,

_ TJiab Tiab Tiab Tiab Tiab Tiab
0=Jy7—Hs+3ye+ v — Jvi+ e,
_ TJiab Tiab Tiab Tiab Tiab Tiab
0=Jy7 =I5+ Iy + 355+ v — s,

o Tiab Tiab 1ab Tiab
0=—Jyg+ Sy + 3y + iz,

_ TJiab Tiab Tiab Tiab
0=Jys — Jvo + Sy + 3002

(4.131)

(4.132)

(4.133)

(4.134)
(4.135)
(4.136)
(4.137)

(4.138)

which reduces the number of independent operators to two. Here, the choice is made

to retain j{/"g and ,]N‘i/fli’o such that the Lagrangian may be written as

L%ﬁ;‘;;b) =V {; {C&)Svi (NTO'jTaN) (NTO'ijN) + C"(,t,)z;Vj (NTO'jTaN) (NTUinN>

+a < b) — ;5“ [PV (Nfolr°N) (Nfo/rN)

+C"(}i)4vj (NTO'jTCN) (NTaiTCNﬂ} ,
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where the LECs in the minimal basis are related to those from the overcomplete basis

according to

1 - 1 -
o, — fc“) oo L (J“) e N o N 4.140
V.3 +Oys G "V Gy V12 ( )
_ _ _ 1 -
OVl = =Gy + Ciho - MC(V?H + gy V12 (4.141)

Also, both LECs in the minimal basis are O(N.). In the partial wave basis, the

Lagrangian takes the form
J AN { {(60“) +20,) V! (NTPaN)T (NTP'N)
—2iCy), 0" (NTVij“N> (NTP'N) +a « b]
;5“ [(60 +200,) V! NTPCN) (NTPN)

)] H.C.} . (4.142)

While both LECs are O(/V,), the term proportional only to C’V 4 connects an S-wave

(
—2iCD, €t (NT§ijCN> (NTP

state to a P-wave state while the term proportional to the sum of the LECs connects

two S-wave states and will therefore be enhanced.

4.2 AXIAL VECTOR CURRENTS

Consider an external axial vector field A%, which is even under parity. In order to
derive parity conserving interactions, the operators must contain an even number
of derivatives. Here, we only consider terms with no derivatives; therefore, the free
vector index on the currents must come from Pauli spin matrices. Additionally, the
only way to change the time-reversal of a current is to interchange the various spin
and isospin structures. Again, terms that violate parity in the Lagrangian can be

constructed by stitching together these currents with other external fields.
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4.2.1 ONE-NUCLEON CURRENTS

At LO, there are two independent currents, an isoscalar and an isovector,

Lay = A [V (N1'N) 4 #g{V (NToir"N) | (4.143)

The LECs scale as
g~ 0(1), (4.144)
gl ~ O(N). (4.145)

The scaling of g{" is a familiar result from large-N, studies of the baryon axial
current matrix elements [110-112]. For the single-nucleon currents, it is not pos-
sible to construct currents with different time-reversal properties without including
derivatives.
4.2.2 Two-NUCLEON CURRENTS
First, consider the isoscalar currents. There are two possible operators,

L =A[CS) (NTN) (NTo'N) + CF), (NTreN) (NTreo'N)| - (4.146)

The spin-isospin structure of these operators, which has already been analyzed in the

previous section, implies the scalings

cily, CY, ~ o) (4.147)

(4.148)

However, these currents are not linearly independent as can be shown through Fierz

transformations. Precisely, the terms are related to each other through
Jhiy = —3Jy,. (4.149)
Therefore, the Lagrangian can be reduced to
L = YA (NIN) (Ne'N) (4.150)
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where

o) =) -3cy), ~o0). (4.151)

Again, it is not possible to construct currents that transform differently under time-
reversal because the possible combinations of spin and isospin have been exhausted.

Making a change to the partial wave basis the Lagrangian can be written as
Llian = 200k AT (NTPIN)' (NTPAN) . (4.152)

This form of the Lagrangian will be used in the next chapter in order to draw compar-
isons to previous analyses of the deuteron magnetic moment and neutrino-deuteron
scattering in EFT.

Now, consider the two-nucleon isovector axial currents. There are three possi-

ble currents that couple to the external field and transform under time-reversal as

Jhi nn (—=1)* Jh N

Ll = AT[CY) ehe (NToirN) (NTo*reN) + O, (N1oireN) (NTN)

+CF 5 (N’ N) (NN (4.153)

The large- N, counting rules imply the scalings

e, e, ~ o) (4.154)
el ~ ONY (4.155)

)

However, there is only one linearly independent operator. Fierz transformations lead

to the following system of equations:
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0 = Jg,+2J5,+6J5% 5, (4.156)
0 = Jig,—6J,—2J¢ 4, (4.157)

Therefore, both jj{i-,Q and jff,-ﬁ can be eliminated in favor of jﬁ‘i’l. Thus, the La-

grangian with the minimal set of operators is

Egj{]@\, = ng)eijkeabcAi (NTaijN) (NTakTCN) , (4.158)
where
v ~(v 1 ~(v ~(v
o, =CP + 1 (CV),—CY,) ~ O(N,). (4.159)

Again, a change to the partial wave basis yields

(v,a) _ gAw)  gi
Loainy = 8C4 1A

(NTBN)' (NTPIN) + h.c.] . (4.160)

Assuming that these LECs are natural apart from their large- N, scaling, an immediate
consequence of these scalings is that the isoscalar coupling is suppressed relative to

the isovector coupling, i.e.
C(S-)
A?

(v)
CAi, 1

~ O(1/N,). (4.161)

: . i T
There are two possible currents that transform under time-reversal as J%; —

a+l 7iq
(=1 Ji,

CS{X&U = A {C’%Qeijk (NTO'jTaN) (NTakN) + C’(Z)’Be“bc (NTJiTaN> (NTTbN)} ,
(4.162)
where both LECs are O(N.). However, these operators are related through Fierz

transformations such that the Lagrangian can be written as
Lyt = A ,e* (Nfolr*N) (NTo*N) (4.163)
where the LECs are related according to

() _ Al) ~(v)
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Transforming to the partial wave basis yields

(v,a+1) i ~(v)
‘CAi,NN =44 CAi,Q

i (NTPIN)(NTPON) + H.c] . (4.165)

Lastly, consider the isotensor current. There is a single axial vector isotensor

operator such that the Lagrangian can be written
£ = AP L [(Wo'reN) (VN + (Vio'rN) (Vi)
—;5“ (Nfo'r°N) (NTTCN)} : (4.166)

where the last term is present in order to form a traceless tensor and to isolate the
I = 1 representation. However, Fierz transformations reveal that this current actually

vanishes.

4.3 AXIAL CHARGE

Here, we consider the axial charge, which is derived by coupling either one or two
nucleons to the time component of an axial 4-vector, i.e. AY. The axial charge and
the pseudoscalar current can be distinguished by their properties under time-reversal,
i.e., the axial charge is even under time-reversal while the pseudoscalar current is
odd. Thus, only the currents that are even under time-reversal are considered in this
section. For the isovector currents, this is taken to mean that the currents are even
under time-reversal when the isospin index a = 3. Similarly, the isotensor currents

will be even under time-reversal when both isospin indices a = b = 3.

4.3.1 ONE-NUCLEON CHARGE

For a single nucleon, there is one possible isoscalar operator,

Lo = #4040 (NTV JZN> : (4.167)
2mN
where
1
—— *49) LO(1/N 4.168
Sy 940 (1/Ne). (4.168)
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Analogously, there is one possible isovector operator,

2mN

where
LTI 0(1). (4.170)
2mN A

4.3.2 TwoO-NUCLEON CHARGE

There are six possible isoscalar axial charge operators. The Lagrangian with an

overcomplete set is

7
2m

s ~(s o 7 Z ~(s il i
LG = A° l NCio),l <NT Vo N) (NTN) + T 4, (NTV N) (NTo'N)

l

+O 4V (NI V) (NN ) 4 - Cf) (N*%Z%W) (Ni7oN)

my
7
+

~(s o a i,_a
T, S (NTV T N> (Nfo'rN)
+C g€V (NToI N ) (NiohreN)]| | (4.171)
where there is one LEC at leading order,
C(l(:o)ﬁ ~ O(Nc) ) (4172)

and the remaining LECs are 1/N? suppressed,

L 2o 1 ae a0 1 ae 1 A
miN A0,17 miNCAo’Q, CA0,37 mN A0,47 miNCAO’s ~ O(l/NC) . (4173)
Fierz relations yield the system of equations
0 - 5JAO’1 + jAO’Q - JNAO’?) + jA074 —|— jA075 - jAO,G 5 (4174)
0 - jAOJ + 5jA0,2 + jA073 + jA074 + jA075 + jA0,6a (4175)
0=3J101 4+ 3402 — 3J40,5 +3Jp0,4 — Jao,5 + Jao6, (4.176)
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0=3J401+3J402+3Ja0.3— Jao 4 +3Ja05 — Jaog, (4.177)
0:jA071—jA072—2jA073+jA014—jA015, (4178)
0=3J40,1 —3Ja00— Jao,a+ Jao 5 —2J a0, (4.179)
The solution to this system implies that there are three independent operators. Here,

the choice is made to retain jA074, J~A075, and jA076 so that the the Lagrangian can be

written as

LG = A [CQ eV (NfolrN) (N1ohreN)
—0135312 (NTV ﬁw) (NtrN)

— ) (NT%iT“N> (NTO—Z'TGN)] : (4.180)

2m
where the new LECs are related to the original couplings according to

1

Cifo)’ 6m C 01 m ~5450) 9 T C‘SO) 3 + C(,(:O)ﬁ’ (4-181)
27711]\7 fg,QZ_(SnlﬂLZV~£xOQ+ C’03"‘270047 (4'182)
27711N 5373:_67’; o 5 _fc 3—|—WC’AO5, (4.183)
and the LECs scale as
O, ~ O(V,). (4.184)
2”11N 0, 27711N 5~ O(1/N,). (4.185)

The partial wave basis Lagrangian is

; T
S s 3 s . ot 7
ﬁ;é;}V:AU{[ 01(40)1"'2701402 MC&())’3]Z<NTV P0N> (NTP N)

i
s 1 s 1 ia Da
+ [—01(4371 -\, + —CW,|i (NTVP N) (NTPN)
N N

2m 2m

3 (s)
+{2m C"‘1()2—i_2 CA03

ki (NTPjN)T (NTPkN) + H.c.} . (4.186)
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Only the first and second terms contain O(N,.) contributions. However, only the third
term receives the power counting enhancement.
There are nine possible isovector charge operators that one can write down. The

Lagrangian takes the form

Lot — A0 [anbN Y, (NTV 0’7“N> (NTN)

1
+
2mN

W, (NTV TaN> (NTo'N) + ! Y, <NT%iN> (Nfo'rN)

QmN
+é§;g) €V (NI N) (N1o*N) + O 4e7*V (NToIN) (No 7 N)

i
C’ A0 7€”keabc (NTV O'JTbN> (NTakTCN>

2m

+C4 sV (N1t N) (N17°N) + C) eV (NN (NTo'rN) ]

(4.187)
where there are seven LECs that scale as
1 .
70 01> 5, 510 41 CAO 59
2mn 2mn ~0(1), (4.188)
01(4%),67 270 0.7 01(4%),87 C,(41?)),9
and the remaining LECs scale as
Oy 52Ol ~ 0N (4.189)
Again, Fierz transformations lead to the system
0=3J% 1435 0+ % 5+ %04 — %05 — T, (4.190)
O - 2jzo,1 - 2j1a4072 - jf4077 - jf‘O’S - jﬁioyg, (4191)
O - jZiO’l + jzo’g + 3jg073 + 3j;l‘0?4 + jz0’5 + jj0,6 ; (4192)
O — 2jj0’3 - 2jz074 + j2077 — j2078 — j2079 P (4193)
0=J%o 14 J% 0= J% 35— %04 — 05— T, (4.194)
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O - j20’5 - jI?‘O’ﬁ + jZO’g - jzo’g, (4195)

0=J%o1—J% 0= J% 5+ % 4 — 507, (4.196)
0=J%1—J% o+ % 53— J%04— 05— S, (4.197)
0=J%5— J%.6+ J% s — S (4.198)

This system leads to four independent operators such that the Lagrangian can be

written as

L) =A% O €V (N1IN) (N1o"7N)

i v ) abc ol c
- szC/SO) jelilead (NTV aﬂTbN> (Nfo*7eN)

+C5 eV (N1t N) (N17°N) + C) eV (NI N) (NTo'rN) |
(4.199)

where these LECs are related to those from the overcomplete Lagrangian according

to
@ _ 1 xw ©, L xw)
C’Ao,l dmy A9 1 + 4 C - dmy A9 3
]- ~(v v v
P m AO74+CAO 5 +CA0767 (4200)
Leow _ bLaw 1 am 1 A
9 A0 2 8m AV 1 8m A0 2 8mN A0 3
1
+ 8mN, AO s C’AO - (4201)
0, =-CW 5+ 0%, (4.202)
1 - 1 = 1 -
C(v) _ () C(v) C«(v)
A0 1 T dmy A9 1 dmy A0 2 + dmy A9 3
]- ~(v ~(v ~(v
e W+ O+ C (4.203)

and all of the LECs are O(1). This choice of basis is nearly identical to that of
Ref. [134] with the exception of the term proportional to C'% w09 In Ref. [134] (see
Appendix C in that work), a combination of jf\OJ, jfxO,zv jjoﬁ, and qu 4 is retained.

In that case, the large-N, scaling is set by jjo,l and jjoA while jjo’z and jjo,g
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provide subleading corrections. A similar comparison holds for the axial charge in

Refs. [129, 130]. Transforming to the partial wave basis yields

2

£ = {08, - 2y, —20), + 28,

iV (NTPIN) (NTPN)

_|_

ivi (NTPN) (NTPIN)

v 2 v v v
_Ciw) 1 C,(on) 2 T 20510) 3 20510) 4
b mN b b b
b t _
_ Cﬁl’%{ 1Eabc (NTV szN> (NTPCN)

. ot f
+[-20%) 5 — 2050 ] €7 (NTV P”N) (NTPEN) + He g . (4.204)

Each term is still O(1) with the possibility still that suppressions or enhacements
can arise depending on the relative signs of the LECs. Additionally, only the first
two terms receive the EF'T; power counting enhancement because they connect two
S-wave states.

Recall that the isotensor axial charge is defined here such that it will be odd under
time-reversal when the isospin indices a = b = 3. There are three possible operators

such that the overcomplete Lagrangian is

Ly = 4[5 [0,V (NigTre V) (WiohrN)

L~ 1 ) ~ 1 .
+ ! C’X&Q <NTV 0’7’“]\7) (NTTbN> + 5 ! C’X&g (NTV TaN> (NTO'ZTbN>

2my my
Fa e b] - 26" [0 ¢V (Vo7 N) (NlobrN)

1
+

~ ol
), (NTV U%CN> (NPren)

2TTLN

+2 : 0%73 <NT%170N> (NTU"TCN)]} : (4.205)

mpy

where the LECs have the large- N, scalings

C%, ~O(NL), (4.206)
1 = 1 -
2my 23’2’ 2mNO£8’3 ~ O(1/Ne). (4.207)
Fierz transformations yield the system
0=J4, = Jh,+ T4, (4.208)
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0=J%, -3J%, - J%,. (4.209)

0=J%, +J%,+3J%,. (4.210)

which reduces the number of independent operators to one. The Lagrangian may

then be written as
£9 .y = ACY) { it [V (NoI7oN) (N1ob 7" N) 4 a 4 b]
—gaa”eiﬂfvi (NfolrN) (NTU’%CN)} , (4.211)
where C{) 0 ~ O(N,) and is related to the original LECs according to

t ~(t I~ I~
o =0+ mcﬁl&g S 0. (4.212)

This Lagrangian in the partial wave basis is

; T
1 i _
£ =4cD) A° {2 i (NT% P”N) (NTP'N) +a b]
1 ©r f _
—gda” (NTV PwN) (NTPN) +Hep . (4.213)

The current here only connects an S-wave state to a P-wave state; therefore, it will

not be enhanced in the EFT4 power counting.

4.4 ScALAR CURRENTS

Finally, consider an external scalar field S. These currents are even under parity,
thus they must have an even number of derivatives. Again, we only consider zero
derivative currents. In addition, the scalar currents have the same structure as the
vector charge at leading order.

4.4.1 ONE-NUCLEON CURRENTS

There is a single one-nucleon isoscalar operator that leads to the Lagrangian
LG =7gs (NTN), (4.214)
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where the scaling of the LEC is
Fgs ~ O(N,). (4.215)

Analogously, there is a single isovector operator

LETY =1g8s (NT7°N) (4.216)
where
g0~ 0(1). (4.217)

Direct comparison of Eqgs. (4.215) and (4.217) indicate that the isovector coupling is

1/N. suppressed relative to the isoscalar coupling.

4.4.2 Two-NUCLEON CURRENTS

There are four possible isoscalar two-nucleon currents. Specifically, they have the

exact same structure as the two-nucleon scattering operators

£ = 968} (NIN) (V1) + G5 () (')

+

o5y (NN (NTreN) + CF) (NTo'mN) (No'r*N)] - (4.218)

The LECs scale as

1 CEh ~ O () (4.219)
& CSy~ O (NS (4.220)

As usual, two of these terms can be eliminated through Fierz transformations. In

particular, the currents are related through

Jg 4= —3J%), (4.221)
Joy=—2J5) — J$). (4.222)

Therefore, the Lagrangian can be written as
LGN =S [ (NIN) (NTN) + 08 (Nfo'N) (NTo'N)] (4.223)
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where

€l = G 208, 308, ~ O, 24
c¥) =% _ ¢ ~ O(1/N 4.295
55 =Cgy—Cgy~O(1/N.). (4.225)

In the partial wave basis, the Lagrangian becomes
L) =58 {2 (C§) +c8)) (NPIN) (NTPIN)
2(C§) —3c8y) (NTPN)' (NTP“N)} . (4.226)

There are two possible isovector currents that transform under time-reversal .Jg L4
(—=1)** J¢ with no sum over the isospin index. At this order, there are no currents

that transform otherwise. The corresponding overcomplete Lagrangian is

LGN = s[C (N N) (NIN) + C¢) (Nfoir*N) (NTo'N)| - (4.227)
and the LECs scale as
W, CYY ~0(1). (4.228)

Fierz transformations lead to the relation

Jé,=-5J4 . (4.229)
Thus, the Lagrangian becomes
Lo = s (NTreN) (NTN) (4.230)
where
C = CY) = 5C%, ~0(1). (4.231)

Transforming to the partial wave basis results in

Lt = —2ic{etes (NTPbN) (NTPN) . (4.232)
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Finally, there are two possible symmetric, traceless isotensors that can be written

down. The Lagrangian is

£l = 5 {00, [(Notrt ) (Wo'r' ) - 5 (Nlo'zN) (Wlo'reN)|

+C$, [(NTT“N) (NTr'N) — ; (NfreN) (NTTCN)]} , (4.233)

where
C{h ~ O(N) (4.234)
CY,y ~ O(1/N,) . (4.235)

However, these two operators are related through a Fierz transformation such that
Tab 1 Jab
JS,2 - _§JS,1' (4236)
Therefore, the Lagrangian is
. . . 1 . 4
LGR" = SCP (Nl N) (Vo' N) = £ (NTa'eN) (No'N) | (1.237)

where

) =CY - 2CY, ~ O(N.). (4.238)

W

The transormation to the partial wave basis produces the Lagrangian
(t,a+b) _ (t) } T panr\ ( nT Db T 56 A\ ( AT Ba
LG — 100 5{2 [(N PN)' (NTP'N) + (NTP'N)' (NTP N)]
1 ab T pc t T pc
—350 (NTPeN) (NTP N)} , (4.239)

which introduces an overall factor of 12.

4.5 TwO-NUCLEON SPURION OPERATORS

In this section, the most general set of operators with two insertions of spurion fields as
described in Sec. 2.2.5 is derived. The large- N, counting rules have a straightforward

extension to these operators with additional suppressions arising from the inclusion
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of pion fields. While the primary focus in this work are the two-nucleon currents in
EFTy, pions are necessary for the particular application to lepton number violation
and isospin breaking in Sec. 5.2. Additionally, there will be operator redundancies
that can be eliminated through a general set of Fierz transformations while also
retaining the manifestly dominant operators in the large-N,. expansion.

As previously discussed, the spurion operators parameterize the exchange of vir-
tual particles, e.g. photons, above the breakdown scale of YPT or ChEFT [90-98].
Also, the terms that do not contain pions, the non-vanishing terms in the expansion
of wat O(¢"), can appear in EFT even though the discussion in this section is more
general. In either EFT, the operators in the Lagrangian appear with explicit factors
of €% or G% depending on the specific spurion under consideration, but these factors
may be omitted in the determination of the large-N, scalings as they do not change
the relative sizes.

The most general set of operators with two spurion insertions is

By = Ti(Q4)* (N'TN)”, (4.240)
By = Tr(Q) (N'TN) (N'Q,IN) (4.241)
B, = (N'Q.IN)", (4.242)
B, = TrQ-)*(N'TN)", (4.243)
Bs = Tr(Q-) (N'TN) (N'Q_TN) , (4.244)
By = (NIQ-TN)", (4.245)
B; = Tr(Q)T(Q-) (N'TN) (N'TN) (4.246)
By = Tr(Q ) (N'Q,I'N) (N'TN) , (4.247)
By = Tr(Qy) (N'Q_I'N) (NTN) , (4.248)
By = (N'Q.I'N)(N'Q.I'N), (4.249)

Bu = Tr(@+@Q) (NTN) = ;Tr(Q?% +@) (NTN)®, (4.250)

B, = Tr(@% - Q) (N'TN) = Tt(UQ.U'Qr) (N'TN)" . (4.251)
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By = Tr(Q:Q_) (N'TN) = Tx(G% - @3) (N'TN)” (4.252)

where I' can be 1, ¢°, 7@, or o'7® These four possibilities are redundant. Each
operator also appears with an LEC (Z-,j, where the first index i refers to the B; from
which each operator originates while the second index j refers to I' = 1, ¢¢, 7%, o'7®
for j = 1,2, 3,4, respectively.

The operators that contain only traces of the spurions have bilinears of the form
(NTT'N)2. Thus, the only possibility for 1/N. suppressions to enter is through the

appearance of pion fields. Fierz transformations eliminate the operators with I' = 7¢

and o7 Therefore, the subset of relevant operators becomes

O = Tr(Qy)* (N'N)", (4.253)
012 = Tr(Q4)* (Nlo'N)" (4.254)
Ou = Tr(Q_) (N'N)" (4.255)
012 = Tr(Q_)* (Nlo'N)" (4.256)
Oy = Tr(Qy) Tr(Q-) (NTN) (NTN) (4.257)
Ory = Tr(Qy) Tr(Q-) (N'o'N) (NTo'N) | (4.258)
Ona = Tr(Q%+Q%) (NIN) = ;T(QR+QL) (NN), (4.259)
Onz = Tr(Q2+Q) (NW’N)2 1Tr(QRJrQL)( T’N) . (4.260)
Oui = Tr(Q% - @) (NIN)' = e (UQLU'QR) (N'N)' ., (4.261)
Oz = Tt(Q2— Q%) (Nio'N)" = Te(UQ.UQR) (NTo'N)" . (4.262)
Oy = Tr(QuQ-) (N'N) = Te(Q% — @3) (NIN)” (4.263)
Oz = T(Q:Q-) (No'N) = Te(Q% - @3) (No'N)” (4.264)

where the operator O; ; has the same indices as the corresponding LECs C; ;. Once a
specific form of the spurion is chosen, there are additional redundancies that can be
absorbed in a redefinition of the corresponding LECs attending each operator in the

Lagrangian.
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For the operators containing either one or two insertions of the traceless part of
the spurion fields inside the nucleon bilinears, the spurions can be expanded through
Eq. (2.82). However, the insertion of I' = 7% or o7% leads to terms that do not match
onto the Hartree Hamiltonian, rather they contain products of Pauli matrices that
must be reduced using

sarb _ saby + jedberc (4.265)

The largest possible IV, scaling of the resulting operators can then be determined from
the spin-isospin structure. All of the possible suppressions arising from the presence
of pion fields are contained in coefficients defined by ¢, 1+ = %Tr (QiTa). Therefore,

for By, Bg, and By, the matrices I' = 1 and o7, respectively, lead to
(NTQLN) (N1Q:N) = cozaps (NTrN) (NN (4.266)
(NT QiaiN) (NT QiaiN) = CaiCps (NT TanN) (NT T%ZN) . (4.267)
For I' = 7¢,
(N1Qur*N) (N'Qur*N) = coucas (NIN)’ — coucon (N1TN)’
t+eazerz (NITN) (NTN) (4.268)
and the operator (N froN )2 can be removed through Fierz transformations to obtain
(NTQiTCN) (NTQ:ETCN) = 36a7:|:6a7:|: (]\ﬁ]\[)2 -+ Ca,4+Ca,+ (NTO'iN>2
+eazee (NTTN) (NTN) (4.269)

The first two terms in Eq. (4.269) have the same bilinear structure as the operators
01,1 and O, respectively. Their contributions can be absorbed into a redefinition
of the LECs of these operators. The third term in Eq. (4.269) is Eq. (4.266). For

I' = o'7¢, the expansion of the spurions leads to

(N1Quo'rN) (N1Quo'r*N) = 3cuscan (NIN) + cpucas (N1o'N)’

+Ca 4t Cht (NTUiT“N> (NTainN) . (4.270)
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The first line is the same as the first line of Eq. (4.269) while the single term in the
second line is Eq. (4.267). Therefore, I' = 7¢ and o'7¢ in By, Bg, and By do not yield
independent operators.

Additional relationships exist among some of the operators corresponding to[' = 1
and I' = o'. For Bs, Bg, and Byy, I' = 1 can be eliminated by applying Fierz

transformations to Eq. (4.266) along with the decomposition in Eq. (2.82). Using

Tr(Qi) = 2C44Ca 1t , (4.271)

the Fierz transformation for Eq. (4.266) leads to

-3[(V1QuN) (V@) - g (Qu0) (VrN)’

- (NTQiN) (NTaiQiN) - éTr(QiQi) (Nfairaz\f)2 . (4.272)
which can be arranged, with the help of additional Fierz transformations, to be
(NGuN) (VIQuN) = 3 (NIQuN) (Mo’ Qu) — S Tr(Q2Qu) (NTN)
—é Tr(QeQs) (N1o'N) . (4.273)

Therefore, the choice of I' = 1 can be eliminated from Bs, Bg, and B in favor of
combinations of I' = ¢% and operators from Bj;, B2, and Bys.

Following the same procedure for operators from By, Bs, By, and By results in

Tr(Qs) (NTQeN) (NTN) = coxTe(Qs) (NT7*N) (NTN), (4.274)

Tr(Qs) (N1Quo'N) (N1o'N) = 0z Tr(Qx) (NTo'r°N) (No'N) ,(4.275)
for T' = 1 and o', respectively. When I' = 7°, application of Eq. (4.265) produces
Te(Qs) (NTQer"N) (N1'N) = 2 Tr(Qu) (N'7°N) (NTN) | (4.276)
which is the same as Eq. (4.274). Similarly, I' = o7 leads to
Tr(Qs) (N1Quo' 7 N) (NTo'r'N) = ¢x Tr(Qs) (NTo'7°N) (NTo' N )(4.277)
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which is the same as Eq. (4.275). This shows that again the operators with I' = 7% and
' = o'7% neither lead to independent operators nor obscure the dominant large-N,
contributions. As before, additional relationships exist between the I' = 1 and I' =
o' operators. Eliminating the remaining redundancy through Fierz transformations
leads to

=3 (N'N) (NTQLN) = (NTo'N) (NTo'QLN) . (4.278)

Therefore, either I' = 1 or I' = ¢’ may be retained, and both choices give the same
large- N, counting.

This process eliminates the operators that possess a subleading spin-flavor struc-
ture as well. Any additional factors of N, that might be present will arise from pion
fields in the expansion of u; however, these factors will not change the spin-flavor
structure of the nucleon bilinears, and only lead to additional 1/+/N, suppressions

arising from factors of 1/F.

4.5.1 ELECTROMAGNETIC SPURIONS

Now, consider the explicit choice of electromagnetic spurions. It is convenient to write

the Lagrangian in terms of the nucleon charge matrix,

Q=5 (1+7). (4.279)

DO | —

The difference between using the nucleon charge matrix and using the quark charge
matrix amounts to a shift by an unobservable constant [97]. Here, the nucleon charge
matrix is independent of N., which implies that the up and down quark charges are
N.-dependent.

Using Eq. (4.279) as the spurion field in Eq. (4.240) yields operators with a clear

spin-flavor structure. Setting Qr = Qr = Q) gives

~ 1
Qi = 1 [UTT3U + UTguq . (4.280)
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The corresponding traces of operators are [98]

Q) = 1, (4.281)
TH(Q.) = 0, (4.282)
Tr(Q2+Q%) = T(Q%) =1/2, (4.283)
(Q% - Q%) = T(UQU'Q), (4.284)
(Q:Q-) = 0. (4.285)
Since
(@3 +G2) (N'ON)" ~ Tx(Q,)* (NON)” (4.286)

the operators from Bj; can be absorbed into those from B;. Therefore, the only
independent operators are those from By, By, B3, Bg, By, B1g, and Bi,. The operators
from Bjy vanish at least through O(¢?) when u is expanded and can be neglected at
this order. After using the results of the Fierz transformations above, the minimal

set of operators is

0 = (NIN)", (4.287)
012 = (Nio'N)", (4.288)
0, = (N'N)(N'Q.N), (4.289)
0; = (N'o'Q,N) (No'Q.N) , (4.290)
05 = (N'o'Q_N) (No'Q_N), (4.291)
Oy = (N'Q_N)(N'N), (4.292)
Oni = Te(UQUIQ) (NIN)”, (4.203)
Ona = Tr(UQUIQ) (N1o'N) (4.204)

where the first subscript 7 in O; ; indicates the B; from which each operator originates,
and the second index j, where necessary, refers to a specific operator within the B;,

j=1,2,3,4for I'= 1, o, 7%, 0’7, respectively.
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Finally, as discussed in Sec. 3.2, each additional pion field introduces a factor
of 1/F ~ 1/y/N.. Expanding each operator to second order in the pion fields to

determine the maximum N, scaling of the corresponding LECs yields

011 = (NIN) 4, (4.295)
Orp = (N1o'N) 4, (4.296)
0, = ; (1 - 21F?¢“¢a> (NN (NN + 4;2%% (NN (N17°N) + -

(4.297)

05 = E <1 — iaﬁ [0) > (NTUiTgN)Q + Lgb 0] (NTUiTSN> (NTUiTaN) + -

3 A F2 aPa 4F2 3%a )

(4.298)
Os = 41F263“b€30d¢a¢c (NTO'inN) (NTO'deN) +- (4.299)
Oq = —;Fe?’“bqsa (NTTbN> (NTN) N (4.300)
Ouns = [ — 223 (Guta — 0509)| (NIN)" - (1.301)
012’2 = l:; — ;}2 (¢a¢a — ¢3¢3)] (NTO'ZN)Q + ... (4302)

where the ellipses indicate additional pion fields. The scaling of the LECs C_Z-’j multi-

plying O; ; in the Lagrange density is given by

Ci1~ N, (4.303)
Cia~ N, (4.304)
Cy~1, (4.305)
Cs ~ N,, (4.306)
Co~1, (4.307)
Co ~ N1/2, (4.308)
612,1 ~ N, (4.309)
Cion ~ Nt (4.310)
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The operators O ; and Oz, differ only at the multi-pion level. Therefore, differences
between the two will be 1/N. suppressed. The same holds for the operators O, » and
Oi2,2. The operator Og provides a concrete example of an earlier point: the generic
spin-flavor structure of the operator, before expanding u in the number of pion fields,
indicates that it could be O(N,.), but the first nonzero term has two pion fields and
is thus suppressed by an additional factor of 1/N..

The Lagrangian at LO and next-to-leading order (NLO) in the large- N, expansion
1S

2 _

Liomn, = € { [Ci1+ Cron Tr(UQUTQ)| (NTN) + Cs (NTaiQ+N)2} . (4.311)

LNLO-in-N, = €° {C_z (NTN) (NTC~2+N) +Cg (NTJiQ_N 2} ) (4.312)

4.5.2 WEAK SPURIONS

For weak interactions, Q7 = 7 while Qr = 0, which gives
) 1 t L t
Qi =Q+ = i§UQLU = ﬂ:§u7' u' . (4.313)

As a result, all traces in Eqs. (4.240) vanish and therefore operators from By, Bsy, By,
Bs, Bz, Bs, By, Bi1, Bis, and By do not contribute. Since Q4 = —Q_, the only
nonvanishing term is

(NturtuTN)’, (4.314)
and the structures Bs, Bg, and Bjp become identical. As pointed out in Ref. [135],
the two operators corresponding to I' = 1 and o' in this term are related through a
Fierz identity and are not independent at O(¢"). The authors of Ref. [135] choose to
retain I' = 1; that is, the operator (NTT+N>2. According to Eq. (3.31), this operator

does not appear at LO in the large- N, expansion. However, eliminating the operator

. 2
(N foirt N ) through the Fierz transformation

(No'r*N)’ = =3 (N1r+N)’ (4.315)
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2
introduces a hidden LO-in-N, contribution in the term proportional to (N frt N ) .
As a result, after removing the overall factor of N, from the Hartree Hamiltonian,

the LEC for this operator will be O(N,). In Sec. (5.2), this LEC will be explicitly

introduced as gV.
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CHAPTER 5

APPLICATIONS

5.1 ELECTROWEAK CURRENTS

In this section, the large-N. constraints from Ch. 4 are applied to two-nucleon elec-
troweak currents. These electromagnetic operators must be U(1)gy gauge invariant;
therefore, the currents can either be minimally coupled to the electromagnetic field
A, or they can be coupled to the electric and magnetic field strengths, E* and B,
respectively. The weak currents couple the two-nucleon system to an external weak
current where the gauge bosons have been integrated out; thus, these operators are
four-fermion contact operators. The two-nucleon currents in this section have been

studied in a variety of processes involving the deuteron [63, 71, 136, 137].

5.1.1 MINIMAL COUPLING FOR TwWO-DERIVATIVE CONTACT INTERACTIONS

In the single nucleon sector, U(1) gauge invariant interactions can be obtained by

promoting time derivatives and gradients to be the covariant derivatives

DoN = 80N + i@AoQN, (51)

D'N = V'N —ieA'QN, (5.2)

where Q is the charge matrix ) = % (1 + 72). As mentioned in Sec. 4.1.1, the nucleon
charge is taken to be independent of N, in this work. Thus, if one were to split the
resulting operators into isoscalar and isovector pieces it is important to not count
their respective N, scalings differently, but rather to count both components as being

O(1). For a nucleon bilinear NTT'N where I' = {1, ¢¢, 7¢, ¢'7%}, the independent

85



combinations of covariant derivatives are

D' (N'TN) = VI (N'TN) +ieA'NT[Q, T N, 53
| | 5.3
N'DTN = NIV TN — ieA'N' {Q, T} N .

This procedure can also be applied to the two-derivative two-nucleon contact terms
in Ref. [45]. A similar approach was used in Ref. [131]; however, a different operator
basis is retained in this work. Because the following currents are obtained by gauging
two-derivative contact terms, the couplings are determined by two-nucleon scattering
observables. When the derivative replacement is made, there will be two-nucleon-
one-photon and two-nucleon-two-photon interactions, which are required by gauge
invariance, but the latter are not considered explicitly here. Although, these terms
can contribute to processes such as Compton scattering.

From Eq. (5.3), it can be seen if either I'y or 'y, where the subscript refers to
a specific nucleon bilinear, do not contain isospin matrices other than the identity,
then these operators will not couple to the electromagnetic field. Therefore, it is not
necessary to consider the terms proportional to Cy.1, C,.,, and C? _ in the notation

of Ref. [45]. The remaining currents at LO-in-N.. are

bo=2eCa.a® V(NI N)(NTaI TP N) (5.4)

Ji o = 2eCy, o>V (NI r° N)(NTo' " N) (5.5)

while at next-to-next-to-leading order in the large-N, scaling (N?LO-in-N,) they are

T = diecCra (NI N)(NTQN) | (5.6)
Ji = 2eC.. V(NI N)(NTPN) (5.7)
7;,0 = 21’686;.@ [(NTO'jTaelN)(NTO'jTaN) + (NTO'jTgelN)(NTO'jN)] : (5.8)
Ty = eCrpe™ [VHNTo/ N)(NTQN) + V(NN (VoI QN)] (5.9)

= pRs

T = 2ieCloc [(NT%JUJ'T@N)(NTUWN) + (NTSJUJ'T?’N)(N*UZN)] . (5.10)
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T = ;8G'T€ijk{ [VF (NToi7°N) (NT7°N) + V* (N17°N) (NToi7N)
+VE (Wo/r'N) (NTN) + V* (NN (o ) (5.11)

+ jedab [(NTJijN) (NT%kT“N> + (NTTbN> (NT%kUjT“Nﬂ }

Making use of Fierz transformations for the N2LO-in-N,. terms reduces the set of

operators to

Jtoinn, = 2¢Ca.qe V' (N TajT“N) (NTJJ‘T” N)
+2eC. >V (NTo/ 7 N)(NTo'7"N) (5.12)

N2LO-in-N, = 2€ (Cr-r - 101.1 - ZOGG + 4C,G’.G> SPVI(NTTON)(NTPN)

+e (81.0 + 8&) ¢ [VH(N1o? N)(NTQN) + VH(NIN) (V10T QN))] .
(5.13)

Performing the Fierz transformations also introduces subleading corrections in Ji o . ;
however, these are not shown explicitly. This is also the same result one would obtain
by reducing the overcomplete set of operators to a minimal set and then gauging
these operators. Therefore, the order of gauging derivatives and performing Fierz
transformation is irrelevant in this case.

As previously mentioned, this process is analogous to Refs. [131, 132] with the
difference being the choice of which operators to retain. The operators here can be
mapped to the operators of Ref. [132], which shows that the second and third terms in
Eq. (2.20) of Ref. [132] are LO-in-N,, while the first and fourth terms are N?LO-in-N...
In addition, the currents scalings are in agreement with those in Ref. [138] in which

the currents are derived in terms of Fermi invariants.

5.1.2 MAGNETIC COUPLINGS

In addition to nucleons minimally coupled to the photon A?, the nucleons can couple

directly to the magnetic field B = V x A. The Lagrangian with consists of Eqgs. (4.152)
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and (4.160) only with a magnetic field in place of the general axial field,
L= eB; {#Ll (NTPZ-N)T (NTPsN) —ie* 7 L, (NTPJ,N)T (NTPkN>] +he.. (5.14)
The Lagrangian has also been expressed as
L =eBi{Cls (N'o'N) (NTN) + Cl [(NTo'r*N) (NTN) = (NTo'N) (NTN) [
(5.15)
in Ref. [139]. As shown in Sec. 4.2.2, the operators in this Lagrangian are related
through Fierz transformations to operators that are manifestly leading order in the

large- N, expansion. In particular, the Lagrangian consists of Egs. (4.150) and (4.158)

again with a magnetic field in place of the general axial field,
L =B [CID (No'N) (NTN) + CiMeireé (Nfol N ) (NTo* e N)| - (5.16)

S

where

C ~ O(NY), (5.17)

CM ~ O(N,). (5.18)
Again, these LECs are related to those in the partial wave basis through

Ly =8CM  FL,=_CW), (5.19)

S

fL, can be obtained from a fit to the experimental cross section for the radiative
capture np — dv, while L, can be determined from the deuteron magnetic moment.

The fit values of these LECs at u = m, are [63]
*Li(mg) = 7.24fm* | FLy(m,) = —0.149 fm* . (5.20)

Looking at these values, it is clear that there is a size disparity, a fact that is noted
explicitly in Ref. [140]. As mentioned in Ch. 2, naturalness is a working assumption

in EFTs, i.e. LECs are O(1) after the proper dimensional factors have been removed.
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Phrased another way, LECs occuring at the same order in the power counting should
roughly be the same size. However, the ratio of the two fitted LECs at u = m; is
fLy

~ 0.021 5.21
7 , (521)

exp

which indicates that the relative sizes of the LECs in the partial wave are in conflict
with the naturalness assumption.

While the large-N, analysis demonstrates the suppression of the isoscalar cou-
pling relative to the isovector coupling by a factor of N, setting N. = 3 as it is in the
physical world does not account for the entire size of the suppression. Fierz transfor-
mations to the partial wave basis as shown in Sec. 4.2 do introduce additional factors
of 1/8 from the normalization of the partial wave projection operators. However, the
values of the large-N, basis LECs can be determined using the fit values of ¥L; and
*Ls,

CM = 0.149fm*, O™ =0.905fm* . (5.22)

In this case, C(M) =~ 6CM or M ~ 2N, CM) at the physical value N, = 3,

that is to say that ‘C’f,M)’ ~ N,

cwM )‘ apart from a residual factor of 2, which can

be accommodated in the naturalness assumption. Therefore, if it is assumed that

CP0] ~ N,

C'S(M)’ from the outset, then the ratio of the partial wave couplings
including the 1/8 suppression is

#LZ
7L,

1
N SN

8

~ 0.042. (5.23)

Since the large- N, constraints are really upper bounds on the LECs, it appears that
the large-N,. constraint is consistent with the values of the coefficients obtained in
Ref. [63]. This result also furnishes an explicit example of the basis dependence
of the naturalness assumption. While the partial wave basis is amenable to the
PDS scheme, the LECs in this case are not natural. Therefore, care must be taken
when quantifying naturalness in attempts to estimate the values of LECs through e.g.

Bayesian analysis.
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Figure 5.1: The ratio [¥L,/%L;| as a function of the renormalization scale p. The
solid line corresponds to solutions of the renormalization group equations combined
with the values of Eq. (5.20). The dashed line corresponds to Eq. (5.23), while the
dark (light) gray band corresponds to 10% (30%) corrections.

A major factor in this suppression is the factor of 8 that enters through Fierz
transformations. As discussed in Ch. 4, it possible that these somewhat large factors
do not occur for a different choice of the LO-in-N, operators to retain when elimi-
nating redundancies. Therefore, this suppression should not be treated as a rigorous
prediction, but rather it should be seen as a general result tied to the spin-isospin
structure of the two-nucleon operators as they emerge from large-IN. QCD.

Additionally, it has been recognized that large-NN,. constraints are only valid for
certain choices of the subtraction point [38, 45]. The LECs *L; and *L, were both
fit at u = m,, which appears to be within the acceptable range for which large-N,
constraints are valid. The running of the ratio VLQ / 7lel is shown in Fig. 5.1. Here,
the ratio does not vary much in the range of u considered; therefore, the large-N,

constraints should not be sensitive to cutoff in this case.
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5.1.3 AXIAL TWO-NUCLEON CONTACT TERMS

This analysis can be generalized to two-nucleon operators coupled to an arbitrary

external axial field, which is relevant for processes such as neutrino-deuteron scatter-

ing. The relevant forms of the Lagrangian are in Egs. (4.150), (4.152), (4.158), and

(4.158) and are repeated here for convenience. There is the isoscalar Lagrangian

LGy = CY AN (NIN) (NTo'N)

= 2 A1 (NTPN)' (NTRN) .
and the isovector Lagrangian

ES]])VN = C’Ef)eijke“bcAi (NTO'ijN> (NTO'chN)

= 8CY) [(NTPQN)T (NTPN) + h.c.]
These LECs are related to those in Ref. [136] according to

LQ,A - _01(48) )

Lia=8CY).

The same prediction for the ratio of LECs as for the magnetic LECs holds,

Loal | CW 1
Lialy, |8CV] 8N
where for the last relation it has been assumed ‘Cﬁf) ~ N, C’ﬁf) .

The values of these LECs are estimated to be [136]

4 1
7(72 = 5fm3,

Lial ~ Lo sl ~ ——
Laal ~ Lol ~ 37

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

at © = m,, and in this approach are expected to be of the same size. In principle,

the value of L; 4 can be determined from proton-proton fusion, neutrino-deuteron

reactions, and tritium S-decay [136, 137, 141-145]. On the other hand, the impact of

L, 4 in these processes is negligible. The NPLQCD collaboration recently performed
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a lattice QCD calculation of the proton-proton fusion process at m!* = 806 MeV and

used the result to extract the LEC L; 4 with u at the physical pion mass to be [146]
LY (1= my) = 3.9(0.2)(1.0)(0.4)(0.9) fm?, (5.32)

where the values in parentheses denote the statistical, systematic fitting and analysis,
and systematic mass extrapolation uncertainties, as well as an estimate of higher-
order corrections in the EFTy power counting. Within uncertainties, this value is
in agreement with the extractions based on neutrino-deuteron reactions and tritium
[-decay.

Once again, while L; 4 and Ly 4 occur at the same order in the EFTy; power
counting and are thus expected to be roughly the same size, the results concerning
the magnetic LECs suggest that it could be rather the LECs in the large-N, basis
instead that might natural. Using, for example, the NPLQCD value in the large-N,

relationship of Eq. (5.30) with N, = 3 would result in
Ly g ~ 0.1625 fm? | (5.33)

which would provide even stronger justification for neglecting this contribution in the
processes that have been considered.

In Ref. [147], the two-nucleon magnetic and axial LECs for EFTy in a finite
volume are matched to lattice data. Each LEC is extracted in at least two ways. For
example, Ly 4 is fit to the matrix element of the axial current between deuteron states
as well as between triton states. While the calculations in Ref. [147] are performed
using a Gaussian regulator and can not be compared directly to the fit in PDS, it is
worthwhile comparing the relative sizes of LECs from the finite volume calculation
to the large-N, predictions. Note, however, that the fits are for regions of allowed
values consistent with the lattice data.

The allowed regions for ¥L; and ¥ L, in Ref. [147] appear to be consistent with the

1/8N. suppression up to a relative factor of about 2. Additionally, Ly 4 does indeed
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appear to suppressed relative to L; 4 for certain regions of the parameter space. It
is noted that there is a mild tension in the values extracted for L, 4 from np — d
matrix elements and *H matrix elements. Reference [147] suggests that this tension

indicates “the potential need for higher-order terms in the EFT description.”

5.2 LEPTON NUMBER VIOLATION AND ISOSPIN VIOLATION

Several experimental efforts are centered around the search for lepton number viola-
tion (LNV). In particular, LNV in the mode of neutrinoless double beta decay would
unequivocally demonstrate that neutrinos are Majorana particles [148] while also
shedding light on the neutrino mass hierarchy [149, 150] and the matter-antimatter
asymmetry in the universe [151].

The inverse of the Ovgf half-life can be expressed as (see Refs. [152-154] for
reviews)

-1
[T0] = Gou[Moy|*mis (5.34)

where mgg is the effective Majorana neutrino mass, Gg, is a phase space factor,
and My, is the corresponding nuclear matrix element (NME). Clearly, a thorough
understanding of the NME is required in order to interpret experimental results. In
order to obtain this understanding, it is necessary to have a strong grasp on the
multi-nucleon operators that are used in many-body calculations.

It has been repeatedly emphasized that the EFTs of interest here constitute model-
independent approaches to nuclear physics. An initial step towards the application
of EFT to Ovpf was taken in Ref. [155] in the context of chiral effective field the-
ory; although, it was also assumed on the grounds of Weinberg power counting that
a possible two-nucleon contact operator would be suppressed. However, there are
multiple examples of contact terms being required at LO for renormalization. An
isospin symmetric contact term is required to renormalize the two-nucleon amplitude

when the LO in ChEFT one-pion-exchange is dressed by Cj vertices [31]. Similarly,
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an isospin breaking contact term is required for renormalization when Coulomb ex-
change is included in the two-proton system in EFT4 [156]. Recently, it has been
demonstrated that the light-Majorana exchange mechanism for Ov3g3 is no different
[135, 157-161]. The contact term in the LO Lagrangian is [160, 161]

NN

,C\]XJX:2| = (QﬁGFVud)Q mﬁﬁéLCéngT [(NU@fuTN)Q _ éTT(Q%Q%) (NTQN>2}

+ Hec., (5.35)

where e, is the left-handed electron, the charge conjugation matrix is C' = iv?1°, Gg
is the Fermi constant, V,4 is an element of the Cabibbo-Kobayashi-Maskawa matrix,
and

(! +ir?) (5.36)

DO | —

Qr=r'=
The matrix u is

U = exp (QZF%TLI) , (5.37)
where the ¢, (a = 1,2,3) are the pion fields in Cartesian coordinates, the 7¢ are
Pauli matrices in isospin space, and F' is the pion decay constant in the chiral limit.
The renormalization group (RG) requirement to include a contact term at LO means
that an additional unknown LEC, ¢2V, must be determined in order to analyze and
interpret current and future measurements of Ov3/ decay.

As previously mentioned, this isospin violating counterterm is analogous to other
required contact terms, but it is connected by chiral symmetry to charge indepen-
dence breaking (CIB) in the two-nucleon force [159-161]. When the electromagnetic
mass splitting of the pion is included in OPE dressed by Cj vertices, which leads to
CIB in the two-nucleon force, there is a logarithmic divergence that requires the pro-
motion of an isotensor contact term to LO for renormalization. The CIB counterterm

Lagrangian has been presented in Refs. [162-164], and in Ref. [161] it is written as
A ¢ VaulQ ? VO N L 32 A2 (Nan)
Leorp = 4{01 [(NU QRUN> +<NUQLU N) —ETY(QL+QR) (NT N) }
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+Cy {2 (NufQruN) (NuQuufN) — ;Tr(UQLUT Qr) (Nr“N)Q} ](5.38)

where U = u? and here

QL=Qr= ;TS. (5.39)
Specifically, chiral symmetry dictates g2 = C; [160, 161]. It is also worth noting that
the Argonne vjg potential [56], the CD-Bonn potential [57], and several potentials
derived from ChEFT [81, 165-167] include short-range CIB and CSB operators in
order to reproduce scattering data.

Presently, it is not possible to disentangle effects from C; and Cs. In particular,
only C; + Cs is constrained by available data, it can be determined from two-nucleon
scattering data, while C; — C5 is sensistive to two-nucleon-multi-pion interactions and
is thus inaccessible. In order to estimate the impact of g2V in NMEs, Refs. [160, 161]
assumed that g™V = % (C1 + C3), which amounts to the assumption that C; = Cs, i.e.
the CIB LECs are about the same size and sign.

Lattice QCD calculations of double-5 decay matrix elements are beginning to
appear [168, 169] as well as Ovf matrix elements in the meson sector [169, 170]
(see also Refs. [171, 172] and Ref. [173] for a general review). However, there are

currently no first-principles determinations of g2

. Therefore, it is necessary to obtain
theoretical constraints from other means. Recently, Refs. [174, 175] calculated C; +Cy
and C; using a method analogous to the Cottingham formula [176, 177]. These results

support the assumption g™ = 1 (C; +C»). In this section, the spurion analysis of

Sec. 4.5 is applied as an independent check of the consistency of this assumption.

5.2.1 LARGE-N, HIERARCHY OF CHARGE DEPENDENT NUCLEAR FORCES

In the derivation of Eqgs. (4.287), a large-NV, hierarchy of the classes of charge de-
pendence in nuclear forces [178, 179] arises. The classes of the forces are defined

as:
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(I) isospin invariant and charge symmetric: 111y, 73 - Ty

(IT) CIB but not charge-symmetry-breaking (CSB), which have the isotensor form:

(III) CSB (and thus CIB) terms that are symmetric in spin and isospin indices:
n+T

(IV) CSB with isospin mixing (these vanish on nn and pp systems, but not np, and

only occur in L # 0 partial waves): 77 — 73, (71 x 7)®

where the subscripts above denote nucleon bilinears one and two. Previously, the
relative sizes of the classes have been estimated through phenomenological consid-
erations and meson exchange models [164, 179, 180]. The hierarchy based on their
observations is that Class (I) > Class (II) > Class (III) > Class (IV).

The operators derived in Sec. 4.5.1 fall into the categories

D Ou1, Oz, (5.40)
i Os, (5.41)
(I Os. (5.42)

The large- N, analysis of these operators indicates that Class (I) and (II) interactions
appear at the same order in the large-N, expansion. However, it should be noted
that these operators occur at O(e?), i.e. the operators in Class (I) here are O(e?)
corrections to the strong component of isospin symmetric interactions. Class (III)
terms are suppressed by 1/N. relative to Classes (I) and (II). Class (IV) operators,
which are not shown explicitly, scale at most as O(N?), but as noted above they only
occur in L # 0 partial waves. Therefore, these operators have derivatives and will be
suppressed in the ChEFT power counting. In addition, the operators in Class (IV)
in Ref. [179] are related through Fierz transformations, and are thus not independent

in the two-nucleon Lagrangian. However, it has also been discussed that the impact

96



Fierz transformations on few-body calculations with local regulators is ambiguous
[181-183]. Regardless, the large-N. hierarchy of these forces is in line with previous

estimates [164, 179, 180].

5.2.2 LARGE-N_. CONSISTENCY OF LEPTON NUMBER VIOLATING AND

CHARGE-INDEPENDENCE-BREAKING CONTACT TERMS

Here, the consistency of the approximation g} = 3 (C; 4 C,) is demonstrated from
the large- N, point of view. If these LECs were not of the same order in N, then the
incosistency could cast doubt on the approximation. The Lagrangian in Eq. (4.311)
can be rearranged as
1, - _ _ ~ 2
L1.0.inn, =€ {2 [201,1 +Ci21 — Cs} Tr(Qi) (NTN)

(5.43)

_ ~ 2 1 ~ . 2
+Cs {(NT(TlQ_,_N) - 6Tr(Qi) (Nfo'rN) ]} :
where the second term proportional to Cs is now a symmetric traceless isotensor. The
included trace term appears at the same order in the large- N, expansion. This rear-

rangement also modifies the NLO-in-N, Lagrangian in Eq.(4.312) so that it becomes
Lxoimn, =€ {3 [260 = Cuoy = ] TH(@2) (NTN)” 4G, (NTN) (N1Q, )
+G (Vo' N = 2 Te(@2) (Mio'ren)’] )
(5.44)

Again, the third term is a symmetric traceless isotensor. Both of the isotensor terms

can be rewritten through Fierz transformations,

L8I2 N, = =36 [(N1QuN)’ = S 1(@3) (Wren)] . (5.45)
LR, = —36G (VIO N) - o (@) (V)] (0

The Lagrangian of Eq. (5.38) can be written as

2

e = 5 {ere (o) - in(@) (vee)]
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_ 0 N — Lm(0?) (NN
+(C1—Cy) [(N Q_N) ; Tr(Q?) (N7 N) ]} . (547)
Direct comparison with Eqgs. (5.45) and (5.46) shows that

1 _
5 (C1+C2) = —3Cs. (5.48)

1 _
5 (€1 =€) = =3C;. (5.49)

which demonstrates that C; + Cy ~ N, and C; — Cy ~ O(1), i.e. the difference of the
two LECs is 1/ N, suppressed relative to the sum. This implies that C; and C; are of

the same size and sign. This conclusion is easier to see if we invert Egs. (5.48) and

(5.49),

Cy = —3C3 — 3Cs = —3C3 [1 + O(1/N.)], (5.50)

Cy = —3Cs +3Cs = —3C3[1 + O(1/N,)]. (5.51)

Recall that g is O(N.) as shown in Sec. 4.5.2. Thus, C; = Cy up to 30% corrections,
which supports the assumption of Ref. [161] that ¢V ~ £(C; + Cs).
As previously mentioned, Refs. [174, 175] present a method analogous to the

Cottingham formula [176, 177] to determine C; or equivalently g™

. This paragraph
recapitulates the results of these references. First, dimensionless couplings are defined
as

5 (M e
C"_(47r c) c, (5.52)

where C' = Cp in EFTy and ¢ = Cy + % in ChEFT and i = 1, 2. The CIB
LECs, which depend on the renormalization scheme, are then determined in minimal

subtraction at pu = m,,

Ci(pp =m,) = 1.3(6), (5.53)

(C1+Co) (= mz) =29(1.2). (5.54)
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Now, if only the central values of the LECs are considered, then C; (1 = m,) = 1.3
and Cy = 1.6. Then the ratio of the LECs is

G ~os1, (5.55)
Co

which is within 30% corrections of 1 and in line with the large- N, prediction. However,
it should be noted that these LECs have different RG runnings [161], so there is the
potential that this relationship is violated for different choices of the subtraction point

p. Although, it is possible that RG running of this ratio is mild.

5.3 DARK MATTER DIRECT DETECTION

The detection of dark matter constitutes a major experimental effort in searches
for Beyond the Standard Model physics. Direct detection experiments, which mea-
sure the recoil of nuclei ranging from fluorine to xenon, are able to provide some of
the most sensitive constraints on dark matter candidates (see, e.g., Refs. [184-194]).
Therefore, it is imperative to obtain a clear theoretical picture of the interactions
involved in the nuclear matrix elements and the impact on cross sections. While the
most stringent constraints on the dark matter-nucleon cross section are from these
underground direct detection experiments, cosmological constraints obtained from a
variety of sources are maturing rapidly [195-200]. The cosmological constraints aim
to obtain constraints on the dark matter-proton cross section directly without em-
ploying larger nuclei. Recently, Ref. [201] emphasized that extra care is needed when
comparing the limits obtained from different sources based on assumptions regarding
the scaling of a cross section with the mass number A. There it was also suggested
that detectors employing light nuclei can be of some utility. Additionally, the use of
helium isotopes as direct detection targets has been proposed in several other works

202-206].
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Several EFT studies in this vein have been conducted in chiral EFT [207-215],
a nonrelativistic EFT for the nucleus as a whole [216], and a nonrelativistic EFT
for single nucleons [217, 218]. For elastic dark-matter scattering off of light nuclei,
the momentum transfer has an upper bound of a few MeV for light nuclei; therefore,
EFTy should be ideal for these systems. An advantage of this approach is that it has a
well understood power counting in few-nucleon systems and it allows for calculations
involving the deuteron to be performed analytically [71]. Additionally, two-nucleon
currents in chiral EFT studies are generally suppressed in the EF'T power counting.
However, it has been pointed out throughout this text that two-nucleon currents that
connect two S-wave states typically occur at next-to-leading order (NLO) with an
infrared enhancement [51] and can therefore have a sizeable impact.

The basis of operators in EFTy is similar to the basis found in Ref. [217], and the
operators are distinguished by being either WIMP spin independent (SI) or spin de-
pendent (SD). In EFTy, the LO contributions consist of single-nucleon zero-derivative
currents coupled to the external dark matter current. The WIMP current consists of
bilinears of the form x'I'y, where I' = 1 for a spin-0 particle and I' = 1 or ¢' for a

spin-1/2 particle. Therefore, the single-nucleon Lagrangian is
£ I (318) (V) + 3 () ()
O (V) (W) + CR (V) (). (550

The superscript on the left hand side of Eq. (5.56) indicates that this portion of the
Lagrangian is invariant under parity and time-reversal separately. This Lagrangian

corresponds to those from Eqs. (4.143), (4.214), and (4.216) with S = xTx and
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A’ = xTo'y, and with the LECs replaced according to
s PT
fg8) = CIN

v PT
ﬁgfqz) — 02(,)(]\2 )

(5.57)
"l = G
9 i,
Recall the large- N, scalings of the LECs
CLAN: Con ~ O(N.), (5.58)
Ciiens Ciny ~ O(1), (5.59)

At NLO in the single-nucleon sector, there are PT and P77 operators containing
one derivative. These operators will consist of a product of a nucleon axial current
with a dark matter vector current and other similar combinations. As discussed
at the end of Sec. 2.2.3, Galilean invariance or invariance under infinitesimal Lorentz
transformations restricts the operators to appear in certain linear combinations, some
of which will contain inverse factors of my or m, [86, 218]. The PT component of

the Lagrangian is
E%,T) = C’éfg\f)eijkvj (NTOkT3N> (XTUix) + Oéfﬂeij’“vj (NTO'kN) (Xfaix)

. T [ 1 nd i 1 i 1
+ ZC'%;A; 72mN (NTV o 7'3N> (XT)() + 72mx (NTO' 7'3N> (XTV X)]

oy |1 Rl i 1 t re
+iC E N(NVN (Xax)+2mX(NN> YV oy
- ~(PT) 1 rer i 1 + M
S (NVJN (Xx)+2mX(NUN) YV x

My

(N172N) (;J@ aix)] . (5.60)
where the LECs scale as

CiF) ~ O, (5.61)

N,
Cn. P L o(1) 40 ( ) | (5.62)

my
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CP ~ o), (5.63)

1 1
ciPh )~ 0 () 10 () . (5.64)

N, my

The PT component of the Lagrangian is

ﬁXN = C’11 XNV’ ( 7'3N) ( ) + 012 XNV’ ( ) (XTaix)
+CETV (NN (xlo'x) + OV (N N) (x'x)
+ Ze”k015 AN [2; (NT%jak73N> (XToix> + 272 (NTUkT3N) <XT%jaix>]
X

() (15|

NTeja’“N> (xfo'x) + 5 !

2my -
(5.65)
where the LECs scale as
Ok Cla ~ O(N.). (5.66)
cFT ~0(1)+0 <WJZX> , (5.67)
013 XN Cffzzv ~ O(1), (5.68)
T ~ O(1/N,) + O (%) . (5.69)

In principle, two-nucleon currents can also contribute at NLO. The leading two-

nucleon currents will have no derivatives and can be found in Secs. 4.2 and 4.4,

Ly = CPy (Xx) (NTN) (NTN) + C5)un (xIx) (NTo'N) (NTo'N)

+ P (XTo'x) (N’ N) (NTN) + ¢ (XTx) (N17N) (NTN)

+ et o)y (Yo'y) (Nfa/rN) (N1ok 7' N)

+ 08 () [(WorN) (Nor#N) — £ (Vio'rN) (Nioire )|

+ e (xlo'x) (NToI7°N) (N1o"N) . (5.70)

All of the operators except for the last term are invariant under both parity and

time-reversal; the last term violates time-reversal-invariance but respects parity. In
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the partial wave basis this is

Lynn =2 (CS;)(NN + CQ(,S))CNN> (XTX>

(NTPN)! (NTPZ'N)}
+2(CPyn = 3C5wn) (X'X) {(NTPQN)T (NTP“N)]
#1200 () [(NPON) (NTPAN) = 5 (NTPN)T (VTP

+ 8CEJ;NN (XTUiX)

(NTEN) (NTPIN) + H.C.}
— 2iC) o (Vlo'y) (NTPIN)' (NTPEN)
—2i 0y (xx) (NTPIN)' (NTPYN)

+4(xloty) [z (NTPIN) (N PN + H.c} . (5.71)

The first two terms differ only at O(1/N?); therefore, the SI isoscalar dark matter-
two-nucleon interaction has the same strength at LO in the large-N,. expansion for
two nucleons combined in both the 1Sy and 35; states.

Before presenting the results for nucleons and the deuteron, it is useful to briefly
review the formalism for the dark matter-nucleus cross section. The differential cross
section for dark matter scattering off of a nucleus initially at rest is related to the

scattering amplitude M through

dU 1 |2

M, (5.72)

dEgr B 32mm2myv?

where E'g is the recoil energy, my is the mass of the target nucleus, and v, is the dark
matter velocity in the lab frame. Since we take the nucleus to be at rest initially, the
recoil energy can be expressed as Er = ¢*/2myp, where ¢ is the momentum transfer.
Alternatively, the differential cross section can be expressed in terms of SI and SD

components as
do my
- 2,12
dER  2mpv;

(03 F2 (Eg) + 05" F3, (Er)] | (5.73)

where m, is the dark matter-nucleus reduced mass, O'§I ) i the total SI (SD) cross

section at zero momentum transfer, and Fg qp) (Er) is the SI (SD) nuclear form
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factor. Equating the left hand sides of Eqs. (5.72) and (5.73) leads to
(M =167 (my + my)? |05 F& (Er) + 03" Féy (Er)] - (5.74)

Therefore, the calculation of the amplitude facilitates the calculation of either the
differential cross section or the form factors. In the following, we calculate the un-
polarized cross sections; thus, the amplitude in Eqs. (5.72) and (5.74) should also
include the average over incoming spins and the sum over outgoing spins.

Consider an incoming (outgoing) nucleon with spin v (u), isospin b (a), and mo-
mentum p = 0 (p’ = q) and an incoming (outgoing) dark matter particle with spin
r (s) and momentum k (k’). At leading order in the EFTy expansion, the ampli-
tude only receives contributions from Eq. (5.56). The unpolarized amplitude can be

expressed as

1
1 > IM|? = 16m?vmi

(O + Y 43 (s + 4P } o (5.75)

spins
where the upper signs corresponds to proton-dark matter scattering and lower signs
correspond to neutron-dark matter scattering. Additionally, the first term con-
tains the SI interactions while the second term contains the SD interactions. From

Eq. (5.74), we find

(PT ™
(Cl xN + 04 )) - m2 O—glp/nFSI p/n(q2> ; (576)
xN
PT PT)\2 T
(Cé,xf\g + Céxf\?) = Im?2 JO p/nFSD p/n(q2> ’ (577)
xN

where m,y is the dark matter-nucleon reduced mass. As ¢*> — 0, the form factors
approach one. Additionally, the higher order terms introduce explicit momentum

dependence and will vanish in this limit. Therefore, at ¢*> = 0 we have

(PT (PT) m
(Cl xJ\; +C 7XN) T m2 glp/n ; (5.78)
xN
oM L ofPTY = T ;8D 5.79
( 2XN 3XN> 3m3<NJO p/n > ( )
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which is exact. Therefore, at LO-in-/N, the ratio of the cross sections is

2
(PT) it )
ofly 1 Gl (1 * G 1 (C}fﬁ@) 1

SO — (PT) ~ a
Oo,N 3 C(PT) 14+ C3aN 3
2, xN C(PT)

2,xN

o | ~ 3 (5.80)

2, xN 3

for all proton and neutron combinations if both C’ffgv) and Céf;? are considered to be
of natural size apart from their N, scalings. We expect this ratio to receive roughly
30% corrections at NLO in the large- N, expansion.

This result stands in contrast with the relative sizes of the cross section bounds
from direct detection experiments (see for example Refs. [187-189]). However, draw-
ing a clear comparison between this result and the experimental analyses is not
straightforward due to the different assumptions involved in the analyses. For ex-
ample, many analyses place constraints on the SD cross section by considering either
proton only interactions or neutron only interactions, but the proton and neutron
couplings at LO in the large-N, expansion are equal and opposite again up to 30%
corrections.

On one hand, despite the assumptions in SD analyses, the assumption in direct
detection analyses that the SI interaction is isoscalar is not inconsistent with the
LO-in-N, cross section. Thus, a LO-in-N, upper bound of ‘Cﬁ?‘w_m_m can be de-
termined from the zero momentum transfer cross section in, e.g., Ref. [189]. However,
on the other hand, there are “xenonphobic” scenarios for isospin violating dark mat-
ter, where the canonical ratio of the couplings is |C; yn/Ciyp| = 0.7 [219-222]. In this
case, the ratio of the couplings in the isospin basis is within the large-/N. bounds,
but these scenarios require more stringent analyses of the experimental data. For

instance, Ref. [219] examined the relief that isospin violating dark matter can provide

for the tension between several direct detection experiments.

Before calculating the WIMP-deuteron cross section, we review the technology

developed in Ref. [71] for calculating amplitudes involving the deuteron. Elements of
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Figure 5.2: The irreducible two-point function. The solid lines are nucleons, the
crossed circle is the interpolating deuteron field, and the black square is the two-
nucleon Cy vertex.

T - S T

- -~

Figure 5.3: The irreducible four point function. The double lines are dark matter,
the small black dots are vertices from the dark matter-single-nucleon Lagrangian, and
the large black dot is a vertex from the dark matter-two-nucleon Lagrangian.

the S-matrix and thus the scattering amplitude are related to correlation functions

through
NﬂEEW
dX(E)/dE |55, p

where I' is the irreducible four-point correlation function, X is the irreducible two-

<%mWﬂSmmh$=% , (5.81)

point function, p (p’) is the momentum of the incoming (outgoing) deuteron, m (n)
is the polarization of the incoming (outgoing) deuteron, k (k') is the momentum of
the incoming (outgoing) dark matter, ¢ is the momentum transfer,and s (r) is the
incoming (outgoing) projection of spin along the z-axis for spin-1/2 dark matter.
The relevant Feynman diagrams can be found in Figs. 5.2 and 5.3. The two-nucleon
center-of-mass energy F is given by

2
E=pE- "
4mN

(5.82)

where the energy of each nucleon is E/2. An analogous relationship holds for the

energy of the outgoing deuteron E'.
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The functions ¥ and I' are expanded in powers of @),

> (E) = ;2(’” (E), (5.83)

M(¢E.E)=Y Tw(d EE), (5.84)

n=-—1

where n denotes the order in @ of each term. Since d/dE ~ Q2, the derivative of
the two-point function begins at d¥(E)/dE ~ Q~'. In PDS, the functions for ¥; and

Yo are

0 (E) = —ZZ;N (u o —myE - z'e) , (5.85)

Y (E) = —iComy EX{(E) . (5.86)

To NLO, Eq. (5.81) will be

1Y) 4 X0 (dZMdE) - F(1)2(d2(2)/dE)

(0 mi K7 S s s = i _ i
dz(l)/dE (dZ(l)/dE)

(5.87)

Thus, the LO contributions come from the isoscalar operators in Eq. (5.56) dressed

by Cy vertices. At NLO, there are contributions from two-derivative two-nucleon

operators with an insertion of the single-nucleon currents in Eq. (5.56), from the dark

matter-two-nucleon contact terms in Eq. (5.70) or equivalently (5.71), and from the

symmetry violating terms in Egs. (5.60) and (5.65); although, the last contributions

are not considered in this work. For the two-nucleon currents, we are only interested
in the terms that connect 381 states.

Now, we must calculate the contributions from the irreducible four-point diagrams.

At LO, we find
mi 7. .y _
T (¢ E,E) = _?;V [10726™"Cl v + 07, €™ Cy | tan ™! <4‘17) . (5.88)
The one-body contributions at NLO are

2m3 . mn SrSs imn __1
F(O),lb = —ﬁCg (’LCLXN5 ) + CS,xNE g )

rs
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X (e —) [u—’y—élqutanA(q)} : (5.89)

4y

Additionally, there are contributions from two-body currents, which yield

2
Loy = — <47r> (u— 7) [ 21 (C’f >)<NN + (5 XNN) ST — 26l XNNO'TS] .
(5.90)
Thus, at NLO the connected S-matrix elements, and therefore the amplitude, is given
by
IM = 4dmgm Eﬁtan‘1 — {25”5”‘"0 —f-O’A emn (PT)}
dby q 47 xN 3,xN
mry TS cmn i _imn ~(PT) 2 4’}/ -1 q
+7C {5 J CIXN+U € 3XN}([L—’}/) ll—qtan (47)]

v ; mn Srs immn (S
= (1 — 7)2 [7/ (Cf N T O XNN) 0" + € :g;)(NNUrs” : (5.91)

The p dependence of the dark matter-two-nucleon couplings is determined by requir-
ing the amplitude to be renormalization group invariant. Because the first two terms
in the amplitude are already invariant, the third term should separately be invariant,
SO

(Cf N T O XNN) C?Ei)(]VN o (p—v)"". (5.92)
Therefore, the familiar infrared enhancement occurs when p ~ @, and although it
is likely that there is another scale in the problem on the order of the mass of a
mediator, this scaling is assumed to justify the inclusion of the two-body current at
NLO in this work. It has been discussed that large-NN. constraints for two-nucleon
contact terms conflict with the renormalization group for u < m, [45]. However, in
analogy to two-nucleon magnetic and axial couplings, the RG running of the ratio
of the SI and SD couplings should be fairly mild because they individually have the
same running. Again, it is possible that these constraints could be obscured through

the inclusion of another momentum scale.
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Averaging over initial spins and summing over final spins in the squared amplitude

yields
vy, (4 myvy
6 Sgr:ls |M| = 16mdm { [ C{[;Z;]) <q tan ! (4/}/) o 02 (/L — 7)2
2my~y’ q v ’
N 2 -1 2 (s
- 4 Cy (u — )" tan (47))_7?(”_7) (CIXNN+C2XNN)]
4
(PT) [ *Y -1( 4 myvy 2
+2 [203,XN <q tan <47> 5 2 (=)
2mny’ q v i
N 2 -1 (s)
- s Co (p— )" tan <47>> - ;(M—V) O3XNN1 } : (5.93)

Therefore, the cross sections in the limit ¢ — 0 are

d PT i 2
O-(S]Jd = 201(,)(]\2 - ; (,LL - 7)2 (C£ xNN + C’2 XNN):| ) (594)
2m?, Ty s 2
o5 = =22 (200 = L (u = 1) Cn| (5.95)

where m,4 the dark matter-deuteron reduced mass while the form factors at LO are

given by
dy (4

Fs1(q) = Fsp (q) = ?tan ! (47> : (5.96)

In the SI cross section, the two-body contributions are of the same order in the

large- N, expansion as the one-body contribution, i.e., they are both O(N,.). The one-

body and two-body contributions to the SD cross section are also of the same order

in N, but they are both O(1). Therefore, if we only retain the LO terms in both the

EFT} power counting and the large- N, expansion, then the ratio of the cross sections

at LO-in-V, is

PT)2
S,Id C’flgv N2’

and this is expected to receive O(1/N?) corrections. Additionally, the ratio of the SI
deuteron-WIMP cross section to the corresponding nucleon-WIMP cross section at

leading order in both the combined EFT and large- N, expansion is

SI 2 2 2
0o _ 4myq _ 4my (mN +mx>

ST 2 - 2

(5.98)
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Thus, the deuteron-WIMP SI cross section is fixed with respect to V.., but it is roughly
an order of magnitude greater than the nucleon-WIMP SI cross section due to the

deuteron mass. The ratio of the SD cross sections is

O'(S)B Smid 1
SD T 3,2 N2 (5.99)
90,N myn o
1+ ooy
C’3,)(N

Therefore, the SD cross section for the deuteron is O(1/N?) suppressed relative to the
corresponding nucleon cross section. However, at the physical value N, = 3, the other
factors yield roughly O(N3). Thus, this suppression should not be over interpreted,
but rather it should be seen as a general trend due to the spin and isospin structure

of the interactions.
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CHAPTER 6

CONCLUSION

In this work, a general set of two-nucleon contact currents relevant for EFTy and
ChEFT has been derived. The undetermined LECs that attend each current have
been constrained using the emergent SU(4) spin-flavor symmetry in the large-V, limit
of QCD. Targeted applications of these constraints to electroweak currents, lepton
number violation, isospin breaking, and dark matter direct detection have also been
explored.

In the electroweak application, a partial explanation of the suppression of the
two-nucleon magnetic isoscalar current relative to the isovector current has been pro-
vided. Specifically, the isoscalar couplings is 1/ N, suppressed relative to the isovector
coupling in the large- N, basis. These couplings can be determined from the deuteron
magnetic moment and radiative neutron capture, respectively [63]. Ref. [63] found
that the values of the corresponding couplings in the partial wave basis differ nearly
by a factor of 50, and the isoscalar coupling is “significantly smaller than naively ex-
pected” [140]. Thus, it appears that these LECs can not be simultaneously natural,
i.e., of the same size because they occur at the same order in the power counting.
However, the 1/N, suppressions alone is not sufficient to explain this size disparity.
Although, using Fierz transformations to change to the partial wave basis introduces
an additional factor of 8 such that the partial wave isoscalar coupling is 1/8N, sup-
pressed relative to the isovector coupling. At the physical value N, = 3, this ratio
is 1/24; therefore, there is still a residual factor of roughly 2 between the large-N,

constraint and the experimental ratio that is not accounted for, but this factor can
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likely be accomodated in the naturalness assumption. This result suggests that nat-
uralness assumptions also might be basis dependent. While the analysis does not
provide a definitive prescription, it does imply that extra caution should be taken
when quantifying naturalness in, e.g., Bayesian priors.

Additionally, the renormalization group evolution of the ratio of these couplings,
shown in Fig. 5.1, is fairly stable; therefore, this constraint is possibly valid over a
wide range of subtraction points in the PDS scheme. If the running exceeded the
large- N, estimated, then we would conclude that there is an inconsistency between
the large-N. constraints and renormalization group constraints as was the case for
the two-derivative two-nucleon couplings in Ref. [45].

Similar constraints were obtained for a more general external axial vector field.
These couplings are relevant for processes such as neutrino-deuteron scattering, proton-
proton fusion, and tritium beta decay [136, 137, 141-145]. Using the value of the
isovector coupling L; 4 from a recent lattice calculation [146], we estimated the size
of the isoscalar coupling to be Ly 4 ~ 0.1625 fm*, which provides some justifica-
tion for neglecting the isoscalar term in existing calculations [136, 137]. Also, these
constraints are not inconsistent with recent results that match finite volume EFTy
calculations to lattice data [147]. However, this comparison is only qualitative as the
lattice data only restricts the EF'Ty LECs to a region of allowed values.

In regards to lepton number violation and charge independence breaking, the
light Majorana exchange mechanism for neutrinoless double beta decay requires the
inclusion of a contact term proportional to g2 at LO in both EFTy and ChEFT
for renormalization [160, 161]. The requirement to include this term at LO can
potentially have a strong impact on the calculations of the nuclear matrix elements
relevant for neutrinoless double beta decay, but the coefficient is not determined by
data and there is not yet a lattice calculation. This contact term is, however, related

to charge-independence-breaking in the two-nucleon force via chiral symmetry [159—
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161], but there are two independent CIB terms proportional to C; and Cs, and chiral
symmetry dictates that ¢V = C;. The sum of the LECs can be determined by
two-nucleon scattering data while the difference is sensitive to two-nucleon-multi-
pion interactions and it is currently inaccessible. Therefore, it is not possible yet to
disentangle the C; and Cy. In order to estimate the impact of this contact term on the
matrix elements of various nuclei, Ref. [161] made the assumption gV = % (C1 +Cy),
i.e., C; and Cy are of the same size and sign. Here, this assumption has been justified
from the large- N, perspective. Recently, the relative sizes of the LECs predicted by
the large- N, expansion have been corroborated by Refs. [174, 175].

As a byproduct of this study, a large-N. hierarchy of charge symmetry breaking
of the nuclear force emerges. In particular, charge symmetric forces and CIB forces
are O(NN,) while CSB forces are at most O(1). It is important to note that the charge
symmetric forces considered here are O(e?) corrections to the strong component of
the nuclear force. Regardless, the hierarchy in this thesis is in agreement with phe-
nomenological estimates [164, 179, 180].

Lastly, the large- N, constraints for one- and two-nucleon currents have been used
to analyze dark matter-nucleon and dark matter-deuteron elastic scattering. In the
absence of conclusive data, these constraints can hopefully provide some theoretical
input for experimental analyses. Specifically, the constraints on the couplings of the
currents to dark matter can be translated into constraints on the dark matter spin
independent and spin dependent cross sections at zero momentum transfer. At LO
in the large-N. expansion, the dark matter-single-nucleon coupling is isoscalar while
isovector contributions are expected to be 1/N, suppressed. Thus, if one only con-
siders the LO contributions, then the assumption of several analyses that the dark
matter-nucleon coupling is isoscalar is a reasonable approximation up to 30% cor-
rections. However, when the subleading isovector terms are incorporated, the ratios

of the neutron and proton couplings fall within xenonphobic scenarios in which po-
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tential signals for xenon-based detectors are severely suppressed. These xenonphobic
scenarios have also been shown to relieve the tension between different detection ex-
periments [219]. Therefore, it is imperative that additional experiments be done,
potentially with lighter nuclei [201], and the large-N, constraints contained in this
work can be used to constrain the relative sizes of the parameter space. An interesting
extension of this study would be to examine the impact of the large-N. constraints
for “He in light of recent proposals for its use as direct detection target.

While this analysis is quite general, and it is carried out at the level of the La-
grangian without reference to any particular nucleus, there are open questions regard-
ing large- V.. techniques that should be addressed. First, it is well known and pointed
out in Ch. 3 that the A resonance is degenerate with the nucleons as N. — oo and
plays an important role in baryon-pion scattering as well as meson-exchange models
of the two-nucleon interaction. The inclusion of the A in 1Sy NN scattering in EFTy
began in Ref. [223], but large-N.. studies of the NN interaction without the A do not
contradict available data [38, 39, 45]. Including the A in large-N. xPT and ChEFT
is also a delicate issue because some quantities depend on the ratio d /m., where § is
the nucleon-A mass splitting. Therefore, these quantities are sensitive to the order
in which the chiral and large- N, limits are taken. Despite these issues, the scalings of
the LECs in Ch. 4 do not change; however, including the A could impact the scaling
of the observables calculated in the EFT.

Second, the binding energy per nucleon in nuclear matter is predicted to be on
the order of my ~ O(N.) in Skyrme models, but the observed binding energies
are typically on the order of a few MeV. This calls into question the applicability
of the large-N, expansion in nuclear matter. Again, however, the analysis in this
dissertation is performed in the general context of the spin-flavor structure of the
Lagrangian; therefore, we do not expect this question to impact these results. Also,

similar large- N, analyses have been shown to be consistent with NN scattering data
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38, 39, 45] as well as Wigner SU(4) symmetry and beta decays of some medium-mass
nuclei [38].

Third, there is currently no systematic framework for determining the large-N,
scaling of couplings in the dibaryon formulation of EFT4 without matching to the
theory without dibaryons as done in Refs. [44, 128]. Because of the dibaryon’s util-
ity, especially in three-body processes, the development of such a framework could
streamline the study of large- N, techniques for three- and higher-body systems. While
this is not a high priority question, a solution would be beneficial.

In principle, the couplings in this work can be determined through lattice QCD
calculations. Hopefully, the large-N, constraints presented here can provide some
guidance and priorities to lattice extractions of LECs. Also, these currents can be
included in many-body calculations for heavier nuclei; therefore, the combined large-
N, and EFT expansion can produce a large-N, hierarchy of currents at each order
in the EFT power counting such that the computational input can be reduced up
to a given order. Finally, further studies of the combinded expansion for additional
BSM processes will be useful in order to provide theoretical constraints for novel BSM

searches.
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APPENDIX A

FIERZ TRANSFORMATIONS

Throughout this work, Fierz transformations are frequently employed. There are
two sets of transformations: a set of transformations that eliminates redundancies
of operators in the large-NN. basis and a set of transformations that carries these

operators into the partial wave basis. The first set of transformations is

Sap0'y = ; :Uédécb + 8aa0ly + ieijkaidafb} : (A.1)
R — ; :sz(scb + Saa0ly — ieijkaidafb] : (A.2)
ol ok = ; :Jidafb + %07, 4 676,400 — 67Fal ol 4+ ieMal 5 — iejkléadaib} , (A.3)
OabOcd = ; :5ad5cb + Uf;dagb} : (A.4)

The Fierz transformation in order to change to the partial wave basis are

dapOcd = —;agcogd + ; (UiUQ)QC (Uzai)bd : (A.5)
= Y () ) e S () (),
Sap0ly = —;JZC (U2Ui)bd + ; (UiUQ)aC opy — ;eijk (O’j0'2)ac (a2ak)bd : (A7)
olol, = ;5”02005(1 + ; (5”5“ — okl — 5il5jk) <0k02)ac (cTQOZ)bd

+ geijk [agc (U2Uk)bd + (Jka2)ac o—Zd] : (A.8)

These relations also hold for isospin Pauli matrices. After using these transformations
for the spin-isospin structure of a two-nucleon operator, an overall sign change needs

to be included to account for the anticommutators of the nucleon fields.
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