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Abstract

There is a long-standing goal of understanding nuclear physics in terms of quarks

and gluons, the constituent particles of nucleons. However, the underlying theory

is strongly coupled at the scales relevant for nuclear physics; therefore, this goal

can only be achieved through nonperturbative calculations. Additionally, nuclear

targets are employed in a variety of experiments ranging from electroweak processes to

Beyond the Standard Model physics. Thus, it is important to have a strong theoretical

foundation for nuclear physics in the presence of external fields in order to interpret

experimental results. Effective field theory (EFT) for nuclear physics constitutes a

systematic and model-independent approach to performing the necessary calculations

to achieve this understanding in a manner that is consistent with the symmetries of

quantum chromodynamics (QCD), the theory of the strong interactions. Yet, an

EFT contains a priori undetermined coefficients that must be obtained either from

data or from nonperturbative calculations. In the absence of these determinations, it

is imperative to constrain the coefficients through other means. Here, the large-Nc

limit of QCD, where Nc is the number of colors, is combined with nuclear EFTs to

derive such constraints for one and two nucleons in external fields. A general set

of constraints for the nuclear currents is derived, and these constraints are applied

to the particular cases of electroweak currents, neutrinoless double β decay in the

context of the light Majorana exchange mechanism, and the direct detection of dark

matter.
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Chapter 1

Introduction

Quantum chromodynamics (QCD) is the SU(3) gauge theory of the strong interac-

tions describing the interactions between quarks, which are spin-1/2 fermions, and

gluons, which are the spin-1 gauge bosons [7–9]. There are three light quark flavors:

up (u), down (d), and strange (s), and there are three heavy quark flavors: charm (c),

bottom (b), and top (t). Individual quarks and gluons have not been observed in na-

ture, rather QCD exhibits color confinement such that the only observable particles

are color neutral [10]. These particles are broadly referred to as hadrons. Specifi-

cally, hadrons are either mesons, i.e., bosonic bound states, or baryons, i.e., fermionic

bound states. In the simple quark model, the observed mesons are bound states of a

quark and an antiquark, but there are possible exotic states. Conventional baryons,

on the other hand, contain three quarks in the simple quark model. In particular,

nucleons, which are the focus of this thesis, consist of u and d quarks. The modern

understanding of this picture is that nucleons contain u and d valence quarks as well

as virtual “sea” quarks and gluons. Because nucleons possess this QCD structure,

there is a long-standing goal of describing nucleons directly in terms of the underlying

quark and gluon dynamics.

Additionally, it has been shown that the theory is asymptotically free, i.e. the

quarks and gluons are weakly coupled, at high energies [10, 11]. Conversely, QCD

is strongly coupled, and therefore nonperturbative, at the scales relevant for nuclear

physics, which frustrates the attempts to describe nuclei in terms of the underlying

gauge theory. One approach to achieving this description is lattice QCD, QCD formu-
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lated on a discrete space-time lattice and pioneered in Ref. [12]. Despite the fact that

lattice QCD provides a nonperturbative description of baryons through numerical

calculations, it is computationally expensive. As resources continue to improve and

more techniques are developed, it is expected that uncertainties in these calculations

will abate and that more properties of hadronic systems will become accessible. In

the meantime, though, it is necessary to explore other options that connect nuclear

physics to the underlying theory.

One method for studying baryons in terms of quarks and gluons is working in the

large-Nc limit of QCD, where Nc is the number of quark colors [13, 14]. In large-

Nc QCD, the gauge group is taken to be SU(Nc) with Nc tending towards infinity,

and QCD acquires an expansion in powers of 1/Nc. There are many interesting

qualitative results regarding mesons in this limit [4, 13–22], and the description of

baryons in large-Nc QCD was initiated in Ref. [4]. In order to perform these studies,

it is often assumed that confinement persists in the large-Nc limit; although, this

particular aspect is still an active area of research. For mesons, no modification for

the quark content is necessary because a quark-antiquark pair is still color neutral.

However, baryons must containNc quarks in order to be color neutral; thus, a large-Nc

description of baryons is considerable more difficult than the description of mesons.

Regardless, as we will see, the large-Nc limit produces interesting constraints for

baryons that are in agreement with phenomenology.

Effective field theories (EFTs) written directly in terms of nucleon fields, and me-

son fields when relevant, are also invaluable tools that can encapsulate the symmetries

of QCD [23–29]. The power of EFT is summarized by a “theorem” due to Weinberg

that the most general S-matrix consistent with unitarity, analyticity, etc. can be ob-

tained by writing down the most general Lagrangian consistent with the symmetries

of a system and calculating matrix elements [30]. In particular, theories such as pio-

nless EFT (EFTπ/) for few-nucleon systems [31–36], chiral perturbation theory (χPT)
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for a single nucleon [26, 27, 37], and chiral EFT (ChEFT) for two or more nucleons

[28, 29] constitute a variety of EFTs that are consistent with the symmetries of QCD.

The complicated dynamics of QCD are also subsumed in undetermined low energy

coefficients (LECs) in these theories that can be fixed by lattice QCD calculations or

by fitting to experiment. Once these coefficients are determined, an EFT becomes

predictive. Although these EFTs do not describe QCD directly, they form a powerful

approach to relating nuclear physics to the underlying strong interactions.

In the absence of data or lattice calculations, it is necessary to obtain theoretical

constraints for the LECs from other means. The large-Nc expansion can be combined

with the EFT paradigm in order to provide such constraints on the relative sizes of

LECs in the EFTs [38–42]. This combined framework has been employed to study

the properties of single nucleon matrix elements as well as several features of purely

two- and three-nucleon systems (see, e.g., [6, 38, 39, 43–45]).

The combined large-Nc and EFT expansion, however, may also be used to provide

novel constraints for few-nucleon systems in external fields. We will obtain these new

constraints for one- and two-nucleon currents coupled to external fields throughout

this dissertation. The external fields considered here will be Standard Model fields

such as electroweak probes, which are important for obtaining a clear theoretical

picture of the Standard Model interactions in nuclei and some beyond-the-Standard-

Model (BSM) field such as a dark matter field for which it is pertinent to obtain

theoretical constraints for these systems in the absence of data. One outcome of this

work is that it sheds light on the QCD constraints for nuclei interacting with external

probes. We also desire that it will help to prioritize future lattice QCD calculations

while providing an additional hierarchy for terms at each order in the EFT expansion

that are employed in many-body calculations. These constraints will not be rigorous

predictions, but rather the constraints should be interpreted as general trends among

the various LECs.
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The structure of this dissertation is as follows: the relevant background of nuclear

EFTs is contained in Ch. 2. In Ch. 3, large-Nc QCD is explored, paying close atten-

tion to the constraints that have been derived for one- and two-nucleon systems. The

remaining chapters of this dissertation contain the central new results. Novel con-

straints for currents in EFTπ/ and isospin breaking currents in ChEFT are obtained in

Ch. 4 through the dual large-Nc and EFT expansion. Targeted applications of these

constraints are contained in Ch. 5. Specifically, the large-Nc constraints from Ch. 4

are used to analyze electroweak currents, lepton number violation, isospin breaking,

and the direct detection of dark matter. A summary of the results can be found in

Ch. 6. Finally, details for the Fierz transformations frequently used throughout this

work are presented in the Appendix.
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Chapter 2

Effective Field Theory

It is often the case in physics that a full theory for a process exists for a wide domain

of energies. However, these theories can also become intractable for many systems.

Effective theories, which are pervasive in the physics catalog, have become invaluable

tools in simplifying the necessary calculations for those initially intractable problems.

A textbook example is the multipole expansion of the electrostatic potential in clas-

sical electrodynamics. For a point outside of the charge distribution generating the

potential, the expansion is in powers of r′/r where r′ characterizes the charge distri-

bution and r is the observation point. When r � r′, the potential is insensitive to

the finite size and structure of the charge distribution; therefore, the expansion may

be truncated in order to achieve an accurate approximation of the potential at r.

This example illustrates a key feature of effective field theory (EFT): the separa-

tion of scales. The following discussion is strongly influenced by Refs. [1, 2, 46–54].

In general, an EFT consists of an expansion in disparate momentum or energy scales.

The small scale, call it p, typically describes the characteristic momentum of the

constituents of the system of interest. The high scale, denoted by Λ, describes the

breakdown scale of the EFT. Thus, observables calculated in an EFT occur in an

expansion in powers of p/Λ.

In addition to the scales relevant for a given system, one must identify the ap-

propriate degrees of freedom. For example, the Fermi theory of the weak interaction

consists only of four fermions that interact via a local contact term. Now, it is well

known that a weak process such as beta decay is mediated by W± bosons; however,
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if the energy scale of interest is well below the W mass, then these bosons can be

“integrated out” by performing the path integral over gauge bosons. That is to say

that the only degrees of freedom are the four fermions. This implies that low energy

physics is generally insensitive to the details of the high energy physics above the EFT

cutoff [55] much like in the case of the multipole expansion in electrostatics when the

details of the charge distribution are not important.

With the scales set and the degrees of freedom determined, all of the possible in-

teractions between the degrees of freedom need to be derived. All allowed interactions

can be constructed through symmetry principles. First, the operators must satisfy

either Lorentz or Galilean invariance. The operators can also be constructed to have

any desired transformations under parity (P ), time-reversal (T ), and charge conjuga-

tion (C) as long as they are invariant under the combined CPT . Gauge symmetries

can also be included systematically. For example, if electromagnetic interactions are

to be included, the theory must be U(1) gauge invariant. This procedure, in general,

leads to an infinite tower of operators.

Before actually doing meaningful physics with these operators, their relative im-

portance must be discerned through power counting. In some cases, it is possible to

determine the importance of an operator from its mass dimension. The operator’s

mass dimension can be translated into powers of p/Λ; therefore, a higher dimension

operator will be suppressed compared to low dimension operators. However, this

picture of power counting is overly simplistic, and this topic will be revisted in the

following sections. Regardless, the infinite number of operators in the EFT is distilled

to a finite number of operators at each order in the power counting.

Once the basic ingredients have been pinned down, it is possible to perform cal-

culations. The effective Lagrange density is written as

Leff = L0 +
∑
n

(
p

Λ

)n
COnOn , (2.1)
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where L0 is the free part of the effective Lagrange density, On is an operator at order

n, and CO is a Wilson or low energy coefficient (LEC) corresponding to On. The

LECs can not be fixed by symmetry principles; thus, they must be determined either

from data or by matching to the full theory. Typically, the LECs are assumed to be

of natural size, i.e. on the order of unity, once any dimensional factors have been

removed. The sum in Eq. (2.1) is infinite, so in order to perform calculations it is

necessary to determine the desired precision. Then the Lagrange density is truncated,

and the standard machinery of quantum field theory is applied to calculate objects

such as correlation functions and scattering amplitudes. Divergences can appear when

evaluating loop diagrams, and these will require renormalization. However, there is

a finite number of terms in the Lagrange density at each order in the power counting

such that the EFT is renormalizable order by order.

In summary, there are several advantages in this EFT paradigm. First, even

if a full theory is known, it is often much easier to work with an EFT through a

judicious choice for the degrees of freedom and the expansion parameter. Second,

one can choose the level of precision at which to work due to the power expansion in

p/Λ. Therefore, EFTs can be improved systematically, and theoretical uncertainties

can be estimated in a fairly simple way. Last, a full theory may not be known,

or the full theory might be nonperturbative at the scales of interest as is the case

with QCD at the scales relevant for nuclear physics, so EFT provides a standardized

way to parameterize all of the necessary interactions. In this case, the LECs are

treated as free parameters, but their impact can be estimated through power counting.

Additionally, the LECs themselves contain all of the information about physics above

the breakdown scale Λ.
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q2 ≪ m2
π −→ + · · ·

Figure 2.1: Integrating out pion exchange. Figure from Ref. [1].

2.1 Pionless Effective Field Theory

Phenomenological potentials [56–58], especially meson exchange potentials [59, 60],

have dominated the nuclear theory landscape for a few decades. When the meson

exchange potential consists of one-pion-exchange, then the range is set by the pion

mass, mπ. Therefore, for momenta well below the pion mass, i.e. Q � Λπ/ = mπ,

the pion can be integrated out and nuclear systems are reduced to a set of short-

range contact interactions as shown schematically in Fig. 2.1. The resulting effective

theory is pionless EFT (EFTπ/), which constitutes a systematic framework capable of

describing few-nucleon interactions including external fields in a renormalizable (in

the modern EFT sense) field theory. For reviews and notes, see Refs. [1, 2, 33, 50,

51, 61–63].

Before moving into EFTπ/, it is necessary to review a few basic facts from nonrel-

ativistic quantum mechanics for the two-nucleon system. Nucleons are spin-1/2 and

isospin-1/2, so they can combine in a state of total spin S = 0 or 1 and total isospin

I = 0 or 1. The particular combination that they occupy will depend on what the

orbital angular momentum of the system is due to the fact that the overall wave func-

tion must be antisymmetric under the exchange of the two nucleons. At low energies,

S wave interactions, which have zero orbital momentum, should dominate. The spa-

tial part of the S wave is symmetric under the interchange of particles; therefore, the

possible configurations are a spin singlet-isospin triplet (1S0) or a spin triplet-isospin

8



singlet (3S1), where the partial waves are written in spectroscopic notation 2S+1LJ

with total spin S, orbital angular momentum L, and total angular momentum J .

In S-wave scattering, the scattering amplitude in the center-of-mass frame is re-

lated to the phase shift δ(s), where s denotes the partial wave, by

A(s) = 4π
mN

1
p cot δ(s) − ip

, (2.2)

where p = |~p| is the magnitude of the three-momentum of one of the incoming nu-

cleons, and s denotes either the 3S1 or 1S0 channel. The quantity p cot δ(s) has the

expansion [64]

p cot δ(s) = − 1
a(s) + 1

2r
(s)
0 p2 + · · · , (2.3)

where a(s) is the scattering length, r(s)
0 is the effective range, and the ellipsis denotes

terms of higher order in p. This is the Effective Range Expansion (ERE). Keeping

only the first term in the scattering amplitude yields

A(s) = − 4π
mN

1
1
a(s) + ip

. (2.4)

In the complex momentum plane, the amplitude has a pole at p = i
a(s) . The scattering

lengths in the 1S0 and 3S1 channels are [65]

a(1S0) = −23.71 fm , (2.5)

a(3S1) = 5.42 fm . (2.6)

Therefore, the pole in the 3S1 channel is on the positive imaginary axis, which corre-

sponds to a bound state, i.e. the deuteron. On the other hand, the pole in 1S0 channel

is on the negative imaginary axis, which corresponds to a nearly bound virtual state.

The EFT should reproduce these features, but it will also go beyond the ERE to

include effects due to external fields for example.

In EFTπ/, nucleons are nonrelativistic, and the free part of the effective Lagrangian

is

L0 = N †
(
i∂0 + 1

2mN

∇2
)
N , (2.7)
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where N is a spin-isospin doublet andmN is the nucleon mass. The classical equations

of motion produce the Schrödinger equation for the field N . Interactions can be added

to the Lagrangian that are invariant under rotations and isospin transformations. In

the two-nucleon sector, there are four possible operators with zero derivatives,

L0
NN = C̃1

(
N †N

)2
+ C̃2

(
N †σiN

)2
+ C̃3

(
N †τaN

)2
+ C̃4

(
N †σiτaN

)2
. (2.8)

However, these operators are not linearly independent. Fierz transformations can be

used to eliminate the terms proportional to C̃3 and C̃4 such that the Lagrangian can

be written as [28, 29, 31, 32]

L0
NN = −1

2CS
(
N †N

)2
− 1

2CT
(
N †σiN

)2
. (2.9)

Alternatively, the two-nucleon Lagrangian may be formulated in terms of nucleon

bilinears written in partial waves. The Lagrangian in this basis is [63]

L0
NN = −C(1S0)

0

(
NT P̄ aN

)† (
NT P̄ aN

)
− C(3S1)

0

(
NTP iN

)† (
NTP iN

)
, (2.10)

where

P̄ a = 1√
8
σ2τ 2τa , (2.11)

P i = 1√
8
σ2σiτ 2 , (2.12)

are the projectors onto the 1S0 and 3S1 states, respectively. These projectors are

defined such that they are normalized to

Tr
(
P iP j

)
= 1

2δ
ij . (2.13)

The LECs in the two bases are related according to

C
(3S1)
0 = CS + CT , (2.14)

C
(1S0)
0 = CS − 3CT . (2.15)

10



+ + + ...

Figure 2.2: Sum of two-nucleon bubble diagrams in EFTπ/. Figure from Ref. [2].

In a theory where the only scale apart from momentum is the cutoff Λπ/, one might

expect that power counting is done through dimensional analysis. In this case, the

LECs are O(1/mNΛπ/). The factor of the nucleon mass appears in the denominator

due to the fact that the kinetic energy is included in the free part of the Lagrangian

and thus included in the nucleon propagator, so the loop expansion will carry factors

of mN in the numerator. However, there is another low energy scale set by the inverse

scattering lengths, that is
1
a(s) � Λπ/ . (2.16)

This feature will result in a fine-tuning that necessitates a careful analysis of the

power counting in EFTπ/.

Now, it is possible to begin computing Feynman diagrams with the aim of cal-

culating the scattering amplitude. Since there are only nonrelativistic nucleons, the

amplitude will be a sum of bubble diagrams shown in Fig. 2.2. Thus, the amplitude

has the expansion

iA(s) = −iC(s)
0 + (−iC(s)

0 )I(−iC(s)
0 ) + · · · , (2.17)

where the loop integral using dimensional regularization is

I =
(
µ

2

)n ∫ dnq

(2π)n
i

E − q0 − q2

2mN + iε

i

q0 − q2

2mN + iε

= −imN

(
µ

2

)n ∫ dn−1q

(2π)n−1
1

q2 −mNE − iε

= − imN

(4π)(n−1)/2

(
µ

2

)n
(−mNE − iε)(n−3)/2 Γ

(3− n
2

)
. (2.18)
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In dimensional regularization, divergences appear as poles in the gamma function.

Using the minimal subtraction scheme amounts to subtracting a pole at n = 4;

however, this integral does not have a pole at n = 4 and is finite.

Now, summing Eq. (2.17) to all orders results in

A(s) = − 4π
mN

1
4π

mNC
(s)
0

+ ip
, (2.19)

where the relation −ip =
√
−mE − iε has been used. Matching Eq. (2.19) to Eq. (2.4)

implies [31]

C
(s)
0 = 4πa(s)

mN

. (2.20)

If 1
a(s) ∼ Λ, then this would be acceptable, and the sum in Eq. (2.17) could then be

done in perturbation theory without resumming all of the terms, or the resummed

amplitude can equivalently be expanded in powers of a(s)p. However, the fact that

the scattering lengths are large leads to unnaturally large values for the LECs [31, 32].

A method to resolve this issue is a new subtraction scheme, Power Divergence Sub-

traction (PDS) [32]. This scheme consists of subtracting poles in n = 4 dimensions as

well as poles that might occur in n = 3 dimensions from Eq. (2.18), which correspond

to power law divergences in four dimensions. These poles are in fact a generic feature

of nonrelativistic theories.

Employing PDS in the two-nucleon system amounts to adding a counterterm to

the one loop diagram such that the one loop diagram plus the counterterm is[
(−iC(s)

0,R)2I + δC
(s)
0

]
n=4

= i
mN

4π C
(s)2
0,R (ip+ µ) , (2.21)

where the subscript R indicates that this is the renormalized LEC. In this case, the

bubble sum for the amplitude yields

A(s) = 4π
mN

1
4π

mNC
(s)
0,R

+ µ+ ip
, (2.22)

and matching to the ERE implies

C
(s)
0,R(µ) = 4π

mN

1
1
a(s) − µ

. (2.23)
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Thus, an explicit dependence on the subtraction point has been introduced in the

LEC. This relation could also be derived from the requirement that the amplitude

be invariant under the renormalization group and using the value of the scattering

lengths as boundary conditions. The new power counting is now obtained with µ and
1
a(s) ∼ Q, where Q is the low momentum scale, while keeping 1

a(s) − µ ∼ Q. With this

power counting, all of the terms in the bubble sum are O(1/Q). Therefore, each term

in the sum is equally important, which justifies the resummation of the series.

Two-nucleon contact terms with derivatives can also be added to the Lagrangian

as well as relativistic corrections. All of these terms can be treated perturbatively, and

the two-derivative terms can be fit to reproduce to the effective range. Additionally,

any operators that connect two S-wave states will also exhibit the 1/mNQ enhance-

ment from the dimensional analysis power counting similar to the LO interactions

[51].

It is also possible to fit the 3S1 LECs in order to reproduce the location of the

deuteron pole [63],

γt =
√
mNB, (2.24)

where γt ≈ 45.7 MeV is the binding momentum and B ≈ 2.22 MeV is the deuteron

binding energy. The ERE about this value has the form

p cot δ(3S1) = −γt + 1
2ρd

(
p2 + γ2

)
+ · · · , (2.25)

where ρd is the effective range. In this case, the LECs themselves are expanded in

powers of Q and then matched to the ERE parameters. Another alternative is the Z-

parameterization [66]. In this approach, the LECs are fit to reproduce the residue of

the deuteron pole at NLO. The LECs have an expansion in Q similar to fitting to the

ERE about the deuteron binding momentum; however, this approach demonstrates

faster convergence. While the correct residue of the deuteron pole can be approached

perturbatively in the ERE schemes, the number of diagrams at higher orders in the
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EFT proliferates. It is also possible to bypass the need for two-nucleon contact terms

through the use of auxiliary fields for the deuteron and spin-singlet virtual state [67].

In this scheme, the effective range is typically summed to all orders, and the dibaryon

fields are convenient for three-body processes such as neutron-deuteron scattering

[34, 68–70].

Finally, external fields such as magnetic fields can be included in EFTπ/ in a simple

manner [63, 71]. Gauge fields can be included through the minimal coupling prescrip-

tion. Any general external field can be specified along with the desired transformation

properties of the nucleon operators under parity and time-reversal, and all of the op-

erators consistent with the symmetries can be systematically derived. Single-nucleon

currents will obey a power counting based on dimensional analysis while two-nucleon

currents will be counted like the two-nucleon contact terms. Specifically, operators

that connect two-nucleon 3S1 or 1S0 states will have the same 1/mNQ enhancement

present in the two-nucleon scattering LECs while operators connecting other partial

waves will generally be suppressed [51]. These currents constitute the main focus of

this work.

2.2 Chiral Perturbation Theory and Chiral Effective Field Theory

2.2.1 Chiral Symmetry in QCD

Another useful EFT for systems containing a single nucleon is chiral perturbation

theory (χPT), and the generalization to few-nucleon systems is referred to as chiral

EFT (ChEFT) [1, 26, 27, 37, 48, 49, 52, 72–81]. What follows recapitulates the main

results from this body of literature and is particularly influenced by Ref. [48]. The

low-momentum scales for these EFTs are set by the momenta of the external particles

and the pion mass mπ. The breakdown scale for the single nucleon sector of χPT is

roughly Λχ = 4πF where F is the pion decay constant in the chiral limit; although,

the breakdown scale could be closer to mass of the ρ meson. Since the ∆-nucleon
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mass splitting is around 300 MeV, it may also be the case that χPT without the ∆

resonance has an even lower cutoff. In ChEFT, there is evidence that the breakdown

scale is closer to 500 MeV or even lower. These two EFTs are low-energy theories of

QCD that exploit the approximate chiral symmetry of the light quarks. In the chiral

limit, i.e. the limit of massless light quarks, the QCD Lagrangian is

LQCD,0 =
∑
f=u,d

q̄f i /Dqf −
1
2 Tr(GµνGµν) , (2.26)

where qf is a quark field with isospin index f = u, d where u (d) is the up (down)

quark. The gauge covariant derivative is

Dµq =
(
∂µ + igAiµλ

i
)
q , (2.27)

where λi is the SU(3) generator in color space, g is the quark-gluon coupling, and Aiµ

is the gluon field. The gluon field strength tensor is Gµν and the trace of the gluon

kinetic term is over the color indices. It is possible to rewrite the Lagrangian in terms

of left- and right-handed quark fields as

L =
(
q̄Li /DqL + q̄Ri /DqR

)
− 1

2 Tr(GµνGµν) , (2.28)

where

qR = PRq ,

qL = PLq ,

(2.29)

and the subscripts denote the chirality of the quark field. The right- and left-handed

projection operators are defined as

PR/L = 1
2
(
1± γ5

)
. (2.30)

At this stage, it is also sufficient to consider the quark fields as isospin doublets,

i.e., q = (u d)T . This Lagrangian is classically invariant under U(2)L×U(2)R, which

would suggest that there are 8 Noether currents. In principle, strange quarks could
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be included and the symmetry group would then be U(3)L×U(3)R; however, it is

sufficient to consider only the two-flavor case for systems containing only nucleons

because they only contain valence up and down quarks, so effects due to strange

quarks should be suppressed. Additionally, the size of the strange quark mass relative

to the masses of the up and down quark masses suggests that chiral symmetry is

stronger in the two-flavor case. However, the U(1)A symmetry is anomalously broken;

therefore the symmetry group is SU(2)L×SU(2)R×U(1)V .

Based on chiral symmetry alone, it might be expected that the hadrons come in

parity doublets and fill out representations of the chiral symmetry group. However,

it appears that the hadrons possess an SU(2) symmetry rather than SU(2) × SU(2)

because there are no observed parity partners. Additionally, the smallness of the pion

mass compared to the vector mesons insinuates that the pions could be the pseudo-

Goldstone bosons of a spontaneously broken symmetry. Observations do indeed sup-

port the conclusion that the SU(2)A subgroup is spontaneously broken, which implies

that there are three pseudoscalar pseudo-Goldstone bosons, one for each generator of

the broken symmetry.

If the light quarks really were massless then the pions would be massless Goldstone

bosons, but the quark masses break chiral symmetry explicitly leading to the small

masses of the pions. Including the mass term in Eq. (2.28) yields

LQCD =
(
q̄Li /DqL + q̄Ri /DqR

)
− q̄RMqL − q̄LM †qR −

1
2 Tr(GµνGµν) , (2.31)

where M = diag(mu,md) is the quark mass matrix. If the quark mass matrix trans-

formed under the chiral symmetry group as

M 7→ RML† , (2.32)

then the Lagrangian would still be invariant under the chiral symmetry group.

External fields can also be incorporated in the Lagrangian in a way that is con-

sistent with chiral symmetry like the mass term. The Lagrangian with external fields
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is

L = LQCD,0 + q̄γµ

(
vµ + 1

3v
µ
(s) + γ5aµ

)
q − q̄

(
s− iγ5p

)
q . (2.33)

The external isovector fields vµ and aµ can be written as

vµ =
3∑

a=1
τavµa ,

aµ =
3∑

a=1
τaaµa ,

(2.34)

and thus couple to the isovector quark currents. The isoscalar vector current cou-

ples to vµ(s), but the isoscalar axial vector is omitted because of the axial anomaly.

Analgously the scalar and pseudoscalar fields can be written as

s =
3∑

a=0
τasa ,

p =
3∑

a=0
τapa ,

(2.35)

where a = 0 corresponds to isospin identity. This reduces to the Lagrangian in

Eq. (2.31) with vµ, aµ, vµ(s), and p = 0 and s = M. The Lagrangian can also be

arranged into the form

L = LQCD,0 + q̄Lγ
µ
(
lµ + 1

3v
(s)
µ

)
qL + q̄Rγ

µ
(
rµ + 1

3v
(s)
µ

)
qR

− q̄Rγµ (s+ ip) qL − q̄Lγµ (s− ip) qR , (2.36)

where

rµ = vµ + aµ , (2.37)

lµ = vµ − aµ . (2.38)

Under local chiral transformations, this Lagrangian will be invariant if

rµ 7→ RrµR
† + iR∂µR

† , (2.39)

lµ 7→ LlµL
† + iL∂µL

† , (2.40)

v(s)
µ 7→ v(s)

µ − ∂µΘ , (2.41)
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s+ ip 7→ R (s+ ip)L† , (2.42)

s− ip 7→ L (s− ip)R† . (2.43)

This procedure is suitable for external fields such as electroweak fields or even BSM

fields. For example, interactions with an external electromagnetic field Aµ are ob-

tained by setting rµ = lµ = − e
2τ

3Aµ and v(s)
µ = − e

2Aµ. However, a modification

similar to the procedure followed for the mass matrix is necessary if one wishes to

have dynamical photons, leptons, and BSM fields. These modifications will be re-

quired in this work and will be reviewed in a following subsection.

2.2.2 Meson Chiral Perturbation Theory

In this section, the chiral meson Lagrangian is constructed following Refs. [23, 26, 27].

All of the features described above can be incorporated in an effective Lagrangian

written in terms of hadronic degrees of freedom and as an expansion in p, the momenta

of external particles. Since the expansion parameters for the effective Lagrangian are

p andmπ, the power counting for all of the terms in the Lagrangian will be determined

by the number of derivatives and powers of the pion mass associated with each term.

In the meson sector, the pions are implemented through a nonlinear realization U of

the chiral symmetry group [24, 25, 72], where

U = exp
(
i

F0
φaτ

a
)
, (2.44)

and φa, a = {1, 2, 3}, are the Cartesian pion fields. This matrix exponential trans-

forms under chiral transformations as

U 7→ RUL† , (2.45)

and is O(1) in the χPT power counting. In the chiral limit, the lowest order chirally

invariant pionic Lagrangian is [23, 26, 27]

L(2)
π = F 2

0
4 Tr

(
∂µU∂

µU †
)
, (2.46)
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where the subscript π indicates that this is the pion component of the chiral La-

grangian, the superscript indicates that this is the Lagrangian at O(p2) due to the

factors of p that enter through the derivatives, and F is treated as an LEC that can be

extracted from semileptonic pion decay. The exponential U can be expanded in the

number of pion fields, which results in the kinetic term for a single pion and interac-

tions for even numbers of pions. Explicit symmetry breaking due to the quark masses

is included through constructing terms that are invariant under chiral transformations

that contain powers of U andM.

At first order inM, the Lagrangian becomes [23, 26, 27]

L(2)
π = F 2

0
4 Tr

(
∂µU∂

µU †
)

+ 1
2F

2
0B0 Tr

(
MU † + UM †

)
. (2.47)

In the isospin limit, i.e m = mu = md, the pion masses are related to the LEC B0

through

m2
π = 2B0m. (2.48)

The value for B0 can be determined from the value of the chiral quark condensate.

The external vector fields can also be included through the definition of the co-

variant derivative acting on U ,

DµU = ∂µU − irµU + iUlµ . (2.49)

Given the transformation properties of the external fields in Eqs. (2.39)-(2.43), this

object transforms in the same way as U . Also, external fields count as a power of

momentum because they are included in the covariant derivative. The traceless field

strength tensors, which are O(p2), for rµ and lµ are defined according to

FR
µν = ∂µrν − ∂νrµ − i [rµ, rν ] ,

FL
µν = ∂µlν − ∂νlµ − i [lµ, lν ] .

(2.50)

For the scalar and pseudoscalar fields, the mass matrix in the effective Lagrangian is

generalized to the form

χ = 2B0 (s+ ip) , (2.51)
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where s = M again when the external fields vanish. The most general Lagrangian

with these ingredients at lowest order is [23, 26, 27]

L(2)
π = F 2

0
4 Tr

(
DµUD

µU †
)

+ F 2
0

4 Tr
(
χU † + Uχ†

)
, (2.52)

and the subscript indicates that the Lagrangian is O(p2) at this order. Higher order

components of the Lagrangian have been derived, and when doing so redundant terms

can be eliminated through integration by parts and the lowest order equations of

motion [26, 82–84].

2.2.3 Baryon Chiral Perturbation Theory

Two-flavor χPT can also be extended to include the interactions of nucleons, pions,

and external fields [37]. The proton and neutron form an isospin doublet

ψ = (p n)T , (2.53)

where the proton (neutron) field p (n) is a four-component Dirac spinor. This field

transforms under the chiral symmetry group as

ψ 7→ K(L,R, U)ψ , (2.54)

where the SU(2) valued matrix K is defined as

K (L,R, U) =
√
RUL†

−1
R
√
U . (2.55)

When L = R, K reduces to a SU(2)V matrix, which is just an isospin transformation

on the nucleon field. The unitary square root of U is required, i.e. u2 = U . This

matrix transforms under the chiral symmetry group as

u 7→ RuK† = KuL† , (2.56)

The construction of a Lagrangian invariant under local SU(2)L×SU(2)R×U(1)V

transformations including the external fields in Eq. (2.33) necessitates a covariant
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derivative acting on nucleon fields. This derivative is defined as

Dµψ =
(
∂µ + Γµ − iv(s)

µ

)
ψ , (2.57)

where the so-called chiral connection is

Γµ = 1
2
[
u† (∂µ − irµ) + u (∂µ − ilµ)u†

]
, (2.58)

which transforms as

Dµψ 7→ e−iΘKDµψ . (2.59)

Additionally, there is the chiral vielbein

uµ = i
[
u† (∂µ − irµ)− u (∂µ − ilµ)u†

]
, (2.60)

which transforms as

uµ 7→ KuµK
† . (2.61)

Using all of these ingredients allows for the construction of the most general La-

grangian that is chirally invariant. The Lagrangian will contain bilinears of the form

ψ̄Oψ where O 7→ KOK†. The leading order component of the Lagrangian is thus

[37]

L(1)
πN = ψ̄

(
i /D −m+ gA

2 γµγ5uµ

)
ψ , (2.62)

where m is the nucleon mass in the chiral limit, and gA is the axial coupling in the

chiral limit. In order to construct higher order terms that may also include terms

proportional to the quark masses and external scalar and pseudoscalar fields it is

convenient to work with

χ± = u†χu† ± uχ†u . (2.63)

In this form, the parity of the resulting bilinears can be read off from the sign of χ±.

There are also the field strength tensors in Eq. (2.50) in addition to

v(s)
µν = ∂µv

(s)
ν − ∂νv(s)

µ , (2.64)
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f±µν = uf±Lµνu
† ± u†f±Rµνu . (2.65)

While this formulation of baryon χPT is covariant, it suffers from the fact that

derivatives acting on ψ will bring down powers of the nucleon mass which is on

the order of Λχ [37]. There are renormalization schemes that are Lorentz invariant;

however, a popular approach to these issues is heavy baryon χPT (HBχPT) [73, 74].

The idea is to separate the large and small components of the Dirac spinor ψ and

integrate out the small components.

First, split the momentum of the nucleon into the form

pµ = mvµ + kµ , (2.66)

where kµ is a soft residual momentum and

v2 = 1

v0 ≥ 1 .
(2.67)

In the nucleon rest frame vµ = (1,~0). These conditions also imply

vµkµ = −kµk
µ

2m , (2.68)

and in the nucleon rest frame this becomes

k0 = ENR = E −m. (2.69)

Now, define the projection operators

P± = 1
2 (1± /v) . (2.70)

The field ψ can now be decomposed in terms of velocity dependent fields as

ψ = e−imv·x [Nv +Hv] , (2.71)

where

Nv = eimv·xP+ψ ,

Hv = eimv·xP−ψ .

(2.72)
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Inserting this decompostion into the Lagrangian in Eq. (2.62) and integrating out the

field Hv results in

LπN = N̄v (iv ·D + gASv · u)Nv +O(1/m) , (2.73)

which is valid up to O(1/m) corrections, and the spin matrix is defined as

Sµv = i

2γ
5σµνvν . (2.74)

Additional operators can be constructed that contribute at higher orders, and then

invariance under infinitesimal Lorentz transformations [85, 86] or equivalently repa-

rameterization invariance [87] can be used to constrain the LECs.

2.2.4 Chiral Effective Field Theory

Chiral EFT is the effective theory for systems with two or more nucleons incorpo-

rating the constraints of chiral symmetry. In the so-called Weinberg Power Counting

(WPC) scheme, the nuclear potential is defined as the sum of irreducible diagrams

that do not have intermediate nucleon propagators and include two-nucleon contact

terms along with the exchange of one or more pions [28, 29]. Again, the two-nucleon

system requires a resummation of the diagrams, so the two-nucleon scattering am-

plitude is then obtained through a Lippman-Schwinger equation. Specifically, the

leading order terms that are resummed in WPC are the diagrams that contain ver-

tices proportional to CS and CT as well as one-pion-exchange. While this prescription

is phenomenologically successful, it requires the promotion of subleading operators in

WPC to leading order in order to achieve renormalization [31]. An alternative power

counting was suggested in Refs. [32, 88], generally referred to as KSW power count-

ing, in which interactions with pions are relegated to subleading order and treated

perturbatively. However, the KSW prescription with perturbative pions was later

shown not to converge in several partial waves [89]. Subsequently, reformulations of
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KSW approach have been presented but without widespread adoption (see Ref. [1]

and references therein).

2.2.5 Spurion Fields

While the chiral Lagrangian with external fields is sufficient to generate all Feynman

diagrams including virtual particles, there will in general be divergences that must

be renormalized by local counterterms. The use of spurion operators similar to the

inclusion of the quark mass matrix in the chiral Lagrangian is a convenient and

popular method to construct the counterterms [90–98]. These operators represent

the effects of virtual particles with momenta above the breakdown scale of the EFT.

Consider, for example, the QCD Lagrangian for two quark flavors with minimal

coupling to an electromagnetic field. The Lagrangian in terms of left- and right-

handed quark fields is

L = iq̄L/∂qL + iq̄R/∂qR − q̄LM †qR − q̄RMqL + ieAµ [q̄LγµQqqL + q̄Rγ
µQqqR] , (2.75)

where Qq = diag(2
3 ,−

1
3) is the quark charge matrix. The terms proportional to the

quark charge break chiral symmetry explicitly. However, the pattern of symmetry

breaking can be mapped onto the effective Lagrangian by splitting the charge matrix

into QL and QR such that the electromagnetic component of the Lagrangian can be

written as

LEM = ieAµ [q̄LγµQLqL + q̄Rγ
µQRqR] , (2.76)

and requiring the charge matrices to transform under the chiral symmetry group as

QR 7→ RQRR
†, (2.77)

QL 7→ LQLL
†. (2.78)

Now, it is possible to construct all terms in the effective Lagrangian using the

spurion fields QL and QR such that the operators are invariant under the chiral
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symmetry group. This procedure works for any generic spurion field, and at lowest

order there will be two insertions of the spurions. After constructing all possible

operators, the specific form of the spurions can be chosen. Continuing the example

of electromagnetic interactions, it is conventional to continue using the quark charge

matrix in the meson sector. However, it is also common to use the nucleon charge

matrix QN = 1
2 (1 + τ 3), and the difference compared to using the quark charge

matrix amounts to a shift by an unobservable constant [98].

When constructing the spurion operators in the nucleon sector, it is convenient to

use the combinations

Q± = 1
2
[
u†QRu± uQLu

†
]
, (2.79)

which transform under the chiral symmetry group as

Q± → KQ±K
† . (2.80)

Lastly, it is also useful to separate the spurions into isoscalar and isovector compo-

nents,

Q± = 1
2 Tr(Q±)1 + Q̃± . (2.81)

where

Q̃± = 1
2 Tr(Q±τa)τa . (2.82)

Thus, all of the spurion operators can be derived in terms of Tr(Q±) and Q̃±.
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Chapter 3

Large-Nc Quantum Chromodynamics

3.1 Planar Expansion

As mentioned in Ch. 1, QCD is the SU(3) gauge theory of the strong interaction.

At the scales relevant for hadronic physics, QCD is nonperturbative. However, by

considering the limit Nc → ∞, where Nc is the number of colors in QCD, we can

deduce some of the important features of hadrons in an expansion in powers of 1/Nc

[4, 13, 14]. The discussion in this chapter highly reflects Refs. [3, 4, 99, 100].

The QCD Lagrangian is

L =
∑
f

q̄f (iγµDµ −mf ) qf −
1
2 Tr(GµνGµν), (3.1)

where the sum over f is over quark flavors and the trace is a sum over color indices.

The gauge covariant derivative is

Dµq =
(
∂µ + igAiµλ

i
)
q, (3.2)

where Aaµ is the gluon field, λi is an SU(Nc) generator, and g is the quark-gluon

coupling. The generators are normalized such that

Tr
(
λiλj

)
= 1

2δ
ij . (3.3)

The gluon field strength tensor is

Gµν = ∂µAν − ∂νAµ + ig [Aµ, Aν ] , (3.4)

where Aµ = Aaµλ
a. It is also possible to write the field strength tensor as an object

with a single adjoint index rather than two indices in the fundamental representation
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Fig. 8. ’t Hooft’s double line notation. The lower diagram shows each QCD propagator
or interaction vertex in the double line notation.

as an N × N matrix with two indices in the N and N representations,
(Aµ)

a
b = AA

µ

(
T A

)a
b. The gluon propagator can be rewritten as

〈
Aa

µb (x) Ac
νd (y)

〉
= Dµν (x − y)

(
1

2
δa
d δ

c
b − 1

2N
δa
b δ

c
d

)
,

where the identity

(
T A

)a
b

(
T A

)c
d =

1

2
δa
d δ

c
b − 1

2N
δa
b δ

c
d (SU(N)) (3.4)

has been used. The corresponding identity for U(N) is

(
T A

)a
b

(
T A

)c
d =

1

2
δa
d δ

c
b (U(N)) , (3.5)

where the U(1) generator has the same normalization as the SU(N) gen-
erators. It is convenient to use the U(N) identity eq. (3.5) instead of the
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of SU(Nc) through the defintion Gµν = λaG
a
µν . This second definition has the explicit

form

Gi
µν = ∂µA

i
ν − ∂νAiµ − gfijkAjµAkν , (3.5)

where fijk are the SU(Nc) structure constants.

At the one-loop level, the β-function is

µ
dg

dµ
= − g3

(4π)2

[11
3 Nc −

2
3Nf

]
, (3.6)

which is clearly not well defined as Nc → ∞. However, if g2Nc = ĝ is held fixed in

the limit Nc →∞, then the beta function for ĝ,

µ
dĝ

dµ
= − ĝ3

(4π)2

[11
3 −

2Nf

3Nc

]
, (3.7)

is well defined [13]. Therefore, in the forthcoming discussion of Feynman diagrams

for large-Nc QCD, a factor of 1/
√
Nc will be associated with every quark-gluon vertex

and three-gluon vertex, and a factor of 1/Nc will be associated with every four-gluon

vertex. This scaling of the coupling, along with factors of Nc that appear due to color

traces, will furnish a perturbative expansion in powers of 1/Nc.

In order to study the consequences of the large-Nc limit for hadrons, it is beneficial

to understand how to determine the Nc scaling of any given Feynman diagram (see

Refs. [3, 4, 13, 14] for greater detail). It is convenient to adopt the ’t Hooft double

line notation to perform this analysis; this amounts to analyzing the flow of color in

the diagrams. First, quark propagators are given in the standard form

〈0|T {qa(x)q̄b(y)} |0〉 = δabSF (x− y) , (3.8)
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Figure 3.2: Double-line notation of (a) quark-gluon vertex, (b) three-gluon vertex,
and (c) four-gluon vertex. Figure from Ref. [3].

where SF (x− y) is the fermion propagator. The typical form of the gluon propagator

is

〈0|T
{
Aiµ(x)Ajν(y)

}
|0〉 = δijDµν(x− y) , (3.9)

where Dµν is the propagator for a single gauge field. Instead of expressing the gluon

propagator in terms of the adjoint indices i and j, it may be alternatively expressed

in terms of the color indices as

〈0|T
{
Aiµ(x)λaib Ajν(y)λcjd

}
|0〉 = 1

2Dµν(x− y)
(
δadδ

c
b −

1
Nc

δab δ
c
d

)
(3.10)

after use of the identity

λaib λ
ci
d = 1

2

(
δadδcb −

1
Nc

δabδcd

)
. (3.11)

The second term in this identity appears due to the fact that the SU(Nc) generators

are traceless. However, this term vanishes as Nc → ∞, so it may be neglected such

that the gluon matrices are in the adjoint representation of U(Nc). This approxima-

tion is valid at leading order in the Nc expansion, but corrections are 1/N2
c suppressed

and may be ignored. Gluons may now be represented as a double line with a sin-

gle color index on each line, one in the fundamental representation and one in the

antifundamental represenation as shown in Fig. 3.1. The QCD vertices can now be

translated into this double line notation and are shown in Fig. 3.2.
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Figure 3.3: Single quark loop that produces a sum over Nc colors.
18 A.V. Manohar

Fig. 10. A Feynman graph, and one of its partner double line graphs, representing a
particular color index contraction. This is an example of a planar diagram.

→ −

Fig. 11. The complete three-gluon vertex in double line notation.

representation is a real representation, and the lines do not have arrows.
In this case, it is possible to construct non-orientable surfaces such as Klein
bottles.

To compute the N -dependence requires counting powers of N from sums
over closed color index loops, as well as factors of 1/

√
N from the explicit N

dependence in the coupling constants. It is convenient to use a rescaled La-
grangian to simplify the derivation of the N -counting rules. Define rescaled
gauge fields gA/

√
N → Â so that the covariant derivative is Dµ = ∂µ+iÂµ,

and rescaled fermion fields ψ →
√

Nψ̂ so that the Lagrangian becomes

L = N

[
− 1

2g2
Tr F̂µν F̂µν +

NF∑

k=1

ψ̂k (i /D − mk) ψ̂k

]
. (3.7)

The Lagrangian has an overall N , but the theory does not reduce to a
classical theory of quarks and gluons in the N → ∞ limit, because the

number of components of ψ̂ and Âµ grows with N .
One can read off the powers of N in any Feynman graph from eq. (3.7).

Every vertex has a factor of N , and every propagator has a factor of 1/N .
In addition, every color index loop gives a factor of N , since it represents
a sum over N colors. In the double line notation where Feynman graphs
correspond to polygons glued to form surfaces, each color index loop is the

Figure 3.4: O(Nc) quark loop with three planar gluons and the corresponding double-
line graph. Figure from Ref. [3].

Now, this formalism can be used to analyze vacuum QCD diagrams. In particular,

the leading diagrams contain only planar gluons and are O(N2
c ). At O(Nc), there is a

diagram that consists only of a single quark loop. Any number of planar gluons can

be added to the quark loop such that the quark loop forms the edge of the diagram

without changing the large-Nc scaling. For example, the single quark loop in Fig. 3.3

contains a single color trace and is thus O(Nc). In Fig. 3.4, the double line notation

makes explicit the fact that there are three color traces, and accounting for the factors

of Nc from vertices leads to an overall scaling of Nc. Additional quark loops may be

included, but they require quark-gluon vertices; therefore, each additional quark loop

costs a factor of 1/Nc. Diagrams that contain nonplanar gluons are also suppressed

by 1/N2
c .

3.2 Mesons

There are many interesting qualitative features of mesons that can be derived in the

large-Nc limit [4, 13–22]. Let J be a current that creates a meson. The two-point
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correlation function for this current can be written as [4]

〈J(k)J(−k)〉 =
∑
n

|an|2

k2 −m2
n

, (3.12)

where an = 〈0| J |n〉 and the states |n〉 are one-meson states. Since the two-point

function should be a sum of planar diagrams in the large-Nc limit, Eq. (3.12) is

O(Nc). For this statement to hold true for all values of k2, it is necessary that the

meson masses mn be independent of Nc. In addition, it is known that the large-

momentum behavior of the two-point function on the left-hand side of Eq. (3.12)

depends logarithmically on k2. However, if there is a finite number of meson states,

then the sume on the right-hand side will behave as 1/k2. Therefore, there must be an

infinite number of meson states so that both sides agree. As a result, the amplitude

to create a meson from the vacuum, or equivalently the meson decay constant, an is

O(
√
Nc). Additionally, the single-particle poles are all on the real axis; therefore, the

mesons are stable.

Similar diagrammatic analyses of the three- and four-point functions reveal that

the three-meson vertex is O(1/
√
Nc) and the four-meson vertex is O(1/Nc), and this

analysis can be extended to an arbitary number of mesons. This indicates that mesons

are weakly interacting for large but finite Nc while they are free for Nc = ∞. As a

result, meson-meson scattering at leading order in the large-Nc expansion consists of

tree-level diagrams with meson exchanges which are O(1/Nc).

These features are also incorporated in the meson sector of χPT [40–42] since

chiral symmetry is still broken in the large-Nc limit [101]. The LO pion Lagrangian

from Eq. (2.52) is

L = F 2

4 Tr
(
DµUD

µU †
)

+ F 2

4 B0 Tr
(
M †U +MU †

)
.

Now, a single flavor trace in χPT corresponds to a single quark loop in large-Nc

QCD and therefore scales as Nc. Mapping the scaling of the traces onto the LECs

implies that F ∼ O(
√
Nc) while B0, which is determined by the pion mass, is O(1).
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Additionally, by expanding Eq. (2.44) in the number of pion fields, it can be seen that

each additional pion leads to a 1/
√
Nc suppression due to the factors of 1/F that will

appear. These features are exactly what was just determined through the large-Nc

analysis.

It has also been shown that the U(1)A anomaly does not persist as Nc → ∞.

Therefore, when strange quarks are included the chiral symmetry group breaks down

from U(3)R×U(3)L to U(3)V . As a consequence the η′ is the ninth Goldstone boson,

and should be included in Nf = 3 χPT [41, 42]. For more information on this version

of the incorporation of the η′ in large-Nc χPT, see Refs. [102–107].

3.3 Baryons

3.3.1 Baryon Masses

Despite the success of the diagrammatic approach in the meson sector of large-Nc

QCD, the case is not so simple for baryons. The analysis of this section follows

Refs. [3, 4, 100]. Since baryons are fermions, they must obey the Pauli exclusion

principle; therefore, a ground state baryon must consist of Nc quarks completely

antisymmetric in their color indices and totally symmetric in the combination of

their spin and flavor indices.

Now, if one tries to perform an analysis of the diagrams in perturbation theory

for an Nc-quark propagating state, it will quickly be seen that the diagrams grow

with increasing Nc. The first correction to the free propagation of quarks consists of

single gluon exchange, and we determine the large-Nc scaling of the diagram through

combinatorics. There are 1
2Nc (Nc − 1) ways to choose a pair of quarks in the baryon.

When we include the factors of 1/
√
Nc from the quark-gluon vertices, the contribution

is O(Nc). Going a step further, a connected n-quark interaction will yield an overall

contribution that is O(Nc). This process can be conducted for a diagram with m

disconnected pieces, and these diagrams will contribute at O(Nm
c ).
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At first, this situation seems hopeless. However, it was pointed out in Ref. [4] that

the amplitude for a baryon to propagate from time t′ = 0 to t′ = t is e−imBt, where

mB is the baryon mass. Expanding this exponential yields

e−imBt = 1− imBt−
1
2m

2
Bt

2 + · · · , (3.13)

Thus, the growth of the interactions can be understood as the baryon mass being

O(Nc) [3, 4, 100].

3.3.2 Scattering Processes

In baryon-meson scattering, the meson carries a single quark that can be exchanged

with a quark from the baryon. Recall that baryons are composed ofNc quarks that are

antisymmetric in the color indices. Therefore if the two quarks are of the same color

then there is only one possible exchange that can occur without gluon exchange and

this contribution is thus O(N0
c ). If, however, the quark from the meson is exchanged

with a quark from the baryon of a different color, then there must be a gluon exchange

so that the baryon will be a color singlet. In this case, there are Nc−1 choices for the

quark exchange and the quark-gluon vertices contribute a factor of 1/Nc resulting in

an overall contribution on the order of O(N0
c ). Since the baryon mass is O(Nc), then

this interaction does little to affect its motion while the interaction is on the same

order as the meson mass. Thus, the meson scatters off of the baryon [4].

For baryon-baryon scattering (see Fig. 3.6), there are Nc ways to choose a quark

from the first baryon. The chosen quark can be exchanged with a quark of the same

color from the second baryon without any gluon exchange. There is only one such

quark, so this interaction is O(Nc). On the other hand, the quark from the first baryon

can be exchanged with one of Nc − 1 quarks from the second baryon, but this must

be accompanied by gluon exchange. Again, the combinatorics along with the scaling

of the quark-gluon coupling imply that the interaction is O(Nc). By analyzing two-
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Figure 3.5: Baryon-meson scattering via quark and gluon exchange. Figure from
Ref. [4].

nucleon scattering through additional quark-gluon diagrams, it is possible to show

that a connected diagram involving r quarks will be on the order of N1−r
c N r

c = Nc.

As discussed in Ref. [4], it seems problematic that this interaction is O(Nc). Specif-

ically, how can there be a smooth limit for the scattering amplitude as Nc →∞? To

resolve this issue, Ref. [4] takes the baryon velocities to be fixed with respect to Nc.

The kinetic energy 1
2mBv

2 is then O(Nc) because of the factor of the baryon mass.

Therefore, the kinetic energy is of the same order as the interaction. If instead the

momentum transfer is held fixed with respect to Nc, then the kinetic energy will be

O(1/Nc). In this case, nuclear matter forms a crystal and does not scatter [39]. How-

ever, this kinematic regime will be the case of interest in this work since it justifies

the use of a nonrelativistic EFT like EFTπ/. Additionally, Ref. [39] advocates that

the large-Nc expansion for nuclear forces is useful because it can shed light on certain

qualitative features of these forces. The following section examines the role of spin

and isospin towards that end.

3.3.3 Consistency Conditions

First, consider the baryon-meson interaction. The size of the coupling can be deter-

mined by inserting a current J that creates a meson on one of the baryon’s quark

lines as shown in Fig. 3.7. The current can be inserted on any of the Nc quarks

in the baryon, and accounting for the amplitude to create a meson from the vacuum
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Fig. 36. Baryon-baryon scattering.

N . Baryon-baryon scattering can be described by classical trajectories in
the large N limit, since the particle masses are order N , and the scattering
amplitude is also of order N .

The processes considered so far all have an N dependence that is some
power of N . There are also processes that are exponentially small in N ,
such as the cross-section for e+e− → BB. The amplitude to create a quark
pair from the vacuum is some number a < 1. The baryon has N quarks,
so the amplitude to create a BB pair is of order aN , and is exponentially
suppressed in N .

An important observation due to Witten is that all the N -counting rules
mentioned above are the same as in a field theory with coupling constant
1/

√
N , where the mesons are fundamental fields and the baryon is a soliton.

5.2. The Non-Relativistic Quark Model

The non-relativistic quark model treats the baryon as made of three non-
relativistic quarks bound by a potential. The precise details of the potential
will not be important for these lectures. All we need assume is that the
ground state baryon is described by all three quarks in the same spatial
wavefunction φ(x). The wavefunction must then be completely symmetric
in spin and flavor. In the case of three flavors, there are six possible quark
states u ↑, u ↓, d ↑, d ↓, s ↑, s ↓. The potential is assumed to be spin and
flavor independent, so the non-relativistic quark model has an SU(6) spin-
flavor symmetry under which these six states transform as the fundamental
representation. The ground state baryons transform as the completely
symmetric product of three 6’s of SU(6), which is the 56 dimensional
representation.

Figure 3.6: Baryon-baryon scattering in large-Nc QCD. Figure from Ref. [3].
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(a) (b)

Figure 3: Quark-gluon diagrams for the scattering process baryon + meson →
baryon + meson.

(a) (b)

Figure 4: Quark-gluon diagrams for baryon coupling to a meson.

k

(a)

k

(b)

Figure 5: Leading order diagrams for the scattering B + π → B′ + π.

· · · · ·

Figure 6: SU(2NF ) spin-flavor representation for the ground state baryons. The
Young tableau has Nc boxes.

· · · · ·
· · · · ·

· · · · ·
· · · · ·

· · · · · · · ·

J = 1
2 J = 3

2 J = Nc
2

Figure 7: SU(2) ⊗ SU(NF ) representations for the ground state baryons. The
SU(2NF ) representation decomposes into a tower of baryon states with with
J = 1

2 , 3
2 , . . ., Nc

2 . Each Young tableau has Nc boxes.

Figure 3.7: Insertion of axial current in a baryon. Figure from Ref. [5].

through the LSZ reduction formula, the overall amplitude and thus the meson-baryon

coupling is O(
√
Nc).

Recall that the meson-baryon scattering amplitude is O(1). At tree-level in terms

of nucleon and pion fields, there are three possible contributions to the scattering

amplitude, two of which are shown in Fig. 3.8. The third contribution is a seagull

diagram which is usually argued to be suppressed in the large-Nc limit; however, this

detail is not necessary for the following. Since there are two O(
√
Nc) baryon-pion

couplings, one might expect that the overall result is O(Nc). This is clearly at odds

with the fact that the scattering amplitude should be fixed with respect to Nc.

Figure 3.8: Tree-level pion-nucleon diagrams
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The solution to this problem is the existence of so-called consistency conditions

[108–111] (see Ref. [5] for a review). Essentially, the intermediate baryon should

include a sum over all baryon states which are degenerate with the incoming and

outgoing nucleons. It will now be shown that this tower of intermediate baryon states

leads to the necessary cancellations in order to produce an amplitude independent of

Nc.

The baryon-pion interaction can be parameterized as

∂µφ
a

Fπ
〈B′| q̄γµγ5τa |B〉 . (3.14)

In the limit of interest the baryon is static, so the matrix elements of the time com-

ponent of the axial current vanish. The matrix elements of the spatial components of

the axial current may be written as

〈B′| q̄γµγ5τaq |B〉 = gNc 〈B′|X ia |B〉 . (3.15)

The factor of gNc has been removed so that the baryon-pion coupling is gNc/Fπ ∼

O(
√
Nc) with g fixed and the matrix elements of X ia are at most fixed with respect

to Nc. Now, the scattering amplitude takes the form

i
g2N2

c

EπF 2
π

[
X ia, Xjb

]
. (3.16)

Therefore, the amplitude will be O(1) if

[
X ia, Xjb

]
. O(1/Nc) . (3.17)

The cancellations that occur to produce this scaling are the aforementioned consis-

tency conditions.

In general, the operator X ia has a 1/Nc expansion of the form

X ia =
∑
n=0

N−nc X ia
n , (3.18)
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where the matrix elements of the X ia
n are O(1). Thus, for Eq. (3.17) to be true it is

necessary that [
X ia

0 , X
jb
0

]
= 0 , (3.19)

which is the first consistency condition.

Now, if the process is nucleon-pion scattering and there is only an intermediate

nucleon which has I = J = 1
2 , then the operator X ia is just proportional to σiτa and

the matrix elements do not commute. If, however, the ∆ resonance with I = J = 3
2

is included as an intermediate state, then the necessary cancellation can occur. As a

consequence, the consistency condition leads to the constraint [110]

gπN∆

gπNN
= 3

2 +O(1/N2
c ) . (3.20)

This calculation can be performed for ∆-pion scattering in order to constrain the

I = J = 5
2 coupling, and this can be carried out recursively. This demonstrates the

necessity of an infinite tower of baryon states with I = J = 1
2 ,

3
2 , · · · to ensure the

required cancellations for the consistency condition in Eq. (3.19). This paradigm may

also be used to systematically calculate 1/Nc corrections to observables.

Since the operator X ia is a spin-1 isospin-1 operator, there are commutation re-

lations in addition to Eq. (3.19) which are satisfied:
[
J i, Xjb

0

]
= iεijkXkb

0 ,[
Ia, Xjb

0

]
= iεabcXjc

0 .

(3.21)

In addition, there are the familiar commutation relations
[
J i, J j

]
= iεijkJk,[

Ia, Ib
]

= iεabcIc,[
J i, Ia

]
= 0.

(3.22)

Now, consider the Lie algebra for SU(4). There are the SU(2)J×SU(2)I generators as

well as as a combined spin-flavor Gia = J i⊗ Ia. The commutation relations involving
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Gia are [
J i, Gjb

]
= iεijkGkb,[

Ia, Gjb
]

= iεabcGjc,[
Gia, Gjb

]
= i

4
(
εijkJkδab + δijεabcIc

)
.

(3.23)

The matrix elements of the Gia are generally O(Nc), so Gia/Nc will be fixed in the

large-Nc limit [111, 112]. Therefore, the algebra in terms of the operator X ia can be

obtained from the SU(4) algebra through

X ia = lim
Nc→∞

Gia

Nc

. (3.24)

This limiting process is what is known as a contraction. Thus, the operators J i, Ia,

and X ia
0 are said to generate a contracted SU(4) symmetry under which the large-Nc

baryons transform [108–110]. One can also see that the result generalizes to SU(6)

for the case of 3 quark flavors.

3.3.4 Spin-Flavor Symmetry and the 1/Nc Expansion

At this point, it is natural to wonder if the usual SU(4) generators may be used

to classify the Nc dependence of baryon matrix elements. After all, the contracted

SU(4) symmetry is only exact as Nc → ∞. Indeed, this is possible since the only

difference in using X ia compared to Gia/Nc amounts to a reorganization of subleading

corrections.

The general strategy is to classify the baryon matrix elements of various operators

according to the spin-flavor representations. In order to do so, the operator basis is

taken to be

Ĵ i = q†J iq

Îa = q†Iaq

Ĝia = q†Giaq,

(3.25)
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which is also the basis of the nonrelativistic quark model. There is also the operator

q†q; however, this is the quark number operator and can be reduced to Nc1. A generic

m-body QCD operator can be expanded in this basis as [112]

O(m)
QCD = Nm

c

∑
n,s,t

cn

(
Ĵ i

Nc

)s (
Îa

Nc

)t (
Ĝia

Nc

)n−s−t
, (3.26)

where the coefficient of each term in the expansion cn is independent of Nc and can in

principle be determined from the QCD dynamics. Many of the operators that occur

in the expansion are redundant and can be removed through various reduction rules.

For two quark flavors, these rules amount to the elimination of any operators in which

spin or isospin indices are contracted with a Kronecker delta or with the Levi-Civita

symbol except for the operator J2 [112].

The axial vector current, for example, has the expansion [112]

q̄γiγ5τaq = Nc

[
Gia

Nc

+ J iIa

N2
c

+ · · ·
]
. (3.27)

In this form, it is clear that the LO contribution is from Gia ∼ O(Nc), there are cor-

rections on the order of 1/N2
c for baryons with fixed spin and isospin, i.e. the physical

baryon states. This strategy has also been implemented to study other static prop-

erties such as the baryon masses and magnetic moments [5, 112–116]. Additionally,

when working with 3 quark flavors, the effects of flavor symmetry breaking can be

incorporated systematically [112, 116–121].

3.4 Two-Nucleon Interactions

As previously mentioned, the two-nucleon interaction is expected to be O(Nc), which

can be described by a relativistic Hartree Hamiltonian [4]. While the exact Hamil-

tonian cannot be constructed, the general structure and its consequences may be

deduced in terms of the spin-flavor expansion. In the following, the operator Ĵ i will
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be replaced with Ŝi. The Hamiltonian has the expansion [111, 112, 115, 122]

H = Nc

∑
n,s,t

vstn

(
Ŝi

Nc

)s (
Îa

Nc

)t (
Ĝia

Nc

)n−s−t
, (3.28)

where the coefficients vstn are at most O(1) and are momentum dependent.

The two-nucleon matrix elements of operators appearing in the Hamiltonian fac-

torize in the large-Nc limit [38],

〈NαNβ| O1O2 |NγNδ〉 → 〈Nα| O1 |Nγ〉 〈Nβ| O2 |Nδ〉+ crossed , (3.29)

where α, β, γ and δ denote the spin, isospin, and momenta of the fields. For physical

baryons, those with S = I ∼ O(1), the scaling of the single-nucleon matrix elements

of the operators appearing in the expansion are determined from

〈N ′|
O(n)
I,S

Nn
c

|N〉 . 1
N
|I−S|
c

, (3.30)

where O(n) is an n-quark operator with spin and isospin S and I respectively [38, 39].

For the SU(4) generators, this produces the expected scalings

〈N ′| 1
Nc

|N〉 ∼ 〈N ′| G
ia

Nc

|N〉 . 1 ,

〈N ′| S
i

Nc

|N〉 ∼ 〈N ′| I
a

Nc

|N〉 . 1
Nc

.

(3.31)

These large-Nc spin-flavor properties make it possible to constrain the two-nucleon

potential

V (p+,p−) = 〈NαNβ|H |NγNδ〉 , (3.32)

where the Greek subscripts denote the spin, isospin, and momentum dependence of

the nucleons, and the momenta are given in terms of the incoming (outgoing) relative

momentum p (p′)

p± = 1
2 (p′ ± p) . (3.33)

For elastic scattering, the central potential has the form [39]

Vcentral = V 0
0 + V 0

σ σ1 · σ2 +
(
V 1

0 + V 1
σ σ1 · σ2

)
τ1 · τ2. (3.34)

39



As a result, the scalings of each component of the central potential are

V 0
0 ∼ V 1

σ ∼ Nc ,

V 0
σ ∼ V 1

0 ∼
1
Nc

.
(3.35)

These scalings provide an explanation of the approximate Wigner SU(4)W symmetry

of light nuclei [38, 39]. The nucleon states p ↑, p ↓, n ↑, and n ↓ transform under the

fundamental representation of SU(4)W . In even partial waves, V 0
0 and V 1

σ respect the

SU(4)W symmetry while the terms that break the symmetry, V 0
σ and V 1

0 , are relatively

1/N2
c suppressed. This analysis was also performed for the spin-orbit, tensor, and

quadrupole contributions to the potential Ref. [39]. Additionally, the results were

compared to the Nijgmegen potential, and the sizes of couplings in the Nijmegen

potential fall roughly within the large-Nc predictions.

When working to higher orders in the momenta, there are additional Nc suppres-

sions that can arise due to relativistic corrections. For example, in t-channel meson

exchange, p− is considered to be O(1) while p+ only occurs in relativistic corrections

as p+/mN and is therefore suppressed. In the u-channel, the roles of the momenta

are reversed which leads to identical results.

These results are also consistent with meson exchange as demonstrated in Ref. [6].

Given that the meson-baryon coupling is O(
√
Nc), one might assume that the tree

level diagram in Fig. 3.9 is O(Nc) while the box- and cross-diagram are both O(N2
c ). If

more meson exchanges are included, then this problem will be exacerbated. However,

it has already been pointed out that nucleons and the ∆ resonance are degenerate in

the large-Nc limit. In pion-baryon scattering, it was necessary to include all possible

intermediate baryons in order to achieve a scattering amplitude with the correct

Nc scaling. In an analogous way, Ref. [6] showed that the inclusion of the ∆ in

the two-meson exchange diagrams leads to cancellations that result in a potential

that is O(Nc). Additionally, Ref. [123] found that three- and higher-meson exchange

contributions do not necessarily yield the correct large-Nc scalings; however, this issue
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Figure 3.9: (a) Tree-level one meson exchange, (b) two-meson exchange box diagram,
and (c) cross-box diagram. Figure from Ref. [6].

is resolved through the observation that energy independent potentials adhere to the

large-Nc scaling while energy dependent potentials can yield different Nc scalings

[124].

In addition to the analysis of the parity conserving potential, the spin-flavor alge-

bra has been used to derive constraints for the three-nucleon potential [43] and parity-

and time-reversal-invariance-violating potentials [125, 126]. In the context of EFTπ/,

these techniques have been applied to the parity violation in the two-nucleon sector

[44, 127] and time-reversal-invariance violation in the three-nucleon sector [128]. Also,

constraints for two-derivative two-nucleon contact operators were derived in Ref. [45]

along with a detailed discussion of the tension between large-Nc constraints and the

renormalization group in the PDS scheme.
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Chapter 4

One- and Two-Nucleon Currents

In this chapter, the one- and two-nucleon scalar, vector, and axial currents through

one derivative are derived, and the large-Nc scalings of the corresponding LECs are

deduced from the derivative and spin-flavor structure of each operator. It is unnec-

essary to study the pseudoscalar currents at the order to which we will work as they

are related to the axial current [129, 130]. These currents are important for a variety

of processes including electroweak properties of nuclei, lepton-nucleus scattering, and

BSM applications such as neutrinoless double beta decay and the direct detection

of dark matter. The applications of these currents in those contexts will be demon-

strated in the subsequent chapter. For the one-nucleon currents there are isoscalar

and isovector operators, while the two-nucleon currents also include isotensor opera-

tors. The isotensor operators derived here are also symmetric and traceless. They are

symmetric because the irreducible representations of SU(2) are completely symmet-

ric, any antisymmetric isotensor can always be reduced to isovector operators. Also,

they are traceless in order to remove the I = 0 component from each operator.

The operators, that is the products of the external field and the currents, in

the Lagrangian are constrained by rotational symmetry to be scalars. Also, the La-

grangian should be invariant under infinitesimal boosts or Galilean transformations

and Hermitian. The constraints provided by boosts introduce factors of the nucleon

mass in the denominator of certain operators. These factors will be made explicit in

the large-Nc scaling of the LECs. Also, when including gauge fields such as electro-
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magnetic fields, the operators should also be gauge invariant; however, this case is

reserved for the application to electromagnetic fields in Ch. 5.

In the following, the currents are divided into the categories vector, axial vector,

axial charge, and scalar. This nomenclature refers strictly to the parity of each cur-

rent, unless otherwise noted, and whether or not it has a free spatial index to couple

to the external field. In some cases there is only one option for the time-reversal

property of a current; in other cases the time-reversal properties of the currents can

fall into one of two groups. In principle, the currents with the “wrong” time-reversal

can be obtained from the nonrelativistic reduction of Lorentz covariant operators such

that the nonrelativistic operators receive contributions from several relativistic oper-

ators; therefore, it is not always possible to pin down the origin of the nonrelativistic

operator. It is for this reason and for the sake of completeness that the currents with

non-standard time-reversal properties are included in each section.

After deriving the parity invariant Lagrangian, the same currents can then be

coupled to other external fields in order to construct symmetry violating interactions.

For example, one could couple the vector currents to an external axial field to obtain

parity violating terms. Then, as long as the external field is not a QCD object, the

large-Nc scalings remain intact for the symmetry violating LECs.

Finally, each component of the Lagrangian below is denoted as L(s,v,t;T )
φ , where

s, v, and t indicate the component with isoscalar, isovector, or isotensor currents.

The index φ is the type of field that the currents are coupled to, and T indicates the

time-reversal of the currents. In the isovector and isotensor cases, the time-reversal is

indicated by the free isospin indices. The external fields are allowed to carry isospin

indices so that the Lagrangian will be an isoscalar; however, these indices are implicit

throughout this chapter so that these currents can be used in more general isospin

breaking applications. There will also be the subscript N or NN depending on the

number of nucleons involved in the interactions, which should become clear. The
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LECs in the overcomplete Lagrangian are denoted as C̃(s,v,t)
φ, i , and in the minimal

basis the tildes are removed.

4.1 Vector Currents

Consider a one- or two-nucleon system in an external vector field V i with the Cartesian

index i = 1, 2, 3. There are two cases of the time-reversal of the external field to

consider. First, the vector field can be odd under both parity and time-reversal like

the electromagnetic vector potential, A. Second, the vector field can be even under

time-reversal like the electric field strength E; however, this analogy should not be

taken too literally as the actual currents that couple to E are constrained by gauge

invariance. Therefore, we will derive currents for all possible time-reversal properties.

4.1.1 One-Nucleon Currents

First, consider the currents that are odd under time-reversal. There are two possible

single-nucleon isoscalar vector currents,

L(s,−)
V N = V i

[
i

2mN

π/g
(s)
1,V

(
N †
↔
∇
i

N

)
+ π/g

(s)
2,V ε

ijk∇j
(
N †σkN

)]
, (4.1)

If the external vector field were the electromagnetic potential Ai, then the first oper-

ator would result from the minimal coupling prescription while the second operator

contributes to the anomalous magnetic moment. However, as will be discussed in

the following chapter, if the nucleon charge matrix is included caution is needed to

determine the correct large-Nc scaling since the nucleon charge can be treated either

as O(1) or O(Nc). Here, the former scaling of the nucleon charge is chosen because

it the closest to the real world, but the scalings listed in this section are for a more

general external vector field. Thus, the LECs scale as

1
2mN

π/g
(s)
1,V ,

π/g
(s)
2,V ∼ O(1) . (4.2)
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Although π/g
(s)
1,V appears to be LO-in-Nc, the explicit factor of the nucleon mass in the

denominator of the operator indicates that contributions from both operators will be

of the same order in Nc. In addition, there are two isovector currents that transform

under time-reversal as J iaV N
T−→ (−1)a J iaV N such that they are odd for a = 3,

L(s, a)
V N = V i

[
i

2mN

π/g
(v)
1,V

(
N †
↔
∇
i

τaN

)
+ π/g

(v)
2,V ε

ijk∇j
(
N †σkτaN

)]
, (4.3)

where the LECs scale as

1
mN

π/g
(v)
1,V ∼ O(1/Nc), (4.4)

π/g
(v)
2,V ∼ O(Nc) . (4.5)

Additional constraints arise when a specific form for the vector field is chosen such

that the Lagrangian will be invariant under Galilean transformations or infinitesimal

Lorentz transformations.

The isoscalar operators with the opposite time-reversal are obtained by inter-

changing the derivative structure in Eq. (4.1)

L(s,+)
V N = V i

[
π/g

(s)
3,V ε

ijk∇j
(
N †N

)
+ i

2mN

π/g
(s)
4,V ε

ijk

(
N †
↔
∇
j

σkN

)]
, (4.6)

where the LECs scale as

π/g
(s)
3,V ∼ O(Nc) (4.7)

1
2mN

π/g
(s)
4,V ∼ O(1/Nc) . (4.8)

The isovector operators are also obtained by interchanging the derivative structure

in Eq. (4.3)

L(s, a+1)
V N = V i

[
π/g

(v)
5,V ε

ijk∇j
(
N †τaN

)
+ i

2mN

π/g
(v)
6,V

(
N †
↔
∇
i

σkτaN

)]
, (4.9)

where the LECs scale as

π/g
(v)
5,V ∼ O(1) , (4.10)

π/g
(v)
6,V ∼ O(1) . (4.11)
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4.1.2 Two-Nucleon Currents

In this section, the two-nucleon contact vector currents are derived along with the

large-Nc constraints. Analogous structures can be found in Refs. [130–133]. However,

these references are specifically concerned with the context of electromagnetic cur-

rents. Regardless, it is necessary to derive an overcomplete basis for the Lagrangian

in order to discern which LECs are LO in the large-Nc expansion and which are

subleading without hiding any scalings through Fierz transformations. A direct com-

parison with Refs. [131, 132] is contained in Sec. 5.1. For a comparison of the pion

exchange contributions from time-ordered perturbation theory and the method of

unitary transformations to the vector current, see Ref. [130].

There are twelve possible two-nucleon isoscalar vector currents. The Lagrangian

with a nonminimal set of operators can be written as

L(s,−)
V NN = V i

[
i

2mN

C̃
(s)
V, 1

(
N †
↔
∇
i

N

)(
N †N

)
+ i

2mN

C̃
(s)
V, 2

(
N †
↔
∇
i

τaN

)(
N †τaN

)
+ i

2mN

C̃
(s)
V, 3

(
N †
↔
∇
i

σjN

)(
N †σjN

)
+ i

2mN

C̃
(s)
V, 4

(
N †
↔
∇
i

σjτaN

)(
N †σjτaN

)
+ i

2mN

C̃
(s)
V, 5

(
N †
↔
∇
j

σiN

)(
N †σjN

)
+ i

2mN

C̃
(s)
V, 6

(
N †
↔
∇
j

σiτaN

)(
N †σjτaN

)
+ i

2mN

C̃
(s)
V, 7

(
N †
↔
∇
j

σjN

)(
N †σiN

)
+ i

2mN

C̃
(s)
V, 8

(
N †
↔
∇
j

σjτaN

)(
N †σiτaN

)
+ C̃

(s)
V, 9ε

ijk∇j
(
N †σkN

) (
N †N

)
+ C̃

(s)
V, 10ε

ijk∇j
(
N †σkτaN

) (
N †τaN

)
+C̃(s)

V, 11ε
ijk∇j

(
N †N

) (
N †σkN

)
+ C̃

(s)
V, 12ε

ijk∇j
(
N †τaN

) (
N †σkτaN

)]
. (4.12)

Including explicit factor of the nucleon mass, there are eight LECs which are O(1),

1
2mN

C̃
(s)
V, 1,

1
2mN

C̃
(s)
V, 4,

1
2mN

C̃
(s)
V, 6,

1
2mN

C̃
(s)
V, 8,

C̃
(s)
V, 9, C̃

(s)
V, 10, C̃

(s)
V, 11, C̃

(s)
V, 12

∼ O(1) , (4.13)

while there are four that are 1/N2
c suppressed,

1
2mN

C̃
(s)
V, 2,

1
2mN

C̃
(s)
V, 3,

1
2mN

C̃
(s)
V, 5,

1
2mN

C̃
(s)
V, 7 ∼ O(1/N2

c ) . (4.14)
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Denoting the current corresponding to the LEC C̃
(s)
V,n, including the nucleon mass

when appropriate, by J̃ iV,n, Fierz transformations lead to the system of equations:

0 = 5J̃ iV,1 + J̃ iV,2 + J̃ iV,3 + J̃ iV,4 , (4.15)

0 = 3J̃ iV,1 + 3J̃ iV,2 + 3J̃ iV,3 − J̃ iV,4 , (4.16)

0 = 9J̃ iV, 1 − 3J̃ iV, 2 − 3J̃ iV, 3 + 5J̃ iV, 4 (4.17)

0 = J̃ iV, 1 + J̃ iV, 2 − J̃ iV, 3 − J̃ iV, 4 + 5J̃ iV, 5 + J̃ iV, 6 + J̃ iV, 7 + J̃ iV, 8 + J̃ iV, 9 + J̃ iV, 10 − J̃ iV, 11

− J̃ iV, 12 , (4.18)

0 = 3J̃ iV, 1 − J̃ iV, 2 + 3J̃ iV, 3 − J̃ iV, 4 + 3J̃ iV, 5 + 3J̃ iV, 6 + 3J̃ iV, 7 − J̃ iV, 8 + 3J̃ iV, 9 − J̃ iV, 10

− 3J̃ iV, 11 + J̃ iV, 12 , (4.19)

0 = J̃ iV, 1 + J̃ iV, 2 − J̃ iV, 3 − J̃ iV, 4 + J̃ iV, 5 + J̃ iV, 6 + 5J̃ iV, 7 + J̃ iV, 8 − J̃ iV, 9 − J̃ iV, 10 + J̃ iV, 11

+ J̃ iV, 12 , (4.20)

0 = 3J̃ iV, 1 − J̃ iV, 2 + 3J̃ iV, 3 − J̃ iV, 4 + 3J̃ iV, 5 − J̃ iV, 6 + 3J̃ iV, 7 + 3J̃ iV, 8 − 3J̃ iV, 9 + J̃ iV, 10

+ 3J̃ iV, 11 − J̃ iV, 12 , (4.21)

0 = J̃ iV, 5 + J̃ iV, 6 − J̃ iV, 7 − J̃ iV, 8 + 5J̃ iV, 9 + J̃ iV, 10 + J̃ iV, 11 + J̃ iV, 12 (4.22)

0 = 3J̃ iV, 5 − J̃ iV, 6 − 3J̃ iV, 7 + J̃ iV, 8 + 3J̃ iV, 9 + 3J̃ iV, 10 + 3J̃ iV, 11 − J̃ iV, 12 (4.23)

0 = J̃ iV, 5 + J̃ iV, 6 − J̃ iV, 7 − J̃ iV, 8 − J̃ iV, 9 − J̃ iV, 10 − 5J̃ iV, 11 − J̃ iV, 12 (4.24)

0 = 3J̃ iV, 5 − J̃ iV, 6 − 3J̃ iV, 7 + J̃ iV, 8 − 3J̃ iV, 9 + J̃ iV, 10 − 3J̃ iV, 11 − 3J̃ iV, 12 . (4.25)

This system reduces the set of operators to five independent choices. One choice is

to retain J̃ iV, 1, J̃ iV, 8, J̃ iV, 10, J̃ iV, 11, J̃ iV, 12 such that the Lagrangian may be written as

L(s,−)
V NN = V i

[
i

2mN

C
(s)
V, 1

(
N †
↔
∇
i

N

)(
N †N

)
+ i

2mN

C
(s)
V, 2

(
N †
↔
∇
j

σjτaN

)(
N †σiτaN

)
+C(s)

V, 3ε
ijk∇j

(
N †σkτaN

) (
N †τaN

)
+ C

(s)
V, 4ε

ijk∇j
(
N †N

) (
N †σkN

)
+C(s)

V, 5ε
ijk∇j

(
N †τaN

) (
N †σkτaN

)]
, (4.26)
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where the LECs are related to those from the overcomplete basis according to

1
2mN

C
(s)
V, 1 = 1

2mN

C̃
(s)
V, 1 −

1
2mN

C̃
(s)
V, 2 −

1
2mN

C̃
(s)
V, 3 −

3
2mN

C̃
(s)
V, 4 −

1
mN

C̃
(s)
V, 6 −

1
mN

C̃
(s)
V, 7 ,

(4.27)
1

2mN

C
(s)
V, 2 = 1

2mN

C̃
(s)
V, 5 −

3
2mN

C̃
(s)
V, 6 −

3
2mN

C̃
(s)
V, 7 + 1

2mN

C̃
(s)
V, 8 , (4.28)

C
(s)
V, 3 = − 1

6mN

C̃
(s)
V, 5 + 1

2mN

C̃
(s)
V, 6 −

1
3C̃

(s)
V, 9 + C̃

(s)
V, 10 , (4.29)

C
(s)
V, 4 = 1

2mN

C̃
(s)
V, 5 −

3
2mN

C̃
(s)
V, 7 − C̃

(s)
V, 9 + C̃

(s)
V, 11 , (4.30)

C
(s)
V, 5 = 1

3mN

C̃
(s)
V, 5 −

1
2mN

C̃
(s)
V, 6 −

1
2mN

C̃
(s)
V, 7 −

1
3C̃

(s)
V, 9 + C̃

(s)
V, 12 , (4.31)

and the LECs in the minimal basis are all O(1) with respect to Nc.

Transforming to the partial wave basis results in

L(s,−)
V NN = V i

{[
− 1

2mN

C
(s)
V, 1 + 3

2mN

C
(s)
V, 2

]
i∇i

(
NTP jN

)† (
NTP jN

)
+
[
− 1

2mN

C
(s)
V, 1 + 1

2mN

C
(s)
V, 2

]
i∇i

(
NT P̄ aN

)† (
NT P̄ aN

)
+
[
− 3

2mN

C
(s)
V, 2 + 3C(s)

V, 3 − C
(s)
V, 4 + 3C(s)

V, 5

]
i∇j

(
NTP iN

)† (
NTP jN

)
+
[
− 3

2mN

C
(s)
V, 2 − 3C(s)

V, 3 + C
(s)
V, 4 + 3C(s)

V, 5

]
i∇j

(
NTP jN

)† (
NTP iN

)
+
[ 1
2mN

C
(s)
V, 1 − 3C(s)

V, 3 − C
(s)
V, 4 + 3C(s)

V, 5

]
εijk

(
NT

↔
∇
j

P 0N

)† (
NTP kN

)

+
[ 1
2mN

C
(s)
V, 1 + C

(s)
V, 3 − C

(s)
V, 4 − C

(s)
V, 5

]
εijk

(
NT

↔
∇
j

P kaN

)† (
NT P̄ aN

)
+ H.c

 ,

(4.32)

where we have used the projectors [45, 89]

P 0 = 1√
8
σ2τ 2 , (4.33)

P ia = 1√
8
σ2σiτ 2τa . (4.34)

Again, each term is of the same order in Nc. However, the relative signs of the large-

Nc basis LECs could lead to cancellations such that certain partial wave LECs will
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be suppressed. A derivative acting from the outside on a bilinear will be proportional

to a factor of the total momentum of the state, which does not change the orbital

component of the partial wave, so the first four terms connect two S-wave states.

On the other hand, the last two terms connect P-wave to a S-wave states and are

therefore expected to be suppressed in the EFTπ/ power counting [51].

The currents that are even under time-reversal are obtained by interchanging the

type of derivative occurring in each operator. Therefore, the overcomplete Lagrangian

is

L(s,+)
V NN = V i

[
C̃

(s)
V, 13∇i

(
N †N

) (
N †N

)
+ C̃

(s)
V, 14∇i

(
N †τaN

) (
N †τaN

)
+ C̃

(s)
V, 15∇i

(
N †σjN

) (
N †σjN

)
+ C̃

(s)
V, 16∇i

(
N †σjτaN

) (
N †σjτaN

)
+ C̃

(s)
V, 17∇j

(
N †σiN

) (
N †σjN

)
+ C̃

(s)
V, 18∇j

(
N †σiτaN

) (
N †σjτaN

)
+ C̃

(s)
V, 19∇j

(
N †σjN

) (
N †σiN

)
+ C̃

(s)
V, 20∇j

(
N †σjτaN

) (
N †σiτaN

)
+ i

2mN

C̃
(s)
V, 21ε

ijk

(
N †
↔
∇
j

σkN

)(
N †N

)
+ i

2mN

C̃
(s)
V, 22ε

ijk

(
N †
↔
∇
j

σkτaN

)(
N †τaN

)
+ i

2mN

C̃
(s)
V, 23ε

ijk

(
N †
↔
∇
j

N

)(
N †σkN

)
+ i

2mN

C̃
(s)
V, 24ε

ijk

(
N †
↔
∇
j

τaN

)(
N †σkτaN

)]
. (4.35)

There are four LECs at O(Nc)

C̃
(s)
V, 13, C̃

(s)
V, 16, C̃

(s)
V, 18, C̃

(s)
V, 20 ∼ O(Nc) , (4.36)

while the remaining LECs are O(1/Nc). Fierz transformations produce the homoge-

neous system

0 = 5J̃ iV, 13 + J̃ iV, 14 + J̃ iV, 15 + J̃ iV, 16 , (4.37)

0 = 3J̃ iV, 13 + 3J̃ iV, 14 + 3J̃ iV, 15 − J̃ iV, 16 , (4.38)

0 = 9J̃ iV, 13 − 3J̃ iV, 14 − 3J̃ iV, 15 + 5J̃ iV, 16 , (4.39)
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0 = J̃ iV, 13 + J̃ iV, 14 − J̃ iV, 15 − J̃ iV, 16 + 5J̃ iV, 17 + J̃ iV, 18 + J̃ iV, 19 + J̃ iV, 20

− J̃ iV, 21 − J̃ iV, 22 + J̃ iV, 23 + J̃ iV, 24 , (4.40)

0 = 3J̃ iV, 13 − J̃ iV, 14 − 3J̃ iV, 15 + J̃ iV, 16 + 3J̃ iV, 17 + 3J̃ iV, 18 + 3J̃ iV, 19 − J̃ iV, 20

− 3J̃ iV, 21 + J̃ iV, 22 + 3J̃ iV, 23 − J̃ iV, 24 , (4.41)

0 = J̃ iV, 13 + J̃ iV, 14 − J̃ iV, 15 − J̃ iV, 16 + J̃ iV, 17 + J̃ iV, 18 + 5J̃ iV, 19 + J̃ iV, 20

+ J̃ iV, 21 + J̃ iV, 22 − J̃ iV, 23 − J̃ iV, 24 , (4.42)

0 = 3J̃ iV, 13 − J̃ iV, 14 − 3J̃ iV, 15 + J̃ iV, 16 + 3J̃ iV, 17 − J̃ iV, 18 + 3J̃ iV, 19 + 3J̃ iV, 20

+ 3J̃ iV, 21 − J̃ iV, 22 − 3J̃ iV, 23 + J̃ iV, 24 , (4.43)

0 = −J̃ iV, 17 − J̃ iV, 18 + J̃ iV, 19 + J̃ iV, 20 + 5J̃ iV, 21 + J̃ iV, 22 + J̃ iV, 23 + J̃ iV, 24 , (4.44)

0 = −3J̃ iV, 17 + J̃ iV, 18 + 3J̃ iV, 19 − J̃ iV, 20 + 3J̃ iV, 21 + 3J̃ iV, 22 + 3J̃ iV, 23 − J̃ iV, 24 , (4.45)

0 = J̃ iV, 17 + J̃ iV, 18 − J̃ iV, 19 − J̃ iV, 20 + J̃ iV, 21 + J̃ iV, 22 + 5J̃ iV, 23 + J̃ iV, 24 , (4.46)

0 = 3J̃ iV, 17 − J̃ iV, 18 − 3J̃ iV, 19 + J̃ iV, 20 + 3J̃ iV, 21 − J̃ iV, 22 + 3J̃ iV, 23 + 3J̃ iV, 24 , (4.47)

which reduces the number of independent operators to six. Here, the choice is made

to write the minimal Lagrangian as

L(s,+)
V NN = V i

[
C

(s)
V, 6∇i

(
N †N

) (
N †N

)
+ C

(s)
V, 7∇i

(
N †τaN

) (
N †τaN

)
+ C̃

(s)
V, 8∇j

(
N †σiN

) (
N †σjN

)
+ C

(s)
V, 9∇j

(
N †σiτaN

) (
N †σjτaN

)
+ C

(s)
V, 10∇j

(
N †σjτaN

) (
N †σiτaN

)
+ i

2mN

C
(s)
V, 11ε

ijk

(
N †
↔
∇
j

σkτaN

)(
N †τaN

)]
, (4.48)

where the LECs are related to those from the overcomplete Lagrangian according to

C
(s)
V, 6 = C̃

(s)
V, 13 − 2C̃(s)

V, 15 − 3C̃(s)
V, 16 − 2C̃(s)

V, 19 + 1
2mN

C̃
(s)
V, 21 −

3
2mN

C̃
(s)
V, 24 , (4.49)

C
(s)
V, 7 = C̃

(s)
V, 14 − C̃

(s)
V, 15 −

2
3C̃

(s)
V, 19 + 1

6mN

C̃
(s)
V, 21 −

1
2mN

C̃
(s)
V, 24 , (4.50)

C
(s)
V, 8 = C̃

(s)
V, 17 − C̃

(s)
V, 19 + 1

2mN

C̃
(s)
V, 21 −

3
2mN

C̃
(s)
V, 24 , (4.51)

C
(s)
V, 9 = −1

3C̃
(s)
V, 19 + 1

6mN

C̃
(s)
V, 21 −

1
6mN

C̃
(s)
V, 23 , (4.52)
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C
(s)
V, 10 = −1

3C̃
(s)
V, 19 + 1

6mN

C̃
(s)
V, 23 −

1
2mN

C̃
(s)
V, 24 , (4.53)

C
(s)
V, 11 = − 1

6mN

C̃
(s)
V, 21 −

1
6mN

C̃
(s)
V, 23 + 1

2mN

C̃
(s)
V, 24 . (4.54)

In the minimal Lagrangian, there are three O(Nc) LECs,

C
(s)
V, 6, C

(s)
V, 9, C

(s)
V, 10 ∼ O(Nc) , (4.55)

and three O(1/Nc) LECs,

C
(s)
V, 7, C

(s)
V, 8, C

(s)
V, 11 ∼ O(1/Nc) . (4.56)

Transforming to the partial wave basis yields

L(s,+)
V NN = V i

{[
C

(s)
V, 6 + C

(s)
V, 7 − C

(s)
V, 8 − C

(s)
V, 9 − C

(s)
V, 10

]
∇i
(
NT P̄ aN

)† (
NT P̄ aN

)
+
[
C

(s)
V, 6 − 3C(s)

V, 7 + C
(s)
V, 8 − 3C(s)

V, 9 − 3C(s)
V, 10

]
∇i
(
NTP jN

)† (
NTP jN

)
+
[
−C(s)

V, 8 + 3C(s)
V, 9 + 3C(s)

V, 10 + 3
2mN

C
(s)
V, 11

]
∇j

(
NTP iN

)† (
NTP jN

)
+
[
−C(s)

V, 8 + 3C(s)
V, 9 + 3C(s)

V, 10 −
3

2mN

C
(s)
V, 11

]
∇j

(
NTP jN

)† (
NTP iN

)
+
[
C

(s)
V, 8 − 3C(s)

V, 9 + 3C(s)
V, 10 + 3

2mN

C
(s)
V, 11

]
iεijk

(
NT

↔
∇
j

P 0N

)† (
NTP kN

)

+
[
−C(s)

V, 8 − C
(s)
V, 9 + C

(s)
V, 10 −

1
2mN

C
(s)
V, 11

]
iεijk

(
NT

↔
∇
j

P kaN

)† (
NTP aN

)
+H.c} . (4.57)

Again, each operator received O(Nc) contributions, but it is possible that the relative

signs of the LECs could lead to suppressions or enhancements in this basis. Addi-

tionally, the first four terms connect two S-wave states, so they are expected to be

enhanced in the EFTπ/ power counting.

Now, consider the two-nucleon isovector current operators that transform under

time-reversal as J iaV
T−→ (−1)a J iaV with no sum over the isospin index a so that the

current will be odd under T for a = 3. There are 18 possible operators such that the

overcomplete Lagrangian is

L(v, a)
V NN = V i

[
C̃

(v)
V, 1ε

ijk∇j
(
N †σkN

) (
N †τaN

)
+ C̃

(v)
V, 2ε

ijk∇j
(
N †σkτaN

) (
N †N

)
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+C̃(v)
V, 3ε

ijk∇j
(
N †N

) (
N †σkτaN

)
+ C̃

(v)
V, 4ε

ijk∇j
(
N †τaN

) (
N †σkN

)
+ i

2mN

C̃
(v)
V, 5

(
N †
↔
∇
i

N

)(
N †τaN

)
+ i

2mN

C̃
(v)
V, 6

(
N †
↔
∇
i

τaN

)(
N †N

)
+ i

2mN

C̃
(v)
V, 7

(
N †
↔
∇
i

σjN

)(
N †σjτaN

)
+ i

2mN

C̃
(v)
V, 8

(
N †
↔
∇
i

σjτaN

)(
N †σjN

)
+ i

2mN

C̃
(v)
V, 9

(
N †
↔
∇
j

σiN

)(
N †σjτaN

)
+ i

2mN

C̃
(v)
V, 10

(
N †
↔
∇
j

σiτaN

)(
N †σjN

)
+ i

2mN

C̃
(v)
V, 11

(
N †
↔
∇
j

σjN

)(
N †σiτaN

)
+ i

2mN

C̃
(v)
V, 12

(
N †
↔
∇
j

σjτaN

)(
N †σiN

)
+C̃(v)

V, 13ε
abc∇i

(
N †τ bN

) (
N †τ cN

)
+ C̃

(v)
V, 14ε

abc∇i
(
N †σjτ bN

) (
N †σjτ cN

)
+C̃(v)

V, 15ε
abc∇j

(
N †σiτ bN

) (
N †σjτ cN

)
+ C̃

(v)
V, 16ε

abc∇j
(
N †σjτ bN

) (
N †σiτ cN

)
+ i

2mN

C̃
(v)
V, 17ε

ijkεabc
(
N †
↔
∇
j

τ bN

)(
N †σkτ cN

)
+ i

2mN

C̃
(v)
V, 18ε

ijkεabc
(
N †
↔
∇
j

σkτ bN

)(
N †τ cN

)]
. (4.58)

There are five LECs at LO-in-Nc,

C̃
(v)
V, 2, C̃

(v)
V, 3, C̃

(v)
V, 14, C̃

(v)
V, 15, C̃

(v)
V, 16 ∼ O (Nc) , (4.59)

while the remaining LECs are all relatively 1/N2
c suppressed:

C̃
(v)
V, 1, C̃

(v)
V, 4,

1
mN

C̃
(v)
V, 5,

1
mN

C̃
(v)
V, 6,

1
mN

C̃
(v)
V, 7,

1
mN

C̃
(v)
V, 8,

1
mN

C̃
(v)
V, 9,

1
mN

C̃
(v)
V, 10,

1
mN

C̃
(v)
V, 11,

1
mN

C̃
(v)
V, 12, C̃

(v)
V, 13,

1
mN

C̃
(v)
V, 17,

1
mN

C̃
(v)
V, 18

∼ O(1/Nc) . (4.60)

Fierz transformations lead to the system of equations:

0 = 3J̃ iaV, 1 + J̃ iaV, 2 + 3J̃ iaV, 3 + J̃ iaV, 4 − J̃ iaV, 17 − J̃ iaV, 18 , (4.61)

0 = 2J̃ iaV, 1 − 2J̃ iaV, 3 + J̃ iaV, 9 + J̃ iaV, 10 − J̃ iaV, 11 − J̃ iaV, 12 + J̃ iaV, 15 − J̃ iaV, 16 , (4.62)

0 = J̃ iaV, 1 + 3J̃ iaV, 2 + J̃ iaV, 3 + 3J̃ iaV, 4 + J̃ iaV, 17 + J̃ iaV, 18 , (4.63)

0 = 2J̃ iaV, 2 − 2J̃ iaV, 4 + J̃ iaV, 10 − J̃ iaV, 11 − J̃ iaV, 12 − J̃ iaV, 15 + J̃ iaV, 16 , (4.64)

0 = 5J̃ iaV, 5 + J̃ iaV, 6 + J̃ iaV, 7 + J̃ iaV, 8 + J̃ iaV, 13 + J̃ iaV, 14 , (4.65)

0 = J̃ iaV, 5 + 5J̃ iaV, 6 + J̃ iaV, 7 + J̃ iaV, 8 − J̃ iaV, 13 − J̃ iaV, 14 , (4.66)
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0 = 3J̃ iaV, 5 + 3J̃ iaV, 6 + 3J̃ iaV, 7 − J̃ iaV, 8 + 3J̃ iaV, 13 − J̃ iaV, 14 , (4.67)

0 = 3J̃ iaV, 5 + 3J̃ iaV, 6 − J̃ iaV, 7 + 3J̃ iaV, 8 − 3J̃ iaV, 13 + J̃ iaV, 14 , (4.68)

0 = J̃ iaV, 1 + J̃ iaV, 2 − J̃ iaV, 3 − J̃ iaV, 4 + J̃ iaV, 5 + J̃ iaV, 6 − J̃ iaV, 7 − J̃ iaV, 8 + 3J̃ iaV, 9

+ 3J̃ iaV, 10 + J̃ iaV, 11 + J̃ iaV, 12 , (4.69)

0 = 2J̃ iaV, 9 − 2J̃ iaV, 10 + J̃ iaV, 13 − J̃ iaV, 14 + J̃ iaV, 15 + J̃ iaV, 16 + J̃ iaV, 17 − J̃ iaV, 18 , (4.70)

0 = J̃ iaV, 1 + J̃ iaV, 2 − J̃ iaV, 3 − J̃ iaV, 4 − J̃ iaV, 5 − J̃ iaV, 6 + J̃ iaV, 7 + J̃ iaV, 8 − J̃ iaV, 9

− J̃ iaV, 10 − 3J̃ iaV, 11 − 3J̃ iaV, 12 , (4.71)

0 = 2J̃ iaV, 11 − 2J̃ iaV, 12 + J̃ iaV, 13 − J̃ iaV, 14 + J̃ iaV, 15 + J̃ iaV, 16 − J̃ iaV, 17 + J̃ iaV, 18 , (4.72)

0 = J̃ iaV, 5 − J̃ iaV, 6 + J̃ iaV, 7 − J̃ iaV, 8 + 2J̃ iaV, 13 , (4.73)

0 = 3J̃ iaV, 5 − 3J̃ iaV, 6 − J̃ iaV, 7 + J̃ iaV, 8 + 2J̃ iaV, 14 , (4.74)

0 = J̃ iaV, 9 − J̃ iaV, 10 + J̃ iaV, 11 − J̃ iaV, 12 + J̃ iaV, 15 + J̃ iaV, 16 , (4.75)

0 = J̃ iaV, 1 − J̃ iaV, 2 − J̃ iaV, 3 + J̃ iaV, 4 + J̃ iaV, 15 − J̃ iaV, 16 , (4.76)

0 = J̃ iaV, 1 − J̃ iaV, 2 + J̃ iaV, 3 − J̃ iaV, 4 − J̃ iaV, 17 − J̃ iaV, 18 , (4.77)

0 = J̃ iaV, 9 − J̃ iaV, 10 − J̃ iaV, 11 + J̃ iaV, 12 + J̃ iaV, 17 − J̃ iaV, 18 . (4.78)

The solution to this system requires that both J̃ iaV, 9 and J̃ iaV, 16 vanish while J̃ iaV, 13 =

J̃ iaV, 14. The remaining operators can be expressed in terms of the leading operators

J̃ iaV, 3, J̃ iaV, 14, and J̃ iaV, 15 and the subleading operators J̃ iaV, 12 and J̃ iaV, 17. Therefore, the

Lagrangian may be written as

L(v, a)
V NN = V i

[
C

(v)
V, 1ε

ijk∇j
(
N †N

) (
N †σkτaN

)
+ C

(v)
V, 2ε

abc∇i
(
N †σjτ bN

) (
N †σjτ cN

)
+C(v)

V, 3ε
abc∇j

(
N †σiτ bN

) (
N †σjτ cN

)
+ i

2mN

C
(v)
V, 4

(
N †
↔
∇
j

σjτaN

)(
N †σiN

)
+ i

2mN

C
(v)
V, 5ε

ijkεabc
(
N †
↔
∇
j

τ bN

)(
N †σkτ cN

)]
, (4.79)

where these LECs are related to those from the overcomplete basis according to

C
(v)
V, 1 = C̃

(v)
V, 1 − C̃

(v)
V, 2 + C̃

(v)
V, 3 + 1

2mN

C̃
(v)
V, 5 + 1

2mN

C̃
(v)
V, 6 −

3
2mN

C̃
(v)
V, 7
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− 3
2mN

C̃
(v)
V, 8 −

1
mN

C̃
(v)
V, 10 −

1
mN

C̃
(v)
V, 11 + 2

mN

C̃
(v)
V, 18 , (4.80)

C
(v)
V, 2 = − 1

4mN

C̃
(v)
V, 5 + 1

4mN

C̃
(v)
V, 6 −

1
4mN

C̃
(v)
V, 7 + 1

4mN

C̃
(v)
V, 8 + C̃

(v)
V, 13 + C̃

(v)
V, 14 ,

(4.81)

C
(v)
V, 3 = −C̃(v)

V, 1 + 1
2C̃

(v)
V, 2 + 1

2C̃
(v)
V, 4 −

1
4mN

C̃
(v)
V, 5 −

1
4mN

C̃
(v)
V, 6 + 3

4mN

C̃
(v)
V, 7

+ 3
4mN

C̃
(v)
V, 8 + 3

4mN

C̃
(v)
V, 10 + 1

4mN

C̃
(v)
V, 11 + C̃

(v)
V, 15 −

1
mN

C
(v)
V, 18 , (4.82)

1
2mN

C
(v)
V, 4 = C̃

(v)
V, 1 + C̃

(v)
V, 4 −

1
2mN

C̃
(v)
V, 10 + 1

2mN

C̃
(v)
V, 12 + 1

mN

C
(v)
V, 18 , (4.83)

1
2mN

C
(v)
V, 5 = − 1

4mN

C̃
(v)
V, 5 −

1
4mN

C̃
(v)
V, 6 + 3

4mN

C̃
(v)
V, 7 + 3

4mN

C̃
(v)
V, 8 + 1

2mN

C̃
(v)
V, 17

− 1
2mN

C̃
(v)
V, 18 , (4.84)

and the large-Nc scalings are

C
(v)
V, 1, C

(v)
V, 2, C

(v)
V, 3 ∼ O(Nc) , (4.85)

1
2mN

C
(v)
V, 4,

1
2mN

C
(v)
V, 5 ∼ O(1/Nc) . (4.86)

In comparison to the isoscalar couplings, the three leading isovector couplings are

dominant. Specifically, the isoscalar couplings are 1/Nc suppressed relative to the

leading isovector couplings. Transforming to the partial wave basis results in

L(v, a)
V NN = V i

{[
C

(v)
V, 1 + 2C(v)

V, 3 −
1

2mN

C
(v)
V, 4 + 1

mN

C
(v)
V, 5

]
εijk∇j

(
NT P̄ aN

)† (
NTP kN

)
+
[
C

(v)
V, 1 + 2C(v)

V, 3 + 1
2mN

C
(v)
V, 4 −

1
mN

C
(v)
V, 5

]
εijk∇j

(
NTP kN

)† (
NT P̄ aN

)
+
[
C

(v)
V, 1 −

1
2mN

C
(v)
V, 4

]
iεijkεabc

(
NT

↔
∇
j

P kbN

)† (
NT P̄ cN

)

+
[
C

(v)
V, 1 + 2C(v)

V, 3 + 1
2mN

C
(v)
V, 4 + 1

mN

C
(v)
V, 5

]
i

(
NT

↔
∇
j

P iaN

)† (
NTP jN

)

+
[
−C(v)

V, 1 + 2C(v)
V, 3 + 1

2mN

C
(v)
V, 4 −

1
mN

C
(v)
V, 5

]
i

(
NT

↔
∇
j

P jaN

)† (
NTP iN

)

+
[
−6C(v)

V, 2 − 2C(v)
V, 3 + 1

2mN

C
(v)
V, 4

]
i

(
NT

↔
∇
i

P 0N

)† (
NT P̄ aN

)

+
[
−2C(v)

V, 2 − 2C(v)
V, 3 −

1
2mN

C
(v)
V, 4

]
i

(
NT

↔
∇
i

P jaN

)† (
NTP jN

)
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+ 1
2mN

C
(v)
V, 4ε

abc∇i
(
NT P̄ bN

)† (
NT P̄ cN

)
+ H.c.

}
. (4.87)

All but the last term contain O(Nc) contributions, so the last term is O(1/Nc). Addi-

tionally, the first, second, and last terms connect two S-wave states. Therefore, these

three terms are expected to be enhanced in the EFTπ/ power counting. All together,

there are two leading currents in both the EFTπ/ power counting and in the large-Nc

expansion in the partial wave basis, i.e., the first and second terms.

The currents that transform under time-reversal as J iaV
T−→ (−1)a+1 J iaV can be

obtained by interchanging the type of derivative occuring in each operator. Thus, the

overcomplete Lagrangian is

L(v, a+1)
V NN = V i

[
i

2mN

C̃
(v)
V, 19ε

ijk

(
N †
↔
∇
j

σkN

)(
N †τaN

)
+ i

2mN

C̃
(v)
V, 20ε

ijk

(
N †
↔
∇
j

σkτaN

)(
N †N

)
+ i

2mN

C̃
(v)
V, 21ε

ijk

(
N †
↔
∇
j

N

)(
N †σkτaN

)
+ i

2mN

C̃
(v)
V, 22ε

ijk

(
N †
↔
∇
j

τaN

)(
N †σkN

)
+C̃(v)

V, 23∇i
(
N †N

) (
N †τaN

)
+ C̃

(v)
V, 24∇i

(
N †τaN

) (
N †N

)
+C̃(v)

V, 25∇i
(
N †σjN

) (
N †σjτaN

)
+ C̃

(v)
V, 26∇i

(
N †σjτaN

) (
N †σjN

)
+C̃(v)

V, 27∇j
(
N †σiN

) (
N †σjτaN

)
+ C̃

(v)
V, 28∇j

(
N †σiτaN

) (
N †σjN

)
+C̃(v)

V, 29∇j
(
N †σjN

) (
N †σiτaN

)
+ C̃

(v)
V, 30∇j

(
N †σjτaN

) (
N †σiN

)
+ i

2mN

C̃
(v)
V, 31ε

abc

(
N †
↔
∇
i

τ bN

)(
N †τ cN

)
+ i

2mN

C̃
(v)
V, 32ε

abc

(
N †
↔
∇
i

σjτ bN

)(
N †σjτ cN

)
+ i

2mN

C̃
(v)
V, 33ε

abc

(
N †
↔
∇
j

σiτ bN

)(
N †σjτ cN

)
+ i

2mN

C̃
(v)
V, 34ε

abc

(
N †
↔
∇
j

σjτ bN

)(
N †σiτ cN

)
+C̃(v)

V, 35ε
ijkεabc∇j

(
N †τ bN

) (
N †σkτ cN

)
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+C̃(v)
V, 36ε

ijkεabc∇j
(
N †σkτ bN

) (
N †τ cN

)]
. (4.88)

Most of the LECs are O(1) with the exception of three LECs at O(1/N2
c ),

1
2mN

C̃
(v)
V, 19,

1
2mN

C̃
(v)
V, 22,

1
2mN

C̃
(v)
V, 31 ∼ O(1/N2

c ) . (4.89)

Therefore, relative to the isovector couplings of the opposite time-reversal, these cou-

plings are at least 1/Nc suppressed. Fierz transformations lead to the homogeneous

system

0 = 3J̃ iV, 19 + 3J̃ iV, 20 + J̃ iV, 21 + J̃ iV, 22 − J̃ iV, 27 − J̃ iV, 28 + J̃ iV, 29 + J̃ iV, 30 , (4.90)

0 = 2J̃ iV, 19 − 2J̃ iV, 20 + J̃ iV, 33 − J̃ iV, 34 + J̃ iV, 35 + J̃ iV, 36 , (4.91)

0 = J̃ iV, 19 + J̃ iV, 20 + 3J̃ iV, 21 + 3J̃ iV, 22 + J̃ iV, 27 + J̃ iV, 28 − J̃ iV, 29 − J̃ iV, 30 , (4.92)

0 = 2J̃ iV, 21 − 2J̃ iV, 22 − J̃ iV, 33 + J̃ iV, 34 + J̃ iV, 35 + J̃ iV, 36 , (4.93)

0 = 3J̃ iV, 23 + 3J̃ iV, 24 + J̃ iV, 25 + J̃ iV, 26 , (4.94)

0 = 2J̃ iV, 23 − 2J̃ iV, 24 − J̃ iV, 31 − J̃ iV, 32 , (4.95)

0 = 2J̃ iV, 25 − 2J̃ iV, 26 − 3J̃ iV, 31 + J̃ iV, 32 , (4.96)

0 = J̃ iV, 23 + J̃ iV, 24 − J̃ iV, 25 − J̃ iV, 26 + 3J̃ iV, 27 + J̃ iV, 28 + 3J̃ iV, 29 + J̃ iV, 30 − J̃ iV, 31 + J̃ iV, 32

− J̃ iV, 33 − J̃ iV, 34 , (4.97)

0 = J̃ iV, 19 + J̃ iV, 20 − J̃ iV, 21 − J̃ iV, 22 − 2J̃ iV, 27 + 2J̃ iV, 29 − J̃ iV, 35 + J̃ iV, 36 , (4.98)

0 = J̃ iV, 23 + J̃ iV, 24 − J̃ iV, 25 − J̃ iV, 26 + J̃ iV, 27 + 3J̃ iV, 28 + 3J̃ iV, 29 + 3J̃ iV, 30 + J̃ iV, 31 − J̃ iV, 32

+ J̃ iV, 33 + J̃ iV, 34 , (4.99)

0 = J̃ iV, 19 + J̃ iV, 20 − J̃ iV, 21 − J̃ iV, 22 − 2J̃ iV, 28 + 2J̃ iV, 30 + J̃ iV, 35 − J̃ iV, 36 , (4.100)

0 = J̃ iV, 23 − J̃ iV, 24 + J̃ iV, 25 − J̃ iV, 26 − 2J̃ iV, 31 , (4.101)

0 = 3J̃ iV, 23 − 3J̃ iV, 24 − J̃ iV, 25 + J̃ iV, 26 − 2J̃ iV, 32 , (4.102)

0 = J̃ iV, 23 − J̃ iV, 24 − J̃ iV, 25 + J̃ iV, 26 + J̃ iV, 27 − J̃ iV, 28 + J̃ iV, 29 − J̃ iV, 30 − J̃ iV, 33 − J̃ iV, 34 ,

(4.103)

0 = J̃ iV, 19 − J̃ iV, 20 − J̃ iV, 21 + J̃ iV, 22 + J̃ iV, 33 − J̃ iV, 34 , (4.104)

56



0 = J̃ iV, 19 − J̃ iV, 20 + J̃ iV, 21 − J̃ iV, 22 + J̃ iV, 35 + J̃ iV, 36 , (4.105)

0 = J̃ iV, 27 − J̃ iV, 28 − J̃ iV, 29 + J̃ iV, 30 + J̃ iV, 35 − J̃ iV, 36 . (4.106)

The solution to this system requires J̃ iV, 29 = 0. Also, the number of independent

operators is reduced to six. Here, the minimal set is chosen such that the Lagrangian

may be written as

L(v, a+1)
V NN = V i

[
C

(v)
V, 6∇i

(
N †N

) (
N †τaN

)
+ C

(v)
V, 7∇i

(
N †τaN

) (
N †N

)
+C(v)

V, 8∇i
(
N †σjN

) (
N †σjτaN

)
+ i

2mN

C
(v)
V, 9ε

abc

(
N †
↔
∇
j

σjτ bN

)(
N †σiτ cN

)
+C(v)

V, 10ε
ijkεabc∇j

(
N †τ bN

) (
N †σkτ cN

)
+C(v)

V, 11ε
ijkεabc∇j

(
N †σkτ bN

) (
N †τ cN

)]
, (4.107)

where the LECs are related to the overcomplete basis according to

C
(v)
V, 6 = − 1

mN

C̃
(v)
V, 20 + 1

mN

C̃
(v)
V, 22 + C̃

(v)
V, 23 − 3C̃(v)

V, 26 − 2C̃(v)
V, 27 − C̃

(v)
V, 28 + C̃

(v)
V, 30

+ 1
mN

C̃
(v)
V, 31 −

2
mN

C̃
(v)
V, 33 , (4.108)

C
(v)
V, 7 = 1

4mN

C̃
(v)
V, 19 −

5
4mN

C̃
(v)
V, 20 −

1
4mN

C̃
(v)
V, 21 + 5

4mN

C̃
(v)
V, 22 + C̃

(v)
V, 24 − 3C̃(v)

V, 26

− 2C̃(v)
V, 27 − C̃

(v)
V, 28 + C̃

(v)
V, 30 + 1

2mN

C̃
(v)
V, 31 −

3
2mN

C̃
(v)
V, 32 −

3
mN

C̃
(v)
V, 33 , (4.109)

C
(v)
V, 8 = 1

4mN

C̃
(v)
V, 19 −

3
4mN

C̃
(v)
V, 20 −

1
4mN

C̃
(v)
V, 21 + 3

4mN

C̃
(v)
V, 22 + C̃

(v)
V, 25 − C̃

(v)
V, 26 − C̃

(v)
V, 27

+ C̃
(v)
V, 30 + 1

2mN

C̃
(v)
V, 31 −

1
2mN

C̃
(v)
V, 32 −

2
mN

C̃
(v)
V, 33 , (4.110)

C
(v)
V, 9 = 1

4mN

C̃
(v)
V, 19 −

1
4mN

C̃
(v)
V, 20 −

1
4mN

C̃
(v)
V, 21 + 1

4mN

C̃
(v)
V, 22 −

1
2mN

C̃
(v)
V, 33

+ 1
2mN

C̃
(v)
V, 34 , (4.111)

C
(v)
V, 10 = − 1

2mN

C̃
(v)
V, 20 −

1
4mN

C̃
(v)
V, 21 + 3

4mN

C̃
(v)
V, 22 −

3
2C̃

(v)
V, 27 + 1

2C̃
(v)
V, 28 + C̃

(v)
V, 30

− 3
2mN

C̃
(v)
V, 33 + C̃

(v)
V, 35 , (4.112)

C
(v)
V, 11 = − 1

4mN

C̃
(v)
V, 19 + 3

4mN

C̃
(v)
V, 20 −

1
2mN

C̃
(v)
V, 22 + 3

2C̃
(v)
V, 27 −

1
2C̃

(v)
V, 28 − C̃

(v)
V, 30

+ 3
2mN

C̃
(v)
V, 33 + C̃

(v)
V, 36 . (4.113)
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All six of these LECs are O(1) in the large-Nc expansion. In terms of partial waves,

the Lagrangian may be written as

L(v, a+1)
V NN = V i

{[
−C(v)

V, 6 − C
(v)
V, 7 + 3C(v)

V, 8

]
iεabc∇i

(
NT P̄ bN

)† (
NT P̄ cN

)
+
[
−C(v)

V, 6 + C
(v)
V, 7 − 3C(v)

V, 8 −
1
mN

C
(v)
V, 9

] (
NT

↔
∇
i

P 0N

)† (
NT P̄ aN

)

+
[
−C(v)

V, 6 + C
(v)
V, 7 + C

(v)
V, 8 −

1
mN

C
(v)
V, 9

] (
NT

↔
∇
i

P jaN

)† (
NT P̄ jN

)
+
[ 1
mN

C
(v)
V, 9 + 2C(v)

V, 10 − 2C(v)
V, 11

]
iεijk∇j

(
NT P̄ aN

) (
NTP kN

)
+
[ 1
mN

C
(v)
V, 9 − 2C(v)

V, 10 + 2C(v)
V, 11

]
iεijk∇j

(
NT P̄ kN

) (
NTP aN

)
+
[
−2C(v)

V, 10 − 2C(v)
V, 11

] (
NT

↔
∇
j

P iaN

)† (
NTP jN

)

+
[
2C(v)

V, 10 + 2C(v)
V, 11

] (
NT

↔
∇
j

P jaN

)† (
NTP iN

)
+ H.c.

 . (4.114)

Thus, each partial wave current is O(1) in the large-Nc expansion with the same caveat

that the relative signs of the LECs might affect the overall sizes of each contribution.

Regardless, the four terms with a derivative acting on a bilinear from the outside

connect two S-wave states and will therefore be enhanced.

Lastly, consider the isotensor currents. The operators will be of the form J iabV , and

they will be symmetric under the interchange of a and b. Additionally, we begin by

considering the currents that transform under time-reversal as J iabV
T−→ (−1)a+b+1J iabv

so that the currents will be odd for a = b = 3. There are six possible operators:

L(t, a+b+1)
V NN = V i

{
1
2

[
i

2mN

C̃
(t)
V, 1

(
N †
↔
∇
i

τaN

)(
N †τ bN

)
+ i

2mN

C̃
(t)
V, 2

(
N †
↔
∇
i

σjτaN

)(
N †σjτ bN

)
+ i

2mN

C̃
(t)
V, 3

(
N †
↔
∇
j

σiτaN

)(
N †σjτ bN

)
+ i

2mN

C̃
(t)
V, 4

(
N †
↔
∇
j

σjτaN

)(
N †σiτ bN

)
+C̃(t)

V, 5ε
ijk∇j

(
N †σkτaN

) (
N †τ bN

)
+ C̃

(t)
V, 6ε

ijk∇j
(
N †τaN

) (
N †σkτ bN

)
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+ a↔ b
]

− 1
3δ

ab

[
i

2mN

C̃
(t)
V, 1

(
N †
↔
∇
i

τ cN

)(
N †τ cN

)
+ i

2mN

C̃
(t)
V, 2

(
N †
↔
∇
i

σjτ cN

)(
N †σjτ cN

)
i

2mN

C̃
(t)
V, 3

(
N †
↔
∇
j

σiτ cN

)(
N †σjτ cN

)
+ i

2mN

C̃
(t)
V, 4

(
N †
↔
∇
j

σjτ cN

)(
N †σiτ cN

)
+C̃(t)

V, 5ε
ijk∇j

(
N †σkτ cN

) (
N †τ cN

)
+ C̃

(t)
V, 6ε

ijk∇j
(
N †τ cN

) (
N †σkτ cN

)]}
,

(4.115)

where there are five LECs that are O(1),

1
2mN

C̃
(t)
V, 2,

1
2mN

C̃
(t)
V, 3,

1
2mN

C̃
(t)
V, 4, C̃

(t)
V, 5, C̃

(t)
V, 6 ∼ O(1) , (4.116)

and one LEC that is 1/N2
c suppressed

1
2mN

C̃
(t)
V, 1 ∼ O(1/N2

c ) . (4.117)

Fierz transformations lead to the system of equations

0 = 2J̃ iabV, 1 + J̃ iabV, 2 , (4.118)

0 = J̃ iabV, 3 + J̃ iabV, 4 , (4.119)

0 = J̃ iabV, 3 − J̃ iabV, 4 + J̃ iabV, 5 − J̃ iabV, 6 , (4.120)

0 = J̃ iabV, 5 + J̃ iabV, 6 , (4.121)

0 = J̃ iabV, 3 − J̃ iabV, 4 − J̃ iabV, 5 + J̃ iabV, 6 . (4.122)

The first, second, and third equations yield

J̃ iabV, 1 = −1
2 J̃

iab
V, 2 , (4.123)

J̃ iabV, 3 = −J̃ iabV, 4 , (4.124)

J̃ iabV, 5 = −J̃ iabV, 6 , (4.125)
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so that the remaining two equations both become

0 = J̃ iabV, 3 + J̃ iabV, 5 . (4.126)

Therefore, there are only two independent operators such that Lagrangian can be

written as

L(t, a+b+1)
V NN = V i

{
1
2

[
i

2mN

C
(t)
V, 1

(
N †
↔
∇
i

σjτaN

)(
N †σjτ bN

)
+C(t)

V, 2ε
ijk∇j

(
N †σkτaN

) (
N †τ bN

)
+ a↔ b

]
−1

3δ
ab

[
i

2mN

C
(t)
V, 1

(
N †
↔
∇
i

σjτ cN

)(
N †σjτ cN

)
+C(t)

V, 2ε
ijk∇j

(
N †σkτ cN

) (
N †τ cN

)]}
, (4.127)

where both LECs are O(1) and they are related to the original couplings according

to

1
2mN

C
(t)
V, 1 = − 1

4mN

C̃
(t)
V, 1 + 1

2mN

C̃
(t)
V, 2 , (4.128)

C
(t)
V, 2 = − 1

2mN

C̃
(t)
V, 3 + 1

2mN

C̃
(t)
V, 4 + C̃

(t)
V, 5 − C̃

(t)
V, 6 . (4.129)

The Lagrangian in terms of partial waves may be written as

L(t, a+b+1)
V NN = V i

{1
2

[
− 3i
mN

C
(t)
V, 1∇i

(
NT P̄ aN

)† (
NT P̄ bN

)
−2C(t)

V, 2ε
ijk

(
NT

↔
∇
j

P kaN

)(
NT P̄ bN

)
+ a↔ b

]

− 1
3δ

ab
[
− 3i
mN

C
(t)
V, 1∇i

(
NT P̄ cN

)† (
NT P̄ cN

)
−2C(t)

V, 2ε
ijk

(
NT

↔
∇
j

P kcN

)(
NT P̄ cN

)]
+ H.c

}
. (4.130)

Again, both terms are O(1) in the large-Nc expansion, but the first term will be

enhanced in the EFTπ/ power counting.

The analogous currents with the opposite time-reversal transformation property

lead to the overcomplete Lagrangian

L(t, a+b)
V NN = V i

{1
2
[
C̃

(t)
V, 7∇i

(
N †τaN

) (
N †τ bN

)
+ C̃

(t)
V, 8∇i

(
N †σjτaN

) (
N †σjτ bN

)
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+C̃(t)
V, 9∇j

(
N †σiτaN

) (
N †σjτ bN

)
+ C̃

(t)
V, 10∇j

(
N †σjτaN

) (
N †σiτ bN

)
+ i

2mN

C̃
(t)
V, 11ε

ijk

(
N †
↔
∇
j

σkτaN

)(
N †τ bN

)
+ i

2mN

C̃
(t)
V, 12ε

ijk

(
N †
↔
∇
j

τaN

)(
N †σkτ bN

)
+ a↔ b

]

− 1
3δ

ab
[
C̃

(t)
V, 7∇i

(
N †τ cN

) (
N †τ cN

)
+ C̃

(t)
V, 8∇i

(
N †σjτ cN

) (
N †σjτ cN

)
+C̃(t)

V, 9∇j
(
N †σiτ cN

) (
N †σjτ cN

)
+ C̃

(t)
V, 10∇j

(
N †σjτ cN

) (
N †σiτ cN

)
+ i

2mN

C̃
(t)
V, 11ε

ijk

(
N †
↔
∇
j

σkτ cN

)(
N †τ cN

)
+ i

2mN

C̃
(t)
V, 12ε

ijk

(
N †
↔
∇
j

τ cN

)(
N †σkτ cN

)]}
, (4.131)

and the LECs scale as

C̃
(t)
V, 8, C̃

(t)
V, 9, C̃

(t)
V, 10 ∼ O(Nc) , (4.132)

C̃
(t)
V, 7,

1
2mN

C̃
(t)
V, 11,

1
2mN

C̃
(t)
V, 12 ∼ O(1/Nc) . (4.133)

Fierz transformations yield the system

0 = 3J̃ i abV, 7 + J̃ i abV, 8 , (4.134)

0 = J̃ i abV, 7 − J̃ i abV, 8 + 3J̃ i abV, 9 + J̃ i abV, 10 − J̃ i abV, 11 + J̃ i abV, 12 , (4.135)

0 = J̃ i abV, 7 − J̃ i abV, 8 + J̃ i abV, 9 + 3J̃ i abV, 10 + J̃ i abV, 11 − J̃ i abV, 12 , (4.136)

0 = −J̃ i abV, 9 + J̃ i abV, 10 + 3J̃ i abV, 11 + J̃ i abV, 12 , (4.137)

0 = J̃ i abV, 9 − J̃ i abV, 10 + J̃ i abV, 11 + 3J̃ i abV, 12 , (4.138)

which reduces the number of independent operators to two. Here, the choice is made

to retain J̃ i abV, 8 and J̃ i abV, 10 such that the Lagrangian may be written as

L(t, a+b)
V NN = V i

{1
2
[
C

(t)
V, 3∇i

(
N †σjτaN

) (
N †σjτ bN

)
+ C

(t)
V, 4∇j

(
N †σjτaN

) (
N †σiτ bN

)
+a↔ b]− 1

3δ
ab
[
C

(t)
V, 3∇i

(
N †σjτ cN

) (
N †σjτ cN

)
+C(t)

V, 4∇j
(
N †σjτ cN

) (
N †σiτ cN

)]}
, (4.139)
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where the LECs in the minimal basis are related to those from the overcomplete basis

according to

C
(t)
V, 3 = −1

3C̃
(t)
V, 7 + C̃

(t)
V, 8 + 2

3C̃
(t)
V, 9 + 1

6mN

C̃
(t)
V, 11 −

1
6mN

C̃
(t)
V, 12 , (4.140)

C
(t)
V, 4 = −C̃(t)

V, 9 + C̃
(t)
V, 10 −

1
2mN

C̃
(t)
V, 11 + 1

2mN

C̃
(t)
V, 12 . (4.141)

Also, both LECs in the minimal basis are O(Nc). In the partial wave basis, the

Lagrangian takes the form

L(t, a+b)
V NN = V i

{1
2

[(
6C(t)

V, 3 + 2C(t)
V, 4

)
∇i
(
NT P̄ aN

)† (
NT P̄ bN

)
−2iC(t)

V, 4ε
ijk

(
NT

↔
∇
j

P kaN

)(
NT P̄ bN

)
+ a↔ b

]

− 1
3δ

ab
[(

6C(t)
V, 3 + 2C(t)

V, 4

)
∇i
(
NT P̄ cN

)† (
NT P̄ cN

)
−2iC(t)

V, 4ε
ijk

(
NT

↔
∇
j

P kcN

)(
NT P̄ cN

)]
+ H.c.

}
. (4.142)

While both LECs are O(Nc), the term proportional only to C(t)
V, 4 connects an S-wave

state to a P-wave state while the term proportional to the sum of the LECs connects

two S-wave states and will therefore be enhanced.

4.2 Axial Vector Currents

Consider an external axial vector field Ai, which is even under parity. In order to

derive parity conserving interactions, the operators must contain an even number

of derivatives. Here, we only consider terms with no derivatives; therefore, the free

vector index on the currents must come from Pauli spin matrices. Additionally, the

only way to change the time-reversal of a current is to interchange the various spin

and isospin structures. Again, terms that violate parity in the Lagrangian can be

constructed by stitching together these currents with other external fields.

62



4.2.1 One-Nucleon Currents

At LO, there are two independent currents, an isoscalar and an isovector,

LAiN = Ai
[
π/g(A)
s

(
N †σiN

)
+ π/g(A)

v

(
N †σiτaN

)]
(4.143)

The LECs scale as

π/g(A)
s ∼ O(1) , (4.144)

π/g(A)
v ∼ O(Nc) . (4.145)

The scaling of π/g(A)
v is a familiar result from large-Nc studies of the baryon axial

current matrix elements [110–112]. For the single-nucleon currents, it is not pos-

sible to construct currents with different time-reversal properties without including

derivatives.

4.2.2 Two-Nucleon Currents

First, consider the isoscalar currents. There are two possible operators,

L(s,−)
AiNN = Ai

[
C̃

(s)
Ai, 1

(
N †N

) (
N †σiN

)
+ C̃

(s)
Ai, 2

(
N †τaN

) (
N †τaσiN

)]
(4.146)

The spin-isospin structure of these operators, which has already been analyzed in the

previous section, implies the scalings

C̃
(s)
Ai, 1, C̃

(s)
Ai, 2 ∼ O(1) (4.147)

(4.148)

However, these currents are not linearly independent as can be shown through Fierz

transformations. Precisely, the terms are related to each other through

J̃ iAi, 2 = −3J̃ iAi, 1 . (4.149)

Therefore, the Lagrangian can be reduced to

L(s,−)
AiNN = C

(s)
Ai A

i
(
N †N

) (
N †σiN

)
, (4.150)
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where

C
(s)
Ai = C̃

(s)
Ai, 1 − 3C̃(s)

Ai, 2 ∼ O(1) . (4.151)

Again, it is not possible to construct currents that transform differently under time-

reversal because the possible combinations of spin and isospin have been exhausted.

Making a change to the partial wave basis the Lagrangian can be written as

L(s,−)
AiNN = 2iC(s)

Ai ε
ijkAi

(
NTP jN

)† (
NTP kN

)
. (4.152)

This form of the Lagrangian will be used in the next chapter in order to draw compar-

isons to previous analyses of the deuteron magnetic moment and neutrino-deuteron

scattering in EFTπ/.

Now, consider the two-nucleon isovector axial currents. There are three possi-

ble currents that couple to the external field and transform under time-reversal as

J iaAi,NN
T−→ (−1)a J iaAi,NN ,

L(v, a)
AiNN = Ai

[
C̃

(v)
Ai, 1ε

ijkεabc
(
N †σjτ bN

) (
N †σkτ cN

)
+ C̃

(v)
Ai, 2

(
N †σiτaN

) (
N †N

)
+C̃(v)

Ai, 3

(
N †σiN

) (
N †τaN

)]
. (4.153)

The large-Nc counting rules imply the scalings

C̃
(v)
Ai, 1, C̃

(v)
Ai, 2 ∼ O(Nc) (4.154)

C̃
(v)
Ai, 3 ∼ O(N−1

c ) (4.155)

However, there is only one linearly independent operator. Fierz transformations lead

to the following system of equations:
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0 = J̃ iaAi, 1 + 2J̃ iaAi, 2 + 6J̃ iaAi, 3 , (4.156)

0 = J̃ iaAi, 1 − 6J̃ iaAi, 2 − 2J̃ iaAi, 3 , (4.157)

Therefore, both J̃ iaAi, 2 and J̃ iaAi, 3 can be eliminated in favor of J̃ iaAi, 1. Thus, the La-

grangian with the minimal set of operators is

L(v, a)
AiNN = C

(v)
Ai ε

ijkεabcAi
(
N †σjτ bN

) (
N †σkτ cN

)
, (4.158)

where

C
(v)
Ai, 1 = C̃

(v)
Ai, 1 + 1

4
(
C̃

(v)
Ai, 2 − C̃

(v)
Ai, 3

)
∼ O(Nc) . (4.159)

Again, a change to the partial wave basis yields

L(v, a)
AiNN = 8C̃(v)

Ai, 1A
i
[(
NT P̄ aN

)† (
NTP iN

)
+ h.c.

]
. (4.160)

Assuming that these LECs are natural apart from their large-Nc scaling, an immediate

consequence of these scalings is that the isoscalar coupling is suppressed relative to

the isovector coupling, i.e.
C

(s)
Ai

C
(v)
Ai, 1

∼ O(1/Nc) . (4.161)

There are two possible currents that transform under time-reversal as J iaAi
T−→

(−1)a+1 J iaAi ,

L(v, a+1)
AiNN = Ai

[
C̃

(v)
Ai,4ε

ijk
(
N †σjτaN

) (
N †σkN

)
+ C̃

(v)
Ai,5ε

abc
(
N †σiτaN

) (
N †τ bN

)]
,

(4.162)

where both LECs are O(Nc). However, these operators are related through Fierz

transformations such that the Lagrangian can be written as

L(v, a+1)
AiNN = AiC

(v)
Ai,2ε

ijk
(
N †σjτaN

) (
N †σkN

)
, (4.163)

where the LECs are related according to

C
(v)
Ai,2 = C̃

(v)
Ai,4 − C̃

(v)
Ai,5 . (4.164)
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Transforming to the partial wave basis yields

L(v, a+1)
Ai,NN = 4AiC(v)

Ai,2

[
i
(
NTP iN

)† (
NT P̄ aN

)
+ H.c

]
. (4.165)

Lastly, consider the isotensor current. There is a single axial vector isotensor

operator such that the Lagrangian can be written

L(t)
ANN = AiC

(t)
A

{1
2
[(
N †σiτaN

) (
N †τ bN

)
+
(
N †σiτ bN

) (
N †τaN

)]
−1

3δ
ab
(
N †σiτ cN

) (
N †τ cN

)}
, (4.166)

where the last term is present in order to form a traceless tensor and to isolate the

I = 1 representation. However, Fierz transformations reveal that this current actually

vanishes.

4.3 Axial Charge

Here, we consider the axial charge, which is derived by coupling either one or two

nucleons to the time component of an axial 4-vector, i.e. A0. The axial charge and

the pseudoscalar current can be distinguished by their properties under time-reversal,

i.e., the axial charge is even under time-reversal while the pseudoscalar current is

odd. Thus, only the currents that are even under time-reversal are considered in this

section. For the isovector currents, this is taken to mean that the currents are even

under time-reversal when the isospin index a = 3. Similarly, the isotensor currents

will be even under time-reversal when both isospin indices a = b = 3.

4.3.1 One-Nucleon Charge

For a single nucleon, there is one possible isoscalar operator,

L(s,+)
A0N = i

2mN

π/g
(s)
A0A

0
(
N †
↔
∇
i

σiN

)
, (4.167)

where
1

2mN

π/g
(s)
A0 ∼ O(1/Nc) . (4.168)
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Analogously, there is one possible isovector operator,

L(v, a+1)
A0N = i

2mN

π/g
(v)
A0A

0
(
N †
↔
∇
i

σiτaN

)
, (4.169)

where
1

2mN

π/g
(v)
A0 ∼ O(1) . (4.170)

4.3.2 Two-Nucleon Charge

There are six possible isoscalar axial charge operators. The Lagrangian with an

overcomplete set is

L(s,+)
A0NN = A0

[
i

2mN

C̃
(s)
A0, 1

(
N †
↔
∇
i

σiN

)(
N †N

)
+ i

2mN

C̃
(s)
A0, 2

(
N †
↔
∇
i

N

)(
N †σiN

)
+C̃(s)

A0, 3ε
ijk∇i

(
N †σjN

) (
N †σkN

)
+ i

2mN

C̃
(s)
A0, 4

(
N †
↔
∇
i

σiτaN

)(
N †τaN

)
+ i

2mN

C̃
(s)
A0, 5

(
N †
↔
∇
i

τaN

)(
N †σiτaN

)
+C̃(s)

A0, 6ε
ijk∇i

(
N †σjτaN

) (
N †σkτaN

)]
, (4.171)

where there is one LEC at leading order,

C̃
(s)
A0, 6 ∼ O(Nc) , (4.172)

and the remaining LECs are 1/N2
c suppressed,

1
mN

C̃
(s)
A0, 1,

1
mN

C̃
(s)
A0, 2, C̃

(s)
A0, 3,

1
mN

C̃
(s)
A0, 4,

1
mN

C̃
(s)
A0, 5 ∼ O(1/Nc) . (4.173)

Fierz relations yield the system of equations

0 = 5J̃A0, 1 + J̃A0, 2 − J̃A0, 3 + J̃A0, 4 + J̃A0, 5 − J̃A0, 6 , (4.174)

0 = J̃A0, 1 + 5J̃A0, 2 + J̃A0, 3 + J̃A0, 4 + J̃A0, 5 + J̃A0, 6 , (4.175)

0 = 3J̃A0, 1 + 3J̃A0, 2 − 3J̃A0, 3 + 3J̃A0, 4 − J̃A0, 5 + J̃A0, 6 , (4.176)
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0 = 3J̃A0, 1 + 3J̃A0, 2 + 3J̃A0, 3 − J̃A0, 4 + 3J̃A0, 5 − J̃A0, 6 , (4.177)

0 = J̃A0, 1 − J̃A0, 2 − 2J̃A0, 3 + J̃A0, 4 − J̃A0, 5 , (4.178)

0 = 3J̃A0, 1 − 3J̃A0, 2 − J̃A0, 4 + J̃A0, 5 − 2J̃A0, 6 . (4.179)

The solution to this system implies that there are three independent operators. Here,

the choice is made to retain J̃A0, 4, J̃A0, 5, and J̃A0, 6 so that the the Lagrangian can be

written as

L(s,+)
A0NN = A0

[
C

(s)
A0, 1ε

ijk∇i
(
N †σjτaN

) (
N †σkτaN

)
+ i

2mN

C
(s)
A0, 2

(
N †
↔
∇
i

σiτaN

)(
N †τaN

)
+ i

2mN

C
(s)
A0, 3

(
N †
↔
∇
i

τaN

)(
N †σiτaN

)]
, (4.180)

where the new LECs are related to the original couplings according to

C
(s)
A0, 1 = 1

6mN

C̃
(s)
A0, 1 −

1
6mN

C̃
(s)
A0, 2 + C̃

(s)
A0, 3 + C̃

(s)
A0, 6 , (4.181)

1
2mN

C
(s)
A0, 2 = − 1

6mN

C̃
(s)
A0, 2 + 2

3C̃
(s)
A0, 3 + 1

2mN

C̃
(s)
A0, 4 , (4.182)

1
2mN

C
(s)
A0, 3 = − 1

6mN

C̃
(s)
A0, 2 −

2
3C̃

(s)
A0, 3 + 1

2mN

C̃
(s)
A0, 5 , (4.183)

and the LECs scale as

C
(s)
A0, 1 ∼ O(Nc) , (4.184)

1
2mN

C
(s)
A0, 2,

1
2mN

C
(s)
A0, 3 ∼ O(1/Nc) . (4.185)

The partial wave basis Lagrangian is

L(s,+)
A0NN = A0


[
−C(s)

A0, 1 + 3
2mN

C
(s)
A0, 2 −

3
2mN

C
(s)
A0, 3

]
i

(
NT

↔
∇
i

P 0N

)† (
NTP iN

)

+
[
−C(s)

A0, 1 −
1

2mN

C
(s)
A0, 2 + 1

2mN

C
(s)
A0, 3

]
i

(
NT

↔
∇
i

P iaN

)† (
NT P̄ aN

)
+
[ 3
2mN

C
(s)
A0, 2 + 3

2mN

C
(s)
A0, 3

]
εijk∇i

(
NTP jN

)† (
NTP kN

)
+ H.c.

}
. (4.186)
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Only the first and second terms contain O(Nc) contributions. However, only the third

term receives the power counting enhancement.

There are nine possible isovector charge operators that one can write down. The

Lagrangian takes the form

L(v, a+1)
A0NN = A0

[
i

2mN

C̃
(v)
A0, 1

(
N †
↔
∇
i

σiτaN

)(
N †N

)
+ i

2mN

C̃
(v)
A0, 2

(
N †
↔
∇
i

σiN

)(
N †τaN

)
+ i

2mN

C̃
(v)
A0, 3

(
N †
↔
∇
i

τaN

)(
N †σiN

)
+ i

2mN

C̃
(v)
A0, 4

(
N †
↔
∇
i

N

)(
N †σiτaN

)
+C̃(v)

A0, 5ε
ijk∇i

(
N †σjτaN

) (
N †σkN

)
+ C̃

(v)
A0, 6ε

ijk∇i
(
N †σjN

) (
N †σkτaN

)
+ i

2mN

C̃
(v)
A0, 7ε

ijkεabc
(
N †
↔
∇
i

σjτ bN

)(
N †σkτ cN

)
+C̃(v)

A0, 8ε
abc∇i

(
N †σiτ bN

) (
N †τ cN

)
+ C̃

(v)
A0, 9ε

abc∇i
(
N †τ bN

) (
N †σiτ cN

)]
,

(4.187)

where there are seven LECs that scale as

1
2mN

C̃
(v)
A0, 1,

1
2mN

C̃
(v)
A0, 4, C̃

(v)
A0, 5,

C̃
(v)
A0, 6,

1
2mN

C̃
(v)
A0, 7, C̃

(v)
A0, 8, C̃

(v)
A0, 9

∼ O(1) , (4.188)

and the remaining LECs scale as

1
2mN

C̃
(v)
A0, 2,

1
2mN

C̃
(v)
A0, 4 ∼ O(1/N2

c ) . (4.189)

Again, Fierz transformations lead to the system

0 = 3J̃aA0, 1 + 3J̃aA0, 2 + J̃aA0, 3 + J̃aA0, 4 − J̃aA0, 5 − J̃aA0, 6 , (4.190)

0 = 2J̃aA0, 1 − 2J̃aA0, 2 − J̃aA0, 7 − J̃aA0, 8 − J̃aA0, 9 , (4.191)

0 = J̃aA0, 1 + J̃aA0, 2 + 3J̃aA0, 3 + 3J̃aA0, 4 + J̃aA0, 5 + J̃aA0, 6 , (4.192)

0 = 2J̃aA0, 3 − 2J̃aA0, 4 + J̃aA0, 7 − J̃aA0, 8 − J̃aA0, 9 , (4.193)

0 = J̃aA0, 1 + J̃aA0, 2 − J̃aA0, 3 − J̃aA0, 4 − J̃aA0, 5 − J̃aA0, 6 , (4.194)
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0 = J̃aA0, 5 − J̃aA0, 6 + J̃aA0, 8 − J̃aA0, 9 , (4.195)

0 = J̃aA0, 1 − J̃aA0, 2 − J̃aA0, 3 + J̃aA0, 4 − J̃aA0, 7 , (4.196)

0 = J̃aA0, 1 − J̃aA0, 2 + J̃aA0, 3 − J̃aA0, 4 − J̃aA0, 8 − J̃aA0, 9 , (4.197)

0 = J̃aA0, 5 − J̃aA0, 6 + J̃aA0, 8 − J̃aA0, 9 . (4.198)

This system leads to four independent operators such that the Lagrangian can be

written as

L(v, a+1)
A0NN = A0

[
C

(v)
A0, 1ε

ijk∇i
(
N †σjN

) (
N †σkτaN

)
+ i

2mN

C
(v)
A0, 2ε

ijkεabc
(
N †
↔
∇
i

σjτ bN

)(
N †σkτ cN

)
+C(v)

A0, 3ε
abc∇i

(
N †σiτ bN

) (
N †τ cN

)
+ C

(v)
A0, 4ε

abc∇i
(
N †τ bN

) (
N †σiτ cN

)]
,

(4.199)

where these LECs are related to those from the overcomplete Lagrangian according

to

C
(v)
A0, 1 = 1

4mN

C̃
(v)
A0, 1 + 1

4mN

C̃
(v)
A0, 2 −

1
4mN

C̃
(v)
A0, 3

− 1
4mN

C̃
(v)
A0, 4 + C̃

(v)
A0, 5 + C̃

(v)
A0, 6 , (4.200)

1
2mN

C
(v)
A0, 2 = 1

8mN

C̃
(v)
A0, 1 −

1
8mN

C̃
(v)
A0, 2 −

1
8mN

C̃
(v)
A0, 3

+ 1
8mN

C̃
(v)
A0, 4 + C̃

(v)
A0, 7 , (4.201)

C
(v)
A0, 3 = −C̃(v)

A0, 5 + C̃
(v)
A0, 8 , (4.202)

C
(v)
A0, 1 = 1

4mN

C̃
(v)
A0, 1 −

1
4mN

C̃
(v)
A0, 2 + 1

4mN

C̃
(v)
A0, 3

− 1
4mN

C̃
(v)
A0, 4 + C̃

(v)
A0, 5 + C̃

(v)
A0, 9 , (4.203)

and all of the LECs are O(1). This choice of basis is nearly identical to that of

Ref. [134] with the exception of the term proportional to C(v)
A0,2. In Ref. [134] (see

Appendix C in that work), a combination of J̃aA0,1, J̃aA0,2, J̃aA0,3, and J̃aA0,4 is retained.

In that case, the large-Nc scaling is set by J̃aA0,1 and J̃aA0,4 while J̃aA0,2 and J̃aA0,3
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provide subleading corrections. A similar comparison holds for the axial charge in

Refs. [129, 130]. Transforming to the partial wave basis yields

L(v, a+1)
A0NN = A0

{[
C

(v)
A0, 1 −

2
mN

C
(v)
A0, 2 − 2C(v)

A0, 3 + 2C(v)
A0, 4

]
i∇i

(
NTP iN

)† (
NT P̄ aN

)
+
[
−C(v)

A0, 1 −
2
mN

C
(v)
A0, 2 + 2C(v)

A0, 3 − 2C(v)
A0, 4

]
i∇i

(
NT P̄ aN

)† (
NTP iN

)
− C(v)

A0, 1ε
abc

(
NT

↔
∇
i

P ibN

)† (
NT P̄ cN

)

+
[
−2C(v)

A0, 3 − 2C(v)
A0, 4

]
εijk

(
NT

↔
∇
i

P jaN

)† (
NTP kN

)
+ H.c.

 . (4.204)

Each term is still O(1) with the possibility still that suppressions or enhacements

can arise depending on the relative signs of the LECs. Additionally, only the first

two terms receive the EFTπ/ power counting enhancement because they connect two

S-wave states.

Recall that the isotensor axial charge is defined here such that it will be odd under

time-reversal when the isospin indices a = b = 3. There are three possible operators

such that the overcomplete Lagrangian is

L(t)
A0NN = A0

{1
2
[
C̃

(t)
A0, 1ε

ijk∇i
(
N †σjτaN

) (
N †σkτ bN

)
+ i

2mN

C̃
(t)
A0, 2

(
N †
↔
∇
i

σiτaN

)(
N †τ bN

)
+ i

2mN

C̃
(t)
A0, 3

(
N †
↔
∇
i

τaN

)(
N †σiτ bN

)
+ a↔ b

]
− 1

3δ
ab
[
C̃

(t)
A0, 1ε

ijk∇i
(
N †σjτ cN

) (
N †σkτ cN

)
+ i

2mN

C̃
(t)
A0, 2

(
N †
↔
∇
i

σiτ cN

)(
N †τ cN

)
+ i

2mN

C̃
(t)
A0, 3

(
N †
↔
∇
i

τ cN

)(
N †σiτ cN

)]}
, (4.205)

where the LECs have the large-Nc scalings

C̃
(t)
A0, 1 ∼ O(Nc) , (4.206)

1
2mN

C̃
(t)
A0, 2,

1
2mN

C̃
(t)
A0, 3 ∼ O(1/Nc) . (4.207)

Fierz transformations yield the system

0 = J̃
(t)
A0,1 − J̃

(t)
A0,2 + J̃

(t)
A0,3 , (4.208)
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0 = J̃
(t)
A0,1 − 3J̃ (t)

A0,2 − J̃
(t)
A0,3 , (4.209)

0 = J̃
(t)
A0,1 + J̃

(t)
A0,2 + 3J̃ (t)

A0,3 , (4.210)

which reduces the number of independent operators to one. The Lagrangian may

then be written as

L(t)
A0NN = A0C

(t)
A0

{1
2ε

ijk
[
∇i
(
N †σjτaN

) (
N †σkτ bN

)
+ a↔ b

]
−1

3δ
abεijk∇i

(
N †σjτ cN

) (
N †σkτ cN

)}
, (4.211)

where C(t)
A0 ∼ O(Nc) and is related to the original LECs according to

C
(t)
A0 = C̃

(t)
A0,1 + 1

4mN

C̃
(t)
A0, 2 −

1
4mN

C̃
(t)
A0, 3 . (4.212)

This Lagrangian in the partial wave basis is

L(t)
A0NN = 4C(t)

A0A
0

1
2

i(NT
↔
∇
i

P iaN

)† (
NT P̄ bN

)
+ a↔ b


− i3δ

ab

(
NT

↔
∇
i

P icN

)† (
NT P̄ cN

)
+ H.c

 . (4.213)

The current here only connects an S-wave state to a P-wave state; therefore, it will

not be enhanced in the EFTπ/ power counting.

4.4 Scalar Currents

Finally, consider an external scalar field S. These currents are even under parity,

thus they must have an even number of derivatives. Again, we only consider zero

derivative currents. In addition, the scalar currents have the same structure as the

vector charge at leading order.

4.4.1 One-Nucleon Currents

There is a single one-nucleon isoscalar operator that leads to the Lagrangian

L(s,+)
SN = π/g

(s)
S S

(
N †N

)
, (4.214)
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where the scaling of the LEC is

π/gS ∼ O(Nc). (4.215)

Analogously, there is a single isovector operator

L(v, a+1)
SN = π/g

(v)
S S

(
N †τaN

)
, (4.216)

where
π/g

(v)
S ∼ O(1) . (4.217)

Direct comparison of Eqs. (4.215) and (4.217) indicate that the isovector coupling is

1/Nc suppressed relative to the isoscalar coupling.

4.4.2 Two-Nucleon Currents

There are four possible isoscalar two-nucleon currents. Specifically, they have the

exact same structure as the two-nucleon scattering operators

L(s,+)
SNN = S

[
C̃

(s)
S, 1

(
N †N

) (
N †N

)
+ C̃

(s)
S, 2

(
N †σiN

) (
N †σiN

)
+C̃(s)

S, 3

(
N †τaN

) (
N †τaN

)
+ C̃

(s)
S, 4

(
N †σiτaN

) (
N †σiτaN

)]
. (4.218)

The LECs scale as

C̃
(s)
S, 1, C̃

(s)
S, 4 ∼ O (Nc) (4.219)

C̃
(s)
S, 2, C̃

(s)
S, 3 ∼ O

(
N−1
c

)
. (4.220)

As usual, two of these terms can be eliminated through Fierz transformations. In

particular, the currents are related through

J̃S, 4 = −3J̃ (s)
S, 1 , (4.221)

J̃S, 3 = −2J̃ (s)
S, 1 − J̃

(s)
S, 2 . (4.222)

Therefore, the Lagrangian can be written as

L(s,+)
SNN = S

[
C

(s)
S, 1

(
N †N

) (
N †N

)
+ C

(s)
S, 2

(
N †σiN

) (
N †σiN

)]
, (4.223)
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where

C
(s)
S, 1 = C̃

(s)
S, 1 − 2C̃(s)

S, 3 − 3C̃(s)
S, 4 ∼ O(Nc) , (4.224)

C
(s)
S, 2 = C̃

(s)
S, 2 − C̃

(s)
S, 3 ∼ O(1/Nc) . (4.225)

In the partial wave basis, the Lagrangian becomes

L(s,+)
SNN = S

[
2
(
C

(s)
S, 1 + C

(s)
S, 2

) (
NTP iN

)† (
NTP iN

)
+2

(
C

(s)
S, 1 − 3C(s)

S, 2

) (
NT P̄ aN

)† (
NT P̄ aN

)]
. (4.226)

There are two possible isovector currents that transform under time-reversal J̃aS
T−→

(−1)a+1 J̃aS with no sum over the isospin index. At this order, there are no currents

that transform otherwise. The corresponding overcomplete Lagrangian is

L(v, a+1)
SNN = S

[
C̃

(v)
S, 1

(
N †τaN

) (
N †N

)
+ C̃

(v)
S, 2

(
N †σiτaN

) (
N †σiN

)]
, (4.227)

and the LECs scale as

C̃
(v)
S, 1, C̃

(v)
S, 2 ∼ O(1) . (4.228)

Fierz transformations lead to the relation

J̃aS, 2 = −5J̃aS, 1 . (4.229)

Thus, the Lagrangian becomes

L(v, a+1)
SNN = C

(v)
S, 1S

(
N †τaN

) (
N †N

)
, (4.230)

where

C
(v)
S, 1 = C̃

(v)
S, 1 − 5C̃(v)

S, 2 ∼ O(1) . (4.231)

Transforming to the partial wave basis results in

L(v, a+1)
SNN = −2iC(v)

S, 1ε
abcS

(
NT P̄ bN

)† (
NT P̄ cN

)
. (4.232)
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Finally, there are two possible symmetric, traceless isotensors that can be written

down. The Lagrangian is

L(t, a+b)
SNN = S

{
C̃

(t)
S, 1

[(
N †σiτaN

) (
N †σiτ bN

)
− 1

3
(
N †σiτ cN

) (
N †σiτ cN

)]
+C̃(t)

S, 1

[(
N †τaN

) (
N †τ bN

)
− 1

3
(
N †τ cN

) (
N †τ cN

)]}
, (4.233)

where

C̃
(t)
S, 1 ∼ O(Nc) , (4.234)

C̃
(t)
S, 2 ∼ O(1/Nc) . (4.235)

However, these two operators are related through a Fierz transformation such that

J̃abS, 2 = −1
3 J̃

ab
S, 1 . (4.236)

Therefore, the Lagrangian is

L(t, a+b)
SNN = SC

(t)
S

[(
N †σiτaN

) (
N †σiτ bN

)
− 1

3
(
N †σiτ cN

) (
N †σiτ cN

)]
, (4.237)

where

C
(t)
S = C̃

(t)
S, 1 −

1
3C̃

(t)
S, 2 ∼ O(Nc) . (4.238)

The transormation to the partial wave basis produces the Lagrangian

L(t, a+b)
SNN = 12C(t)

S S
{1

2

[(
NT P̄ aN

)† (
NT P̄ bN

)
+
(
NT P̄ bN

)† (
NT P̄ aN

)]
−1

3δ
ab
(
NT P̄ cN

)† (
NT P̄ cN

)}
, (4.239)

which introduces an overall factor of 12.

4.5 Two-Nucleon Spurion Operators

In this section, the most general set of operators with two insertions of spurion fields as

described in Sec. 2.2.5 is derived. The large-Nc counting rules have a straightforward

extension to these operators with additional suppressions arising from the inclusion
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of pion fields. While the primary focus in this work are the two-nucleon currents in

EFTπ/, pions are necessary for the particular application to lepton number violation

and isospin breaking in Sec. 5.2. Additionally, there will be operator redundancies

that can be eliminated through a general set of Fierz transformations while also

retaining the manifestly dominant operators in the large-Nc expansion.

As previously discussed, the spurion operators parameterize the exchange of vir-

tual particles, e.g. photons, above the breakdown scale of χPT or ChEFT [90–98].

Also, the terms that do not contain pions, the non-vanishing terms in the expansion

of u at O(φ0), can appear in EFTπ/ even though the discussion in this section is more

general. In either EFT, the operators in the Lagrangian appear with explicit factors

of e2 or G2
F depending on the specific spurion under consideration, but these factors

may be omitted in the determination of the large-Nc scalings as they do not change

the relative sizes.

The most general set of operators with two spurion insertions is

B1 = Tr(Q+)2
(
N †ΓN

)2
, (4.240)

B2 = Tr(Q+)
(
N †ΓN

) (
N †Q̃+ΓN

)
, (4.241)

B3 =
(
N †Q̃+ΓN

)2
, (4.242)

B4 = Tr(Q−)2
(
N †ΓN

)2
, (4.243)

B5 = Tr(Q−)
(
N †ΓN

) (
N †Q̃−ΓN

)
, (4.244)

B6 =
(
N †Q̃−ΓN

)2
, (4.245)

B7 = Tr(Q+) Tr(Q−)
(
N †ΓN

) (
N †ΓN

)
, (4.246)

B8 = Tr(Q−)
(
N †Q̃+ΓN

) (
N †ΓN

)
, (4.247)

B9 = Tr(Q+)
(
N †Q̃−ΓN

) (
N †ΓN

)
, (4.248)

B10 =
(
N †Q̃+ΓN

) (
N †Q̃−ΓN

)
, (4.249)

B11 = Tr
(
Q̃2

+ + Q̃2
−

) (
N †ΓN

)2
= 1

2 Tr
(
Q̃2
R + Q̃2

L

) (
N †ΓN

)2
, (4.250)

B12 = Tr
(
Q̃2

+ − Q̃2
−

) (
N †ΓN

)2
= Tr

(
UQ̃LU

†Q̃R

) (
N †ΓN

)2
, (4.251)
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B13 = Tr
(
Q̃+Q̃−

) (
N †ΓN

)2
= Tr

(
Q̃2
R − Q̃2

L

) (
N †ΓN

)2
, (4.252)

where Γ can be 1, σi, τa, or σiτa. These four possibilities are redundant. Each

operator also appears with an LEC C̄i,j, where the first index i refers to the Bi from

which each operator originates while the second index j refers to Γ = 1, σi, τa, σiτa

for j = 1, 2, 3, 4, respectively.

The operators that contain only traces of the spurions have bilinears of the form

(N †ΓN)2. Thus, the only possibility for 1/Nc suppressions to enter is through the

appearance of pion fields. Fierz transformations eliminate the operators with Γ = τa

and σiτa. Therefore, the subset of relevant operators becomes

O1,1 = Tr(Q+)2
(
N †N

)2
, (4.253)

O1,2 = Tr(Q+)2
(
N †σiN

)2
, (4.254)

O4,1 = Tr(Q−)2
(
N †N

)2
, (4.255)

O4,2 = Tr(Q−)2
(
N †σiN

)2
, (4.256)

O7,1 = Tr(Q+) Tr(Q−)
(
N †N

) (
N †N

)
, (4.257)

O7,2 = Tr(Q+) Tr(Q−)
(
N †σiN

) (
N †σiN

)
, (4.258)

O11,1 = Tr
(
Q̃2

+ + Q̃2
−

) (
N †N

)2
= 1

2 Tr
(
Q̃2
R + Q̃2

L

) (
N †N

)2
, (4.259)

O11,2 = Tr
(
Q̃2

+ + Q̃2
−

) (
N †σiN

)2
= 1

2 Tr
(
Q̃2
R + Q̃2

L

) (
N †σiN

)2
, (4.260)

O12,1 = Tr
(
Q̃2

+ − Q̃2
−

) (
N †N

)2
= Tr

(
UQ̃LU

†Q̃R

) (
N †N

)2
, (4.261)

O12,2 = Tr
(
Q̃2

+ − Q̃2
−

) (
N †σiN

)2
= Tr

(
UQ̃LU

†Q̃R

) (
N †σiN

)2
, (4.262)

O13,1 = Tr
(
Q̃+Q̃−

) (
N †N

)2
= Tr

(
Q̃2
R − Q̃2

L

) (
N †N

)2
, (4.263)

O13,2 = Tr
(
Q̃+Q̃−

) (
N †σiN

)2
= Tr

(
Q̃2
R − Q̃2

L

) (
N †σiN

)2
, (4.264)

where the operator Oi,j has the same indices as the corresponding LECs C̄i,j. Once a

specific form of the spurion is chosen, there are additional redundancies that can be

absorbed in a redefinition of the corresponding LECs attending each operator in the

Lagrangian.
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For the operators containing either one or two insertions of the traceless part of

the spurion fields inside the nucleon bilinears, the spurions can be expanded through

Eq. (2.82). However, the insertion of Γ = τa or σiτa leads to terms that do not match

onto the Hartree Hamiltonian, rather they contain products of Pauli matrices that

must be reduced using

τaτ b = δab1 + iεabcτ c . (4.265)

The largest possible Nc scaling of the resulting operators can then be determined from

the spin-isospin structure. All of the possible suppressions arising from the presence

of pion fields are contained in coefficients defined by ca,± = 1
2 Tr

(
Q̃±τ

a
)
. Therefore,

for B3, B6, and B10, the matrices Γ = 1 and σi, respectively, lead to

(
N †Q̃±N

) (
N †Q̃±N

)
= ca,±cb,±

(
N †τaN

) (
N †τ bN

)
, (4.266)(

N †Q̃±σ
iN
) (
N †Q̃±σ

iN
)

= ca,±cb,±
(
N †τaσiN

) (
N †τ bσiN

)
. (4.267)

For Γ = τ c,

(
N †Q̃±τ

cN
) (
N †Q̃±τ

cN
)

= ca,±ca,±
(
N †N

)2
− ca,±ca,±

(
N †τ bN

)2

+ca,±cb,±
(
N †τaN

) (
N †τ bN

)
, (4.268)

and the operator
(
N †τ bN

)2
can be removed through Fierz transformations to obtain

(
N †Q̃±τ

cN
) (
N †Q̃±τ

cN
)

= 3ca,±ca,±
(
N †N

)2
+ ca,±ca,±

(
N †σiN

)2

+ca,±cb,±
(
N †τaN

) (
N †τ bN

)
. (4.269)

The first two terms in Eq. (4.269) have the same bilinear structure as the operators

O1,1 and O1,2, respectively. Their contributions can be absorbed into a redefinition

of the LECs of these operators. The third term in Eq. (4.269) is Eq. (4.266). For

Γ = σiτ c, the expansion of the spurions leads to

(
N †Q̃±σ

iτ cN
) (
N †Q̃±σ

iτ cN
)

= 3ca,±ca,±
(
N †N

)2
+ ca,±ca,±

(
N †σiN

)2

+ca,±cb,±
(
N †σiτaN

) (
N †σiτ bN

)
. (4.270)
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The first line is the same as the first line of Eq. (4.269) while the single term in the

second line is Eq. (4.267). Therefore, Γ = τ c and σiτ c in B3, B6, and B10 do not yield

independent operators.

Additional relationships exist among some of the operators corresponding to Γ = 1

and Γ = σi. For B3, B6, and B10, Γ = 1 can be eliminated by applying Fierz

transformations to Eq. (4.266) along with the decomposition in Eq. (2.82). Using

Tr
(
Q̃2
±

)
= 2ca,±ca,± , (4.271)

the Fierz transformation for Eq. (4.266) leads to

− 3
[(
N †Q̃±N

) (
N †Q̃±N

)
− 1

6 Tr
(
Q̃±Q̃±

) (
N †τaN

)2
]

=
(
N †Q̃±N

) (
N †σiQ̃±N

)
− 1

6 Tr
(
Q̃±Q̃±

) (
N †σiτaN

)2
, (4.272)

which can be arranged, with the help of additional Fierz transformations, to be

(
N †Q̃±N

) (
N †Q̃±N

)
= −1

3
(
N †Q̃±N

) (
N †σiQ̃±N

)
− 1

2 Tr
(
Q̃±Q̃±

) (
N †N

)2

−1
6 Tr

(
Q̃±Q̃±

) (
N †σiN

)2
. (4.273)

Therefore, the choice of Γ = 1 can be eliminated from B3, B6, and B10 in favor of

combinations of Γ = σi and operators from B11, B12, and B13.

Following the same procedure for operators from B2, B5, B8, and B9 results in

Tr(Q±)
(
N †Q̃±N

) (
N †N

)
= ca,±Tr(Q±)

(
N †τaN

) (
N †N

)
, (4.274)

Tr(Q±)
(
N †Q̃±σ

iN
) (
N †σiN

)
= ca,±Tr(Q±)

(
N †σiτaN

) (
N †σiN

)
,(4.275)

for Γ = 1 and σi, respectively. When Γ = τ b, application of Eq. (4.265) produces

Tr(Q±)
(
N †Q̃±τ

bN
) (
N †τ bN

)
= ca,±Tr(Q±)

(
N †τaN

) (
N †N

)
, (4.276)

which is the same as Eq. (4.274). Similarly, Γ = σiτ b leads to

Tr(Q±)
(
N †Q̃±σ

iτ bN
) (
N †σiτ bN

)
= ca,±Tr(Q±)

(
N †σiτaN

) (
N †σiN

)
,(4.277)
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which is the same as Eq. (4.275). This shows that again the operators with Γ = τa and

Γ = σiτa neither lead to independent operators nor obscure the dominant large-Nc

contributions. As before, additional relationships exist between the Γ = 1 and Γ =

σi operators. Eliminating the remaining redundancy through Fierz transformations

leads to

− 3
(
N †N

) (
N †Q̃±N

)
=
(
N †σiN

) (
N †σiQ̃±N

)
. (4.278)

Therefore, either Γ = 1 or Γ = σi may be retained, and both choices give the same

large-Nc counting.

This process eliminates the operators that possess a subleading spin-flavor struc-

ture as well. Any additional factors of Nc that might be present will arise from pion

fields in the expansion of u; however, these factors will not change the spin-flavor

structure of the nucleon bilinears, and only lead to additional 1/
√
Nc suppressions

arising from factors of 1/F .

4.5.1 Electromagnetic Spurions

Now, consider the explicit choice of electromagnetic spurions. It is convenient to write

the Lagrangian in terms of the nucleon charge matrix,

Q = 1
2
(
1 + τ 3

)
. (4.279)

The difference between using the nucleon charge matrix and using the quark charge

matrix amounts to a shift by an unobservable constant [97]. Here, the nucleon charge

matrix is independent of Nc, which implies that the up and down quark charges are

Nc-dependent.

Using Eq. (4.279) as the spurion field in Eq. (4.240) yields operators with a clear

spin-flavor structure. Setting QR = QL = Q gives

Q̃± = 1
4
[
u†τ 3u± uτ 3u†

]
. (4.280)
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The corresponding traces of operators are [98]

Tr(Q+) = 1, (4.281)

Tr(Q−) = 0, (4.282)

Tr
(
Q̃2

+ + Q̃2
−

)
= Tr

(
Q̃2
)

= 1/2, (4.283)

Tr
(
Q̃2

+ − Q̃2
−

)
= Tr

(
UQ̃U †Q̃

)
, (4.284)

Tr
(
Q̃+Q̃−

)
= 0. (4.285)

Since

Tr
(
Q̃2

+ + Q̃2
−

) (
N †ON

)2
∼ Tr(Q+)2

(
N †ON

)2
, (4.286)

the operators from B11 can be absorbed into those from B1. Therefore, the only

independent operators are those from B1, B2, B3, B6, B9, B10, and B12. The operators

from B10 vanish at least through O(φ2) when u is expanded and can be neglected at

this order. After using the results of the Fierz transformations above, the minimal

set of operators is

O1,1 =
(
N †N

)2
, (4.287)

O1,2 =
(
N †σiN

)2
, (4.288)

O2 =
(
N †N

) (
N †Q̃+N

)
, (4.289)

O3 =
(
N †σiQ̃+N

) (
N †σiQ̃+N

)
, (4.290)

O6 =
(
N †σiQ̃−N

) (
N †σiQ̃−N

)
, (4.291)

O9 =
(
N †Q̃−N

) (
N †N

)
, (4.292)

O12,1 = Tr
(
UQ̃U †Q̃

) (
N †N

)2
, (4.293)

O12,2 = Tr
(
UQ̃U †Q̃

) (
N †σiN

)2
, (4.294)

where the first subscript i in Oi,j indicates the Bi from which each operator originates,

and the second index j, where necessary, refers to a specific operator within the Bi,

j = 1, 2, 3, 4 for Γ= 1, σi, τa, σiτa, respectively.
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Finally, as discussed in Sec. 3.2, each additional pion field introduces a factor

of 1/F ∼ 1/
√
Nc. Expanding each operator to second order in the pion fields to

determine the maximum Nc scaling of the corresponding LECs yields

O1,1 =
(
N †N

)2
+ · · · , (4.295)

O1,2 =
(
N †σiN

)2
+ · · · , (4.296)

O2 = 1
2

(
1− 1

2F 2φaφa

) (
N †N

) (
N †τ 3N

)
+ 1

4F 2φ3φa
(
N †N

) (
N †τaN

)
+ · · · ,

(4.297)

O3 = 1
4

(
1− 1

F 2φaφa

) (
N †σiτ 3N

)2
+ 1

4F 2φ3φa
(
N †σiτ 3N

) (
N †σiτaN

)
+ · · · ,

(4.298)

O6 = 1
4F 2 ε

3abε3cdφaφc
(
N †σiτ bN

) (
N †σiτ dN

)
+ · · · , (4.299)

O9 = − 1
2F ε

3abφa
(
N †τ bN

) (
N †N

)
+ · · · , (4.300)

O12,1 =
[1
2 −

4
F 2 (φaφa − φ3φ3)

] (
N †N

)2
+ · · · , (4.301)

O12,2 =
[1
2 −

4
F 2 (φaφa − φ3φ3)

] (
N †σiN

)2
+ · · · (4.302)

where the ellipses indicate additional pion fields. The scaling of the LECs C̄i,j multi-

plying Oi,j in the Lagrange density is given by

C̄1,1 ∼ Nc , (4.303)

C̄1,2 ∼ N−1
c , (4.304)

C̄2 ∼ 1 , (4.305)

C̄3 ∼ Nc , (4.306)

C̄6 ∼ 1 , (4.307)

C̄9 ∼ N−1/2
c , (4.308)

C̄12,1 ∼ Nc , (4.309)

C̄12,2 ∼ N−1
c . (4.310)
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The operators O1,1 and O12,1 differ only at the multi-pion level. Therefore, differences

between the two will be 1/Nc suppressed. The same holds for the operators O1,2 and

O12,2. The operator O6 provides a concrete example of an earlier point: the generic

spin-flavor structure of the operator, before expanding u in the number of pion fields,

indicates that it could be O(Nc), but the first nonzero term has two pion fields and

is thus suppressed by an additional factor of 1/Nc.

The Lagrangian at LO and next-to-leading order (NLO) in the large-Nc expansion

is

LLO-in-Nc = e2
{[
C̄1,1 + C̄12,1 Tr

(
UQ̃U †Q̃

)] (
N †N

)2
+ C̄3

(
N †σiQ̃+N

)2
}
, (4.311)

LNLO-in-Nc = e2
{
C̄2
(
N †N

) (
N †Q̃+N

)
+ C̄6

(
N †σiQ̃−N

)2
}
. (4.312)

4.5.2 Weak Spurions

For weak interactions, QL = τ+ while QR = 0, which gives

Q± = Q̃± = ±1
2uQLu

† = ±1
2uτ

+u† . (4.313)

As a result, all traces in Eqs. (4.240) vanish and therefore operators from B1, B2, B4,

B5, B7, B8, B9, B11, B12, and B13 do not contribute. Since Q̃+ = −Q̃−, the only

nonvanishing term is (
N †uτ+u†ΓN

)2
, (4.314)

and the structures B3, B6, and B10 become identical. As pointed out in Ref. [135],

the two operators corresponding to Γ = 1 and σi in this term are related through a

Fierz identity and are not independent at O(φ0). The authors of Ref. [135] choose to

retain Γ = 1; that is, the operator
(
N †τ+N

)2
. According to Eq. (3.31), this operator

does not appear at LO in the large-Nc expansion. However, eliminating the operator(
N †σiτ+N

)2
through the Fierz transformation(

N †σiτ+N
)2

= −3
(
N †τ+N

)2
(4.315)
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introduces a hidden LO-in-Nc contribution in the term proportional to
(
N †τ+N

)2
.

As a result, after removing the overall factor of Nc from the Hartree Hamiltonian,

the LEC for this operator will be O(Nc). In Sec. (5.2), this LEC will be explicitly

introduced as gNNν .
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Chapter 5

Applications

5.1 Electroweak Currents

In this section, the large-Nc constraints from Ch. 4 are applied to two-nucleon elec-

troweak currents. These electromagnetic operators must be U(1)EM gauge invariant;

therefore, the currents can either be minimally coupled to the electromagnetic field

Aµ, or they can be coupled to the electric and magnetic field strengths, Ei and Bi,

respectively. The weak currents couple the two-nucleon system to an external weak

current where the gauge bosons have been integrated out; thus, these operators are

four-fermion contact operators. The two-nucleon currents in this section have been

studied in a variety of processes involving the deuteron [63, 71, 136, 137].

5.1.1 Minimal Coupling for Two-Derivative Contact Interactions

In the single nucleon sector, U(1) gauge invariant interactions can be obtained by

promoting time derivatives and gradients to be the covariant derivatives

D0N = ∂0N + ieA0QN , (5.1)

DiN = ∇iN − ieAiQN , (5.2)

where Q is the charge matrix Q = 1
2 (1 + τ 3). As mentioned in Sec. 4.1.1, the nucleon

charge is taken to be independent of Nc in this work. Thus, if one were to split the

resulting operators into isoscalar and isovector pieces it is important to not count

their respective Nc scalings differently, but rather to count both components as being

O(1). For a nucleon bilinear N †ΓN where Γ = {1, σi, τa, σiτa}, the independent
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combinations of covariant derivatives are

Di
(
N †ΓN

)
= ∇i

(
N †ΓN

)
+ ieAiN † [Q,Γ]N ,

N †
↔
D
i

ΓN = N †
↔
∇
i

ΓN − ieAiN † {Q,Γ}N .

(5.3)

This procedure can also be applied to the two-derivative two-nucleon contact terms

in Ref. [45]. A similar approach was used in Ref. [131]; however, a different operator

basis is retained in this work. Because the following currents are obtained by gauging

two-derivative contact terms, the couplings are determined by two-nucleon scattering

observables. When the derivative replacement is made, there will be two-nucleon-

one-photon and two-nucleon-two-photon interactions, which are required by gauge

invariance, but the latter are not considered explicitly here. Although, these terms

can contribute to processes such as Compton scattering.

From Eq. (5.3), it can be seen if either Γ1 or Γ2, where the subscript refers to

a specific nucleon bilinear, do not contain isospin matrices other than the identity,

then these operators will not couple to the electromagnetic field. Therefore, it is not

necessary to consider the terms proportional to C1·1, Cσ·σ, and C ′σ·σ in the notation

of Ref. [45]. The remaining currents at LO-in-Nc are

J iG·G = 2eCG·Gε3ab∇i(N †σjτaN)(N †σjτ bN) , (5.4)

J
′i
G·G = 2eC ′G·Gε3ab∇j(N †σjτaN)(N †σiτ bN) , (5.5)

while at next-to-next-to-leading order in the large-Nc scaling (N2LO-in-Nc) they are

↔
J
i

1·1 = 4ie
↔
C1·1(N †

↔
∇
i

N)(N †QN) , (5.6)

J iτ ·τ = 2eCτ ·τ ε3ab∇i(N †τaN)(N †τ bN) , (5.7)
↔
J
i

G·G = 2ie
↔
CG·G

[
(N †σjτa

↔
∇
i

N)(N †σjτaN) + (N †σjτ 3↔∇
i

N)(N †σjN)
]
, (5.8)

↔
J
i

1·σ = e
↔
C1·σε

ijk
[
∇k(N †σjN)(N †QN) +∇k(N †N)(N †σjQN)

]
, (5.9)

↔
J ′
i

G·G = 2ie
↔
C ′G·G

[
(N †

↔
∇
j

σjτaN)(N †σiτaN) + (N †
↔
∇
j

σjτ 3N)(N †σiN)
]
, (5.10)
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↔
J
i

G·τ = e

2
↔
CG·τε

ijk

{ [
∇k

(
N †σjτaN

) (
N †τaN

)
+∇k

(
N †τaN

) (
N †σjτaN

)
+∇k

(
N †σjτ 3N

) (
N †N

)
+∇k

(
N †τ 3N

) (
N †σjN

)]
(5.11)

+ iε3ab
[(
N †σjτ bN

)(
N †
↔
∇
k

τaN

)
+
(
N †τ bN

)(
N †
↔
∇
k

σjτaN

)]}
.

Making use of Fierz transformations for the N2LO-in-Nc terms reduces the set of

operators to

J iLO-in-Nc = 2eCG·Gε3ab∇i
(
N †σjτaN

) (
N †σjτ bN

)
+ 2eC ′G·Gε3ab∇j(N †σjτaN)(N †σiτ bN) , (5.12)

J iN2LO-in-Nc = 2e
(
Cτ ·τ −

1
4
↔
C1·1 −

3
4
↔
CG·G + 1

4
↔
C ′G·G

)
ε3ab∇i(N †τaN)(N †τ bN)

+ e
(↔
C1·σ +

↔
CG·τ

)
εijk

[
∇k(N †σjN)(N †QN) +∇k(N †N)(N †σjQN)

]
.

(5.13)

Performing the Fierz transformations also introduces subleading corrections in J iLO-in-Nc ;

however, these are not shown explicitly. This is also the same result one would obtain

by reducing the overcomplete set of operators to a minimal set and then gauging

these operators. Therefore, the order of gauging derivatives and performing Fierz

transformation is irrelevant in this case.

As previously mentioned, this process is analogous to Refs. [131, 132] with the

difference being the choice of which operators to retain. The operators here can be

mapped to the operators of Ref. [132], which shows that the second and third terms in

Eq. (2.20) of Ref. [132] are LO-in-Nc, while the first and fourth terms are N2LO-in-Nc.

In addition, the currents scalings are in agreement with those in Ref. [138] in which

the currents are derived in terms of Fermi invariants.

5.1.2 Magnetic Couplings

In addition to nucleons minimally coupled to the photon Ai, the nucleons can couple

directly to the magnetic field B = ∇×A. The Lagrangian with consists of Eqs. (4.152)
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and (4.160) only with a magnetic field in place of the general axial field,

L = eBi

[
π/L1

(
NTPiN

)† (
NT P̄3N

)
− iεijk π/L2

(
NTPjN

)† (
NTPkN

)]
+ h.c. . (5.14)

The Lagrangian has also been expressed as

L = eBi

{
C ′15

(
N †σiN

) (
N †N

)
+ C ′16

[(
N †σiτ 3N

) (
N †N

)
−
(
N †σiN

) (
N †τ 3N

)]}
,

(5.15)

in Ref. [139]. As shown in Sec. 4.2.2, the operators in this Lagrangian are related

through Fierz transformations to operators that are manifestly leading order in the

large-Nc expansion. In particular, the Lagrangian consists of Eqs. (4.150) and (4.158)

again with a magnetic field in place of the general axial field,

L = eBi
[
C(M)
s

(
N †σiN

) (
N †N

)
+ C(M)

v εijkε3ab
(
N †σjτaN

) (
N †σkτ bN

)]
, (5.16)

where

C(M)
s ∼ O(N0

c ) , (5.17)

C(M)
v ∼ O(Nc) . (5.18)

Again, these LECs are related to those in the partial wave basis through

π/L1 = 8C(M)
v , π/L2 = −C(M)

s . (5.19)

π/L1 can be obtained from a fit to the experimental cross section for the radiative

capture np→ dγ, while π/L2 can be determined from the deuteron magnetic moment.

The fit values of these LECs at µ = mπ are [63]

π/L1(mπ) = 7.24 fm4 , π/L2(mπ) = −0.149 fm4 . (5.20)

Looking at these values, it is clear that there is a size disparity, a fact that is noted

explicitly in Ref. [140]. As mentioned in Ch. 2, naturalness is a working assumption

in EFTs, i.e. LECs are O(1) after the proper dimensional factors have been removed.

88



Phrased another way, LECs occuring at the same order in the power counting should

roughly be the same size. However, the ratio of the two fitted LECs at µ = mπ is∣∣∣∣∣π/L2
π/L1

∣∣∣∣∣
exp
≈ 0.021 , (5.21)

which indicates that the relative sizes of the LECs in the partial wave are in conflict

with the naturalness assumption.

While the large-Nc analysis demonstrates the suppression of the isoscalar cou-

pling relative to the isovector coupling by a factor of Nc, setting Nc = 3 as it is in the

physical world does not account for the entire size of the suppression. Fierz transfor-

mations to the partial wave basis as shown in Sec. 4.2 do introduce additional factors

of 1/8 from the normalization of the partial wave projection operators. However, the

values of the large-Nc basis LECs can be determined using the fit values of π/L1 and
π/L2,

C(M)
s = 0.149 fm4, C(M)

v = 0.905 fm4 . (5.22)

In this case, C(M)
v ≈ 6C(M)

s or C(M)
v ≈ 2NcC

(M)
s at the physical value Nc = 3,

that is to say that
∣∣∣C(M)

v

∣∣∣ ∼ Nc

∣∣∣C(M)
s

∣∣∣ apart from a residual factor of 2, which can

be accommodated in the naturalness assumption. Therefore, if it is assumed that∣∣∣C(M)
v

∣∣∣ ∼ Nc

∣∣∣C(M)
s

∣∣∣ from the outset, then the ratio of the partial wave couplings

including the 1/8 suppression is∣∣∣∣∣π/L2
π/L1

∣∣∣∣∣
Nc

≈ 1
8Nc

≈ 0.042 . (5.23)

Since the large-Nc constraints are really upper bounds on the LECs, it appears that

the large-Nc constraint is consistent with the values of the coefficients obtained in

Ref. [63]. This result also furnishes an explicit example of the basis dependence

of the naturalness assumption. While the partial wave basis is amenable to the

PDS scheme, the LECs in this case are not natural. Therefore, care must be taken

when quantifying naturalness in attempts to estimate the values of LECs through e.g.

Bayesian analysis.
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Figure 5.1: The ratio |π/L2/
π/L1| as a function of the renormalization scale µ. The

solid line corresponds to solutions of the renormalization group equations combined
with the values of Eq. (5.20). The dashed line corresponds to Eq. (5.23), while the
dark (light) gray band corresponds to 10% (30%) corrections.

A major factor in this suppression is the factor of 8 that enters through Fierz

transformations. As discussed in Ch. 4, it possible that these somewhat large factors

do not occur for a different choice of the LO-in-Nc operators to retain when elimi-

nating redundancies. Therefore, this suppression should not be treated as a rigorous

prediction, but rather it should be seen as a general result tied to the spin-isospin

structure of the two-nucleon operators as they emerge from large-Nc QCD.

Additionally, it has been recognized that large-Nc constraints are only valid for

certain choices of the subtraction point [38, 45]. The LECs π/L1 and π/L2 were both

fit at µ = mπ, which appears to be within the acceptable range for which large-Nc

constraints are valid. The running of the ratio
∣∣∣π/L2/

π/L1

∣∣∣ is shown in Fig. 5.1. Here,

the ratio does not vary much in the range of µ considered; therefore, the large-Nc

constraints should not be sensitive to cutoff in this case.
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5.1.3 Axial two-nucleon contact terms

This analysis can be generalized to two-nucleon operators coupled to an arbitrary

external axial field, which is relevant for processes such as neutrino-deuteron scatter-

ing. The relevant forms of the Lagrangian are in Eqs. (4.150), (4.152), (4.158), and

(4.158) and are repeated here for convenience. There is the isoscalar Lagrangian

L(s)
ANN = C

(s)
A Ai

(
N †N

) (
N †σiN

)
(5.24)

= 2iC(s)
A εijkAi

(
NTPjN

)† (
NTPkN

)
. (5.25)

and the isovector Lagrangian

L(v)
ANN = C

(v)
A εijkεabcAi

(
N †σjτ bN

) (
N †σkτ cN

)
(5.26)

= 8C(v)
A, 1

[(
NT P̄aN

)† (
NTPiN

)
+ h.c.

]
(5.27)

These LECs are related to those in Ref. [136] according to

L2,A = −C(s)
A , (5.28)

L1,A = 8C(v)
A,1 . (5.29)

The same prediction for the ratio of LECs as for the magnetic LECs holds,∣∣∣∣∣L2,A

L1,A

∣∣∣∣∣
Nc

=
∣∣∣∣∣ C(A)

s

8C(A)
v

∣∣∣∣∣ ∼ 1
8Nc

, (5.30)

where for the last relation it has been assumed
∣∣∣C(v)

A

∣∣∣ ∼ Nc

∣∣∣C(s)
A

∣∣∣.
The values of these LECs are estimated to be [136]

|L1,A| ∼ |L2,A| ∼
4π
M

1
µ2 ≈ 5 fm3, (5.31)

at µ = mπ, and in this approach are expected to be of the same size. In principle,

the value of L1,A can be determined from proton-proton fusion, neutrino-deuteron

reactions, and tritium β-decay [136, 137, 141–145]. On the other hand, the impact of

L2,A in these processes is negligible. The NPLQCD collaboration recently performed
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a lattice QCD calculation of the proton-proton fusion process at mlat
π = 806MeV and

used the result to extract the LEC L1,A with µ at the physical pion mass to be [146]

LNPLQCD
1,A (µ = mπ) = 3.9(0.2)(1.0)(0.4)(0.9) fm3, (5.32)

where the values in parentheses denote the statistical, systematic fitting and analysis,

and systematic mass extrapolation uncertainties, as well as an estimate of higher-

order corrections in the EFTπ/ power counting. Within uncertainties, this value is

in agreement with the extractions based on neutrino-deuteron reactions and tritium

β-decay.

Once again, while L1,A and L2,A occur at the same order in the EFTπ/ power

counting and are thus expected to be roughly the same size, the results concerning

the magnetic LECs suggest that it could be rather the LECs in the large-Nc basis

instead that might natural. Using, for example, the NPLQCD value in the large-Nc

relationship of Eq. (5.30) with Nc = 3 would result in

L2,A ∼ 0.1625 fm3 , (5.33)

which would provide even stronger justification for neglecting this contribution in the

processes that have been considered.

In Ref. [147], the two-nucleon magnetic and axial LECs for EFTπ/ in a finite

volume are matched to lattice data. Each LEC is extracted in at least two ways. For

example, L2,A is fit to the matrix element of the axial current between deuteron states

as well as between triton states. While the calculations in Ref. [147] are performed

using a Gaussian regulator and can not be compared directly to the fit in PDS, it is

worthwhile comparing the relative sizes of LECs from the finite volume calculation

to the large-Nc predictions. Note, however, that the fits are for regions of allowed

values consistent with the lattice data.

The allowed regions for π/L1 and π/L2 in Ref. [147] appear to be consistent with the

1/8Nc suppression up to a relative factor of about 2. Additionally, L2,A does indeed
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appear to suppressed relative to L1,A for certain regions of the parameter space. It

is noted that there is a mild tension in the values extracted for L2,A from np → d

matrix elements and 3H matrix elements. Reference [147] suggests that this tension

indicates “the potential need for higher-order terms in the EFT description.”

5.2 Lepton Number Violation and Isospin Violation

Several experimental efforts are centered around the search for lepton number viola-

tion (LNV). In particular, LNV in the mode of neutrinoless double beta decay would

unequivocally demonstrate that neutrinos are Majorana particles [148] while also

shedding light on the neutrino mass hierarchy [149, 150] and the matter-antimatter

asymmetry in the universe [151].

The inverse of the 0νββ half-life can be expressed as (see Refs. [152–154] for

reviews) [
T 0ν

1/2

]−1
= G0ν |M0ν |2m2

ββ , (5.34)

where mββ is the effective Majorana neutrino mass, G0ν is a phase space factor,

and M0ν is the corresponding nuclear matrix element (NME). Clearly, a thorough

understanding of the NME is required in order to interpret experimental results. In

order to obtain this understanding, it is necessary to have a strong grasp on the

multi-nucleon operators that are used in many-body calculations.

It has been repeatedly emphasized that the EFTs of interest here constitute model-

independent approaches to nuclear physics. An initial step towards the application

of EFT to 0νββ was taken in Ref. [155] in the context of chiral effective field the-

ory; although, it was also assumed on the grounds of Weinberg power counting that

a possible two-nucleon contact operator would be suppressed. However, there are

multiple examples of contact terms being required at LO for renormalization. An

isospin symmetric contact term is required to renormalize the two-nucleon amplitude

when the LO in ChEFT one-pion-exchange is dressed by C0 vertices [31]. Similarly,
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an isospin breaking contact term is required for renormalization when Coulomb ex-

change is included in the two-proton system in EFTπ/ [156]. Recently, it has been

demonstrated that the light-Majorana exchange mechanism for 0νββ is no different

[135, 157–161]. The contact term in the LO Lagrangian is [160, 161]

LNN|∆L=2| =
(
2
√

2GFVud
)2
mββ ēLCē

T
L

gNNν
4

[(
N̄uQ̃w

Lu
†N
)2
− 1

6 Tr
(
Q̃w
LQ̃

w
L

) (
N̄τaN

)2
]

+ H.c. , (5.35)

where eL is the left-handed electron, the charge conjugation matrix is C = iγ2γ0, GF

is the Fermi constant, Vud is an element of the Cabibbo-Kobayashi-Maskawa matrix,

and

Q̃w
L = τ+ = 1

2
(
τ 1 + iτ 2

)
. (5.36)

The matrix u is

u = exp
(
i

2F φaτ
a
)
, (5.37)

where the φa (a = 1, 2, 3) are the pion fields in Cartesian coordinates, the τa are

Pauli matrices in isospin space, and F is the pion decay constant in the chiral limit.

The renormalization group (RG) requirement to include a contact term at LO means

that an additional unknown LEC, gNNν , must be determined in order to analyze and

interpret current and future measurements of 0νββ decay.

As previously mentioned, this isospin violating counterterm is analogous to other

required contact terms, but it is connected by chiral symmetry to charge indepen-

dence breaking (CIB) in the two-nucleon force [159–161]. When the electromagnetic

mass splitting of the pion is included in OPE dressed by C0 vertices, which leads to

CIB in the two-nucleon force, there is a logarithmic divergence that requires the pro-

motion of an isotensor contact term to LO for renormalization. The CIB counterterm

Lagrangian has been presented in Refs. [162–164], and in Ref. [161] it is written as

LNNCIB = e2

4

{
C1

[(
N̄u†Q̃RuN

)2
+
(
N̄uQ̃Lu

†N
)2
− 1

6 Tr
(
Q̃2
L + Q̃2

R

) (
N̄τaN

)2
]
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+C2

[
2
(
N̄u†Q̃RuN

) (
N̄uQ̃Lu

†N
)
− 1

3 Tr
(
UQ̃LU

†Q̃R

) (
N̄τaN

)2
]}
,(5.38)

where U = u2 and here

Q̃L = Q̃R = 1
2τ

3. (5.39)

Specifically, chiral symmetry dictates gNNν = C1 [160, 161]. It is also worth noting that

the Argonne v18 potential [56], the CD-Bonn potential [57], and several potentials

derived from ChEFT [81, 165–167] include short-range CIB and CSB operators in

order to reproduce scattering data.

Presently, it is not possible to disentangle effects from C1 and C2. In particular,

only C1 + C2 is constrained by available data, it can be determined from two-nucleon

scattering data, while C1−C2 is sensistive to two-nucleon-multi-pion interactions and

is thus inaccessible. In order to estimate the impact of gNNν in NMEs, Refs. [160, 161]

assumed that gNNν = 1
2 (C1 + C2), which amounts to the assumption that C1 ≈ C2, i.e.

the CIB LECs are about the same size and sign.

Lattice QCD calculations of double-β decay matrix elements are beginning to

appear [168, 169] as well as 0νββ matrix elements in the meson sector [169, 170]

(see also Refs. [171, 172] and Ref. [173] for a general review). However, there are

currently no first-principles determinations of gNNν . Therefore, it is necessary to obtain

theoretical constraints from other means. Recently, Refs. [174, 175] calculated C1 +C2

and C1 using a method analogous to the Cottingham formula [176, 177]. These results

support the assumption gNNν = 1
2 (C1 + C2). In this section, the spurion analysis of

Sec. 4.5 is applied as an independent check of the consistency of this assumption.

5.2.1 Large-Nc hierarchy of charge dependent nuclear forces

In the derivation of Eqs. (4.287), a large-Nc hierarchy of the classes of charge de-

pendence in nuclear forces [178, 179] arises. The classes of the forces are defined

as:

95



(I) isospin invariant and charge symmetric: 1112, ~τ1 · ~τ2 ,

(II) CIB but not charge-symmetry-breaking (CSB), which have the isotensor form:

τ 3
1 τ

3
2 − 1

3~τ1 · ~τ2 ,

(III) CSB (and thus CIB) terms that are symmetric in spin and isospin indices:

τ 3
1 + τ 3

2 ,

(IV) CSB with isospin mixing (these vanish on nn and pp systems, but not np, and

only occur in L 6= 0 partial waves): τ 3
1 − τ 3

2 , (~τ1 × ~τ2)3 ,

where the subscripts above denote nucleon bilinears one and two. Previously, the

relative sizes of the classes have been estimated through phenomenological consid-

erations and meson exchange models [164, 179, 180]. The hierarchy based on their

observations is that Class (I) > Class (II) > Class (III) > Class (IV).

The operators derived in Sec. 4.5.1 fall into the categories

(I) O1,1, O1,2 , (5.40)

(II) O3 , (5.41)

(III) O2 . (5.42)

The large-Nc analysis of these operators indicates that Class (I) and (II) interactions

appear at the same order in the large-Nc expansion. However, it should be noted

that these operators occur at O(e2), i.e. the operators in Class (I) here are O(e2)

corrections to the strong component of isospin symmetric interactions. Class (III)

terms are suppressed by 1/Nc relative to Classes (I) and (II). Class (IV) operators,

which are not shown explicitly, scale at most as O(N0
c ), but as noted above they only

occur in L 6= 0 partial waves. Therefore, these operators have derivatives and will be

suppressed in the ChEFT power counting. In addition, the operators in Class (IV)

in Ref. [179] are related through Fierz transformations, and are thus not independent

in the two-nucleon Lagrangian. However, it has also been discussed that the impact
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Fierz transformations on few-body calculations with local regulators is ambiguous

[181–183]. Regardless, the large-Nc hierarchy of these forces is in line with previous

estimates [164, 179, 180].

5.2.2 Large-Nc consistency of lepton number violating and

charge-independence-breaking contact terms

Here, the consistency of the approximation gNNν = 1
2 (C1 + C2) is demonstrated from

the large-Nc point of view. If these LECs were not of the same order in Nc, then the

incosistency could cast doubt on the approximation. The Lagrangian in Eq. (4.311)

can be rearranged as

LLO-in-Nc =e2
{1

2
[
2C̄1,1 + C̄12,1 − C̄3

]
Tr
(
Q̃2

+

) (
N †N

)2

+ C̄3

[(
N †σiQ̃+N

)2
− 1

6 Tr
(
Q̃2

+

) (
N †σiτaN

)2
]}

,

(5.43)

where the second term proportional to C̄3 is now a symmetric traceless isotensor. The

included trace term appears at the same order in the large-Nc expansion. This rear-

rangement also modifies the NLO-in-Nc Lagrangian in Eq.(4.312) so that it becomes

LNLO-in-Nc = e2
{1

2
[
2C̄1,1 − C̄12,1 − C̄6

]
Tr
(
Q̃2
−

) (
N †N

)2
+ C̄2

(
N †N

) (
N †Q̃+N

)
+ C̄6

[(
N †σiQ̃−N

)2
− 1

6 Tr
(
Q̃2
−

) (
N †σiτaN

)2
]}

.

(5.44)

Again, the third term is a symmetric traceless isotensor. Both of the isotensor terms

can be rewritten through Fierz transformations,

L∆I=2
LO-in-Nc = −3e2C̄3

[(
N †Q̃+N

)2
− 1

6 Tr
(
Q̃2

+

) (
N †τaN

)2
]
, (5.45)

L∆I=2
NLO-in-Nc = −3e2C̄6

[(
N †Q̃−N

)2
− 1

6 Tr
(
Q̃2
−

) (
N †τaN

)2
]
. (5.46)

The Lagrangian of Eq. (5.38) can be written as

LNNCIB = e2

2

{
(C1 + C2)

[(
N †Q̃+N

)2
− 1

6 Tr
(
Q̃2

+

) (
N †τaN

)2
]
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+ (C1 − C2)
[(
N †Q̃−N

)2
− 1

6 Tr
(
Q̃2
−

) (
N †τaN

)2
]}

. (5.47)

Direct comparison with Eqs. (5.45) and (5.46) shows that

1
2 (C1 + C2) = −3C̄3 , (5.48)
1
2 (C1 − C2) = −3C̄6 , (5.49)

which demonstrates that C1 + C2 ∼ Nc and C1 − C2 ∼ O(1), i.e. the difference of the

two LECs is 1/Nc suppressed relative to the sum. This implies that C1 and C2 are of

the same size and sign. This conclusion is easier to see if we invert Eqs. (5.48) and

(5.49),

C1 = −3C̄3 − 3C̄6 = −3C̄3 [1 +O(1/Nc)] , (5.50)

C2 = −3C̄3 + 3C̄6 = −3C̄3 [1 +O(1/Nc)] . (5.51)

Recall that gNNν is O(Nc) as shown in Sec. 4.5.2. Thus, C1 = C2 up to 30% corrections,

which supports the assumption of Ref. [161] that gNNν ≈ 1
2(C1 + C2).

As previously mentioned, Refs. [174, 175] present a method analogous to the

Cottingham formula [176, 177] to determine C1 or equivalently gNNν . This paragraph

recapitulates the results of these references. First, dimensionless couplings are defined

as

C̃i =
(
mN

4π C
)2
Ci , (5.52)

where C = C0 in EFTπ/ and C = C0 + g2
A

4πF 2 in ChEFT and i = 1, 2. The CIB

LECs, which depend on the renormalization scheme, are then determined in minimal

subtraction at µ = mπ,

C̃1(µ = mπ) = 1.3(6) , (5.53)(
C̃1 + C̃2

)
(µ = mπ) = 2.9(1.2) . (5.54)
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Now, if only the central values of the LECs are considered, then C̃1 (µ = mπ) = 1.3

and C̃2 = 1.6. Then the ratio of the LECs is

C̃1

C̃2
≈ 0.81 , (5.55)

which is within 30% corrections of 1 and in line with the large-Nc prediction. However,

it should be noted that these LECs have different RG runnings [161], so there is the

potential that this relationship is violated for different choices of the subtraction point

µ. Although, it is possible that RG running of this ratio is mild.

5.3 Dark Matter Direct Detection

The detection of dark matter constitutes a major experimental effort in searches

for Beyond the Standard Model physics. Direct detection experiments, which mea-

sure the recoil of nuclei ranging from fluorine to xenon, are able to provide some of

the most sensitive constraints on dark matter candidates (see, e.g., Refs. [184–194]).

Therefore, it is imperative to obtain a clear theoretical picture of the interactions

involved in the nuclear matrix elements and the impact on cross sections. While the

most stringent constraints on the dark matter-nucleon cross section are from these

underground direct detection experiments, cosmological constraints obtained from a

variety of sources are maturing rapidly [195–200]. The cosmological constraints aim

to obtain constraints on the dark matter-proton cross section directly without em-

ploying larger nuclei. Recently, Ref. [201] emphasized that extra care is needed when

comparing the limits obtained from different sources based on assumptions regarding

the scaling of a cross section with the mass number A. There it was also suggested

that detectors employing light nuclei can be of some utility. Additionally, the use of

helium isotopes as direct detection targets has been proposed in several other works

[202–206].
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Several EFT studies in this vein have been conducted in chiral EFT [207–215],

a nonrelativistic EFT for the nucleus as a whole [216], and a nonrelativistic EFT

for single nucleons [217, 218]. For elastic dark-matter scattering off of light nuclei,

the momentum transfer has an upper bound of a few MeV for light nuclei; therefore,

EFTπ/ should be ideal for these systems. An advantage of this approach is that it has a

well understood power counting in few-nucleon systems and it allows for calculations

involving the deuteron to be performed analytically [71]. Additionally, two-nucleon

currents in chiral EFT studies are generally suppressed in the EFT power counting.

However, it has been pointed out throughout this text that two-nucleon currents that

connect two S-wave states typically occur at next-to-leading order (NLO) with an

infrared enhancement [51] and can therefore have a sizeable impact.

The basis of operators in EFTπ/ is similar to the basis found in Ref. [217], and the

operators are distinguished by being either WIMP spin independent (SI) or spin de-

pendent (SD). In EFTπ/, the LO contributions consist of single-nucleon zero-derivative

currents coupled to the external dark matter current. The WIMP current consists of

bilinears of the form χ†Γχ, where Γ = 1 for a spin-0 particle and Γ = 1 or σi for a

spin-1/2 particle. Therefore, the single-nucleon Lagrangian is

L(PT )
χN = C

(PT )
1,χN

(
N †N

) (
χ†χ

)
+ C

(PT )
2,χN

(
N †σiτ 3N

) (
χ†σiχ

)
+ C

(PT )
3,χN

(
N †σiN

) (
χ†σiχ

)
+ C

(PT )
4,χN

(
N †τ 3N

) (
χ†χ

)
. (5.56)

The superscript on the left hand side of Eq. (5.56) indicates that this portion of the

Lagrangian is invariant under parity and time-reversal separately. This Lagrangian

corresponds to those from Eqs. (4.143), (4.214), and (4.216) with S = χ†χ and
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Ai = χ†σiχ, and with the LECs replaced according to

π/g
(s)
S → C

(PT )
1,χN ,

π/g
(v)
Ai → C

(PT )
2,χN ,

π/g
(s)
Ai → C

(PT )
3,χN ,

π/g
(v)
S → C

(PT )
4,χN .

(5.57)

Recall the large-Nc scalings of the LECs

C
(PT )
1,χN , C

(PT )
2,χN ∼ O(Nc) , (5.58)

C
(PT )
3,χN , C

(PT )
4,χN ∼ O(1) , (5.59)

At NLO in the single-nucleon sector, there are /PT and /P /T operators containing

one derivative. These operators will consist of a product of a nucleon axial current

with a dark matter vector current and other similar combinations. As discussed

at the end of Sec. 2.2.3, Galilean invariance or invariance under infinitesimal Lorentz

transformations restricts the operators to appear in certain linear combinations, some

of which will contain inverse factors of mN or mχ [86, 218]. The /PT component of

the Lagrangian is

L(/PT )
χN = C

(/PT )
5,χN ε

ijk∇j
(
N †σkτ 3N

) (
χ†σiχ

)
+ C

(/PT )
6,χN ε

ijk∇j
(
N †σkN

) (
χ†σiχ

)
+ iC

(/PT )
7,χN

[
1

2mN

(
N †
↔
∇
i

σiτ 3N

)(
χ†χ

)
+ 1

2mχ

(
N †σiτ 3N

)(
χ†
↔
∇
i

χ

)]

+ iC
(/PT )
8,χN

[
1

2mN

(
N †
↔
∇
i

N

)(
χ†σiχ

)
+ 1

2mχ

(
N †N

)(
χ†
↔
∇
i

σiχ

)]

+ iC
(/PT )
9,χN

[
1

2mN

(
N †
↔
∇
i

σiN

)(
χ†χ

)
+ 1

2mχ

(
N †σiN

)(
χ†
↔
∇
i

χ

)]

+ iC
(/PT )
10,χN

[
1

2mN

(
N †
↔
∇
i

τ 3N

)(
χ†σiχ

)
+ 1

2mχ

(
N †τ 3N

)(
χ†
↔
∇
i

σiχ

)]
, (5.60)

where the LECs scale as

C
(/PT )
5,χN ∼ O(Nc) , (5.61)

C
(/PT )
8,χN , C

(/PT )
7,χN ∼ O(1) +O

(
Nc

mχ

)
, (5.62)

101



C
(/PT )
6,χN ∼ O(1) , (5.63)

C
(/PT )
9,χN , C

(/PT )
10,χN ∼ O

( 1
Nc

)
+O

(
1
mχ

)
. (5.64)

The /P /T component of the Lagrangian is

L/P /TχN = C
(/P /T )
11,χN∇i

(
N †σiτ 3N

) (
χ†χ

)
+ C

(/P /T )
12,χN∇i

(
N †N

) (
χ†σiχ

)
+ C

(/P /T )
13,χN∇i

(
N †τ 3N

) (
χ†σiχ

)
+ C

(/P /T )
14,χN∇i

(
N †σiN

) (
χ†χ

)
+ iεijkC

(/P /T )
15,χN

[
1

2mN

(
N †
↔
∇
j

σkτ 3N

)(
χ†σiχ

)
+ 1

2mχ

(
N †σkτ 3N

)(
χ†
↔
∇
j

σiχ

)]

+ iεijkC
(/P /T )
16,χN

[
1

2mN

(
N †
↔
∇
j

σkN

)(
χ†σiχ

)
+ 1

2mχ

(
N †σkN

)(
χ†
↔
∇
j

σiχ

)]
,

(5.65)

where the LECs scale as

C
(/P /T )
11,χN , C

(/P /T )
12,χN ∼ O(Nc) , (5.66)

C
(/P /T )
15,χN ∼ O(1) +O

(
Nc

mχ

)
, (5.67)

C
(/P /T )
13,χN , C

(/P /T )
14,χN ∼ O(1) , (5.68)

C
(/P /T )
16,χN ∼ O(1/Nc) +O

(
1
mχ

)
. (5.69)

In principle, two-nucleon currents can also contribute at NLO. The leading two-

nucleon currents will have no derivatives and can be found in Secs. 4.2 and 4.4,

LχNN = C
(s)
1,χNN

(
χ†χ

) (
N †N

) (
N †N

)
+ C

(s)
2,χNN

(
χ†χ

) (
N †σiN

) (
N †σiN

)
+ C

(s)
3,χNN

(
χ†σiχ

) (
N †σiN

) (
N †N

)
+ C

(v)
1,χNN

(
χ†χ

) (
N †τ 3N

) (
N †N

)
+ εijkε3abC

(v)
2,χNN

(
χ†σiχ

) (
N †σjτaN

) (
N †σkτ bN

)
+ C

(t)
χNN

(
χ†χ

) [(
N †σiτ 3N

) (
N †σiτ 3N

)
− 1

3
(
N †σiτaN

) (
N †σiτaN

)]
+ C

(v)
3,χNNε

ijk
(
χ†σiχ

) (
N †σjτ 3N

) (
N †σkN

)
. (5.70)

All of the operators except for the last term are invariant under both parity and

time-reversal; the last term violates time-reversal-invariance but respects parity. In
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the partial wave basis this is

LχNN = 2
(
C

(s)
1,χNN + C

(s)
2,χNN

) (
χ†χ

) [(
NTP iN

)† (
NTP iN

)]
+ 2

(
C

(s)
1,χNN − 3C(s)

2,χNN

) (
χ†χ

) [(
NT P̄ aN

)† (
NT P̄ aN

)]
+ 12C(t)

1,χNN

(
χ†χ

) [(
NT P̄ 3N

)† (
NT P̄ 3N

)
− 1

3
(
NT P̄ aN

)† (
NT P̄ aN

)]
+ 8C(v)

1,χNN

(
χ†σiχ

) [(
NT P̄ 3N

)† (
NTP iN

)
+ H.c.

]
− 2iεijkC(s)

3,χNN

(
χ†σiχ

) (
NTP jN

)† (
NTP kN

)
− 2iε3abC(v)

1,χNN

(
χ†χ

) (
NT P̄ iN

)† (
NT P̄ bN

)
+ 4

(
χ†σiχ

)
C

(v)
3,χNN

[
i
(
NTP iN

)† (
NT P̄ aN

)
+ H.c

]
. (5.71)

The first two terms differ only at O(1/N2
c ); therefore, the SI isoscalar dark matter-

two-nucleon interaction has the same strength at LO in the large-Nc expansion for

two nucleons combined in both the 1S0 and 3S1 states.

Before presenting the results for nucleons and the deuteron, it is useful to briefly

review the formalism for the dark matter-nucleus cross section. The differential cross

section for dark matter scattering off of a nucleus initially at rest is related to the

scattering amplitudeM through

dσ

dER
= 1

32πm2
χmTv2

χ

|M|2 , (5.72)

where ER is the recoil energy, mT is the mass of the target nucleus, and vχ is the dark

matter velocity in the lab frame. Since we take the nucleus to be at rest initially, the

recoil energy can be expressed as ER = q2/2mT , where q is the momentum transfer.

Alternatively, the differential cross section can be expressed in terms of SI and SD

components as
dσ

dER
= mT

2m2
rv

2
χ

[
σSI0 F

2
SI (ER) + σSD0 F 2

SD (ER)
]
, (5.73)

where mr is the dark matter-nucleus reduced mass, σSI (SD)
0 is the total SI (SD) cross

section at zero momentum transfer, and F 2
SI (SD) (ER) is the SI (SD) nuclear form
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factor. Equating the left hand sides of Eqs. (5.72) and (5.73) leads to

|M|2 = 16π (mT +mχ)2
[
σSI0 F

2
SI (ER) + σSD0 F 2

SD (ER)
]
. (5.74)

Therefore, the calculation of the amplitude facilitates the calculation of either the

differential cross section or the form factors. In the following, we calculate the un-

polarized cross sections; thus, the amplitude in Eqs. (5.72) and (5.74) should also

include the average over incoming spins and the sum over outgoing spins.

Consider an incoming (outgoing) nucleon with spin ν (µ), isospin b (a), and mo-

mentum p = 0 (p′ = q) and an incoming (outgoing) dark matter particle with spin

r (s) and momentum k (k′). At leading order in the EFTπ/ expansion, the ampli-

tude only receives contributions from Eq. (5.56). The unpolarized amplitude can be

expressed as

1
4
∑
spins
|M|2 = 16m2

Nm
2
χ

[(
C

(PT )
1,χN ± C

(PT )
4,χN

)2
+ 3

(
C

(PT )
2,χN ± C

(PT )
3,χN

)2
]
, (5.75)

where the upper signs corresponds to proton-dark matter scattering and lower signs

correspond to neutron-dark matter scattering. Additionally, the first term con-

tains the SI interactions while the second term contains the SD interactions. From

Eq. (5.74), we find

(
C

(PT )
1,χN ± C

(PT )
4,χN

)2
= π

m2
χN

σSI0, p/nF
2
SI, p/n(q2) , (5.76)

(
C

(PT )
2,χN ± C

(PT )
3,χN

)2
= π

3m2
χN

σSD0, p/nF
2
SD, p/n(q2) , (5.77)

where mχN is the dark matter-nucleon reduced mass. As q2 → 0, the form factors

approach one. Additionally, the higher order terms introduce explicit momentum

dependence and will vanish in this limit. Therefore, at q2 = 0 we have

(
C

(PT )
1,χN ± C

(PT )
4,χN

)2
= π

m2
χN

σSI0, p/n , (5.78)

(
C

(PT )
2,χN ± C

(PT )
3,χN

)2
= π

3m2
χN

σSD0, p/n , (5.79)
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which is exact. Therefore, at LO-in-Nc the ratio of the cross sections is

σSI0,N

σSD0,N
= 1

3


C

(PT )
1,χN

(
1± C

(PT )
4,χN

C1,χN

)

C
(PT )
2,χN

(
1± C

(PT )
3,χN

C
(PT )
2,χN

)


2

≈ 1
3

C(PT )
1,χN

C
(PT )
2,χN

2

∼ 1
3 , (5.80)

for all proton and neutron combinations if both C(PT )
1,χN and C(PT )

2,χN are considered to be

of natural size apart from their Nc scalings. We expect this ratio to receive roughly

30% corrections at NLO in the large-Nc expansion.

This result stands in contrast with the relative sizes of the cross section bounds

from direct detection experiments (see for example Refs. [187–189]). However, draw-

ing a clear comparison between this result and the experimental analyses is not

straightforward due to the different assumptions involved in the analyses. For ex-

ample, many analyses place constraints on the SD cross section by considering either

proton only interactions or neutron only interactions, but the proton and neutron

couplings at LO in the large-Nc expansion are equal and opposite again up to 30%

corrections.

On one hand, despite the assumptions in SD analyses, the assumption in direct

detection analyses that the SI interaction is isoscalar is not inconsistent with the

LO-in-Nc cross section. Thus, a LO-in-Nc upper bound of
∣∣∣C(PT )

1,χN

∣∣∣
LO-in-Nc

can be de-

termined from the zero momentum transfer cross section in, e.g., Ref. [189]. However,

on the other hand, there are “xenonphobic” scenarios for isospin violating dark mat-

ter, where the canonical ratio of the couplings is |Ci,χn/Ci,χp| ≈ 0.7 [219–222]. In this

case, the ratio of the couplings in the isospin basis is within the large-Nc bounds,

but these scenarios require more stringent analyses of the experimental data. For

instance, Ref. [219] examined the relief that isospin violating dark matter can provide

for the tension between several direct detection experiments.

Before calculating the WIMP-deuteron cross section, we review the technology

developed in Ref. [71] for calculating amplitudes involving the deuteron. Elements of
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=Σ + + · · ·

Figure 5.2: The irreducible two-point function. The solid lines are nucleons, the
crossed circle is the interpolating deuteron field, and the black square is the two-
nucleon C2 vertex.

Γ = +

+ + · · ·

Figure 5.3: The irreducible four point function. The double lines are dark matter,
the small black dots are vertices from the dark matter-single-nucleon Lagrangian, and
the large black dot is a vertex from the dark matter-two-nucleon Lagrangian.

the S-matrix and thus the scattering amplitude are related to correlation functions

through

〈p′,m; k′, r|S |p, n; k, s〉 = i

[
Γ(q2, Ē, Ē ′)
dΣ(Ē)/dE

]
Ē,Ē′→−B

, (5.81)

where Γ is the irreducible four-point correlation function, Σ is the irreducible two-

point function, p (p′) is the momentum of the incoming (outgoing) deuteron, m (n)

is the polarization of the incoming (outgoing) deuteron, k (k′) is the momentum of

the incoming (outgoing) dark matter, q is the momentum transfer,and s (r) is the

incoming (outgoing) projection of spin along the z-axis for spin-1/2 dark matter.

The relevant Feynman diagrams can be found in Figs. 5.2 and 5.3. The two-nucleon

center-of-mass energy Ē is given by

Ē = E − p2

4mN

, (5.82)

where the energy of each nucleon is E/2. An analogous relationship holds for the

energy of the outgoing deuteron E ′.
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The functions Σ and Γ are expanded in powers of Q,

Σ
(
Ē
)

=
∑
n=1

Σ(n)
(
Ē
)
, (5.83)

Γ
(
q2, Ē, Ē ′

)
=

∑
n=−1

Γ(n)
(
q2, Ē, Ē ′

)
, (5.84)

where n denotes the order in Q of each term. Since d/dĒ ∼ Q−2, the derivative of

the two-point function begins at dΣ(Ē)/dĒ ∼ Q−1. In PDS, the functions for Σ1 and

Σ2 are

Σ(1)(Ē) = −imN

4π

(
µ−

√
−mN Ē − iε

)
, (5.85)

Σ(2)(Ē) = −iC2mN ĒΣ2
(1)(Ē) . (5.86)

To NLO, Eq. (5.81) will be

〈p′,m; k′, r|S |p, n; k, s〉 = i

 Γ(−1)

dΣ(1)/dĒ
+

Γ(0)
(
dΣ1/dĒ

)
− Γ(−1)

(
dΣ(2)/dĒ

)
(
dΣ(1)/dĒ

)2

 .
(5.87)

Thus, the LO contributions come from the isoscalar operators in Eq. (5.56) dressed

by C0 vertices. At NLO, there are contributions from two-derivative two-nucleon

operators with an insertion of the single-nucleon currents in Eq. (5.56), from the dark

matter-two-nucleon contact terms in Eq. (5.70) or equivalently (5.71), and from the

symmetry violating terms in Eqs. (5.60) and (5.65); although, the last contributions

are not considered in this work. For the two-nucleon currents, we are only interested

in the terms that connect 3S1 states.

Now, we must calculate the contributions from the irreducible four-point diagrams.

At LO, we find

Γ(−1)(q2, E, E ′) = −m
2
N

πq

[
iδrsδmnC1,χN + σirsε

imnC3,χN
]

tan−1
(
q

4γ

)
. (5.88)

The one-body contributions at NLO are

Γ(0),1b = − 2m3
N

(4π)2C2
(
iC1,χNδ

mnδrs + C3,χNε
imnσirs

)
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× (µ− γ)
[
µ− γ − 4γ2

q
tan−1

(
q

4γ

)]
. (5.89)

Additionally, there are contributions from two-body currents, which yield

Γ(0),2b = −
(
mN

4π

)2
(µ− γ)2

[
−2i

(
C

(s)
1,χNN + C

(s)
2,χNN

)
δmnδrs − 2εimnC(s)

3,χNNσ
i
rs

]
.

(5.90)

Thus, at NLO the connected S-matrix elements, and therefore the amplitude, is given

by

iM = 4mdmχ

{
8γ
q

tan−1
(
q

4γ

) [
iδrsδmnC

(PT )
1,χN + σirsε

imnC
(PT )
3,χN

]
+ mγ

π
C2
[
iδrsδmnC

(PT )
1,χN + σirsε

imnC
(PT )
3,χN

]
(µ− γ)2

[
1− 4γ

q
tan−1

(
q

4γ

)]

−γ
π

(µ− γ)2
[
i
(
C

(s)
1,χNN + C

(s)
2,χNN

)
δmnδrs + εimnC

(s)
3,χNNσ

i
rs

]}
. (5.91)

The µ dependence of the dark matter-two-nucleon couplings is determined by requir-

ing the amplitude to be renormalization group invariant. Because the first two terms

in the amplitude are already invariant, the third term should separately be invariant,

so (
C

(s)
1,χNN + C

(s)
2,χNN

)
, C

(s)
3,χNN ∝ (µ− γ)−2 . (5.92)

Therefore, the familiar infrared enhancement occurs when µ ∼ Q, and although it

is likely that there is another scale in the problem on the order of the mass of a

mediator, this scaling is assumed to justify the inclusion of the two-body current at

NLO in this work. It has been discussed that large-Nc constraints for two-nucleon

contact terms conflict with the renormalization group for µ < mπ [45]. However, in

analogy to two-nucleon magnetic and axial couplings, the RG running of the ratio

of the SI and SD couplings should be fairly mild because they individually have the

same running. Again, it is possible that these constraints could be obscured through

the inclusion of another momentum scale.
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Averaging over initial spins and summing over final spins in the squared amplitude

yields

1
6
∑
spins
|M|2 = 16m2

dm
2
χ

{[
2C(PT )

1,χN

(
4γ
q

tan−1
(
q

4γ

)
+ mNγ

2π C2 (µ− γ)2

−2mNγ
2

πq
C2 (µ− γ)2 tan−1

(
q

4γ

))
− γ

π
(µ− γ)2

(
C

(s)
1,χNN + C

(s)
2,χNN

)]2

+ 2
[
2C(PT )

3,χN

(
4γ
q

tan−1
(
q

4γ

)
+ mNγ

2π C2 (µ− γ)2

−2mNγ
2

πq
C2 (µ− γ)2 tan−1

(
q

4γ

))
− γ

π
(µ− γ)2C

(s)
3,χNN

]2
 . (5.93)

Therefore, the cross sections in the limit q2 → 0 are

σSI0,d =
m2
χd

π

[
2C(PT )

1,χN −
γ

π
(µ− γ)2

(
C

(s)
1,χNN + C

(s)
2,χNN

)]2
, (5.94)

σSD0,d =
2m2

χd

π

[
2C(PT )

3,χN −
γ

π
(µ− γ)2C

(s)
3,χNN

]2
, (5.95)

where mχd the dark matter-deuteron reduced mass while the form factors at LO are

given by

FSI (q) = FSD (q) = 4γ
q

tan−1
(
q

4γ

)
. (5.96)

In the SI cross section, the two-body contributions are of the same order in the

large-Nc expansion as the one-body contribution, i.e., they are both O(Nc). The one-

body and two-body contributions to the SD cross section are also of the same order

in Nc, but they are both O(1). Therefore, if we only retain the LO terms in both the

EFTπ/ power counting and the large-Nc expansion, then the ratio of the cross sections

at LO-in-Nc is
σSD0,d

σSI0,d
=

2C(PT )2
3,χN

C
(PT )2
1,χN

∼ 2
N2
c

, (5.97)

and this is expected to receive O(1/N2
c ) corrections. Additionally, the ratio of the SI

deuteron-WIMP cross section to the corresponding nucleon-WIMP cross section at

leading order in both the combined EFT and large-Nc expansion is

σSI0,d

σSI0,N
=

4m2
χd

m2
χN

= 4m2
d

m2
N

(
mN +mχ

md +mχ

)2

. (5.98)
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Thus, the deuteron-WIMP SI cross section is fixed with respect toNc, but it is roughly

an order of magnitude greater than the nucleon-WIMP SI cross section due to the

deuteron mass. The ratio of the SD cross sections is

σSD0,d

σSD0,N
=

8m2
χd

3m2
χN

1(
1± C

(PT )
2,χN

C
(PT )
3,χN

)2 . (5.99)

Therefore, the SD cross section for the deuteron is O(1/N2
c ) suppressed relative to the

corresponding nucleon cross section. However, at the physical value Nc = 3, the other

factors yield roughly O(N3
c ). Thus, this suppression should not be over interpreted,

but rather it should be seen as a general trend due to the spin and isospin structure

of the interactions.
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Chapter 6

Conclusion

In this work, a general set of two-nucleon contact currents relevant for EFTπ/ and

ChEFT has been derived. The undetermined LECs that attend each current have

been constrained using the emergent SU(4) spin-flavor symmetry in the large-Nc limit

of QCD. Targeted applications of these constraints to electroweak currents, lepton

number violation, isospin breaking, and dark matter direct detection have also been

explored.

In the electroweak application, a partial explanation of the suppression of the

two-nucleon magnetic isoscalar current relative to the isovector current has been pro-

vided. Specifically, the isoscalar couplings is 1/Nc suppressed relative to the isovector

coupling in the large-Nc basis. These couplings can be determined from the deuteron

magnetic moment and radiative neutron capture, respectively [63]. Ref. [63] found

that the values of the corresponding couplings in the partial wave basis differ nearly

by a factor of 50, and the isoscalar coupling is “significantly smaller than naively ex-

pected” [140]. Thus, it appears that these LECs can not be simultaneously natural,

i.e., of the same size because they occur at the same order in the power counting.

However, the 1/Nc suppressions alone is not sufficient to explain this size disparity.

Although, using Fierz transformations to change to the partial wave basis introduces

an additional factor of 8 such that the partial wave isoscalar coupling is 1/8Nc sup-

pressed relative to the isovector coupling. At the physical value Nc = 3, this ratio

is 1/24; therefore, there is still a residual factor of roughly 2 between the large-Nc

constraint and the experimental ratio that is not accounted for, but this factor can
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likely be accomodated in the naturalness assumption. This result suggests that nat-

uralness assumptions also might be basis dependent. While the analysis does not

provide a definitive prescription, it does imply that extra caution should be taken

when quantifying naturalness in, e.g., Bayesian priors.

Additionally, the renormalization group evolution of the ratio of these couplings,

shown in Fig. 5.1, is fairly stable; therefore, this constraint is possibly valid over a

wide range of subtraction points in the PDS scheme. If the running exceeded the

large-Nc estimated, then we would conclude that there is an inconsistency between

the large-Nc constraints and renormalization group constraints as was the case for

the two-derivative two-nucleon couplings in Ref. [45].

Similar constraints were obtained for a more general external axial vector field.

These couplings are relevant for processes such as neutrino-deuteron scattering, proton-

proton fusion, and tritium beta decay [136, 137, 141–145]. Using the value of the

isovector coupling L1,A from a recent lattice calculation [146], we estimated the size

of the isoscalar coupling to be L2,A ∼ 0.1625 fm3, which provides some justifica-

tion for neglecting the isoscalar term in existing calculations [136, 137]. Also, these

constraints are not inconsistent with recent results that match finite volume EFTπ/

calculations to lattice data [147]. However, this comparison is only qualitative as the

lattice data only restricts the EFTπ/ LECs to a region of allowed values.

In regards to lepton number violation and charge independence breaking, the

light Majorana exchange mechanism for neutrinoless double beta decay requires the

inclusion of a contact term proportional to gNNν at LO in both EFTπ/ and ChEFT

for renormalization [160, 161]. The requirement to include this term at LO can

potentially have a strong impact on the calculations of the nuclear matrix elements

relevant for neutrinoless double beta decay, but the coefficient is not determined by

data and there is not yet a lattice calculation. This contact term is, however, related

to charge-independence-breaking in the two-nucleon force via chiral symmetry [159–
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161], but there are two independent CIB terms proportional to C1 and C2, and chiral

symmetry dictates that gNNν = C1. The sum of the LECs can be determined by

two-nucleon scattering data while the difference is sensitive to two-nucleon-multi-

pion interactions and it is currently inaccessible. Therefore, it is not possible yet to

disentangle the C1 and C2. In order to estimate the impact of this contact term on the

matrix elements of various nuclei, Ref. [161] made the assumption gNNν = 1
2 (C1 + C2),

i.e., C1 and C2 are of the same size and sign. Here, this assumption has been justified

from the large-Nc perspective. Recently, the relative sizes of the LECs predicted by

the large-Nc expansion have been corroborated by Refs. [174, 175].

As a byproduct of this study, a large-Nc hierarchy of charge symmetry breaking

of the nuclear force emerges. In particular, charge symmetric forces and CIB forces

are O(Nc) while CSB forces are at most O(1). It is important to note that the charge

symmetric forces considered here are O(e2) corrections to the strong component of

the nuclear force. Regardless, the hierarchy in this thesis is in agreement with phe-

nomenological estimates [164, 179, 180].

Lastly, the large-Nc constraints for one- and two-nucleon currents have been used

to analyze dark matter-nucleon and dark matter-deuteron elastic scattering. In the

absence of conclusive data, these constraints can hopefully provide some theoretical

input for experimental analyses. Specifically, the constraints on the couplings of the

currents to dark matter can be translated into constraints on the dark matter spin

independent and spin dependent cross sections at zero momentum transfer. At LO

in the large-Nc expansion, the dark matter-single-nucleon coupling is isoscalar while

isovector contributions are expected to be 1/Nc suppressed. Thus, if one only con-

siders the LO contributions, then the assumption of several analyses that the dark

matter-nucleon coupling is isoscalar is a reasonable approximation up to 30% cor-

rections. However, when the subleading isovector terms are incorporated, the ratios

of the neutron and proton couplings fall within xenonphobic scenarios in which po-
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tential signals for xenon-based detectors are severely suppressed. These xenonphobic

scenarios have also been shown to relieve the tension between different detection ex-

periments [219]. Therefore, it is imperative that additional experiments be done,

potentially with lighter nuclei [201], and the large-Nc constraints contained in this

work can be used to constrain the relative sizes of the parameter space. An interesting

extension of this study would be to examine the impact of the large-Nc constraints

for 4He in light of recent proposals for its use as direct detection target.

While this analysis is quite general, and it is carried out at the level of the La-

grangian without reference to any particular nucleus, there are open questions regard-

ing large-Nc techniques that should be addressed. First, it is well known and pointed

out in Ch. 3 that the ∆ resonance is degenerate with the nucleons as Nc → ∞ and

plays an important role in baryon-pion scattering as well as meson-exchange models

of the two-nucleon interaction. The inclusion of the ∆ in 1S0 NN scattering in EFTπ/

began in Ref. [223], but large-Nc studies of the NN interaction without the ∆ do not

contradict available data [38, 39, 45]. Including the ∆ in large-Nc χPT and ChEFT

is also a delicate issue because some quantities depend on the ratio δ/mπ, where δ is

the nucleon-∆ mass splitting. Therefore, these quantities are sensitive to the order

in which the chiral and large-Nc limits are taken. Despite these issues, the scalings of

the LECs in Ch. 4 do not change; however, including the ∆ could impact the scaling

of the observables calculated in the EFT.

Second, the binding energy per nucleon in nuclear matter is predicted to be on

the order of mN ∼ O(Nc) in Skyrme models, but the observed binding energies

are typically on the order of a few MeV. This calls into question the applicability

of the large-Nc expansion in nuclear matter. Again, however, the analysis in this

dissertation is performed in the general context of the spin-flavor structure of the

Lagrangian; therefore, we do not expect this question to impact these results. Also,

similar large-Nc analyses have been shown to be consistent with NN scattering data
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[38, 39, 45] as well as Wigner SU(4) symmetry and beta decays of some medium-mass

nuclei [38].

Third, there is currently no systematic framework for determining the large-Nc

scaling of couplings in the dibaryon formulation of EFTπ/ without matching to the

theory without dibaryons as done in Refs. [44, 128]. Because of the dibaryon’s util-

ity, especially in three-body processes, the development of such a framework could

streamline the study of large-Nc techniques for three- and higher-body systems. While

this is not a high priority question, a solution would be beneficial.

In principle, the couplings in this work can be determined through lattice QCD

calculations. Hopefully, the large-Nc constraints presented here can provide some

guidance and priorities to lattice extractions of LECs. Also, these currents can be

included in many-body calculations for heavier nuclei; therefore, the combined large-

Nc and EFT expansion can produce a large-Nc hierarchy of currents at each order

in the EFT power counting such that the computational input can be reduced up

to a given order. Finally, further studies of the combinded expansion for additional

BSM processes will be useful in order to provide theoretical constraints for novel BSM

searches.
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Appendix A

Fierz Transformations

Throughout this work, Fierz transformations are frequently employed. There are

two sets of transformations: a set of transformations that eliminates redundancies

of operators in the large-Nc basis and a set of transformations that carries these

operators into the partial wave basis. The first set of transformations is

δabσ
i
cd = 1

2
[
σiadδcb + δadσ

i
cb + iεijkσjadσ

k
cb

]
, (A.1)

σiabδcd = 1
2
[
σiadδcb + δadσ

i
cb − iεijkσ

j
adσ

k
cb

]
, (A.2)

σjabσ
k
cd = 1

2
[
σjadσ

k
cb + σkadσ

j
cb + δjkδadδcb − δjkσladσlcb + iεjklσladδcb − iεjklδadσlcb

]
, (A.3)

δabδcd = 1
2
[
δadδcb + σjadσ

j
cb

]
. (A.4)

The Fierz transformation in order to change to the partial wave basis are

δabδcd = −1
2σ

2
acσ

2
bd + 1

2
(
σiσ2

)
ac

(
σ2σi

)
bd
, (A.5)

σiabδad = 1
2σ

2
ac

(
σ2σi

)
bd
− 1

2
(
σiσ2

)
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σ2
bd −

i

2ε
ijk
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(A.6)
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+ 1
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, (A.7)
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2δ
ijσ2

acσ
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bd

+ i
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[
σ2
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(
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)
bd

+
(
σkσ2

)
ac
σ2
bd

]
. (A.8)

These relations also hold for isospin Pauli matrices. After using these transformations

for the spin-isospin structure of a two-nucleon operator, an overall sign change needs

to be included to account for the anticommutators of the nucleon fields.
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