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ABSTRACT

This dissertation considers three different topics. In the first part of the disser-
tation, we show for an integer b > 2 that if a polynomial f(z) with non-negative
integer coefficients is such that f(b) is prime, then there are explicit bounds M;(b),
M,(b), and M3(b) such that if the coefficients of f(x) are each < M;j(b), then f(x) is
irreducible; if the coefficients of f(z) are each < My(b) and f(x) is reducible, then it
is divisible by the shifted cyclotomic polynomial ®3(z—b) for 3 < b < 5, and divisible
by ®4(z — b) for b > 5; and if the coefficients of f(x) are each < Mj3(b) and f(z) is
reducible, then it is divisible by at least one of ®3(z —b) and ®4(x —b). Furthermore,
if b > 69 and the coefficients of f(x) are each < My(b), then f(z) is either irreducible
or divisible by at least one of ®3(z —b), ®4(z — b), and Pg(x — b).

In the second part of the dissertation, we show that there are only finitely many
values of ¢ such that the truncated binomial polynomial of degree 6,

6 /4\
Go,t(7) = Z ()fﬂ
i=0 \J
has Galois group PG Ly(5), a transitive subgroup of Sg isomorphic to S5. When the
Galois group of the truncated binomial of degree 6 is not PG Ly(5), it has been shown
to be Sg. Additionally, we show that the truncated binomial of degree 6 is irreducible
for all values of ¢.

In the third part of the dissertation, we show that there are infinitely many com-
posite numbers, N, with the property that inserting a digit between any two digits in
base 10 of N, including between any two of the infinitely many leading zeros and to
the right of N, always results in a composite number. We show that the same result

holds for bases b € {2,3,---,8,9,11,31}.
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CHAPTER 1

INTRODUCTION

In this dissertation, we explore two main topics pertaining to number theory;
polynomial irreducibility and digit insertions. This introduction is therefore split
into three sections, two of which pertain to polynomial irreducibility and one on digit
insertions. The proofs that follow in the dissertation are split into three chapters based
on the first three sections in the introduction. A fourth section of the introduction

lists several results which the author helped to establish.

1.1 IRREDUCIBILITY CRITERIA FOR POLYNOMIALS WITH PRIME VALUES

If d,d,_1...didy is the decimal representation of a prime, then a result of A.

Cohn [28] asserts that
f(2) =dpa™ +dp 2" 4+ dyx + do

is irreducible over the integers. If we generalize this setting and view f(z) as a
polynomial with non-negative integer coefficients with f(10) prime, a few questions
arise. Does the irreducibility of f(x) depend on the coefficients being less than 107
Can we find a degree n so that if f(x) has degree less than n, then f(z) is irreducible?
Is the base 10 special, or do similar results hold when 10 is replaced by a different
base b > 27

Some answers to these questions can be found in the literature. The result of Cohn
has been extended to all bases b > 2 by J. Brillhart, M. Filaseta, and A. Odlyzko

in [2]. In [9], M. Filaseta extended this to base b representations of kp where k is



a positive integer less than b and p is a prime, and M. R. Murty [30] has obtained
an analog in function fields over finite fields. Furthermore, [2] allows the coefficients
d; in Cohn’s theorem to satisfy 0 < d; < 167 rather than 0 < d; < 9; and later
M. Filaseta [10] showed that the d; need only satisfy 0 < d; < 10%°d,,, and further
that simply d; > 0 suffices if n < 31.

Recent work by M. Filaseta and S. Gross [12] extended this last line of investigation
even further. They showed that if f(z) is a polynomial with non-negative coefficients
bounded above by

49598666989151226098104244512918

and f(10) is prime, then f(z) is irreducible over Z. They also showed that if the

coefficients are instead bounded above by
8592444743529135815769545955936773,

then f(x) is either irreducible over Z[z] or divisible by x? — 20z + 101. Furthermore,
they showed that these values are sharp, in that they exhibited polynomials having
non-negative integer coefficients with f(10) prime and maximum coefficient one more
than each of these numbers where in each case the polynomial factors in Z[x] and in
the latter case is divisible by z2 — 19z + 91.

In [4], M. Cole, S. Dunn, and M. Filaseta extended these results and exhibited
bounds M (b) such that if the coefficients of f(z) are bounded above by M;(b) and
f(b) is prime for an integer b € [2, 20|, then f(x) is irreducible in Z[z]. They also found
bounds M;(b) such that if the coefficients of f(z) are bounded above by Ms(b) and
f(b) is prime for 3 < b < 5, then f(x) is either irreducible or divisible by ®3(x — b),
where ®,(r) is the n'® cyclotomic polynomial. Similarly, if 6 < b < 20, and the
coefficients of f(x) are bounded above by My(b), then f(x) is either irreducible or
divisible by ®4(z — b). Furthermore, they established that the upper bounds M;(b)

are sharp for 3 < b < 20, and that the upper bounds M;(b) are sharp for 4 < b < 20.



Our main goal for this portion of the dissertation is to extend the results in [4]
to all integers b > 2. We rely heavily on the basic techniques established in both
[12] and [4], though some care is needed to handle the generality to all b > 2. We

establish the following due to M. Filaseta, J. Foster, J. Southwick, and the author.

Theorem 1.1. Let b € Z with b > 2. Let f(x) be a polynomial with non-negative

integer coefficients and f(b) prime. Let ®,(x) be the n'* cyclotomic polynomial and
T

d D=Dy=|——F—
cfine ’ Ltrctan (1/b)

J. Then the following hold.

e Forb> b5, define My(b) = max (Ml(l)(b), Ml(z)(b)) where

<k<
and
M(2) b _ D -1 bD—Qk:—Z -1 k b? o 2b 9
o<k<=1

o~ N

If each coefficient of f(x) is less than or equal to My(b), then f(x) is irreducible.

e There exists a similarly explicit bound, Ms(b), such that if the coefficients of
f(x) are less than or equal to My(b) and f(x) is reducible, then f(x) is divisible
by ®3(x —b) if 3 < b <5, and divisible by P4(x —b) if b > 5.

e Forb > 2, there exists a similarly explicit bound, Ms(b), such that if the coeffi-
cients of f(x) are less than or equal to M3(b) and f(x) is reducible, then f(x)

is divisible by at least one of ®3(x — b) and P4(x —b).

e Forb > 69, there exists an explicit bound, My(b), such that if the coefficients of
f(x) are less than or equal to My(b) and f(x) is reducible, then f(x) is divisible
by at least one of ®3(x —b), Py(x —b), and Pg(x —b).

Expressions for M (b), My(b), M3(b), and M,(b) are given in Chapter 2. Whereas
M. Cole, S. Dunn, and M. Filaseta were able to show for a fixed b € [4,20] N Z



that the given upper bounds are sharp, we were not able to do so for general b > 2.
However, the bounds in Theorem 1.1 agree with the prior sharp bounds obtained for
4 < b < 20, and we conjecture the bounds M (b), Ms(b), and M5(b) in Theorem 1.1
are sharp for all b > 4. Furthermore, the values M;j(b), My(b), and Mj5(b) are sharp
in another way: For n € {3,4,6}, if ®,(z — b) is a factor of f(z) and f(z) has non-
negative coefficients (and where we no longer require that f(b) is prime), then the
largest coefficient must be at least as large as M;(b), Mz(b), or M3(b), respectively,
and there is a polynomial that achieves this bound.

The proof of Theorem 1.1 is discussed in Chapter 2, noting that some of the
details that are omitted are made explicit in Joseph C Foster’s dissertation. The proof
relies heavily on the techniques established in [12] and [4]. Throughout Chapter 2,
irreducibility will refer to irreducibility in Z|x].

On the degree side of the questions, S. Gross and M. Filaseta [12] showed that
for f(x) a polynomial with non-negative coefficients with f(10) prime, if the degree
of f(x) is less than or equal to 31, then f(z) is irreducible. They also showed that if
the degree of f(x) is instead less than or equal to 34, then f(x) is reducible only in
the case that ®4(x — 10) = 2% — 20z + 101 divides f(x). They further showed that
if 34 is instead replaced by 36, then f(x) is reducible only if it is divisible by one of
O3(x — 10) and Py(z — 10).

Continuing to explore the degree of f(x), M. Cole, S. Dunn, and M. Filaseta [4]
showed that for f(z) a polynomial with non-negative coefficients such that f(b) is
prime for 2 < b < 20, there are sharp bounds D(b), D (b), and Ds(b) on the degree of
f(z) such that if f(z) has degree less than or equal to D(b), then f(z) is irreducible;
if f(z) has degree less than or equal to D;(b), then f(x) is only reducible if it is
divisible by ®4(z — b); while if f(x) has degree less than or equal to Dy(b), then f(x)
must be divisible by ®3(z — b) or ®4(x — b).



We state here an extension of the results in [4] due to M. Filaseta, J. Foster, J.
Southwick, and the author for b > 5 that integrates a similar divisibility condition

with ®g(x — b) that is joint work with .

Theorem 1.2. Fiz an integer b > 5, and for n € {3,4,6} set

™

Dy, = Dy(b) = Lﬂg(b—i—Cn)J and b=Di) = {arctan (1732)‘ .

1000(2b+1)

Let f(x) € Z[x] with non-negative coefficients and with f(b) prime. If the degree of
f(x) is < Dy, then f(x) is irreducible. Additionally, if the degree of f(x) is < D3
and f(x) is reducible, then f(z) is divisible by ®4(x —b) and not divisible by P3(z —b)
or ®g(x —b). Furthermore, in the case that b > 27, if the degree of f(z) is < Dg and
f(x) is reducible, then f(x) is divisible by either ®4(x — b) or ®3(x — b) and not by
Og(x — b). Lastly, in the case that b > 27, if the degree of f(x) is < D and f(x) is
reducible, then f(x) is divisible by ®3(x —b), Py(x — b), or $g(z — b).

The proof of Theorem 1.2 is discussed further in Jeremiah Southwick’s dissertation

136].

1.2 RESULTS PERTAINING TO THE TRUNCATED BINOMIAL POLYNOMIALS

In 2018, M. Filaseta and R. Moy [16] studied the Galois group of a truncated
binomial expansion. They start by defining for ¢ and r non-negative integers, the

polynomial

pr,t(x) = i <t 4._]‘>$j.

j=0\ J
This polynomial arises from a normalization of the #** derivative of 1+ + - + 2!*"
and has been conjectured to be irreducible for all values of r and ¢t. In [1], the
polynomial is shown to be irreducible for ¢ sufficiently large when r is fixed. The

polynomial is considered in a different form in [15] where M. Filaseta, A. Kumchev,



and D. Pasechnik study a truncated binomial expansion of (x + 1)", that is
T n )
Grn(z) = ( _>x] for r < n.
i=0 \J
In [1] and [15], identities involving p,;(z) and g.,(z) are established. If we define
=~ r - t+ r—j
Pro(x) = 2"pre(l/z) =) ( . j)ﬂs g
j=o\ J

then according to [1] we have

t+7"+1 i
prtl"l‘l Z( ) x" .

They show that these polynomials are related to a truncated binomial expansion via
Pri(z+1) = 2"¢ 11r41(1/).

The irreducibility over Q of one of p, (), Pe+(x), Per(z + 1), and gy irrr1(z — 1)
implies the irreducibility of the other three. Also, since the roots for each all generate
the same number field, we have that the Galois groups over Q associated with these
polynomials are all the same.

In [16], M. Filaseta and R. Moy show that the Galois group over Q of most of
these polynomials are the symmetric group. In particular, they show that for the ¢
values that make p, () irreducible, p,.(z) has Galois group S, for each r a positive
integer not equal to 6. For r = 6, they show that there are at most O(logT") values
of ¢ < T for which the Galois group of pg(x) is not Sg and is instead PG L (5), a
transitive subgroup of Sg isomorphic to S5. Notice that the set of values for ¢ such
that pg () has Galois group PG Ly(5) is not necessarily finite. They are able to give
an explicit example of a polynomial having Galois group PG Ly(5), namely ¢g10().

In Chapter 3, we show, based on ideas of Jeremy Rouse (private communications),

that the following theorem holds.

Theorem 1.3. There are at most finitely many values for t such that psi(x) has

Galois group PG Ly(5) over Q.



Notice that this is an improvement over the result found in [16] for » = 6. For
any progress in determining explicitly the finitely many values of ¢ indicated in The-
orem 1.3, we would need to know when pg;(z) is irreducible. In Section 3.2, following
ideas of [1] and [15], we show that the polynomial pg.(x) is irreducible for all val-
ues of ¢ using Newton polygons to create Thue equations and elliptic curves whose
integer solutions are values of ¢ where pg(z) or pg:(z + 1) could potentially factor.
As there are a finite number of equations to solve, each with a finite number of inte-
ger solutions, we reduce showing the irreducibility of pg+(x) for all ¢, to showing the
irreducibility of pg(x) for a finite list of ¢ values.

Section 3.3 uses the irreducibility of pg +(x) to prove Theorem 1.3. This is achieved
by creating the resolvent polynomial, a polynomial that holds information about the
Galois group over Q of a given polynomial. The resolvent polynomial is created using
elementary symmetric polynomials and an extension of the elementary symmetric
polynomials. Appendix C exhibits the resolvent polynomial. Observing that the
resolvent polynomial has genus 7, we use Siegel’s Theorem to see that their are finitely
many integer roots of the resolvent polynomial. Each integer root corresponds to a ¢

value for which the Galois group of pg(z) is PG Ly(5), thus proving Theorem 1.3.

1.3 RESULTS PERTAINING TO WIDELY DIGITALLY STABLE COMPOSITE NUMBERS

In 1979, P. Erdés [8], answering a problem posed by M. S. Klamkin [24], showed
that there are infinitely many prime numbers N, with the property that you can
change any digit in the base 10 representation of N, and the resulting number will be
composite. The first such prime, called a digitally delicate prime in [23], is 294001.
Later, T. Tao [38] showed a positive proportion of the primes are digitally delicate;
and J. Hopper and P. Pollack [23] resolved a question of Tao’s allowing for an arbitrary

but fixed number of digit changes to the beginning and end of the prime.



As Konyagin [25] (also see [14]) has pointed out, the methods of the others above
imply that a positive proportion of composite numbers N, coprime to 10, satisfy the
property that if any digit in the base 10 representation of N is changed, then the
resulting number remains composite. For example, the number N = 212159 satisfies

this property. That is, every number in the set
{d12159, 2d2159, 21d159, 212d59, 2121d9, 21215d : d € {0,1,2,...,9}}

is composite. Note that if we remove the requirement that N be coprime to 10, then

the results are less intriguing. For example, for m a positive integer, the number
N=(11-13-17-19-10)m + 15

is composite and remains composite when replacing any digit with d € {0,1,...,9}.
This can be easily seen since changing any digit besides the right-most digit will result
in a number divisible by 5. A similar conclusion can be obtained by looking at the
number

N =(11-13-17-19-10)m + 12.

When starting with a composite number N, M. Filaseta, M. Kozek, C. Nicol,
and J. Selfridge [14] noted that you can get an existence result for inserting a digit
instead of replacing a digit. In other words, they showed that there are infinitely
many composite numbers N, coprime to 10, with the property that if you insert
any digit into the base 10 representation of N, then the resulting number remains
composite. The first composite number with this property is N = 25011; that is,

each number in the set
{d25011, 2d5011, 25d011, 250d11, 2501d1,25011d : d € {0,1,2,...,9}}

is composite. We call such numbers digitally stable composite numbers. A similar

result is not currently known to hold for prime numbers N.



In 2020, M. Filaseta and J. Southwick [17] showed that a positive proportion of
the primes IV, are such that you can replace any digit in the base 10 representation
of N, including one of the infinitely many leading zeros, and the resulting number
will be composite. They called such numbers widely digitally delicate primes. Notice
that the first digitally delicate prime, 294001, is not widely digitally delicate since
10294001 is prime. In fact, even though a positive proportion of the primes are widely
digitally delicate, no specific examples of widely digitally delicate primes are known.

In this dissertation, we also consider the leading zeros, but in the case of composite

numbers N.

Definition 1.4. A widely digitally stable composite number is a composite number,
coprime to 10, that remains composite when any digit is inserted in the decimal
expansion of N, including between two of the infinitely many leading zeros of N and

to the right of the units digit of N.

In Chapter 4, we focus on widely digitally stable composite numbers in base 10.
We establish the following theorem [26] due to M. Filastea, J. Southwick, and the

author.
Theorem 1.5. There are infinitely many widely digitally stable composite numbers.

Providing an explicit example of a widely digitally stable composite number does
not appear to be easy. For example, the smallest digitally stable composite number
25011 is not a widely digitally stable composite number as inserting a one to the
right of the third leading zero results in the prime number 10025011. The proof
of Theorem 1.5 is nevertheless constructive, so in theory one can construct such a
number from our proof. Furthermore, we emphasize that unlike the prior results which
give that a positive proportion of the primes or numbers satisfy a certain property,
we do not know if a positive proportion of the composite numbers are widely digitally

stable.



In Section 4.1, we start with a number N defined to have a string of leading
sevens. We then break the argument up into three cases: inserting a digit into the
leading zeros, inserting a digit into the leading sevens, and inserting a digit into the
right most digits of N. For the first two cases, we exhibit specific covering systems
in a manner similar to [14] to show that for sufficiently large composite numbers N
satisfying certain congruences, inserting a digit into the leading sevens or zeros results
in a number divisible by at least one prime in a finite set P. Section 4.2 looks at
the coverings used for inserting a digit in the leading zeros, while Section 4.3 and
Appendix A looks at the coverings used for inserting a digit in the leading sevens.
In Section 4.4, we show that inserting a digit in the right-most digits of N results
in a composite number by observing that their are a fixed number of insertions that
correspond to the right-most digits. Since there are a fixed number of insertions,
we guarantee that each insertion results in a composite number. Theorem 1.5 then
follows.

Because our argument depends on exhibiting particular covering systems which
allow for inserting a digit in base 10, our proof does not generalize directly to other
bases. However, the rest of our argument only depends on the existence of such a
covering system, so to prove the statement analogous to Theorem 1.5 for a given
base b it suffices to exhibit enough coverings to take care of each digit insertion. We
have found such covering systems for bases b € {2,3,...,11}, which are listed in
Appendix B. As b gets larger, the coverings become harder to establish. We also
looked at the base b = 31 since finding a covering is simplified in the case that b — 1
has distinct small prime factors. That is, we use the primes 2, 3, and 5 in such a
way that we only need 16 coverings instead of the initial 62 coverings. Constructing
the composite number N to have a string of leading sevens, we are able to utilize
the prime 7 to reduce this count to only 12 coverings. We were able to show that

their are infinitely many widely digitally stable composite numbers in base 31, and

10



the details for that argument can be found in Appendix B as well. We emphasize
again though that we do not know whether a result similar to Theorem 1.5 holds for
an arbitrary base.

The corresponding case of b = 2 in Theorem 1.5 has received prior attention in the
literature in a different form. Examples of widely digitally stable composite numbers
can be obtained by looking through a list of Sierpinski numbers. A Sierpinski number
is a number n such that n - 2% + 1 is composite for all non-negative integers k.

The notion of a Sierpinski number relates to the notion of a widely digitally stable
composite number in the following way: Let n € Z*. One can show, as was shown
for Riesel numbers in Lemma 4 of [11], that if there is a finite set of primes P such
that for all sufficiently large k, some prime p € P divides n - 2¥ + 1, then for all &k in
7Z, the number n + 2% is divisible by some prime p € P.

When looking at the base 2 representation of each Sierpinski number, we know
that inserting a one (or zero) into the leading zeros results in a composite number.
To find an example of a widely digitally stable composite number in base 2, we found
composite Sierpinski numbers, N, that remain composite when inserting a zero or
one between any two digits of N and to the right of N. Since we know that inserting
a digit in the leading zeros results in a composite number, each Sierpinski number
only has a finite number of insertions to check.

We note that the number
6135559 = (10111011001111100000111)5

is an example of a number N in base 2 which remains composite when any binary
digit 0 or 1 is inserted in the number including between two of the infinitely many
leading binary zeros of N and to the right of the units digit of N. We searched
the numbers listed through [35] for digitally stable composite numbers and found
6135559. It is widely digitally stable since 6135559 is digitally stable and has been

11



proven to be a Sierpinski number with covering set
P =1{3,5,7,13,17,241},

so that the numbers 6135559 + 2% are also composite for all non-negative integers
k since any base 2 digit insertion in 6135559 results in a number larger than 241.
This provides an explicit example of a widely digitally stable number in base 2.
Other examples in base 2 include the base 2 representations of the base 10 numbers
7134623, 8629967, 9454129, 16010419, 16907749, 34158143, and 34629797.

There are a number of interesting open questions related to Theorem 1.5 that can
be asked, which we address in Section 4.5. One such open question merges the idea

of inserting a digit with that of replacing a digit of N.

1.4 OTHER RESULTS

We now proceed to other results due to the author whose details do not appear
elsewhere in this dissertation. In [13], M. Filaseta and the author use methods similar

to those used for Theorem 1.5 to prove the following theorem.

Theorem 1.6. For any positive integer k, there exist k consecutive primes all of

which are widely digitally delicate.

The proof of Theorem 1.6 considers increasing and decreasing a digit in the k +
15 digit by = of a number N, denoted N £ x - 10*. For each digit change, we
construct a covering of the integers in a similar manner to that of Chapter 4, where
the congruences in the coverings each correspond to a congruence condition on N
that guarantees that the corresponding digit change results in a composite number.
Many of the coverings used in the proof of Theorem 1.6 are the same as the coverings
found in Chapter 4 and Appendix B.

The resulting numbers N that satisfy the congruence conditions can be written as

N = Bz + A for fixed positive integers A and B with gcd(A, B) = 1. That is, every

12



number in the arithmetic progression N = A (mod B) is such that changing any
digit, including any one of the infinitely many leading zeros, results in a composite
number. Since ged(A, B) = 1, we know that there are infinitely many prime numbers
in this arithmetic progression. D. Shiu [33] showed that in any arithmetic progression
containing infinitely many primes, that is, Bx + A with ged(A,B) = 1 and B >
0, there are arbitrarily long sequences of consecutive primes. Thus, we establish
through covering systems that such an arithmetic progression exists where every
prime in the arithmetic progression is widely digitally delicate, and then D. Shiu’s
result immediately applies to finish the proof of Theorem 1.6.

We can also use the work done in [13] to prove the following theorem related to

widely digitally stable composite numbers.

Theorem 1.7. A positive proportion of the composite numbers coprime to 10 remain
composite when we replace any digit in the decimal expansion, including any of the

infinitely many leading zeros.

In [13], we showed that there are relatively prime positive integers A and B with
ged(10, B) = 1 such that if N is a positive integer for which N = A (mod B),
then every digit change in NN, including any one of the infinitely many leading zeros
of N, results in a composite number. Taking D to be any positive integer and K
to be the number of digits of D, then almost all numbers N = A (mod B) and
N = D (mod 10¥) are composite. Thus, we are able to deduce that there is a
positive density of positive composite integers N ending with the digits in D and
satisfying the property that they remain composite after changing any single digit of
N, including any one of its infinitely many leading zeros. That is, if we let Sy, p(z)
be the number of composite numbers up to x ending with the digits in D that remain
composite when any single digit, including any of its infinitely many leading zeros,

is changed, and let Sp(x) be the number of composite numbers up to z ending with
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the digits in D, then

.. Swlxx) 1

1 f— > — > 0.
"% Sp(r) — B

Theorem 1.7 follows by taking D to be coprime to 10.

Another result due to the author utilizes Newton polygons. In [19], J. Foster, J.
Southwick, and the author use Newton polygons to establish that a certain family
of polynomials is irreducible. The work stems from [20], in which Heim, Luca, and
Neuhauser study the functions

exp (xZg ) > Pi(x)

n>1 n>0

where ¢ = ™7

with 7 in the upper complex half-plane and g : N — N is an arithmetic
function normalised such that g(1) = 1. Under these conditions, the polynomials

P9(zx) can be shown to satisfy the recursive relation

Z F) Py (e

for all n > 1 with Pj(z) = 1. In the case that g(n) = o(n) = X, d, the roots of the

3\&

polynomials P?(z) dictate the vanishing properties of the n-th Fourier coefficients of
powers of the Dedekind eta function (see, for example, [22], [27]).

Using the fact that n < o(n) < n?, Heim, Luca and Neuhauser consider the family
of polynomials P?(z) where g(n) = n and g(n) = n?>. When g(n) = n, the recursive

formula for PY(x) gives the closed form

= (" e

Using a result of Schur [31], they show that for g(n) = n the polynomial P¢(z) is

times an irreducible polynomial (over Q).

2

Schur’s result does not apply for g(n) = n® in which case Heim, Luca, and

Neuhauser show that PY(z) = xP,(x) where

n—1
:ZB(JJr

1 n+j\
, x’.
DI\25+1




They establish that f’n(x) is Eisenstein when n — 1 is prime, and hence, in this case,
f’n(:c) is irreducible. By constructing the Newton polygons with respect to primes
that divide n — 1, J. Foster, J. Southwick, and the author establish the following

theorem.
Theorem 1.8. The polynomials ]Sn(x) are irreducible over Q for all integers n > 2.

Using methods similar to those established by Heim and Neuhauser in [21], J.
Foster and J. Southwick have generalized Theorem 1.8 to hold when g(n) = n* for
keZ*.
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CHAPTER 2
IRREDUCIBILITY CRITERIA FOR POLYNOMIALS WITH

PRIME VALUES

2.1 RooT BOUNDING FUNCTION

The following lemma can be found in [10, Lemma 1] and is meant to motivate

the steps we take.

Lemma 2.1. Fiz an integer b > 2. Let f(x) be a polynomial with non-negative integer
coefficients such that f(b) is prime. If f(z) is reducible, then f(z) has a non-real Toot
in the disc O, ={z € C:|b—z| <1}.

Proof. Assume that f(z) is reducible. Then f(z) = g(z)h(z) where g(x) and h(x)
are in Z[z], have positive leading coefficients, and are not identically +1. Since f(b)
is prime, we may take, without loss of generality, g(b) = £1 and h(b) = £p. Let ¢ be
the leading coefficient of g(z), and denote its roots including multiplicity S, ..., Bm-

Thus, the degree of g(z) is m and we have

1=1g(b)| = e[ IT1b—8;1 = TT [b— B84l-
j=1 j=1
Thus, we conclude that at least one of the roots of g(z), and hence of f(z), is in Ds.

The lemma then follows when we recall that f(x) has no positive real roots since it

has non-negative coefficients. O

A motivating idea for the remainder of this chapter is to replace the disc ©; in

0

Lemma 2.1 with a different region such that if o = re* is in this region, then |6] is

bounded above by a small number.
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For a given integer b > 6, our main goal is to establish the upper bounds M,,(b) in
Theorem 1.1. We will utilize three main methods. First, we introduce certain rational
functions that will give us information about the location of possible roots of f(z)
assuming f(x) is reducible. While better rational functions can be chosen, as in [4],
we will make choices to simplify the results in later sections. Second, we will obtain
four upper bounds for the coefficients of f(z) such that if a bound is satisfied, then
f(z) cannot have a root at a certain location. Third, we will show that the minimum
of these four bounds is M (b); hence, if the coefficients of f(z) are bounded above by
M;(b), f(x) cannot have roots at the locations required for f(x) to be reducible. In
the remainder of this section, we focus on the first of these ideas.

Recall that ®,(z) denotes the n'* cyclotomic polynomial, and let ¢, = e*™/". As
usual, for z € C, the notation Zz will refer to the complex conjugate of z. Thus, ¢, =
e~2™/" Fix an integer b > 2, and let f () be a non-constant polynomial with non-
negative integer coefficients such that f(b) is prime. Suppose f(z) = g(x)h(z), where
g(x) and h(x) are in Z[z], have positive leading coefficients, and are not identically
+1. Since f(b) is prime, we may take, without loss of generality, g(b) = +1 and
h(b) = £f(b). Using the ideas of [12], we want to show that either g(x) has a root in

common with one of

Ps(z —b) =2 — (26— Do +b* — b+ 1,
Oy(zr —b) = 2% — 2bx +b* + 1,

Pg(z —b) =2 — (2b+ Do+ >+ b+ 1,

or g(z) has a root in a certain region R; to be defined shortly.

We define

Fb(z) = ) (2'1)

where
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Ny(2) = [b—1— 2?2 (]b+ (3 — 2[|b+ G5 — 2[)**
(b i = 2o = 25 (b G — 2lIb+ G — 2,

Dy(z) = |b — z|H(cateates)tAeatdtl)

Y

and ey, e3, ey, €6, and d are all non-negative integers that could depend on b. Although
we want some flexibility on the choices for e, e3, ey, €6, and d for a given b, for clarity,
we indicate in Table 2.1 the choices for these variables we use to establish Theorem 1.1.

Note that the values for b < 20 are the same as the values chosen in [4]. The values

Table 2.1 Numbers used in Fy(z) for b

b 2 3 4 5 6<b<20 b>21
e2(b) 20 0 0 0 0 0
esb) 4 15 9 6 4 1
eab) 0 2 2 2 2 1
esb) 0 0 3 3 3 1
ab) 0 3 3 3 3 1

we chose for b > 21 achieve our purposes for all b > 7; however, the bounds acquired
in Section 2.4 are not good enough to include b < 20. Thus, we will refer to [4] to
make a statement about all b > 2. Our choices for b > 21 were based on trial and
error to give us our desired results.

Setting z = x + iy, direct computations show that the expressions in NV, and D,

simplify to
b—1—zP=9y*+(x—b)?+2(x—b)+1,

(Ib+G=2llb+ G —2)? =" + (2(x = ) + 2(x — b) = 1)y?

+ (@ =02+ (@ 1) +1),

(|b+i—2z|[b—i—z])?=y"+ 2z —0)*—2)y> + ((x — b)* +1)?,
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(Ib+Go = 2llb+ G — 2)* = y* + (2(z = b)* = 2(z — b) — 1)y

+ ((x = b)* = (x—b) + 1),
and
b—z|? =9* + (z — b)*.

Notice that each one of these expressions is in Z[b, z, y?], namely in Z[z — b, y?]. Thus,
Ny(z) and Dy(z) are in Z[b, z,y?], making Fy(2) a rational function in b, z, and y>.

Moreover, we observe that for each integer b > 3, the polynomial

Po(z,y) = Dy(x + iy) — Ny(x + iy) (2.2)
can be written as
Pb(xvy) = Zaj(b7 I>y2j (23)
j=0

where 7 = 2(e3 + e4 + €g) + €2 + d+ 1 and each a;(b, z) is an integer polynomial in b

and x. We write the factor g(x) of f(z) in the form

@) = [1(x - ),

where ¢ is the leading coefficient of g(x) and 5y, ..., 3, are the roots of g(x) and,

hence, roots of f(x). One can check that

lg(b — 1)[**[g(b+ (3)g(b + C3)[**|g(b+ i)g(b — i) [***|g(b+ (6)g(b + (o) [
|g(b)|4(63+e4+66)+2(e2+d+1)

and
1 m
ey H1 Fb(55)
‘]:
are equal. We denote this common value by V' = Vj(g).

Since each of g(b+(3)g(b+(3), g(b+1i)g(b—1), and g(b+(s)g(b+(s) are symmetric

polynomialsw in the roots of an irreducible monic quadratic in Z[x], we conclude that
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each of these expressions are themselves integers. Also, g(b— 1) is an integer, and by
assumption, g(b) = £1. Thus, by looking at the first expression for V', either V' =0
or Vezr.

We can say more about when V' = 0. Since f(z) has non-negative integer coef-
ficients, it cannot have a positive real root, and neither can its factor g(x). There-
fore, g(b — 1) # 0. Either expression for V' now implies that V' = 0 if and only if
g(b+3)g(b+G3), gb+i)g(b—1), or g(b+(s)g(b+(s) is zero, which happens precisely
when g¢(z) is divisible by at least one of ®3(x —b), P4(x —b), or Pg(x — b). If one of
these is not a factor of g(z), we have V' € Z*. Observe that F(z) is a non-negative
real number for all z € C with z # b. By looking at the product in the second
expression for V', we see that if V' # 0, then F(5;) > 1 for at least one value of
Jj €A{L,...,r}. Said differently, if V' # 0, then there is a root j3; of g(x), and thus of
f(z), such that F4(5;) > 1.

More generally the above ideas imply, given only that g(z) € Z|x], g(b— 1) # 0,
g(x) # £1, and g(b) = =+1, either g(x) is divisible by at least one of ®3(z — b),

®y(x —b), and Pg(x — b), or g(x) has a root [ in the region
Ry={2€C: Fy(z) > 1}. (2.4)

Figure 2.1 is an illustration of our choice for R, when b > 21.

A+,

]
21 +CS. .21 +C6

Figure 2.1: The region Rs; along with possible roots of g(x)
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While analyzing the region R;, we will sometimes refer to points (z,y) in R,.
This is to be interpreted as the point z = x + iy in the complex plane in R;. To
further help analyze R;, we consider Py(z,y) defined in equations (2.2) and (2.3).

The definition of Dy(z) implies that Dy(z) > 0 for all complex z # b. Thus
Fo(zr+iy) >1 and Pyx,y) <0

are equivalent for z # b, and Fp(x +iy) = 1 and Py(x,y) = 0 are equivalent for z # b.
Note that Py(b,0) = Dy(b) — Np(b) = 0 — 1 = —1. Therefore, the z € C such that
Fu(z) = 1 correspond exactly to the points (x,y) where Py(z,y) = 0.

The following lemma corresponds to [12, Lemma 2|, and the variation [4, Lemma

3.1,

Lemma 2.2. Fiz an integer b > 2, and let (eq, e3, ey, €5,d) be either as in Table 2.1
or with (ey,e3,e4,e6,d) = (0,1,1,1,1) for b > 5. Then there exist real numbers
ap = ao(b), ay = a1(b), and a non-negative real-valued function py(x) defined on the

interval I, = [b — ag, b+ ay] such that:
(i) Pp(z,y) #0 for all x & I, and y € R.
(ii) Pz, pp(x)) =0 for all x € I,.

(iii) pp(b—ag) =0 and pp(b+ ay) = 0.

(iv) The function py(x) is continuously differentiable on the interior of I, and is

continuous on I.
(v) If x and y are real numbers for which Py(x,y) < 0, then x € I, and |y| < pp(x).

In view of the above lemma, complex numbers of the form x+ip,(x) are boundary
points of Ry, which are on or above the real axis. Since Py(z,y) is a polynomial in

y* with coefficients in Z[b, z], the region R, is symmetric about the real axis. Thus,
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the points x — ip,(x) are boundary points of R;, which lie on or below the real axis.
The points b — ag and b + a; are boundary points on the real axis.

A proof of Lemma 2.2 can be found in [4, Lemma 3.1]. In their proof, they
reduce the dependence on b to strictly a dependence on ey(b), e3(b), e4(b), eg(b), and
d(b). They then use Sturm sequences on the resulting polynomials in z to prove
the lemma. One can verify computationally that the desired properties hold for our
choice of (e, e3,€4,6€6,d) = (0,1,1,1,1) when b > 21, with ay = a3 = 1.522009.. ..
Thus, the lemma follows. For further details, the reader should see [4].

In the next section, we will use Lemma 2.2 to prove irreducibility criteria based

on the coefficients of f(x) when f(x) has a root in R, for b > 21.

2.2 A FIrST BounD oN THE COEFFICIENTS

Throughout this section, R, is as defined in (2.4), with F,(z) given by (2.1) and
Py(z,y) given by (2.2). We use the values for ey, e3, e4, €5, and d given in Table 2.1.

We summarize what we have done so far. Let b be an integer > 2, and let f(z) be
in Z[z] with non-negative coefficients and f(b) prime. We write f(x) = g(x)h(x) with
g(x) # +1, h(z) # £1, and both g(z) and h(z) having positive leading coefficients.
Using the fact that f(b) is prime, we reduced our considerations to g(b) = £1. We
then showed that either g(x), and hence f(z), is divisible by at least one of ®3(z —b),
Oy(x —b), or Pg(x — b), or g(z) has a root 5 € Ry.

A goal of ours is to establish bounds on the coefficients of f(x) based on the
location of a root of g(x). We start by considering the case that g(z) has the root
b € Ry. Since M. Cole, S. Dunn, and M. Filaseta already found bounds for 2 < b <

20, we restrict our attention to b > 21. We rely heavily on the following lemma.

22



Lemma 2.3. Let f(x) = X7, a;27 € Zz], where a; > 0 for j € {0,1,...,m} and

am > 0. Suppose a = ret is a root of f(x) with 0 < < /2 and r > 1. Let

Fir—1
B= max i ) ,
n/(20)<k<x/6 | 1 + cot (1w — k6)
where k denotes an integer. Then there is some j € {0,1,...,m — 1} such that

a; > Bay,.

The proof of Lemma 2.3 is similar to that of [10, Theorem 5], and is established

in the above form in [12]. We use Lemma 2.3 to prove the following corollary.

Corollary 2.4. Let b > 21 be an integer. Let f(x) = X gaa’ € Z[x] be such that
aj > 0 for each j and a,, > 0. Let ¢ = arctan(0.8444/(b —0.2)). If f(z) has a root

B € Ry, then f(x) has a coefficient a; > By, where

(b — 1.5221)%(b — 2.5221)
1 + cot (7/b?)

B = N

b —1
with Kk = k(b) = V )WJ : (2.5)
Before proceeding to the proof of Corollary 2.4, we note that the value for By is
not the best bound that can be achieved. The values b — 1.5221 and 0.8444 appear
respectively as bounds for the least real part and the largest imaginary part of ele-

ments in Ry. The region chosen for values b < 20 proved difficult to generalize for all

b, which is why we have different values for d and the e;’s for b > 21.

Proof of Corollary 2.4. Suppose that f(x) is as described with a root 8 € R;. Taking

B as in Lemma 2.3, we have B > By, where

rR(r —1)

B p—
"7 1+ cot (m — k)

(2.6)

for each k € Z N (w/(20),7/0).
Fix an integer b > 21. Let 8 = re? be a root of f(x) in the region R,;. Since
f(x) has no positive real roots, we have 6 # 0. Since the conjugate of 3 is also a root

of f(z) and R, is symmetric about the real axis, we may take § > 0. Denote the
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imaginary part of 5 by Im(3), and the real part of § by Re(5). Using Sturm sequences
for Py(z + b,8444/10000) and P,(b — 15221/10000, y), which do not depend on b, we

see that 0 < Im () < 0.8444 and b — 1.5221 < Re(f). Then r = /Im (8)? + Re(83)?
satisfies r > b—1.5221. Note that in Maple, one must use fractions instead of decimals
when finding Sturm sequences.

We claim that the line L, defined by y = 0.8444x /(b — 0.2), lies completely above

the region R, for b > 21. We use a Sturm sequence to see that
Por (2, 84442 /(10000(21 — 0.2))) = Pay (z, 21112/52000)

has no real roots. Using Lemma 2.2 (ii), we deduce that the line L does not intersect
the region Ro;. Using a Sturm sequence with Po (z,0.8444), we deduce similarly that
the line y = 0.8444 does not intersect the region Ro;. Since R, is simply a horizontal
translation of Ry, we see that the line y = 0.8444 lies strictly above R, for b > 21.
The lines y = 0.8444 and L intersect at the point (b—0.2,0.8444). The angle between
these two lines is arctan(0.8444/(b—0.2)). It follows that, since the line L lies strictly
above the region Rs;, we have also that the line L lies strictly above the region R,.

Thus, we have an upper bound for the angle 8, given by 0 < 0 < ¢ < 7/2, where

0.8444)

= t
¢ := arctan (b ~02

Let
(b* — 1)

k= K(b) = {MJ .

From the first inequality in [36, Equation 3.8], we see that
1 1
0 < arg(b + (4) = arctan (b) < arctan (5) < for b > 9. (2.7)

We now argue that « is in the desired range noting that

(b* — 1)71'9 _ (b* — 1)

KO < 720 72

<,
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and

(b* — )7 (b* — )7 247 s
/@9>< 720 0 2 0> 5 0>2

Putting these together we see that

T o™
JE— /ﬁ: —
20 0’

sok € ZN(mw/(20),7/0). We now bound the denominator of By, for k = &, in (2.6).

We have
T b —1 T
§>7T—/£9>7T— 72 W=ﬁ>0,
which gives us cot (7 — k) < cot (7/b?).
Thus we have established that
r(r—1)

B > >Bb7

1 + cot (m — k0)
for k defined above and By as in (2.5). In conclusion, Lemma 2.3 implies that if f(x)
has a root in Ry, then f(x) has a coefficient a; > Ba,, > Bya,, > By, completing the

proof. O]

2.3 BOUNDS BASED ON RECURRENCE RELATIONS

In this section we will establish results that will help us find bounds Bén) for
n € {3,4,6} such that if f(x) is divisible by ®,(x — b), then f(z) must have a
coefficient > BIE"). We take b > 5.

Much of this section is based on the work done in [4] and [12]. We give enough
background from these to describe our work for general b.

Fix positive integers A and B and integers b; such that
f(x) = h(x)g(x) = (box® + biz* ' + -+ + by_12 + by)(2® — Az + B)

is a polynomial of degree m = s+ 2 with non-negative integer coefficients. We restrict

ourselves to the case where

v — Ar+ B=®,(r—b), withn € {3,4,6}
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so that
(A,B) € {(2b— 1,0 —b+1),(2b,0* + 1), (26 + 1,0* + b+ 1)}

Define b; = 0 for all j < 0 and all j > s. Since the coefficients of f(x) are all

non-negative, we deduce that by > 1 and b; > Ab;_1 — Bb,_, for all j € Z. Define

0 it j <0,
Bi=11 if j =0, (2.8)
ABj—1 — BB itj>1,

so that the (3, satisfy a recurrence relation for j > —1. In particular, 3; = A and

By = A2 — B. Also, with our restriction on our choice of 22 — Az + B above, we have
By € {2b—1,2b,2b+ 1},

so the sequence [y, (1, . . . is initially increasing. We obtain a closed form for the solu-
tion to this recurrence relation. The recurrence relation has characteristic polynomial
x* — Az + B, which has roots b+ ¢, and b+ (, for some n € {3,4,6}. So f3; has the
closed form

Bi=c1(b+G) + b+ Ga),
for some constants ¢; and ¢, depending on A and B. Taking j = 0, we obtain
¢ = 1 — ¢;; and taking j = —1, we see that ¢; = (b+ () / (Cn — CTL) Substituting

these values for ¢; and ¢y and reducing, we deduce

1 . .
U rod (O (Vi (2.9)
|b + Cn|j+1ei(j+1) arg (b+(n) _ |b + §7n|j+lefi(j+1) arg (b+Cn)
_ bGP

=———sin((j+1 b+ Ch))-
We note that B is the constant term of the minimal polynomial for b+ (,, so

B = b+ ¢ (2.10)
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For ease of notation, we set
0 = arg(b+ (,) € (0,7/2) and D= |w/0] (2.11)

where 6 and D depend on both b and n. From (2.9), we obtain

\/Ej-‘rl

Bj = W sin((j + 1)6). (2.12)

By taking j = 0 in (2.12), with (2.8), we see that

sin(2m/n) |

VB

Define J to be the smallest positive integer such that

sin(6) = (2.13)

Brs1 < By and Bi-1 < By

Analyzing the derivative of 3; with respect to j one can show that J is well-defined

and
J=D—-2 or J=D—-1, (2.14)

with explicit details found in Joseph C Foster’s dissertation.

We are interested in A and B with f(x) divisible by ®,(z —b) = 2* — Az + B,
where n € {3,4,6}. We view A and B as fixed. We want f(z) to have non-negative
integer coefficients but with the largest coefficient as small as possible. Theorem 3.8

of [36] implies such f(z) exist (also, see Lemma 3 in [10]). Let

M = M(A, B) be the maximum coefficient for such an f(x).
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Let ¢ € Z". We consider he matrix equation

1 1 1 1 1 1 Lo 1
-A B 0 0 0 0 1 0
1 —-A B 0 0 0 fho 0
=1: (2.15)
0 0 0 B 0 0] -3 0
0 0 0 ... =A B 0| |2 0
0 0 0 ... 1 —=A BJ) \jp 0
in the unknowns g, pt1, ..., mue—1. Let £ = J + 1. We make some observations about

the solutions to (2.15), as well as produce a closed form for such a solution.

Lemma 2.5. Let b be an integer > 5. Let A and B be such that x* — Ax + B is
O, (x —b) where n € {3,4,6}. The above matriz equation has a solution where p; > 0

forall0 <5 < J.

Proof. Let M be the matrix in (2.15) with ¢ = J + 1. The equation in (2.15)
arising from the second row of M is equivalent to the condition p; = Apg/B. The
next £ —2 = J — 1 rows of M correspond to a recurrence relation for pg, i1, ..., s

beginning with po and p; and satisfying

:AMjl—'Msz for2< <

Hj B

We will have a solution in p; to (2.15) provided then that we can find po > 0 for

which p11 = Ap/B and the above recurrence gives > o<,< jt; = 1. Observe that with

o defined arbitrarily, this solution gives each p; as a multiple of 1. With this in
mind, we define p} = p;/io.

As before, we find the characteristic polynomial for this recurrence relation to find

the general term. This recurrence has characteristic polynomial 22 — Ax/B + 1/B,

which is the reciprocal polynomial of 22 — Ax + B divided by B; hence, the roots of
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the characteristic polynomial are 1/(b+ (,) and 1/(b+ ¢,). So

. 1Y 1y
,uj = C (b+<n) + Co (MZ) (216)

for 7 > 0, where ¢; and ¢, are constants to be determined. Taking j = 0 in (2.16),

we see that since p; = 1 we obtain ¢ = 1 — ¢;. Next, we take 7 = 1 and use both

Cn — G = —2isin (2m/n) and (2.10). Since p} = A/B, we obtain

e, = %_b—i-l?n _ A_(b+<n)
b+1<n - b+1§ —2isin(27/n)
and

“ T Toisin(2n/n)  —2isin(2r/n)  2isi(27/n)

Thus, for 0 < j < J, we have

= A—(b+§n)< 1 >j+A—(b+Cn)< 1 )j

I 2isin(2m/n) \ b+ Ca 2isin(27/n) \b+ G,
B 1 B—Ab+¢)  A(b+¢)—B
~ 2Bsin (27/n) | i(b+ ()it i(b+ G-t |

Recall (2.11). As in (2.9), for any ¢ € Z, we deduce
(b+G)' = (b+ o) = —2i|b+ (| sin (26).

Taking t =j and t =5 — 1 with 0 < 5 < J, we obtain

. 1 2Ai|b + (| sin (jO) — 2Bilb+ C,[i sin ((j — 1)6)
M= 9B sin (27 /n) i|b+ G201
L1 A+ Gl sinG6) — Blb+ G sin((— 1)6)
~ Bsin (27/n) Bi-1 '

Using (2.8) and (2.9), we get

. ABj-1—BBj2 ﬁ
Hj = BJ Y

for 1 <j<J. As ug=1= By/B°, we see that u} = §;/B7 for all j € [0, JJNZ. The

definition of J implies y is positive for 0 < j < J.
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Recall that we want Yo, pt; = 1, which is equivalent to Yo<;<; p; = 1/p0. Set

Su-3
R
As K > 0, we can take p1p = 1/K to deduce that the lemma holds. ]

From the proof of Lemma 2.5, we have a closed form for p; > 0 satisfying (2.15).

Using geometric series, one can write a closed form for K as

B — B+ By

K:
B7=Yb+ ¢, — B>’

with explicit details found in Joseph C Foster’s dissertation.

To finish this section, we establish three bounds, Bég), Bl(f), and BIEG) such that if
f(z) has coefficients less than or equal to Bl()n) with f(b) prime, then f(x) cannot be
divisible by ®,(z — b) for n € {3,4,6}. Recall that M (A, B) is the smallest value
that the largest coefficient of f(x) can be given that f(x) is a polynomial with non-
negative integer coefficients divisible by ®,(z — b) for some n € {3,4,6}. Note the
difference between Bé") and M (A, B); M(A, B) does not require f(b) to be prime

while BIS") does. To establish such bounds, we show both of the following:
(i) The value of M(A,B)is (1— A+ B)- 3, for each n € {3,4,6}.
(ii) If the maximal coefficient of f(x) equals M (A, B), then f(b) is composite.

Assuming (i) and (ii), we explain now that we can take Bl(,n) = M(A, B). If f(z) has
each coefficient less than M (A, B), then f(z) cannot be divisible by ®,(z —b) by the
minimality of M (A, B). Note that this conclusion does not require f(b) to be prime.
If we further require f(b) to be prime, then by (ii), we would also have that the largest
coefficient of f(x) cannot equal M (A, B). Hence, we can take an) = M(A, B).
Note the dependence on n; A and B are the integers such that 22 — Az + B is
®,,(x—0b); hence, A and B depend on n. Also, 3; depends on D and 6, both defined in

(2.11), which depend on n. The details of the proofs of (i) and (ii) are made explicit
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in Joseph C Foster’s dissertation. Thus, for n € {3,4,6}, we have bounds B§”> such
that if f(z) is a polynomial with non-negative integer coefficients with f(b) a prime,

with each coefficient less than or equal to
B™ = (1-A+B)gy, (2.17)

then f(x) cannot be divisible by ®,,(z — b).

2.4 INEQUALITIES ON THE BOUNDS

We summarize what we have done so far. Let b be an integer greater than or
equal to 2, and let f(z) be in Z[x] with non-negative coefficients and f(b) prime.
We write f(x) = g(x)h(z) with g(x) # £1, h(z) # +1, and both g(z) and h(x)
having positive leading coefficients. Using the fact that f(b) is prime, we reduced our
considerations to g(b) = £1. We then showed that either g(x), and hence f(z), is
divisible by at least one of ®3(xz — b), ®4(x — b), and Pg(z — b), or g(z) has a root
B € Ryp. In the previous sections we established that if the coefficients of f(z) are
less than or equal to Bj, defined in (2.5) from Section 2.2, then f(z) does not have
a root in the region Ry, and if the coefficients of f(z) are less than or equal to BIS")
defined in (2.17) from Section 2.3, then f(z) does not have a root in common with
D, (z —b) for n € {3,4,6}.

Letting M (b) be the minimum of these four bounds, then if the coefficients of f(x)
are less than or equal to M(b), f(x) is irreducible. In this section we finish the proof

of Theorem 1.1 by showing for b > 6 the inequalities
BY < BY < BY

hold, and then by finding, for each n € {3,4,6}, a lower bound for b satisfying
an) < By. Having established these inequalities, we will have that for b large enough,

each of the following hold; if the coefficients of f(z) are less than or equal to Bl()4),
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then f(x) is irreducible; if the coefficients of f(x) are less than or equal to Bl()?’) and
f(z) is reducible, then f(x) is divisible by ®4(z — b); if the coefficients of f(z) are
less than or equal to 826) and f(z) is reducible, then f(z) is divisible by ®4(x — b)
or ®3(x — b); and if the coefficients of f(x) are less than or equal to B, and f(z) is
reducible, then f(z) is divisible by ®4(x — b), ®3(x — b), or Pg(x — b).

We begin by showing that B{" < B, Recall that B = M(A,B) = (1— A+
B)j;. Also recall that A, B, D, J, 3;, and # all depend on n and b. For clarity, we
introduce subscripts on these values to indicate which n we are considering. Thus,

we want to establish the values of b such that

B _ (1= At BBy _ |
BY  (1—As+B;3)Bs

By the definition of J in (2.14), we have (8, > (;,_1. Since ®,,(x) = z*>— A,z + B,

and recalling the definition of 3; in (2.12) for n = 4 and n = 3, we obtain

B’ (1- A+ BB, V3B — 2+ 2V 1 sin((J+ 1)0)
B (1= As+ Bs)Bs1 2(b2 — 3b+ 3)VbB2 — b+ 1 sin(J05)

Using (2.13) and the inequality 7/2 < J303 < (D3 — 1)f3 < m — 63 < 7 arising from

D = |n/6], we have

V3 1

sin(J303) > sin(f3) = WD —b+1 - 2V —b+1

(2.18)

Since > (Jy+1)04 > (Dy — 1), > m — 20, > 7/2, we obtain from (2.13) that

2b
2 +1

sin((Jy + 1)04) < sin(2604) = 2sinfy cosf, = (2.19)

Using these approximations, we acquire

2b

Ja+1
B (b =20+ 2)Vp2 + 1" F 1
b +

3 1
B (12— 3h+ 30—+ 1""'262_b+1

Ab(b? — 2b + 2) vz 1t

G2+ =30+3) pE_pr1
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Direct calculations show that for b > 6, the first fraction is less than 1. In the way of
some details, viewing the first fraction as a function of b, we find the critical points of
the first fraction and see that its derivative is negative past the largest critical point,
which is < 2. The fraction is then decreasing for b > 6, and we see that evaluating it
at b = 6 results in a number less than 1; thus, we conclude that the first fraction is
less than 1 for all values of b > 6. We consider the second fraction. If we can show
that the second fraction is less than 1, then we will have shown B§4) < B,(,?’). Consider

the Shafer-Fink inequalities (see [18] and [32])

3z
——————— < arctan(x)

1421+ 22

From (2.20), we deduce

T
<——"" forz>0. 2.20
14+ 2v1 + 22 te ( )

T T T
R R — N /) b+ 1
L <04 arctan(1/b) <3( * 1) <mb+1)
and
1
Jy > 4 3= 3> (22— 144V —b+1)—3.

05 arctan (\/3/(21) - 1)) V3

Utilizing these approximations on the second fraction, we obtain

ERTT VETT
02— bt 1J3,1 - R 1(2b71+4x/b27b+1)/\/§f4

\/mﬁ(b"rl)
R (2b—1+4(b—1))/v/3-8/V3
B o1 n 17r(b+1) § Pl n 17r(b+1)
VRO e

For b > 47, one checks that

<

50 <1+1)<50 <1+1><161 d
s p) S s 17 an

3 3
100v/3 (1 — b) > 100V/3 <1 - 47> > 162.
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Thus, we deduce that for b > 47, the inequality

50, b

50 b
\/mﬂ'(b-‘rl) B \/bQ—Hﬂ'(b-Fl) b 50 B \/m507‘(‘(1+1/b) 50
R 12\/§(b—3) o - 1100\/5(1—3/1))

TR

b

b 161\ 50
N RGES R 1 [+ "
“\vE—pr 1) \veir-b+1 \V2-b+1
1\36 _ /24\°
<(5)" =)
8 25

holds where we have used that * — b + 1 is increasing and (b* + 1)/(b* — b+ 1) is

decreasing for b > 47. Since 24/25 is less than 1, we have Bl(,?’) > B,(f) for b > 47.

Direct calculations show that B,()g) > 81(74) for b > 6.

(6)
b

We now use similar methods to show [3’153) < B,”. From the definitions of J in

(2.14) and B; in (2.12) for n = 3 and n = 6, we obtain

BO " (1~ As + Bs) Bt (02— b+ 1)VIE+ b+ 1°° sin(Jef)

_ -3+ 3V by 17" sin((Js + 1)65)
(b2 —-b + 1) Sin<J696)

BY _ (1—Ag+ BBy _ (= 3+ V=01 sin((s + 1)0y)

Using similar approximations to (2.18) and (2.19) with n = 6 and n = 3 respectively,

we establish the inequalities

' 1 . V3(20 — 1)
Sln(Jﬁeﬁ) > Tm and Sln((J3 + 1>83) < m

From these approximations, we see that

I - e L

B 202 — b+ 1)
<
B, Wbl
2V + b+ 1
202 — 3b+3)(2b— DWW+ b+ VB — b+ 10 "
<
(0> —b+1)?
20— 3b+ 3)(2b - DVEE DT [t
(b2 —b+1)2 '
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If we can show that J; — Jg + 2 < 1/2, then

B 20 = 3b43)(2— DV DT 1'/? _ 2P =3 +3)(2b— 1)vE ]
B (b2 —b+1)2 (b2 —b+1)? '

One checks that this is a decreasing function of b for b > 5 that is less than 1 for
b > 14. Thus, by showing that J5 — Jg +2 < 1/2, we will have B < B{® for b > 14.

Using the definition of J in (2.14) and the definition D = |7/6] to deduce

Js—Js+2<Ds—Dg+3< T L4
05 0s

Consider the function Q(b) = m/arctan (\/3/(2b - 1)) Then we have Q(b) = 7/0;
and Q(b+ 1) = w/0g. Differentiating with respect to b and using arctan(z) < z for

x > 0, we obtain

dQ(b) /3 ™/3 m/3(2b — 1)?

db o2 _p41) (arctan (52 ))2 - 2(b2 — b+ 1) (%)2 T —bt 1)

2b—1

One checks that this last expression is an increasing function of b that approaches
2 //3 > 7/2 as b gets large; furthermore, direct calculations show that it is greater
than 7/2 for b > 6. Thus, for b > 6 we have Q(b+ 1) — Q(b) > 7/2, which is
gg — ;; < —; proving that J3 — Js +2 < 1/2 for b > 6. Hence, we have shown that
B,()G) > B,()?’) for b > 14. Direct calculations show that B,()G) > B,()?’) also holds for b > 2.

Having established Bl(f) < 823) < Béﬁ), we now find the values of b such that
By, > 8154), By, > Bég), and B, > B,S(S) . As each inequality involves By, we first make

approximations on By. Recall that the equation for By in (2.5) is

for ¢ = arctan(0.8444/(b — 0.2)). Using tanx > z for = € [0,7/2), we obtain

(b — 1.5221)%(b — 2.5221)
1+ cot (x/b2)

B, = with k= k() = {

1 +cot(m/b®) <1+b0*/m<b*+1

and
+1>(b2—1)7r>b2—1 T -1 7(b—0.2)
K . = .
b2 p2 9 b? 0.8444
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Using these approximations, we see that
— 2)=1(p — 21 —0.2
(b=2"7(b=3) ¢ 4 =1 m0=02) (2.21)

B, >
b b2+ 1 b2 0.8444

One checks that k;/b is increasing for b > 1.
We now show B, > 8,54). Using the approximations sin((Jy + 1)0,) < 2b/(b* + 1)

and Jy + 1 < m(b+ 1) previously established with the above approximation for B,

we see that
B _ 2b(b? =2+ 2)V + TR b+ 1
B, 2+ 1 (b—3)(b— 2)k-1
o —2b+2) V1Y
b—3 (b— 2)ki—1

_ B -212) VBT i
b-37F (b1

where the last inequality comes from moving three powers of b —2 over to b— 3 noting
that b —2 > b — 3.
One checks that 2b(b* — 2b + 2)/(b — 3) is less than 1 for b > 9. Note that for

b > 24, we have both

4 4
_ < _
10<7r+b) _10(7T+24) <34 and

ke 4 ki(24) 4
1022} > 2
O(b b>— O( 2 2) 7

where we use the fact that ky/b is an increasing function of b. Thus, for b > 24 we

deduce that the inequality

@) mb+4\ T 10 17\ b/10
B, _ V0?2 +1 (! b +1
B, (b — 2)k1—4 b—2 \b2—4b+4
91 \ /10 991 \* .
<\|\— <\ — <
(100) (1000)

holds where we have used that b—2 is increasing and (b*+1)/(b*—4b+4) is decreasing

for b > 24. Since 9991/1000 is less than 1, we have B, > 854) for b > 24. Direct
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calculations show that B, > 85,4) for b > 8. Note that we only need to show this
inequaltiy holds for b > 20 since our choice for the e;(b)’s and d(b), and thus our
approximation B,, change when b < 20. For b < 20, our choice for the e;(b)’s and
d(b) are the same as those found in [4]. Using these values, we see that B3, > 8,54) for
b> 4.

The method used for determining the values of b such that B, > Bég) is similar.
We start with the analogous argument to (2.19), except with n = 3 instead of n = 4.

That is, we have the inequality

V3(2b — 1)

sin((J3 4+ 1)03) < b+ 1)

Using the Shafer-Fink inequalities in (2.20), we have the upper bound

m T T -
Ji4l< o< (20— 144V —b+1) < ——(6b+3) = —_(2b+1).
Thus, using the approximation on By, found in (2.21), we obtain
BY _ (20— —3b+3) Vb1 b
B, b2 —b+1 (b—3)(b—2)k~1
(26 —1)(b* —3b+3) m(%ﬂ)/ﬁ
b—3)(02—b+1) (b— 2k
_ (26— —3b+3) NCE SR
(b—3)2(0* —b+1) (b—2)k—2

One checks that the first fraction in the last expression above is less than 1 for

b > 6. Note that for b > 82, we have both

407T(2—|—1> §407T(2+1) < 146 and

V3 b V3 82
202 -2) > 40 — 2 ) > 147,
(b b>— ( 822 s W

Thus, for b > 82 we deduce the inequality
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- b b/40
B _ Eopr 1V (L (Bobery® /
B, (b—2)k2 b—2\pP—ab+4

1 /40 97 \ b
<) <(w)
holds where we have used that b — 2 is increasing and (0> + b+ 1)/(b*> — 4b + 4) is
decreasing for b > 82. Since 97/100 is less than 1, we have B, > Bl(,S) for b > 82.
Direct calculations show that B, > BIE?’) for b > 3 where we recall that B, are the
values determined in [4] for 2 < b < 20.
We again use a similar method for determining the values of b such that B, > Bl(,ﬁ).

We start with the analogous argument to (2.19), except with n = 6 instead of n = 4.

That is, we have the inequalities

sin((Js + 1)0g) < m
and

™ ™

T T
Jo+l< =< —=2b+14+4V0>+0+1) < 6b+5) < 2b+2).
6 96 3\/5( ) 3\/5( ) \/g( )
Thus, using the approximation on B, found in (2.21), we obtain
B _ @)@ b+ DV DT @RV b+ 1
By, >+b+1 (b—3)(b—2)kn-1
@+ )R —b+1) VR b TS
 (b=3)(+b+1) (b —2)k—1
_ @) —bt1) VP EDT T
(b—3)2(>+b+1) (b —2)k—2 '

One checks that the first fraction in the last expression above is less than 1 for

b > 5. Note that for b > 112, we have both

507 2 50 2
— 24+ ) < —([24+ — 183 d
\/§<+b)_\/§<+112)< a

38



ko2 k(112) 2
o) > — ) > 184,
50<b b>_50< 2 12) 0 °

Thus, for b > 112 we deduce the inequality

- - b/50
BY _[(VPHb+] SR ) 1 b1 \?)"
By (b—2)k-2 VL b1 \b>—4b+4

1430 799 b
<\ =z < | ==
(25) <100>

holds where we have used that /b2 + b+ 1 is increasing and (b*+0b+1)/(b* — 4b+4)

is decreasing for b > 112. Since 99/100 is less than 1, we have By, > BISG) for b > 112.
Direct calculations show that B, > B,()B) for b > 70. Here we note that in [4], M. Cole,
S. Dunn, and M. Filaseta showed that B, < 13156) for 2 < b < 20. Thus, we know that
while the bound b > 70 might not be sharp, it cannot be better than b > 21.

Having established these inequalities, we note that M;(b) = 15’153) for3<b<5
and M, (b) = 854) for b > 5 in Theorem 1.1. This is the case because B,§4) < B,S?’) for
b > 5. Continuing along Theorem 1.1, My(b) = B£4) for 3 < b <5 and My(b) = Bl()?’)
for b > 5, M3(b) = B, and My(b) = B,

We now put the finishing touches on the proof of Theorem 1.1. From the definition
of B; in (2.9), we have

1 J+1 7 \j+1
5 = Zitmic [+ 6P = 0+ 0]
1 : j+1 ; J+l
= 2Ty L0+ Re(G) +iIm(G)Y* = (b4 Re(G,) = ilm(G,))'*].

Writing out the binomial expansion of each term and combining like terms yields

@=%£@J§62ﬁmmeMRmmM*

k=0

1

- kz_: (j Z 1) (=i Im(Ca))* (b + Re<<n))j+l—k]

J+l /s
=%gﬁdzC;ﬁwﬁwmw+%mmmﬁ44M@wﬂ

k=0
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_ J+1 g
ke <2k:+ 1) (b+ Re(Gy)) 2 (— Im(¢,)?)*.

Recall that J,, was shown to be either D, —1 or D,,—2. Evaluating ; at j = D, —1

and j = D, — 2, we get

Banl == Z (2]{;D_Z 1) (b + Re(Cn))Dni%il(_ Im(Cn>2)k and
0<k<En

ORI SR oy (X8 FENEE IR
0sks 221

Taking J, to be such that 3, > B, -1 and 5, > Bj,+1, we define 3; =

max (6p, 1, fp,—2). Thus, Bl(,n) is the maximum of

Béf?( > ( O )<b+Re<cn>>Dn2“<Im<<n>2>k) (1— A, + B,)

peicoe \ZE+1

and

By = ( 3 (D n 1) (b+ Re(C,))Pr22(— Im((n)2)k) (1— A, + By)

poieBa \ 241

for each n € {3,4,6}, completing the proof of Theorem 1.1.
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CHAPTER 3

TRUNCATED BINOMIAL POLYNOMIALS

3.1 PRELIMINARIES

r

We first introduce the notion of Newton polygons. Let f(x) = 37, a;z’ be a
polynomial in Z[z] with aga, # 0 and fix a prime p. For an integer m # 0, denote
vp(m) to be the p-adic valuation of m, that is, the exponent in the largest power of p
dividing m. Let S be the set of lattice points (j, ,(a,—;)) for 0 < j7 < r with a,_; # 0.
The Newton polygon of f(z) with respect to the prime p is the polygonal path along
the lower convex hull of these points from (0,v,(a,)) to (r,v,(ap)). The endpoints
of every edge belong to the set S, and the slopes of the edges strictly increase as we
move from left to right along the Newton polygon.

Newton polygons hold a wealth of information regarding the irreduciblity of a
polynomial. The main result we use regarding Newton polygons is due to Dumas ([7]
and [29]) and relates the Newton polygon of two polynomials to the Newton polygon

of their product.

Theorem 3.1. Let g(x) and h(x) be in Z[x] with g(0)h(0) # 0, and let p be a prime.
Let k be a non-negative integer such that p* divides the leading coefficient of g(z)h(x)
but p**1 does not. Then the edges of the Newton polygon for g(z)h(z) with respect
to p can be formed by constructing a polygonal path beginning at (0,k) and using
translates of the edges in the Newton polygons for g(x) and h(x) with respect to the

prime p, using exactly one translate for each edge of the Newton polygons for g(x)
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and h(x). Necessarily, the translated edges are translated in such a way as to form a

polygonal path with the slopes of the edges increasing from left to right.

Theorem 3.1 will be utilized in the following way. Let f(z) be a polynomial of
degree 6 such that there are primes p and ¢ where the Newton polygon with respect to
p has edges of horizontal length divisible by 2, and the Newton polygon with respect
to g has edges of horizontal length divisible by 3. From Theorem 3.1, we see that if
f(z) = g(xz)h(xz) where g(x) and h(z) are in Z[z] with degg(z) > 0, then the total
horizontal length of the Newton polygon of g(z) with respect p must be 2, 4, or 6;
and the total horizontal length of the Newton polygon of g(x) with respect to ¢ must
be 3 or 6. The only case that these two Newton polygons agree are when the total
lengths are 6, which means that g(x) has degree 6. Thus, f(z) must be irreducible
over Q.

To prove Theorem 1.3, we utilize work by R. Stauduhar in [37] on computational
Galois theory. In particular we have the following definition related to finding the

Galois group of a polynomial.

Definition 3.2. Let F(xy,...,2,) be a polynomial with integer coefficients in the
indeterminants x1,...,x,. Let G be a group of permutations on 1,...,n. If F is left

unchanged by precisely the permutations of G, we say that F' belongs to G.
The following Theorem combines Theorems 4 and 5 from [37].

Theorem 3.3. Let p(x) be a monic irreducible polynomial of degree n with integer
coefficients. Let r1,19,...,r, be a fived ordering of the roots of p(x). Suppose H is a
transitive subgroup of S,, and suppose that, with respect to the given ordering of the
roots, the Galois group T of p(x) is a subgroup of H. Let G be a subgroup of H and

F(z1,...,2,) a function belonging to G in H. Let m, ..., m be representative for the
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right cosets of G in H. Then the resolvent polynomial

k
Quuey(y) = 1y — m(F(r,.... 7))
i=1
has integer coefficients with F(rq,...,r,) a root. Moreover, if we assume F(ry,...,1,)

is not a repeated root of Qe (y), then I' C G if and only if F(ry,...,ry,) is a rational

integer.

Recall from Section 1.2 with » = 6 that for ¢ a non-negative integer the polynomials

posa) = 3" (t “)x% Poel) = 3" (t *j)xﬁ—fy

J J

S (t+7
and  pgy(x +1 Z( )

each have the same Galois group over QQ since the roots for each generate the same
number field. To prove Theorem 1.3, we focus on the polynomials pg¢(x) and pg+(z +
1).

Our goal is to utilize the first part of Theorem 3.3 to construct the resolvent
polynomial to then use the latter half of Theorem 3.3 to say something about the
Galois group of pg.(z) over Q. In order to do so, we must have the conditions of
Theorem 3.3 hold; in particular, we will want pg.(z) to be irreducible for all values
of t. Notice that the irreducibility over Q of one of pg(x), ps(x), and pg(x + 1)
implies the irreducibility of the other two. For example, if ps:(x + 1) is irreducible,
then so is pg+(x). Indeed, if pg () = gi(x)he(x), then ps(z+1) = ge(x + l)ﬁt(x +1).

Similarly, if pg () is irreducible, then so is pg+(z).

3.2 IRREDUCIBILITY OF pg:(x)

We start by considering the polynomials with integer coefficients defined by

A1) = 6l (a 6'2(’”]) =
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and

S (t+7 :
q(z+1,t) = 6lpss(z +1) =61 ( + )xﬁj.
j=0\ J

To make our argument easier to follow, we write out the terms of each polynomial

below.
q(z,t) = 6! pg4(x) = 612° + 6! (¢ + 1)a® + 3 - 5! (¢t + 2)(¢ + 1)
+ 5! (t+3)(t 4+ 2)(t + 1)a?
+6-5(t+4)(t+3)(t+2)(t+ 1)z?
+6(t+5)(t+4)(t+3)(t+2)(t+1)x
+(E+6)E+5)(t+4)(E+3)(t+2)(t+1),
and

q(x +1,t) = 6! g (v + 1) = 6!2® + 6! (¢t + 7)2° + 3 5 (t + 6)(¢t + 7)a*
+ 5! (t +5)(t +6)(t + 7)x°
+6-5(t+4)(t+5)(t+6)(t+T7)z”
+6(t+3)t+4)(t+5)(t+6)(t+T7)x

+(t+2)t+3)(E+A)(E+5)(t+6)(t+T).

Let t +7 = p'ps? .. .p?tjt P, where the py, for 1 < k < j;, are the distinct primes
greater than 5 dividing ¢t + 7 and P, = 2°23%5% with e; > 0. The choice of letting
pr > 5 is to ensure that the 6! and the other constant factors shown in the terms
above do not affect the Newton polygon of ¢(z + 1,t) with respect to the primes py
for each k. If there is a k such that py | (¢ + 7) while p3 1 (¢ + 7), then q(x + 1,¢)
is Eisenstein with respect to p and hence irreducible. So we do not need to consider
the case that ¢t + 7 has a prime divisor > 5 with multiplicity 1; thus, we suppose
that for each k, we have ny > 1. The Newton polygons of ¢(x + 1,t) with respect

to the primes py will each have vertices (0,0) and (6,ny). If there is a k such that

44



ged(ng, 6) = 1, then the Newton polygon of g(z + 1,t) with respect to py will contain
only two lattice points, (0,0) and (6,n). In this case, g(x + 1,t) will be irreducible
for such values of t.

Thus, if t 4+ 7 has prime factors py larger than 5 with multiplicity n; at least 2, we
know that g(z+1,t) will be irreducible unless ged(ng, 6) > 1 for each such k. We have
three remaining cases when ¢+ 7 has a prime factor larger than 5: ny is divisible by 2
for each k; ny is divisible by 3 for each k; or there is at least one prime p;, satisfying
ged(ng, 6) = 2 and at least one prime p, satisfying ged(ng, 6) = 3. While the first two
cases are not mutually exclusive, the fact that they could overlap is irrelevant for our
argument.

Consider the third case. In this case, write ny = 2a with 3 1 a, and n, = 3b with
2 1 b. The Newton polygon of g(z + 1,t) with respect to p is a line segment with
endpoints (0,0) and (6,2a), containing the lattice points (0,0), (3,a), and (6, 2a).
Similarly, the Newton polygon of ¢(z + 1,t) with respect to py is a line segment with
endpoints (0,0) and (6,3b), containing the lattice points (0,0), (2,b), (4,2b), and
(6,3b). Using Theorem 3.1, we have that such a ¢(z + 1,t) is irreducible over Q.
Thus, when ¢ + 7 has at least one prime factor p* with p, > 5, we have shown that
q(z + 1,t) is irreducible except possibly when ny is divisible by 2 for each such k or
when ny, is divisible by 3 for each such k.

For these two cases, we look at the Newton polygons of ¢(x,t) with respect to
various primes dividing ¢ + 1. Notice that the same arguments hold for ¢(z,t) and
t4 1. That is, let t + 1 = ¢/ ¢35 ... qr, " Q; where the ¢ are distinct primes greater
than 5 with my >1 for each k € {1,2,...,r;} and Q; = 223/35/5 for some f; > 0.
Similar to the argument for ¢(z + 1,t) above, we obtain that if r, > 0, then ¢(z,t) is
irreducible except possibly when my, is divisible by 2 for each k£ or when m,, is divisible
by 3 for each k. Since g(z,t) is irreducible for a given ¢ exactly when ¢(x + 1,t) is

irreducible for the same values of ¢, we are interested in the values of ¢ where these
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cases occur simultaneously for ¢(z,t) and ¢(x +1,¢). That is, denoting the horizontal
lengths between lattice points along a Newton polygon as a list, we have the four
cases where ¢(z,t) has a Newton polygon with horizontal lengths either [2,2,2] or
[3,3], and ¢(x + 1,¢) has a Newton polygon with horizontal lengths either [2,2, 2] or
(3, 3].

Assume that we are in one of these four cases. We now shift our focus from the
coefficients of 2° to the coefficients of z*. Using many of the same ideas as before, if
p > 3 is a prime such that p" | (t + 6) but p"*' { (¢ + 6), then the Newton polygon
of q(x 4+ 1,t) with respect to the prime p has vertices (0,¢), (1,€), and (6,n + €)
where ¢ = 0 if p > 5, and e = 1 if p = 5. Here, we are able to include the prime
5 because the constant term will not add an additional power of 5 since ¢t + 1 is
not a factor. If n is not divisible by 5, then their will be no other lattice points
on the Newton polygon, except in the case that 5 strictly divides ¢ 4+ 6. When this
happens, the Newton polygon is a horizontal line segment from (0, 1) to (6,1) and we
can not conclude that g(x + 1,t) is irreducible. For p™ # 5, the horizontal distance
between lattice points on the Newton polygon of g(x + 1,t) with respect to p will
be [1,5]. Combining this with the fact that the Newton polygon with respect to a
different prime will have horizontal distances between lattice points [2,2,2] or [3, 3],
we conclude that the polynomial g(z + 1,¢) will be irreducible by Theorem 3.1. If,
however, there is a prime p > 3 such that p° | (¢t + 6) but p> ' t (¢ + 6), the
lattice points on the Newton Polygon with respect to p will have horizontal lengths
[1,1,1,1,1,1]. When this happens we can not conclude that g(z + 1, ) is irreducible.

Again, the same arguments hold when looking at ¢(x,t) and t 4+ 2. The only
instances where ¢(x,t) can factor occur when there is a prime ¢ > 3 such that
¢®™ | (t 4+ 2) but ¢+ { (¢t + 2), or when 5 strictly divides ¢ + 2. Since ¢(z,t) is
irreducible for a given t exactly when ¢(z + 1, %) is irreducible for the same ¢, we need

only consider the values of ¢ where the exponents of each prime divisor greater than

46



3 for both ¢+ 2 and ¢ + 6 are each divisible by 5. Notice that both ¢t +6 and ¢ + 2 are
not divisible by 5. Thus, we reduce the four cases above to the case that ¢t + 6 = ax®
and t + 2 = by’ with a = 2%23%5% and b = 2/23/5% where ¢; € {0,1,2,3,4]},
fi € {0,1,2,3,4}, §; € {0,1}, and 6;9, # 1. Since these two conditions must be
satisfied simultaneously for ¢(x,t), and thus ¢(x + 1,t), to potentially factor, we

subtract the two and find the integer solutions to the Thue equations
az® — by’ = 4.

Using built-in programs to find integer solutions to Thue equations in Magma
V2.22, we obtain integer solutions to these 1875 Thue equations. Notice that since
t > 0, we must have az® > 6 and by® > 2. Of the 1875 Thue equations, only 126 have
integer solutions, with only 12 having solutions where ¢t > 0. Table 3.1 exhibits these
12 Thue equations, along with their solution that corresponds to a non-negative t.
A computation shows for each of these 12 values of ¢, the sextic polynomial ¢(z,t) is
irreducible.

Table 3.1 Solutions to ax® — by® = 4 corresponding to positive ¢

\ Thue Equation \ Solution \ t \ \ Thue Equation \ Solution \ t ‘
8z° — 4y =4 (1,1) 2 402° — 36y° =4 (1,1) 34
362 —y° =4 | (1,2) |30 | 20a°—16y°=4 | (1,1) | 14
62° — 2y° =4 (1,1) 0 92° — 5y° =4 (1,1) 3

160° —12y° =4 | (L,1) | 10| [324° —10y° =4 | (1,2) | 318
1205 —8y°=4 | (1,1) | 6 205605 =4 | (2,1) | 58
1025 —6,°=4 | (1,1) | 4 2425 — 205 =4 | (1,1) | 18

Notice that we are looking at values of ¢ such that t + 6 and ¢ + 2 each have a
prime factor greater than 3. The Thue equations above also include the case that
t4+ 6 or t + 2 do not have any prime factors greater than 3. When this happens,
t+6 = 2%23% or t + 2 = 223% . Taking the difference still results in az® — by® = 4
with = or y products of powers of 2 and 3. Hence, this completes the case that ¢t + 7

and t + 1 each have at least one prime factor greater than 5.
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We now have two possibilities left; exactly one of ¢ + 7 or £ + 1 has at least one
prime factor larger than 5, and neither ¢ 4+ 7 nor £ + 1 have a prime factor larger than
5. In the case that ¢t + 7 and ¢ 4+ 1 each do not have a prime divisor larger than 5,
write t 4 7 = 2¢23%5% and t + 1 = 2/23/35/5. Subtracting the two, we get the Thue
equations

ax® — by® =6,
where ax3 =t + 7 = 2°23%5% and by? = t + 1 = 2237355 with ¢; € {0,1,2} and
fi € {0,1,2} for each j. Using Magma V2.22, we obtain integer solutions to these
729 Thue equations. Notice that since t > 0, we must have az® > 7 and by® > 1. Of
the 729 Thue equations, only 86 have integer solutions, with only 18 having solutions
with ¢ > 0. Table 3.2 exhibits these 18 Thue equations, along with their solution
that corresponds to a positive t. A computation shows for each of these 18 values of

t, the sextic polynomial ¢(z,t) is irreducible.

Table 3.2 Solutions to ax® — by? = 6 corresponding to positive ¢

’ Thue Equation \ Solution \ t ‘ ’ Thue Equation \ Solution \ t ‘
x> —2y3 =6 (2,1) 1 122 — 90y° = 6 (2,1) 89
203 — 61> = 6 (3,2) 47 1523 — 6y° =6 (14,19) | 41153

25510 =6 | (2,1) | 9 1525 — 9" =6 | (1,1) 8

322 —18y* =6 | (2,1) | 17 1823 —12y° =6 | (1,1) 11
33 —ThyP =6 | (3,1) 74 1823 — 60y® = 6 (3,2) 479
4a3 — 23 =6 (4,5) | 249 3023 — 3y> =6 (1,2) 23
923 — 3y =6 (1,1) 2 3623 — 30y> =6 (1,1) 29
102° — 49> =6 | (1,1) 3 6023 — 2y> = 6 (1,3) 53
1223 — 6y° =6 (1,1) ) 15023 — 18y> = 6 (1,2) 143

In the case that exactly one of t + 7 or t + 1 has a prime factor larger than 5, we
use much of what was discussed above. That is, if t + 7 is divisible by a prime larger
than 5, we have shown that ¢(x + 1, t) is irreducible except possibly when each of the
primes larger than 5 dividing ¢ + 7 have exponents divisible by 2 or when each of the
primes larger than 5 dividing ¢ 4+ 7 have exponents divisible by 3. That is, we can

write t + 7 as either t +7 = ay22 or t + 7 = as2® for a; = 2¢23°5% and ay = 223735
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with e; € {0,1} and f; € {0,1,2}. In either case, since now ¢ + 1 has no prime
divisors > 5, we can write ¢ + 1 = by® with b = 2923935% where g; € {0,1,2} and y is
divisible by no primes larger than 5. Taking the difference, the only possibilities for

q(z,t) to factor occur at integer solutions to
ar? —by? =6 or ar® — by =6.

The same must be true for the case that t 4+ 1 is divisible by a prime larger than 5
while ¢ + 7 is not. That is, for by = 2°23%5% and by = 2/23/25/5 with e; € {0,1} and

f; €40,1,2}, and when a = 2923%5%, we look for integer solutions to
az® —biy* =6 and az® — by’ = 6.

We have already exhibited solutions to asz® — by = 6 and ax® — byy® = 6. Using
built-in programs to find integer points on elliptic curves in Magma V2.22, out of the
216 elliptic curves of the form a;2? —by?® = 6, only 50 have integer solutions, with just
23 satisfying t > 0. Of these 23 equations, only 7 have solutions that correspond to ¢
values such that ¢ 4 7 is divisible by at least one prime > 5 and ¢ + 1 is divisible by
only primes < 5. And out of the 216 elliptic curves of the form ax® — b1y? = 6, only
29 have integer solutions, with just 21 satisfying t > 0. Of these 21 equations, only 2
have solutions that correspond to t values such that ¢ + 7 has no large prime divisor
and t + 1 has at least one large prime divisor. Table 3.3 displays these equations
along with their solutions that correspond to appropriate t. For convenience, we list
only the solutions (z,y) such that x > 0 and y > 0.

In the way of some details, observe that the equation az? —by® = 6 is equivalent to
X2 -Y3 =6a)? for X = a*bx and Y = aby for ab # 0. Using Magma V2.22, we find
integer solutions to X2 — Y3 = 6a3bh?, then make the substitution z = X/(ba?) and
y = Y/(ab). Notice that not all integer solutions of X? — Y3 = 6a®b* are equivalent
to integer solutions to az? — by® = 6; however, if (z,y) is an integer solution of

az? —by* = 6, then (a®bz, aby) is an integer solution to X? — Y3 = 64®b*>. Thus we do
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Table 3.3 Solutions to a;2? — by® = 6 and ax® — bjy? =6

| Equation | Solutions (z,y) \ t
227 — 3% = 6 (9,22) 1451
627 — 7 = 6 (17,12) 1727
627 — 107 = 6 (19, 6) 2159
627 — 3647 = 6 (7,2) 287
627 — 90y° = 6 | (3L,4), (11,2), (161, 12) | 5759, 719, 155519
627 — 1505° = 6 (26,3) 1049
627 — 225y = 6 (49, 4) 14309
522 — > = 6 (7.9) 728
3002° — 652 = 6 (1,7) 293

not exclude any integer solutions of az? — by = 6 by making these substitutions. For
ax®—by? = 6, we consider the equation Y2 — X3 = —6a%b% for X = abxr and Y = ab?y.
For each of these values for ¢, we show that ¢(x,t) or ¢(x + 1,¢) is irreducible by a

direct computation.

3.3 THE GALOIS GROUP OF pg ()

The rest of the proof of Theorem 1.3 is dedicated to showing that there are only
finitely many values of ¢t € Z>( such that ps.(z) has Galois group PGLy(5). Since
the ploynomials pg (), De+(x), and pg+(x + 1) each have the same Galois group, we

choose to work with pg;(z). We make use of the following lemma from [6] and [5].

Lemma 3.4. Let f(x) be an irreducible polynomial of degree v > 2. If the Galois
group of f(x) over Q contains a 2-cycle and a q-cycle for some prime q > r/2, then
the Galois group is S,. Alternatively, if the Galois group of f(x) over Q contains a
3-cycle and a q-cycle for some prime q > r/2, then the Galois group is either the

alternating group A, or the symmetric group S,.

Using Lemma 3.4, we obtain the following Lemma which we will use to construct

the resolvent polynomial.
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Lemma 3.5. Let H be the subgroup PG Ls(5) in Sg. Let G be the subgroup generated
by the 2-cycle (1,2) and the 3-cycle (1,2,3) in Sg. Then the elements of G can be

used as representatives for the 6 distinct cosets of H in Sg.

Proof. From [16], we know that the Galois group of pg:(x) is either Sg or PG Lo(5).
Assume that it is PGLy(5). From Section 3.2, the polynomial pg¢(z) is irreducible
with degree 6 for every t € Z>,.

Since any n-cycle and a 2-cycle generate S,,, we see that G = S3; thus, the size of

G is 6. It is not difficult to check that
G = {<1)7 (1’ 2)7 (27 3)7 (17 3>’ (17 2, 3)7 (17 3, 2)}

To show that the six cosets H, (1,2)H, (2,3)H, (1,3)H, (1,2,3)H, (1,3,2)H are
distinct, we show that H NG = {(1)}.

By Cauchy’s Theoreom, since 5 divides 120 = |H|, H has an element of order 5.
Since H C Sg and 5 is prime, this element must be a 5-cycle. Since H contains a
5-cycle, if any of (1,2), (2,3) or (1,3) are in H, then H = Sg by Lemma 3.4, which
contradicts H = PG Ly(5). Similarly, if (1,2,3) or (1, 3,2) are in H, then Lemma 3.4
states that H is either Ag or Sg, neither of which is PGLs(5). Thus it must be the
case that H NG = {(1)}.

To finish the proof, if a,b € G and aH = bH, then a~'b € H. Since a™'b is also
in G, we have that a='b = (1) because H NG = {(1)}. Thus, a = b implying that
aH = bH only if a = b. Hence the six cosets represented by the elements in G are

distinct. O

Using Lemma 3.5, we follow [37] closely to finish Theorem 1.3. We start by
finding the polynomial that belongs to PG Ly(5); that is, the polynomial that is fixed

by precisely PG Ly(5). Following the proof of [37, Theorem 1], set F* = apaiaiaial.
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Then

F = F<a1> 2, O3, Qg, A5, aﬁ) - Z U(F*) = Z aU(Q)Oé?T(S)OCgM)O‘i(t’))ai(@
o€PGLa(5) o€PGLa(5)

belongs to PG Ly(5). Notice that F', by definition, is not a symmetric polynomial in
the o/s.

We now construct the resolvent polynomial Q(z,t) = Qs pcL.(s)(,t) using
Theorem 3.3. Let m; be representatives for the right cosets of PGLs(5) in Sg, and
T1,...,7¢ be the roots of ps+(z). By Lemma 3.5, we know that the right cosets of
PGLy(5) can be represented by elements in the subgroup generated by (1,2) and
(1,2,3). Then Q(z) is defined by

6
Qa,t) = L@ = Flrr: @), @) o) Tr5): )

Notice that Q(z,t) is a symmetric polynomial in the roots ry,...,7¢ of ps+(x).
Using the fundamental theorem of symmetric polynomials, we can write Q(x,t) in
terms of the elementary symmetric polynomials in the variables r,...,rs, and use
the correlation between the elementary symmetric polynomials and the coefficients
of ps+(x) to get a closed form for the resolvent Q)(z,t). This calculation proved too
cumbersome for Maple 2019. Instead, we define a family of symmetric polynomials
that also relate to the coefficients of pg (). Let o, ; be the sum of all possible i-tuples
of xy, for k < n raised to the j-th power where ¢ < m and j is a positive integer. For

example, for n = 4 we have the four variables z, x9, x3, and x4, and we have the

symmetric polynomials

01,1 = T1 + To + T3 + X4,
o192 = 7 + 25 + 25 + 75,
02,1 = T1T2 + X123 + L1204 + T2X3 + TaXy + T3y,
029 = xfx% + x?x% + xfxi + x%x% + a:%xi + x%xi,

043 = xi’z%x%xi, ete.
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Since we have the six variables rq,...,rs, we will let ¢ range from 1 to 6. Notice
that if j = 1, the polynomials o, for i € {1,2,...,6} are the elementary symmetric
polynomials, and are thus the coefficients of pg.(x) up to sign. Also notice that
06 = aél, s0 0 is Pe+(0)7. To get o1 ;, we use Newton’s power sum formulas. That

is, we relate each oy ; to the elementary symmetric polynomials and oy, for k& < j by

2
012 =011 — 2091,

01,3 = 01,1012 — 02,101,1 + 3031,

014 = 01,1013 — 021012 + 031011 — 4041,

015 = 01,1014 — 021013+ 031012 — 041011 + 9051,
6
_ k+1 -
o1 =) (=) opi0k for j = 6.
k=1
Working sequentially, we are able to use these formulas to write o ; in terms of the

coefficients of pg+(x) for any positive integer j.

For o9 ;, we write 019 in terms of the elementary symmetric polynomials

2
011012

2 )
012 = 0'171 — 20'271 or o021 = B

Replacing r; with ] gives us the formula

2
O1n — 012n
O2n = 9

that we use to write g, in terms of the coefficients of pg () for any positive integer

j. Using the same approach, we can express o0s,, 04,, and 05, in terms of the

elementary symmetric polynomials and the o; ; that we have already calculated using

3
0130 — 071 + 301,002

O03n = 3 )
ot — 462 09, + 401,03, + 202 — 0O
_ Y1n 1,nY2,n 1,nt3,n 2,n 1,4n d
O4n = 4 , o an
5 3 2 2
O15n — 01, T 5017n027n — 5017,103,” — E)ULHUZ,1 + 501,04y + 502,035,
O5n = .

5
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Thus, we are able to get all the o; ; in terms of the coefficients of pg (). Instead of
writing Q(z, t) in terms of the elementary symmetric polynomials, we write it in terms
of these o; ;. When writing Q)(z,t) in terms of these o, ;, we go out to ¢ 17, which
requires calculating up to oy99. To mitigate the work for Maple, we write the o; ; in
terms of the coefficients of pg;_3(x) instead of pg.(z) as this makes the coefficients
have fewer terms. For example, the coefficient of z becomes ¢(t* — 1)(¢* — 4)/120
instead of (t+5)(t+4)...(t+1). Hence, we are able to write the resolvent Q(z,t—3)
in terms of x and ¢, which can be found in Appendix C.

To finish the proof of Theorem 1.3, we utilize the second half of Theorem 3.3.
Notice that F(ry,...,rg) is a root of Q(x,t — 3) since the identity element is a rep-

resentative of the right cosets of PGLy(5) in Sg. Using Maple 2019, one can check

0Q(z,t — 3)
Ox

orem 3.3 states that the Galois group of pg,—3(z) is a subset of PG Ly(5) if and only

that ged ( ,Q(z,t — 3)) =1, so Q(x,t — 3) has no repeated roots. The-
if F(ry,...,7¢) is a rational integer. Since we know from [16] that ps,—3(z) has Galois
group either Sg or PG Ly(5), we actually have that F'(rq, ..., rg) is a rational integer if
and only if the Galois group of pg;_3(x) is PGLy(5). Using Siegel’s Theorem [34], the
curve Q(x,t — 3) = 0 of genus 7 has only a finite number of integer solutions. Since
F(ry,...,m6) is a solution to Q(x,t — 3) = 0, there are only finitely many values for
t € Z such that F(rq,...,rg) is an integer, so there are finitely many integers ¢ such
that pg+—3(x) has Galois group PG Ly(5). This concludes the proof of Theorem 1.3.
In theory, one can find the integer values of ¢ such that Q(z,t — 3) = 0; however,
this is quite difficult in practice. In the context of our problem, we are more restrictive
than finding integer values of ¢; we want integer values of ¢ such that ¢ > 3 so that

t — 3 is nonnegative.
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CHAPTER 4

WIDELY DIGITALLY STABLE COMPOSITE NUMBERS

4.1 PRELIMINARIES

We begin by considering

10" -1

N=7 +M

where n and M are large natural numbers to be determined and n is large enough

that the left-most digit of NV is 7. Notice that N can be written as

N =00...0077...77+M,
——

n total 7’s

where 77...77 is a string of n digits that are all 7’s.

To prove Theorem 1.5, we will determine a positive integer M and a set of primes
P such that for infinitely many choices of the positive integer n, when we insert any
x € {0,1,...,9} between any two digits of N, including any of the infinitely many
leading zeros, or to the right of the right-most digit of N, the resulting number will
be divisible by at least one prime in P. We will do so by forming covering systems
of the integers where the moduli of the congruences in the coverings correspond to
unique primes.

The role of 7 above is motivated by the idea of taking 7 € P and M =0 (mod 7)
so that any insertion of the digit 0 or the digit 7 into the leading 0’s or leading 7’s of
N will produce a number divisible by 7. Thus, we do not need to worry about these
particular insertions. We will also require M to be congruent to one of 0, 2, 4 or 6

modulo 10 to ensure ged(XV, 10) = 1.
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For a nonnegative integer k, let N*)(z) denote inserting a digit = € {0, ...,9} to

the right of the k + 1°¢ digit of N, that is to the right of dj. For example,
N(2) (ZE) =00... OOdn_ldn_g e dgl’dldg.

We set K to be the number of digits of M; thus, initially, K is unknown to us.
Observe that d = 7 for K < k < n — 1. We will break the argument up into three
cases: k > n corresponding to the leading zeros, K < k < n — 1 corresponding to
the leading sevens, and 0 < k < K corresponding to M. We can formulate N*)(x)
above nicely for the first two cases. Specifically, with z € {0, 1,...,9}, for k > n, the

value of N®)(z) takes the form

10" -1

NP (@) =7- 5

+ M + 2 - 10%;

and for K < k < n, the value of N¥)(z) takes the form

10" — 1
NP (z)=7-10"+ 7

+ M+ (x—7)- 10",

For k > n, we see that N(gk) (x) is the result of inserting the digit x to the right of a
leading zero; for K < k < n, we see that Nék)(x) is the result of inserting the digit x
to the right of a leading seven.

Recall that by taking M =0 (mod 7), we have that both N*)(0) and N*)(7) are
divisible by the prime 7 € P for all k > K. We now also take 3 € P and M =1

(mod 3). Then if in addition n = 0 (mod 3), one checks that
N®©2)=N® () = N®(®&) =0 (mod 3)

for every nonnegative integer k. Thus, inserting an x € {2,5,8} into the number
N results in a number divisible by 3. At this point, we have that inserting an
x € {0,2,5,7,8} into the number N produces a number divisible by a prime in

(3,7} CP.
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To handle z € {1,3,4,6,9}, we will do a bit more work, and this is where we will
consider Nék)(:c) and N7(k)(:c) separately, as well as inserting z in the right-most K

digits of N. We begin with the following definition.

Definition 4.1. A finite system of congruences = = a; (mod m;), 1 <i <t is called
a covering of the integers (or simply a covering) if each integer satisfies at least one

congruence in the system.

For example, one can check that the system

r=1 (mod 2) r=0 (mod 3)
r=2 (mod 6) r=4 (mod?9)
r=10 (mod 18) r=16 (mod 18)

is a covering of the integers. This covering, as well as the coverings used in this
dissertation, will not require that the moduli be distinct.

The following lemma is similar to [14, Lemma 1] and clarifies our use of covering
systems. This lemma will be used for inserting a digit in the leading zeros. By way
of notation, we define ¢(p) to be the multiplicative order of 10 modulo a prime with

ged(10,p) = 1.

Lemma 4.2. Let N and M be natural numbers such that

10" -1

N=T17 + M,
where N has the decimal expansion

N:dn_ldn_g...dldg, dl S {0,1,,9} n Z 1, dn—l =T.

Let K be a nonnegative integer such that dp =7 for K <k <n—1, and set dp =0
for k > mn. For a fivxed x € {0,1,...,9}, suppose we have distinct primes p, ..., Dy,

each > 5, for which
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(i) there exists a covering of the integers

k=b;, (modc(p;)), 1<i<t,

(1)) n =0 (mod lem(c(pyr), ..., c(pr))),

(iii) M is a solution to the system of congruences

M= —z-10% (modp;), 1<i<t.

Then, for all nonnegative integers k, we have

10" -1

5 + M +x-10F

NP (x)=7-
is divisible by at least one of the primes p; where 1 <1 <t.

Proof. Suppose the conditions in the lemma hold and let £ > n. By (i), there is an
i€ {l,...,t} such that k =b; (mod ¢(p;)). Since ¢(p;) is the order of 10 modulo the
prime p;, and n = 0 (mod lem(c(py),...,c(pt))), we have 10" — 1 =0 (mod p;) and
thus (10" —1)/9 =0 (mod p;) since p; > 5. Thus

10" -1

Ny () =T =

+M+x-10F =M +2-10% (mod p;).

From (iii), we deduce that Nék)(x) =0 (mod p;). O

Although the conclusion holds for all nonnegative integers k, we are interested
only in the case k > n of the lemma.

Recall that we previously took M = 1 (mod 3), 3 € P, and n = 0 (mod 3) to
handle inserting an x € {2,5, 8} into the number N. This corresponds to taking t = 1
and p; = 3 in Lemma 4.2. As ¢(3) = 1, we take b = 0. Observe then that (i) of
Lemma 4.2 hold. This application of Lemma 4.2 can be viewed as a degenerate case,
where the covering of the integers in (i) is the single congruence k = 0 (mod 1) and

taking n = 0 (mod 3) is in lieu of having the prime p; = 3 < 5.
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For each = € {1,3,4,6,9}, we want to create a covering system to use with
Lemma 4.2. The covering system will be of the form given in (i) corresponding
to inserting x to the right of the digit di. This lemma is specifically to address
the insertion of z into the leading 0’s; we will want a similar but different lemma
to address inserting a digit into the leading 7’s and yet a different argument for
inserting a digit to the right of dy for k < K. To obtain the primes p of a given
order ¢ = ¢(p), one merely needs to look at the primes p which divide ®.(10), where
®,.(z) is the ¢ cyclotomic polynomial. Every prime divisor p of ®.(10) either will be
such that the order of 10 modulo p is ¢ or will be equal to the largest prime divisor
of c. In [3, p. III C 1] it is discussed that the largest prime divisor of ¢ can only
divide ®.(10) to the first power. There are also no other primes besides those primes
dividing ®.(10) for which the order of 10 modulo p is c. It follows that for the covering
system given in (i), we can use the modulus ¢ multiple times, where the multiplicity is
equal to the number of distinct prime divisors of ®.(10) other than the largest prime
divisor of ¢. What complicates the covering systems as we proceed is that the primes
considered in general cannot be used for different = € {1,3,4,6,9}. More precisely, a
congruence involving a prime p; in (i) can only be used for two different values of x if
the congruence condition on M in (iii) is the same for those values of z. In practice,
this rarely happens, but we will definitely take advantage of some instances where
this is the case.

The prime divisors of ®.(10) were obtained through factorizations or partial fac-
torizations largely using Magma V2.22 and checked using Maple 2019. To clarify,
we can use the modulus ¢, L(c) times where L(c) is the number of distinct prime
divisors of ®.(10) found, minus 1 if the largest prime factor of ¢ divides ®.(10), plus
7, where 7 = 0 if the prime factorization we obtained was a complete factorization,
7 = 1 if the prime factorization we obtained was incomplete and the remaining factor

is relatively prime to the product of the known prime divisors of ®.(10) and ¢ and

99



the remaining factor is a probable prime, and 7 = 2 if the prime factorization we
obtained was incomplete and the remaining factor is relatively prime to the product
of the known prime divisors of ®.(10) and ¢ and the remaining factor is neither a

probable prime nor a prime power.

4.2 INSERTING A DIGIT INTO THE LEADING ZEROS

Set Py = P; = Py = {3} and Py = P; = {7}. For x € {1,3,4,6,9}, let P, be a
set of primes, to be determined, as in Lemma 4.2.

For this section, we make use of covering systems developed in [14] and [17], with
some minor modifications. Thus, the tables given in this section are not identical to
the tables in [14] and [17]. Some minor edits to the congruences were made so that
some of the same moduli can be used for more congruences when we look at inserting

a digit into the leading sevens in the next section.

Table 4.1 Covering used in Lemma 4.2 (i) for x =9

| row | congruence | prime p; | | row | congruence | prime p; |
1 | k=0 (mod 2) 11 3 | k=1 (mod 8) 73
2 | k=3 (mod 4) 101 4 | k=5 (mod 8) 137

When x = 9, the covering system used is given in Table 4.1. To clarify, the
covering system consists of the congruences in the middle columns. One checks that

this is a covering of the integers. One can also see that

2= C(ll) = OI'dH(lO), 4= C(lOl) = ord101(10),

8 = C<73> = ord73(10), 8 = 0(137) = ord137(10).

What Table 4.1 is indicating is that

10" -1

Nék)(Q):T +M+9-10=0 (mod p),
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for some p € {11,101, 73,137}, depending on which congruence k satisfies from the

covering. With regard to Lemma 4.2, we take
t=4, p; € Py={11,73,101,137}, n=0 (mod 8),
and M satisfying all the congruences

M=-9-10°=2 (mod 11), M=-9-10>=90 (mod 101)

M =-9-10' =56 (mod 73), M=-9-10°=90 (mod 137).

Since we have different prime moduli above, the Chinese Remainder Theorem
ensures us that there is a single congruence for M modulo 11 - 101 - 73 - 137 that is
equivalent to the above congruences on M. Thus, Lemma 4.2 says that under these
conditions, the number Nék)(Q) is composite for all k£ > n.

Combining the information so far, we see that if n =0 (mod 24) and M satisfies
all of the congruences on M modulo 11,101,73 and 137 above as well as M = 0
(mod 7) and M =1 (mod 3), then N (2) will be divisible by at least one prime in
{3,7,11,73,101, 137} for each = € {0,2,5,7,8,9} and k > n.

For = 3, we use the primes found in [14, Table 1]. While the covering is similar
to that of [14, Table 1], we have again made some modifications to the congruences
so that some of the same moduli can be used for more congruences when we look at
inserting a digit into the leading sevens in the next section. Table 4.2 exhibits the

covering used for x = 3 where we have made use of the notation
pr = 440334654777631, p1a = 3199044596370769.

The set P5 is the set of 14 primes in the columns “prime p;”. One can check that
the congruences in the columns “congruence” form a covering of the integers. The
least common multiple of the moduli found in Table 4.2 is 216, so verifying that the
congruneces in Table 4.2 form a covering amounts to verifying that each of 0, 1, ...,

215 satisfies at least one of the congruences. One further checks that each prime p
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listed in the “prime p;” columns of Table 4.2 has ¢(p) equal to the corresponding
modulus in that row. We can then apply Lemma 4.2 as was done previously to see

that the number Nék)(3) is composite for all & > n.

Table 4.2 Covering used in Lemma 4.2 (i) for x = 3

| row |  congruence | prime p; | [ row | congruence [ prime p;
1 k=0 (mod 3) 37 8 | k=53 (mod 54) | 70541929
2 k=1 (mod 6) 13 9 | k=26 (mod 54) | 14175966169
3 k=2 (mod9) 333667 10 | k=4 (mod 12) 9901
1 | k=14 (mod 18) | 19 11 | k=10 (mod 24) | 99990001
D k=5 (mod 18) 52579 12 | k=22 (mod 72) 3169
6 | k=17 (mod 27) 757 13 | k=46 (mod 72) 98641
7 | k=8 (mod 27) D7 14 | k=70 (mod 72) D14

We use the same technique for x € {1,4,6}. For = € {1,6}, we use similar
coverings to those found in [14], and for = 4 we use a similar covering to that found
in Tables 6 and 7 from [17], which we reproduce here.

In general, one can verify that the congruences given in a table for a given z is
a covering by setting ¢ to be the least common multiple of the moduli in the set of
congruences and verifying that each integer in [0, {— 1] satisfies one of the congruences.
Then it is not difficult to see that every integer will satisfy one of the congruences.

For x = 6, we use the covering found in Table 4.3, and for x = 1 we use the

covering found in Table 4.4. The following notation for primes is used in these tables:

pio = 3199044596370769, pi; = 102598800232111471,
P13 = 265212793249617641, p14 = 30703738801, pi5 = 625437743071,
P16 = 57802050308786191965409441, p17 = 4185502830133110721
pa1 = 4458192223320340849,  por = 127522001020150503761,  ps; = 60368344121,
D32 = 848654483879497562821, p3s = 73765755896403138401,

p3s = 11189053009, pss = 603812429055411913, psr = 148029423400750506553.
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Table 4.3 Covering used in Lemma 4.2 (i) for x = 6

(row |

congruence

‘ prime p; ‘

— ’ row \ congruence \ prime p; ‘
; Z = ? EEZS i; 24711 11 | k=18 (mod 60) | 61
T T h=2 mod 107 | 9061 12 | k =58 (mod 60) | 4188901
= 13 | %k = 38 (mod 60) | 39526741
1 | k=3 (mod 20) | 3541 1 T F=0 mod 15) .
2 kk:;;’ ((;1“00; 3200)) 2;91)?1 15 | k=4 (mod 15) | 2906161
TR =17 (mod 30] | 241 16 | k=29 (mod 45) | 2386831
8 | k=27 (mod30) | 2161 17 | k=14 (mod 45) | pir
0T =8 (mod 40) | 1676321 | |_L5_| =59 (mod 90) | 29611
= 19 | k=44 (mod 90) | 3762091
10 | k=28 (mod 40) | puo
Table 4.4 Covering used in Lemma 4.2 (i) for z =1
’ oW ‘ COTETuenee ‘ DUC Di ‘ ] row \ congruence \ prime p; ‘
; Z = (1) EEZS 2 4263499 20 | k=33 (mod 84) | 226549
5 [ k=9 (mod2l) 13 21 | k=75 (mod 84) P21
T F =2 (mod 21) 53 22 | k=19 (mod 63) 10837
— 23 | k=40 (mod 63) 23311
5| k=16 (mod 21) |T0838689 | = e s
S /fz:fo ((rfnooi 1248)) 902891 25 | k=6 (mod 28) | 121499449
S k=21 (mod 23) 581 26 | k=13 (mod 56) 7841
9 | k=4 (mod 35) 71 27 | k=4l (mod 56) P21
10 | k=11 (mod 35) | 123551 | |25 | #=20 (mod 10) | 421
T T F =18 (mod 35) - 20 | k=48 (mod 140) | 3471301
= 30 | k=76 (mod 140) | 13480841
12 | k=25 (mod 70) | 4147571 3T % = 104 (mod 140) -
13 | k=60 (mod 70) Pis 32 | k=132 (mod 140) | ps
14 | k=32 (mod 105) | pu 33 | k=27 (mod 112) 113
15 | k=67 (mod 105) D15 YR — 83 (mod 112) ,
16 | k=102 (mod 105) D16 =1 r = =5 (mod 163) pii
g kkz_ 256 (310024422)) 2162879 36 | k=111 (mod 168) P36
= 37 | k=167 (mod 168) s
19 | k=12 (mod 42) | 459691

For inserting a 4 in the leading zeros, we turn to Tables 6 and 7 in [17]. Rows
1 and 2 of [17, Table 6] utilize the primes 73 and 7, which we have already used for

x =9 in Table 4.1 and when inserting a 0 or 7 in the number N, respectively. Hence,
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we must replace these congruences with congruences that correspond to primes that
we have yet to use.

For z = 4 we use the covering found in Table 4.6. For this table, and future
tables, we utilize partial factorizations of ®,(10). Table 4.5 displays such partial
factorizations, as well as some full factorizations of ®,(10) as a way to exhibit large
primes. In Table 4.5, we write ®,,(10) = p1py - - - p,C,,, where C,, is a composite factor
of ®,(10) having at least 2 distinct prime divisors different from py,ps,...,p, and
n. We write ®,(10) = py1ps - - - p.P,, where P, is a prime factor of ®,(10) different
from pq,po,...,p.. Computationally, P, was determined to be a prime power and
then verified to be a prime. For these tables, and future tables, we denote P, to be
a probable prime too large to include comfortably where ordp, (10) = x. We also use
¢z, to denote one prime factor from the composite number C, where ord,, ,(10) =
that we were unable to factor, and ¢, 2 to denote the other prime factor from the same
composite number. We did not compute the values of ¢, ; and ¢, 2, but we know they
exist.

Table 4.5 Partial /Full factorizations of ®,,(10) for large n

| n | Factorization of ®,,(10)
121 15973 - 38237 - 274187 - Poy
242 11 - 4357 - 25169 - 1485397 - 102502981431359171598893 - Poyo
275 7151 - 15401 - 59951 - Czs
363 622001227 - 1830142890743707 - Cs63
396 79082656489 - 1538607523068637497164701 - Psgg
484 56629 - 170369 - 29606281 - 1491164086760128255001869 - Clyg4
528 | 75675153541982860202858401 - 11786300284844910479546815969 - Psog
605 9666954991 - Cip5
726 727 - 1453 - 3481311540961 - Cro6
1210 10891 - 131891 - Ch210
1452 Pras
1584 249357075126193 - C'584
2904 02904
4356 949609 - 384538969 - Clyss6
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To conserve space, we denote

P1e = 283830826522232279893972777,  p1. = 11786300284844910479546815969,
p1s = 16205834846012967584927082656402106953,
pag = 138267770127916457629034873443951,
paz = 1703548913892494075097664562023844278044121,
pag = 1395900370916327245555441901,
pas = 36380545029953205956377406702261,
pag = 1112314101311286003379752617807870409611285281,
D52 = 136614668576002329371496447555915740910181043,
Doz = 362853724342990469324766235474268869786311886053883,
Pea = 141122524877886182282233539317796144938305111168717,
prs = 7907009307594694001053552000588658391100974093457603716419437,
prr = 8927244623941181398233253,  prs = 1866763546567680996103417376059,
pro = 112970308382439859401726947341740704554951737408511354573,

pso = 745075571220969645310060665147889844234389319509119324219479473309.

For = € {1,3,4,6,9}, the set of primes P, corresponding to a given x used in
Lemma 4.2 is the set of primes appearing in the last column of the table given for
x. For example, as noted earlier, Py = {11, 73,101, 137}. We now have a congruence
condition on M of the form given in Lemma 4.2 (iii) for each prime in P;UPyU- - -UPy.
In the next section, we will develop more congruence conditions on M to handle

inserting a digit into one of the leading sevens of V.
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Table 4.6 Covering used in Lemma 4.2 (i) for z =4

| row | congruence prime p; | | row | congruence \ prime p;
la k=16 (mod 66) 183411838171 13 k =37 (mod 66) 599144041
1b k =136 (mod 264) 126197002179733470481 14 | k=38 (mod 132) 5419170769
lc | k=202 (mod 264) Pre 15 | k=126 (mod 132) 789390798020221
1d k=70 (mod 528) | 75675153541982860202858401 16 | k=60 (mod 132) 2361000305507449
le | k=268 (mod 528) Die 17 k=5 (mod 88) 617
If | k=334 (mod 528) Psas 18 | k=49 (mod 88) D18
lg | k=532 (mod 1584) 249357075126193 19 | k=104 (mod 264) 2377
Th | k = 1060 (mod 1584) C1511 20 | k = 236 (mod 264) 16369
2a k=3 (mod 16) 0882353 22 | k=159 (mod 264) 6796152793
2b k=11 (mod 32) 353 23 | k=247 (mod 264) 24387741577
2% | k=27 (mod 32) 149 24 | k=6 (mod 55) 1321
3 k=0 (mod 11) 21649 95 | k=17 (mod 55) 62021
4 k=1 (mod 11) 513239 26 k =28 (mod 55) 83251631
5 k=10 (mod 16) 17 27 k=39 (mod 55) | 1300635692678058358830121
6 k=2 (mod 22) 23 28 | k=50 (mod 110) 331
7 | k=13 (mod 22) 4003 20 |k =105 (mod 110) 5171
8 k=3 (mod 22) 8779 30 | k=7 (mod 110) 20163494891
9 k=14 (mod 44) 89 31 | k=62 (mod 110) | 318727841165674579776721
10 k=36 (mod 44) 1052788969 32 | k=18 (mod 220) 661
11 | k=15 (mod 33) 67 33 | k=73 (mod 220) 18041
12 k =26 (mod 33) 1344628210313298373 34 | k=128 (mod 220) 148721




L9

Table 4.6 cont.

Covering used in Lemma 4.2 (i) for v =4

| row | congruence \ prime p; || row | congruence \ prime p;
35 | k=183 (mod 220) 1121407321 57 | k=74 (mod 154) 4539402627853030477
36 | k=40 (mod 275) 7151 58 | k=151 (mod 154) 4924630160315726207887
37 | k=95 (mod 275) 15401 29 k=9 (mod 99) 199
3% | & = 150 (mod 275) 59951 60 | k=20 (mod 99) 307
39 | £ =205 (mod 275) C275.1 61 k=31 (mod 99) 34849
40 | k =260 (mod 275) Co75.2 62 k=42 (mod 99) D62
41 | k=29 (mod 165) 471241 63 | k=53 (mod 198) 7093127053
42 | k=84 (mod 165) D42 64 | k=152 (mod 198) Dea
43 | k=139 (mod 165) D43 65 | k=64 (mod 396) 79082656489
44 | k=51 (mod 220) Daa 66 | k=163 (mod 396) | 1538607523068637497164701
45 | k =161 (mod 220) Das 67 | k=262 (mod 396) Pisgg
46 | k = 106 (mod 330) 4124507971 68 | k=361 (mod 792) 761113
47 | k=216 (mod 330) | 19835636682880495867311241 69 | k=757 (mod 792) 440718109921
48 | k=326 (mod 330) Pag 70 | k=75 (mod 297) 55243
49 k=8 (mod 77) 2237 71 | k=174 (mod 297) 198397
20 k=19 (mod 77) 42043 72 | k=273 (mod 297) 1981560241
o1 k=30 (mod 77) 29920507 73 | k=86 (mod 297) 31600574312077
52 k =41 (mod 77) Ds2 74 | k=185 (mod 297) | 165426670443186506567467
53 | k=52 (mod 154) 463 75 | k=284 (mod 297) D75
54 | k=129 (mod 154) 24179 76 | k=97 (mod 594) 7129
55 | k=63 (mod 154) 290437 77 | k=196 (mod 594) D77
56 | k = 140 (mod 154) 7144361 78 | k=295 (mod 594) s
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Table 4.6 cont.

Covering used in Lemma 4.2 (i) for z = 4

’ row \ congruence \ prime p; ‘ ’ oW \ congruence \ prime p;
79 k=394 (mod 594) P79 102 | k=230 (mod 726) 1453
80 k =493 (mod 594) Pso 103 | k=351 (mod 726) 3481311540961
81 | £=592 (mod 1188) 765144469 104 | k=472 (mod 726) C726,1
82 | k= 1186 (mod 1188) 3205591041505249 105 | k=593 (mod 1452) Piyso
83 k=10 (mod 121) 15973 106 | k= 1319 (mod 4356) 949609
84 k =21 (mod 121) 38237 107 | £ =2771 (mod 4356) 384538969
85 k =32 (mod 121) 274187 108 | k£ = 4223 (mod 4356) C4356,1
86 k=43 (HlOd 121) P121 109 k=714 (HlOd 2904) C2904,1
87 k =54 (mod 242) 4357 110 | k£ = 1440 (mod 2904) C2904,2
88 k=175 (mod 242) 25169 111 | £ =2166 (mod 5808) 21582529
89 k =65 (mod 242) 1485397 112 | £k =5070 (mod 5808) 114690577
90 k =186 (mod 242) Py 113 = 2892 (mod 5808) | 107045999862591744769
91 k =76 (mod 242) 102502981431359171598893 114 | k= 5796 (mod 5808) 48098483178241
92 k=197 (mod 484) 56629 115 | k=120 (mod 605) 9666954991
93 k=439 (mod 484) 170369 116 | k=241 (mod 605) C605,1
94 k =87 (mod 484) 29606281 117 | k=362 (mod 1210) 10891
95 k =208 (mod 484) | 1491164086760128255001869 118 | k=967 (mod 1210) 131891
96 k =329 (mod 484) Caga1 119 | k=483 (mod 1210) €1210,1
97 k =450 (mod 484) C484,2 120 = 1088 (mod 1210) C1210,2
98 k =98 (mod 363) 622001227 121 | k=604 (mod 2420) 1006721
99 k=219 (mod 363) 1830142890743707 122 = 1209 (mod 2420) 2323201
100 | k=340 (mod 363) C363,1 123 | k= 1814 (mod 2420) 1754328181
101 =109 (mod 726) 727 124 | k= 2419 (mod 2420) 151620139001




4.3 INSERTING A DIGIT INTO THE LEADING SEVENS

We now work on an analogous argument for inserting a digit x in the string of
leading sevens. Recall that the case z € {0,2,5,7,8} has already been handled; given
that M =7 (mod 21), inserting any one of the digits in {0,2,5,7,8} anywhere in N
will produce a number divisible by 3 or 7. So now we are interested in the case where
one of z € {1,3,4,6,9} is inserted in the leading sevens. We start with a Lemma

similar to Lemma 4.2.

Lemma 4.3. Let N and M be natural numbers such that

N:7-10 —1

+ M,
where N has the decimal expansion
N:dnfldnfg...dldo, dl c {0,1,,9} n Z 1, dn,1 =T.

Let K be a nonnegative integer such that dp =7 for K <k <n —1, and set dp =0
for k > mn. For a fized d € {0,1,...,9}, suppose we have distinct primes py,...,pt,

each > 5, for which
(i) there exists a covering of the integers

k=b;, (modc(p;)), 1<i<t,

(i) n =0 (mod lem(c(pyr),...,c(pr))),

(iii) M is a solution to the system of congruences

M=-7—(d—"7)-10% (modp;), 1<i<t.

Then, for all nonnegative integers k, we have

10" -1

NPy =7-10"+7- + M+ (d—7)-10F

is divisible by at least one of the primes p; where 1 <1 <'t.
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We omit the details of the proof as it is similar to the proof of Lemma 4.2. We
are interested in the conclusion of the lemma for K < k < n — 1, though as indicated
the conclusion follows for all nonnegative integers k. Notice that in Lemma 4.3, we
refer to the digit to be inserted as d rather than x. From now forward, this will help
clarify when we are talking about tables where the digit d is inserted into the leading
sevens (for applying Lemma 4.3) and when we are talking about tables where the
digit z is inserted into the leading zeros (for applying Lemma 4.2).

In the previous section, when making our coverings for = € {1,3,4,6,9}, we
wanted the primes considered to be distinct so that we could apply the Chinese
Remainder Theorem to justify the existence of M satisfying the congruences simulta-
neously that arise in Lemma 4.2 (iii). Due to the fact that Nék)(d) has the additional
7-10™ term and d — 7 instead of =, we can reuse some primes for d € {1, 3,4,6,9} as
long as we use them in a specific way. For example, consider the prime 101. We used
this prime in Table 4.1 for inserting a 9 into the leading zeros via the congruence

k=3 (mod 4). From this, we get that
n=0 (mod4) and M =-9-10>=90 (mod 101).
When this happens, No(k)(9) =0 (mod 101). Looking at N7(k)(d), if
k=2 (mod4), n=0 (mod4), and d=3,
then using M =90 (mod 101), we have
NOG) =74+0490+(3—7)-10>=97—400=0 (mod 101).

Thus, we can reuse the prime 101 assuming we use it via the congruence k = 2
(mod 4) for d = 3. Table 4.7 lists the primes that we will use again and how we will
use them when making coverings for various values of d.

The coverings used for inserting the digits d € {1, 3,4, 6,9} in the leading sevens

using Lemma 4.3 can be found in Appendix A. In the way of some details, we note
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Table 4.7 Reusable primes for inserting a digit in the leading sevens

’ prime p; \ x \ Z congruence H M (mod p;) H d \ d congruence ‘
11 9| k=0 (mod 2) M =2 (mod 11) 9| £=0 (mod 2)
13 3| k=1 (mod 6) M =9 (mod 13) 3| k=5 (mod 6)
13 3| k=1 (mod 6) M =9 (mod 13) 4| k=0 (mod 6)
19 3 | k=14 (mod 18) M =9 (mod 19) 4| k=9 (mod 18)
29 1| k=10 (mod 28) || M =23 (mod29) || 1]|k=18 (mod 28)
31 | 6| k=9 (mod 15) | M =28 (mod 31) || 6| k=12 (mod 15)
37 3| k=0 (mod 3) M =34 (mod 37) ||3| k=0 (mod 3)
37 3| k=0 (mod 3) M =34 (mod 37) || 4| k=2 (mod 3)
41 6| k=0 (mod5) M =35 (mod 41) | 6| k=0 (mod?5)
43 1| k=9 (mod 21) M =2 (mod 43) 1| k=10 (mod 21)
61 6 | k=18 (mod 60) || M =59 (mod 61) |3 | k=40 (mod 60)
71 1| k=4 (mod 35) M =11 (mod 71) || 1| k=9 (mod 35)
101 9| k=3 (mod4) M =90 (mod 101) || 3| k=2 (mod 4)
137 9| k=5 (mod &) M =90 (mod 137) || 3| k=5 (mod 8)
211 6| k=7 (mod 30) || M =171 (mod 211) || 3 | k=26 (mod 30)
239 1| k=0 (mod7) || M =238 (mod239) | 1| k=0 (mod?7)

that in Table A.2 for d = 1, the least common multiple of the moduli is
78218300160 = 2* - 3% . 5.7%-11-13-17 - 19.

Checking directly that every integer in the interval [0,78218300160) satisfies one of
the 358 congruences in Table A.2 is unreasonable. A more indirect approach is as
follows. We check the covering by addressing k separately depending on its residue
class modulo some factor of the least common multiple of the moduli. The choice
for such a factor is arbitrary, but in general we used the product of the largest prime
used and some of the smaller primes used. For d = 1 we consider the residue classes
modulo 3990 = 19-7-5-3-2. Fix r from 0 to 3989. We don’t want to look at
all of the congruences in Table A.2 as most of them will be inconsistent with being
r (mod 3990). For each r, define the set C, to be the set of congruences that are
consistent with r (mod 3990). That is, let C be the complete set of 358 congruences
k =b (mod c¢) in Table A.2. Then

C'={k=0b (modc): k=b (mod c)is in C, 3990 1 c},
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and, for r € {0, 1, ..., 3989},
Cl={k=b (modc): k=0b (mod c¢) is in C, 3990|c and b = r (mod 3990)}.

Hence C, = C/ UC'. For each r € {0,1,...,3989}, we computed the least common
multiple /4, of the moduli in C,.. The goal now is to determine whether, for each r, every
integer in the interval [0, ¢,) that is r modulo 3990 satisfies one of the congruences in
C,. The largest value of ¢, is {55 = 286513920. We only need to look at the integers
in [0, f25) that are 25 modulo 3990, so we are left with 71808 integers to verify satisfy
one of the congruences in Co; and then to do a similar but smaller computation
with the other values of r € {0,1,...,3989}. After the analogous computation for
each r € {0,1,...,3989}, the verification that the congruences in Table A.2 form a
covering is justified.

For the case d = 3 in Table A.4, there are 74 congruences and the least common
multiple of the moduli for these congruences is 299520. A direct analysis as done
with inserting a digit x into the leading zeros can be done in this case. This is also
true for Table A.6 that corresponds to d = 4, where there are 126 congruences and
the least common multiple of the moduli is 8648640.

When d = 6, we have the covering found in Table A.8 containing 291 congruences
with least common multiple of the moduli for these congruences being 1272348000.
An analysis similar to that above for d = 1 can be done where the largest prime
dividing the least common multiple of the moduli is 17 instead of 19.

For d = 9 and Table A.10, there are 329 congruences and the least common
multiple of the moduli for these congruences is 127242949680. To verify that the 329
congruences are indeed a covering, we found it easier to look at how we constructed
the covering. When constructing this covering we considered the smaller covering

defined by the congruences
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=0 (mod?2), =1 (mod6), =5 (mod6),

r=3 (mod 12), and x=9 (mod 12).

We then found a collection of congruences that is equivalent to each of the above con-
gruences in the smaller covering. Observe that £ = 0 (mod 2) is the first congruence
listed in Table A.10, so every integer satisfying the first of the five congruences above
(the even integers) satisfy a congruence in Table A.10. Now, we want to consider
each of the four remaining congruences above and show that the integers satisfying
each of these also satisfy a congruence in Table A.10. One can accomplish this as
follows. First, we check that every integer satisfying + = 1 (mod 6) satisfies one of
the congruences in rows 1-57 of Table A.10. These congruences have moduli dividing
57960. Observe that 57960 is divisible by 6 and since every integer congruent to 1
modulo 6 in [0,57960) satisfies one of these 57 congruences, we can deduce every
integer congruent to 1 modulo 6 not in [0,57960) also does. Indeed, if k£ > 57960
with £ =1 (mod 6) and k = ko (mod 57960), then ky = 1 (mod 6) and thus satisfies
one of the 57 congruences in Table A.10. Hence, ky = b (mod ¢) for some ¢ dividing
57960, then £ = b (mod c¢) also. Thus, every integer satisfying z = 1 (mod 6) also
satisfies a congruence in Table A.10. Similarly, one can check that every integer satis-
fying x =5 (mod 6) satisfies one of the 87 congruences in rows 58-144 of Table A.10
with moduli dividing 438480; every integer satisfying = 3 (mod 12) satisfies one of
the 81 congruences in rows 145-225 of Table A.10 with moduli dividing 468720; and
every integer satisfying + = 9 (mod 12) satisfies one of the 103 congruences in rows
226-328 of Table A.10 with moduli dividing 2051280. Thus, the 329 congruences in

Table A.10 form a covering.
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4.4 'THE RIGHT-MOST DIGITS

Define B to be the least common multiple of the moduli appearing in the congru-
ences k = b (mod ¢) in the tables obtained from using Lemma 4.2 (i) in Section 4.2
and from using Lemma 4.3 (i) in Section 4.3. Note that from Table 4.2, we see
that 6 divides B; in particular, the order of 10 modulo 3 and 7 also divides B. For
Lemma 4.2 (ii) and Lemma 4.3 (ii), we take n =0 (mod B).

Let P/, be the set of primes appearing in the tables associated with d € {1, 3,4,6,9}

in the previous section. Recalling the sets P; in the previous section, we set
P=PUPyU---UPyUP;UP;UP,UP;U Py,

and let P denote the product of the primes in P.

From Lemma 4.2 (iii) and Lemma 4.3 (iii), we have congruence conditions on M
where the moduli are the primes p € P. We deduce from these lemmas that if any
digit is inserted in any of the leading zeros or leading sevens, then N is divisible by
a prime in P. We impose the further condition on M that M = 0 (mod 10). From
the definition of N in Lemma 4.2 and Lemma 4.3, we see then that N =7 (mod 10)
so that N is coprime to 10.

We fix M as above, and modify n, using an argument similar to that used in [14],
to obtain an N for which inserting a digit in the remaining right-most digits of N also
results in a composite number. The basic strategy we describe next is to consider
primes, possibly not in P, that divide the number we obtain after inserting a digit
in the remaining right-most digits of N. Each insertion will correspond to a prime,
though these primes need not be distinct. As M is fixed, there are a fixed number of
such insertions and hence a fixed number of these primes to consider.

Recall that N®)(z) is the number obtained by inserting a digit = € {0,1,...,9}
to the right of the (k + 1)* digit of N. We are now interested in the case that

k€{0,...,K — 1}, where M is fixed as above and K is the number of digits of M.
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Fix ng = 0 (mod B) satisfying 10™~2 > M. We let n vary with n =0 (mod B) and
n > ng. For any such n, the number N has a string of leading sevens. Since M is
fixed, the natural number K is also fixed and does not vary as n varies. Therefore,
there are finitely many ways to insert a digit in M; that is, there are finitely many
choices of k € {0,1,..., K — 1} and = € {0,1,...,9} independent of n.

Recall M and ng are fixed. Momentarily, fix also & € {0,1,..., K — 1} and

x € {0,1,...,9}. Set
10™ —1

N=7
9

+ M.

Observe that N is coprime to 10 since, as noted above, we take M = 0 (mod 10).
We denote by N(k)(x) the number obtained by inserting x € {0,1,...,9} to the right
of the (k+1)** digit of N. Let ¢ = q(k, x) denote the least prime ¢ = ¢(k, z) dividing
N (2). If ¢ & {2,5} and n = ny (mod c(g)), then

107 — 1
9

N® () = NP (@) =7.10m. 0 (mod q).

Thus, we also have ¢ divides N®)(x) whenever n = ng (mod c(q)). If ¢ € {2, 5}, then
the units digit of N(k)(x) will be even or 5, which implies that, for n > ng, the units
digit of N®)(z) is even or 5. Thus, in this case, N*)(x) is composite.

Letting k € {0,1,..., K — 1} and = € {0,1,...,9} vary, we let B’ be the least
common multiple of B and the numbers ¢(q) where ¢ varies over the primes ¢(k, ).
Taking n = ny (mod B’), we see that after inserting any digit anywhere in N, includ-
ing the leading zeros and to the right of the units digit, the resulting number will be
divisible by one of the primes ¢(k, x) above or one of the primes p € P. Theorem 1.5
follows from the fact that N goes to infinity as n increases, while the primes ¢(k, x)

and P remain finite.
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4.5 RELATED TOPICS AND OPEN PROBLEMS

Questions related to Theorem 1.5 are abundant. One such question looks at
combining the notion of replacing a digit as mentioned in the introduction with

widely digitally stable composite numbers. Consider the following theorem.

Theorem 4.4. There exist infinitely many widely digitally stable composite numbers,
N, coprime to 10, that remain composite when we replace any digit in the decimal

expansion of N, including any of the infinitely many leading zeros.

We expect Theorem 4.4 to hold for base 10. In the way of some details, we provide
two outlines for such a proof. Both outlines follow the same process as was used for
Theorem 1.5, but will be looking at different starting composite numbers, N.

Approach 1 considers N, Nék) (x), and N7(k)(d) as was used in the proof of Theo-

rem 1.5. That is,

v=7.2"1
with NP (x) defined as
NP (z)=7- 10”9_ LMot
and
10" -1

N () =7-10"+7- + M+ (d—7)- 10"

In Sections 4.1 and 4.2 we require k > n to ensure that we are inserting a digit in the
leading zeros; however, the conclusions of Lemmas 4.2 and 4.3 hold for all £. If we drop
this requirement we see that Nék)(x) accomplishes three things. If x € {0,1,...,9}
and £ > n corresponding to the leading zeros, then Nék) (x) represents inserting a
digit to the right of the k + 15 digit of N; if x € {-7,—6,...,2} and K < k < n

corresponding to the leading sevens, then Nék) (x) represents replacing the k + 1%

digit of N with x € {0,1,...,9}; and if z € {0,1,...,9} and k > n, then Nék)(x)

76



represents replacing the k& + 1%¢ digit of N with . To prove Theorem 4.4, we need
coverings for x € {—7,—6,...,9} and d € {0,1,...,9}.

Taking M = 1 (mod 3) and n = 0 (mod 3), we have Nék)(a:) = 0 (mod 3) for
z =2 (mod 3) and N;k)(d) =0 (mod 3) for d =2 (mod 3). That is, we do not need
coverings for x € {-7,—4,—1,2,5,8} or d € {2,5,8}. Utilizing the prime 7 in the
same way as in Section 4.2, we also do not need coverings for z,d € {0,7}. Using
the ten coverings in the same way as in the previous sections, we need only provide
coverings for z € {—6, -5, —3, —2}.

For approach 2, consider N to contain a string of leading ones. That is,

yo oot
9

with V3" (x) defined by

10" -1

Nék)(x): 09 + M + 2 - 10F,

and Nl(k)(d) defined by

10" —1

N¥(d) = 10" + + M+ (d—1)- 10",

We use the same idea as in method 1. That is, if z € {0,1,...,9} and k > n,
then Nék)(x) represents inserting a digit to the right of the k + 1% digit of NV; if
x € {-1,0,...,8} and K < k < n, corresponding to the leading ones, then Nék) (x)
represents replacing the k+1% digit of N withz € {0,1,...,9}; andifz € {0,1,...,9}
and k > n, then Nék)(x) represents replacing the k + 1% digit of N with z. Thus, we
want coverings for x € {—1,0,...,9} and d € {0,1,...,9}.

Taking M = 1 (mod 3) and n = 0 (mod 3), we have Nék)(x) = 0 (mod 3) for
x =2 (mod 3) and Nl(k)(d) = 0 (mod 3) for d = 2 (mod 3). That is, we now need
coverings for z € {0,1,3,4,6,7,9} and d € {0,1,3,4,6,7,9}. Notice that Nék)(()) =
N for all k. Thus, we do not need a full covering for z = 0. We will instead use a

prime not used in any covering to guarantee that N is composite.
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We outlined two approaches as they both have their merits. Approach 1 requires
four more coverings, for a total of 14, but we do not have to modify the coverings
used for Theorem 1.5. The downside, however, is that we will likely be able to reuse
very few of the smaller primes when constructing the four new coverings. The second
method requires one less covering for a total of 13 coverings. Since the N used in
approach 2 has a string of leading ones instead of sevens, we will not be able to
reuse the same primes in the same way as in Section 4.3. Hence, we will have to
recreate the coverings used for d € {0,1,3,4,6,7,9}. Fortunately, the second method
allows us to include the prime 7, which will likely be usable in multiple coverings.
Both approaches will require a modified approach when looking at insertions and
replacements in the right most digits.

In [17], a positive proportion of prime numbers, n, were shown to have the prop-
erty that if you replace an arbitrary digit of n, including any of the infinitely many
leading zeros, then the resulting number is composite. This leads to several questions.
Originally appearing in [14], one could ask if there are infinitely many primes p, or
a positive proportion of primes p, such that if an arbitrary digit is inserted between
any two digits of p, or to the right of the units digit of p, then the resulting number is
composite. Are a positive proportion of composite numbers widely digitally stable?
We do not know the answers to these questions and expect that methods different

than those used in this dissertation are required to establish such results.
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APPENDIX A
COVERINGS FOR INSERTING A DIGIT IN THE LEADING

SEVENS IN BASE 10

We produce the coverings used in Lemma 4.3 for inserting a digit d € {1, 3,4, 6,9}
into the leading sevens. As with Table 4.6, we will make use of partial factorizations
of ®,(10) for inserting a digit into the leading sevens. Recall that if we are unable
to fully factor ®,(10), then we write ®,,(10) = p1ps - - - p.C,,, where C,, is a composite
factor of ®,(10) having at least 2 distinct prime divisors different from pq,pa, ..., p:
and n. We also write ®,,(10) = pips - - - p. P, where P, is a prime factor of ®,(10)
different from py, po, . .., p.. Computationally, P, was determined to be a prime power
and then verified to be a prime. For these tables, and future tables, we denote P, to be
a probable prime too large to include comfortably where ordp, (10) = x. We also use
¢z, to denote one prime factor from the composite number C, where ord,, ,(10) =«
that we were unable to factor, and ¢, 2 to denote the other prime factor from the same
composite number. We did not compute the values of ¢, ; and ¢, 2, but we know they
exist.

For d = 1 we use the covering in Table A.2, where the letter rows arise from
reusing a prime shown in Table 4.7. Table A.1 provides the partial factorizations
of ®,,(10) for large n used in these coverings, as well as some full factorizations as
a way to exhibit large primes. Some of the composite numbers and large primes
that appear in Table A.2 are not included in Table A.1. These composite numbers

can be determined by dividing ®,,(10) by the primes associated with n that can be
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found in adjacent rows in the table. For example, rows 35 and 36 of Table A.2 utilize
the composite number associated with n = 245. This means that Cays is $ay5(10)
divided by the primes 336737801, 23609565631, and 8274923251622825388807721,
corresponding to rows 32, 33, and 34, respectively. The same is used for the large
primes P, that do not appear in Table A.1. To save space we denote some of the

larger primes that still fit comfortably below.

pa = 189772422673235585874485732659,
P21 = 1976730144598190963568023014679333,
P23 = 5076141624365532994918781726395939035533,
P2g = 4769337181464959147997704753876850429427,
Doy = 36942048382668980544619913561,
Dos = 282448028612066894256984424869264385801,
P134 = 6717658458758041138199521,  pags = 965194617121640791456070347951751,
P2gs = (53201806271328462547977919407,

D310 = 18449288550044654139241919401,  p3o0 = 307010852070382484317401373.

Table A.1 Partial/Full factorizations of ®,,(10) for d =1

n | Factorization of ®,,(10) n Factorization of ®,,(10)
294 7 Payy 665 Ce6s
448 Clus 1064 | 260827749862793 - Cps4
456 27817 - 376102873 1197 Chior
- 36120612721 - Cyz6 1596 | 539449 - 3301756921 - C'i596
588 0588 2394 02394
616 Ce16 3192 C3192
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Table A.2 Covering used in Lemma 4.3 (i) for d = 1

| Tow | congruence \ prime p; | | row | congruence prime p;
a | k=0 (mod7) 239 22 | k=34 (mod 98) 197
b k=10 (mod 21) 43 23 k = 83 (mod 98) D23
c k =18 (mod 28) 29 24 | k=27 (mod 147) 63799
d | k=9 (mod 35) 71 25 | k=76 (mod 147) 1715467
1 | k=59 (mod 63) 15121231 26 | k=125 (mod 147) 267652066241500
2 k =45 (mod 63) 1921436048294281 27 | k=118 (mod 147) 2603941883787374089
3 | k=38 (mod 126) 5274739 98 | k=69 (mod 147) Pas
1 | k=101 (mod 126) i 29 | k=167 (mod 204) Poos
5 | k=213 (mod 252) 1009 30 | k=314 (mod 588) C588,1
6 | k=150 (mod 252) 43266855241 31 k =20 (mod 588) C588,2
7 k =87 (mod 252) Poso 32 | k=209 (mod 245) 336737801
8 k =24 (mod 504) 41593295521 33 | k=160 (mod 245) 23609565631
9 | k=276 (mod 504) 7064204436768358634702473 34 | k=111 (mod 245) | 8274923251622825388807721
10 | k=17 (mod 189) 878075126908698927928483 35 k =62 (mod 245) C245.1
11 | k=80 (mod 189) | 33030636037992147205820927521 36 k =13 (mod 245) C2452
12 | k = 143 (mod 189) Prso 37 | k=153 (mod 196) Pros
13 | k=255 (mod 315) 631 38 | k=104 (mod 392) 52781463673
14 | £ =192 (mod 315) 142809770881 39 | £ =300 (mod 392) C392,1
15 | k=129 (mod 315) Psy5 40 | k=251 (mod 784) 54881
16 | k=381 (mod 630) 131041 41 | k=447 (mod 784) 403539336813078648113
17 | k=66 (mod 630) 525326613841 12 | k=643 (mod 784) Crsan
18 | k=318 (mod 630) 2521 43 | k=55 (mod 784) C784.2
19 k=3 (mod 630) C630,1 44 | k=986 (mod 1176) 737353
20 k =48 (mod 49) 505885997 45 | k=790 (mod 1176) 1482937
21 | k=41 (mod 49) par 16 | k=594 (mod 1176) 70251889
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

] row \ congruence \ prime p; ‘ ] row \ congruence prime p;
47 | k=398 (mod 1176) 14498348929 69 k=110 (mod 455) Deo
48 | k=202 (mod 1176) 3343677109249 70 k =201 (mod 455) 911
49 k=6 (mod 1176) 604681084564369 71 k =292 (mod 455) C455,1
50 k=89 (IIlOd 9].) 547 72 k = 383 (mod 455) C455,2
51 k=82 (mod 91) 14197 73 k = 285 (mod 364) 654721485601
52 | k=75 (mod 91) 17837 74 | k=194 (mod 364) C3011
53 k=68 (mod 91) 4262077 75 k =103 (mod 364) C364,2
54 k=61 (mod 91) 43442141653 76 k=12 (mod 728) C798.1
55 k =54 (mod 91) 316877365766624209 it k =376 (mod 728) C728,2
56 k =47 (mod 91) 110742186470530054291318013 78 k = 642 (mod 728) 574393
57 k=40 (mod 182) 21705503 79 k =551 (mod 728) 10727809
58 | k=131 (mod 182) Pigo 80 k = 460 (mod 728) 286569193
59 k =33 (mod 273) 32786209 81 k =733 (mod 1092) 37275014869
60 k =124 (mod 273) 139708570703521 82 k =369 (mod 1092) 428085457801
61 k =215 (mod 273) 1093 83 k=5 (mod 1092) 4902137591818741
62 | k=117 (mod 273) Coman 81 | k=278 (mod 1456) 10193
63 k =208 (mod 273) C273.2 85 | k=1006 (mod 1456) 436801
64 | k=572 (mod 819) 31123 86 | k= 187 (mod 1456) 64348368449
65 | k=299 (mod 819) Pero §7 | k=915 (mod 1456) Craso
66 | k=845 (mod 1638) 24571 88 | k= 1552 (mod 2184) 3624275167969
67 | k=26 (mod 1638) 280099 89 k = 824 (mod 2184) 64365563809
68 k=19 (mod 455) 175631 90 k=96 (mod 2184) C2184,1
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

’ row ‘ congruence ‘ prime Di ‘ ’ Trow ‘ congruence ‘ prime Di
91 k =32 (mod 112) 119968369144846370226083377 113 | £ = 1369 (mod 1680) C1680,2
92 k =81 (mod 420) 1384194841 114 | k=193 (mod 2016) 2017
93 k =165 (mod 420) 42681134161 115 | k=865 (mod 2016) 518113
94 k =249 (mod 420) 424451728681 116 | k = 1537 (mod 2016) | 56763828581443201
95 k = 333 (mod 420) 139790941013628227711346421 117 k =95 (mod 224) 673
96 k =417 (mod 420) Do 118 | k=207 (mod 224) 43735845217
97 k=179 (mod 210) 29970369241 119 k =88 (mod 224) C224.1
98 k=95 (mod 210) 1661378260814161 120 | £ =200 (mod 224) C224.2
99 k=11 (mod 210) 18276168846821336356291 121 k =39 (mod 336) 337
100 | k= 137 (mod 840) 134401 122 | k=151 (mod 336) C336.1
101 | k =557 (mod 840) 575794301 123 | k = 263 (mod 336) C336.2
102 k =53 (mod 840) 67501680066009758096678991121 124 k =67 (mod 448) C4481
103 | k=473 (mod 840) C840.1 125 | k=179 (mod 448) Ca48 2
104 | £ =109 (mod 672) 1454209 126 | k=291 (mod 1344) 205633
105 | k=277 (mod 672) 9396577 127 | k=739 (mod 1344) 4546753
106 | k=445 (mod 672) 77700458351603754241 128 | k= 1187 (mod 1344) 1342657
107 | k=613 (mod 672) 465149401935712615628055361 129 | k=403 (mod 1344) 10418689
108 | k=529 (mod 672) Co72,1 130 | k=851 (mod 1344) Cl3a
109 | k=25 (mod 1680) 3361 131 | £ =1299 (mod 1344) C1344,2
110 | k=361 (mod 1680) 20161 132 k =60 (mod 560) 1378721
111 | £ =697 (mod 1680) 75500478859681 133 | k=172 (mod 560) 5758943337281
112 | £ = 1033 (mod 1680) C1680,1 134 k=284 (mod 560) D134
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

] row \ congruence \ prime p; ‘ ] row \ congruence prime p;
135 k =396 (mod 560) C560,1 157 k=74 (mod 231) 22187551
136 k = 508 (mod 560) C560,2 158 k =151 (mod 231) 535212994471849
137 k =459 (mod 896) 105528193 159 | k = 1348 (mod 2464) 29569
138 | k=683 (mod 896) C896,1 160 | k=116 (mod 2464) 232722337
139 | k=123 (mod 1120) 48102033281 161 | k= 1236 (mod 2464) 11229398470301331937
140 | k=347 (mod 1120) 555204874561 162 k=4 (mod 2464) 210732524523217313
141 | k=571 (mod 1120) | 29232317046703681 163 k =113 (mod 119) 923441
142 | k=795 (mod 1120) C1120,1 164 k =106 (mod 119) 3924966376871
143 | £k =1019 (mod 1120) 11202 165 k=99 (mod 119) 1191
144 | k=235 (mod 1792) 7710977 166 | k=92 (mod 119) C119.2
145 | kK = 1131 (mod 1792) 12939800833 167 k =85 (mod 238) 1868879293
146 | £ =907 (mod 1792) 45501964033 168 | k=204 (mod 238) 5673320472670315859129
147 | k=11 (mod 1792) 17921 169 | k=197 (mod 238) Psag
148 | & = 1124 (mod 1232) 30357713 170 | % = 316 (mod 476) Caror
149 | £k =1012 (mod 1232) 3697 171 | k=78 (mod 476) C476,2
150 | k =900 (mod 1232) C1o52.1 172 | k=428 (mod 476) 2381
151 | k=788 (mod 1232) C1232,2 173 k =309 (mod 476) 275855329893529
152 k =60 (mod 308) 39511854229 174 | k=190 (mod 476) | 20087794479102305428621
153 | k=256 (mod 308) Psos 175 | k=547 (mod 952) C952.1
154 | k=452 (mod 616) C616.1 176 k=71 (mod 952) C952,2
155 | k=340 (mod 616) C616.2 177 | k=302 (mod 952) 371281
156 k = 228 (mod 231) 2311 178 k = 540 (mod 952) 6514537
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
179 | k=778 (mod 952) 953 201 k =43 (mod 1428) C1428,2
180 | £ = 1016 (mod 1904) 7024789118033 202 k =512 (mod 595) 10711
181 k =64 (mod 1904) 46502552676497 203 | k=393 (mod 595) 9521
182 | k= 1135 (mod 1190) 12841 204 | k=274 (mod 595) Csom1
183 | k =897 (mod 1190) 14281 205 | k= 155 (mod 595) C595.2
184 | k=659 (mod 1190) 674731 206 | k= 1226 (mod 1785) | 149866505006632681
185 | k=421 (mod 1190) 11901 207 | k=631 (mod 1785) C1785.1
186 k=183 (mod 1190) C1190,2 208 k=36 (mod 1785) C1785,2
187 | k=295 (mod 357) 4999 209 | k=743 (mod 833) 17241400681
188 | k=176 (mod 357) 143556841 210 = 624 (mod 833) 1667
189 k =57 (mod 357) 3329808692827 211 | k=505 (mod 833) 8331
190 | % = 288 (mod 357) | 43451713720007517733 | | 212 | k = 386 (mod 833) Cs33.2
191 k =169 (mod 357) C357,1 213 | £k =1100 (mod 1666) 609757
192 k =50 (mod 357) C357,2 214 | k=267 (mod 1666) | 548804832033845773
193 | k=638 (mod 714) 17851 215 | k=981 (mod 1666) C1666,1
194 k= 281 (mod 7]_4) P714 216 k=148 (mod 1666) C1666,2
195 | k=876 (mod 1071) 43834194307 217 | k=1695 (mod 2499) 2962284613
196 | k=519 (mod 1071) | 7094621664153616951 218 | k=862 (mod 2499) C2499.1
197 | k = 162 (mod 1071) 6427 219 | % =29 (mod 2499) Co199.2
198 | k= 1114 (mod 1428) 898827469 220 k=5 (mod 17) 5363222357
199 | k=757 (mod 1428) 1429 221 k=15 (mod 17) 2071723
200 | k=400 (mod 1428) 14281 222 k=8 (mod 34) 103
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

] row \ congruence \ prime p; ‘ ] row \ congruence prime p;
223 k=25 (mod 34) 21993833369 245 k=79 (mod 532) 14691812549
224 | k=18 (mod 34) 4013 246 | k=212 (mod 532) 2129
225 k =35 (mod 68) 2324557465671829 247 | k=345 (mod 532) 1728095716605342484009
226 | k=1 (mod 68) 1491383321 248 | k=478 (mod 532) Cs321
227 | k=128 (mod 133) 1597 249 | k=471 (mod 532) C532.2
228 k =121 (mod 133) 2021015460335957 250 | k=338 (mod 1064) C1064,1
229 | k=114 (mod 133) P 251 | k=870 (mod 1064) C1064,2
230 k =107 (mod 266) 247025236977306025681323889 252 | k=205 (mod 1596) 3301756921
231 k= 240 (mod 266) C266,1 253 k=737 (mod 1596) C1596,1
232 k=233 (mod 266) €266,2 254 | k=1269 (mod 1596) C1596,2
233 | k=100 (mod 798) 425991366045253 255 | k = 1668 (mod 2128) 57457
234 | k=366 (mod 798) C798,1 256 | k= 1136 (mod 2128) 1676106728215569889
935 | k =632 (mod 798) Cro8.2 957 | k = 604 (mod 2128) Corz81
236 k =93 (mod 399) 6316969 258 k =72 (mod 2128) C2128,2
237 | k=226 (mod 399) 34282879 259 k =863 (mod 931) 16759
238 k =359 (mod 399) 1473464802559 260 k =730 (mod 931) 83791
239 k = 352 (mod 399) C399,1 261 k =597 (mod 931) 13071241
240 | k=219 (mod 399) €399,2 262 | k=464 (mod 931) 7645033117
241 | k=485 (mod 1197) C1197,1 263 k =331 (mod 931) 65385402019201951
242 | k=884 (mod 1197) 11972 264 | k=198 (mod 931) Co31.1
243 | k=86 (mod 2394) C2394,1 265 k =65 (mod 931) Co31,2
244 | kK = 1283 (mod 2394) C2394,2 266 k = 541 (mod 665) C665,1
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

’ row \ congruence prime p; ‘ ’ row \ congruence \ prime p;
267 | k=408 (mod 665) C665.2 289 | k=30 (mod 152) Piso
268 | k=275 (mod 1330) 1258323641 290 | k=68 (mod 152) 5240808656722481737
269 | k = 940 (mod 1330) C13301 201 | k = 106 (mod 152) 1403417
270 | k= 1472 (mod 1995) 496774951 292 | k=144 (mod 152) 457
271 | k=807 (mod 1995) 127681 293 | k=156 (mod 190) 1812604116731
272 | k=142 (mod 1995) C1995,1 294 | k=118 (mod 190) 121450506296081
273 k=1 (mod 19) 11111111111111111111 295 | £ =80 (mod 190) Pigo
274 k =32 (mod 38) 909090909090909091 296 k=4 (mod 380) 417332341
275 k=51 (mod 76) 1369778187490592461 297 | k=190 (mod 380) 74861
276 k=13 (mod 76) 722817036322379041 298 | k=42 (mod 380) 761
277 k =44 (mod 57) 21319 299 | k =232 (mod 380) 1901
278 | k=6 (mod 57) 10749631 300 | k = 213 (mod 228) 929
279 k =25 (mod 57) 3931123022305129377976519 301 | k=175 (mod 228) 2281
280 k =18 (mod 95) 191 302 | k=137 (mod 228) 4789
281 k =37 (mod 95) 59281 303 | k=99 (mod 228) 304077901
282 k =56 (mod 95) 63841 304 | k=61 (mod 228) 52875286008709
283 k=75 (mod 95) 1289981231950849543985493631 305 | k=23 (mod 456) C456,1
284 k=94 (IIlOd 95) P2sga 306 | kK =251 (Il’lOd 456) C456,2
285 k=87 (mod 114) 1458973 307 | k=54 (mod 171) 229162071140015324614111
286 k=49 (mod 114) Dag 308 | k=111 (mod 171) c171.1
287 k=11 (mod 228) 33950736420661075851541 309 | k=168 (mod 171) C171,2
288 k =125 (mod 228) 739653893349540289 310 | £ =263 (mod 285) P310
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Table A.2 cont.

Covering used in Lemma 4.3 (i) for d =1

’ row ‘ congruence ‘ prime Di ‘ ’ row ‘ congruence ‘ prime Di
311 | k=206 (mod 285) Co85.1 333 | k=268 (mod 4788) 71821
312 | k=149 (mod 285) 2852 334 | k= 1864 (mod 4788) 682320298511881
313 | k=35 (mod 570) 571 335 | k = 3460 (mod 4788) Carssit
314 | k=320 (mod 570) 11382273828031938028891 336 | k=667 (mod 1064) 260827749862793
315 k=92 (mod 570) 43135513763991692454656851 337 | k=135 (mod 456) 27817
316 | k=377 (mod 570) Psqo 338 | k=287 (mod 456) 376102873
317 | k=301 (mod 342) 2053 339 | k=439 (mod 456) 36120612721
318 | k=244 (mod 342) 4410785971 340 | k=534 (mod 608) 3031489
319 | k= 187 (mod 342) 2911579215499 341 | k = 458 (mod 608) Co0s.1
320 k=130 (mod 342) P320 342 k=382 (mod 608) C608,2
321 k=73 (mod 342) Psyo 343 | k=306 (mod 1216) 665153
322 | k=16 (mod 684) 126541 344 | k=914 (mod 1216) 1601473
323 | k=358 (mod 684) 2050658332436114459080741 345 | k=230 (mod 1216) 65384321
324 | k = 2529 (mod 2660) 85121 346 | k =838 (mod 1216) 911712031611457
325 | k' =1997 (mod 2660) 73700621 347 | k=154 (mod 1216) 1217
326 | kK = 1465 (mod 2660) C2660,1 348 k=762 (mod 1216) C1216,1
327 k=933 (IIlOd 2660) €2660,2 349 k = 686 (IIlOd 1216) C1216,2
328 | k=401 (mod 5320) 202797315945355601 350 | k=1294 (mod 2432) 7297
329 | £ =3061 (mod 5320) C5320,1 351 | k=78 (mod 2432) 24321
330 | k= 1332 (mod 1596) 539449 352 | k= 1218 (mod 1824) 1252017313
331 | k=800 (mod 3192) C3192,1 353 | k=610 (mod 1824) | 524026007884633812193
332 | k = 2396 (mod 3192) C3192,2 354 | k=2 (mod 1824) C18241




Notable factorizations of ®,,(10) for large n used in the covering for d = 3 can be
found in Table A.3. Table A.4 is the covering used for d = 3. Here we note some

primes that did not fit into the table while maintaining proper formatting guidelines.

pe = 100009999999899989999000000010001,
P13 = 15343168188889137818369,
p1a = 515217525265213267447869906815873,
Ppao = 53763491189967221358575546107279034709697,

Dea = 7323941687838105624847742701467683590147273.

Table A.3 Partial/Full factorizations of ®,,(10) for d =3

| n | Factorization of ®,,(10) ‘
256 257 - 15361 - 453377 - Posg
288 13249 - 1067329 - Pogg
384 3457 - 12289 - 418725889 - Csg4
480 177601 - Cyso

624 | 148068337 - 10662171313 - 325807801400017 - Ceay
936 | 937 - 368255828264024377 - 5030608786526082241
- 22088303808535743236641 - Pyse

1560 66365521 - 4487398067478973921 - C'y560

93
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Table A.4 Covering used in Lemma 4.3 (1) for d =3

| row | congruence \ prime p; | | row | congruence | prime p; |
a k=2 (mod 4) 101 13 | k=100 (mod 128) D13
b k=5 (mod 8) 137 14 | k=284 (mod 128) P14
c k=0 (mod 3) 37 15 | k=196 (mod 256) 257
d | k=5 (mod6) 13 16 | k=63 (mod 250) 15361
e k=26 (mod 30) 211 17 | k=180 (mod 256) 453377
f k =40 (mod 60) 61 18 | k=52 (mod 256) Py
1 k=1 (mod 96) 97 19 | k=420 (mod 512) 10753
2 k=25 (mod 96) 206209 20 | k=292 (mod 512) 8253953
3 k=49 (mod 96) 66554101249 21 | k=164 (mod 512) | 9524994049
4 k=73 (mod 96) 75118313082913 22 | k=36 (mod 512) | 73171503617
5 k=7 (mod 48) 9999999900000001 23 | k=276 (mod 384) 3457
6 | k=31 (mod 120) Ps 24 | k =148 (mod 384) 12289
7 k=79 (mod 240) 281259985248437790051014401 25 | k=20 (mod 384) 418725889
8 | k=127 (mod 240) | 31388506438433752927908678241 26 | k=260 (mod 384) C384,1
9 | k=175 (mod 240) 1132716961 27 | k=132 (mod 384) C384,2
10 | £ =223 (mod 480) 177601 28 | k=388 (mod 768) 434689
11 | k=463 (mod 480) C480,1 29 k=4 (mod 768) 859393
12 | k=116 (mod 128) 1265011073 30 k =16 (mod 32) 641
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Table A.4 cont.

Covering used in Lemma 4.3 (i) for d =3

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
31 | k=28 (mod 32) 1409 50 | k=907 (mod 1872) 1873
32 | k=12 (mod 32) 69857 51 | k = 1843 (mod 1872) 7489
33 k=8 (mod 64) 834427406578561 52 | k=595 (mod 936) 937
34 | k=40 (mod 64) 976193 53 | k= 283 (mod 936) 368255828264024377
35 | k=24 (mod 64) 6187457 54 | k=883 (mod 936) 503060878652608224 1
36 | k=056 (mod 64) 10841 55 | k=571 (mod 936) 22088303808535743236641
37 | k=0 (mod 192) 193 56 | k=259 (mod 936) Poss
38 | k=96 (mod 192) 769 57 | k=235 (mod 624) 148068337
39 | k=232 (mod 192) | 1253224535459902849 | | 58 | k = 523 (mod 624) 325807801400017
40 | k=128 (mod 192) Pao 59 | k=211 (mod 624) 10662171313
41 | k=64 (mod 288) 13249 60 | k=547 (mod 624) Cornn
42 | k=160 (mod 288) 1067329 61 | k=19 (mod 156) 3121
43 | k=256 (mod 288) Pass 62 | k=43 (mod 156) | 6060517860310398033985611921721
44 [k = 3115 (mod 3120) | 38609381516161 63 | k=67 (mod 156) 53397071018461
45 | k= 1555 (mod 3120) |  686402214033121 64 | k=91 (mod 312) Dot
46 | k=307 (mod 1560) 66365521 65 | k=163 (mod 312) 291593563046646669491593
A7 | k=619 (mod 1560) | 4487398067478973921 | | 66 | k= 115 (mod 312) 1358074433371719716641
48 | k=931 (mod 1560) C1360.1 67 | k=187 (mod 312) 1101673
49 | k = 1243 (mod 1560) C1560.2 68 | k=139 (mod 312) 313




We produce the coverings used in Lemma 4.3 for inserting d = 4 into the leading
sevens. Table A.5 provides notable factorizations of ®,(10) for large n used in the

congruences found in Table A.6. The following primes are used.

p17 = 754309323029578981494450523147961,
D1 = 4832227158939716614468345433242909,
psa = 36096800156828895568286578224818258719817914995401933354161,
Pso = 632527440202150745090622412245443923049201,
Do = 5538396997364024056286510640780600481,
Pog = 8396862596258693901610602298557167100076327481,

P119 = 8610583349234340055547908764091017276717091.

Table A.5 Partial/Full factorizations of ®,,(10) for d = 4

| n | Factorization of ®,,(10)
143 2823679 - 180523201 - C'43
286 | 51767 - 22144088539 - 264752347289 - 104730101107272149081 - Pogg
360 265183201 - Cg
390 15601 - 925081 - Psgg
429 5018491662756 - Cyog
468 11761957262582764997761 - Clyes
546 102103 - Payg
D72 17576772101461 - 754309323029578981494450523147961
- 4832227158939716614468345433242909 - Cs72
715 Cri5
780 19501 - 9160020509281917601 - 201721695849323521 - C7g0
858 6007 - 210991557708361 - 80216851991399964961367677 - Cgss
1170 1171 - 75417940111411 - Ch170
1248 57653857 - 4694971009 - 4155351649525441 - Co48
1430 708433441 - 146582316035503921 - C'430
2730 2731 - 5528251 - 6097697971 - Cor39

96
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Table A.6 Covering used in Lemma 4.3 (i) for d = 4

] row \ congruence \ prime p; ‘ ] row \ congruence \ prime p;
a k=2 (mod 3) 37 19 k=191 (mod 572) C572.1
b k=0 (mod 6) 13 20 k =48 (mod 572) C572,2
¢ | k=9 (mod 18) 19 91 | k =633 (mod 1144) 119424449
1 | k=11 (mod 13) 53 92 | k=061 (mod 1144) | 503186110849316156410721
2 k=8 (mod 13) 79 23 k=321 (mod 429) 5018491662756
3 | k=5 (mod 13) 265371653 21 | k=178 (mod 429) Cazo1
4 k =28 (mod 39) 900900900900990990990991 25 k’ = 35 (mod 429) C429.2
5 k=12 (mod 26) 859 26 = 737 (mod 858) 210991557708361
6 k=25 (mod 26) 1058313049 27 k’ = 594 (mod 858) 80216851991399964961367677
7 k =139 (mod 143) 2823679 28 = 451 (mod 858) 6007
8 | k=126 (mod 143) 180523201 29 = 308 (mod 858) C858.1
9 k=113 (HlOd 143) C143.1 30 k = 165 (HlOd 858) Cg58,2
10 | k=100 (mod 143) C1432 31 k = 880 (mod 1716) 1063921
11 k =87 (mod 286) 51767 32 k=22 (mod 1716) 152980598629
12 | k = 230 (mod 286) 22144088539 33 | k=531 (mod 715) Crion
13 k=74 (mod 286) 264752347289 34 k = 438 (mod 715) C715,2
14 | k=217 (mod 286) 104730101107272149081 35 | £ =1010 (mod 1430) 708433441
15 | k=204 (mod 286) D15 36 | k=295 (mod 1430) 146582316035503921
16 | k=347 (mod 572) 17576772101461 37 | k=867 (mod 1430) C1430,1
17 | k=477 (mod 572) P17 38 | k=152 (mod 1430) C1430,2
18 | k =334 (mod 572) p1s 30 | k= 1439 (mod 2145) 51481
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Table A.6 cont.

Covering used in Lemma 4.3 (i) for d = 4

] row \ congruence \ prime p; ‘ ] row \ congruence \ prime p;
40 k =724 (mod 2145) 6224791 61 | k£ =1027 (mod 1248) 4694971009
Al | k=9 (mod 2145) 2832665551 62 | k=871 (mod 1248) 4155351649525441
42 | k=331 (mod 390) 15601 63 | k=715 (mod 1248) Crats.1
13 | k=253 (mod 390) 025081 64 | k=559 (mod 1248) C1o15.2
44 k =175 (mod 390) Psqq 65 | k=1651 (mod 2496) 192193
45 k =97 (mod 1170) 75417940111411 66 k =403 (mod 2496) 965953
46 k = 487 (mod 1170) 1171 67 | k=1495 (mod 2496) 22389121
47 k =877 (mod 1170) C1170,1 68 k = 247 (mod 2496) 199369365313
48 k =175 (mod 546) 102103 69 | k= 1339 (mod 2496) 324200647681
49 k =331 (mod 546) Ps6 70 k=91 (mod 2496) 4969602289694017
50 | k= 1579 (mod 2730) 5528251 71 k =169 (mod 780) 19501
51 | k= 1189 (mod 2730) 6097697971 72 k = 325 (mod 780) 9160020509281917601
52 k =799 (mod 2730) 2731 73 k = 481 (mod 780) 201721695849323521
53 | k=409 (mod 2730) 27301 74 k = 637 (mod 780) C780,1
54 k =474 (mod 910) 2475034612051 75 k =13 (mod 2340) 25741
55 k=19 (mod 910) 1081846114760321 76 k =793 (mod 2340) 257764562641
56 k =58 (mod 78) 157 77 | k= 1573 (mod 2340) 6253963297921
57 k=16 (mod 78) 388847808493 78 k=10 (mod 117) 240396841140769
58 k =55 (mod 78) 216451 79 k=49 (mod 117) 537947698126879
59 k =52 (mod 78) 6397 80 k =88 (mod 117) 3352825314499987
60 | k= 1183 (mod 1248) 57653857 81 k=85 (mod 117) 2304017384484085131816292573
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Table A.6 cont.

Covering used in Lemma 4.3 (i) for d = 4

| row | congruence \ prime p; || row | congruence \ prime p;
82 | k=46 (mod 234) 461917 103 | k=1 (mod 195) 1951
83 | k=163 (mod 234) 60034573 104 | £ =66 (mod 195) 35081393881
84 | k=124 (mod 234) Ps4 105 | k=131 (mod 195) 360924572424391
85 k=7 (mod 468) | 11761957262582764997761 106 | k=21 (mod 36) 999999000001
86 | k=241 (mod 468) Ca68.1 107 | k=3 (mod 108) 109
87 k =30 (mod 52) 521 108 | k=39 (mod 108) | 59779577156334533866654838281
88 k =43 (mod 52) 1900381976777332243781 109 | £ =75 (mod 108) 153469
80 | k=17 (mod 104) Pso 110 | % = 87 (mod 90) 8085695684401
90 | k=69 (mod 104) 1580801 111 | £=69 (mod 180) 181
91 k=4 (mod 208) 1249 112 | k=159 (mod 180) 4999437541453012143121
92 | k=56 (mod 208) 49297 113 | k£ =141 (mod 180) 1105097795002994798105101
93 | & =108 (mod 208) 300077 114 | k=51 (mod 360) 265183201
94 | k =160 (mod 208) 643961 115 | & = 231 (mod 360) Cao01
95 k =40 (mod 65) 162503518711 116 | k=33 (mod 270) 6481
96 | k=53 (mod 65) P96 117 | k =123 (mod 270) 577603663291
97 | k=27 (mod 130) 131 118 | k=213 (mod 270) 31023833790241
98 | k=92 (mod 130) Pos 119 | £ =195 (mod 270) D119
99 | k=14 (mod 260) 2311921 120 | £ =105 (mod 540) 329941
100 | k=79 (mod 260) 1031498834064949381 121 | k=375 (mod 540) 68189581
101 | £ = 144 (mod 260) 12763852652999774041 122 | k=15 (mod 540) 49229101
102 | £ =209 (mod 260) | 12119730504567977254081 123 | k=285 (mod 540) 13029637224192121671301




We use the covering found in Table A.8 for inserting the digit d = 6 into the leading
sevens. Table A.7 provides notable factorizations of ®,,(10) for large n used in these
coverings. As with the previous tables, we omit the factorizations corresponding
to the composite numbers and large primes in Table A.7 that can be determined by
dividing ®,,(10) by the nearby primes included in Table A.8. To save space we denote

some of the larger primes below.

pe = 15763985553739191709164170940063151,
D5y = 483418418597220677238517353915231961831,

P1o4 = 10000099999999989999899999000000000100001,

P110 = 38654658795718156456729958859629701,
Dig2 = 846160494149365798478410729, prg3 = 112544281755782732673671367061,
Digs = 34194473116159546979818689031,
Das2 = 37932032823724801,  pagg = 10527797306161,
D27 = 6315203673292075607,  parr = 125797399492676917721,

p2go = 111262583033346559,  paeg1 = 155623169021.

Table A.7 Partial/Full factorizations of ®,,(10) for d =6

| n | Factorization of ®,,(10)
250 21001 - 162251 - 10893295001 - Pss0
272 17 - 13355595217 - Poro
765 0765
816 54673 - 5637065089 - Cg16
1530 | 1531 - 7947357582331 - 40984651817371 - 12804651623971 - C530
1575 01575
1870 Cis7o

100
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Table A.8 Covering used in Lemma 4.3 (i) for d = 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
a k=0 (mod 5) 41 24 | k=208 (mod 225) 2002877551
b k =12 (mod 15) 31 25 | k=133 (mod 225) 2636899200194401
1 k =21 (mod 25) 21401 26 | k=58 (mod 225) 97671987485517534751
2 k =16 (mod 25) 25601 27 | k=183 (mod 225) C295.1
3 k=11 (mod 25) 182521213001 28 | k=108 (mod 225) 2252
4 k=6 (mod 75) 151 29 | k=483 (mod 675) 40588518151
5 k=31 (I'IlOd 75) 4201 30 k = 258 (IﬂOd 675) Ce75,1
6 k = 56 (mod 75) Ps 31 k=33 (mod 675) Ce75,2
7 k =76 (mod 100) 60101 32 | k=308 (mod 375) 21751
8 k =51 (mod 100) 7019801 33 | k=233 (mod 375) 47001751
9 k =26 (mod 100) 14103673319201 34 | k=158 (mod 375) 4471031976001
10 k=1 (mod 100) 1680588011350901 35 | k=83 (mod 375) C375,1
11 | k=23 (mod 50) 251 36 | k=28 (mod 375) C375.2
12 k =48 (mod 50) 5051 37 | k=153 (mod 175) 18525843918490695886751
13 k =13 (mod 50) 78875943472201 38 | k=128 (mod 175) | 991474271662986957800680951
14 | kK =188 (mod 200) 401 39 | k=103 (mod 175) Py
15 | k=138 (mod 200) 1201 40 | k=228 (mod 350) 3612546001
16 | k=88 (mod 200) 1601 41 | k=253 (mod 350) 299547376801
17 k=38 (mod 200) P200 42 k=178 (mod 350) P350
18 | k=118 (mod 125) 751 43 | k =403 (mod 700) 422100001
19 | £ =93 (mod 125) 1797655751 44 | k=53 (mod 700) 701
20 = 68 (mod 125) | 176144543406001 45 | k=378 (mod 525) 79801
22 | k=43 (mod 125) Pios 46 | k=203 (mod 525) 35120401
22 = 143 (mod 250) 21001 47 | k=28 (mod 525) 435288001
23 | k=18 (mod 250) 162251 48 | k=353 (mod 525) C525,1
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Table A.8 cont.

Covering used in Lemma 4.3 (i) for d = 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
49 | k=178 (mod 525) C525.2 73 | k=22 (mod 1620) 119881
50 | £ =1053 (mod 1575) C1575,1 74 | k= 1492 (mod 1620) 68041
51 | k=528 (mod 1575) C1575,2 75 | k= 1087 (mod 1620) 29639179139212862101
52 | k= 3153 (mod 4725) 286826401 76 | k=682 (mod 1620) 8101
53 | k= 1578 (mod 4725) | 918084151 77 | k=277 (mod 1620) Cr6201
54 k =3 (mod 4725) 7650670784401 78 | k=952 (mod 1215) 369361
55 | k=127 (mod 135) 1577071 79 | k=547 (mod 1215) C1215.1
56 | k=112 (mod 135) 16357951 80 | k= 142 (mod 1215) C115.2
o7 k =97 (mod 135) 310362841 81 | k= 1627 (mod 2025) 180860878351
58 k =82 (mod 135) 258360989311 82 | k= 1222 (mod 2025) €2025,1
59 k =67 (mod 135) P59 83 | k=817 (mod 2025) 20252
60 | k=52 (mod 405) 21871 84 |k = 2437 (mod 4050) 4051
61 k = 187 (mod 405) 61561 85 | k=412 (mod 4050) 1931851
62 | k=322 (mod 405) 5222071 86 | £ =2032 (mod 4050) 71764372708675651
63 | k=37 (mod 405) 40435201 87 | k=7 (mod 4050) Ca0501
64 k=172 (mod 405) C405,1 88 k = 237 (mod 250) 10893295001
65 k =307 (mod 405) C405.2 89 k =162 (mod 250) Poso
66 k =697 (mod 810) 811 90 k = 87 (mod 500) 4001
67 k =562 (mod 810) 213872067091 91 k = 337 (mod 500) 76001
68 | k=427 (mod 810) Cs1o.1 92 | k=12 (mod 500) 1610501
69 k =292 (mod 810) 8102 93 k =262 (mod 500) C500.1
70 | k=967 (mod 1620) 1621 94 | k=437 (mod 500) 5002
71 | k=157 (mod 1620) 19441 95 k =362 (mod 750) | 25005172023963824973001
72 | k=832 (mod 1620) 27541 96 | k=287 (mod 750) 7501
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Table A.8 cont. Covering used in Lemma 4.3 (i) for d = 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
97 k=212 (HlOd 750) C750,2 121 k=32 (HlOd 1350) C1350,2
98 | k=687 (mod 1000) 24001 122 | k=917 (mod 1050) 1051
99 | k=187 (mod 1000) 1378001 123 | k=767 (mod 1050) 22771401850597648936801
100 | k£ =887 (mod 1500) 3001 124 | k=617 (mod 1050) 3146327779391852182051
101 | £ =137 (mod 1500) 473217092140501 125 | k=17 (mod 1050) | 17911809459808314248342142601
102 | £ =812 (mod 1500) 89285503565971501 126 | k=167 (mod 1050) €1050,1
103 | k=62 (mod 1500) C1500,1 127 | k= 1517 (mod 2100) 1194901
104 | k=122 (mod 150) P1o4 128 | k=467 (mod 2100) 62134801
105 | k=257 (mod 300) 601 129 | £ = 1367 (mod 2100) 219345525001
106 | k=107 (mod 300) 261301 130 | k=317 (mod 2100) 5455568729101
107 | k=242 (mod 300) 3903901 131 | k=452 (mod 600) 32401
108 | k=92 (mod 300) 168290119201 132 | k=302 (mod 600) €600,1
109 | k=227 (mod 300) | 25074091038628125301 133 | k=152 (mod 600) €600,2
110 | k=77 (mod 300) P11o 134 | k=602 (mod 1200) 32233075296001
111 | k=797 (mod 900) 1801 135 k=2 (mod 1200) €1200,1
112 | k=647 (mod 900) 139501 136 k =84 (mod 85) 262533041
113 | k=497 (mod 900) 33301 137 k=79 (mod 85) 8119594779271
114 | k=347 (mod 900) 560701 138 k=74 (mod 85) Pss
115 | k=197 (mod 900) 5030101 139 k=69 (mod 170) 87211
116 | k=47 (mod 900) €900,1 140 | k=154 (mod 170) 787223761
117 | k=332 (mod 450) 270001 141 | k=149 (mod 170) Pz
118 | k=182 (mod 450) P50 142 | k=574 (mod 680) 1361
119 | £ =932 (mod 1350) 371251 143 | k=404 (mod 680) 787131281
120 | k = 482 (mod 1350) 13501 144 | k=234 (mod 680) C680,1
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Table A.8 cont.

Covering used in Lemma 4.3 (i) for d =6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
145 | k=64 (mod 680) C680,2 169 | k=780 (mod 1224) 3777811937749537921
146 k =25 (mod 68) 28559389 170 | £ = 1188 (mod 1224) C1224.1
147 | k=127 (mod 136) 152533657 171 | k= 1137 (mod 1224) C1224,2
148 | k=59 (mod 136) Piag 172 | k= 3177 (mod 3672) 3673
149 | k=178 (mod 204) 409 173 | k= 1953 (mod 3672) 1813969
150 | k£ =144 (mod 204) 3061 174 | k=729 (mod 3672) 161569
151 | k=110 (mod 204) 5969449 175 | k= 2769 (mod 3672) 87140233
152 | k=76 (mod 204) 134703241 176 | k = 1545 (mod 3672) 322941468457
153 | k=42 (mod 204) 225974065503889 177 | k=321 (mod 3672) | 629674149824204775337
154 k=8 (mod 204) 44398000479007997569751764249 178 | k=146 (mod 153) 307
155 k =37 (mod 51) 613 179 | k=129 (mod 153) 18973
156 k =20 (mod 51) 210631 180 | k=112 (mod 153) 11910133
157 k=3 (mod 51) 52986961 181 k=95 (mod 153) 25332185271529
158 k=49 (mod 51) 13168164561429877 182 k =78 (mod 153) 41331541464123787
159 | k=83 (mod 102) 291078844423 183 k =61 (mod 153) P53
160 | k=32 (mod 102) 377526955309799110357 184 | k=350 (mod 459) 12853
161 | k£ =270 (mod 408) 2857 185 | k=197 (mod 459) 919
162 | k=219 (mod 408) 13266937 186 k =44 (mod 459) 2735641
163 | k=168 (mod 408) 1119527384827710553 187 | k=486 (mod 612) 54469
164 | k=117 (mod 408) 53043011765949537815976769 188 | k=333 (mod 612) 158963941
165 | k=66 (mod 408) Pjyos 189 | k=180 (mod 612) 2709009355501
166 | k=423 (mod 816) 54673 190 k =27 (mod 612) 3626707988341
167 | k=15 (mod 816) 5637065089 191 | k=469 (mod 612) | 157538980319816607121
168 | k=372 (mod 1224) 282803977 192 | k=316 (mod 612) D192
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Table A.8 cont.

Covering used in Lemma 4.3 (i) for d = 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
193 | k=163 (mod 612) D193 217 | k=534 (mod 1700) 17001
194 k=10 (HlOd 612) P612 218 k=194 (mod 1700) C1700,2
195 | k=209 (mod 255) 77967508765681 219 | k=1129 (mod 1360) 72547841
196 | k=124 (mod 255) D196 220 | k=789 (mod 1360) 174323368765921
197 k =39 (mod 255) €551 221 | k=449 (mod 1360) 325944528033956870561
198 | k=204 (mod 255) €552 222 | k=109 (mod 1360) | 3031447252741466336597441
199 | k=374 (mod 765) C765,1 223 | k=228 (mod 272) 13355595217
200 | k=629 (mod 765) C765,2 224 | k=160 (mod 272) Poro
201 | k=884 (mod 1530) C1530,1 225 | k=364 (mod 544) 58627969
202 k=119 (mod 1530) C1530,2 226 k=92 (mod 544) C544,1
203 | k=289 (mod 306) 2142001 227 | k=568 (mod 816) 8161
204 | k=238 (mod 306) 5364487 228 | k=296 (mod 816) C816,2
205 | k=187 (mod 306) 832339891 229 | k=840 (mod 1632) 3156663361
206 | k=136 (mod 306) 276402747619 230 | k=24 (mod 1632) C1632,1
207 k = 85 (mod 306) 2405782797823 231 | k=359 (mod 425) 2551
208 | k=34 (mod 306) Pso6 232 | k=274 (mod 425) 1076120401
209 | k=284 (mod 340) 26861 233 | k=189 (mod 425) Pyos
210 | k=199 (mod 340) 7568346838961 234 | k=529 (mod 850) 2254201
211 | k=114 (mod 340) | 237612993541791006121 235 | k=104 (mod 850) 850,1
212 k =29 (mod 340) C340,1 236 | k=869 (mod 1275) 122401
213 | k=279 (mod 340) C340,2 237 | k=444 (mod 1275) 4029001
214 | k = 1554 (mod 1700) 5101 238 | k=19 (mod 1275) 10947151
215 | k= 1214 (mod 1700) 3221501 239 | k=439 (mod 510) 102001
216 | k=874 (mod 1700) 7239775671637271201 240 | k=354 (mod 510) 5516286288241
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Table A.8 cont.

Covering used in Lemma 4.3 (i) for d =6

. ’ row \ congruence \ prime p;
[row [  congruence | e p | e Tiee modeim 36721

241 | k =269 (mod 510) | 4270914986078327797975291 = 3239 (mo )
217 = 181 (mod 510) : 266 | k= 179 (mod 6120) 24431
A (mod 510) 651071 267 | k= 4599 (mod 6120) 12241

= 510,2 268 | k = 3069 (mod 6120) 1211761
9244 | k = 524 (mod 1020) 1021 =

— 269 | k= 1539 (mod 6120) D269
245 | k = 14 (mod 1020) 855781 770 T =9 (mod 6120) .
246 | k = 944 (mod 1020) 2536721 71T % = 106 (mod 187) TI395056
247 | k = 774 (mod 1020) 5071197096181 =

= 272 | k=21 (mod 187) C187,1
248 | k=604 (mod 1020) 8161 = :

— 273 | k=123 (mod 187) C187.2
250 | k = 1284 (mod 2040) 1664644599118801 75 TR =38 (mod 370) 1534680319573
951 | k = 264 (mod 2040) 10122798208400401 = ©

— 276 k=327 (mod 374) D276
252 | k=1114 (mod 2040) €2040,1 —

— ’ 277 k=140 (mod 374) Dar7
253 | k=94 (mod 2040) €2040,2 —

- : 978 | k = 242 (mod 561) 1123
255 | k= 1199 (mod 1530) 7947357582331 280 T % = 129 (mod 561)
256 | k = 1029 (mod 1530) 40984651817371 BT F =718 (mod 788) P20
957 | k=859 (mod 1530) 12804651623971 — .

= 982 | k = 531 (mod 748) 7481
258 | k = 2219 (mod 3060) 0181 =

— 283 k=344 (mod 748) C748.1
259 | k = 689 (mod 3060) 302941 BT F =157 (mod 78 —
260 | k = 2049 (mod 3060) 49281384122461 285 T & = 250 (mod 935) 1
32; kk251581799 ((ffnoo‘ii33006600)) 239693526486549721 286 | & =174 (mod 935) | 82086804200449271801

= D262 987 | k=89 (mod 935) | 189055214380376375384151
263 | k& =349 (mod 3060) 6121 -
264 | k = 1709 (mod 3060) Cao0 288 | k=939 (mod 1870) “1s70.1

= 3060.1 280 | k=4 (mod 1870) C1870,2




For inserting the last digit, d = 9, into the leading sevens, we use the covering
found in Table A.10 . Table A.9 provides the notable factorizations of ®,,(10) for
large n used in these coverings. As with the previous tables, we omit the factoriza-
tions corresponding to the composite numbers and primes in Table A.9 that can be
determined by dividing ®,,(10) by the nearby primes included in Table A.10. To save

space we list some of the larger primes below.

p2r = 23391028206417273637358380573,  pes = 154083204930662557781201849,
Paza = 90077814396055017938257237117,  pasp = 40548140514062774758071840361,
Paas = 21606064498691505246200058094681,

D244 = 48911689110891303706174193415115219.

Table A.9 Partial/Full factorizations of ®,,(10) for d =9

| n | Factorization of ®,,(10)
93 Pys
161 6763 - 472341157 - 11273170771131750391 - C161
203 | 18620680471 - 68616805173400502243 - 223072327648229020879 - Psos3
259 2591 - 64638631 - 3663802449983927390483 - Casg
290 | 1450 - 30104611 - 58765601 - 2433146345771 - 17996132431060961 - Pagg
465 31 - 50718862231 - 151063549389365288761 - Clygs
018 Cs1s
958 1117 - Csss
620 Ce20
783 Crss
1116 4967159761 - 28975286089 - 206251228717780861 - Pi116
9932 Prasa
4464 Claea
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Table A.10 Covering used in Lemma 4.3 (i) for d =9

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
a k=0 (mod 2) 11 24 | k=279 (mod 322) 967
1 k =18 (mod 23) 1111111111111 1111111111 25 | k=233 (mod 322) 1569936761
2 k =35 (mod 46) 47 26 | k=187 (mod 322) | 1203881882727712699967
3 k =29 (mod 46) 139 27 | k=141 (mod 322) Doz
4 k =23 (mod 46) 2531 28 | k=95 (mod 322) C322.1
5) k=17 (mod 46) 549797184491917 29 | k=181 (mod 207) 109908191603107
6 k =34 (mod 69) 277 30 | £ =112 (mod 207) C207,1
7 k =28 (mod 69) 203864078068831 31 | k=43 (mod 207) C207,2
8 k =22 (mod 69) 1595352086329224644348978893 32 | k=175 (mod 276) 829
9 k =39 (mod 92) 1289 33 | k=37 (mod 276) 1569889
10 k =85 (mod 92) 18371524594609 34 | k=169 (mod 276) 536430531035337769
11 k=79 (mod 92) 4181003300071669867932658901 35 | k=31 (mod 276) 757108543129939106221
12 | k=125 (mod 184) 2393 36 | k=157 (mod 276) Psrg
13 | k=33 (mod 184) Pigy 37 | k=295 (mod 552) 1657
14 | k=96 (mod 115) 31511 38 | k=19 (mod 552) 1469409649
15 | k=173 (mod 115) 19707665921 39 | £ =301 (mod 345) 5521
16 | k=50 (mod 115) 20414137203567631 40 | k =232 (mod 345) 74521
17 | k=27 (mod 115) 5799951513941382144830754391 41 | k=163 (mod 345) 487831
18 k=4 (mod 115) | 122403569491783662720773144041 42 | k=94 (mod 345) 19277911
19 | k=67 (mod 138) 31051 43 | k=25 (mod 345) C345.1
20 | k=61 (mod 138) 143574021480139 44 | k =289 (mod 414) 37916801893
21 | k=55 (mod 138) 24649445347649059192745899 45 | k=151 (mod 414) 143409436964525899
22 k=3 (mod 161) 6763 46 | k=13 (mod 414) | 831759677425747570837717
23 | k=49 (mod 161) 472341157 47 | k=283 (mod 414) C414,1




601

Table A.10 cont.

Covering used in Lemma 4.3 (i) for d =9

’ row \ congruence \ prime p; ‘ ’ oW \ congruence \ prime p;
48 | k =145 (mod 414) C414,2 72 | k=101 (mod 174) 638453709757
49 | k =421 (mod 828) 4969 73 | k=95 (mod 174) 135080726389891
50 k=7 (mod 828) 111781 74 | k=89 (mod 174) | 1274194732898148471766404179653
51 | k=415 (mod 483) 14461987 75 | k=257 (mod 348) 997369
52 | k= 346 (mod 483) 176686231 76 | k=83 (mod 348) 15565833747318241
53 | k=277 (mod 483) 4828646712337104427 77 | k=251 (mod 348) 157002934023127338801841
54 | k=208 (mod 483) | 575760557843831535447049 78 | k=77 (mod 348) C3481
55 | k=139 (mod 483) C483 1 79 | k=593 (mod 696) 13921
56 | k=70 (mod 161) 11273170771131750391 80 | k=419 (mod 696) 11090099157944399977
57 k=1 (mod 161) C161,1 81 | k=245 (mod 696) C696,1
58 k =28 (mod 29) 3191 82 | k=71 (mod 696) C696,2
59 k =22 (mod 29) 16763 83 | k=413 (mod 522) 155557
60 k=16 (mod 29) 43037 84 | k=239 (mod 522) 2762580729671077856014459
61 k=10 (mod 29) 62003 85 | k=65 (mod 522) C522,1
62 k=4 (mod 29) 77843839397 86 | k=349 (mod 406) 19489
63 k =27 (mod 58) 59 87 | k=291 (mod 406) 243720583
64 k=21 (mod 58) De4 88 | k=233 (mod 406) 2563963356465898129
65 k =44 (mod 87) 4003 89 | k=175 (mod 406) | 13569612563320403017443683179
66 k =38 (mod 87) 72559 90 | k=117 (mod 406) Pyos
67 k =32 (mod 87) Pe7 91 | k=59 (mod 203) 18620680471
68 | k=113 (mod 116) 349 92 k=1 (mod 203) 68616805173400502243
69 | k=55 (mod 116) 38861 93 | k=227 (mod 232) 233
70 | k=107 (mod 116) 618049 94 | k=169 (mod 232) 355193
71 | k=49 (mod 116) P 95 | k=111 (mod 232) 21591416633




01T

Table A.10 cont.

Covering used in Lemma 4.3 (i) for d =9

’ oW \ congruence \ prime p; ‘ ’ row \ congruence prime p;
96 | k=53 (mod 232) C232.1 120 | k=197 (mod 290) 30104611
97 | k=221 (mod 232) 2322 121 | k=139 (mod 290) 58765601
98 | k=395 (mod 464) 929 122 | k=81 (mod 290) 2433146345771
99 | k=163 (mod 464) 23201 123 | k=23 (mod 290) 17996132431060961
100 | £ =337 (mod 464) 182353 124 | k=133 (mod 145) 9605671
101 | k=105 (mod 464) 4465073 125 | k=104 (mod 145) 15589280974996818911
102 | k=279 (mod 464) Caor 126 | k=75 (mod 145) Crast
103 | k=47 (mod 464) C464.2 127 | k=46 (mod 145) C145.2
104 | k=215 (mod 261) 523 128 | k& = 162 (mod 290) Paso
105 | k=128 (mod 261) 670249 129 | k=307 (mod 580) | 1767955366388381478541
106 | k=41 (mod 261) 44974999 130 | k=17 (mod 580) C580,1
107 | k=209 (mod 261) 9113995243 131 | k=359 (mod 435) 80911
108 | k=122 (mod 261) | 7299238406959 132 | k=272 (mod 435) 102019681
109 | k=35 (mod 261) C261.1 133 | k=185 (mod 435) | 8538216023012034296071
110 | k=203 (mod 261) €261 2 134 | k=098 (mod 435) Pyss
111 | k=638 (mod 783) C783.1 135 | k=446 (mod 870) 33931
112 | k =377 (mod 783) Crs3.2 136 | k= 11 (mod 870) 70350656881
113 | k=899 (mod 1566) 1567 137 | k=527 (mod 609) 41413
114 | k=116 (mod 1566) 32887 138 | k=440 (mod 609) 1840603883162311
115 | k= 812 (mod 1044) 2089 139 | k= 353 (mod 609) Cooot
116 | k= 551 (mod 1044) | 31753261 140 | k = 266 (mod 609) Co09.2
117 | £ =290 (mod 1044) 1452031741 141 | k = 788 (mod 1218) 2437
118 | k=29 (mod 1044) | 803137587589 142 | k=179 (mod 1218) 4315282651
119 | k£ =255 (mod 290) 1451 143 | k=92 (mod 203) 223072327648229020879
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Table A.10 cont.

Covering used in Lemma 4.3 (i) for d =9

’ oW \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
144 k=5 (HlOd 203) P203 168 k = 66 (HlOd 279) C279,2
145 | k=22 (mod 31) 2791 169 | k=271 (mod 310) 11161
146 | k=10 (mod 31) 6943319 170 | k=209 (mod 310) 3925963357681
147 | k=29 (mod 31) 57336415063790604359 171 | k=147 (mod 310) | 5167617497664851
148 | k=17 (mod 62) | 909090909090909090909090909091 172 | k=85 (mod 310) P19
149 k=36 (IﬂOd 93) P93 173 =333 (mod 620) C620,1
150 | k=55 (mod 124) 2049349 174 | k=23 (mod 620) C620,2
151 | k=43 (mod 124) Pis1 175 | k=507 (mod 744) 700849
152 | £ =93 (mod 186) 373 176 | k=135 (mod 744) 11110153
153 | k=81 (mod 186) 44641 177 | k=495 (mod 744) 1220725699657
154 | k=69 (mod 186) 3590254957 178 | k=123 (mod 744) 5419392721
155 | k=57 (mod 186) D155 179 | k =483 (mod 744) 42367299139993
156 | k=231 (mod 372) 5209 180 | k=111 (mod 744) Cra4,1
157 | k=219 (mod 372) C372,1 181 | k=471 (mod 744) C744,2
158 | k=207 (mod 372) C372,2 182 | k = 843 (mod 1488) 7573921
159 | k=195 (mod 248) 1489 183 | k=99 (mod 1488) C1488,1
160 | £ =71 (mod 248) 640543322297 184 | k=831 (mod 868) 8681
161 | £ =183 (mod 248) 27908132670449 185 | k=707 (mod 868) 106300489
162 | £ =59 (mod 248) 384705444182230291105649 186 | k& =583 (mod 868) 120995729
163 | k=171 (mod 248) Poys 187 | k=459 (mod 868) 363981764441
164 | k=295 (mod 496) 789592121167489 188 | k=335 (mod 868) C868,1
165 | k=47 (mod 496) C496.1 189 | k=211 (mod 868) C868.2
166 | k =252 (mod 279) 18989357081041 190 | k=87 (mod 434) 240437
167 | k=159 (mod 279) €279,1 191 | k=385 (mod 434) 1142669053
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Table A.10 cont.

Covering used in Lemma 4.3 (i) for d =9

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
192 k=323 (mod 434) 313360308665807383 216 | k= 1503 (mod 1860) C1860,1
193 | k=261 (mod 434) 579210707460230341693 217 | k =1131 (mod 1860) C1860,2
194 | k=199 (mod 434) Pysy 218 | k=759 (mod 930) 22672589441232691
195 k =137 (mod 217) 3662093 219 | k=387 (mod 930) C930,1
196 k=175 (mod 217) C217.1 220 k=15 (mod 930) C930,2
197 k=13 (mod 217) C217,2 221 k=747 (mod 1116) P1116
198 | k=435 (mod 465) 50718862231 222 k = 375 (mod 558) 1117
199 | k =342 (mod 465) 151063549389365288761 223 | k=1119 (mod 2232) Py339
200 | k=249 (mod 465) Ca65.1 224 | k= 2235 (mod 4464) Ca464.1
201 k = 156 (mod 465) C465,2 225 k=3 (mod 4464) C4464,2
202 k =63 (mod 155) 311 226 k =34 (mod 37) 2028119
203 | k=423 (mod 558) C558,1 227 k =22 (mod 37) 247629013
204 | k=237 (mod 558) C558,2 228 k =10 (mod 37) 2212394296770203368013
205 | k= 1167 (mod 1674) 5023 229 k =35 (mod 74) 7253
206 | k=609 (mod 1674) 261315626851 230 k =23 (mod 74) 422650073734453
207 | k=51 (mod 1674) C1674,1 231 k=11 (mod 74) 296557347313446299
208 | k=783 (mod 1116) 4967159761 232 k=36 (mod 111) 30557051518647307
209 | k=411 (mod 1116) 28975286089 233 k=24 (mod 111) 8845981170865629119271997
210 | £ =39 (mod 1116) 206251228717780861 234 k=12 (mod 111) D234
211 | k= 1515 (mod 1860) 1861 235 k =37 (mod 148) 149
212 | k= 1143 (mod 1860) 459421 236 k =25 (mod 148) 3109
213 | k=771 (mod 1860) 105966383429834881 237 k =13 (mod 148) 111149
214 | k=399 (mod 1860) 26482637738395021 238 k=1 (mod 148) 708840373781
215 k =27 (mod 1860) 306993468333255153181 239 | k=137 (mod 148) 669031686661427842829




€l

Table A.10 cont.

Covering used in Lemma 4.3 (i) for d =9

. ’ row \ congruence \ prime p; ‘
’ row ‘ congruence ‘ prime p; ‘
— 264 | k = 117 (mod 185) | 1936570114827069923550119591
240 k=125 (HlOd 148) D240 —
— 265 k = 80 (HlOd 185) C185.1
241 | k=39 (mod 222) 223 — :
242 | k=27 (mod 222) 1663 266 | k =43 (mod 185) C185.2
267 | k = 191 (mod 370) 49173925574833481
== 244
269 | k = 253 (mod 296) 61544617
245 | k=213 (mod 444) 23653713304547869 270 | k = 105 (mod 296) 16444765848115921
246 k=201 (mod 444) Ca44.1 —
- : 271 | k = 315 (mod 333) 96455449
247 k=189 (HlOd 444) C444,2 979 | k = 204 (HlOd 333> c
248 | k=621 (mod 888) 54615849443593 273 | 7 = 93 (mod 333) 6333’1
249 | k=177 (mod 888) 31495401976675753 — 3332
= 274 | k = 525 (mod 555) 14431
250 k = 609 (mod 888) Cg88.1 —
: 275 | k = 414 (mod 555) 169831
251 k = 165 (mod 888) Cg88.2 —
] 276 | k = 303 (mod 555) 994561
252 | k = 1041 (mod 1332) 38629 —
253 T F = 507 (mod 1330) 515018101 277 | k = 192 (mod 555) 5153778841
- — 278 | k=81 (mod 555) 20786617240933593976831
254 | k=153 (mod 1332) 14003835481 =
255 TF = 1020 (mod 1352) 279 | k = 513 (mod 666) 902659997773
T (mod 1350) C1332,1 280 | k = 291 (mod 666) 7116181512528105949933
o £1332.2 281 | k =69 (mod 666) 62562101977662753776437
257 | k = 1473 (mod 2664) 7993 =
282 | k = 649 (mod 740) 1481
258 | k = 141 (mod 2664) 6920827178401 —
283 | k =501 (mod 740) 15541
259 | k = 1461 (mod 1776) 1777 —
- 284 | k = 353 (mod 740) 63821
260 | k = 1017 (mod 1776) 7228321 —
285 | k = 205 (mod 740) 6336499381
261 | k=573 (mod 1776) 14645119755678294049 —
267 T F =120 (mod 1770) . 286 | k=57 (mod 740) 4098464044501
== 1776
287 | k = 637 (mod 740) 74615611921
263 | k =154 (mod 185) | 6511230041186560022095681 | |—Sce—r— s (mod 710) BRI 1031
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Table A.10 cont.

Covering used in Lemma 4.3 (i) for d =9

] row \ congruence \ prime p; ‘ ] row \ congruence \ prime p;
289 | k=341 (mod 740) | 16206170837408945509907221 309 k = 268 (mod 407) 14922184078787276001107
290 | k=193 (mod 740) C7401 310 | k=231 (mod 407) Ca07.1
291 | k=45 (mod 740) C740,2 311 | k=194 (mod 407) 4072
292 | k=699 (mod 777) 79003664587 312 k =564 (mod 814) 409038414731
293 | k =588 (mod 777) 531660478441 313 | k=157 (mod 814) Coran
204 | k =477 (mod 777) 31505041755035521 314 | k =527 (mod 814) Cs1a2
295 | k=366 (mod 777) Crr7.1 315 | k=934 (mod 1628) 24421
296 | k=255 (mod 777) Cr77.2 316 | k=120 (mod 1628) 115589
297 | k=144 (mod 259) €259.1 317 | k£ =1304 (mod 1628) 7716573481
298 k =33 (mod 259) €259,2 318 | k=897 (mod 1628) 26860773000292529
299 | £ =909 (mod 1036) 9392332326728043169 319 | k=490 (mod 1628) C1628,1
300 | k = 761 (mod 1036) Cr036.1 320 | k = 1711 (mod 3256) 3257
301 | k=613 (mod 1036) C1036,2 321 k =83 (mod 3256) 165553216084681453513
302 | k=465 (mod 518) C518,1 322 | k=860 (mod 1221) 3306121237
303 | k=58 (mod 259) 2591 323 | k = 453 (mod 1221) 37232500009
304 | k=169 (mod 259) 64638631 324 k=46 (mod 1221) 171055055020477
305 | k=21 (mod 259) |  3663802449983927390483 325 | k = 823 (mod 1221) Cran
306 | k = 379 (mod 407) 16399 326 | k =416 (mod 1221) Craon 2
307 | k=342 (mod 407) 390721 327 | k= 1230 (mod 2442) 182160098613913582339
308 | k=305 (mod 407) 2377517312347 328 k=9 (mod 2442) C2442.1




APPENDIX B

COVERINGS FOR BASES OTHER THAN 10

For bases other than 10, we wish to establish a statement analogous to Theo-
rem 1.5. While Theorem 1.5 requires the widely digitally stable composite number,
N, to be coprime to 10, we will require N to be coprime to the base, b. We generalize

much of the notation used in Chapter 4. For any base b, consider the number

b —1
N=a- M
a b1 + M,
with @ € {1,2,...,b — 1} and where n and M are large natural numbers to be

determined with n large enough that the left-most digit of N is a. Notice that the
base b representation of N can be written as

N=00...00ga...aa+M,
—_—

n total a’s

where aa . ..aa is a string of n digits that are all a’s.

For a nonnegative integer k, let N*)(z) denote inserting a digit = € {0,...,b — 1}
to the right of the k + 1% digit of N. We set K to be the number of digits of M;
thus, initially, K is unknown to us. Similar to the method used in Chapter 4, we
break the argument up into three cases: k > n corresponding to the leading zeros,
K < k < n—1 corresponding to the leading a’s, and 0 < k < K corresponding to
M. We can formulate N®)(z) above nicely for the first two cases. Specifically, with
r€{0,1,...,b—1}, for k > n, the value of N*)(z), representing inserting  into the

leading zeros, takes the form

b —1

Ny (@) =a- 5

+ M4z b7,
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and for K < k < n, the value of N*)(d), representing inserting d into the leading a’s,

takes the form

Y2

b—1

N®(d)=a- 0" +a-

a

+ M+ (d—a) - V¥,

where we use d to indicate that we are looking at the leading a’s and x to indicate that
we are looking at the leading zeros. For base 10 we let b = 10 and a = 7; however,
we will pick different values for a to better utilize small primes for each base.

To prove an analogous statement to Theorem 1.5 for base b, we will follow the
same method outlined in Chapter 4. We will exhibit coverings of the integers cor-
responding to the following generalizations of Lemma 4.2 and Lemma 4.3. Each
covering corresponds to inserting a digit x in the leading zeros or inserting a digit d
in the leading a’s. By way of notation, we define ¢(p) to be the multiplicative order

of b modulo a prime with ged(p,b) = 1.

Lemma B.1. Fix an integer b > 1. Let N and M be natural numbers, and a €

{1,2,...,b— 1}, such that
" —1

N=a-
R

+ M,

where N has base b expansion
N:dn_ldn_Q...dldo, dz € {0,1,,b} TLZ 17 dn—l = Q.

Let K be a nonnegative integer such that d = a for K <k <n—1, and set d =0
fork >n. Fora firtedx € {0,1,...,0—1}, suppose we have distinct primes py, ..., pt,

each coprime to b, for which

(i) there exists a covering of the integers k = b; (mod c(p;)), for 1 <i <t,
(i) n =0 (mod lem(c(py),...,c(p))),
(iii) M is a solution to the system of congruences

M= —x-b" (mod p;), 1<i<t.
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Then, for all nonnegative integers k, we have

bt —1
b—1

NP @) =a- + M +x - b

is divisible by at least one of the primes p; where 1 <1 < t.

Lemma B.2. Fiz an integer b > 1. Let N and M be natural numbers, and a €

{1,2,...,b— 1}, such that
b —1

N=aq.
T

+ M,

where N has base b expansion
N:dn_ldn_g...dldo, dZ € {0,1,,b} TLZ 1, dn—l = Q.

Let K be a nonnegative integer such that d, = a for K <k <n—1, and set d, =0
fork >n. Fora firedd € {0,1,...,b—1}, suppose we have distinct primes py, ..., pq,

each coprime to b, for which
(i) there exists a covering of the integers k = b; (mod ¢(p;)), for 1 <i <t,
(i) n =0 (mod lem(c(py),...,c(p))),

(iii) M is a solution to the system of congruences

M=-a—(d—a)-0" (modp), 1<i<t.

Then, for all nonnegative integers k, we have

n

— -k
b1 +M+(d—a)-b

N®(d)y=a-b"+a-
is divisible by at least one of the primes p; where 1 <1 <'t.

The proofs of Lemma B.1 and Lemma B.2 are identical to that of Lemma 4.2.
For the right-most digits, M, the same argument used in Section 4.4 of Chapter 4 is

used with the role of a and b replacing that of 7 and 10.
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The rest of this appendix will be used to exhibit the coverings used in (i) of
Lemmas B.1 and B.2 for each base. Many of the coverings used in this appendix can
be found in Jeremiah Southwick’s dissertation, [36], but with slight modifications.
We will use the same notation for displaying the coverings as was used in Chapter 4
and Appendix A. We have at times truncated the presentation of the congruences
chosen so as to meet formatting guidelines. For example, in Table B.12 we have
removed the columns with heading ‘row’ to allow for more horizontal space and have
also shortened the presentation of each residue class chosen. Notice that to obtain
the primes p of a given order ¢ = ¢(p) for a given base, one looks at the primes p

which divide ®.(b), where ®.(x) is the ¢ cyclotomic polynomial.

B.1 COVERING SYSTEMS FOR b = 2

For base 2, we let b = 2 and a = 1. That is, we consider
N=2"—-1+4+ M,
where the digit insertions are
NP@) =2" 14+ M+z-28 and NP@d)=2""—14+ M+ (d—1)-2".

We want coverings for € {0,1} and d € {0, 1}; however, inserting a zero into the
leading zeros does not change N. That is, we do not need a covering for x = 0. To
guarantee that N is composite, we use a single congruence instead of a full covering.

Table B.1 is the covering used for = 1, and Table B.2 is the covering used for
d = 0. Recall that we can use a prime p more than once as long as the congruence
condition on M from (iii) of Lemmas B.1 and B.2 are equivalent. For d = 0, we do
not reuse any primes from Table B.1. We reuse the prime 3 in the congruence k =0
(mod 2) for the covering found in Table B.3 corresponding to d = 1. One can check
that the congruences involving the prime 3 correspond to the congruence condition

M =2 (mod 3).
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Table B.1 Covering for z = 1 in Base 2

’ row \ congruence \ prime p; ‘
1 k=0 (mod 2) 3
2 k=1 (mod 4) 5
3 k=3 (mod 8) 17
4 | k=7 (mod 16) 257
5 | k=15 (mod 32) 65537
6 | k=31 (mod 64) 641
7 | k=63 (mod 64) | 6700417
Table B.2 Covering for d = 0 in Base 2
’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p; ‘
1 k=0 (mod 3) 7 12 | k=55 (mod 81) | 97685839
2 k=7 (mod9) 73 13 | k=11 (mod 12) 13
3 | k=13 (mod 18) 19 14 | k=17 (mod 24) 241
4 k=4 (mod 36) 37 15 | k=5 (mod 48) 97
5 | k=22 (mod 36) 109 16 | k=29 (mod 48) 673
6 | k=19 (mod 27) | 262657 17 | k=2 (mod b5) 31
7 | k=37 (mod 54) | 87211 18 | k=8 (mod 10) 11
8 | k=10 (mod 108) | 246241 19 [ k=14 (mod 15) | 151
9 | k=64 (mod 108) | 279073 20 | k=20 (mod 30) 331
10 | k=1 (mod 81) 2593 21 | k=26 (mod 60) 61
11 | k=28 (mod 81) 71119 22 | k=56 (mod 60) 1321
Table B.3 Covering for d = 1 in Base 2
’ congruence ‘ prime p; ‘ ’ congruence ‘ prime p;
k=0 (mod 2) 3 k=10 (mod 14) 43
k =19 (mod 20) 41 k=17 (mod 28) 29
k =29 (mod 40) 61681 k=3 (mod 28) 113
k =49 (mod 80) 4278255361 k=14 (mod 21) 337
% =89 (mod 160) 414721 % = 28 (mod 42) 5419
k=9 (mod 160) | 44479210368001 k=49 (mod 84) 1429
k =67 (mod 70) 281 k=7 (mod 84) 14449
k =57 (mod 70) 86171 k=42 (mod 63) 92737
k =117 (mod 140) 7416361 k=21 (mod 63) 649657
k =47 (mod 140) 47392381 k =63 (mod 126) | 77158673929
k=177 (mod 210) 211 k =126 (mod 252) | 40388473189
k =107 (mod 210) 664441 k=0 (mod 252) | 118750098349
k=37 (mod 210) 1564921 l = 43 (mod 50) 251
k=6 (mod 7) 127 k =33 (mod 50) 4051
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Table B.3 cont.

Covering for d = 1 in Base 2

N

| congruence \ prime p;
k=23 (mod 25) 601
k =13 (mod 25) 1801
k=53 (mod 75) 100801
k =28 (mod 75) 10567201
k= 153 (mod 225) 115201
k=78 (mod 225) 617401
k=3 (mod 225) 1348206751
k=91 (mod 100) 101
% = 41 (mod 100) 8101
k =81 (mod 100) 268501
% = 231 (mod 300) 1201
k =131 (mod 300) 63901
k= 31 (mod 300) 13334701
k=121 (mod 150) 1133836730401
k=371 (mod 450) 4714606801
k =221 (mod 450) | 281941472953710177758647201
k =521 (mod 900) 695701
k=71 (mod 900) 307116398490301
k=171 (mod 300) 1182468601
k =621 (mod 900) 413150254353901
k=321 (mod 900) 6269989802198401
k=21 (mod 900) 3192261504216112476901
k= 161 (mod 200) 401
k=111 (mod 200) 340801
% = 61 (mod 200) 2787601
k=11 (mod 200) 3173380601

congruence \ prime p;
k =301 (mod 350) 1051
k=251 (mod 350) 110251
k =201 (mod 350) 347833278451
k‘ = 151 (mod 350) | 34010032331525251
= 31 (mod 35) 71
k‘ =16 (mod 35) 122921
k=71 (mod 105) 29191
k =36 (mod 105) 106681
k=1 (mod 105) 152041
k=6 (mod 11) 23
k=7 (mod 11) 89
k=19 (mod 22) 683
k=31 (mod 44) 397
k=9 (mod 44) 2113
k=10 (mod 55) 881
k=0 (mod 55) 3191
k =45 (mod 55) 201961
k =57 (mod 66) 67
k =35 (mod 66) 20857
k=79 (mod 132) 312709
k =13 (mod 132) 4327489
k=25 (mod 110) 2971
k=15 (mod 110) 48912491
k =115 (mod 220) 415878438361
k=5 (mod 220) 3630105520141




For the case x = 1 in Table B.1, the least common multiple of the moduli for the
congruences is 64. A direct analysis as done in Section 4.2 for base 10 can be done in
this case to verify the covering. That is, one can check that every integer in [0, 63)
satisfies at least one congruence in Table B.1. This is also true for d = 0, where the
least common multiple of the moduli is 6480; and d = 1, where the least common
multiple of the moduli is 554400.

To guarantee that N is composite, we use the prime 47 which satisfies ordy;(2) =
23 and does not appear in any of the coverings used for the other insertions. Let n
satisfy the congruences in (ii) of Lemmas B.1 and B.2, as well as n = 0 (mod 23),
and let M satisfy the congruences in (iii) of Lemmas B.1 and B.2, as well as M =0

(mod 47). Then N =0 (mod 47), and hence is composite.

B.2 COVERING SYSTEMS FOR b =3

For base 3, we let b = 3 and a = 2. That is, we consider
N=3"-1+ M,
where the digit insertions are
NP@)=3"-14+M+2-3* and NPd)=3"—14+ M+ (d—2)- 3"

We want coverings for = € {0,1,2} and d € {0,1,2}. We start by utilizing smaller
primes. Notice that if M =0 (mod 2), then both Nék) () =0 (mod 2) and Nz(k)(d) =
0 (mod 2) for x = 0 (mod 2) and d = 0 (mod 2). Thus, we only need to find
coverings for x = 1 and d = 1. Notice that inserting a 0 into the leading zeros does
not change the number, so N is a composite number.

Table B.4 is the covering used for z = 1, and Table B.5 is the covering used for
d = 1. Table B.5 reuses the primes 13 and 19 from Table B.4 in the congruences
k =0 (mod 3) and £k = 5 (mod 18). One checks that these are equivalent to the

congruences M =12 (mod 13) and M = 13 (mod 19).
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Table B.4 Covering for x = 1 in Base 3

’ congruence \ prime p; ‘ ’ congruence \ prime p;
k=0 (mod 3) 13 k=17 (mod 72) 282429005041
k=1 (mod 6) 7 k =53 (mod 144) 1418632417
k=2 (mod9) | 757 k=125 (mod 144) | 56227703611393
k=8 (mod 18) 19 k =23 (mod 216) 2161

k=14 (mod 18) | 37 k=95 (mod 216) 15121
k=0 (mod 4) 5 k= 167 (mod 216) 10512289
k=10 (mod 12) 73 k=71 (mod 108) | 150094634909578633
k=5 (mod 36) | 530713 | | % = 143 (mod 216) 16560793
k=3 (mod 8) 41 k =215 (mod 216) 3958044610033
Table B.5 Covering for d = 1 in Base 3
| congruence | primep; | | congruence \ prime p;
k=0 (mod 3) 13 = 50 (mod 54) 19441
k=5 (mod 18) 19 k =32 (mod 54) 19927
k=3 (mod 5) 11 k=122 (mod 162) 163
k=5 (mod 10) 61 k =68 (mod 162) 1297
k=10 (mod 20) 1181 k=14 (mod 162) 208657
k =20 (mod 40) 42521761 k=0 (mod 7) 1093
k=40 (mod 80) 14401 k=12 (mod 14) 547
k=0 (mod 80) | 128653413121 k=19 (mod 28) 29
k=7 (mod 15) 4561 k=5 (mod 28) 16493
k=19 (mod 30) 31 k=17 (mod 21) 368089
k=4 (mod 30) 271 k=29 (mod 42) 43
k=31 (mod 45) 181 k=8 (mod 42) 2269
k =16 (mod 45) 1621 k=20 (mod 63) | 144542918285300809
k=1 (mod 45) 927001 k=74 (mod 126) 127
k =26 (mod 27) 109 k=11 (mod 126) 883
k=17 (mod 27) 433 k =65 (mod 126) 2521
k=8 (mod 27) 8209 k=2 (mod 126) 550554229

For the case x = 1 in Table B.4, the least common multiple of the moduli for the
congruences is 432. The least common multiple of the moduli for the 34 congruences

found in Table B.5 is 45360. A direct analysis can be done to verify these coverings.
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B.3 COVERING SYSTEMS FOR b =14

For base 4, we let b = 4 and a = 1. That is, we consider

4" —1
3

N =

+ M,

where the digit insertions are

n

4 —1
3

Ny () = +M+z-45 and NV(d)=4"+ + M+ (d—1) -4k,

We want coverings for z,d € {0, 1,2, 3}. Setting M =0 (mod 3) and n =0 (mod 3),
we see that both N{") (x) and Nl(k)(d) are divisible by 3 for z,d = 0 (mod 3). Thus,
we only need to find coverings for z,d € {1,2}.

One checks that the congruences involving the primes 5 and 7 correspond to
the congruence conditions M = 4 (mod 5) and M = 5 (mod 7), respectively. The
largest of the least common multiples of the moduli for the coverings is 7560. A direct
analysis on each covering can be used for verification. For d = 2, we use the covering

found in Table B.9. To preserve space, denote pgs = 469775495062434961.

Table B.6 Covering for x = 1 in Base 4

| row | congruence | prime p; | |row |  congruence | prime p; |
1 | k=0 (mod 2) 5 4 | k=7 (mod 16) | 65537
2 | k=1 (mod 4) 17 5 | k=15 (mod 32) 641
3 | k=3 (mod 8) 257 6 | k=31 (mod 32) | 6700417
Table B.7 Covering for x = 2 in Base 4
| row | congruence | prime p; | | row |  congruence | prime p; |
— 5 | k=22 (mod 24) 673
1 k=0 (mod 3) 7 —
— 6 k=2 (mod9) 19
2 k=1 (mod 6) 13 —
— 7 k=5 (mod9) 73
3 | k=4 (mod 12) 241 —
T 7 =10 (mod 24) o7 8 | k=8 (mod 18) 37
— 9 | k=17 (mod 18) 109
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Table B.8 Covering for d = 1 in Base 4

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
a k=0 (mod 2) 5 6 | k=18 (mod 30) 61
1 k=4 (mod 5) 11 7 | k=3 (mod 30) 1321
2 k=2 (mod 5) 31 8 | k=11 (mod 20) 61681
3 k=5 (mod 10 41 9 | k=21 (mod 40) 4278255361
4 | k=13 (mod 15 151 10 | £ =41 (mod 80) 414721
) k=8 (mod 15 331 11 | k=1 (mod 80) | 44479210368001

Table B.9 Covering for d = 2 in Base 4

’ row \ congruence \ prime p; ‘

a k=0 (mod 3) 7

1 k=40 (mod 42) 1429

2 k=34 (mod 42) 14449

3 k=70 (mod 84) 3361

4 k =28 (mod 84) 88959882481
5 | k=106 (mod 126) | 40388473189
6 k =64 (mod 126) | 118750098349
7 | k=148 (mod 252) 1009

8 k =22 (mod 252) 21169

9 k=2 (mod 14) 29

B.4 COVERING SYSTEMS FOR b =5

For base 5, let b =5 and a = 3. That is, we consider

5 — 1
N=3

where the digit insertions are

N () =3

ot —1
4

+M+2z-5 and NP(d)=3-5"+3-

+ M,

n

+ M +(d—3)-5".

We want coverings for z,d € {0, 1,2,3,4}. Setting M =0 (mod 3), we see that both
Nék) () =0 (mod 3) and N?Ek)(d) =0 (mod 3) for z,d =0 (mod 3). Thus, we only
need to find coverings for z,d € {1,2,4}. Moreover, setting M = 0 (mod 2) and

n =0 (mod 2), we see that both Nék)(x) =0 (mod 2) and NP (d) =0 (mod 2) for

x,d

=0 (mod 2). So we need only find coverings for z =1 and d = 1.
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Table B.9 cont.

Covering for d = 2 in Base 4

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
10 | k=10 (mod 14) 113 33 k =31 (mod 36) 433
11 | k=18 (mod 28) 15790321 34 k =25 (mod 36) 38737
12 | k=32 (mod 56) 5153 35 | k=55 (mod 72) 577
13 k=4 (mod 56) 54410972897 36 k=19 (mod 72) 487824887233
14 | k=26 (mod 27) 87211 37 | k=85 (mod 108) 33975937
15 | k=17 (mod 27) 262657 38 | k=49 (mod 108) 138991501037953
16 | k=35 (mod 54) 246241 39 | k=121 (mod 216) 209924353
17 k=8 (mod 54) 279073 40 | k=13 (mod 216) 4261383649
18 | k=41 (mod 45) 631 41 | k=115 (mod 144) 1153
19 | k=32 (mod 45) 23311 42 | k=79 (mod 144) 6337
20 | k=23 (mod 45) 18837001 43 | k=43 (mod 144) 38941695937
21 | k=59 (mod 90) 181 44 k=7 (mod 144) 278452876033
22 | k=14 (mod 90) 54001 45 | k=289 (mod 324) 1297
23 | k=50 (mod 90) 29247661 46 | k=253 (mod 324) 3889
24 | k=95 (mod 180) 168692292721 A7 | k=217 (mod 324) 30433969
25 | k=5 (mod 180) | 469775495062434961 48 | k=181 (mod 324) 1164777409
26 | k=56 (mod 63) 92737 49 | k=145 (mod 324) 3718266498433
27 | k=47 (mod 63) 649657 50 | k=109 (mod 324) 134921168163073
28 | k=38 (mod 63) 77158673929 51 | k=173 (mod 324) 1174029487714513
29 k=1 (mod7) 43 52 | k=361 (mod 648) 10369
30 k=6 (mod 7) 127 53 | k=37 (mod 648) 259201
31 | k=11 (mod 21) 337 54 | k=325 (mod 648) | 1824045366145909775041
32 k=2 (mod 21) 5419 55 k=1 (mod 648) | 524833094849624730914401




One checks that the congruences involving the prime 7 correspond to the congru-
ence condition M = 1 (mod 7). The least common multiple of the moduli in the
covering found in Table B.10 is 1800 and the least common multiple of the mod-
ule found in Table B.11 is 288. A direct analysis on each covering can be used for

verification.

Table B.10 Covering for x = 1 in Base 5

| congruence | prime p; | | congruence \ prime p;
k=0 (mod 5) 11 k =23 (mod 150) 118801
k=1 (mod 5) 71 k =53 (mod 150) 20775901
k=3 (mod 6) 7 k = 83 (mod 150) 24665701
k=2 (mod 15) 181 k =113 (mod 150) 149439601
k=7 (mod 15) | 1741 k = 143 (mod 300) 14401
k=4 (mod 10) 521 k =293 (mod 300) | 299541552154912341601
k=28 (mod 20) 11 k=29 (mod 90) | 60081451169922001
k=18 (mod 20) | 9161 k=59 (mod 180) 20478061
k =12 (mod 30) 61 k =149 (mod 180) 6794091374761
k =13 (mod 30) 7621 k=89 (mod 180) 25535754811081
k=19 (mod 60) | 2281 k=179 (mod 360) 8641
k =49 (mod 60) | 69566521 k = 359 (mod 360) 440641

Table B.11 Covering for d = 1 in Base 5

| row |  congruence | prime p; | [row | congruence |  prime p;
a k=4 (mod 6) 7 6 k=1 (mod 96) | 2400315913—
1 | k=2 (mod 3) 31 04168814433
2 | k=7 (mod 12) 601 7 k=6 (mod9) 19
3 | k=13 (mod 24) | 390001 S | k=3 (mod 9) 829
1 [k =25 (mod 48) | 152587— | | 9 | k=9 (mod 18) 5167

500001 10 | k=18 (mod 36) 37

5 | k=49 (mod 96) 97 11 | k=0 (mod 36) 6597973

B.5 COVERING SYSTEMS FOR b =6

For base 6, let b =6 and @ = 1. That is, we consider

6" — 1
3

N =

+ M,
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where the digit insertions are

6 — 1 6 — 1
NP (z) = — +M+a- 6" and Ny = 6" + — + M+ (d-1)-6"

We want coverings for z,d € {0,1,2,3,4,5}. Setting M = 0 (mod 5) and n = 0
(mod 5), we see that both Nék)(x) =0 (mod 5) and Nl(k)(d) =0 (mod 5) for x,d =0
(mod 5). Thus, we only need to find coverings for z,d € {1,2,3,4}.

The coverings used for z € {1,2,3,4} can each be verified using a direct analysis.
The largest of the least common multiples of the moduli for the four coverings is that
used for x = 4, which has 75 congruences with the least common multiple of the
moduli being 176400.

As this base has more complicated coverings, we recall some notation used in
Appendix A. Recall that if we are unable to fully factor ®,,(b), then we write ®,,(b) =
p1pe - - - prCr, where C,, is a composite factor of ®,,(b) having at least 2 distinct prime
divisors different from py,ps, ..., p, and n. If we are able to fully factor ®,(b), then
we write ®,(b) = p1py- - p.P,, where P, is a large prime factor of ®,(b) different
from py, po, ..., p,. Computationally, P, is determined to be a prime power and then
verified to be a prime. We denote P, to be a probable prime too large to include
comfortably where ordp, (b) = n. We also use ¢, 1 to denote one prime factor from
the composite number C,, where ord,, ,(b) = n that we were unable to factor, and
Cn,2 to denote the other prime factor from the same composite number. We did not
compute the values of ¢, ; and ¢, 2, but we know they exist.

When necessary, we provide a table of notable factorizations of ®,,(b) used in the
covering that follows. It can be assumed that the large primes P, and composite
numbers C,, that do not appear in a table or list of large primes can be determined
by dividing ®,,(b) by the primes associated with n that can be found in adjacent rows

in the tables.
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Table B.12 Covering for x = 1 in Base 6

- ’ congruence \ prime p;
’ congruence \ prime p; ‘
0 (mod 5) 311 46 (mod 60) 181
3 (mod 10) . 1 (mod 25) 18198701
. (mo 10 o 9 (mod 25) 40185601
o 14 (mod 50) 3655688315536301
2 (mod 15) 1171
T (mod 15) 0T 30 (mod 100) 343801
89 (mod 100) 22243201
12 (mod 45) 2161
19 (mod 75) 601
97 (mod 45) | 112771
12 (mod 45) | 19353635731 | |4 (mod 75) 82001
0 69 (mod 75) | 271041511600591342728451
16 (mod 20) 241
T (mod 20) i 24 (mod 125) 0536585501
: (mod 0 o 49 (mod 125) | 117811792772681609501
o Emoo Ta07 T sTsam07a0r | | (mod 125) | 1058753158856 7599765751
- 99 (mod 125) | 1098445767808750903973251
6 (mod 60) 61
26 (mod 60) | 74161 124 (mod 250) 251
o 249 (mod 250) 751

Table B.13 Covering for x = 2 in Base 6

’ row ‘ congruence ‘ prime Pi ‘

1 k=1 19 - ’ Trow \ congruence \ prime p;
= moc 2 4 | k=10 (mod 16) 17
et o 5 | k=2 (mod 16) | 98801
3 | k=6 (mod8) 1297 =
Table B.14 Covering for = 3 in Base 6
| row | congruence | prime p; | | row | congruence | prime p; |
5 k=7 (mod 12) 97
1 k=4 (mod 6) 31 =
= 6 k=8 (mod 18) 46441
2 k=2 (mod9) 19 =
= 7 | k=17 (mod 36) 73
3 k=5 (mod9) 2467 =
4 | k=1 (mod 12) 13 8 | k=35 (mod 36) 541
- 9 k=0 (mod 3) 43

To conserve space we denote some of the larger primes used for the covering found

in Table B.15 associated with the digit insertion x = 4.

ps2 = 19100900655540830489319601,

pss = 6151465354203683883830062906173218740292621286631,

DPeo = 7215934956451622094949379164309254404855094763766767407121,
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pes = 10189440239012883075423169,

Pes = 802354924671793395266725600744864562917483072464133108417.

Table B.15 Covering for x = 4 in Base 6

’ row \ congruence \ prime p;
1 k=6 (mod7) 55987
2 k=9 (mod 14) 29
3 k=2 (mod 14) 197
4 k =18 (mod 21) 1822428931
5 k =53 (mod 63) 379
6 k =32 (mod 63) 8387947
7 | k=11 (mod 63) 616332907
8 k =67 (mod 84) 804146449
9 k =25 (mod 84) 6055984789
10 | k=88 (mod 126) 127
11 | k=46 (mod 126) 154260982009
12 | k=4 (mod 126) | 528921402377887
13 | k=24 (mod 28) 421
14 | k=17 (mod 28) 5030761
15 | k=38 (mod 56) 281
16 | k=10 (mod 56) 337
17 | k=31 (mod 56) 617
18 k =3 (mod 56) 81035189089
19 | k=33 (mod 35) 71
20 | k=26 (mod 35) 37863211
21 | k=19 (mod 35) 1469029031
22 | k=47 (mod 70) 631
23 | k=12 (mod 70) 701
24 | k=40 (mod 70) 2311
25 | k=5 (mod 70) 9241
26 | k=64 (mod 70) 585131
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Table B.15 cont.

Covering for z = 4 in Base 6

’ row \ congruence \ prime p; ‘ ’ ow ‘ congrience ‘ prime p;
27 | k=99 (mod 140) 13509594555661 2 | £ =063 (mod 103)
28 | k=29 (mod 140) 1708114263204222806519161 =TT = 189 (mod 252) 1%5029
;3 l]z = 23 2223 182; 3%; . 54 | k= 105 (mod 252) 17339
31| k=22 (mod 105) =7 55 | k=21 (mod 252) 10339309
— 56 | k=259 (mod 294) 32670457
32 | k=85 (mod 105) 61921104791950322094158011 57 F =207 (mod 290) 159310183
33 | k=155 (mod 210) 71191 A (mod 294)
34 | k=50 (mod 210) | 271613602977153099649378586566681 f0 Th =133 (mod 147) 3201;5380 vl
35 | k=225 (mod 315) 423123121 e (inod 107)
36 | k=120 (mod 315) 1076836800079531 T r=0 (mod 1) 655%77
37 | k=15 (mod 315) 72725680608108905121706081 =" (00 19) 5269157331
38 | k =148 (mod 175) 3822701 5 T oo (mod 112) 13
39 | k=113 (mod 175) 114265201 i T E="0 (mod 112) 817
40 | k=78 (mod 175) 141218351 & =D (mod 112) 1018159
41 | k=43 (mod 175) 7292423951 R (o 112) 5
42 [ k=8 (mod 175) 34840572551 & 1T =168 (mod 196) 2886368033
43 | k = 141 (mod 175) 35107498301 5 T =110 (10 106) )
44 | k=106 (mod 175) 2370825139201 65 Th =303 (mod 392) 351;‘21809
45 | k=71 (mod 175) 1830889518750884483049855551 0 17 =115 (mod 392) 10300
46 | k =211 (mod 350) 3851 71 | k=280 (mod 392) | 110495360641
47 | k=36 (mod 350) 12601 72 % = 81 (mod 302) P
ig K ;;IG (gzzdggg?) 6163603511392520011 73 | k=56 (mod 98) | 762332681442053
0T F =35 (mod 2 5597867931 74 | k=28 (mod 98) | 90179616936384011
— 75 | k=0 (mod 49) | 600827908214213
51 | k = 147 (mod 168) 1176362433121




For inserting a digit d € {1,2,3,4}, we use the coverings that follow. For d = 1,

we use the covering found in Table B.16. This covering has 101 congruences with the

least common multiple of the moduli being 720720 and can be verified by a direct

analysis. Row a contains the prime 29 which is used in the covering for x

One checks that both congruences correspond to the congruence condition M

= 4.

28

(mod 29). The following are larger primes that do not fit in the tables comfortably.

p2a = 57019087134151254061666621717728669167279862151,

D3y = 2225208714917658550195227627861513418879,

pre = 1948613642347230963768492935356381,

Poo = 618089408508629562797739046557629942711588422796977.

pr1 = 1095110988527465328644161,

Table B.16 Covering for d = 1 in Base 6

’ row \ congruence prime p;
a | k=4 (mod 14) 29
1 | k=9 (mod 11) 23
2 k=7 (mod 11) 3154757
3 | k=16 (mod 22) 51828151
4 | k=25 (mod 33) 67
5 | k=14 (mod 33) | 45686117391553
6 | k=69 (mod 99) 16633
7 | k=36 (mod 99) 18380539
8 | k=3 (mod 99) 18414001
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Table B.16 cont.

Covering for d = 1 in Base 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
9 k =34 (mod 44) 58477 32 | k=180 (mod 616) P16
10 k=12 (mod 44) 70489 33 | k=642 (mod 1232) 3015937
11 k =32 (mod 44) 863017 34 | k=26 (mod 1232) | 70475637120255553017217
12 k =54 (mod 88) 89 35 k=79 (mod 99) 226407819331
13 k =10 (mod 88) | 150080764792922988676714149209 36 k =57 (mod 99) 38167293140100433
14 k =41 (mod 55) 3675127061 37 | k=134 (mod 198) 199
15 k =19 (mod 55) 3031462959351050977391 38 | k=112 (mod 198) 110881
16 | k=52 (mod 110) 1031141 39 | k=90 (mod 198) P39
17 | k=30 (mod 110) 16336066781 40 | k=266 (mod 396) 397
18 k=8 (mod 110) 84155540944421 41 k =68 (mod 396) 7129
19 k =50 (mod 66) 463 42 | k=244 (mod 396) 23761
20 k =28 (mod 66) 72073 43 k=46 (mod 396) 13705107769
21 k=6 (mod 66) 127236649 44 | k=222 (mod 396) 697344975757
22 k =59 (mod 77) 484847574510970082567 45 k =24 (mod 396) 1184960471459158549
23 k =37 (mod 77) 84002092056248016278479853 46 | k=200 (mod 396) 254253859796489462713
24 | k=92 (mod 154) P24 47 k =2 (mod 396) 12335988891985043955517
25 | k=224 (mod 308) 40590776689 48 | k=110 (mod 132) 3037
26 | k=70 (mod 308) Psog 49 k =88 (mod 132) 96493
27 | k=202 (mod 231) 174090854323 50 k=66 (mod 132) 622513
28 | k=125 (mod 231) 1526323866435523 51 k=44 (mod 132) 4629769
29 | k=48 (mod 231) C231,1 52 k =22 (mod 132) 16266405013
30 | k=488 (mod 616) 65725969 53 | k=132 (mod 264) 602977
31 | k=334 (mod 616) 59649652128793520533433 54 k=0 (mod 264) 87917281
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Table B.16 cont.

Covering for d = 1 in Base 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
55 k=12 (mod 13) 3433 78 k =33 (mod 65) 22533649654910414281
56 k=10 (mod 13) 760891 79 k=7 (mod 130) 131
57 k=21 (mod 26) 53 80 | k=83 (mod 104) 192193
58 k=19 (mod 26) 937 81 | k=57 (mod 104) 14090441
59 k=17 (mod 26) 37571 82 | k=31 (mod 104) 8284434950526240125727017
60 k =28 (mod 39) 3143401 83 | k=109 (mod 208) 36265841
61 k=2 (mod 39) 1262014275211 84 k=5 (mod 208) 141365953
62 k=15 (mod 78) 79 85 | k=133 (mod 156) 157
63 k =65 (mod 78) 9049 86 | k=107 (mod 156) 8893
64 k=39 (mod 78) 868999 87 | k=281 (mod 156) 197743936282933
65 k=13 (mod 78) 8857759 88 | k=55 (mod 156) 6429178169720749
66 k =37 (mod 52) 313 89 | k=185 (mod 312) 816213379522588431707233
67 k=11 (mod 52) 2341 9 | k=29 (mod 312) Do
68 k=35 (mod 52) | 6291946695217 91 | £ =315 (mod 468) 21529
69 | k=217 (mod 260) 425101 92 | £ =159 (mod 468) 1044927469
70 | k=165 (mod 260) | 571140885901 93 k=3 (mod 468) 58066129333227697089409
71 | k=113 (mod 260) P71 94 k =66 (mod 91) 48215910563832798697
72 | k=61 (mod 260) D72 95 k =40 (mod 91) 1838738460168896001275668872592841923
73 | k=269 (mod 520) 380641 96 | k=105 (mod 182) 2003
74 k=9 (mod 520) 98735521 97 | k=79 (mod 182) 2549
75 k =46 (mod 65) 11831 98 | k=53 (mod 182) 36947
76 k=20 (mod 65) 1420901 99 | k=27 (mod 182) 52769627
7 k=59 (mod 65) 49398961 100 | k=1 (mod 182) | 12468702878009806771287543538567443817




For the insertion d = 2, we use the covering found in Table B.18. This covering
has 224 congruences with the least common multiple of the moduli being 4727479680.
One checks that the primes 37 and 13 correspond to the congruence conditions M =
35 (mod 37) and M = 8 (mod 13), which agree with the previous uses of these
primes. To verify that this is indeed a covering, we consider the congruence classes
x = 0 (mod 2) and z = 1 (mod 2). One can verify that every integer satisfying
r = 0 (mod 2) satisfies one of the congruences in rows a-121 of Table B.18. These
congruences have moduli dividing 30898560. Similarly, one can check that every
integer satisfying x = 1 (mod 2) satisfies one of the 101 congruences in rows 122-222
of Table B.18 with moduli dividing 5654880. Thus, the 224 congruences in Table B.18
form a covering. Table B.17 lists notable factorizations of ®,,(6) for large n used in

the covering for d = 2. We list a few of the larger primes here.

pe = 2347110840158563816028186318246561,
P21 = 26836193435793601023998323852801,
pi1s = 15186641018595718629290023681,
P11 = 3578008788069105048042400002837961114116977849537973223,
p1as = 94260123386979283872547675418641,
Piss = 51420576374811381403609445473,

172 = 678389915020055546314233943801.

Table B.17 Partial/Full factorizations of ®,,(6) for

d=2
n Factorization of ®,,(10)
272 17 - 237689796977120066 7937073 - Poro
352 Css2
1064 Cho64

134
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Table B.18 Covering for d = 2 in Base 6

| row | congruence \ prime p; | | row | congruence prime p;
a k=0 (mod 4) 37 21 | k=210 (mod 304) D21
b k=10 (mod 12) 13 22 | k=58 (mod 304) Psoy
1 k =78 (mod 80) 17761 23 | k=506 (mod 608) 440123297
2 | k=62 (mod 80) 3606085841 91 | k=354 (mod 608) Coost
3 | k=46 (mod 80) 121206120881 95 | k=202 (mod 608) Co0s.2
4 | k=110 (mod 160) 9601 26 | k=658 (mod 1216) 1217
5 k=30 (mod 160) 2810800069601 27 | k=50 (mod 1216) C1216,1
6 | k=94 (mod 160) D6 28 | k=650 (mod 760) 761
7 | k=174 (mod 320) 82241 29 | k=498 (mod 760) 689321
8 k=14 (mod 320) | 15954097282309262360999041 30 = 346 (mod 760) 3939048167443707601
9 k=13 (mod ].9) 191 31 k=194 (IIlOd 760) C760,1
10 k=5 (mod 19) 638073026189 32 | k=42 (mod 760) C760.2
11 k =16 (mod 38) 1787 33 k=15 (mod 133) 11971
12 k=8 (mod 38) 48713705333 34 | k=129 (mod 133) 188861
13 k =30 (mod 76) 1030762781149 35 | k=110 (mod 133) 1101773
14 k = 38 (mod 76) 9736145643041809 36 k=91 (mod 133) 164331230229374083
15 | k=98 (mod 152) 4561 37 | k=72 (mod 133) Prss
16 | £=90 (mod 152) 355518408146401 38 | k=186 (mod 266) 1050169
17 | k=82 (mod 152) 5028187486478069273 39 k =34 (mod 266) 27838508435875439051
18 | k=174 (mod 152) 13038313680704041577 40 | k=140 (mod 266) | 6110613202111672866319
19 | k=218 (mod 304) 417827633 41 | k=254 (mod 266) Pogg
20 | k£ =66 (mod 304) 505981859041 42 | k=102 (mod 532) 1597
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Table B.18 cont.

Covering for d = 2 in Base 6

’ row ‘ congruence ‘ prime Di ‘ ’ Trow ‘ congruence ‘ prime Di
43 k = 482 (mod 532) 28729 65 | k=1074 (mod 1824) | 4947871864850689
44 | k=330 (mod 532) 181514505515281 66 | k=162 (mod 1824) C18241
45 k=178 (mod 532) 19900271591604097 67 k =59 (mod 209) 18873119
46 k =26 (mod 532) 74795600265930240481 68 k=116 (mod 209) 84125065520563
47 k =398 (mod 532) C532,1 69 k =173 (mod 209) 414230477
48 | k=246 (mod 532) C532,2 70 | k=230 (mod 418) 419
49 | k=626 (mod 1064) C1064,1 71 k=78 (mod 418) 87713957
50 | k=474 (mod 1064) C1064.2 72 | k=762 (mod 836) 178069
ol k = 322 (mod 399) 109928491 73 k =610 (mod 836) 93714790877401
52 | k=189 (mod 399) C390.1 74 = 458 (mod 1672) 41801
53 | k=56 (mod 399) C399,2 75 | k=306 (mod 1672) 45597113
54 | k=702 (mod 798) 9951571519 76 | k=154 (mod 1672) 8627680513
95 k =436 (mod 798) 1268637449760199 7 k=2 (mod 1672) 53686006051666649
56 k=170 (mod 798) C798,1 78 k =166 (mod 176) 9307950433
57 | k = 1082 (mod 1596) 10453801 79 | k=150 (mod 176) Pz
58 | k=550 (mod 1596) | 26846778030654037 80 | k=310 (mod 352) Ca32.1
59 k=18 (mod 1596) C1596,1 81 k=134 (mod 352) C352,2
60 k=770 (mod 912) 7297 82 k =470 (mod 528) 3169
61 | k=618 (mod 912) Co12,1 83 | k=294 (mod 528) 2508001
62 | k=466 (mod 912) Cot2 84 | k=118 (mod 528) 3537601
63 | k= 1226 (mod 1824) 14593 85 k = 454 (mod 528) 8245249
64 | k=314 (mod 1824) 378866839993921 86 | k =278 (mod 528) Ca28.1
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Table B.18 cont.

Covering for d = 2 in Base 6

] row \ congruence \ prime p; ‘ ] row \ congruence \ prime p;
87 | k=102 (mod 528) C528,2 109 | £ =198 (mod 220) 423852369601
88 k=614 (mod 704) 978494460213024200513 110 | k=22 (mod 220) Psog
80 | k =438 (mod 704) Cro4,1 111 | k=72 (mod 121) 4163261521
00 | k = 262 (mod 704) Croa 112 | k=17 (mod 121) | 1304330464883
01 | k=790 (mod 1408) 9889217 113 | k =83 (mod 121) Pron
92 k =86 (mod 1408) 1409 114 | k=28 (mod 242) 727
93 k = 246 (mod 264) 1581003091009 115 | k=94 (mod 242) P15
04 | k=158 (mod 264) 332526664667473 116 | k = 160 (mod 242) Pis
95 k=70 (mod 264) 6416538652864923578689 117 | k=226 (mod 484) 1453
96 k = 758 (mod 880) 881 118 | k=534 (mod 968) 68729
97 | k=582 (mod 880) 21121 119 | k = 358 (mod 968) 2095721
98 | k=406 (mod 880) 975773245921 120 | k£ =182 (mod 968) | 1771133748439529
99 k =230 (mod 880) 18444967576384646881 121 k=6 (mod 968) 4802007937
100 | k£ =54 (mod 880) C880,1 122 | k=16 (mod 17) 239
101 | k =742 (mod 830) Cs50.2 123 | k=14 (mod 17) 409
102 | k=126 (mod 440) 8247361 124 k=12 (mod 17) 1123
103 | £ =390 (mod 440) 778055521 125 k=10 (mod 17) 30839
104 | k=214 (mod 440) 254055515561 126 k =25 (mod 34) 190537
105 k =38 (mod 440) 20695248084558521 127 k =23 (mod 34) 12690943
106 | k=286 (mod 440) 518060072335148988041 128 | k=89 (mod 102) 103
107 | k=110 (mod 440) 6560970004839878965676927281 129 | k=55 (mod 102) 919
108 | k=374 (mod 440) | 278651896702502332482621071375321 130 | £ =21 (mod 102) 980146969
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Table B.18 cont.

Covering for d = 2 in Base 6

’ row \ congruence \ prime p; ‘ ’ oW \ congruence \ prime p;
131 | k=87 (mod 102) 99617785207 154 | k=45 (mod 136) 1536052010629489
132 k =2 (mod 51) 307 155 | k=11 (mod 136) D155
133 | k=19 (mod 51) 927037099 156 | k=179 (mod 204) 1785001
134 | k=34 (mod 51) 23412002806867 157 | k =145 (mod 204) 12346985995648844989
135 | k=119 (mod 153) 9757142011 158 | k=111 (mod 204) | 2953728137900959095135649
136 | k=68 (mod 153) | 12644443230579801886843521019 159 | k=281 (mod 408) 8715697
137 | k=17 (mod 153) P53 160 | k=77 (mod 408) 35540881
138 | k=34 (mod 85) 26807981 161 | k=247 (mod 408) Pyog
139 | k= 153 (mod 255) 119969950233639578 7186091 162 | k =451 (mod 816) 6529
140 | £ =102 (mod 255) Psss 163 | k=43 (mod 816) 70177
141 | k=306 (mod 510) 47431 164 | k=621 (mod 816) 2823361
142 | k=51 (mod 510) 241317924973591 165 = 417 (mod 816) 380776609
143 | k = 255 (mod 510) C510,1 166 | k=213 (mod 816) 158141084859073
144 k=0 (HlOd 510) C510,2 167 k=9 (HlOd 816) P816
145 | k=49 (mod 68) 934117 168 | k=92 (mod 119) 16661
146 | k=15 (mod 68) 8289713345361373993 169 | k=58 (mod 119) 29032062767
147 | k=64 (mod 85) 20891158391 170 | k=24 (mod 119) 103198889691409
148 | k=30 (mod 85) P14s 171 | k=109 (mod 119) 12405291558509977
149 | k=81 (mod 170) 1383638161 172 | k=75 (mod 119) D172
150 | k=47 (mod 170) 72085651321561 173 | k=41 (mod 238) 22885730141
151 | k=13 (mod 170) 740797672014674927371043791 174 | k=7 (mod 238) 2681104713967
152 | k=113 (mod 136) 137 175 | k =243 (mod 272) | 2376897969771200667937073
153 | k=79 (mod 136) 5849 176 | k=175 (mod 272) Py
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Table B.18 cont.

Covering for d = 2 in Base 6

’ oW \ congruence \ prime p; ‘ ’ row \ congruence prime p;
177 | k=379 (mod 544) 257857 200 | k=615 (mod 918) 4591
178 | k=107 (mod 544) 80189953 201 | k=309 (mod 918) 3673
179 | k=311 (mod 544) 350828321 202 k=3 (mod 918) C918,1
180 | k=39 (mod 544) Psyy 203 | k=154 (mod 187) 382229
181 | k=277 (mod 340) 1021 204 | k=120 (mod 187) 4208612395681
182 | k=209 (mod 340) 372810476994982432801 205 k=86 (mod 187) C187,1
183 | k=141 (mod 340) 2244807299700346905001 206 k =52 (mod 187) C187,2
184 | k=173 (mod 340) 41819674674441587529015061 207 | k=205 (mod 374) 480615433
185 k=5 (mod 340) 115394656437025419824224817341 208 | k=171 (mod 374) Psyy
186 | k=275 (mod 306) 147799 209 | k=511 (mod 748) 6733
187 | k=241 (mod 306) 29274753335383 210 | k£ =137 (mod 748) 6773155698277
188 | k=207 (mod 306) 1888411753890127 211 | k=477 (mod 748) | 2501850879498651781
189 k=173 (mod 306) P306 212 k=103 (mod 748) C748,1
190 | k=445 (mod 612) 613 213 | k=817 (mod 1122) 465631
191 | k=139 (mod 612) 6121 214 | k=443 (mod 1122) 2148631
192 | k=411 (mod 612) 12241 215 | k=69 (mod 1122) 52249945639
193 | £ =105 (mod 612) 57372656104261 216 | k=783 (mod 1122) 1397005264183
194 | k=377 (mod 612) C612,1 217 | k=409 (mod 1122) C1122.1
195 | k=71 (mod 612) C612,2 218 | k=35 (mod 1122) C1122,2
196 | £ =955 (mod 1224) 847009 219 | k= 1123 (mod 1496) 1319465750666449
197 | k =649 (mod 1224) 2472455165563662277393 220 | k=749 (mod 1496) 202506717689
198 | k =343 (mod 1224) C1224.1 221 | k=375 (mod 1496) C1496,1
199 | k=37 (mod 1224) 12242 222 k=1 (mod 1496) 14962




For d = 3, we use the covering found in Table B.20. This covering has 92 con-
gruences with the least common multiple of the moduli being 9028800. One checks
that the primes 43, 31, 13, and 61 correspond to the congruence conditions M = 40
(mod 43), M = 18 (mod 31), M =8 (mod 13), and M =9 (mod 61), which agree
with the previous uses of these primes. For d = 4, we use the covering found in
Table B.21 . This covering has 87 congruences with the least common multiple of
the moduli being 98167680. One checks that the primes 7, 17, and 13 correspond to
the congruence conditions M =2 (mod 7), M =4 (mod 17), and M = 8 (mod 13),
which agree with the previous uses of these primes. A direct analysis on each can be
used to verify that they are indeed coverings. Table B.19 exhibits notable factoriza-
tions of ®,,(6) for large n used in both the coverings for d = 3 and d = 4. To make

the tables fit nicely, we list some of the larger primes used for both the coverings.

ps = 22452257707354557235348829785471057921,
P32 = 445813984361506105237664076966721,
ps1 = 46975793563298851302025905551105268509881,
pss = 1236385853432057889667843739281,

per = 40752608049190149321816351186154151.

Table B.19 Partial/Full factorizations of &, (6) for d = 3 and

d=4
n Factorization of ®,,(10)
171 19-Cinn
360 Pse0
380 | 300961 - 21905019726901 - 34710107017903 7778781 - Psg
552 Css2

140
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Table B.20 Covering for d = 3 in Base 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
a k=0 (mod 3) 43 20 | k=110 (mod 180) 211501
b k=1 (mod 6) 31 21 k =74 (mod 180) 2106930961
c k=5 (mod 12) 13 22 k = 38 (mod 180) 5597780112726834061
d k=16 (mod 60) 61 23 | k=362 (mod 540) 4861
1 k =23 (mod 24) 1678321 24 | k=182 (mod 540) 39326041
2 k =35 (mod 48) 5953 25 k =2 (mod 540) 51353541541
3 k=11 (mod 48) 473896897 26 | k=106 (mod 120) 13441
4 k =32 (mod 36) 55117 27 k =46 (mod 120) 592575109627400042641
) k =56 (mod 72) YW 28 k =28 (mod 30) 1950271
6 k=20 (mod 72) 3313 29 k =82 (mod 240) 55201
7 k=44 (mod 72) 2478750186961 30 | k=202 (mod 240) 122401
8 | k=80 (mod 144) Ps 31 | k=172 (mod 240) 21027841
0 | k=152 (mod 288) 115777 32 | k= 142 (mod 240) Pz
10 | k=8 (mod 288) 31057921 33 | k=352 (mod 360) Pseo
11 | k=98 (mod 108) 109 34 | k=592 (mod 720) 13599361
12 | k=62 (mod 108) 591841 35 | k=232 (mod 720) 6776234506081
13 | k=26 (mod 108) 171467713 36 | k=472 (mod 720) 7201
14 | k=86 (mod 108) 032461036453 37 | k=112 (mod 720) Cra02
15 | k=158 (mod 216) 115963921 38 | k=772 (mod 960) 31313147521
16 | k=50 (mod 216) 433 39 | k=532 (mod 960) | 24446522594290613929804801
17 | k=122 (mod 216) | 8781208996949976153601 40 | k=292 (mod 960) C960,1
18 | k=14 (mod 216) | 241282001155985351966017 41 k =52 (mod 960) C960,2
19 | k=146 (mod 180) 9001 42 | k=982 (mod 1200) 62401
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Table B.20 cont.

Covering for d = 3 in Base 6

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
43 | k=742 (mod 1200) 295201 66 k=10 (mod 1320) C1320,2
44 | k=502 (mod 1200) 78180664801 67 k =69 (mod 95) 571
45 | k=262 (mod 1200) €1200,1 68 k=39 (mod 95) 1901
46 k =22 (mod 1200) €1200,2 69 k=9 (mod 95) 825838991
47 k =310 (mod 330) 661982172984001 70 k=74 (mod 95) 1298704628041
48 k =280 (mod 330) Pas 71 k =44 (mod 95) 25425408247171
49 k =85 (mod 165) 331 72 k =14 (mod 95) 2995523312517361
50 k =55 (mod 165) 13724862774476458441 73 k=174 (mod 190) 6271
o1 k =25 (mod 165) P51 74 k = 144 (mod 190) 2666738161
52 k =490 (mod 660) 661 75 k =114 (mod 190) 37260330001
53 k =160 (mod 660) 1321 76 k =84 (mod 190) 61671024221
54 k = 460 (mod 660) 144541 7 k =54 (mod 190) 3229504809106404383981
95 k =130 (mod 660) 110221 78 k =214 (mod 285) 47562842881
56 k =430 (mod 660) 188074921 79 k =184 (mod 285) 270596289241
o7 k =100 (mod 660) 14966414761 80 k =154 (mod 285) 209547179344816511252551051
58 k =400 (mod 660) C660,1 81 k=124 (mod 285) Psgs
59 k=70 (mod 660) C660,2 82 k=94 (mod 570) 40844746349999464436020322521
60 k =370 (mod 495) 2971 83 k =64 (mod 570) Psq
61 k =205 (mod 495) 59941224796217491 84 k =34 (mod 380) 300961
62 k =40 (mod 495) Pyos 85 k =224 (mod 380) 21905019726901
63 | £ = 1000 (mod 1320) 4812721 86 | k= 1144 (mod 1710) 61561
64 | k=670 (mod 1320) 2573249895018001 87 | k=574 (mod 1710) 3062755351
65 | k=340 (mod 1320) C1320,1 88 k=4 (mod 1710) 2410655182800230692840951
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Table B.21 Covering for d = 4 in Base 6

’ row ‘ congruence ‘ prime Di ‘ ’ row ‘ congruence ‘ prime Di
a k=1 (mod 2) 7 19 k=97 (mod 171) 1712
b k=4 (mod 16) 17 20 | k=382 (mod 513) 432482774993234980723
c k=2 (mod 12) 13 21 | k=211 (mod 513) | 697343318106716202287329
1 k=28 (mod 32) 353 22 k=40 (IIlOd 513) C513,1
2 | k=12 (mod 32) 1697 23 | k= 142 (mod 228) 229
3 k =24 (mod 32) 4709377 24 | k=130 (mod 228) 25309
4 | k=72 (mod 96) 193 25 | k= 118 (mod 228) 43321
) k =40 (mod 96) 8641 26 | k=106 (mod 228) 2197693
6 k=8 (mod 96) 688490113 27 k=94 (mod 228) 300537265358917
7 k =48 (mod 64) 2753 28 k=82 (mod 228) | 659334264781883756771821
8 k =32 (mod 64) 145601 29 | k=298 (mod 456) 8502577
9 k=16 (mod 64) 19854979505843329 30 k=70 (mod 456) C456,1
10 | k=64 (mod 128) 4926056449 31 | k=286 (mod 456) C456.2
11 k=0 (mod 128) 447183309836853377 32 | k=970 (mod 1368) 12896362376641
12 k =55 (mod 57) 47881 33 | k=514 (mod 1368) 48893768514888932017
13 k=43 (mod 57) 820459 34 k=58 (mod 1368) C1368,1
14 k =31 (mod 57) 219815829325921729 35 | k=502 (mod 684) 60204997
15 | k=76 (mod 114) 457 36 | k=274 (mod 684) 4765941001
16 | k=64 (mod 114) 137713 37 k=46 (mod 684) 37187713
17 | k=52 (mod 114) | 190324492938225748951 38 | k=490 (mod 684) 473164737913969822009
18 |k =154 (mod 171) 1t 30 | k=262 (mod 684) 935011794248567117
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Table B.21 cont.

Covering for d = 4 in Base 6

. ’ row \ congruence \ prime p;
’ row \ congruence \ prime p; ‘
62 | k=46 (mod 92) 128407494947883673
40 k=34 (HlOd 684) C684,1 —
= : 63 | k=103 (mod 115) 161
A1 | k=934 (mod 1140) 9281 =
64 | k=80 (mod 115) 1151
42 | k=706 (mod 1140) 2358661 65 | F=57 (mod 117) e
43 | k =478 (mod 1140) |  6197208621830041 =
44 |k =250 (mod 1140) 3817262181721 gg Z — ‘?11 Eﬁgj ﬂi; 25791752630;345124973861
— = 67
ig k;k:: 92222 ((m 0%111114400)) 88?%3222?3222352%01 68 | k=114 (mod 138) 24648570768391
— 22 O 69 | k=102 (mod 138) | 816214079084081564521
47 k = 694 (HlOd 1140) C1140.1 —
15 T = 466 (mod 1140) T 70 | k=182 (mod 184) 14537
- 1140,2
- : 71 | k=90 (mod 184) 433176829049
19 | & =238 (mod 380) | BATIONOTOITOOTTTSTST | 1~ —p—op o oo ai o eian e oo Tsa051
50 k=10 (mod 380) ngo —
— 73 =55 (mod 230) P230
51 | k=17 (mod 23) A7 =
7 T E =5 mod 23) =5 74 | k= 216 (mod 345) 691
55 T F =16 (mod 23) 551 75 | k= 147 (mod 345) 241541401
=2 Mo 76 | k=78 (mod 345) 139954341051841
54 | k=4 (mod 23) 7505944391 -
— 77 k=9 (mod 345) P345
55 | k=238 (mod 46) 113958101 =
56 | k=26 (mod 46) 990000731 78 | k=66 (mod 276) 277
=0 (mo T69) e 79 | k=54 (mod 276) 12344559539431093
= (mg T60) 80 | k=42 (mod 276) 14030036355387001
R — (m 19) 6%5783 81 | k=30 (mod 276) 23027140435639321
— -2 O 82 | k=18 (mod 276) 979219510230141641
60 | k=70 (mod 92) 2250889 =
61 | k=58 (mod 92) 0564781 83 | k =282 (mod 552) C552,1
= oo o 84 | k=6 (mod 552) C552.2




B.6 COVERING SYSTEMS FOR b=17

For base 7, let b =7 and a = 5. That is, we consider

no 1
N=5.1

?

where the digit insertions are

n o__ n

7 -1
N{(@) = 5=+ M+ and N(d) = 5-7"+5. +M+(d—5)-7"

We want coverings for z,d € {0,1,2,3,4,5,6}. Setting M = 0 (mod 5), we see
that both Nék)(x) = 0 (mod 5) and Nék)(d) = 0 (mod 5) for z,d = 0 (mod 5).
Additionally, letting n = 0 (mod 2) and M = 0 (mod 2), then both Nék)(x) and
Nék)(d) are even for z,d = 0 (mod 2). Lastly, setting n = 0 (mod 3) and M = 0
(mod 3), we see that both Nék)(x) =0 (mod 3) and Nék)(d) =0 (mod 3) for x,d =0
(mod 3). Thus, we only need to find coverings for z = 1 and d = 1.

The covering used for x = 1 is displayed in Table B.22 with the least common
multiple of the moduli being 96. Table B.23 exhibits the covering for d = 1 where
P20 = 85560261859655897641. The least common multiple of the moduli in Ta-

ble B.23 is 4320. Both coverings can be verified with a direct analysis.

Table B.22 Covering for x = 1 in Base 7

’ row ‘ congruence ‘ prime Di ‘

] =0 i ™5 ’ row \ congruence \ prime p;
=0 (mod 3) 8 | k=5 (mod 24) 73
2 | k=4 (mod8) | 1201 =
= 0 | k=17 (mod 24) 193
3 | k=8 (mod 16) 17 —
T k=0 (mod 16) | 169553 | |0 | =11 (mod24) 409
— 11 | k=23 (mod 48) | 33232024804801
5 | k=1 (mod6) 13 =
s T hez tod 1) | 13 12 | k =47 (mod 96) 07
7 k=10 (mod 12) 131 13 | k=95 (mod 96) 104837857
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Table B.23 Covering for d = 1 in Base 7

’ congruence \ prime p; ‘ ’ congruence \ prime p;

k=0 (mod 3) 19 k=7 (mod 10) 191
k=11 (mod 12) 13 k=0 (mod 5) 2801

k =56 (mod 60) 61 k =26 (mod 36) | 13841169553
k =44 (mod 60) 555915824341 k =50 (mod 72) 42409
k=2 (mod 30) 6568801 k=14 (mod 72) 137089
k=5 (mod 15) 31 k =38 (mod 72) | 32952799801
k=8 (mod 15) 159871 k=74 (mod 144) 129169

k =113 (mod 120) 12913561 k=2 (mod 144) 25726609
k =53 (mod 120) D120 k=7 (mod9) 37

k =161 (mod 180) 9901 k=4 (mod9) 1063

k =101 (mod 180) | 1795168434777002101 k=19 (mod 27) 109
k=41 (mod 180) | 2065025164427492401 k=10 (mod 27) 811
k=9 (mod 10) 11 k=1 (mod 27) 2377

B.7 COVERING SYSTEMS FOR b = &

For base 8, let b = 8 and a = 3. That is, we consider

8" —1
7

N=3- + M,

where the digit insertions are

8" —1 8" —1

7

N (2) = 3- +M+2-8 and NP(d)=3-8"+3- + M+ (d—3)-8".

We want coverings for z,d € {0,1,2,3,4,5,6,7}. Setting M = 0 (mod 3), we see
that both Nék)(a:) = 0 (mod 3) and Nék)(d) = 0 (mod 3) for z,d = 0 (mod 3).
Additionally, by letting n = 0 (mod 7) and M = 0 (mod 7), both Nék)(a:) =0
(mod 7) and Nék)(d) = 0 (mod 7) for x,d = 0 (mod 7). Lastly, setting n = 0
(mod 4) and M =0 (mod 5), we see that N (x) is divisible by 5 for x = 0 (mod 5).
Thus, we only need to find coverings for x € {1,2,4} and d € {1,2,4,5}.

For the insertions x € {1,2,4}, we use the coverings found in Table B.24, B.25,
and B.26, respectively. The largest of the least common multiples of the moduli for

the coverings is 1440. A direct analysis on each covering can be used for verification.
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We list a few of the larger primes below.

p120 = 469775495062434961,
P240 = 750016890283 777055704738227247474485366338380663681,
P3co,1 = 1117180440577441,

D360,2 = 47322686948898415351505582462576221839235677646571281.

Table B.24 Covering for x = 1 in Base 8

| congruence | prime p; || congruence | primep; |
k=0 (mod 4) 13 k=11 (mod 144) 4261383649
k=6 (mod 8) 17 k=79 (mod 96) 1153
k=2 (mod 8) 241 k =55 (mod 96) 6337
k=13 (mod 16) 97 k=31 (mod 96) 38941695937
k=9 (mod 16) 257 k=7 (mod 96) 278452876033
k=5 (mod 16) 673 k=99 (mod 120) | 168692292721
k=17 (mod 32) 193 k=75 (mod 120) D120
k=1 (mod 32) 65537 k=171 (mod 240) 8369281
k=23 (mod 24) 433 k=51 (mod 240) D240
k=19 (mod 24) 38737 k = 267 (mod 360) 2161
k=39 (mod 48) 577 k= 147 (mod 360) 21601
k=15 (mod 48) 487824887233 k =27 (mod 360) | 201519653761
k=59 (mod 72) 33975937 k =243 (mod 360) P360,1
k=35 (mod 72) | 138991501037953 | | k = 123 (mod 360) P3c0.2
k=83 (mod 144) | 209924353 k=3 (mod 60) 20247661
Table B.25 Covering for x = 2 in Base 8
| row | congruence | prime p; | [ row |  congruence | prime p; |
1 k=4 (mod 5) 31 8 | k=31 (mod 60) 181
2 | k=3 (mod 5) 151 0 | k=1 (mod 60) | 54001
3 | k=7 (mod 10) 11 10 | &= 15 (mod 20) 11
4 | k=2 (mod 10) 331 11 | k=10 (mod 20) 61
5 | k=11 (mod 15) | 631 12 | k=5 (mod 20) 1321
6 k=6 (mod 15) 23311 13 | £ =20 (mod 40) 61681
7 | k=16 (mod 30) | 18837001 14 | k=0 (mod 40) | 4562284561

For d = 1, we use the covering found in Table B.27. The least common multiple

of the moduli for this covering is 224, so a direct analysis is used for verification. One
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Table B.26 Covering for x = 4 in Base 8

. ’ row \ congruence \ prime p; ‘
] row \ congruence \ prime p; ‘
1 k=0 (mod 3) = 6 | k=13 (mod 18) 87211
— 7 | k=22 (mod 36) | 246241
2 | k=5 (mod 6) 19 —
— 8 k=4 (mod 36) 279073
3 | k=2 (mod 12) 37 —
— 9 | k=19 (mod 27) 2593
4 | k=8 (mod 12) 109 —
5 F=7 (mod 9) | 262657 10 | £ =10 (mod 27) 71119
— 11 | k=1 (mod 27) | 97685839

checks that the primes 5, 13, and 17 correspond to the congruence conditions M = 0
(mod 5), M = 12 (mod 13), and M = 13 (mod 17), which agree with the previous

uses of these primes. To conserve space, we denote pagy = 358429848460993.

Table B.27 Covering for d = 1 in Base 8

| congruence \ prime p; || congruence | prime p; |
k=2 (mod 4) 5 k=13 (mod 224) 2689
k=0 (mod 4) 13 k=173 (mod 224) | 47886721
k=1 (mod 8) 17 } =117 (mod 224) | 183076097
k =53 (mod 56) 3361 k=61 (mod 224) D224
k=45 (mod 56) 15790321 k=5 (mod 224) Poos
k = 37 (mod 56) 88959882481 k =27 (mod 28) 29
k =85 (mod 112) 2017 k =23 (mod 28) 113
k=29 (mod 112) 2153 k=19 (mod 28) 1429
k=77 (mod 112) 25629623713 k=15 (mod 28) 14449
k=21 (mod 112) 54410972897 k=11 (mod 14) 43
k=69 (mod 112) | 1538595959564161 k=7 (mod 14) 0419
k=125 (mod 224) 449 k=3 (mod 7) 127

We use the covering found in Table B.28 for d = 2. The least common multiple of
the moduli for this covering is 45760, so a direct analysis is used for verification. One
checks that the primes 5, 17, and 4562284561 correspond to the congruence conditions
M =0 (mod 5), M = 13 (mod 17), and M = —2 (mod 4562284561), which agree

with the previous uses of these primes.
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Table B.28 Covering for d = 2 in Base 8

| row | congruence \ prime p; || row | congruence \ prime p; |
a k=1 (mod 4) D 19 | k=128 (mod 220) | 13379250952981
b k=4 (mod 8) 17 20 | k=88 (mod 110) 2971
¢ | k=0 (mod 40) 1562284561 91 | k =48 (mod 110) 48012491
1 k = 32 (mod 80) 394783681 22 k=8 (mod 110) 415365721
2 k=72 (mod 80) 4278255361 23 | k=42 (mod 44) 397
3 k =64 (mod 80) 46908728641 24 k =38 (mod 44) 2113
4 | k=264 (mod 320) 4855681 25 k=34 (mod 44) 312709
5 | k=184 (mod 320) 26881 26 k =30 (mod 44) 4327489
6 | k=104 (mod 320) 3602561 27 k=70 (mod 88) 353
7 k =24 (mod 320) 137603804161 28 k =26 (mod 88) 7393
8 | k=136 (mod 160) 23041 29 k=0 (mod 22) 67
9 | =96 (mod 160) 414721 30 | k=18 (mod 22) 683
10 | k=56 (mod 160) 44479210368001 31 k=14 (mod 22) 20857
11 | k=16 (mod 160) | 14768784307009061644318236958041601 32 k=10 (mod 11) 23
12 | k= 188 (mod 220) 661 33 | k=6 (mod11) 89
13 | &= 148 (mod 220) 3301 34 | k=2 (mod 11) 599479
14 | k=108 (mod 220) 8581 35 | k=51 (mod 52) 53
15 | k=68 (mod 220) 391249826881 36 | k=47 (mod 52) 157
16 | k=28 (mod 220) 415878438361 37 k =43 (mod 52) 313
17 | k=208 (mod 220) 3630105520141 38 k=39 (mod 52) 1249
18 | k=168 (mod 220) 12127627350301 39 k =35 (mod 52) 1613




Table B.28 cont.

’ oW \ congruence \ prime p; ‘
40 | k=31 (mod 52) 3121
41 | k=27 (mod 52) 21841
42 | k=75 (mod 104) 858001
43 | k=23 (mod 104) | 308761441
44 | k=19 (mod 26) 2731

For d = 4, we use the covering found in Table B.29. The least common multiple
of the moduli for this covering is 105840, so a direct analysis is used for verification.
One checks that the primes 73, 19, and 109 correspond to the congruence conditions
M = 69 (mod 73), M = 9 (mod 19), and M = 38 (mod 109), which agree with
the previous uses of these primes.
Table B.30. The least common multiple of the moduli for this covering is 4200,
so a direct analysis is also used for this covering. One checks that the congruence

conditions on M arising from the primes 13, 5, and 11, M = 12 (mod 13), M =0

Covering for d = 2 in Base 8

| row |  congruence | prime p; |
45 | k=15 (mod 26) | 22366891
46 | k=11 (mod 13) 79
A7 | k=7 (mod 13) 8191
48 | k=3 (mod 13) | 121369

The covering used for d = 5 can be found in

(mod 5), and M =7 (mod 11), agree with the previous uses of these primes.

For ease of notation, denote pgy = 29728307155963706810228435378401 and pyy =
11247702599676505481447137991664348691.

Table B.29 Covering for d = 4 in Base 8

\ TOW \ congruence \ prime p;
a k=0 (mod 3) 73
b k=2 (mod 6) 19
¢ | k=5 (mod 12) 109
1 k=19 (mod 21) 92737
2 | k=16 (mod 21) 649657
3 | k=55 (mod 63) 1560007
4 | k=34 (mod 63) | 207617485544258392970753527
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Table B.29 cont.

Covering for d = 4 in Base 8

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
5 | k=76 (mod 126) 379 26 | k=4 (mod 420) 17369459529909057773233442461
6 | k=13 (mod 126) 119827 27 | k= 127 (mod 147) 126127
7 | k=31 (mod 42) | 77158673929 28 | k=106 (mod 147) 309533
8 | k=94 (mod 126) | 127391413339 29 | k=85 (mod 147) 5828257
9 | k=52 (mod 126) | 56202143607667 | | 30 | k= 64 (mod 147) 4487533753346305838985313
10 | k=262 (mod 378) | 562873504411 31 | k=43 (mod 147) | 7086423574853972147970086083434689
11 | k= 136 (mod 378) | 4744655685883 32 | k=22 (mod 49) 4432676798593
12 | k=10 (mod 378) Pirs 33 | k=1 (mod 49) 2741672362528725535068727
13 | k=28 (mod 35) 71 34 | k=283 (mod 84) 40333473189
14 | k=21 (mod 35) 29191 35 | k=71 (mod 84) 118750098349
15 k: =14 (mod 35) 106681 36 | k= 143 (mod 168) 1009
16 =7 (mod 35) 122921 37 | k=59 (mod 168) 21169
17 k =0 (mod 35) 152041 38 | k=131 (mod 168) 2627857
18 | %k =88 (mod 105) 870031 39 | k=47 (mod 168) 269389009
19 | k=67 (mod 105) 983431 40 [ k=119 (mod 168) 1475204679190128571777
20 | k=46 (mod 105) P20 41 |k = 203 (mod 336) 34273
21 | k= 130 (mod 210) 1765891 42 [ k=35 (mod 336) Pss6
22 | k=25 (mod 210) D22 43 [k =191 (mod 252) 757
23 | k =319 (mod 420) 2521 A4 [k =107 (mod 252) | 456376431053626339473533320957
24 | k = 214 (mod 420) 1711081 45 | k=23 (mod 252) | 304832756195865229284807891468769
25 | k=109 (mod 420) | 430839361 16 | k=4 (mod 7) 337




45!

Table B.30 Covering for d = 5 in Base 8

| row |  congruence |  primep; | |row | congruence | primep; |
a k=2 (mod 4) 13 15 | k=17 (mod 20) 61
b k=0 (mod 4) 5 16 | k=87 (mod 100) 268501
c k=3 (mod 10) 11 17 | k=67 (mod 100) 13334701
1 k =41 (mod 50) 251 18 | k=47 (mod 100) 1182468601
2 | k=31 (mod 50) 4051 19 | k =127 (mod 200) 101
3 k=21 (mod 50) | 1133836730401 20 | k=27 (mod 200) 340801
4 | k=61 (mod 100) 101 21 | k=107 (mod 200) 2787601
5 | k=11 (mod 100) 1201 22 k=7 (mod 200) 3173389601
6 | k=51 (mod 100) 8101 23 | k=69 (mod 70) 211
7 | k=1 (mod 100) 63901 24 | k=59 (mod 70) 281
8 | k=20 (mod 25) 601 25 | k=49 (mod 70) 86171
9 | k=15 (mod 25) 1801 26 | k=39 (mod 70) 664441
10 | k=10 (mod 25) 100801 27 | k=29 (mod 70) 1564921
11 | k=5 (mod 25) 10567201 28 | k=89 (mod 140) 121
12 | k=50 (mod 75) 115201 29 | k=19 (mod 140) 7416361
13 | k=25 (mod 75) 617401 30 | =79 (mod 140) 47392381
14 k=0 (mod 75) 1348206751 31 k=9 (mod 140) | 146919792181




B.8 COVERING SYSTEMS FOR b =9

For base 9, let b =9 and a = 7. That is, we consider

9" -1

N=7
8

+ M,

where the digit insertions are

9" —1
8

9" —1

NP (z) =7 +M+z-9* and NP(d)=7-9"+3 + M+ (d—7)- 9",

We want coverings for z,d € {0,1,2,3,4,5,6,7,8}. Setting M = 1 (mod 2) and
n =0 (mod 2), we see that both Nék)(x) =0 (mod 2) and N (d) =0 (mod 2) for
z,d = 0 (mod 2). Additionally, by letting M = 0 (mod 7), then both Nék)(x) and
Nék)(d) are divisible by 7 for x,d = 0 (mod 7). Lastly, setting n = 0 (mod 4) and
M =0 (mod 5), we see that both N () =0 (mod 5) and Nék)(d) =0 (mod 5) for
x =0 (mod 5). Thus, we only need to find coverings for z,d € {1, 3,5}.

For the insertions = € {1,3,5}, we use the coverings found in Tables B.31, B.32,
and B.33, respectively. The largest of the least common multiples of the moduli for

the coverings is 1200. A direct analysis on each covering can be used for verification.

Table B.31 Covering for x = 1 in Base 9

| row | congruence | prime p; | | row | congruence | prime p; |
1 | k=0 (mod 2) 5 3 | k=7 (mod 8) 17
2 (k=1 (modd)| 41 1 [k=3 (mod8)| 193

Table B.32 Covering for x = 3 in Base 9

| row | congruence | prime p; | | row |  congruence | prime p; |
1 k=0 (mod3)| 7 1 | k=5 (mod 12) | 6481
2 | k=1 (mod 3) 13 5 | k=11 (mod 24) 97
3 | k=2 (mod 6) 73 6 | k=23 (mod 24) 577

We use the coverings found in Tables B.34, B.35, and B.36 for d € {1, 3,5}, re-
spectively. The largest of the least common multiples of the moduli for the cov-

erings is 3960. A direct analysis on each covering can be used for verification.
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Table B.33 Covering for z = 5 in Base 9

’ row \ congruence \ prime p; ‘ ’ oW \ congruence \ prime p;
1 k=0 (mod 5) 11 9 k=7 (mod 15) 271
2 k=1 (mod 5) 61 10 | k=12 (mod 15) 4561
3 k=3 (mod 10) 1181 11 | k=4 (mod 25) 151
4 | k=18 (mod 20) | 42521761 12 | k=9 (mod 25) 8951
) k =8 (mod 40) 14401 13 | k=14 (mod 25) | 391151
6 | k=68 (mod 80) | 8194721 14 | k=19 (mod 25) | 22996651
7 | k=28 (mod 80) | 700984481 15 | k=24 (mod 50) 101
8 k=2 (mod 15) 31 16 | k=49 (mod 50) | 394201

One checks that the primes 5, 7, and 13 correspond to the congruence conditions
M = 4 (mod 5), M = 4 (mod 7), and M = 12 (mod 13), which agree with the

previous congruences involving these primes found in Tables B.31 and B.32. Denote

pes = 13490012358249728401 for Table B.34.

Table B.34 Covering for d = 1 in Base 9

’ . ‘ prime pi ‘ ] congruence \ prime p;

kkz_ - EESS 3)2) 55501 k = 36 (mod 55) 1321
F =19 (mod 22) e k=14 (mod 55) 659671
F =6 Cnod 11) o5 k=47 (mod 55) | 24472341743101
E =4 (mod 11 - k=25 (mod 55) | 560088668334411
E =3 (mod 11 —- k=3 (mod 110) 177101
k=0 (mod 11) 3851 k = 56 (mod 66) Pt
k=31 (mod 33) ST k=89 (mod 132) 660001

= k=23 (mod 132) | 11096576833
} =20 (mod 33) 176419 =78 (mod 55) ol
k=9 (mod 33) | 2413941280 =15 (mod 59) =
kk_:QQ ((r?lloo(f 4444)) 238829953 k=12 (mod 99) 4357

= k= 67 (mod 99) 3186217
k=27 (mod 44) | 56625998353 % =34 (mod 99) 337448233
k=49 (mod 88) 0922081 k=1 (mod 99) | 378450583583
k=5 (mod 88) | 15656839738849
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Table B.35 Covering for d = 3 in Base 9

n ’ congruence \ prime p;
| congruence [ primep; |
k=44 (mod 105) 121
k=1 (mod 2) 5 —
= =9 (mod 105) 1051
k=12 (mod 14) 29 —
= =72 (mod 105) 6301
k=10 (mod 14) 16493 —
k=37 (mod 105) 24151
k=1 (mod 7) 547 —
k=2 (mod 105) 1616161
k=6 (mod 7) 1093 —
' k=56 (mod 70) 28596961
k =18 (mod 28) 430697 —
- k=42 (mod 70) 32830661
k=4 (mod 28) 647753 =
= k=28 (mod 70) 01373861
k=30 (mod 35) 7l k = 84 (mod 140) 281
k=23 (mod 35) | 2664097031 =
k=16 (mod 35) | 3748579316831 = 14 (mod 140) 18451
k=79 (mod 105) 511 =70 (mod 140) | 369879560116990841
— o k=0 (mod 140) P140

Table B.36 Covering for d = 5 in Base 9

| congruence | primep; | |  congruence | prime p; |

k=1 (mod 3) 7 k=6 (mod 63) 2521

k=2 (mod 3) 13 k=45 (mod 63) 550554229

k =18 (mod 21) 43 k =24 (mod 63) | 144542918285300809

k=15 (mod 21) | 2269 k=66 (mod 126) 1180369

=12 (mod 21) | 363089 k=3 (mod 1206) 475110761833

k=30 (mod 42) 2857 k =63 (mod 84) 337

k=9 (mod 42) | 109688713 k =42 (mod 84) 673

k=48 (mod 63) | 127 k=21 (mod 84) 1009

k=27 (mod 63) | 883 k=0 (mod 84) 167329

B.9 COVERING SYSTEMS FOR b =11
For base 11, let b = 11 and a = 3. That is, we consider

1" —1
: +M

N =3
10 ’

where the digit insertions are

1" -1 11" —1
NP (z) = 3- o +M+a-11" and NP (d) = 3-11"+3- o+ MH(d=3)11"

We want coverings for x,d € {0,1,2,3,4,5,6,7,8,9,10}. Setting M =0 (mod 2) and
n =0 (mod 2), we see that both Nék)(x) =0 (mod 2) and NP (d) =0 (mod 2) for
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z,d = 0 (mod 2). Additionally, by letting M = 0 (mod 3), then both N (z) and
N:,Ek)(d) are divisible by 3 for ,d = 0 (mod 3). Lastly, setting n = 0 (mod 5) and
M =0 (mod 5), we see that both N () =0 (mod 5) and Ngfk)(d) =0 (mod 5) for
z,d =0 (mod 5). Thus, we only need to find coverings for x,d € {1, 7}.

Tables B.37 through B.40 exhibit these coverings. Each covering can be verified
directly where the largest of the least common multiples of the moduli for the cover-
ings is 18480. One checks that the primes 7, 19, and 61 correspond to the congruence
conditions M =5 (mod 7), M =18 (mod 19), and M = 54 (mod 61). Denote

pas = 9842332430037465033595921,  p112 = 3090443962383595123379137,
Pag = 2649263870814793,

psg = 1298256794387169996154165633, and psz = 637265428480297.

Table B.37 Covering for x = 1 in Base 11

| congruence | primep; | |  congruence | prime p; \

k=2 (mod 3) 7 k = 46 (mod 63) 8317
k=0 (mod 3) 19 k =37 (mod 63) 867259
k=7 (mod9) 1772893 k =28 (mod 63) 106431697

k =13 (mod 18) 590077 k=19 (mod 63) | 316825425410373433

k =22 (mod 36) | 3138426605161 k=73 (mod 126) 3304981

k=40 (mod 72) 73 k=10 (mod 126) 168843103

k=4 (mod 72) 40177 k =64 (mod 126) 71596275661

k =55 (mod 63) 127 k=1 (mod 126) 278853374647

Table B.38 Covering for x = 7 in Base 11

. ’ row \ congruence \ prime p; ‘
| row | congruence [ prime p; |
— 7 | k=1 (mod 12) 1117
1 | k=0 (mod 4) 61 =
= S [ k=17 (mod 24) | 10657
2 k=6 (mod 8) 7321 —
— 9 | k=11 (mod 24) 20113
3 [k=10 (mod 16) | 17 =
— 10 | £ =29 (mod 48) 97
4 k=2 (mod 16) | 6304673 —
= 11 | k=5 (mod 48) 241
5 | k=3 (mod 6) 37 12 | k=23 (mod 48) 1777
6 | k=7 (mod 12) 13

13 | % = 47 (mod 48) | 1106131489
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Table B.39 Covering for d = 1 in Base 11

’ congruence \ prime p; ‘ ’ congruence prime p;
k=1 (mod 3) 7 k=20 (mod 40) 41
k=0 (mod 3) 19 k=0 (mod 40) 1120648576818041
k=14 (mod 15) | 195019441 k =32 (mod 45) Das
k=1 (mod 5) 3221 k =62 (mod 90) 181
k =23 (mod 30) 31 k=17 (mod 90) 631
k=8 (mod 30) | 7537711 k=47 (mod 90) | 86306335830799838011
k=5 (mod 10) 13421 k=92 (mod 180) 9001
k=10 (mod 20) | 212601841 k =2 (mod 180) 16921
Table B.40 Covering for d = 7 in Base 11
| congruence prime p; | | congruence | prime p, |

F=0 (mod 4) 6l k=29 (mod 70) | 17011

A — 6 (mod 7) R k=15 (mod 70) | 1649341

— k=1 (mod 70) | 10047871

k=4 (mod 7) 45319 —

— k=9 (mod 11) 15797
k=9 (mod 14) 1623931 —

— k=5 (mod 11) | 1806113
k=21 (mod 28) 29 —

— k =12 (mod 22) 23
k=7 (mod 28) 1933 F =8 (mod 22) 29
k=19 (mod 28) 55527473 —

— k=4 (mod 22) 199
k=289 (mod 112) 337 —

— k=0 (mod 22) 58367
k=61 (mod 112) 394129 E =18 (mod 44) | 351857
k =33 (mod 112) | 236352238647181441 —

— k=14 (mod 44) jom
k=5 (mod 112) P112 —

— k =54 (mod 88) 353
k =45 (mod 56) 113 —

— k=10 (mod 88) | 72689
k =31 (mod 56) 449 —

= k =50 (mod 88) | 13585441
k=17 (mod 56) 2521 F =6 (mod 89)

k=3 (mod 56) | 77001139434480073 — Pss

— k =24 (mod 33) 661
k =57 (mod 70) 71 —

F =13 (mod 70) 3 k =13 (mod 33) 1453

B.10 COVERING SYSTEMS FOR b = 31

For base 31, let b = 31 and @ = 7. That is, we consider

N=7
30

157

31" —1

+ M,




where the digit insertions are

31" —1 31" — 1
Sy tMa31t and N¥(d) = 7:31"+7

NP @) =7 +M+(d—7)-31".

We want coverings for x,d € {0,1,2,...,29,30}. Setting M =0 (mod 2) and n =0
(mod 2), we see that both Nék)(x) =0 (mod 2) and Nék)(d) =0 (mod 2) for x,d =0
(mod 2). Additionally, by letting M = 1 (mod 3) and n = 0 (mod 3), then both
N (x) and Nék)(d) are divisible by 3 for z,d = 2 (mod 3). Moreover, by setting
n =0 (mod 5) and M = 0 (mod 5), we have that both Nék) () = 0 (mod 5) and
Nék)(d) =0 (mod b5) for ,d = 0 (mod 5). Lastly, setting n =0 (mod 7) and M =0
(mod 7), we see that both Nék)(:c) =0 (mod 7) and N7(k)(d) =0 (mod 7) forx,d =0
(mod 7). Thus, we only need to find coverings for z,d € {1,3,9,13,19,27}.

Tables B.41, B.42, and B.43 correspond to the insertions z € {1, 3,9}, respectively.
Each of these coverings can be verified using a direct analysis. For Table B.42, let

pe = 7499207440683838894753.

Table B.41 Covering for x = 1 in Base 31

| row | congruence [ prime p; | |row [ congruence | prime p; |
1 k=0 (mod 4) 13 6 | k=14 (mod 16) | 25085030513
2 | k=3 (mod 4) 37 7 | k=26 (mod 32) 1889
3 | k=5 (mod 8) 409 8 | k=10 (mod 32) 1347329
4 | k=1 (mod 8) 1129 9 | k=18 (mod 32) 6139297
5 | k=6 (mod 16) 17 10 | k=2 (mod 32) 23277313

Table B.42 Covering for x = 3 in Base 31

| row | congruence | primep; | [row| congruence | prime p; |
1 k=0 (mod 3) 331 6 | k=34 (mod 48) De
> | k=1 (mod 6) 19 7 | k=5 (mod9) | 3637
3 | k=4 (mod 12) 022561 8 | k=8 (mod9) | 81343
4 | k=22 (mod 24) | 852890113921 9 k=2 (mod 18) LY
5 | k=10 (mod 48) 97 10 | k=11 (mod 18) | 1538083
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Table B.43 Covering for x = 9 in Base 31

: | congruence | prime p;
| congruence | primep; |
F=1 (mod 5) T k=44 (mod 60) 61
— k =14 (mod 60) 25621
k=0 (mod 5) 17351 =
= k=13 (mod 25) 101
k=2 (mod 10) il =
— k =18 (mod 25) 4951
k=7 (mod 10) 21821 =
= (e 1) e k= 23 (mod 25) 13277801
— k=8 (mod 25) | 20235942281002951
k=9 (mod 15) 327412201 k= 28 (mod 50) 1901
k=29 (mod 30) | 880374069121 k=3 (mod 50) 4726301

Table B.45 forms the covering used for x = 13. The least common multiple of the
moduli is 997920 and a direct analysis can be used for verification. Table B.46 forms
the covering used for z = 19. The least common multiple of the moduli is 158760
and a direct analysis can also be used for verification.

As this covering, as well as the ones that follow, are more complicated, we recall
some notation used in Appendix A and some of the smaller bases. Recall that if we
are unable to fully factor ®,(31), then we write ®,,(31) = pyps - - - p,C,,, where C,, is
a composite factor of ®,(31) having at least 2 distinct prime divisors different from
P1,P2,-- -, and n. If we are able to fully factor ®,(31), then we write ®,(31) =
pip2 -+ - pr Py, where P, is a large prime factor of ®,,(31) different from py,ps, ..., p..
Computationally, P, is determined to be a prime power and then verified to be a
prime. We denote P, to be a probable prime too large to include comfortably where
ordp, (31) = n. We also use ¢,; to denote one prime factor from the composite
number C,, where ord,, ,(31) = n that we were unable to factor, and ¢, to denote
the other prime factor from the same composite number. We did not compute the
values of ¢, and ¢, 2, but we know they exist.

When necessary, we provide a table of notable factorizations of ®,(31) used in
the covering that follows. It can be assumed that the large primes P, and composite

numbers C,, that are omitted from the tables that contain notable factorizations of
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®,,(31) can be determined by dividing ®,,(31) by the primes associated with n that
can be found in adjacent rows in the tables. Table B.44 contains notable factorizations
of ®,,(31) used in the coverings for z = 13 and z = 19, and we list a few primes below

that do not fit in the tables comfortably.

P2 = 512616735577,  pio = 550469850411853,

P19 = 4303134368687145997467938682848881,

P20 = 62322419393153627851729037464684263699383389269055382039663,

a2 = 147882001432537751112306358052999119715341090542830827,

p3e = 104277841808893792264266721,

pag = 728921581954037396189325850537700569.

Table B.44 Partial/Full factorizations of ®,(31) for z = 13 and

r =19
n Factorization of ®,,(31)
81 320593 - 13933 - 477739 - 6757669 - 7822981 - Fgy
294 7159937 - 9561579721 - 64636178950385134849 - Phgy
924 Co24
1134 Christ

Table B.45 Covering for x = 13 in Base 31

| row | congruence | prime p; | |row | congruence | prime p;
1 | 35 (mod 36) | 1536553 12 26 (mod 84) 4038949965541
2 | 17 (mod 36) D2 13 62 (mod 84) | 939903457569889
3 | 47 (mod 54) 109 14 | 104 (mod 168) 337886977
4 |29 (mod 54) 163 15 | 20 (mod 168) Pigs
5 | 11 (mod 54) 541 16 | 182 (mod 210) 13454000701
6 | 41 (mod 54) 6427 17 | 140 (mod 210) | 18396393590821
7 | 23 (mod 54) | 18880993 18 | 98 (mod 210) | 350121327433921
8 | 5 (mod 54) | 599329963 | | 19 | 56 (mod 210) Pre
9 | 38 (mod 42) 211 20 | 644 (mod 840) 52081
10 | 32 (mod 42) P10 21 | 434 (mod 840) 30241
11 | 68 (mod 84) | 163598980 | | 22 | 224 (mod 840) | 13842240721
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Table B.45 cont.

Covering for x = 13 in Base 31

’ oW \ congruence \ prime p; ‘ ’ oW \ congruence \ prime p;
23 | k=14 (mod 840) C840,1 48 k =49 (mod 81) 7822981
24 | k=218 (mod 252) 37323324288470557 49 k =22 (mod 81) Py
25 | k=92 (mod 252) C252,1 50 | k=94 (mod 108) 27TATTT87226853
26 | k=176 (mod 252) C252,2 51 | k=67 (mod 108) 91556360840213317
27 | k=302 (mod 504) 241921 52 | k=40 (mod 108) 19235533383829731610441
28 | k=50 (mod 504) 7894153 53 | k=121 (mod 216) 12733754041
29 | k=260 (mod 378) 379 54 | k=13 (mod 216) 2161
30 | k=134 (mod 378) C378,1 55 | k=112 (mod 135) 1344742561
31 k=8 (mod 378) C378,2 56 | k=85 (mod 135) 302533008751
32 | k=296 (mod 336) 337 57 | k=58 (mod 135) 50358897181
33 | k=254 (mod 336) 2017 58 | k=31 (mod 135) C135,1
34 | k=212 (mod 336) 555073 59 k=4 (mod 135) C135,2
35 | k=170 (mod 336) 48617978950487107729 60 k =37 (mod 45) 271
36 | k=128 (mod 336) P36 61 k =28 (mod 45) 63901
37 | k=86 (mod 336) Ps36 62 k=19 (mod 45) 106291
38 | k=380 (mod 672) 673 63 k =10 (mod 45) 337048683633480845467801
39 | k=44 (mod 672) 20673051169 64 k =46 (mod 90) 2065411
40 | k=338 (mod 672) | 44084649487496874698401 65 k=1 (mod 90) 300392264044249601502733598251
41 k=2 (mod 672) Ce72,1 66 k =30 (mod 33) | 650141690025315305584300036801
42 k =25 (mod 27) 1836205027201 67 k =93 (mod 99) 199
43 k =16 (mod 27) 126901881805771 68 k =60 (mod 99) 991
44 k =61 (mod 81) 2593 69 k =27 (mod 99) 204733
45 k =34 (mod 81) 13933 70 k =90 (mod 99) 36093579787
46 k=7 (mod 81) 477739 71 k =57 (mod 99) 294573316951
47 k=76 (mod 81) 6757669 72 k =24 (mod 99) 215792743120601131
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Table B.45 cont.

Covering for x = 13 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
73 k =87 (mod 99) 3763784187326467459 98 | k=504 (mod 924) C924,1
74 k =54 (mod 99) 869535983092745596321 99 k=42 (mod 924) C924.2
75 | k=120 (mod 198) 8713 100 k=9 (mod 77) 2927
76 | k=21 (mod 198) 430057 101 | k£ =138 (mod 165) 1321
77 | k=183 (mod 198) 291207313 102 | k=105 (mod 165) Pigs
78 | k=84 (mod 198) 24763965905251 103 | k£ =237 (mod 330) 2995081
79 | k=150 (mod 198) Prog 104 | k=172 (mod 330) 3173617894921
80 | k=249 (mod 396) 18217 105 | k=204 (mod 330) 13027986803063207491231
81 | k=51 (mod 396) 56629 106 | k£ =39 (mod 330) P33
82 | k=315 (mod 396) 312841 107 | k=336 (mod 495) 418771
83 | k=216 (mod 396) 114678696529 108 | k=171 (mod 495) 377475051691
84 | k=117 (mod 396) 9293745221943733 109 k=6 (mod 495) C495,1
85 | k=18 (mod 396) Psog 110 | k=102 (mod 132) | 4451983606421686827580205284201
86 k =48 (mod 66) 67 111 | k=201 (mod 264) 183516169
87 k=15 (mod 66) 297991 112 | k=69 (mod 264) 6542062289677294884725761
88 k=45 (mod 66) | 34731987261785578083133 113 | k=168 (mod 264) Pogy
89 | k=78 (mod 132) 599382278617 114 | k=300 (mod 528) 3169
90 | k=12 (mod 132) 169301958609793153 115 | k=36 (mod 528) 10524479059277959777
91 | k=207 (mod 231) 463 116 | k=531 (mod 660) 1149061
92 | k=174 (mod 231) 13780537 117 | k=399 (mod 660) 52061461
93 | £ =141 (mod 231) 816786763717 118 | k=267 (mod 660) C660,1
94 | k=108 (mod 231) Py 119 | k=135 (mod 660) C660,2
95 | k=306 (mod 462) | 427813176370045109029 120 | k =663 (mod 1320) 19801
9 | k=75 (mod 462) C462,1 121 | k=3 (mod 1320) 215758788030763381958401
97 | k=273 (mod 462) C462,2 122 k=0 (mod 11) 23
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Table B.46 Covering for x = 19 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
1 k=6 (mod 7) 917087137 26 | k=162 (mod 196) 197
2 k=12 (mod 14) 11971 27 | k=113 (mod 196) Pigs
3 k=5 (mod 14) 71821 28 | k=260 (mod 392) 29401
4 k =18 (mod 21) 43 29 | k=64 (mod 392) 946681
) k=11 (mod 21) 6301 30 | k=211 (mod 392) 50762136041
6 k=4 (mod 21) 2813432694367 31 k=15 (mod 392) 37737969050722454420873
7 | k=24 (mod 28) 29 32 | k= 204 (mod 245) 491
8 k=17 (mod 28) 7253 33 | k=155 (mod 245) 1325489196571
9 k =10 (mod 28) 13469 34 | k=106 (mod 245) 29220445871
10 k=3 (mod 28) 277739477 35 | k=57 (mod 245) C245.1
11 k =30 (mod 35) 319061 36 k=8 (mod 245) C245.2
12 k =23 (mod 35) 203633641 37 | k=246 (mod 294) 159937
13 k=16 (mod 35) | 9240957640390889951861 38 | k=197 (mod 294) 9561579721
14 | k=44 (mod 70) 71 39 | k=148 (mod 294) 64636178950385134849
15 k=9 (mod 70) 149269961 40 | k=99 (mod 294) Py
16 | k=172 (mod 105) 421 41 | k = 344 (mod 588) 270647865962041
17 | k=37 (mod 105) C105,1 42 | k=50 (mod 588) | 492508466593101040661595493
18 k=2 (HlOd 105) C105,2 43 k=295 (HlOd 588) C588,1
19 | k=43 (mod 49) 6959 44 | k=1 (mod 588) C588.2
20 | k=36 (mod 49) P20 45 | k=56 (mod 63) 127
21 k =78 (mod 98) 2932755253 46 | k=49 (mod 63) 70309
22 | k=29 (mod 98) P22 47 | k=42 (mod 63) 75077698123
23 | k=120 (mod 147) 883 48 k =35 (mod 63) Pag
24 | k=71 (mod 147) 6585932048863895071 49 | k=154 (mod 189) 8317
25 | k=22 (mod 147) P4y 50 | £ =91 (mod 189) 657178775852071573297




Table B.46 cont. Covering for x = 19 in Base 31

’ row \ congruence \ prime p;
51 k =28 (mod 189) 175189978713624355909
52 | k=147 (mod 189) C189.1
53 k=284 (HlOd 189) C189,2
54 | k=399 (mod 567) | 1962171989486844920285764789
5%5) k=210 (mod 567) C567,1
56 k=21 (IIlOd 1134) C1134,1
57 | k=588 (mod 1134) C1134.2
58 k =266 (mod 315) 631
59 k =203 (mod 315) 22185451
60 k =140 (mod 315) 7180239284191
61 k=77 (mod 315) 11352145269151
62 k=14 (IﬂOd 315) P315
63 k=70 (mod 126) 2143
64 k=7 (mod 126) 45376431752737
65 k =63 (mod 126) 1652484831253806817
66 k=0 (mod 126) 3041204060704443103

The covering used for x = 27 is found in Table B.48. The least common multiple
of the moduli is 2032800 and verification can be done directly. Table B.47 contains

notable factorizations of ®,,(31) used in the covering for x = 27. We denote

pa = 727422334085254365392641, pg = 3889436310686727916228493162492361601,
P12 = 281887891699576309494931758688962111082311886906752520001,
P37 = 24106981477091678423113880081946849059226586740161,
pag = 236661696642275153056980146191674776616380367693641,

P53 = 263768160996144192120004532942855021486760529559458116494001319.

Table B.47 Partial/Full factorizations of ®,(31) for x = 27

n | Factorization of ®,(31)
121 0121
176 Prre

n | Factorization of ®,,(31)
440 Clao
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Table B.48 Covering for x = 27 in Base 31

| row | congruence | primep; | [row | congruence ‘ prime p;
1 k=0 (mod 4) 13 21 | k=102 (mod 800) 3540626048818445838401
2 | k=14 (mod 20) 181 22 | k = 402 (mod 800) Cs00.1
3 k =18 (mod 20) 4707206941 23 | k=2 (mod 800) C800.2
1 | k=230 (mod 40) Pa 24 | k=21 (mod 22) 757241
5 k =50 (mod 80) | 136046551681 25 | k=19 (mod 22) 1048563011
6 k=10 (mod 80) De 26 | k=39 (mod 44) 2729
7 k =46 (mod 60) 1529401 27 k=17 (mod 44) 245911396799577828131028569
8 | k=26 (mod 60) | 304643210761 | | 28 | k=8I (mod 83) 89
9 k =66 (mod 120) 35401 29 k=59 (mod 88) 414407390867564627396249
10 k=6 (mod 120) 1546081 30 k =37 (mod 88) | 12236290645201501169749559350025041
11 | k=82 (mod 100) 1601 31 | k=103 (mod 176) P76
12 | k=62 (mod 100) D12 32 | k=191 (mod 352) 353
13 | k=142 (mod 200) 601 33 | k=15 (mod 352) 136344440321
14 | k=42 (mod 200) 7137001 34 | k=101 (mod 110) 661
15 | k=122 (mod 200) Pooo 35 | k=79 (mod 110) 2531
16 | k= 222 (mod 400) 401 36 | k=57 (mod 110) 11551
17 | k=22 (mod 400) 16001 37 = 35 (mod 110) D37
18 | k=302 (mod 400) | 593742117601 38 | k=123 (mod 220) 171161
19 | & = 202 (mod 400) Proo 30 | k=13 (mod 220) 78101
20 | k =502 (mod 800) | 881954401 10 | k=209 (mod 220) 208121
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Table B.48 cont.

Covering for x = 27 in Base 31

’ row ‘ congruence ‘ prime p; ‘ ’ row ‘ congruence ‘ prime p;
41 | k=99 (mod 220) 806753201 61 | k=625 (mod 1232) 15089537
42 | k=187 (mod 220) | 355802443222817085661 62 k=9 (mod 1232) 689761073
43 | k=77 (mod 220) 2201 63 | k=106 (mod 121) 1211
44 k=165 (mod 220) C220,2 64 k=84 (IIlOd 121) C121,2
45 | k =275 (mod 440) C4401 65 | k=183 (mod 242) 1435061
46 | k=55 (mod 440) C440 2 66 | k=161 (mod 242) 105156503
47 k =33 (mod 55) 167767051 67 | k=139 (mod 242) 639322672850027
48 k=11 (mod 55) Dag 68 | k=117 (mod 242) 852408217
49 | k=141 (mod 154) 818819 69 k=95 (mod 242) €421
50 | £ =119 (mod 154) Pisa 70 k=73 (mod 242) (2422
51 k=20 (mod 77) 23503054499 71 | k=293 (mod 363) 2546083
52 k=75 (mod 77) 16169321243923 72 | k=172 (mod 363) 1217678565551454550039
53 k =53 (mod 77) D53 73 k=51 (mod 363) 96434389858446847859653
54 | k=493 (mod 616) 3697 74 | k=271 (mod 484) 2186713
55 | k=339 (mod 616) 101641 75 k=29 (mod 484) 8547867857
56 | k=185 (mod 616) 1442057 76 | k=249 (mod 484) 6045052521839057
57 | k=31 (mod 616) 28459299793 7 k=7 (mod 484) 608118746691712443682529
58 | k=471 (mod 616) 16461619704377 78 k=5 (mod 11) 397
59 | k=317 (mod 616) C616,1 79 k=3 (mod 11) 617
60 | £ =163 (mod 616) C616.2 80 k=1 (mod 11) 150332843




We use the covering found in Table B.50 for d = 1. The least common multiple
of the moduli for the covering is 4233600, and a direct analysis can be used for
verification. The first six rows in Table B.50 correspond to primes that appear in the

coverings for = € {1,3,9}. These congruences correspond to

M =12 (mod 13), M =46 (mod 61),
M =31 (mod 37), M =2 (mod 17),
M =2 (mod 19), M =25 (mod 97),

which agree with the congruence conditions on M arising from the congruences in
Tables B.41, B.42, and B.43. Table B.49 contains notable factorizations of ®,,(31) for

large n used in the covering for d = 1. For convenience, denote

pr = 26025995205783527409515597671014410919889,
p1s = 9667783133425605119410155998541192601,
pos = 1637872091108040680148042294721,
p3s = 2121734092665157406108976641321341571103440372921057,

pr1 = 18596395822328738537384956455041.

Table B.49 Partial /Full factorizations of ®,,(31) for d =1

n Factorization of ®,,(31)
192 3457 - 25537 - 4067137 - 8874745729 - Cgo
360 0360
864 0864

Table B.50 Covering for d = 1 in Base 31

. ’ row \ congruence \ prime p;
| row | congruence | prime p; |

— d | k=34 (mod 60) 61
a | k=0 (mod 4) 13 =

— e | k=11 (mod 16) 17
b | k=1 (mod 4) 37 —
¢ TE=2 (mod 6) 19 f | k=39 (mod 48) 97

— 1 | k=66 (mod 72) 73

167



891

Table B.50 cont.

Covering for d = 1 in Base 31

’ oW \ congruence \ prime p; ‘ ’ row \ congruence prime p;
2 k =54 (mod 72) 4683817 27 k=70 (mod 480) 330991018976905188481
3 k =42 (mod 72) | 1814503763676130449408979921 28 k =250 (mod 480) | 11282208020367154665601
4 | k=102 (mod 144) 1704673 29 k =10 (mod 480) Pigo
5 k =30 (mod 144) 476428033 30 k =166 (mod 360) C360,1
6 k=90 (mod 144) 18210235769136721 31 k =46 (mod 360) €360,2
7 k =18 (mod 144) p7 32 k=99 (mod 112) 2129
8 | k=366 (mod 432) 433 33 k =83 (mod 112) 27329
9 | k=222 (mod 432) 12097 34 k =67 (mod 112) 3117962927633
10 | k=78 (mod 432) 262798661953 35 k =51 (mod 112) D35
11 | k=294 (mod 432) C432,1 36 k =147 (mod 224) 523694468332725375841
12 | k=150 (mod 432) C432.2 37 k =35 (mod 224) Psoy
13 | k=438 (mod 864) C864,1 38 k=691 (mod 784) 18555784913
14 k=6 (mod 864) C864,2 39 k =579 (mod 784) 362194685329
15 | k=178 (mod 180) 8728381 40 k = 467 (mod 784) 861423109554113
16 | k=118 (mod 180) 14398921 41 | k=355 (mod 784) Cr84.1
17 | k=58 (mod 180) Pigo 42 k =243 (mod 784) C784.2
18 | k=106 (mod 120) Di1g 43 | k=915 (mod 1568) 2312801
19 | kK =286 (mod 360) 1259350392569520313706401 44 | k=131 (mod 1568) C1568,1
20 | k=202 (mod 240) 241 45 | k=803 (mod 1568) C1568,2
21 | k=142 (mod 240) 32360641 46 | k = 1587 (mod 3136) 3137
22 | k=82 (mod 240) 362634922081 47 k =19 (mod 3136) 31361
23 | k=22 (mod 240) 69916284426778163281 48 | k=899 (mod 1008) 1009
24 | k=190 (mod 240) 864542404017920606719201 49 | k=563 (mod 1008) €1008,1
25 = 130 (mod 240) Das 50 | k=227 (mod 1008) C1008,2
26 | k=310 (mod 480) 20641 51 | £ =1795 (mod 2016) 1135009




691

Table B.50 cont.

Covering for d = 1 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
52 | k=787 (mod 2016) 86689 7 k = 679 (mod 720) 55441
53 | k= 1459 (mod 2016) 21615553 78 = 439 (mod 720) 121731121
54 | k=451 (mod 2016) C2016,1 79 k =199 (mod 720) 1034802677322639156706561
55 | k=2131 (mod 3024) 794882457090289 80 = 631 (mod 720) C720,1
56 | k= 1123 (mod 3024) C3024,1 81 = 391 (mod 720) 7202
57 | k=115 (mod 3024) C3024,2 82 k: = 871 (mod 1440) 120879361
58 | k = 1347 (mod 1680) 104161 83 | k=151 (mod 1440) 706194721
59 | £ =1011 (mod 1680) 356346481 84 | k=1303 (mod 1440) 218070064800374401
60 | k=675 (mod 1680) 1389156854401 85 | k=583 (mod 1440) C1440,1
61 | k£ =2019 (mod 3360) 3361 86 | k= 1063 (mod 1440) C1440,2
62 | k=339 (mod 3360) 13441 87 | k= 1783 (mod 2880) 152989623361
63 k = 1683 (mod 3360) C3360,1 88 k = 343 (mod 2880) C2880,1
64 k =3 (mod 3360) C3360,2 89 | k= 1543 (mod 2160) 2161
65 k =127 (mod 128) 257 90 | k=823 (mod 2160) 425521
66 k=111 (mod 128) 641 91 | £ =103 (mod 2160) 5398792227695761201
67 k =95 (mod 128) 2689 92 k=775 (mod 960) 2510401
68 k=79 (mod 128) 9601 93 k =535 (mod 960) | 13996242437782818818465281
69 k =63 (mod 128) 13768516609 94 k =295 (mod 960) C960,1
70 k =47 (mod 128) 17777097601059636481 95 k =55 (mod 960) C960,2
71 k =31 (mod 128) 7231746495781123585793 96 | k=967 (mod 1200) 1201
72 k=15 (mod 128) P72 97 | k=727 (mod 1200) 573602076001
73 k =167 (mod 192) 3457 98 | k=487 (mod 1200) C1200,1
74 k=119 (mod 192) 25537 99 | k=247 (mod 1200) C1200,2
75 k=71 (mod 192) C192,1 100 | £ = 1207 (mod 2400) 8937715783648801
76 k=23 (mod 192) C192,2 101 k=7 (mod 2400) C2400,1




We use the covering found in Table B.52 for d = 3. The least common multiple
of the moduli for the covering is 244823040. To verify that the 157 congruences are
indeed a covering, we use a similar method to the method used for verifying the
covering found in Table A.10 when inserting the digit d = 9 into the leading sevens
in base 10. That is, we consider the congruence classes modulo three. Observe that
k =0 (mod 3) is the first congruence listed in Table B.52, so every integer that is
divisible by three satisfies a congruence in Table B.52. One can check that every
integer satisfying x = 1 (mod 3) satisfies one of the congruences in rows b-23 of
Table B.52. These congruences have moduli dividing 9216. Observe that 9216 is
divisible by 3 and since every integer congruent to 1 modulo 3 in [0,9216) satisfies
one of these 25 congruences, we can deduce every integer congruent to 1 modulo 3
not in [0,9216) also does. Similarly, one can check that every integer satisfying x = 2
(mod 3) satisfies one of the 131 congruences in rows 24-154 of Table B.52 with moduli
dividing 3825360. Thus, the 157 congruences in Table B.52 form a covering.

One checks that the primes 331, 19, and 13 correspond to the congruence con-
ditions M = —3 (mod 331), M = 2 (mod 19), and M = 12 (mod 13), which agree
with the previous congruences involving these primes. Table B.51 contains notable

factorizations of ®,,(31) for large n used in the covering for d = 3. Denote

p3sa = 605108647823401001709236169890011342691833949935122187,

p1ag = 93982443075414692613761, pi54 = 611241183169.

Table B.51 Partial/Full factorizations of ®,,(31) for d = 3

n Factorization of ®,,(31)
253 23 - 36364703 - 82982989 - 1975800971 - Cas3
690 Ce90
1536 Cis36
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Table B.52 Covering for d = 3 in Base 31

’ row \ congruence prime p; ‘ ’ row \ congruence \ prime p;
a k=0 (I'IlOd 3) 331 23 k = 1537 (mod 3072) C3072,1
b k=4 (mod 6) 19 24 k=1 (mod 3072) C3072,2
c k=3 (mod 4) 13 25 k =22 (mod 23) 1509997
1 k =85 (mod 96) 193 26 k=19 (mod 23) 61562537
2 k=73 (mod 96) 7393 27 k=16 (mod 23) 7176374761323733117
3 k =61 (mod 96) 27333034608226177 28 k=59 (mod 69) 139
4 k =49 (mod 96) 13567765732542221348764897 29 k =56 (mod 69) 1164859
) k=133 (mod 192) 4067137 30 k =53 (mod 69) 2553526979752336381
6 k =37 (mod 192) 8874745729 31 k =50 (mod 69) Py
7 k = 313 (mod 384) 769 32 k=116 (mod 138) 6073
8 k=217 (mod 384) 1366657 33 k =47 (mod 138) 117071611
9 k=121 (mod 384) 321034406401 34 k=113 (mod 138) P34
10 k =25 (mod 384) C384,1 35 k = 458 (mod 552) 118681
11 k =289 (mod 384) C384,2 36 k =320 (mod 552) 225769
12 k=205 (mod 288) 1829797906352833 37 k =182 (mod 552) C552,1
13 k=109 (mod 288) C288.1 38 k =44 (mod 552) C552.2
14 k =13 (mod 288) €882 39 k=179 (mod 207) 15733
15 k =577 (mod 768) 64513 40 k=110 (mod 207) 16798026051215317
16 k=193 (mod 768) 91276251112682001409 41 k =41 (mod 207) C207,1
17 k =481 (mod 768) C768,1 42 k’ = 176 (mod 207) 2072
18 k =97 (mod 768) C768,2 43 = 521 (mod 621) 78688153
19 | k=1153 (mod 1536) C1536,1 44 = 314 (mod 621) | 86221120498695683587
20 | k=769 (mod 1536) C1536,2 45 k = 107 (mod 621) C621,1
21 | k£ =1921 (mod 3072) 18433 46 = 452 (mod 621) C621,2
22 | k=385 (mod 3072) 750412801 47 k: = 866 (mod 1242) 3727




CL1

Table B.52 cont.

Covering for d = 3 in Base 31

’ oW \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
48 | k =245 (mod 1242) 223927728227677 73 | k=92 (mod 161) C161,1
49 | k=659 (mod 1242) C1242.1 74 | k=69 (mod 161) C161,2
50 | k=38 (mod 1242) C1242,2 75 | k=207 (mod 322) 5153
51 | k=311 (mod 345) 6211 76 | k=46 (mod 322) 25439
52 | k=242 (mod 345) 9661 77 | k=184 (mod 322) 2958859
53 | k=173 (mod 345) 342241 78 | k=23 (mod 322) 9473287662796931849
54 | k=104 (mod 345) 1447263271 79 | k=161 (mod 322) | 12553064438530403425347011
5%) k =35 (mod 345) | 452067372560611411171 80 k=0 (mod 322) C322,1
56 | k=308 (mod 345) Psys 81 | k=434 (mod 483) 967
57 k=9 (mod 115) 176542021 82 | k=365 (mod 483) 4971037
58 k =55 (mod 115) 524818601 83 | k=296 (mod 483) 8738437
59 | k=101 (mod 115) Pii5 84 | k=227 (mod 483) 4310628169
60 | k=722 (mod 1035) 440911 85 | k=158 (mod 483) | 35650574938306948573438213
61 | k=377 (mod 1035) 25932961 86 | k=89 (mod 483) C4831
62 | k=32 (mod 1035) 10351 87 | k=503 (mod 966) 32805361
63 k=75 (mod 92) 829 88 | k=20 (mod 966) C966,1
64 k =52 (mod 92) 1955865713101 89 | k=638 (mod 690) C690,1
65 k=29 (mod 92) 23856848059764277 90 | k=569 (mod 690) C690,2
66 k=6 (mod 92) Py 91 | k=40 (mod 230) 691
67 | k=233 (mod 276) 277 92 | k=201 (mod 230) 96601
68 | k=164 (mod 276) 7177 93 | £ =132 (mod 230) 114311
69 k =95 (mod 276) 21060989233 94 | k=63 (mod 230) 195271
70 k =26 (mod 276) Porg 95 | k=224 (mod 230) 109284961
71 | k=138 (mod 161) 3221 96 | k=155 (mod 230) 24049043219391687361
72 | k=115 (mod 161) 118492459 97 | k=86 (mod 230) Pss3
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Table B.52 cont.

Covering for d = 3 in Base 31

’ TOW \ congruence \ prime p; ‘ ’ row \ congruence prime p;
98 k = 247 (mod 460) 461 123 k=8 (mod 2277) 19253961343
99 k=17 (mod 460) 1381 124 | k=764 (mod 828) 1657
100 k =37 (mod 46) A7 125 | k=626 (mod 828) 835453
101 k =14 (mod 46) 45414448613 126 | k=488 (mod 828) 163178101
102 k =34 (mod 46) 293006379555093281221 127 | k=350 (mod 828) 101649383628292477
103 | k=333 (mod 368) 29617 128 = 212 (mod 828) 8281
104 | k=287 (mod 368) 31301824241 129 k=74 (mod 828) €828 2
105 | k=241 (mod 368) 1487662250017 130 | k=281 (mod 414) 1234978860270061
106 | k=195 (mod 368) 2408066513 131 | k=143 (mod 414) C414,1
107 | k=149 (mod 368) | 1836839958020962733249 132 k=5 (mod 414) C414,2
108 | k=103 (mod 368) | 1515842933140177198097 133 | k= 1037 (mod 1104) 10882129
109 k =57 (mod 368) €368,1 134 | k=761 (mod 1104) 30643732417
110 k=11 (mod 368) C368,2 135 | k=485 (mod 1104) C1104,1
111 | k=192 (mod 253) 36364703 136 | k£ =209 (mod 1104) C1104,2
112 | k=123 (mod 253) 82982989 137 k = 1175 (mod 1380) 14403061
113 k =54 (mod 253) 1975800971 138 = 899 (mod 1380) 27224010721
114 | k=238 (mod 253) 2531 139 = 623 (mod 1380) 3063980621941
115 | k=169 (mod 253) 2532 140 k = 347 (mod 1380) 20426703986910901
116 | k=353 (mod 759) 28843 141 | k=71 (mod 1380) C1380,1
117 | k=284 (mod 759) 121673117409559 142 | k = 1382 (mod 1518) 3069397
118 | k=215 (mod 759) 125868759920773 143 | k = 1244 (mod 1518) 42826631868636661
119 | k=146 (mod 759) C759,1 144 | kK = 1106 (mod 1518) | 1633831932326535943
120 k=77 (mod 759) C759,2 145 | k=968 (mod 1518) C1518,1
121 | k= 1526 (mod 2277) 45541 146 | k=830 (mod 1518) C1518,2
122 | k=767 (mod 2277) 204931 147 | k=186 (mod 506) | 20236060635541385933




Table B.52 cont. Covering for d = 3 in Base 31

’ row \ congruence \ prime p;
151 | £ = 1658 (mod 3036) 3037
152 | k=140 (mod 3036) 9109
153 | k= 1520 (mod 3036) | 2398441
154 k=2 (mod 3036) D154

] row \ congruence \ prime p; ‘
148 | k=48 (mod 506) D148
149 | k = 416 (mod 506) C506,1
150 | k£ = 278 (mod 506) C506,2

For d = 9, we use the covering found in Table B.55. The least common multiple
of the moduli for the covering is 188496000. To verify that the 186 congruences are
indeed a covering, we consider the congruence classes modulo five. Observe that
k=0 (mod 5) and k = 2 (mod 5) are the first two congruences listed in Table B.55,
so every integer satisfying x =0 (mod 5) or x = 2 (mod 5) satisfies a congruence in
Table B.55. One can check that every integer satisfying x = 1 (mod 5) satisfies one
of the 33 congruences in rows d and 31-62 of Table B.55 with moduli dividing 63000;
every integer satisfying z = 3 (mod 5) satisfies one of the 31 congruences in rows
¢ and 1-30 of Table B.55 with moduli dividing 67200; and every integer satisfying
x =4 (mod b5) satisfies one of the 120 congruences in rows 63-182 of Table B.55 with
moduli dividing 9424800. Thus, the 186 congruences in Table B.55 form a covering.

One checks that the primes 11, 17351, 41, and 101 correspond to the congruence
conditions M = 7 (mod 11), = —9 (mod 17351), M = 2 (mod 41), and M =
84 (mod 101), which agree with the previous congruences involving these primes.
Table B.53 contains notable factorizations of ®,,(31) for large n used in the covering

for d = 9. Denote

p3z = 2994938361626916310097900969699892125851,
p3a = 605108647823401001709236169890011342691833949935122187,
pa1 = 100114014709900409694207758978066381032100274063451,

per = 292415865518548212725264181682005402545390163298379652017348311.

174



Table B.53  Partial /Full factorizations of ®,,(31) for d =9

n Factorization of ®,,(31) n | Factorization of ®,,(31)
125 | 5- 251 - 129001 - 12181751 - Chas | | 600 Coo
272 17 - 3266233389553 700 33601 - Cro9
-19220209997787857 - Cara 3060 C3060
425 0425 3740 03740

For d = 13, we use the covering found in Table B.56. The least common multiple
of the moduli for the covering is 10167474240. To verify that the 196 congruences
are indeed a covering, we consider the congruence classes modulo four. Observe that
k=2 (mod 4) and k =3 (mod 4) are the first two congruences listed in Table B.56.
One can check that every integer satisfying x = 0 (mod 4) satisfies one of the 33
congruences in rows 80-193 of Table B.56 with moduli dividing 19293120; and every
integer satisfying x = 1 (mod 4) satisfies one of the 31 congruences in rows c¢-79 of
Table B.56 with moduli dividing 1062432. Thus, the 196 congruences in Table B.56
form a covering.

One checks that the primes 13, 37, and 19 correspond to the congruence con-
ditions M = 12 (mod 13), M = 31 (mod 37), and M = 2 (mod 19), which agree
with the previous congruences involving these primes. Table B.54 contains notable

factorizations of ®,,(31) for large n used in the covering for d = 13. Denote

p1s = 261116663697161542351918133573442849307,
P2 = 5968972471024107865287021434301977158534824481,

pi7s = 314649720553734227827122232080103478692310043172063.

Table B.54 Partial/Full factorizations of ®,(31) for d = 13

n Factorization of ®,,(31) I
203 | 53780507732292545931217 - Chog n__| Factorization of ©,(31)
1392 Cronn
i 29 oz 1632 C
1160 Cli6o 1632
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Table B.55 Covering for d = 9 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
a | k=2 (modb) 11 21 | k = 1123 (mod 1400) 1499068201
b k=0 (mod 5) 17351 22 | k=423 (mod 1400) 546521676404201
c k=8 (mod 10) 41 23 | k=983 (mod 1400) 14001
d k=11 (HlOd 25) 101 24 k = 283 (mod 1400) C1400,2
1 k =153 (mod 160) 380641 25 | k= 1543 (mod 2100) 4201
2 | k=133 (mod 160) 1176641 26 | k=843 (mod 2100) 287701
3 | k=113 (mod 160) 8084410241 27 | k=143 (mod 2100) 1569015001
1 | k=93 (mod 160) Cro0.1 98 | k = 1403 (mod 2100) 3321889201
5) k =173 (mod 160) C160,2 29 | k=703 (mod 2100) 67545126601
6 | k=213 (mod 320) 259201 30 k =3 (mod 2100) 91052684101
7 k =53 (mod 320) 59826881 31 k=71 (mod 75) 151
8 | k=193 (mod 320) 177285860161 32 k =46 (mod 75) 997936488044528101
9 k=33 (mod 320) P320 33 k=21 (mod 75) P33
10 | k=493 (mod 640) 4481 34 k=116 (mod 125) 251
11 | k=333 (mod 640) 75465910527404161 35 k=91 (mod 125) 129001
12 | k=173 (mod 640) C640,1 36 k =66 (mod 125) 12181751
13 | k=13 (mod 640) C640,2 37 k=41 (mod 125) 1251
14 | k=123 (mod 140) 281 38 k =16 (mod 125) 1259
15 | £ =103 (mod 140) 106261 39 k=131 (mod 150) 21001
16 | k=83 (mod 140) 107941 40 | k=106 (mod 150) 214651
17 | k=63 (mod 140) 77890519715454496560396129461 41 k =81 (mod 150) Pa1
18 | k=43 (mod 140) | 1534835130260968837905730005181 42 k =206 (mod 300) 29777432504101
19 k =23 (mod 70) 60427990638165876546967231 43 k =56 (mod 300) €300,1
20 | k=563 (mod 700) 33601 44 | k=181 (mod 300) €300,2
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Table B.55 cont.

Covering for d = 9 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
45 | k =331 (mod 600) €600,1 68 | k=144 (mod 170) 232122807601
46 | k=31 (mod 600) C600,2 69 k=59 (mod 170) P
47 | k=306 (mod 450) 43201 70 | k=224 (mod 255) 934831
48 k = 156 (mod 450) C450,1 71 k=139 (mod 255) C255,1
49 k=6 (mod 450) C450,2 72 k=054 (HlOd 255) C255,2
50 | £ =151 (mod 175) 161408801 73 | k=304 (mod 340) 1361
51 | k=126 (mod 175) C175,1 74 | k=219 (mod 340) 3061
52 | k=101 (mod 175) C175,2 75 | k=134 (mod 340) 30941
53 | k=251 (mod 350) 701 76 k=49 (mod 340) 2964461
54 | k=76 (mod 350) 224351 77 | k=299 (mod 340) 5153381
55 | k=226 (mod 350) 757751 78 | k=214 (mod 340) C340,1
56 | k=51 (mod 350) 2418095051 79 = 129 (mod 340) C340,2
57 | k=201 (mod 350) Pss50 80 | k=384 (mod 680) 3576121
58 | k=376 (mod 700) C700,1 81 k=44 (mod 680) C680.1
59 | k=26 (mod 700) C700,2 82 | k=549 (mod 595) 108837401
60 | £ =351 (mod 525) 316521451 83 | k=464 (mod 595) 89278561
61 | k=176 (mod 525) 63337748513662351 84 | k=379 (mod 595) 42498121331
62 k=1 (mod 525) C525,1 85 | k=294 (mod 595) | 3933848803218900604400041
63 k=16 (mod 17) | 751670559138758105956097 86 | k=209 (mod 595) C595,1
65 k =74 (mod 85) 391206807721 88 | k=634 (mod 1190) 2381
66 k=69 (mod 85) 21736504684553261 89 | k=39 (mod 1190) 6294558137071
67 k =64 (mod 85) D7 90 | k=374 (mod 425) Ca25.1
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Table B.55 cont.

Covering for d = 9 in Base 31

’ oW \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
91 k =289 (mod 425) C125.2 114 | k=92 (mod 136) 11833
92 k =629 (mod 850) 40801 115 | k=75 (mod 136) 63574561
93 k =204 (mod 850) 82388290001 116 | k£ =58 (mod 136) P36
94 k = 544 (mod 850) C850,1 117 | k=177 (mod 272) 3266233389553
95 | k=969 (mod 1700) 630701 118 | k=41 (mod 272) 19220209997787857
96 | k=119 (mod 1700) 865301 119 | k=160 (mod 272) Co72,1
97 | k=884 (mod 1275) 845686732801 120 | k=24 (mod 272) C272,2
98 | k=459 (mod 1275) 45815896553375206051 121 | k=415 (mod 544) 49824961
99 k =34 (mod 1275) C1275,1 122 | k=279 (mod 544) 3688708633601
100 | k=709 (mod 765) 1531 123 | k=143 (mod 544) | 72338290404869473
101 | k=624 (mod 765) 6121 124 k=7 (mod 544) Cs44,1
102 | k=539 (mod 765) 1074061 125 | k=444 (mod 510) | 3745479278144701
103 | k=454 (mod 765) 8197741 126 | k=359 (mod 510) | 12939956633160901
104 | k=369 (mod 765) 61624160936101 127 | k=274 (mod 510) Ps19
105 | k=284 (mod 765) 1761543429003124265251 128 | k=699 (mod 1020) 1021
106 | k=199 (mod 765) C765,1 129 | £ =189 (mod 1020) 5101
107 | k=879 (mod 1530) | 1656910504456939277461 130 | k=614 (mod 1020) 408350881
108 | k=114 (mod 1530) C1530,1 131 | k=104 (mod 1020) | 28830845215221541
109 k=794 (mod 1530) C1530,2 132 | £ =529 (IIlOd 1020 ) C1020,1
110 | £ = 1559 (mod 3060) C3060,1 133 k=19 (mod 1020) C1020,2
111 | k=29 (mod 3060) C3060,2 134 | k=116 (mod 119) 239
112 | k=126 (mod 136) 137 135 | k=99 (mod 119) 2857
113 | k=109 (mod 136) 953 136 | k=82 (mod 119) 78541
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Table B.55 cont.

Covering for d = 9 in Base 31

’ oW \ congruence \ prime p; ‘ ’ row \ congruence prime p;
137 | k=65 (mod 119) P19 160 | k=111 (mod 357) 2563210372003
138 | k=167 (mod 238) 11781795397 161 k =60 (mod 357) 55648343218960782949
139 | k=48 (mod 238) | 2744226674742050863 162 k=9 (mod 357) C357,1
140 | k = 150 (mod 238) Coss.1 163 | k=106 (mod 187) 1871
141 k=31 (mod 238) C238,2 164 k=21 (mod 187) P187
142 | k=371 (mod 476) 5237 165 | k=684 (mod 935) 447732031781
143 | k =252 (mod 476) Ca76.1 166 | k=599 (mod 935) C935.1
144 | k =133 (mod 476) Ca76.2 167 | k=514 (mod 935) C935.2
145 | k=490 (mod 952) 9521 168 | k = 1364 (mod 1870) | 796776797560835338501
146 | k=14 (mod 952) Co52.1 169 | k=429 (mod 1870) C1870,1
147 | k=43 (mod 51) 1961163283 170 | k= 1279 (mod 1870) C1s702
149 | £ =230 (mod 306) | 78198146102753533 172 | k=344 (mod 3740) C3740.2
150 | £ =179 (mod 306) €306,1 173 | k= 2129 (mod 2805) 28051
151 | k= 128 (mod 306) C306,2 174 | & = 1194 (mod 2805) 1716661
152 | k=383 (mod 612) 15913 175 | k=259 (mod 2805) 28051
153 | k=77 (mod 612) 34273 176 | k=361 (mod 374) 1123
154 | k =332 (mod 612) C612,1 177 | k=174 (mod 374) 8752362848923
155 | k=26 (mod 612) C612,2 178 | k=276 (mod 374) C374.1
156 | k=315 (mod 357) 637603 179 k =89 (mod 374) C374.2
157 = 264 (mod 357) 2112727 180 | k=378 (mod 561) 29173
158 | k=213 (mod 357) 2346688669627 181 k=191 (mod 561) 61694865343
159 | k=162 (mod 357) 4299055873813 182 k=4 (mod 561) C561,1
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Table B.56 Covering for d = 13 in Base 31

’ row \ congruence prime p; ‘ ’ oW \ congruence prime p;
a k=2 (mod 4) 13 23 k=213 (mod 8].6) Cg16,2
b k=3 (mod 4) 37 24 | k=825 (mod 1632) C1632,1
c k=5 (mod 6) 19 25 k=9 (mod 1632) C1632,2
1 | k=201 (mod 204) 613 26 k=20 (mod 31) D26
2 | k=189 (mod 204) 1429 27 k=39 (mod 62) 373
3 | k=177 (mod 204) 2157381990573913 28 k =27 (mod 62) 1613
4 | k=165 (mod 204) 352607991704483661973 29 k=15 (mod 62) 62869
5 | k=153 (mod 204) Py 30 k=3 (mod 62) 145577
6 | k=345 (mod 408) 8161 31 k =53 (mod 62) 35789156484227
7 | k=141 (mod 408) 27031633 32 k =41 (mod 62) 2706690202468649
8 | k=333 (mod 408) 12842210852731378177 33 k=91 (mod 93) 15799367012336491417
9 k=129 (mod 408) P408 34 k=179 (mod 93) C93.1
10 | k=15 (mod 102) 2796214962413636917873 35 k =67 (mod 93) €932
11 k=3 (mod 102) | 195333779873358973907838097 36 | k=117 (mod 124) 415153
12 | k=144 (mod 153) 17137 37 | k=105 (mod 124) Pioy
13 | k=93 (mod 153) 42834601810502407 38 k =31 (mod 186) 23251
14 | k=42 (mod 153) P53 39 k=19 (mod 186) 53780227
15 k =13 (mod 68) 1399577 40 k=7 (mod 186) 23171696419
16 k=1 (mod 68) 224499664484159761 41 | k=181 (mod 186) 7513329295414649737
17 k =57 (mod 68) 1682325489672499143634073 42 | k=169 (mod 186) 7255587057776337278077
18 k=45 (mod 51) Dis 43 | k=157 (mod 186) | 198129096248543967569450023
19 k=33 (mod 34) 103 44 | k=145 (mod 372) 44641
20 k=21 (mod 34) 6841661642646463343047 45 | k=133 (mod 372) 238369488913
21 | k=621 (mod 816) 1410099665109361 46 | k=121 (mod 372) C372,1
22 | k=417 (mod 816) C816,1 47 | k=109 (mod 372) C372.9
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Table B.56 cont.

Covering for d = 13 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
48 | k =469 (mod 744) 1489 73 | k=199 (mod 279) C279,1
49 | k=97 (mod 744) C744,1 74 | k=106 (mod 279) €279 2
50 | k=457 (mod 744) C744.2 75 | k=292 (mod 558) 5023
51 k =85 (mod 248) 1859009 76 | k=13 (mod 558) 2791
52 | k=197 (mod 248) 12703553 77 | k=373 (mod 558) 320852851939
53 | k=73 (mod 248) 3938289601 78 | k=187 (mod 558) 1024143471271
54 | k=185 (mod 248) C248,1 79 k=1 (mod 558) 14301952851224827
55 k=61 (mod 248) C248.2 80 k=25 (IIlOd 29) 349
56 | k=204 (mod 217) 1093681 81 k =21 (mod 29) 10789
57 | k=173 (mod 217) 347201 82 k=17 (mod 29) 49823
58 | k=142 (mod 217) 68657933 83 k =13 (mod 29) 1482570191
59 | k=111 (mod 217) 5978703277 84 k=9 (mod 29) 11242578713
60 | £ =80 (mod 217) 3430295651021 85 k=5 (mod 29) 189343400041
61 k=49 (IIlOd 217) C217.1 86 k=30 (IIlOd 58) 59
62 | k=18 (mod 217) C217,2 87 k =26 (mod 58) 1838659
63 | k=409 (mod 434) 14323 88 k =22 (mod 58) 1671541885847
64 | k=347 (mod 434) 1547154449 &9 k=18 (mod 58) | 3061037680116618496603
65 | k=285 (mod 434) 70144817 90 | k=72 (mod 116) 233
66 | k=223 (mod 434) 37591116739373 91 k =68 (mod 116) 18329
67 | k=161 (mod 434) | 252205554844994564166739 92 | k=64 (mod 116) 646550190571213
68 k=99 (IIlOd 434) C434,1 93 k =60 (mod 116) P116
69 | k=37 (mod 434) C434.2 94 | k=172 (mod 232) 1176937
70 | k=211 (mod 279) 1117 95 | k=56 (mod 232) 35029132682927321593
71 | k=118 (mod 279) 45757 96 | k=168 (mod 232) C232.1
72 | k=25 (mod 279) 2301193 97 | k=52 (mod 232) 2322
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Table B.56 cont.

Covering for d = 13 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
98 k =280 (mod 348) 10438779913 122 | k = 1420 (mod 2784) 19489
99 k =164 (mod 348) 1602846874753 123 | k=28 (mod 2784) 101952662530273
100 k =48 (mod 348) C348,1 124 | k=488 (mod 580) 1330512111189514381
101 k=276 (mod 348) C348.2 125 k=372 (HlOd 580) C580,1
102 | k=160 (mod 174) 208898666650411 126 | k=256 (mod 580) C580,2
103 k=44 (mod 174) 5155437699613779037 127 | k=720 (mod 1160) C1160,1
105 k =40 (mod 87) 29581 129 k =24 (mod 290) 95543420591
106 k=11 (mod 87) 6226417 130 | k=252 (mod 290) €290,1
107 k =65 (mod 87) 24589681 131 | k=194 (mod 290) €290,2
108 k =36 (mod 87) 19442411479 132 | k=136 (mod 145) 140071
109 k=7 (mod 87) Py, 133 k=78 (mod 145) 359311
110 | k=380 (mod 464) 5569 134 k =20 (mod 145) Piys
111 | k=264 (mod 464) 182353 135 | k=712 (mod 812) C812,1
112 | k=148 (mod 464) 1658801 136 | k=596 (mod 812) C812,2
113 k=32 (mod 464) C464,1 137 k =74 (mod 406) 404783
114 | k=376 (mod 464) Ca64.2 138 | k=364 (mod 406) 4061
115 | k=724 (mod 928) 929 139 | k=248 (mod 406) C406,2
116 | k=260 (mod 928) C928,1 140 | k=132 (mod 203) | 53780507732292545931217
117 | k=608 (mod 928) €928.2 141 | k=828 (mod 1624) 1781363977
118 | £ =1072 (mod 1856) 261697 142 | k=16 (mod 1624) C1624,1
119 | k=144 (mod 1856) 5189377 143 | k=940 (mod 1044) 78301
120 | k=956 (mod 1392) 13921 144 | k=824 (mod 1044) 26378749
121 | k=492 (mod 1392) C1392,2 145 | k=708 (mod 1044) 20472841
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Table B.56 cont.

Covering for d = 13 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
146 | k=592 (mod 1044) 9794139325309 170 | k=149 (mod 435) 4352
147 | k=476 (mod 1044) | 725241266624577322441 171 | k=497 (mod 870) 270295951
148 | k=360 (mod 1044) C1044,1 172 k =62 (mod 870) 510393218641
149 k=244 (mod 1044) C1044,2 173 k=120 (mod 174) P173
150 | k=128 (mod 522) 525763621 174 | k=120 (mod 203) C203,1
151 k=12 (mod 522) 102182193014509 175 k =33 (mod 203) 2032
152 | k=472 (mod 522) 78984406417023018433 176 | k= 352 (mod 609) 32887
153 | k=414 (mod 522) Psoo 177 | k=265 (mod 609) 1387480939340959
154 | k=95 (mod 261) 523 178 | k=178 (mod 609) C609,1
155 k =37 (mod 261) 202338644001987940129 179 k=91 (mod 609) C609,2
156 | k=240 (mod 261) C261,1 180 | £ =613 (mod 1218) | 173678036123955341833
157 k=182 (mod 261) C261,2 181 k=4 (mod 1218) C1218,1
158 | k=646 (mod 783) 1567 182 | k=203 (mod 319) 19637641
159 | k=385 (mod 783) 20359 183 k =87 (mod 319) C319.1
160 | k=124 (mod 783) 25057 184 | k=290 (mod 319) C319.2
161 | %k =588 (mod 783) 6251973555615521347 185 | k=174 (mod 638) 4319022352657
162 | k=327 (mod 783) C783.1 186 k =58 (mod 638) C638,1
163 k =66 (mod 783) C783,2 187 k = 580 (mod 638) C638,2
164 | k= 1052 (mod 1566) 34638908812126561 188 | k=464 (mod 1276) 1277
165 | k=530 (mod 1566) 1999886726073043 189 | k= 348 (mod 1276) 38775089
166 k=8 (mod 1566) C1566,1 190 k=232 (mod 1276) C1276,1
167 | k=410 (mod 435) 1741 191 | k=116 (mod 1276) 12762
168 | k=323 (mod 435) 19141 192 | k= 1276 (mod 2552) | 20453336796945534241
169 | k=236 (mod 435) Ca35.1 193 k=0 (mod 2552) 25521




We use the covering found in Table B.58 for d = 19. The least common multiple of
the moduli for this covering is 720720. A direct analysis can be used for verification.
One checks that the prime 23 corresponds to the congruence condition M = 10
(mod 23), which agrees with the congruence condition on M from the congruence in
Table B.45. Table B.57 contains notable factorizations of ®,(31) for large n used in
the covering for d = 19. To conserve space, denote the following primes appearing in

Table B.58 as follows.

P26 = 1129363636895809892086303692627113871721,
P32 = 224721202412918666334576819250523191369,
Psa = 2726200542741119966575177261557485131084188663722754554972281,

pso = 29510535204545262157687088665468191183896988343413667225871.

Table B.57 Partial/Full factorizations of ®,(31) for d = 19

n Factorization of ®,(31)
182 | 547 -1093 - 647011 - 14407667 - 669665808855863 - P52
273 506689 - 211173991474447 - 36431906368440493
- 81651312342656239 - Pors
312 313 - 4292809 - 135272593 - 115436220433 - Ps;9
390 188431581362701 - 9708046814116951 - Cz9g
468 937 - 1015561

- 880289895387859281 - 6044477991266432066612797
- 37728054414298007823493 - Clygs

715 0715

1716 32312281 - 4296187082124305941

- 1852852357362091801 - Ci716

184
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Table B.58 Covering for d = 19 in Base 31

’ row \ congruence prime p; ‘ ’ row \ congruence prime p;
a k=7 (mod 11) 23 23 | k=43 (mod 65) 1951
1 k =12 (mod 13) 42407 24 k=30 (mod 65) 31035996941
2 k=11 (mod 13) 2426789 25 k=17 (mod 65) 5979236519649901
3 | k=10 (mod 13) 7908811 2% | k=4 (mod 65) Do
4 k =22 (mod 26) 17863 27 | k=68 (mod 78) 157
5 k=9 (mod 26) 42716694944587 28 | k=42 (mod 78) 238213
6 k =47 (mod 52) 53 29 | k=16 (mod 78) | 17123370267331917425544180721
7 k =34 (mod 52) 116337521 30 | k=281 (mod 104) 305688893141113
8 k =21 (mod 52) 76037563733 31 k =55 (mod 104) 5603212901768856193
9 | k=8 (mod 52) 101686136508893 32 | k=29 (mod 104) a2
10 k =32 (mod 39) 79 33 | k=107 (mod 208) 6060328173121
11 | k=19 (mod 39) 13807 34 | k=3 (mod 208) Poos
12 k=6 (mod 39) 39703 35 | k=80 (mod 91) 2549
13 | k=31 (mod 39) | 175500339130677572941801 36 | k=67 (mod 91) 1661479
14 | k=96 (mod 117) 2534689 37 k =54 (mod 91) 473516688426601
15 | k=57 (mod 117) 4618898267815261 38 k=41 (mod 91) Co1,1
16 | k=18 (mod 117) 1171 39 k =28 (mod 91) Co1,2
17 | k=83 (mod 117) C117.2 40 | k=106 (mod 182) 547
18 | k=161 (mod 234) 4447 Al | k=15 (mod 182) 1093
19 | k=44 (mod 234) 7776289 42 | k=93 (mod 182) 647011
20 | k=122 (mod 234) 21931507729 43 k=2 (mod 182) 14407667
21 k=5 (mod 234) 903087677909176579 44 | k =261 (mod 273) 506689
22 k =56 (mod 65) 911 45 | k =222 (mod 273) 211173991474447
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Table B.58 cont.

Covering for d = 19 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
46 | k =183 (mod 273) 36431906368440493 69 k = 313 (mod 468) C468,2
47 | k =144 (mod 273) 81651312342656239 70 k =781 (mod 936) 7489
49 | k=157 (mod 182) 669665808855863 72 k =157 (mod 312) Ps19
50 | k=66 (mod 182) Pigo 73 | k=1093 (mod 1872) 282419281
51 | k=300 (mod 546) | 30437088338336269167943 74 | k=157 (mod 1872) | 12517991911153
52 k=27 (mod 546) C546,1 75 k=937 (I'IlOd 1872) C1872,1
53 | k=131 (mod 156) 141336778441 76 k=1 (mod 1872) C1872,2
54 | k=53 (mod 156) P54 77 | k=117 (mod 130) 131
55 | k=248 (mod 312) 313 78 k =52 (mod 130) 521
56 | k=170 (mod 312) 4292809 79 k =104 (mod 130) 197271101
57 | k=92 (mod 312) 135272593 80 k=39 (mod 130) D30
58 | k=14 (mod 312) 115436220433 81 k =156 (mod 195) 35956831
59 | k=430 (mod 468) 937 82 k =91 (mod 195) 617235858721
60 | k=352 (mod 468) 1015561 83 k =26 (mod 195) Pigs
61 | k=274 (mod 468) 1880289895387859281 84 k =260 (mod 390) €390,1
62 | k=196 (mod 468) | 37728054414298007823493 85 k =65 (mod 390) €390,2
63 | k=118 (mod 468) | 6044477991266432066612797 86 k =208 (mod 260) 1301
64 | k=40 (mod 468) C468,1 87 k =143 (mod 260) 22765081
65 | k=547 (mod 624) 1249 88 k =78 (mod 260) Psg
66 | k=391 (mod 624) 1873 89 k =273 (mod 520) 995048024881
67 | k=235 (mod 624) 275937793 90 k =13 (mod 520) Psog
68 | k=79 (mod 624) C624,1 91 k =325 (mod 390) | 188431581362701
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Table B.5& cont.

Covering for d = 19 in Base 31

’ row ‘ congruence ‘ prime p; ‘ ’ row ‘ congruence ‘ prime p;
92 | k=130 (mod 390) 9708046814116951 114 | k=332 (mod 1144) 4728211489
93 | k=390 (mod 585) 1171 115 | k=761 (mod 1144) C1144.1
94 | k=195 (mod 585) 633950284120305126391 116 | k=189 (mod 1144) C1144.2
95 k=0 (mod 585) C585,1 117 | k= 1190 (mod 1716) 32312281
96 | k=137 (mod 143) 3719 118 | k=618 (mod 1716) | 4296187082124305941
97 | k=124 (mod 143) Pias 119 | k=46 (mod 1716) | 1852852357362091801
98 | k=254 (mod 286) 2861 120 | k£ =605 (mod 715) C715.1
99 | k=111 (mod 286) 161769686049971436885163 121 | k=462 (mod 715) C715.2
100 | k£ =241 (mod 286) | 24324654055543532347208267 122 | k =1034 (mod 1430) 8581
101 | k=08 (mod 236) Casor 123 | k=319 (mod 1430) 07241
102 | k=371 (mod 429) 859 124 | k=891 (mod 1430) C1430.1
103 | k=228 (mod 429) 17065706659 125 | k=176 (mod 1430) C1430,2
104 | k=85 (mod 429) 53096473 126 | k = 1463 (mod 2145) 1184940901
105 | k£ =358 (mod 429) 205040647813 127 | k=748 (mod 2145) C2145.1
106 k =215 (mod 429) C429,1 128 k=33 (mod 2145) C2145,2
107 | k=72 (mod 429) 4292 129 | k=735 (mod 858) 495067
108 | k£ =488 (mod 572) 14820521 130 | k=592 (mod 858) 23441183753571013
109 | k=345 (mod 572) 152830062529 131 | k=449 (mod 858) 672557508032103409
110 | k=202 (mod 572) 11035333453 132 | k=306 (mod 858) C858.1
111 | k=59 (mod 572) Cs72.1 133 | k=163 (mod 858) 8582
112 | k=475 (mod 572) C572,2 134 | k=878 (mod 1716) C1716,1
113 | k=904 (mod 1144) 243673 135 | k=20 (mod 1716) Crr16.2




We use the covering found in Table B.60 for d = 27. The least common multiple
of the moduli for this covering is 18404305920. To verify that the 333 congruences
are indeed a covering, we consider the way in which we constructed the covering.
When constructing this covering we considered the smaller covering defined by the

congruences

r=1 (mod?2), z=0 (mod4),

r=2 (mod8), and x=6 (mod8).

Observe that £ = 0 (mod 4) is the first congruence listed in Table B.60. One can
check that every integer satisfying x = 1 (mod 2) satisfies one of the 146 congruences
in rows 187-332 of Table B.60 with moduli dividing 12640320; every integer satisfying
x =2 (mod 8) satisfies one of the 100 congruences in rows 87-186 of Table B.60 with
moduli dividing 138378240; and every integer satisfying © = 6 (mod 8) satisfies one
of the 86 congruences in rows 1-86 of Table B.60 with moduli dividing 3669120. Thus,
the 333 congruences in Table B.60 form a covering.

One checks that the prime 13 corresponds to the congruence condition M = 12
(mod 13), which agrees with the congruence condition on M from the congruence in
Table B.41. Table B.59 contains notable factorizations of ®,,(31) for large n used in

the covering for d = 27. To conserve space, we write

psg = H5107727353928381036964167246494350909954881,
Pso = 7181521717145072083078608601358856159842333085909766829569,
p21s = 1434879358379433691210638778172176147818557361098186883210580561,

P2as = 1716439847900062900800798410166938893.

188



Table B.59 Partial/Full factorizations of ®,(31) for d = 27

n Factorization of ®,,(31)
95 793926617318201 - Pys
190 Clo0
256 2 - pgo - Pase
342 0342
352 | 353 - 136344440321 - 6766051802154664547351297 - C'359
399 0399
512 2 - 23583164929 - 99578469377 - Ps19
532 Chs3o
672 673 - 20673051169 - 44084649487496874698401 - Cgro
840 52081 - 30241 - 13842240721 - Cyyg
912 0912
1232 15089537 - 689761073 - C'932
1330 01330
1344 71233 - 3444673 - (1344
1520 01520
1680 104161 - 356346481 - 1389156854401 - C'i450
1995 Clgs
2016 1135009 - 86689 - 21615553 - Cop16
2184 02184
2304 Co304
2520 02520
2736 Cor3e

189
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Table B.60 Covering for d = 27 in Base 31

’ row \ congruence \ prime p; ‘ ’ TOW ‘ congruence prime p;
a k=0 (mod 4) 13 —
1 | k=902 (mod 1176) 1354007961222841 32 Z — 122 ggi 328; 2280’1
= 280,2

2 k =566 (mod 1176) C1176,1 o7 k = 638 (mod 840) C840.1
3 k =230 (mod 1176) €1176,2 28 | k=1198 (mod 1680) C1680,1
4 [k =1070 (mod 2352) 48602776993 20 | k = 358 (mod 1680) Cioso,

— = 1680,2
2 Z = ggg EmOS Zgggg C2852,1 30 |k = 1758 (mod 2520) C25201

= mo €2352,2 31 | k=918 (mod 2520) €2520,2
7 | k=2414 (mod 4704) 1354007961222841 35 |k = 2598 (mod 5040) 35981
8 | k=62 (mod 4704) 1354007961222841 3 E=g (mod 5040) 31906481
9 | k=54 (mod 56) 113 31 | k=862 (mod 980) 10781
10 | k=46 (mod 56) 36004683284137 35 T F =722 (mod 950) 515981
11 k=38 (mod 56) | 152490484148901066281 %6 — 0 (mod 980) c

- = 980,1
12 k =422 (mod 448) 449 37 | k=442 (mod 980) C980,2
13 | k=366 (mod 448) 2107875850753 38 | & = 1282 (mod 1960) 78401
14 | k=310 (mod 448) | 28546195913899553273 20 T 7 =300 (mod 1960) 3739933161
15 | k=254 (mod 448) | 102910619004244172801 | ot (mod 1960) 1631937626031
1(75 Z f égg Emoj ggg; 9%;87 41 | k=162 (mod 1960) €1960,1
T *= 59 mod 50 s 42 | k = 1982 (mod 2940) 135241
AL (mod 50 43 | k = 1002 (mod 2940) 126421
CEELES (mod - €896,1 44 | k=22 (mod 2940) 840841

' =86 (mod 896) C896.2 45 | k=322 (mod 364) 17837
21 | k=926 (mod 1344) 71233 46 | k =266 (mod 364) 952953
22 | k=478 (mod 1344) 3444673 47 | k=210 (mod 364) | 512282817027138260652277
23 | k=30 (mod 1344) C1344,1 18 | k = 154 (mod 364) C364.1
24 | k =246 (mod 280) 2331436501821281 = ’
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Table B.60 cont.

Covering for d = 27 in Base 31

’ oW \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
49 | k=462 (mod 728) 6553 73 | k=510 (mod 672) Co72.1
50 k =406 (mod 728) 103196556946426217 74 | k=846 (mod 1344) C1344,1
51 k = 350 (mod 728) 1602836404032137 75 | k= 1518 (mod 2688) 26881
52 k=294 (mod 728) C728.1 76 | k=174 (mod 2688) 29569
53 k =238 (mod 728) C728,2 77 | k=2638 (mod 2688) 900481
54 | k=910 (mod 1456) 48049 70 | kK =1966 (mod 2688) 6128668785793
55 | k=182 (mod 1456) 277029717329 79 | k=1294 (mod 2688) | 1672482152742913
56 | k=854 (mod 1456) 1137160855847448433 80 | k=622 (mod 2688) C2688,1
57 | k=126 (mod 1456) C1456,1 81 | £ =1630 (mod 2016) €2016,1
58 | k=798 (mod 1456) C1456,2 82 | k=2974 (mod 4032) 508033
59 | k= 1526 (mod 2912) 953776097 83 | k=958 (mod 4032) C4032,1
60 k=70 (mod 2912) 41143649 84 | k=2302 (mod 4032) C4032,2
61 | k=1470 (mod 2184) C2184,1 85 | k= 4318 (mod 8064) 234385062913
62 k= 742 (mod 2].84) C2184,2 86 k = 286 (mod 8064) Cg064,1
63 | k= 2198 (mod 4368) | 4333457267176361565697 87 k =58 (mod 64) 4801
64 k =14 (mod 4368) C4368.1 88 k =26 (mod 64) Pss
65 k = 454 (mod 560) 42645904104721 89 k =242 (mod 256) Ps9
66 k = 342 (mod 560) C560,1 90 k=178 (mod 256) Posg
67 k =230 (mod 560) C560,2 91 k =370 (mod 512) 23583164929
68 | k=678 (mod 1120) 54881 92 k=114 (mod 512) 99578469377
69 k=118 (mod 1120) C1120,1 93 k = 306 (IIlOd 512) P512
70 | k=566 (mod 1120) C1120,2 94 | k=562 (mod 1024) 25601
71 | k= 1126 (mod 2240) 23109132481 95 k=50 (mod 1024) C1024,1
72 k=6 (mod 2240) 498077325761 96 k =530 (mod 576) 20161
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Table B.60 cont.

Covering for d = 27 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
97 k = 466 (mod 576) 125962561 121 | k=874 (mod 1408) C1408,2
98 k =402 (mod 576) 110342617306477541186689 122 | £ =1930 (mod 2816) 77722149121
99 k = 338 (mod 576) C576,1 123 | k=522 (mod 2816) 7163844781274369
100 k=274 (mod 576) C576,2 124 | kK = 1578 (mod 2816) C2816,1
101 | £ =786 (mod 1152) 1153 125 | k=170 (mod 2816) C2816,2
102 | £ =210 (mod 1152) C1152,1 126 | k=842 (mod 1056) 2113
103 | k=722 (mod 1152) C1152,2 127 | k=490 (mod 1056) 47521
104 | £ = 1298 (mod 2304) C2304,1 128 | k=138 (mod 1056) 18997250623975009
105 | k=146 (mod 2304) 23042 129 | k=810 (mod 1056) C1056,1
106 | £ = 1234 (mod 1728) 8641 130 | k=458 (mod 1056) C1056,2
107 | k=658 (mod 1728) 36844417 131 | k= 1162 (mod 2112) 6337
108 | k=82 (mod 1728) 882800641 132 | £ =106 (mod 2112) C2112.1
109 | £ = 1170 (mod 1728) 14328577 133 | k=602 (mod 880) 881
110 | k=594 (mod 1728) 50090204323009 134 | k=250 (mod 880) C880,1
111 k =18 (mod 1728) 722221930117206721 135 | k=778 (mod 880) C880,2
112 | k=330 (mod 352) | 6766051802154664547351297 136 | k= 2186 (mod 2640) 17732881
113 | k=298 (mod 352) C352.1 137 | k= 1306 (mod 2640) 26401
114 | k=266 (mod 352) C352,2 138 | k=426 (mod 2640) C2640,2
115 | k=586 (mod 704) 1409 139 | k = 1834 (mod 3520) 394241
116 | k=234 (mod 704) 127953409 140 | k=74 (mod 3520) C3520,1
117 | k=554 (mod 704) Proy 141 | k = 1450 (mod 1760) 29921
118 | £ =906 (mod 1408) 34300289 142 | £ =1098 (mod 1760) 14081
119 | k=202 (mod 1408) 4391075736961 143 | k=746 (mod 1760) | 11398257501944797441
120 | £ = 1226 (mod 1408) C1408,1 144 k=394 (mod 1760) C1760,1
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Table B.60 cont.

Covering for d = 27 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
145 k=42 (HlOd 1760) C1760,2 169 k = 962 (HlOd 3328) C3328,1
146 | k=890 (mod 1232) C1232,1 170 | k=130 (mod 3328) 33282
147 | k=538 (mod 1232) C1232,2 171 | k=930 (mod 1248) 4993
148 | k = 1418 (mod 2464) 985601 172 | k=514 (mod 1248) 2215201
149 | k= 1066 (mod 2464) C2464,1 173 | k=98 (mod 1248) 171684299503393
150 k=714 (IﬂOd 2464) C2464,2 174 k = 898 (mod 1248) C1248,1
151 | k= 2826 (mod 4928) 896897 175 | k=482 (mod 1248) C1248,2
152 | k=362 (mod 4928) 265693121 176 | k = 1314 (mod 2496) 5571073
153 | k = 2474 (mod 4928) C4928,1 177 | k=66 (mod 2496) 5880834036481
154 | k=10 (mod 4928) C4928,2 178 | k = 1282 (mod 1664) 632321
155 | k=386 (mod 416) 1404631073 179 | k=866 (mod 1664) 127471781962809857
156 | k=354 (mod 416) 11014021409 180 | k£ =450 (mod 1664) C1664,1
157 | k=322 (mod 416) | 7480641128031875233 181 k =34 (mod 1664) C1664,2
158 | k=290 (mod 416) C416,1 182 | k=834 (mod 1040) 2081
159 | k=258 (mod 416) C416,2 183 | k=626 (mod 1040) 2057345681
160 | k=642 (mod 832) 13313 184 | k=418 (mod 1040) 1603690683419761
161 k =226 (mod 832) 23297 185 | k=210 (mod 1040) €1040,1
162 | k=610 (mod 832) 887792562487169 186 k =2 (mod 1040) €1040,2
163 | k=194 (mod 832) 800764356289 187 k =18 (mod 19) o971
164 | k=578 (mod 832) 1373547339841 188 k=16 (mod 19) 14251
165 | k=162 (mod 832) C832,1 189 = 14 (mod 19) 88770666332610762169
166 k = 546 (mod 832) C832,2 190 k=31 (mod 38) 191
167 | k=2 2 (mod 3328) 3329 191 k=29 (mod 38) 3545592640701962728192781
168 | k = 4 (mod 3328) 39937 192 | k=103 (mod 114) 4903
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Table B.60 cont.

Covering for d = 27 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence prime p;
193 | k=65 (mod 114) 1553023 217 k =53 (mod 228) 306232251849987913
194 | k=27 (mod 114) 98595072158281 218 k=15 (mod 228) D218
195 | k=101 (mod 114) | 35362755128281368537612757051 219 | k=108 (mod 133) 775559048587
196 | k=6 (mod 57) 7639 220 | k=70 (mod 133) 1331
197 | k=25 (mod 57) 36068660903683 221 k =32 (mod 133) C133,2
198 | k=61 (mod 76) 1217 222 | k=127 (mod 266) 3293879
199 | k=23 (mod 76) 23126269 223 k=89 (mod 266) 2611420465612378154239
200 | k=59 (mod 76) 53489941 224 k=51 (mod 266) C266,1
201 | k=21 (mod 76) 2491389137 225 k=13 (mod 266) C266,2
202 | k=57 (mod 76) 130154580611883020628409201 226 | k=429 (mod 456) 457
203 | k=95 (mod 152) 921121 227 | k=315 (mod 456) 451441
204 | k=19 (mod 152) 99253763473 228 | k=201 (mod 456) 1348915338405903577
205 | k=131 (HlOd 152) P152 229 k=87 (IIlOd 456) C456,1
206 | k=245 (mod 304) 124337 230 | k=391 (mod 456) C456,2
207 | k=93 (mod 304) 2693717249 231 | k=733 (mod 912) C912,1
208 | £ =207 (mod 304) 3366543416577233 232 | k=277 (mod 912) C912,2
209 | k=55 (mod 304) C304,1 233 | k= 1531 (mod 1824) 910429537
210 | k=169 (mod 304) C304,2 234 | k=619 (mod 1824) C1824,1
211 | k=321 (mod 608) 9507314849 235 | kK =1075 (mod 1824) C1824,2
212 | k=17 (mod 608) 3178774177 236 | k= 1987 (mod 3648) 40129
213 | k=205 (mod 228) 229 237 | k=163 (mod 3648) 299137
214 | k=167 (mod 228) 63147793 238 | k= 3241 (mod 3648) 94849
215 | k=129 (mod 228) 150718033 239 | k= 2329 (mod 3648) 1115197554433
216 | k=91 (mod 228) 249613717 240 | k = 1417 (mod 3648) C3648,1
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Table B.60 cont.

Covering for d = 27 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
241 | k=505 (mod 3648) C3648,2 264 | k=577 (mod 760) 761
242 | k= 1873 (mod 2736) C2736.1 265 | k=387 (mod 760) C760.1
243 k=961 (mod 2736) C2736,2 266 k=197 (HlOd 760) C760,2
9244 | k= 2785 (mod 5472) | 10461003841 267 | k=767 (mod 1520) C1320.1
245 | k=49 (mod 5472) C5472.1 268 k=7 (mod 1520) 15202
246 k=11 (mod 57) D246 269 | k=138 (mod 171) 49267837
247 k =85 (mod 95) 793926617318201 270 | k=100 (mod 171) Pin
248 | k=161 (mod 190) €190.1 271 | k=233 (mod 342) C342.1
249 | k=123 (mod 190) 1902 272 | k=195 (mod 342) C342.2
250 k = 237 (mod 380) 1041961 273 k=499 (mod 684) 15382971192162601
251 | k=47 (mod 380) 27263386181 974 | k=157 (mod 684) Cost
252 | k=199 (mod 380) €380,1 275 | k=461 (mod 684) C684.2
253 k=9 (mod 380) €380,2 276 | k=803 (mod 1368) 8209
254 | k=539 (mod 570) 4561 277 | k=119 (mod 1368) 16417
255 k = 349 (mod 570) 612751 278 | k= 1107 (mod 1368) 28729
256 k =159 (mod 570) 1177163431 279 | k=765 (mod 1368) 4986361
957 | k =501 (mod 570) 63058531 280 | &k = 423 (mod 1368) C13081
258 k=311 (mod 570) C570,1 281 k=281 (mod 1368) C1368,2
959 | k= 121 (mod 570) Cs70,2 982 | k=214 (mod 513) 2053
260 | k=273 (mod 285) 2851 283 | k=385 (mod 513) 2104977965218759
261 | k= 178 (mod 285) 5271361 984 | k=43 (mod 513) Cs131
262 | k=83 (mod 285) Poss 985 | k= 176 (mod 513) C313.2
263 k =45 (mod 95) Pys 286 | k=347 (mod 1026) 7204633561
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Table B.60 cont.

Covering for d = 27 in Base 31

’ row \ congruence \ prime p; ‘ ’ row \ congruence \ prime p;
287 | k=5 (mod 1026) C1026,1 310 | k=153 (mod 798) 6757367761201
288 | k=174 (mod 209) 224531627 311 | k=647 (mod 798) C798,1
289 | k=136 (mod 209) 5957505709 312 | k=381 (mod 798) C798.2
290 | k=98 (mod 209) 964279537211 313 | k= 1141 (mod 1596) | 460447588021
291 | k=60 (mod 209) | 171106718558612865601 314 | k=343 (mod 1596) C1596,1
292 k=22 (mod 209) P209 315 k=875 (mod 1596) C1596,2
293 | k=193 (mod 418) 419 316 | k= 1673 (mod 3192) C3192,1
294 = 155 (mod 418) 40657189 317 | k=77 (mod 3192) C3192,2
295 | k=117 (mod 418) 7292011 318 | k=571 (mod 665) 6112681
296 | k=79 (mod 418) C418,1 319 | k£ =305 (mod 665) 8079339031
297 | k=41 (mod 418) C418,2 320 k =39 (mod 665) 1579235351
298 = 421 (mod 836) 918891073 321 | k=400 (mod 665) C665,1
299 k =3 (mod 836) 9000773650776029 322 | k=134 (mod 665) C665,2
300 | k=495 (mod 532) C532,1 323 | k=1103 (mod 1330) C1330.1
301 | k=229 (mod 532) C532,2 324 | k=837 (mod 1330) C1330,2
302 | k=989 (mod 1064) 8513 325 | k= 1863 (mod 2660) 372243061
303 | k=723 (mod 1064) 141616141088633 326 | k=533 (mod 2660) | 15831936018361
304 | k =457 (HlOd 1064) C1064,1 327 | k= 1597 (HlOd 2660) C2660,1
305 | k=191 (mod 1064) C1064.2 328 | k=267 (mod 2660) C2660.2
306 k=115 (mod 399) C399,1 329 | k=1331 (mod 1995) C1995,1
307 | k=210 (mod 399) C399,2 330 | k=666 (mod 1995) 19952
308 | k=685 (mod 798) 1597 331 | k=1996 (mod 3990) 63776582941
309 | k=419 (mod 798) 342517162879291 332 k=1 (mod 3990) C3990,1




APPENDIX C
RESOLVENT POLYNOMIAL Q(z,t — 3)
For convenience sake, we write the resolvent
Q(z,t —3) = 2% + as2® + ayx + asx® + ar® + a1z + ag

with the coefficients defined below as

as (t2(t + 2)(t + 1) (t° + 5¢° + 33t* + 259¢% + 302¢* — 1224¢

~ 518400
+144) (t — 1)2(t — 2)?),

1
3224862720000

+ 9931t — 4175t% — 192683t" — 629071t° + 362553t° + 6740550t + 11492064¢>

ay = [(t —1)°(t + 2)%(t — 2)5¢3(¢ + 1)?(5t'% 4 199t + 2323¢1°

— 1363392t — 3608064t — 1866240)],

(= -2)°
1003061300428830000000

+ 9188870t + 19818996t — 68914210t — 698970740¢'? — 1688037375t

ag = (565t + 17126t + 23797517 4 1909630t
+ 4194678206t + 32357048155t + 45384279990t% — 118515571020¢7

— 386351071704¢° + 14894176320t° 4+ 830049275520t* + 140442024960¢°
— 345324570624t% — 202628874240t + 16124313600) (t + 1)3(t + 2)?],

D) -2 =)+ 2)°
~1039973956284579840000000000

— 1454738323 — 83466551t%2 4+ 47592793t + 4173298101¢%°

(971t — 225914* — 1083583t
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+ 28613582757t + 68460720339t'® — 1805412372977

— 1446249066469t'° — 816561357013t'° + 17430769406179¢t*

+ 47063847286243t'% — 85485729776969t? — 599111235654873¢!!

— 616196821798026¢'° 4 1906511196115188t” + 4646891215412856t°
— 410513547875328t7 — 8420432579430912t° — 3385496092686336t°

+ 3893486111576064t* + 3363925250211840t> 4 162533081088000¢°

— 423746961408000t — 174142586880000),

(t+ 129t — 2)M(t — )M (¢t + 2)°
5391224989379261890560000000000000

+ 3177558312 + 484998008t%% + 505767783227 + 3822553642826

a, = (20057t 4- 1230698t

+ 202415756960t* 4 572149272020t** — 1167350005374t

— 20726982562288t%% — 92753312348986t%*' — 118039505050572¢*°
+ 652668668578976t'? 4 3052210895296772t'% + 1894972913483304¢""
— 16123493520572932t'0 — 18470256487213219¢"

+ 142822956790453062t* + 362506920521696259¢°

— 545645011247552892t% — 3244885546875680736¢'!

— 2345775374118735216t'° + 9533883462003027216¢°

4 19031371767295902720t% — 909888530182327296¢"

— 29754674075021561856t° — 17589914238198030336¢°

+ 12105463713031323648t* + 15105787173710069760¢>

+ 1914955473774182400% — 2794291949076480000¢ — 1120085118812160000),

and

B (t+2)5tH1(t+1)5(t — )13t — 2)7
 67075464827861024737591296000000000000000

+ 158676260t + 2189527830t3* + 1787507748713 + 8534862099132

ao (10914737 4 6378527t
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+ 347569166974t + 4641689399200t* + 65987640867622t*

+ 552836059458766t° + 2618652684938752t*7 + 41109173546355881°
— 33542867622620378t* — 2796559123539615141%* — 9835672484561613081%
— 11115650866390356561%% + 6592425857181067423t%*

+ 42067117392217407811¢% + 118390581547439199852¢7

+ 108325152400511977814¢'® — 566110420912111523989¢'7

— 2837325774310560559541¢'° — 5490433889537402562258t '

— 152259557603007942216t* + 24519482597046680480736¢ '

+ 53400338699385797760240t? 4- 25379810856426907362528t

— 85775019351549065358336t*° — 152622270374464010778624¢°

— 26729828003045680865280% + 156339163791201833533440t"

4 131522961373278451531776t° — 30854563520158694375424¢°

— 84191031126917775360000t* — 24927107522009487114240t°

+ 13099860216244076544000t + 8615413876739014656000¢

+ 1039973956284579840000).
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APPENDIX D

MAGMA AND MAPLE CODE

In this appendix we provide the Magma and Maple code that was used through-
out this dissertation to find integer solutions to various Thue equations and elliptic
curves, construct the resolvent polynomial, find prime divisors of ®,,(b), verify a col-
lection of congruences is a covering, and verify that the composite numbers are indeed

composite. We have broken the code into sections to provide additional structure.
D.1 MAGMA CODE FOR FINDING INTEGER SOLUTIONS TO az® — by® = 4

# Range over m=0, 1, 2, 3, 4.

# Create sets for possible values of a and b first.

S:={};
Ui={};
m:=0;
for x in [0..4] do
for y in [0..4] do
S:={(27x)*(37y)} join S; end for; end for;
for x in [0..4] do
U:={(27m)*(37x)} join U; end for;
U;
R<x> := PolynomialRing(Integers());

for t in S do
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for u in U do

f = txx"5 — u;
T := Thue(f);
T;

Solutions (T, 5); end for; end for;

D.2 MAGMA CODE FOR FINDING INTEGER SOLUTIONS TO axz® — by® = 6

# Range over m=0, 1, 2.

# Create sets for possible values of a and b first.

S:={};
Ur={};
m:=0;

for x in [0..2] do
for y in [0..2] do
for z in [0..2] do
S:={(27x)*(37y)*(572z)} join S; end for; end for; end for;
for x in [0..2] do
for y in [0..2] do
U:={(27m)*(3"x)*(57y)} join U; end for; end for;
U;
R<x> := PolynomialRing(Integers());
for t in S do
for u in U do
f = t*xx73 — u;

T := Thue(f);
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T;
Solutions (T, 6); end for; end for;

D.3 MAGMA CODE FOR FINDING INTEGER SOLUTIONS TO ax? — by® = 6

# Range over m=0, 1, 2.
# Create sets for possible values of a and b first.

# Output: (aby, a 2bx).

S:={}h
Ui={};
m:=0;

for x in [0..1] do

for y in [0..1] do

for z in [0..1] do

S:={(27x)*(37y)*(572z)} join S; end for; end for; end for;
for x in [0..2] do

for y in [0..2] do

U:={(2"m) *(37x)*(57y)} join U; end for; end for;
for t in S do

for u in U do
t; u;
E := EllipticCurve ([0,(t73)%(u"2)x6]);
E;

IntegralPoints (E); end for; end for;
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D.4 MAGMA CODE FOR FINDING INTEGER SOLUTIONS TO ax® — by? = 6

# Range over m=0, 1, 2.
# Create sets for possible values of a and b first.

# Output: (abx, ab™2y).

S:={}h
Ui={};
m:=0;

for x in [0..1] do

for y in [0..1] do

for z in [0..1] do

S:={(27x)*(37y)*(5"z)} join S; end for; end for; end for;
for x in [0..2] do

for y in [0..2] do

U:={(2"m) *(3"x)*(57y)} join U; end for; end for;
for t in S do

for u in U do
u; ot
E := EllipticCurve ([0,(t73)*(u"2)%(—6)]);
E;

IntegralPoints (E); end for; end for;

D.5 MAPLE CODE FOR CONSTRUCTING THE RESOLVENT POLYNOMIAL

# Construct F(x1,x2,x3,x4,x5,x6), labeled F, that belongs to
PGL_2(2).
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> with (GroupTheory) :

> H:=Group (Perm ([[1,2,3],[4,5,6]]) ,Perm ([[1,3,4,5,6]]) ,Perm
([[1,2],[3,4],[5,6]])):

> A:=Elements (H) :

> F:=expand (sum(alpha[A[j][2]]*alpha[A[j][3]] 2*alpha[A[]j
[[4]] " 3xalpha[A[j][5]] 4=*alpha [A[j][6]]75,j=1..120)):

# Construct the resolvent in terms of roots r_ 1, ..., r 6.

> S:=CGroup(Perm ([[1,2]]) ,Perm ([[1,2,3]])):

> B:=Elements(S):

> Q:=product (x—eval (F,{alpha[l]=alpha[B[j][1]],alpha[2]=alpha
[Blj1[2]],alpha[3]=alpha[B[j][3]],alpha[d4]=alpha[B[j][4]],
alp ha[b]=alpha[B[j][5]],alpha[6]=alpha[B[j][6]]}),j=1..6)

> for j from 0 to 6 do

> wljli=coeff(Q,x,j): end do:

# Create the sigma_{i,j} used.

> S:=Elements (SymmetricGroup (6) ) :
> a[l]:=120: a[2]:=48: a[3]:=36: a[4]:=48: a[5]:=120: a
[6]:=720:
for i from 1 to 6 do
sigma [i,0]:=sum(product (alpha [S[1][k]] o,k=1..1),1
=1..720)/ali]; end do:

# Write coefficients of resolvent in terms of sigma {i,j}.

# Input: (polynomial to rewrite, number of iterations used)
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# Coefficient of x5 took 22 iterations, x4 took 229, x 3
took 1152, x2 took 3900, x took 10020, constant term took
22000.

# Output: (polynomial in terms of roots, polynomial in terms

of sigma {i,j})

> ChangeToSigmas:=proc (sympoly)

local m,j,tempsympoly,sigs ,mm, t,sigresult ,sigmess:

tempsympoly:=sympoly: sigs:=NULL: sigresult:=1: sigmess:=1:

if sympoly=0 then RETURN(O0): fi:

for j from 1 to 6 do

m:=degree (tempsympoly ,alpha[j]):

tempsympoly:=coeff (tempsympoly ,alpha[j] ,m):

sigs:=sigs ,m:

od:

sigs:=[sigs|:

mm:=nops (sigs):

for j from 1 to mm—1 do

t:=sigs[j]—sigs[j+1]:

if t > 0 then sigresult:=sigresultxeval(sigmal[j,o],o=t):
sigmess:=sigmessx*sigmal[j,t]:

fi: od:

if sigs[mm] > 0 then

sigresult:=tempsympolyxsigresultxeval (sigma [mm,o0],o=sigs [mm
|): sigmess:=tempsympoly*sigmess*sigma [mm, sigs [mm] | :

fi:

if sigs[mm] = 0 then
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sigresult:=tempsympoly*sigresult: sigmess:=sigmessx

tempsympoly :
fi:
RETURN( sigresult ,sigmess):
end :
> CreateSigmas:=proc (sympoly ,N)

local counter ,j,check, finalsympoly ,tempsympoly, sig,
finalsigpoly :

check:=0: finalsympoly:=0:finalsigpoly:=0: tempsympoly:=

expand (sympoly): counter:=200:

for j from 1 to N while check=0 do ## Increase 300 here if

needed
sig:=ChangeToSigmas (tempsympoly) :
finalsympoly:=finalsympoly+sig [1]:
finalsigpoly:=finalsigpoly+sig[2]:
tempsympoly:=tempsympoly—expand (sig [1]) :

if j>counter then print(counter); counter:=counter+200: fi
if tempsympoly=0 then check:=1: fi:
od:

if j > N—1 then

printf("Increase the number of iterations.")

)

: RETURN(NULL
fi:

RETURN( finalsympoly , finalsigpoly):

end :

> pint:=CreateSigmas (w[5],116000) :
# Write each sigma_{i,j} in terms of coefficients of poly.
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# '"Sigma Replace.txt' contains sigma_ {i,j} in terms of
coefficients .

# Output: coefficient of resolvent in terms of t.

> read "Sigma Replace.txt'
> FinalEval:=proc(poly)
local a:
a:=eval (poly ,{values}):
RETURN(a) :
end :

> simplify (FinalEval(pint [2]));

D.6 MAGMA CODE FOR FINDING PRIME DIVISORS OF ®,,(b)

# Either returns the complete factorization ,
# Or the factors it found if unable to completely factor

# The nth cyclotomic polynomial at a.

SetVerbose ("Factorization", true);

SetVerbose ("MPQS", true);

Z := IntegerRing () ;

n:=1123; # Or the order you are looking for.
Qx> := PolynomialRing(Z);

f:= MinimalPolynomial (RootOfUnity (n));

m:=Evaluate(f, b); # Replace b with 10 for base 10.

time Factorization (Z!m);
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D.7 MAPLE CODE FOR CHECKING WHETHER A SYSTEM OF CONGRUENCES IS A

COVERING

# Read file containing the covering in question.
# File contains lists of the form table9:=[[a, n, p], ...],
# Where p is a prime factor of the nth cyclotomic polynomial

# The congruence is k equivalent to a (mod n).

> restart:
> with (NumberTheory) ;

> read "InsertCoverings.txt":

# Find the least common multiple of the moduli.

> L = 1:
for y in table9 do
L := ilem (L, y[2]):
end do:
L;

ifactor (L) ;

# Verify the set of congruences is a covering.
# Check that every integer up to L — 1 satisfies a congruence
# Output: every integer in [0, L. — 1) that does not satisfy a

congruence .
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> A:=[seq(i,i=000000..L—1)]:
L:=convert (A, set):
for x in A do
P:=0:
for y in table9
while x mod y[2]<>y[l] do P:=P+1 od: if P=nops(table9) then
B:=[op(B) ,x]
fi: od:

D.8 MAPLE CODE FOR VARIOUS CHECKS ON THE COVERINGS

# Verify every composite number is not a power of a prime.
# Output: (number of non—prime powers, number of expected

composites)

> N = 0;
for y in tabled4c do
if type(y[3], ’'primepower’) then ; else N := N + 1; end
if;
end do;

print (N, nops(tableddc));
# Verify that c(p) = n for each prime used.

# MultOrder2 creates command to check multiplicative order.

# Output: number of incorrect primes/composites.
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> MultOrder2 := proc(s, t)
local L, y;
L := 0;
if 107s mod t <> 1 then L := L + 1; else
for y in Divisors(s) do
if 107y mod t = 1 then if y = s then L := L; else L
= L 4+ 1; end if; end if; end do; end if;
if L =0 then 0 else 1; end if;
end proc;
> J = 0;
for y in tabled4p do
J = J + MultOrder2(y[2], y[3]);

end do;
J;
>J =0

for y in tabled4c do

J = J + MultOrder2(y[2], y[3]):
end do:
J;

# Verifying that no prime is used twice.
# Include all tables with primes in tablebigp used.

# Output: [a, n, p|] if the prime p is used more than once.

> tablebigp:=[op(table9), op(table3)]:
> for y in tabled4p do M:=0:

for x in tablebigp do
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i
i
7*

if x[3]=y[3] then M:=M+1: else fi: od: if M>1 then print(

y) else fi: od:
Determine how many times we can use each composite number.

Include all tables with composites in tablebigc used.

Include all tables with primes in tablebigp used.

tablebigc:=[op(tabledc), op(tabled3c)]:

# Make sure each composite is used no more than twice.

7t

>

##

Output: composites that are used more than twice.
for y in tabled4c do
M:=0: for x in tablebigc do
if x[3]=y[3] then M:=M+1: else fi: od: if M>2 then print(
y[3], M) else fi: od:

Verify composite numbers aren’t divisible by primes used.

# Output: [a, n, c¢|] where ¢ is the gcd(composite, primes)

>

>

tablebigp:=[op(table9), op(table3)]:
for y in tabled4c do
M:=1: for x in tablebigp do

if x[2]=y[2] then M:=Mxx[3] fi: od:

print (y[1], y[2], ged(y[3], Mxy[2])) od:
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