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ABSTRACT

Survival analysis is an important branch of statistics that studies time to event data
(or survival data), in which the response variable is time to a certain event of inter-
est. The most prominent feature of survival data is that the response is not exactly
observed due to limits of the study design or nature of the event of interest. Interval-
censored data are a common type of survival data and occur frequently in real life
studies where subjects are examined at periodical follow ups. The response time is
usually not observed, but the status of the event of interest is known at each exam-
ination time. In such cases, the response time for each subject is only known to fall
within an interval formed by two examination times in which the status of the event
has changed. This dissertation proposes new statistical approaches for analyzing real
life interval-censored data with additional complications.

Chapter 1 provides an introduction to this dissertation. Firstly, it gives a de-
scription of interval-censored data and an explanation of how interval-censored data
are obtained with some illustrative examples. Then, a widely used model, the pro-
portional hazards (PH) model, for analyzing interval-censored data is introduced.
Thirdly, some literature for fitting the PH model to interval-censored data is re-
viewed. Fourthly, three additional complications of the analysis of interval-censored
data are presented. Lastly, real data sets are given to explain the motivations for
studying these complications.

Chapter 2 of this dissertation develops an expectation-maximization (EM) al-
gorithm for analyzing arbitrarily-censored data under the PH model. Arbitrarily-

censored data refer to the data sets that include interval-censored observations and



exactly observed failure times. The method developed in Chapter 2 can be considered
as an extension of the paper, Wang et al. (2016). The proposed method enjoys all
the good properties of Wang’s method, such as flexibility, computational efficiency,
accuracy, robustness to the choice of initial values, quick convergence and closed-form
variance estimation.

Chapter 3 studies current status data, a special case of interval-censored data, with
informative censoring. This study was motivated by the tumor studies conducted by
the National Toxicology Program (NTP). In such studies, the tumor onset time at
a specific important organ of a mice or rat is usually observed but either left- or
right-censored at the sacrifice time depending on whether a tumor is found there,
resulting in current status data for the tumor onset time. However, the sacrifice time
can be correlated to the tumor onset time because some of such animals are killed
when they show symptoms of sickness or serious weight loss potential due to the
exposure of the substance being tested. This leads to informative censoring problem
and ignoring it may cause serious bias and misleading results. In this chapter, a new
estimation approach is proposed based on an EM algorithm and has shown excellent
performance in the simulation study. The new approach has many good merits such as
being robust to initial values, fast to converge, and easy to implement, and providing
variance estimates in closed form. The approach is illustrated by applications to two
real data sets from NTP studies.

Chapter 4 studies an estimation of system reliability when the status of all com-
ponents are also known. Both the system and component data are available in such
situations, and all these failure times are either left-censored or right-censored at the
examination time depending on whether the system and each component has failed.
Different strategies are discussed for estimating system reliability: (1) use system data
only and (2) use component data. When component data are used, two models are

studied under different assumptions on whether component failure times are indepen-
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dent or correlated. A new estimation method under the gamma frailty proportional
hazards model is proposed to handle the situation when the component failure times

are correlated. A detailed comparison is conducted among these different strategies.
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CHAPTER 1

INTRODUCTION

1.1 INTERVAL-CENSORED DATA

Survival analysis is an important branch of statistics that studies time to event data
(or survival data), in which the response variable is time to a certain event of inter-
est. The most prominent feature of survival data is that the response is not exactly
observed due to limits of the study design or nature of the event of interest.
Interval-censored data are a common type of survival data and occur frequently in
real life studies where subjects are examined at periodical follow ups. The response
time, also known as failure time in survival analysis, is usually not observed, but the
status of the event of interest is known at each examination time. In such cases, the
response time for each subject is only known to fall within an interval formed by two
examination times in which the status of the event has changed. For example, in HIV
studies, the onset time of HIV for a subject cannot be exactly observed but the status
of HIV can be known through laboratory tests, resulting in interval-censored data
for the HIV onset time. Interval-censored data consist of left-, interval-, and right-
censored observations. A left-censored observation refers to an observation whose
failure time is before the first examination time; an interval-censored observation
refers to an observation whose failure time is between two examination times; a
right-censored observation refers to an observation whose failure time is beyond the

last examination time.



1.2 CURRENT STATUS DATA

A well-known special case of interval-censored data is current status data, where each
subject is examined only once. The failure time of each subject cannot be observed,
but the status of the event of interest is known at the examination time. Therefore,
for each subject, one can only know that the failure time occurs before or after the
examination time. As a result, current status data only contain left- and right-
censored observations. Current status data are commonly seen in epidemiological,
medical or toxicology studies. For example, in an experiment of toxicology, lab rats
are exposed to a substance with different concentrations for a period of time to study
whether the substance was associated with the onset time of tumors in their organs.
The onset time of tumors cannot be observed directly, while the status of whether
a lab rat has a tumor in its organs can be observed after the rat is sacrificed. In
this example, the examination time, or censoring time, is the time when a lab rat is

sacrificed. The data obtained in this experiment are current status data.

1.3 INFORMATIVE CENSORING AND NON-INFORMATIVE CENSORING

In many interval-censored data or current status data studies, one of the common
assumptions is that the failure time is independent of the observational process given
covariates, which is known as non-informative censoring. On the contrary, informative
censoring refers to those situations when the failure time is correlated with the obser-
vational process given covariates. Non-informative censoring is a natural assumption
in many interval-censored data studies. For instance, in the HIV study example, it is
natural to think that the HIV onset time is independent of the HIV laboratory test
time given covariates. However, in some of the cases, informative censoring can be a

reasonable assumption. Examples of these cases are given in Section 1.6.



1.4 MODELS

1.4.1 NOTATIONS

The notations used to analyze interval-censored data are as follows. Let T" denote the
failure time. In interval-censored data, 7" only can be known to fall into an interval
consisting of two examination times, L and R, which are known as the left censoring
time and the right censoring time. L is assumed to be strictly less than R in most
literature. For the ith subject in a sample with size n, T; can be observed in three
different forms through L; and R;: (0, R;), (L;, R;) or (L;, +00), fori =1,2,...,n. For
an observation in the form (0, R;), L; = 0 and the observation is left censored. For an
observation in the form (L;, R;), 0 < L; < R; < 400 and the observation is interval
censored. For an observation in the form (L;, +00), R; = 400 and the observation is

right censored.

1.4.2 THE PROPORTIONAL HAzZARDS (PH) MODEL

The PH model is a popular and widely used model to analyze interval-censored data
in survival analysis proposed by Cox (1972). The ‘Hazards’ in the PH model refers

to the hazard function denoted as A(-). It is defined as follows,

P(t<T <t+ AT > 1)
At—0 At 7

where T is the failure time, At is a very small time range, P(-|-) is a conditional
probability. It can be seen that the hazard function is not a density nor a probability.
It can be thought as the likelihood of an observation’s failure time falling between ¢
and t + At given that it has survived up to time ¢. In this sense, the hazard function
is a measure of risk, namely instant death or failure. The greater value the hazard
function takes, the greater risk of a subject has. Additionally, It can be shown that
At) = %, where f(-) is a probability density function (pdf) and S(-) is a survival

function. This relation is going to be used in Chapter 3.



The PH model assumes that the hazard function given a covariate vector x is
proportional to the baseline hazard function, Ag(:). The rate equals to the exponential

of a linear combination of a covariate vector x.

A(tx) = Ao(t) exp(x'B),

where 3 is a vector of regression parameters. In the PH model, the baseline hazard
function A\o(t) and B need to be estimated.

There are several studies which analyze interval-censored data under the PH
model. In the paper of Wang et al. (2016) and McMahan et al. (2013), they fit-
ted the PH model to the interval-censored data and current status data respectively.
The baseline hazard functions were modeled by spline functions. EM algorithms
were developed to find the maximum likelihood estimators (MLE) of the regression
parameters and the spline functions’ parameters jointly. In the paper of Cai et al.
(2011), the PH model is fitted to the current status data. The baseline hazard func-
tion was also modeled by spline functions. A Bayesian method was developed to
find the estimates of the parameters with posterior means. Betensky et al. (2002)
fitted the PH models to right-censored and interval-censored data. They developed
an EM algorithm to find the estimates of the parameters. Devarajan and Ebrahimi
(2011) proposed a generalized version of the PH model by adding a power function to
the baseline hazard function. They argued that it can allow the correlation between
covariates and the baseline hazard function in the PH model. Tian et al. (2005)
added time-varying parameters into the PH model and a kernel-weighted partial like-
lihood approach was applied. Pan (1999) proposed a generalized gradient projection
method by reformulating the iterative convex minorant algorithm as an extension of
the PH model. Murphy and Vaart (1997) studied the confidence interval for the real
parameter presence in finite parameters cases. Even though the nuisance parameters
are not guaranteed to be normal distributed, the likelihood ratio statistics is still

asymptotic chi-squared distributed. Moreover, they provided an example to test the



significance of the regression parameters in the PH model with current status data.
Satten (1996) fitted the PH model to interval-censored data and used a marginal
likelihood approach. The method did not need specification of the baseline hazard
function. Goggins et al. (1998) fitted the PH model to interval-censored data and
developed a Monte Carlo EM (MCEM) algorithm to find the parameter estimates.
Huang (1996) studied the PH model’s efficiency with interval-censored data. It was
shown that with finite number of parameters, the MLE for the PH model is asymp-
totically efficient but with infinite-dimensional parameters the MLE converges slower
than y/n. The regression analysis of fitting the PH model to interval-censored data
was first addressed by Finkelstein (1986) .

1.4.3 THE GAMMA-FRAILTY PROPORTIONAL HAZARDS MODEL

The Gamma-frailty PH model is one type of frailty models to fit correlated survival
data. The Gamma-frailty PH model keeps the structure of the PH model and adds
an extra gamma frailty term to capture the correlation.

Let 77 and T, be two correlated failure times of interest. Let n be a frailty term
distributed as Gamma(v,v), where v > 0. Under the Gamma-frailty PH model,
given the frailty term 7 and a covariate vector x, the hazard functions of 77, T, can

be expressed as follows,

A (tx, 1) = Ao (t) exp(x'B1)n,

A2 (tx,n) = No2(t) exp(x'Ba)n,

where 81 and (B2 are regression parameters, \;(t) is the baseline hazard function for
T1, Aoz(t) is the baseline hazard function for T5.

The Gamma-frailty PH model is often used to study multivariate current status
problems. In the paper of Wang et al. (2015), it used the Gamma-frailty PH model

to fit bi-variate current status data. An EM algorithm was developed to find the



MLE of the parameters. In Chapter 3, the Gamma-frailty PH model is fitted to
the current status data with informative censored observations and non-informative

censored observations.

1.5 ADDITIONAL COMPLICATION I

For the interval-censored data, left censoring time is strictly less than right censor-
ing time, i.e., L < R. The case that L = R is not considered in interval-censored
data. It is because when L = R, it indicates that exact failure time is observed, but
exact failure time cannot be observed due to periodical examinations in most of the
study designs or the nature of the event of interest. However, in some of the situ-
ations, besides censored observations, exact failure times are available for a part of
the observations in the data. These data are called arbitrarily-censored data. It can
be seen that arbitrarily-censored data contain exactly observed failure times, left-,
interval- and right-censored observations. Most methods used to analyze interval-
censored data can deal with exactly observed failure times by an approximation with
an interval. For example, one can use exactly observed failure time as a lower bound
and add a very small number to the lower bound to obtain an upper bound. As a
result, exactly observed failure times can be turned into interval-censored observa-
tions. However, doing that adds uncertainty to the existing data and will cause to
overestimate the variance of the regression parameter estimates. The overestimation
may cause substantial problem when the proportion of exactly observed failure times
is large in a data set. In the following examples, the data include a large proportion

of exactly observed failure times.

1.5.1 DIABETES DATA

This study was conducted in the Steno Memorial Hospital in Denmark from 1933 to

1984. It studied the onset of diabetic nephronpathy. The survival time was the time



from onset of diabetes to the onset of diabetic nephronpathy, a major complication of
Type I diabetes. The data can be found in ‘icenReg’ package and ‘glrt’ package in
R. The data set contains 731 patients and one covariate, gender (454 males and 277
females). In this data set, there are 595 exactly observed failure times, 1 left-censored
observations, 135 interval-censored observations and no right-censored observations.

The exactly observed failure times are the greatest proportion in the data.

1.5.2 CHILDHOOD MORALITY DATA

Under 5 mortality rate is a key indicator of the development for the overall child
health for a country, . The childhood morality data, children dying between the 1st
and 5th birthdays, are from Demographic and Health Surveys in Nigeria in 2003. The
study sought for the factors that effect the childhood morality such as the number
of breastfeeding months, a mother’s educational level, body mass index (BMI) and
so on. The death time is the failure time. In the survey, if a mother remembered
the exact time of her children’s death then the failure time was exact observed.
Otherwise a mother provided a time range which her children died from. Therefore,
these observations were interval censored. The children’s death rate of this data set is
0.059. This data set contains 5890 observations with 11 covariates and 2766 compete

cases. The exact failure times are also the largest proportion in this data set.

1.6 ADDITIONAL COMPLICATION II

One of the common assumptions made when one analyzes interval-censored data or
current status data is that the observational process is independent of the failure time
given covariates, which is known as non-informative censoring. While in some of the
cases, it is more reasonable to assume the observational process is correlated with the
failure time given covariates, which is known as informative censoring. A real data

example is as follows.



1.6.1 THE NATIONAL ToxicoLoGY PrRoOGrRAM (NTP), STuDY TR-476

The NTP, an inter-agency program whose mission is to evaluate agents of public
health concern by developing and applying tools of modern toxicology and molecular
biology (from NTP website), performed studies about toxicology and carcinogens of
chloroprene and provided a report in September 1998. In the manufacture of neo-
prene, chloroprene, the 2-chloro analogue of 1, 3-butadiene, a potent, multi-species,
multi-organ carcinogen, is only used but with high production and not much infor-
mation about its carcinogenic potential (from the report of NTP). In a 2-years mice
study, groups of 50 male and 50 female mice were exposed to chloroprene at concen-
trations of control (0 ppm), low dose (12.8ppm), medium dose (32ppm), or high dose
(80 ppm) by inhalation, 6 hours per day, 5 days per week, for 2 years. During the
experiment, the mice were removed from the study due to accidentally kill, natural
death, terminal sacrifice or moribund sacrifice to be observed for whether tumors
existed in their organs.

The motivation of the study in Chapter 3 is from the NTP experiments. In
the example above, it is natural to consider that given the level of concentration,
natural death, accidentally kill and terminal sacrifice were not related to tumors in
the organs of mice while moribund sacrifice was. Therefore the correlation between
the observational process and the failure time needs to be taken into consideration in

this case.

1.7 ADDITIONAL COMPLICATION III

Fitting the PH model to current status data is a well-studied problem. In NTP
studies, the PH model can be fitted to the data to analyze whether an experimented
substance is toxic to lab mice. In these analysis, it is worth to notice that a lab
mouse is essentially a system with many components, i.e., its organs such as a liver

or a lung. Therefore, in NTP studies, the PH model is fitted to system data to



analyze the system reliability. In addition to system data, the current status data
of each component are also available in NTP studies so that one can use component
data to analyze the reliability of the system. In Chapter 4, both methods are used
to analyze the reliability of a system and the risk of fitting the PH model to system

data is discussed.



CHAPTER 2
FITTING THE PROPORTIONAL HAZARDS MODEL TO

ARBITRARILY-CENSORED DATA

2.1 INTRODUCTION

Arbitrarily-censored data refer to the data sets that contain exactly observed failure
times, left-, interval-, and right-censored observations. In this chapter, an efficient
and flexible algorithm is developed for fitting the PH model to arbitrarily-censored
data.

Although fitting the PH model to interval-censored data is a well-studied problem,
there are only a few studies analyzing arbitrarily-censored data under the PH model.
Clifford Anderson-Bergman (2018) fitted the PH model to arbitrarily-censored data
and developed an algorithm with two steps for the estimation. One step was to
estimate the regression parameters with the conditional Newton Raphson algorithm.
The other step was to estimate the baseline survival parameters with the iterative
convex minorant (ICM) algorithm. When exactly observed failure times existed, a
gradient desccent was used to update the baseline parameters, especially in the case
that the proportion of exactly observed failure times was large. The method can be
applied through the package ‘icenReg’.

In this chapter, the PH model is fitted to arbitrarily-censored data and formu-
lated in a fashion with finite parameters. An EM algorithm is developed to find the
MLE of the parameters. The details of the proposed methodology are provided in

Section 2.2 - Section 2.6. The details include modeling the baseline hazard function
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and the cumulative baseline hazard function with spline functions, a data augmenta-
tion including 2-stage Poisson latent variables and multinomial latent variables, the
development of the EM algorithm, the asymptotic distribution and variance estima-
tion. Several simulation studies and real data applications are performed in Section

2.7 and Section 2.8 to evaluate the performance of the proposed method.

2.2 MODELS, NOTATIONS AND OBSERVED LIKELIHOOD

Let T and x denote the failure time and the covariate vector respectively. Let F'(t|x),
S(t|x) and f(t|x) be the cumulative distribution function (CDF), the survival function
and the probability density function (pdf) for the failure time given the covariate
vector x. A(¢|x) and A(t|x) are the hazard function and the cumulative hazard

function for the failure time given the covariate vector x. Under the PH model,

A(t]x) = Ao(t) exp(x'B),

A(t[x) = Ao(t) exp(x'B),

where 8 = (01, B2, ..., Bp)' is a vector of regression parameters. The baseline hazard
function A\g(¢) and the cumulative baseline hazard function Ay(t) only depend on the
failure time 7. The relation between A(t|x) and A(t|x) is that A(t|x) = fq M(u|x)du.
Under the PH model, the CDF, the survival function and the pdf for the failure time

given the covariate vector x can be written as

F(t|x) =1 —exp {—Ao(t) exp(x'8)},
S(t|x) = exp {—Ag(t) exp(x'B)},

F(tx) = Ao(t) exp(x'B) exp {—Ao(t) exp(x'B)} .

One assumption is made that given the covariate vector x, the failure time is
independent of the observational process. For the ith observation in a sample, L; and

R; are left censoring time and right censoring time, for ¢ = 1,2, ..., n. Note that for a
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left-censored (right-censored) observation, L; = 0 (R; = o0). For a exactly observed
failure time, it can be considered as its left censoring time and right censoring time
are the same, that is L; = R;. Let 4,9, 0;1, 0;2 and d;3 be the indicators for the ith
observation to be exact failure time, left-, interval- or right-censored, for = 1, 2, ..., n.
Note that &;0 + d;1 + d;0 + ;3 = 1. With these notations and the assumption, the

observed likelihood function can be written as

Lops = ﬁ F(Ri|x;)%0 F(Ril %) {F(Rilx;) — F(Li|x;)}" {1 — F(Li|x;)}** .

i=1
Under the PH model, the observed likelihood function can be further written as

n

Lops = H[)\O(Ri) exp(x}8) exp { —Ao(R;) exp(x;8)}]%°[1 — exp {—Ao(R;) exp(x;8)}]°"

i=1
[exp {—Ao(Li) exp(x;B8)} — exp {—Ao(R:) exp(x;8)}]"*
[exp {—Ao(Li) exp(x;B8) .

In the observed likelihood function, Ag(+), Ag(+) and the vector of regression parame-

ters 3 need to be estimated.

2.3 THE HAZARD FUNCTION A\¢(-) AND THE CUMULATIVE HAZARD FUNCTION

Ao(*)

Since both A\g(+) and Ay(-) are of infinite dimensions, they can be difficult to estimate.
The baseline hazard function A\(-) is proposed to be modeled by widely used spline
functions, M-splines. M-splines are chosen here because that they are usually used to
model a positive function and the baseline hazard function Ag(+) only can take positive
values. The approximation of the cumulative baseline hazard function is proposed to
use the monotone spline functions, I-spline functions, because the I-spline functions
are integration of M-spline functions, which naturally fits the relation between the
baseline hazard function and the baseline cumulative hazard function. This method
was used in several existing literature such as Cai et al. (2011), McMahan et al. (2013)

and Wang et al. (2016).
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With [-spline functions and M-spline functions, the baseline hazard function and

the baseline cumulative hazard function can be expressed as follows,

k
Z Yy (-

k

e
In these two functions, I;(-)’s and M;(-)’s are polynomial functions called basis func-
tions. M;(-)’s are the derivatives of ;(+)’s. ~,’s are non-negative coefficients. To build
these splines, one needs to specify the degree of the basis functions and choose an
increasing sequence of knots within a certain range (Ramsay, 1988). The degree of
the basis functions controls the smoothness of the basis functions and the placement
of knots determines the flexibility of the basis functions. For example, one can put
more knots in the range where more observations fall in to catch the fluctuation of the
target function. For the basis functions, the 2nd and 3rd degrees are most commonly
used to control the smoothness of the basis functions, which stand for quadratic basis
functions and cubic basis functions. For one particular data set, different choices of
knots lead to different models. To determine the number of knots for a single data
set, the Akaike information criterion (AIC) can be used as a model selection criteria.
With splines functions, the observed likelihood function can be finally written as

n dio

Lops =] Z’YlMl ) exp {X B— Z%[l i) exp(x; ﬁ)}]
i=1 Li=
di1

k
1 —exp{ > ul(R;) exp Xﬂ)H
=1
_ k k 57,'2
exp{ Z’n[l ;) exp(x.8) } — eXp{ Z YL (R;) exp(x; B)H
] ; i3 -

o {3 expxm}]

The parameters in the likelihood function above are coefficients of the spline func-

tions 7;’s and the regression parameter vector 8. One can try to estimate them by
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maximizing the observed likelihood function directly. However it can be seen that
there are summations and subtractions inside products, which makes it difficult to
maximize L. [t turns out that maximizing the observed likelihood function is not
workable. Therefore an EM algorithm is going to be developed to solve the maxi-

mization problem and find the MLE of the parameters.

2.4 DATA AUGMENTATION FOR THE EM ALGORITHM

The EM algorithm is used to find the MLE of the regression parameter vector 8 =
(B1, Pay .., Bp)" and the parameter vector of the splines v = (71,72, ..., 7). Let 8 =
(B, 9").

The derivation of the EM algorithm starts with a 2-stage data augmentation.
This idea was firstly discussed in the paper, Wang et al. (2016). At stage 1, Pois-
son latent variables Z; and W, are introduced with mean Zle Yili(tin) exp(x;3)
and 8, v {I;(ti) — Li(ti1)} exp(x;B) respectively, for i = 1,2,...,n, where t;; =
Ril, =1y + Lil(s=1) + Lil(5,3=1), tio = Ril(s,,=1) + Lil(s,5=1)-

k
Z; ~ Poisson {Z I (ti) exp(x;,B)} ,
=1

W; ~ Poisson [Z AL (ti2) — [l(tﬂ)}exp(x;ﬂ)] )

=1

At stage 2, for each i, latent variables Z; and W, are further decomposed as sum-
mations of k£ independent Poisson random variables, Z; = Zle Zygand W, = Zle Wi,
where the means of Z;; and Wy, are v, [;(t;1) exp(x;3) and v, {I;(ti2) — I;(ti1) } exp(x.0)

respectively, for [ = 1,2, ..., k.

Ziy ~ Poisson{v1(t;1) exp(x.8)},

Wiy ~ Poisson [y, {L;(ti2) — I;(ta)} exp(x;8)]

with the restriction 35, Zy = Z;, S8, Wy = Wi.
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With latent variables Z;’s and W;’s , the augmented likelihood function £,(80) can

be expressed as

di0

- ﬁ [Z {%Mluzi)}] expldio {x;8 — Ao(R;) exp(x;B3)}]

i=1 Li=1

P, (Zi)(1_5io)PWv (Wi)(§i2+6i3)7

(3 (3

where Px(-) denotes the probability mass function for the random variable X, Z; > 0
ifoj=1,2Z;,=0and W; >0if ;=1 ,7Z; =0 and W; = 0 if ;3 = 1. By integrating
Z;’s and W;’s out of £1(@), one can obtain the observed likelihood function L,s(8).
With the stage 2 latent variables Z;’s and W;;’s, the augmented likelihood function

L5(0) can be expressed as

di0

- ﬁ LZ {%Mluzi)}] expldio {x;8 — Ao(R;) exp(x;B3)}]

HPZ” zl (1 510)PW (ml)(5i2+6i3),

where Z, > 0if 65 =1, Z; =0 and W; > 0if 8ip = 1 ,Z; = 0 and W; = 0 if 6,3 = 1
S Zy = Z;, X8, Wy = Wi, By integrating Z;’s and Wjy's out of £5(8), one can
obtain the augmented likelihood function £,(8).

It can be noticed that the summation in the first term of £9(8) makes it difficult to
maximize the augmented likelihood function £9(@). Therefore latent random vectors
Vi’s are introduced to deal with this problem. V; = (Vj1, Via, ..., Vi) has a multinomial

distribution, for ¢ = 1,2, ..., n, which can be expressed as

11 1
Vi = (Vi1, Vi, .., Vig) ~ Multinomial {1, (E’ R k)}

Note that Zle Vi=1, fori=1,2,...,n. With the latent variable V};’s, the complete

likelihood function L.,,,(€) can be obtained as follows,
Ecom(a) =

k
expldio {x;B8 — Ao(R;) exp(x;8)} {H WM, (R;)]% OvilPZil(Zil)(l5i0)PWil(Wil)(6i2+5i3)}] :
i=1

i=1
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where Z; > 0if 01 =1, Z; = 0and W; > 0if 0o =1 ,Z; = 0 and W; = 0 if
6is =1, 8 Zy = Zi, o8, Wy = Wi In the complete likelihood function Lo, (),
the latent variables V;;’s, Wy, ’s, Z;;’s are treated as missing data. It can be seen that by
integrating out V;;’s in L0, (@), one can get the augmented likelihood function £4(8).
Then, by integrating out Z;’s and Wy’s in L9(0), one can obtain the augmented
likelihood function £,(0). Lastly, by integrating out Z;’s, W;’s in £4(0), one can
obtain the observed likelihood function Ly(0). Consequently, L., (0) is viewed as

the complete data likelihood with all Vj;’s, Z;’s, W,’s, Z;’s and W;;’s missing.

2.5 Tue EM ALGORITHM

With the latent variables, the EM algorithm can be developed to find the MLE of 8

with two steps, an expectation step (E-step) and a maximization step (M-step).

2.5.1 E-STEP

The derivation of E-step starts with taking the logarithm of the complete likelihood
function. Then one needs to find the expectation of the logarithm of the complete
likelihood function with respect to all the latent variables given the covariate vector

x and the current parameter 89 = (3D ~@"y

n k
10g Ecom Z Z{ zO%l + 1 - 510)Zil + (622 + 513)‘/[/1l} (IOg " + X;B)
i=11=1
n k
Z Z{ Oioli(R;) + (01 + i) bi(R;) + disbi(Li) } i exp(x;8) + L(6),
i=11=1

where £(0?) is a function of 8@ without 6.

Since the only interested parameter is @, then £(8®) can be treated as a constant.
Therefore it will not have contributions to the estimate of 8. Hence £(0?) can be
dropped here. Then the Q(8,0?) function, the expectation of log Leom(6) with

respect to all the latent variables Z;’s, Z;;’s, W;’s, Wy’s and V;’s given the covariate
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vector x and the current parameter 89 | can be expressed as

Q0,0 =F {1og,ccom(0)\a; 0}

n k
= Z Z {000 E(Vit) + (1 — 6i0) E(Zi) + (di2 + 0i3) E(Wy) } (log v + x;8)
=1 1=1
n k
— > > AbioLi(R:) + (81 + 0i)bi(Rs) + di3bi(Li) } i exp(x;3)
i=11=1

To maximize Q(8,0?), the expectations of the latent variables’ need to be ob-
tained first. Note that all these expectations are posterior expectations given the
covariate vector x and the current parameter 8®. The complete likelihood function
and the augmented likelihood functions can be used to find the posterior distributions
of the latent variables.

In the complete likelihood function, it can be found that the posterior distribution
of V;’s are also multinomial distributed given the covariate vector x and the current

parameter 8® according to its kernel,

Vi = (Vi1, Vi, ovy Vi) ~ Multinomial(1, p;),

where p; = (pi1, Dizy - Dik), Pit = % . Therefore the expectation of V;’s are
=1

as follows,

Y Mi(t;)
SE i M(R;)

E(Va) =

foril=1,2,...,kandi=1,2,....n

The posterior distribution of Z;’s, Z;’s, W;’s, W;’s can be found with the com-
plete likelihood function L, (6) and the augmented likelihood function £,(8). By
observing the augmented likelihood function £(@), it can be found that both Z;’s
and W;’s follow truncated Poisson distributions. Additionally, given Z;’s and W;’s,

Z;y’s and W;,’s follow multinomial distributions. Therefore, the posterior expectations
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of Z;’s and W;’s, Z;’s and W;’s can be expressed as follows,

Ao(R:) exp(x;B)din

B = T (R o))
) = nli(Ri) . Ao(R;) exp(x;B)di
B = (R T exp (ho(B) exp(xB))
MR — AolL) exp(xLB)ds
B = 1 —exp[— {Ao(R;) — Ao(Ls)} exp(x’ﬁ)]’
vy = 200 1) {Au(R) — A1) explxi9):
’ AO(Ri) - AO(Li) 1 - eXP[ {Ao( ) ( Z)}exp( 13)]’

foril=1,2,...,.kandi=1,2,....n

2.5.2 M-STEP

The next step, M-step, is to maximize the Q(6, 8?) function respect to the parameter
0. To maximize Q(6,0?) with respect to 0, firstly one can take partial derivatives
of Q(6,0D) respect to 6.

8@(2,729(‘”) = i%_l {6:00FE (Vi) + (1 = 6i0) E(Ziy) + (0s2 + di3) E(Wy) }

=1
n

—> {1 = 6i3) Li(R;) + disbi(Ls) } exp(x;B), (1)

=1
forl =1,2,..., k.
8 0 0 d) n k
Q( =3 > {6 E(Va) + (1 — bi0) E(Za) + (di2 + 0i3) E(Wy) } x;

i=11=1

—iZ{ 1 0a)bi(Ry) + (L)} nexp(xiB)xi.  (2)

i=1[=1

Then set these partial derivative equations to zeros. @ can be solved with unique

solutions. Firstly, 7;’s can be solved in closed forms as functions of 8 using (1),

_ Xm0 E (Vi) + (1= 6io0) E(Ziu) + (0i2 + 0ig) E(Wir) }
Sy {1 = 0i3) [i(Ri) + dizbi(Ls) } exp(x;B)

Then plug the obtained v;’s to (2) so that (2) only contains the parameter 3.

Cforl=1,2,.. k.

n k

Z Z {6:0E (Vi) + (1 — 6:0) E(Zy) + (040 + 0i3) E(Wi) } x;
= j Z{ (1 —8;3)bi(R;) + 0isbi(Li) } vi(B) exp(xX.8)x;.

i=11=1
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Numerical methods such as Newton-Raphson method can be used to find the solution
of B from the equation above. Then plug the solution of 8 back into the close form

solutions of 7;’s to obtain the solution of ~;’s.

2.5.3 THE SUMMARY OF THE EM ALGORITHM

With the results obtained in E-step and M-step, the EM-algorithm can be constructed

by the following steps:

Step 1: Assign initial values to 8@ = (8@ @) and set d = 0.

Step 2: Obtain B by solving the following equation for S,
k
> {00E(V; (1 —=8i0)E(Za) + (0i2 + 6i3) E(Wa) } x;

=1

iZ{ L= ) LRy + 6ali(L)} 4(8) exp(xB)x..

=1 =1

M=

Il
—

7

~.

where

i1 100 E (Vi) + (1 = 6i0) E(Za) + (di2 + 5i3)E(Wz‘l)}_

(d) _
v (B) = S (1 = di3) (Ry) + disbi(L;) } exp(x3)

Step 3: Obtain %(d+1) = %(d)(ﬁ(dﬂ)).

Step 4: Repeat step 2-3 until |91 — @(@] is smaller than a tolerance value.

The algorithm is robust to initial values of %(d) 's because the values of %(d) 's during
the iterations are all positive due to the close form solutions of fyl(d)’s so that they
cannot be too far away from the truth such as being negative values. The solutions

obtained by the developed EM algorithm, denoted as é, is the MLE of 6.
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2.6 ASYMPTOTIC PROPERTIES AND VARIANCE ESTIMATION

Under standard regularity conditions, the MLE enjoys the property of the asymptotic

normality. That is, as n — 400,
n" 26 -6) % N{0,17(0)},

where [(0) is the fisher information matrix. To estimate the variance covariance
matrix of @, Louis’s method (Louis, 1982) is adopted to obtain I(@) which is an

estimation of 1(0).

A

2
[(é) _ _8 log Lops(0) A

o00e 100

where

_PlogLo(0) _ 9°Q(0.9) [0logLew(6)
00000 00060 50 ‘

Both 628%%’? ) and var{%;‘;m@} have close forms. The technical details can be

found in Chapter 2 Supplementary Materials.

2.7 SIMULATION STUDY

Simulation studies were conducted to evaluate the performance of the proposed
methodology with different proportion of exactly observed failure times, 0%, 5%,
20% and 50%. The simulations were based on the following true distribution of the

failure time 7.

Fr(tjx) =1 —exp {—Ao(t) exp(z1 81 + 2252) },

where Ag(t) = log(t + 1) + 2, 1 ~ Bernoulli(0.5) and x5 ~ N(0,0.5%). The sample
size n was chosen to be 200 and all possible combinations of f; = {—1,1} and
Pa = {—1,1} were considered, resulting in four parameter configurations.

The simulation process was as follows. For the ith observation, a uniform random

variable with support from 0 to 1, U; ~ U(0, 1), was generated to determine that

20



an observation was exactly observed failure time or censored. If U; was smaller than
the proportion of exactly observed failure times in the data then let the observation
be exactly observed failure time, otherwise be censored. For example, in the 5%
proportion of exactly observed failure times case, U; ~ U(0,1) was generated. If
U; < 0.05, then let the observation be exactly observed failure time otherwise be
censored. If an observation was censored, then the number of examination times
were generated from a 1+ Poisson(3) random variable to guarantee that the subject
has at least one examination time. The time gap between two examination times
was generated from a Exponetial(3) random variable. The observed interval for the
subject was determined by the two consecutive examination times whose interval
contained T;. If T; was less (greater) than the smallest (largest) examination time
then the lower (upper) bound of the observed interval was 0 (c0). The inverse CDF
method was used to find T; by solving Fr, (¢;|x;) = v; numerically, where v; ~ U(0, 1),
forv =1,2,...,n. If an observation was exactly observed failure time, then the solution
of T; was directly used as the observed value. These distributions and their parameters
were chosen in order to obtain similar amount of left-censored, interval-censored and
right-censored observations .

The proposed method and a existing method were applied to the simulated data
sets for comparison. The existing method by Clifford Anderson-Bergman fitted the
PH model to arbitrarily-censored data, which can be applied through the ‘icenReg’
package in R. The output is in Table 2.1. For the proposed method, it can be
seen that firstly, the regression parameter estimates are very close to the true values
of the parameters. Secondly, the sample standard deviations are very close to the
average estimated standard errors, which shows that Louis’s method performs well in
estimating the asymptotic approximation of the variance covariance matrix. Thirdly,
the coverage probabilities of 95% Wald confidence intervals cover around 95 percent of

the true values indicating that 95% Wald confidence interval can be used to evaluate
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the estimates obtained by the developed EM algorithm. The existing method also
performs well in finding regression parameter estimates, estimated standard errors
and 95% coverage probabilities of the true parameters as well. By comparing these
two methods, it can be found that although both methods have good performances,
the bias of the estimates and the average estimated standard errors of the proposed
method are uniformly smaller than the existing method. Moreover, the proposed
method is 10-20 times faster the existing method. The main reason of the existing
method cost more time was that it used bootstrap method to estimate standard
deviations. When sample size became large, it was time consuming. In the simulation
study, as the sample sizes approached 6000, the existing method tended to be much
slower than the proposed method. Consequently, the propose method is more accurate

and more efficient than the compare method.

2.8 REAL DATA APPLICATION

The real data set is from Demographic and Health Surveys in Nigeria in 2003 studying
the childhood morality, children dying between the 1st and 5th birthdays. Under 5
mortality rate is a key indicator of the development for the overall child health for a
country. The study seeks for the factors that effect the childhood morality such as
the number of breastfeeding months, a mother’s educational level, body mass index
(BMI) and so on. The failure time is a child’s death time. If a mother remembered the
exact time of her child’s death then the failure time was exactly observed. Otherwise,
a mother provided a time range which her children died from so the observation was
censored. The children’s death rate of this data set is 0.059. This data set contains
5890 observations with 11 covariates and 2766 compete cases. Exactly observed failure
times take a great proportion in the data set. The output of both methods applied
on this data set is in Table 2.2.

In the output, both methods provided similar estimates for all regression param-
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Table 2.1: The estimation results on the regression parameters for simulation study based
on 500 replications. p denotes the proportion of exactly observed failure times, Bias denotes
the empirical bias, SSD denotes the sample standard deviations of 500 point estimates,
ESE denotes the average of the 500 estimated standard errors, CP95 denotes the coverage
probability with 95% Wald confidence interval.

Proposed Method icenReg
P Parameters Bias SSD ESE CP9 Bias SSD ESE CP9
0% pr=1 0.0240 0.1394 0.1379  0.95 0.0481 0.1455 0.1441 0.95
Bo =1 0.0159 0.1511 0.1450  0.94 0.0409 0.1517 0.1500 0.95
br=1 0.0201 0.1438 0.1401  0.94 0.0506 0.1454 0.1466 0.93
Bo =-1 0.0032 0.1348 0.1320 0.95 0.0477 0.1504 0.1463 0.94

B =-1 0.0160 0.1408 0.1413  0.96 0.0331 0.1474 0.1438 0.96

P2 =1 0.0205 0.1512 0.1452  0.93 0.0366 0.1519 0.1557 0.94
b1 =-1 0.0200 0.1287 0.1260  0.95 0.0363 0.1475 0.1483 0.94
P =-1 0.0273 0.1417 0.1395 0.94 0.0366 0.1526 0.1557 0.95
5% bBi=1 0.0224 0.1347 0.1360  0.95 0.0332 0.1424 0.1378 0.96
P2 =1 0.0166 0.1473 0.1406  0.94 0.0292 0.1476 0.1500 0.94
=1 0.0043 0.1310 0.1357  0.96 0.0039 0.1312 0.1295 0.96
P =-1 0.0152 0.1317 0.1394 0.96 0.0280 0.1464 0.1489 0.96

b1 =-1 0.0048 0.1382 0.1388  0.96 0.0331 0.1474 0.1438 0.96

P2 =1 0.0056 0.1477 0.1422  0.94 0.0366 0.1519 0.1557 0.94
b1 =-1 0.0076 0.1463 0.1389  0.92 0.0340 0.1416 0.1428 0.94
P =-1 0.0061 0.1422 0.1422  0.95 0.0039 0.1319 0.1264 0.97
20% B =1 0.0102 0.1308 0.1303  0.96 0.0060 0.1290 0.1248 0.94
P2 =1 0.0198 0.1450 0.1340  0.92 0.0086 0.1303 0.1350 0.94
=1 0.0006 0.1378 0.1301  0.94 0.0039 0.1312 0.1295 0.96
P =-1 0.0216 0.1358 0.1342  0.95 0.0280 0.1464 0.1489 0.96

b1 =-1 0.0146 0.1320 0.1330  0.96 0.0331 0.1474 0.1438 0.96

P2 =1 0.0273 0.1459 0.1363  0.93 0.0366 0.1519 0.1557 0.94
b1 =-1 0.0117 0.1295 0.1328 0.95 0.0340 0.1416 0.1428 0.94
P =-1 0.0038 0.1363 0.1354 0.94 0.0039 0.1319 0.1264 0.97
50% =1 0.0064 0.1219 0.1240 0.94 0.0183 0.1233 0.1344 0.93
P2 =1 0.0079 0.1317 0.1250  0.94 0.0138 0.1259 0.1242 0.95
br=1 0.0112 0.1195 0.1218 0.94 0.0128 0.1235 0.1197 0.95
P =-1 0.0070 0.1220 0.1234  0.95 0.0086 0.1258 0.1219 0.95
b1 =-1 0.0075 0.1250 0.1229  0.96 0.0099 0.1245 0.1256 0.95
P2 =1 0.0079 0.1246 0.1249  0.95 0.0104 0.1266 0.1259 0.94

b1 =-1 0.0192 0.1170 0.1231  0.96 0.0213 0.1243 0.1182 0.97
P =-1 0.0040 0.1196 0.1245 0.96 0.0063 0.1267 0.1208 0.97
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Table 2.2: Data analysis of childhood morality data: the estimated regression parameters
(PointEst), the standard error (ESE), test statistics (Z-value) and P-value.

Proposed Method icenReg
Covariate PointEst ESE Z-value P-value PointEst ESE Z-value P-value
Agelnterview 0.3379 0.0637  5.3045  0.000 0.2913 0.1082  2.6930 0.007
AgeBirth -0.3157 0.0669 -4.7190  0.000 -0.2693 0.1149 -2.3450 0.019
BMI 0.0298 0.0155  1.9226  0.055 0.0271 0.0257  1.0520 0.293
BreastfeedMonth -0.2895 0.0148 -19.561  0.000 -0.2901 0.0265 -10.950 0.000
Precedingnterval ~ -0.0045 0.0041 -1.0976 0.272 -0.0043 0.0055 -0.7718 0.440
Antenatal Visits -0.0243 0.0183 -1.3279  0.184 -0.0242 0.0211 -1.1450 0.252
HospitalDelivery -0.9274 0.2347 -3.9514  0.000 -0.9180 0.2753 -3.3350 0.001
Male -0.1169 0.1560 -0.7494  0.454 -0.1174 0.1856 -0.6325 0.527
MotherEducation -0.1220 0.1958 -0.6231 0.533 -0.1197 0.2388 -0.5014 0.616
Urban -0.4305 0.2052 -2.0980  0.036 -0.4106 0.2327 -1.7640 0.078
State -0.0153 0.0071 -2.1549  0.031 -0.0168 0.0099 -1.7020 0.089

eters. Since the proposed method had smaller standard deviation estimates, then
it uniformly provided smaller P-value for each covariate than the existing method.
Both methods identified that a mother’s age during the interview, the age of birth,
the number of breastfeeding months, hospital delivery or not, and locations were

significant risk factors associated with children’s death.

2.9 DISCUSSION

This chapter proposes a method to analyze arbitrarily-censored data under the PH
model and an EM algorithm was developed to find the MLE of the parameters.
The idea of this study was inspired by the paper, Wang et al. (2016). In Wang’s
paper, it introduced 2-stage homogeneous Poisson random variables and developed
an efficient, flexible EM algorithm to analyze interval-censored data. In this study,
besides censored observations, multinomial random variables were introduced in the
likelihood function to deal with exactly observed failure times in arbitrarily-censored
data. The method proposed in this paper enjoys all the good properties of Wang’s

method and can be viewed as a more general case of Wang’s study.
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CHAPTER 3
PROPORTIONAL HAZARDS MODEL FOR CURRENT

STATUS DATA WITH INFORMATIVE CENSORING

3.1 INTRODUCTION

In the NTP experiments, lab rats were exposed to a substance with different levels of
concentrations for a period of time to study the toxicity of the substance. During the
experiments, some rats died of natural causes. Some of them were accidentally killed.
Some of them were sacrificed because they were moribund during the experiments.
The rest of them were sacrificed at the end of the experiments. When a rat died or
was sacrificed, researchers examined the rat’s organs to observe whether a tumor was
found there, resulting in current status data for the tumor onset time. In such data,
the failure time is the onset time of a tumor in a rat’s organs. The censoring time
is the death time of a rat. If a rat died from natural causes, was accidentally killed
or was sacrificed at the end of the study, the censoring time can be considered to be
independent of the failure time given the concentration level. However, if a rat was
sacrificed because it was moribund during the experiment, then it is more reasonable
to consider that the censoring time is correlated with the failure time given the
concentration level. One of the assumptions made when one analyzes current status
data is that the censoring time is independent of the failure time given covariates but
in cases such as the NTP studies, the independent assumption fails and may lead
the analysis severely away from the truth. In this chapter, a method is going to be

developed to take informative censoring into consideration.
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There are several existing methods analyzing current status with informative cen-
soring. For example, Chen et al. (2012) took informative censoring into consideration
in their model. They used the proportional odds model with a log-normal frailty term
to characterize the correlation between the failure time and the informative censoring
time. An EM-algorithm was developed to find the MLE of the parameters. The
method was computationally intensive and involved approximations, such as using
Monte-Carlo simulations to obtain the posterior expectations of the latent variables’.
In this chapter, a new efficient and accurate method is developed to analyze the

current status data with informative censoring under the Gamma-frailty PH model.

3.2 MODELS, NOTATIONS AND OBSERVED LIKELIHOOD

Let T denote the failure time. Assume that there are two potential censoring times
C and C*, where C'is correlated with the failure time 7' given the covariate vector x
and C* is uncorrelated with the failure time T' given the covariate vector x. Under
the Gamma-frailty PH model, given the frailty term 7 and the covariate vector x, the

hazard functions of T" and C' are defined as follows,

Ar(tn, x) = Xor(t) exp(x'Br)n,

Ac(cn, x) = Xoc(c) exp(x'Be)n,

where Agr(t) is the baseline hazard function for for the failure time, A\oc(c) is the
baseline hazard function for for the informative censoring time, Br is a vector of
parameters for the failure time, B¢ is a vector of parameters for the informative
censoring time. It can be seen that T" and C are correlated due to the existence of
the frailty term 7 which is assumed to follow a gamma distribution with both the
shape parameter and the rate parameter being 7. It can be seen that given n, T" and
C are independent.

Let C' be the smaller value between C and C*, i.e., C; = min(C,C*). Let & be
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an indicator of informative censoring time C' before (after) non-informative censoring
time C*, ie., & = I(C < C*). Let § be the indicator of a left- (right-) censored
observation, i.e., § = I(T < C). Under these notations, what can be observed is
{(é,0:, &, 23),i=1,...,n} . These are independent realizations of (C, 6, &, X).

Let g(n|7, 7) be the pdf of gamma distribution with both the shape parameter and
the rate parameter being 7 so that the mean of n always equals to 1 and the value of
7 only determines the variability of 77. The reason of the mean designed to be 1 is to
make the solution of 7 identifiable. Let Sz (-|n) be the survival function for the failure
time given the frailty term 7, Sc(:|n) be the survival function for the informative
censoring time given the frailty term 7, fo(+|n) be the pdf for the informative censoring
time given the frailty term 7. Under these notations, the observed likelihood function

Los can be written as,

Lops =] /9(77¢|T, 7) {1 — Sr(Gln) 7 Sr(élm) =% fo(@lm)s Se(éln) ' =5 dn;.
=1

Note that the observed likelihood function does not contain the distribution of C*.
It is because that C* is a non-informative censoring time so that its distribution does
not have any contribution to the parameter estimates. Therefore an assumption is
made that the distribution of C* is known without interested parameters.

Under the Gamma-frailty PH model, Sy (t|n) = exp{—Aor(t) exp(x’Br)n} and
Sc(c|n) = exp {—Aoc(c) exp(x’Be)n}, where Agr(t) is the baseline cumulative hazard
function for the failure time and Agc(c) is the baseline cumulative hazard function
for the informative censoring time. Additionally, the pdf of the gamma frailty term
is given by g(n|7,7) = %777—_16_”7, where 7 > 0.

To model the baseline cumulative hazard functions Agr(+), Agc(+) and the baseline
hazard functions Aoz (+), Aoc(+) turns out to be a challenging task because they can
be infinite dimensions. According to previous work of Cai et al. (2011), McMahan

et al. (2013) and Wang et al. (2016), the baseline cumulative hazard functions Aor(+),
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Aoc(+) can be modeled by I-splines as,
k
Aor(+) =D veiL(),
j=1

Aoc(+) = Z Yeili(+)-

The first derivatives of I-splines are M-splines then the baseline hazard functions

Xor (), Aoc(+) can be modeled by M-splines as follows,
k
Xor() = > v Mj(-),
=1

Aoc() = Z’Yoij(')-

The advantage of this method is that both Agr(+), Aor(+) and Age(+), Aoc(+) share the
same sets of non-negative coefficients y7;’s and ~y¢;’s. Furthermore, it naturally pro-
vides the relation between the baseline cumulative hazard functions and the baseline
hazard functions. The technical details of applying spline functions involves speci-
fying the degree of the basis functions and choosing an increasing sequence of knots
within a certain range (Ramsay, 1988). The degree of the basis functions controls
the smoothness of the basis functions and the placement of knots determines the
flexibility of the basis functions. With the spline functions, after integrating out the

unobserved frailty term 7),’s, the observed likelihood function can be expressed as

Lops =] [1 + 7 Nor (&) exp(a}Br) + 7~ Aoc(6;) eXP(iB;ﬁC)}_T
1€EA]

II

1€ Ag

{1 + 77 Ao () exp(wé,@c)}q -

{1 + 77 Aor (&) exp(@iBr) + 77 Noc(6) eXp(w;ﬂd}_T]

1T 7hoc(é) exp(Be) {1477 Aor(&) exp(a}Br) + 7" Aoc(G) exp(aiBe) }

1€A3

ﬁ T)\OC(éi) exp(wgﬁc) {{1 + TflAOC(CNi) eXp(w;BC)}_T _

1€AL

{1 + 77 Aor(6) exp(@iBr) + 77 Aoc (&) eXp(w;ﬂd}_T] ’
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where A; = {0; =0,§ =0}, Ay = {0, =1, =0}, A3 = {6, = 0,& = 1}, Ay = {6; =
1,6 =1}, fori=1,2,...,n.

The parameters in the observed likelihood function is @ = (8%, B, ¥r, Y&, T)s
where vp = (71,772, -, Y1%) s Yo = (Yo1, Vo2 - Yer)' - In order to find the MLE
of the vector of parameters @ one can try to maximize Ly(0) directly but L,,s(0)
is in a very complicated form, which makes the computation difficult. It can be
noticed that the difficulty of this maximization problem is caused by the summations
and subtractions inside the products. Therefore an EM algorithm is going to be

developed to solve this problem and find the MLE of 6.

3.3 DATA AUGMENTATION FOR THE EM ALGORITHM

Since the gamma frailty term 7,;’s cannot be observed, then they are considered as
missing data. The augmented likelihood function £1(0) with the latent variables n;’s
can be rewritten as

£1(6) = TT[1 — exp {—Aro () exp(a;Br)n:}]* exp {—Aro (&) exp(a;Br)n}

=1

FT(;)nzm_le_mi {Aco(é)}* exp {&xiBe — Aco(G) exp(a]Bo)n} -

By integrating out 7;’s from £;(8), one can obtain the observed likelihood function

Lops(0). Based on the structure of the augmented likelihood function £,(8), the fur-

ther data augmentations are provided separately in three parts as the following,

I. The first part is [1—exp {—A7o(&) exp(@;Br)m: }* exp {—Aro(&) exp(a;Br)n: } ' .

This part owns all and only the parameters related to failure time T}, for2 = 1,2, ..., n.
It can be seen that the difficulty of maximization in this part is caused by the term
[1 — exp {—A70(&) exp(z:Br)n:}]°%. Due to the previous work by Cai et al (2011),

2-stage Poisson random variables are introduced to deal with this problem. At stage
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1, Poisson latent variables Z;’s are introduced as the following,

Zin; ~ Poisson {Aro(¢;) exp (x;Br)ni}, 0 = 1(z,50)-

With latent variables Z;’s, the augmented likelihood function £5(8) can be expressed

as

ﬁ [ o "1 — §;) @0 PZi(Zi):| {Aco(@) Y™ g(milr + &, 7)

i=1
exp {&xiBc — Aco(G) exp(x;Be)n;}

where Px(-) denotes probability mass function for the random variable X, g(n;|T +

&, 7) denotes the pdf of a gamma distribution with the shape parameter T + §; and

the rate parameter 7. By integrating Z;’s out of £5(0), one can obtain £1(0). At

stage 2, for each 7, the latent variable Z; is further decomposed as a summation of

k independent Poisson random variables, Z; = Z? 1 Zij, where the mean of Z;; is

vr; (&) exp (a}Br)n;, for j =1,2,.. k.
Zijlni ~ Poisson{yr;1;(¢) exp (z;Br)mi}, J=1,2,...k,

with the restriction Z;;l Zij = Z;.
With latent variables Z;;’s, the augmented likelihood associated with stage 2 latent

variables is given by,

1
L (Zle Z;5>0) Z;;=0 i
=11 |4 (1—10 : H Pz,,(Zij)| {Aco(é)}®

=1
exp {&ix; B — Aco(G) exp(Bo)nit g(nil T + &, 7).

By integrating Z;;’s out of £3(8), one can obtain L£5(80).

I1. The second part is {A\co(¢;) 1. Note that Aco(é;) is modeled by M-spline functions

as Z?:l ~;M;(é). Therefore, this part is presented as
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When & = 0, this term is 1. When & = 1, latent multinomial random vectors V;’s

are introduced as
R
‘/; = (‘/ila ‘/LQ’ ey V;k) ~ Multznomzal(l, [E’ %7 e 7])

Note that Z Vij = 1 for ¢ = 1,2,...,n. With the latent variables V;;’s, the aug-

mented likelihood function £4(€) can be expressed as

n 1k
( — Zij>0) Z..—0
£a0) =TT |65 " (1 - 5) T )HPZ

=1 =

H {veM; V”&]
exp {&xiBe — Aoo(G) exp(xiBo)mi} g(milT + &, 7).

By integrating V;;’s out of £4(@), one can obtain £3(8).

ITI. The last part is exp {&xiBc — Aco(é) exp(x;Be)nit g(mi|T + &, 7). Once one
takes logarithm with this part, it will be in linear form.

With the latent variables Z;’s, Z;;’s, V;;’s and n;’s, the augmented likelihood
function £4(0) can be written as the complete likelihood function as follows,

nolsk o,
Ecom(e) = Hdi(zjzl N )(1 - ) (ZJ 1 7= eXp {fzw;:@C - ACO(@) exp(wiﬁc)m}

=1

B

771|7— +&,7 H Z] {’YCJ (~)}Vij£i :

By integrating Vj;’s out of the complete likelihood function L., (@), one can get the
augmented likelihood function £3(@). Then, by integrating Z;;’s out of £3(0), one
can get the augmented likelihood function £5(0). Further, by integrating Z;’s out of
L5(0), one can get the augmented likelihood function £;(0). Finally, by integrating
n;’s out of the augmented likelihood function £,(8), the observed likelihood function
Lops(0) can be obtained. Consequently, to develop the EM-algorithm with the com-
plete likelihood function L., (8), all the latent variables Z;;’s, Z;’s, V;;’s and n;’s are

viewed as missing data.
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3.4 Tue EM ALGORITHM

3.4.1 E-STEP

It follows the derivation of the EM algorithm. The logarithm of the complete likeli-

hood function is as follows,

log {Lecom(0)}

n

=> [~log{T (1)} + 7log {7} + (1 — 1) logm; — 71; — Aco(G) exp(@;Be)n; + &y B

=1

n k
+ 33 [=Xij + Zijlog Aij — log Zij! + V& log ey + Vig& log M;(6) + Vij&ilogni]

i=1j5=1
where \;; = v7;1;(¢;) exp (x;Br)n;. The expectation of the logarithm of the complete

likelihood function with respect to the conditional expectations of Z;’s, Z;;’s, Vi;’s, n;’s

d) d)’ d
— (B BE AW A 7@y

which yields Q(8,0D) = E[log {Lcom(0)} |z, 0], are provided as follows,

given the observed data and the current parameter (@

)

Q(8,0')) = Ellog {Leom(0)} |z, 0]

— Hy(6,6)) + Hy(0,0'") + H3(0,0')) + H,(6,6)
where,

H1(0,0%Y) = —nlog {I'(1)} + nrlog(r +7‘Z (logn;) — E(n;)],

n k
(0 O(d ZACO Ci exp(.’IZ /BC 7h + Z Z E zg 61 lOg Yoy + Zfzw /807
=1 = 1] 1
H3<07 e(d Z ATO Cz eXp(.’L‘ /BT 771 + Z Z E i lOg fyT] + Z E
=1 i=175=1

and
Hy(0,09) is free of 0.

This completes the E-step of the EM algorithm. The reason Q(@,80?) is written
in four parts is because it will be more convenient and easier to maximize Q(@,8®)

in M-step.
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3.4.2 M-STEP

Since H;(6,0?) has only one the parameter 7 and 7 only exists in H;(0,0@), then
it becomes a univariate maximization problem with respect to 7. The maximization
problem can be solved by using constrained maximization routines (optim in R).

To find the maximization of Hy(0,0@Y) and H3(0,0?) with respect to B¢, e
and Br, v, the following partial derivatives are given,

OHy(0,0D) &

S = Yl explaiBe)Eln) + Ela. "
P00 S lneuli (@ exlalBe) B + BIVie) )
W = g[_ATO(@) exp(;Br) E (i) + E(Z;)]i, (3)
M;fe()) - iil[—mcz) exp(,Br) E(n) + B(Z )il "

for j=1,2,..., k.
By setting all these four partial derivatives to zeros, the four vectors of parameters
Bc, Br , Yo and ~r can be solved with unique solutions. Firstly, solve (2), (4) for

~¢ and 7 as functions of B¢ and Br in closed forms,

N Y E(Vy)&i
T I(G) exp(xiBo) E(ni)

s — im1 B(Zi;)
Simy Ii(6) exp(;Br) E(n;)’

for j = 1,2, ..., k. Then plug the solutions of ¢ and 7 into (1), (3) to solve for B¢,

Br. At last, plug the results of 8o, Br back into the two equations above to obtain
Yo, Yr-

Note that the expectations of the latent variables’ are posterior expectations given
the covariate vector x and current parameter 8. The posterior expectations can be
found with their posterior distributions. The complete likelihood Ly, (@) and aug-
mented likelihood functions, £1(0), L5(0), L3(6) can be used to obtain the posterior

distributions of the latent variables’. The details are in Section 3.4.3 - Section 3.4.5.
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3.4.3 THE LATENT VARIABLE V; = (Vj1, Vio, ..., Vik)

In the complete likelihood function Lo, (@), only the term {¢;M;(&)} 7 contains
the latent variable V;;’s . Hence, the kernel of the posterior probability density

function is {yo; M;(¢)} % . That is,
| M (EN Vi
f(Vilz:) o< {ve; M;(6) :
It is easy to recognize that this is the kernel of a multinomial distribution,

‘/ila ‘/;'Qa ceey ‘/7,k|m7, ~

Multinomial [1,{ Ye1Mi(6) Vo2 Ma(G) verM(G) H .

S e My(G) S e M (G) T Sk e M (6)

Therefore the posterior expectation of the latent variable V;; is,

Yei M (6
E(‘/U’mz): - J ]( )~ ’
21:1 VCZMZ(Cz‘)

fori=1,2,...,nand j=1,2,... k.

3.4.4 THE LATENT VARIABLE 7);

Note that in the augmented likelihood function £1(0), when §; = 0,

T

L£1(0) = ﬁ FZT)mTleTm exp { —Aro(&) exp(x;Br)n;}

1-6;

{Aco(é) exp(@;Be)n:}* exp {—Aco(é:) exp(®iBe)n;} -
Therefore,

flmilas) ocnl & exp (=biny),

where b; = 7+ Aqo(G) exp(xiBr) + Aco(G) exp(xiBc). This is the kernel of a gamma
distribution. Hence, when d; = 0, the posterior distribution of 7; given x is a gamma

distribution as follows,

nilxe; ~ Gamma(§; + 7, b;),
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Therefore, when §; = 0,

T+&
by

E(ni|z;) = E(logn|x;) = (1 + &) — log by,

for i =1,2,...,n, where ¥(z) = I;((:f))‘

When §; = 1, it is worth to notice that the distribution of 7; given x consists of

summations of two gamma kernel functions.

Flmilz:) o< nf T exp (=bymi) + 0] T exp (—dimy),

where d; = 7+ Aco(é;) exp(x}Bc). Therefore,

(7_ + 62) 1 — (@)T—FH—&'

E(ila;) = 2 :
(n |$ ) dl 1— (%)T‘i’gi

b7 log d; — d] S log by
E<log nz'wz) = 2/}(7- + €2> - bTJr& — dq—Jrgi )

for © = 1,2,...,n. The technical details can be found in Chapter 3 Supplementary
Materials. Combining these two cases §; = 0 and §; = 1 together, the following

expectations can be obtained,

THE | (rH&) - ()T
En:lxe) = (1 =24 : i
(77@\331) ( 51) b; + d; d; 1— (%)T+& )
E(logni|z;) = (1 —6;) {¢(7 + &) — log b} +
bt log d; — dl 5 log b,
5i {dj(T + 5’) - bj'-&-& o djf-&-& } ’

fori=1,2,...,n.

3.4.5 THE LATENT VARIABLES Z; AND Z;;

Since Zle Zi; = Z;, then Z;; is multinomial distributed given Z; for « = 1,2,...,n
and j = 1,2, ..., k. Therefore one can obtain the following relationship by applying

the law of iterative rule.

E(Zij|lxi) = E{E(Zij|zi, Zi)} = E {KZ({((;Z)) Zz‘mz} = ZXT;(;]((S))E(ZA%)
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For the latent variable Z;, it follows a truncated Poisson distribution given n; with
a support of all positive integers when J; = 1 and degenerates at 0 when §; = 0 for
1=1,2,...,n. By applying the law of iterative rule again,

n:6;: Ao (G;) exp(z;Br) |m}
1 — exp [—Aro(6) exp(xBr)n;) I

E(Zlz) = B (E(Zlw. )} = E{

Since the distribution of 7;|x; can be obtained from the previous section, this expec-

tation can be evaluated. It turns out to be,

T+ gz b:+§z
d; biT+§z‘ - d;r+£i’

E(Zi|z;) = 6iA1o() exp(;Br)

Additionally,

T+ 51 b;—+£i
d; bTJrﬁz‘ . dT+§i
(A (A

Yri1(6) Y11 (&)
E(Ziz;) = 2 pogge. A
( Z]|CCZ) ATO(@) ( l|wl> ATO( ) 6 TO(CZ) exp(:c BT)
~ ’ T+ 5@ bzﬂ{i
= 6;vr;1(¢;) exp(a; Br) 4 G _ e

fori=1,2,...,nand 5 = 1,2, ..., k. The technical details can be found in Chapter 3
Supplementary Materials.
3.4.6 A SUMMARY OF THE EM ALGORITHM

With all the results obtained from E-step and M-step, the EM algorithm can be sum-

marized as follows,

Step 1. Set d = 0 and initial values of 8@ = (,6( BC /,'7 4)’ ,'7((]) , 7@y,

Step 2. Obtain 7(¢*1) by maximizing

n

—nlog {T'(7)} + nrlog(r) + 7> _[E(logm) — E(1;)].

=1

Step 3. Obtain Bgfl ) by solving the following equation,

1 3 94 (B @) (i) E(n) + Bz =0
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where

W . im1 E(Zij)
WO = S TG explaBr) Bl

Obtain

d+1 d) ( gld+1
v =1 (B ).

Step 4. Obtain Bgl ) by solving the following equation,

n k
Z Z C] (Be)1;(c) exp(x;Bc)E(n;) + &las = 0,
i=1  j=1

where

@ B L E(Vij)é
o5 (Bo) = 1 1i(6) exp(@iBe) E(ni)

Obtain

d+1 d d+1
S =88 )

Step 5. Repeat step 2- 4 until |91 — @(@| is smaller than a tolerance value.

The solutions obtained by the developed EM algorithm, denoted as é, is the MLE
of 6.

3.5 ASYMPTOTIC PROPERTIES AND VARIANCE ESTIMATION

Under standard regularity conditions, the MLE enjoys the property of the asymptotic

normality. That is, as n — 400,

n"'2(0-6) 5 N{0,17'(0)},
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where 1(0) is the fisher information matrix. To estimate the variance covariance
matrix of @, Louis’s method (Louis, 1982) is adopted to obtain I(@) which is an

estimation of 1(8).

9Plog Las(8) ,

16 = o0 19 =9

where

_PlogLu(0) __9°Q(0.8) [010g Lo (6)
0000  oeoe 90 '

Both terms 628%7(8%’,9) and var {%‘g’mw)} have close forms. The technical details of

the calculations can be found in Chapter 3 Supplementary Materials.

3.6 SIMULATION STUDY

A series of simulations studies were conducted to evaluate the performance of the
proposed method. Three scenarios were performed based on the different values of
the gamma frailty parameter 7 = 0.5, 1, 2. The following models were considered as

the true distributions for failure time 7" and informative censoring time C',

FT(t|$1,$27 7)) =1—exp {_ATO(t) eXp(Il,Bﬂ + $2,8T2)77}7

Feo(czy,z2,m) = 1 —exp {—Aco(c) exp(z18c1 + x2Bc2)n}

where z1 ~ Bernoulli(0.5), x5 ~ N(0,0.5%), n ~ Gamma(7,7), Aro(t) = log (1+1t) +
t2, Aco(c) = log (14 ¢). The non-informative censoring time C* followed a truncated
exponential distribution with mean 1 and upper bound 10. The regression parameters
were specified as 871 = Ber € {—1,1} and Brs = Bz € {—1,1}. To obtain the
failure time 7" and informative censoring time C, the inverse CDF method was applied
to solve the following equations numerically, Frp(t|zy,x2,n) = u, Fo(c|zy, x2,n) = v,
where u ~ U(0,1) and v ~ U(0,1). For each case of the simulation, 500 data sets

were generated with sample sizes n = 500.
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Table 3.1: Under three different true values of gamma frailty parameter = = 0.5, 1,
2, the proposed method was applied to estimate the regression parameters of the failure
time, the regression parameters of the informative censoring time and the gamma frailty
parameter. The summary includes the average 500 estimates bias (Bias) and the sample
standard deviation (SSD), the average estimated standard error (ESE) and the empirical
95% Wald confidence interval coverage probabilities (CP95) for all the parameters

7=0.5 T=1 T=2
Bias  SSD ESE CP95 Bias SSD ESE CP95 Bias SSD ESE CP95

B =1 0.033  0.244 0.240 94% 0.021 0.190 0.188 94% 0.011 0.130 0.151 94%
Bro =1 0.037 0.259 0.242 93% 0.011 0.189 0.190 96% 0.018 0.165 0.160 95%
Ber =1 0.045 0.285 0.277 97% 0.030 0.211 0.222  92% 0.023 0.220 0.211 94%
Bo2 =1 0.063 0.300 0.291 95% 0.035 0.247 0.240 94% 0.030 0.229 0.231 94%
7 0.003 0.108 0.110 93% 0.013 0.328 0.299 91% 0.235 1.021 0.983 86%

B =—1 0.044 0.265 0.248 94% 0.043 0257 0.256 95% 0.006 0.179 0.178 94%
Bro =1 0.037 0.253 0.251  95% 0.039 0.250 0.249 95% 0.015 0.183 0.180 94%
Ber=—1 0.055 0.314 0.208 95% 0.063 0.320 0.300 94% 0.016 0.231 0.229 93%
B2 =1 0.045 0.315 0.299 96% 0.043 0.315 0.298 95% 0.037 0.248 0.239 94%
7 0.010 0.145 0.137  91% 0.013 0.148 0.141 91% 0.420 1.973 1.884 8%

Br1 =1 0.041 0.223 0.220 95% 0.038 0.197 0.181 94% 0.010 0.167 0.160 96%
Bro =—1 0.031 0.230 0.232  95% 0.008 0.193 0.192 95% 0.020 0.176 0.173  95%
Ber=1 0.045 0.258 0.266 94% 0.045 0.266 0.265 95% 0.022 0.225 0.203 92%
Be2=—1 0.055 0.276 0.280 96% 0.031 0.240 0.238 95% 0.037 0.212 0.211 94%
0.000 0.120 0.104 88% 0.032 0.309 0.281 86% 0.333 2.052 1.521 86%

>

Br1=-1 0.037 0.253 0.247  96% 0.001 0.201 0.200 92% 0.011 0.179 0.182 97%
Br2=—-1 0.019 0.261 0.259 96% 0.016 0.200 0.203 96% 0.030 0.189 0.180 94%
Ber = -1 0.050 0.298 0.293 94% 0.022 0260 0254 94% 0.010 0214 0.218 96%
Bee = =1 0.037 0.307 0.305 96% 0.025 0.269 0.267 95% 0.041 0.259 0.244 93%
7 0.002 0.121 0.130 89% 0.058 0.441 0453 91% 0918 4.831 2511 86%

For the spline functions, the degrees of the basis splines were set to be 3 and
5 inner knots were placed with equal space in the interval between the minimum
observed time and maximum observed time. The choice of number of knots for a
single data set can be determined by using criteria such as AIC. In the EM algorithm
the initial values of the parameters in the spline functions were set to be 0.5 and the
initial values of regression parameters were set to be 0.

The simulation study results are in Table 3.1. In the table, it can be found
that firstly, all the regression parameter estimates are very close to the true values
of the regression parameters. Secondly, the averaged standard errors of the 500

estimates agree with the sample standard deviation. It indicates that the Louis’s
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Table 3.2: Results of estimated regression parameters with three different methods, Pro-
posed Method, the PH Model and the marginal GORH model Under three different true
values of gamma frailty parameter 7 = 0.5, 1, 2 : The summary includes the average 500
estimates bias (Bias), the sample standard deviation (SSD), the average estimated standard
error (ESE) and the empirical 95% Wald confidence interval coverage probabilities (CP95).

Proposed Method PH Model Marginal GORH
Br Bias SSD ESE CP95 Bias SSD ESE CP95 Bias SSD ESE CP9%
7=0.5
1 1 0.033 0244 0240 94% 0.519 0.172 0179 16% 0.284 0.256 0.250 78%
0.037 0.259 0.242 93% 0.499 0.170 0.178 20% 0.257 0.266 0.260 83%
-1 1 0.044 0265 0.248 94% 0.464 0.197 0.201 35% 0.261 0.272 0.264 83%
0.037 0.253 0.251 95% 0.471 0.194 0.200 34% 0.270 0.274 0.268 83%
1 -1 0.041 0.223 0.220 95% 0.515 0.176 0.173 17% 0.278 0.252 0.244 80%
0.031 0.230 0.232 95% 0.516 0.173 0.182 16% 0.279 0.261 0.256 81%
-1 -1 0.037 0.253 0.247 96% 0.484 0.197 0.190 31% 0.283 0.269 0.263 81%
0.025 0.257 0.252 95% 0.478 0.195 0.204 31% 0.273 0.274 0.277 80%
T=1
1 1 0.021 0.190 0.188 94% 0.438 0.159 0.160 23% 0.276 0.208 0.205 73%
0.011 0.189 0.190 96% 0.428 0.164 0.170 27% 0.262 0.217 0.214 78%
-1 1 0.043 0.257 0.256 95% 0.381 0.183 0.177 44% 0.213 0.232 0.218 85%
0.039 0.250 0.249 95% 0.381 0.186 0.194 45% 0.211 0.235 0.243 83%
1 -1 0.038 0.197 0.181 94% 0431 0.159 0.172 26% 0.266 0.208 0.220 72%
0.008 0.193 0.192 95% 0.437 0.166 0.170 24% 0.278 0.217 0.211 7%
-1 -1 0.001 0201 0.200 92% 0.388 0.187 0.193 45% 0.223 0.233 0.236 81%
0.016 0.200 0.203 96% 0.381 0.185 0.196 48% 0.218 0.234 0.243 81%
T=2
1 1 0.011 0130 0.151 94% 0.320 0.156 0.165 45% 0.196 0.188 0.191 80%
0.018 0.165 0.160 95% 0.309 0.165 0.160 52% 0.184 0.196 0.190 83%
-1 1 0.006 0.179 0.178 94% 0.268 0.182 0.190 64% 0.152 0.210 0.216 88%
0.015 0.183 0.180 94% 0.251 0.184 0.191 71% 0.132 0.213 0.218 91%
1 -1 0.010 0.167 0.160 96% 0.334 0.157 0.164 41% 0.207 0.187 0.196 78%
0.020 0.176 0.173 95% 0.316 0.165 0.172 49% 0.190 0.195 0.203 81%
-1 -1 0.011 0.179 0.182 97% 0.259 0.179 0.178 69% 0.146 0.209 0.201 89%
0.030 0.189 0.180 94% 0.242 0.184 0.202 72% 0.123 0.213 0.230 88%

method performs

well in estimating the standard error with a finite

sample size,

n = 500. Thirdly, the empirical 95% Wald confidence intervals for all the regression

parameters cover 93% - 97% of the true values, which suggests that Wald confidence

intervals can be used as an inference method to evaluate the performance of the

developed EM algorithm. Lastly, it can be seen that the estimates of the parameter

7 are close to the true values. As 7 gets larger, the bias of the estimates becomes

higher. The 95% Wald confidence intervals cover around 90% of the true values. This
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is caused by the lack of information for the parameter 7 in the data but it does not
effect the performance of the estimates of the regression parameters which are the
most interested parameters in the study.

For the purpose of comparison, two other commonly used models in literature
for the analysis of current status data, the PH model and the generalized odds rate
hazards (GORH) model, were applied to the same data sets. The PH model is
one of the most widely used model to analyze current status data so that it can
be considered as a benchmark. It assumes the censoring time is independent of the
failure time given covariates. A method developed by McMahan et al. (2013) fitted
the PH model to current status data. The method can be implemented via the R
package by McMahan and Wang. The results are shown in the Table 3.2 called the
PH model. All the regression parameter estimates are far from the true values and
the 95% Wald confidence intervals have low coverage probabilities of the true values.
The coverage probabilities increase as 7 gets larger because the correlation between
the informative censoring time and the failure time becomes weaker when 7 goes up.
Hence, the ignorance of the correlation between the censoring time and the failure
time can lead to large errors of the parameter estimates.

The other model is the GORH model which is the marginal model of the Gamma-
frailty PH model. The GORH model is an appropriate model here because the true
data were generated from the Gamma-frailty PH model. From the output of the
marginal GORH column in Table 3.2, it can be seen that the bias of regression
parameters is around 20% and the coverage probabilities are near 90%. Although it
performs much better than the PH model, the results are still not satisfactory. This is
because that even though the correct model is applied, it only utilizes the information
from the marginal distribution, the distribution of the failure time 7", but lack of the

information from the distribution of the informative censoring time C'.
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Table 3.3: Regression parameter estimates with the PH model: The data were generated
from the Gamma-frailty PH model with the parameter 7 = 10, 100. The summary includes
the average 500 estimates bias (Bias) and the sample standard deviation (SSD), the average
estimated standard error (ESE) and the empirical 95% Wald confidence interval coverage
probabilities (CP95) for all the parameters.

Br
7 fBr Bas SSD ESE CP9%

10 -1 0.0921 0.1631 0.1700 89%
1 0.0995 0.1645 0.1730 88%

1 0.1155 0.1651 0.1639 90%
1 0.1178 0.1647 0.1654 88%

100 -1 0.0268 0.1699 0.1618 96%
1 0.0166 0.1708 0.1752 95%

1 0.0241 0.1731 0.1760 95%
1 0.0205 0.1727 0.1768 93%

From Table 3.2, in the output of the PH model column, it can be seen that as the
frailty parameter gets larger, the bias of the estimates gets smaller. This is because the
distribution of the frailty random variable has the expectation 1 and the variance 771,
As 7 increases, the variance goes down and the correlation between the failure time
and the informative censoring time becomes weaker. When 7 approaches infinity the
distribution degenerates at 1, leading to no correlation between the failure time and
the informative censoring time. Besides, the Gamma-frailty PH model has a explicit
criteria to quantify the statistical association called Kendall’s T, T = (1 + 7)7L.
Consequentially, for a large value of 7, the PH model should be very close to the
Gamma-frailty PH model. In Table 3.3, other two simulations were made with larger
values of 7, 7 = 10 and 7 = 100, to demonstrate this situation. The true regression
parameters were chosen to be {—1,1}. The true model was the Gamma-frailty PH
model but the PH model was fitted to the data. The output is in Table 3.3. When
7 = 10, comparing to the output of the PH model in Table 3.2, the bias of the

estimates decreases from around 50% to around 10% and the empirical 95% Wald
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confidence interval coverage probabilities increase from around 10% to around 90%.

Furthermore, as 7 = 100, the PH model performs as well as the proposed method.

3.7 REAL DATA APPLICATION

All three methods were applied to two real data sets from the NTP, tr — 486 and

tr — 467.

3.7.1 tr — 467

In the manufacture of neoprene, chloroprene, the 2-chloro analogue of 1,3-butadiene,
a potent, multi-species, multi-organ carcinogen, is only used but with high production
and not much information about its carcinogenic potential (from the report of NTP).
The NTP, an inter-agency program whose mission is to evaluate agents of public
health concern by developing and applying tools of modern toxicology and molecular
biology (from NTP website), performed studies about toxicology and carcinogens of
chloroprene and provided a report in September 1998. In the 2-years mice study,
groups of 50 male and 50 female mice were exposed to chloroprene at concentrations
of control (0 ppm), low dose (12.8ppm), medium dose (32ppm), or high dose (80
ppm) by inhalation, 6 hours per day, 5 days per week, for 2 years. The mice were
removed from the study because of accidentally kill, natural death, terminal sacrifice
or moribund sacrifice after certain amount of days to be observed for whether Alveo-
lar /Bronchiolar Adenoma was in their organs. it is natural to consider that given the
level of concentration, natural death, accidentally kill and terminal sacrifice were not
related to the onset time of Alveolar/Bronchiolar Adenoma in mice’s organs while
moribund sacrifice was. Hence accidentally kill, natural death and terminal sacrifice
are considered as non-informative censoring while moribund sacrifice is considered as
as informative censoring. In this analysis, we focused on whether chloroprene was

associated with the onset time of Alveolar/Bronchiolar Adenoma in mice’s lungs.
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Additionally, the association between chloroprene and the informative censoring time
was another interesting aspect to study. The concentration levels of chloroprene were
treated as factors because it was not tested continuously.

From the output in Table 3.4, there are several things worth to be noticed. Firstly,
all three concentration levels of chloroprene had significant effects on the onset time
of Alveolar/Bronchiolar Adenoma in mice’s lungs. Secondly, for the same concentra-
tion level of chloroprene, gender did not have a significant effect on the onset time of
Alveolar /Bronchiolar Adenoma in mice’s lungs but it did on the mice’s moribundity.
It indicates that if both male and female mice had Alveolar/Bronchiolar Adenoma
in their lungs, female mice had higher probability to be moribund than male mice.
Thirdly, all of the methods provided very close estimates. This is because the corre-
lation between the failure time and the informative censoring time was weak due to
large value of 7. This real data application shows that the proposed method works
as good as the other two methods when the correlation between failure time and the

informative censoring time is weak.

Table 3.4: tr — 467 data analysis: The summary includes the estimated regression param-
eters (Est), the estimated standard error (SE) and P-value. The estimated gamma frailty
parameter 7 is 13.856 with estimated standard error 24.429.

Proposed Method PH Model Marginal GORH

Br Be Br Br

Est SE P-value Est SE  P-value Est SE  P-value Est SE  P-value

Low 1.551  0.243 <0.01 0.664 0.165 <0.01 1.509 0.182 <0.01 1.844 0.260 <0.01
Medium  2.177 0.179 <0.01 1.718 0.115 <0.01 2071 0.117 <0.01 2.647 0.265 <0.01
High 2.270 0.186 <0.01 1.889 0.103 <0.01 2168 0.133 <0.01 2775 0.260 <0.01

Gender -0.192 0.183 0.148 -0.827 0.151 <0.01 -0.125 0.175 0.237 0.033 0.270  0.451

3.7.2 tr — 486

Isoprene was evaluated for toxicity in this study because its structure is similar to

1,3 -butadiene and a large amount of production with potential exposure to human
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in this study. This analysis focused whether Isoprene was associated with the onset
time of Leukemia Mononuclear in livers of female rats after a two-year period study
with four different exposure levels, control (0 ppm), low dose (220 ppm), medium

dose (700 ppm) , high dose (7000 ppm).

Table 3.5: tr — 486 data analysis: The summary includes the estimated regression pa-
rameters (Est), the estimated standard error (SE) and P-value. The estimated 7, gamma
frailty parameter, is 0.572 with standard error 0.382.

Proposed Method PH Model Marginal GORH

ﬁT ﬂ(} ﬂT ﬁT

Est SE P-value Est SE  P-value Est SE  P-value Est SE  P-value

Low -0.022  0.575 0.515 -0.242 0.331 <0.01 0.070 0.382 0.427 0.123 0.159  0.439
Medium  0.744 0.466 0.055 0.164 0.284 <0.01 0.529 0.337 0.058 0.770 0.137 <0.01
High 0.462 0.301 0.063 0.604 0.253 <0.01 0.337 0.201 0.017 0.496 0.205 0.016

In Table 3.5, the results of all methods indicate that the low dose (220 ppm) ex-
posure level of Isoprene did not have significant effects on the onset time of Leukemia
Mononuclear in female rats’ livers. But when the exposure level increased to medium
dose (700 ppm) or high dose (7000 ppm), the effect became significant. Although
all of the methods suggested the same trend, the proposed method and the GORH
model provided higher estimates of the regression parameters than the PH model.
Therefore, if the correlation between the informative censoring time and the failure
time was ignored (in the PH model), then the estimated effect might be lower than

the truth.

3.7.3 DATA APPLICATION SUMMARY

In these two data applications, the proposed method provided similar estimates of
regression parameters as the other two methods in tr — 467 study but gave different
ones in tr — 486 study. That is because the correlation between the failure time and

the informative censoring time was strong in tr — 486 study but weak in tr — 467
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study, which can be seen from the gamma frailty parameter estimates of these two
data sets with the proposed method. Therefore, when the failure time and the in-
formative censoring time are independent or the correlation is weak given covariates,
the proposed method can provide almost the same parameter estimates as the other
methods. When the failure time and the informative censoring time are not inde-
pendent given covariates, it can capture the correlation and make better estimations.
Moreover, the proposed method also provides the estimates of informative censored
parameters, which shows the relation between the covariates and the informative

censoring time.

3.8 DISCUSSION

In previous literature, for the analysis of current status data, either all the censored
observations are considered to be non-informative or the developed methods involve
approximations. This chapter develops a new method to analyze the current status
data with informative censoring under the Gamma-frailty PH model. The proposed

method is efficient, accurate and easy to apply.

46



CHAPTER 4
STATISTICAL ANALYSIS OF SYSTEM RELIABILITY FOR

CURRENT STATUS DATA WITH THE PH MODEL

4.1 INTRODUCTION

In NTP studies, the data obtained are current status data. The analysis for current
status data in Chapter 3 focused on whether an experimented substance was harmful
to one specific organ of a lab mouse, such as a liver or a lung. However, the mission
of the N'TP is to evaluate whether a substance is harmful to a lab mouse, not just to
one specific organ. One can consider that as long as a substance is harmful to one
organ of a lab mouse, then it is harmful to the mouse. In this situation, a lab mouse
can be considered as a system, where its organs are components of the system. As
long as one of the components fails, the system fails. The analysis needs to focus on
the reliability of the system.

To perform statistical analysis of system reliability, one way is to estimate the
survival function of a system. The survival function of a system can be estimated by
using system data or component data. One can fit the PH model to system data to
estimate the system survival function directly or fit the PH model to component data
to estimate the system survival function under certain assumptions. The advantage
of the first strategy is that it needs less data, less assumptions and fewer estimations.
The advantage of the second strategy is that the analysis uses more information which
may increase the accuracy of estimations, and it can provide more information about

how each component effects the reliability of a system. In a system, some of the
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components may be more important to the system than the others. For example, in
NTP studies, a tumor in the heart of a lab mouse is much more lethal than a tumor
in the liver of a lab mouse. Therefore, to analyze the reliability of a system through
each component can help us understand the reliability of a system more deeply. In
this chapter, several methods are developed to estimate the survival function of a
system with system data and component data. The methods are compared with each
other and the best strategy for analyzing system reliability is discussed.

The structure of this chapter is as follows. In Section 4.2, the notations are
introduced. In Section 4.3, the PH model is fitted to system data and a method
is developed by McMahan et al. (2013) is used to estimate the survival function of
the system. In Section 4.4, the PH model is fitted to the data of each component.
Under the assumption that all components of a system are independent from each
other, the survival function of a system is estimated. In Section 4.5, all components
of a system are assumed to be correlated with each other. The Gamma-frailty PH
model is fitted to the data of all components. A method is developed to estimate
the survival function of the system. In Section 4.6, several simulations are made to
evaluate the performance of the three methods. In Section 4.7, these methods are
applied to a real data set form the NTP. Since most data sets from the NTP are in

the same structure, then these methods can be widely applied to them.

4.2 NOTATIONS AND ASSUMPTIONS

Let T and C denote the failure time and the censoring time of a system. Let o
be an indicator of left (right) censored observation, ie., § = I(T" < C). Assume
that the system consists of £ components. For the jth component of the system, let
T;, C; and d; denote the failure time, the censoring time and the indicator of left
(right) censored observation, i.e., 6; = I(T; < C;), for j = 1,2,....k. Let S(t|x) be

the survival function of a system given the covariate x and S;(t|x) be the survival
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function of each component given the covariate x. Let A(¢|x) be the cumulative
hazard function of a system given the covariate x and A;(¢|x) be the cumulative
hazard function of each component given the covariate x. Let Ag(¢|x) be the baseline
cumulative hazard function of a system given the covariate x and Ag;(¢|x) be the
baseline cumulative hazard function of each component given the covariate x.

We consider the following situations. Firstly, all the components are censored
at the same time so that C; = Cy = ... = C;, = C. It is because in NTP stud-
ies, once a mouse was censored then all its organs were censored at the same time.
More generally, if a system fails down, then one will check all its components for
the problems. Secondly, as long as one component fails, the system fails. That is,
T = min {1}, Ts, ..., Ty }. It is because in NTP studies, it is reasonable to think that
as long as a substance is harmful to one organ of a mouse, the substance is harmful

to the mouse.

4.3 THE PH MODEL WITH SYSTEM DATA

Under the notations in Section 4.2, what can be observed for system data in a sample

with n observations is {(¢;, d;, ;),i = 1,...,n} . These are independent realizations of

{(C,0,X)}.

4.3.1 THE OBSERVED LIKELIHOOD FUNCTION, THE AUGMENTED LIKELIHOOD

FUNCTION AND THE COMPLETE LIKELIHOOD FUNCTION

Under the PH model, the survival function of the system failure time 7" can be written

as

S(t|x) = exp {—Ao(t) exp(a’B)}.
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With the observed data, the observed likelihood function can be written as
ﬁobs = H {1 — S(Cz)}él S(Ci)lfisi
i=1
=TI [t — exp {—Aofer) exp(aiB)}]" exp {~Ao(ey) exp(aiB)}' "
i=1

The cumulative baseline function Ag(-) is modelled with I-splines as

where 7,’s are non-negative coefficients and I;(-)’s are basis functions. With the
splines, the observed likelihood function can be further written as

n m 03 m 1-6;
Lops = H [1 — exp {— Z Yl (¢;) exp(w;,@)H exp {— Z’ylll(ci) exp(a:é,@)} )
i=1 =1 =1
The parameters in the observed likelihood function are coefficients of the spline func-
tions 7;’s and the regression parameter vector 8. Let @ = (71,72, .., Ym, 3). An EM
algorithm, first developed by McMahan et al. (2013), is used find the MLE of the

parameters.

4.3.2 DATA AUGMENTATION AND THE EM ALGORITHM

The data argumentation starts with 2-stage latent variables. At stage 1, Poisson

latent variables Z;’s are introduced as the following,

Z; ~ Poisson {Z Yili(ci) exp(méﬁ)} , 0i = 1(z,50)

=1
With latent variables Z;’s, the augmented likelihood function £5(80) can be expressed

as
L£:(8) = [] 6: %% (1 = 6)' =0 Py, (Z),
=1

where Px(-) denotes probability mass function for the random variable X. By inte-

grating Z;’s out of £1(8), one can obtain L(0). At stage 2, for each i, the latent
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variable Z; is further decomposed as a summation of m independent Poisson random

variables, Z; = Y"1, Z;, where the mean of Z;; is v,I;(¢;) exp(@i3), for = 1,2,....m
Ziy ~ Poisson{yI(c;)exp(z:B)}, 1=1,2,...m,

with the restriction )", Z; = Z,.
With latent variables Z;;’s, the complete likelihood associated with stage 2 latent

variables is given by,

n 1(2;’11 Z;>0) 1(Zm Z,=0) m
Leom(0) = I | 0; (1—0;) ‘Za=r” | | Pz, (Zy).
=1

In the complete likelihood function L., (0), the latent variables Z;’s, Z;’s are treated
as missing data. It can be seen that by integrating out Z;;’s in L., (0), one can get
the augmented likelihood function £1(0). Then, by integrating out Z;’s in £,(8), one
can obtain the observed likelihood function £.(0). Consequently, L., (0) is viewed

as the complete data likelihood with Z;’s and Z;;’s missing.

4.3.3 THE EM ALGORITHM

The derivation of the EM algorithm starts with E-step. In E-step, one needs to take
the expectation of L., (@) with respect to all the latent variables Z;’s, Z;;’s given the

observed data and the current parameter (9 = (yf ), véd),. LD B which yields

) m
the @ function.

n m Zi n m
( il )\zl

log [Ecom<9 Z Z log exp— Z Z zl + Zzl log )\d - IOg Zzl ]

i=11=1 i=11=1

where \;; = v [;(¢;) exp(xi8), for i =1,2,..n, 1 =1,2,....m

Q(0,0) = Ellog {Lcom(0)} |2, 0 iij Nit + E(Zy) log My — E(log Zy))

i=11=1
=Y > [=nhi(ci) exp(x;B) + E(Zu) {log v + @B} + log {I,(c:)} — E(log Z!)],
i=11=1
S D) exp(a! D71 (c; ;
where E(Z;) = 8 Yy Ii(e:) exp(alB@) E(Zy) = 1 W(e)E(Z)  Note that all

m d
l—exp{ Z;n ) '\/(d)Il (ci) exp(x}B(4)) ’ Zl’:l ’Yl(/ )IL/(Cz')
expectations of the latent variables’ are conditional expectations given the observed
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data and current parameters. They can be obtain with the augmented function and
complete likelihood function.

In the next step, M-step, one needs solve for the parameter @ by maximizing
Q(0,09). Firstly, take partial derivatives of Q(8,0®) with respect to 6.

0Q(6,0) &
B f

(d) n
aQ(g:ylg) = Z: {—[l(ci) exp(mfi,@) + E(Z“)fn_l} ’

[y

for [ =1,2,...,m. Then, set these partial derivatives to zeros. For the 2nd equation,

~;’s can be solved as a function of B8 in close forms as follows,

? 1 E(Zil)
iy Li(ty) exp(a}B)’

Thirdly, plug the solution of 7;’s back into the 1st equation so that the 1st equation

v = forl=1,2,...m

only has the parameter 8. Numerical methods can be used to solve for 8. Lastly, by
plugging the solution of B into the equation above, 7;’s can be obtained.
With the results from E-step and M-step, the EM algorithm can be summarized

as follows,

Step 1. Set d = 0 and initial values of (@)

Step 2. Obtain B by solving the following equations,

> vad B)Li(c:) exp(®B;) + E(Zy) | i = 0,

i=1 L =1
where
@D Vi E(Zig)
: * 1 Li(ci) exp(x;B)
Step 3. Obtain
’7’1(d+1) = ’Yl(d) (IB(dH))-
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Step 4. Repeat steps 2- 3 until convergence.

The solutions obtained by the developed EM algorithm, denoted as é, is the MLE

of 8. Therefore, the estimated survival function of the system Sy, (£[x) is as follows,
Ssys(ﬂx exp{ Z%]l exp(x ,8)}

4.4 THE PH MODELS WITH COMPONENT DATA

Under the notations in Section 4.2, what can be observed for component data in a
sample with n observations is {(¢;, 8,5, @), 7 = 1,2,...k,i = 1,...,n}. These are inde-
pendent realizations of {(C,d;,X),7 = 1,2,...k}. With an assumption that all com-
ponents of a system are independent from each other, the survival function of the

system failure time 7' can be written as

k
S(t|x) = H (t]x).

Under the PH model, the survival function of each component time 7} can be ex-

pressed as

S;(t|x) = exp {—Ao;(t) exp(a'B;)}, for j =1,2, .., k.

The survival function of the system can be expressed as

S(t|x) —exp{ ZAOJ expwﬂj)}

where 3,’s are the regression parameters for each component. The baseline cumulative

hazard function Ag;(-) is modelled by I-splines for j = 1,2, ..., k as follows,

No; (+) Z Vil
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where v;;’s are non-negative parameters and I;(-)’s are basis functions. Then the
observed likelihood function can be written as

Lops = HH{l— (cile) ) Sy (erfa) =

11]1

H obs?

where £7,. = T, {1 — S;(ci|2)}°9 S;(¢;|x) =%, for j = 1,2, ..., k. Since all compo-
nents are independent from each other, then maximizing L is the same as maximiz-
ing all £/, ’s separately. It can be seen that each £, is the same as the observed like-
lihood function of the PH model with system data. Therefore same method, the EM
algorithm, can be used to find the MLE of the parameter @ = (8', 44,75, ..., 7¥.), where
B = (B, By - Br)s Vi = (Vi1 V2> - Vjm) for j = 1,2, k. The current parame-
ter in the EM algorithm is denoted as 84, where (9 = (ﬂ(d)','ﬁd)’,'yéd) , .,’y,gd)’),

d)y d d d),
B(d ( 1@2 [ ())7 PYJ( ) = (7]('1)/773('2) ) 77]m> fOI‘j _1 2 k

4.4.1 A SUMMARY OF THE EM ALGORITHM

The EM algorithm can be summarized as follows,

Step 1. Set d = 0 and initial values of 8@

Step 2. Obtain B](-dﬂ) by solving the following equations,

n p
Z Z /8] a(t) exp(x;By) + E(Zi;)| @i =0, for j = 1,2, ..., k,
i=1 =1
where
’Y(d) _ Zz lE( zyl) '
4 i1 Li(t:) exp(x}B;)

Step 3. Obtain

'yj(ldﬂ) = 'yj(.ld)(,@](-dH)), for j=1,2,...,k [=1,2..,m.
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Step 4. Repeat steps 2- 3 until convergence.

The solutions obtained by the developed EM algorithm, denoted as é, is the MLE

of . Therefore, the estimated survival function of the system gmd(ﬂx) is as follows,

k m
5de(t‘x = €exp { ZZ eXp r IB])}

Jj=11=1
4.5 THE GAMMA-FRAILTY PH MODEL wiTH COMPONENT DATA
Under the notations Section 4.2, what can be observed for component data in a sample
with n observations is {(¢;, 6, %), j = 1,2,..k,i =1,...,n}. These are independent
realizations of {(C,d;,X),j=1,2,..k}. Under the Gamma-frailty PH model, the

survival function of the failure time for the j the component 7 given the frailty term

n and the covariate x can be written as

S;(tlx,n) = exp {—nAg;(t) exp(x’B;)}, for j =1,2,..,k,

where n ~ Ga(7,7), 7 > 0. The cumulative baseline function Ag(-) is modelled with

[-splines as follows,

AO] Z '7][

where 7;;’s are non-negative coefficients and [j;(-)’s are basis functions. The survival
function of the system failure time 7' can be written as
S(tlx) = P(T > t)
= P(T1 >t Ty >t .., T > t’X)
= /P(T1 >t,Ty >t ..., T > tix,n)g(n|T, 7)dn

= [ P(Ty > tlx, ) P(Ty > tlx,0)...P(Ti > tlx, n)g(nl7, )

k
— [ gtalr. ) TL Sitlx, myd
7=1
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By integrating n out, the survival function of the system can be obtained as follows,

S(t|x) = / FZ;)nT_le_m H exp {—nAo;(t) exp(x’'B;)} dn

j=1

:{T_lzi'y expmﬁj)+1} :

j=11=1

The parameters are T, ;817 /625 ) Bk>711a712> -y Vkm-

4.5.1 THE CONDITIONAL LIKELIHOOD AND THE OBSERVED LIKELIHOOD

For the ith observation, the conditional likelihood given n; is as follows,

Ei(77677—|nl H S CZ’XM,r]Z H {1_ CZ|X27772)}

jeLe JEL;
= exp(—mn; Z H;j) H {1 = Sieilxi,m)},
]GLC JjEL;

where H;; = Ao;(c;)exp(2}B;), Li = {j € {1,2,...,k} : &;; = 1}, LY is the comple-
ment of L; and the complete set is {1,2, ..., k}.

To write the conditional likelihood in a general form, let B(L;) be the set con-
taining all subsets of L; and A;, be the pth element in B(L;), for p = 1,2,...,2%
where d; is the number of elements in L;, i.e, B(L;) = {Ai1, Aia, ..., Ajp4; }. Then, the

conditional likelihood function can be written as

2d;
Li(y, B, 7n) = D (—)E el exp(—n;, S~ Hyy),
p=1 JEAS,

where AZ-CI; ’s are the complement sets of A;,’s with the complete set being {1,2, ..., k}.
If Af, =0, define e 4o Hyj = 0.

For example, assume that there is a system with 5 components. The ¢th obser-
vation is {c¢;, x;, 051 = 1,0, = 1,053 = 1,0;4 = 0,0;5 = 0}. For this observation, L; =
{1,2,3}, LY = {4,5}, d; = 3 and 2% = 8. The set, B(L;), containing all subsets of

L; can be presented as follows,

B(L{)::E“{1,2,3})::{@,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}.
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The elements in B(L;) are as follows,

Ail = waAiZ = {1}aAld = {2}7Az4 = {3} 7Ai5 = {172}7

Aiﬁ = {17 3} 7Ai7 = {27 3} 7Ai8 = {17 27 3} .
Since the complete set is {1, 2, 3,4, 5}, then the complement sets of A;,’s are as follows,

AS =1{1,2,3,4,5}, A5 ={2,3,4,5} , AS = {1,3,4,5}, AS, = {1,2,4,5},

AS =1{3,4,5}, A% ={2,4,5}, AS = {1,4,5}, A% = {4,5} .
Additionally,

|Li| — [Ai| = 3, |Ls| — |Asa| = 2,|Li| — |Ais| = 2, |L| — |Au| = 2,

|Li| = |Ais] = 1, |Ls| — |Aw| = 1,|Li| — [Aiz| = 1, |Ls| — [As| = 0.

Then, the conditionally likelihood for this observation can be written as

244
Li(v,B,7ni) = Z(—l)‘LiHAiMeXP(—m > Hy)
p=1 JEAS
= (=1)%exp(—n; > Hi)+(=1)?exp(—n; >, Hy)+
j€{1,2,3,4,5} j€{2,3,4,5)
(=1)%exp(—=m >, Hij)+(=D%exp(—n; Y. Hi)+
j€{1,3,4,5} je{1,2,4,5}
(=D'exp(—m Y. Hy)+ (=1)'exp(—m > Hy)+
j€{3 4,5} jel2,4,5}
(—1 exp Z H;;) + exp Z H;;)
j6{145} ]6{45}
= —exp(—n; Y Hy)+exp(—m Y Hy)+
j€{1,2,3,4,5} j€{2,3,4,5}
exp(—mn; Z H;;) + exp(—n; Z H;;)—
je{1,3,4,5} je{1,2,4,5}
exp(— Z H;;) — exp(— Z H;j)—
J€{345} je{245}
exp(— Z H;;) + exp(— Z H;)),
jE{l 4,5} ]6{4 5}
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7—1 777]1

()771

where H;; = Agj(c;) exp(x}B;). The distribution of n; is g(n;|7) =

Therefore, the observed likelihood for the ith observation can be written as

24i
F ey (D)l exp (= Y7 Hyp)dn,
p=1 JEAS

1)l lA”’I/F ntexp § —(T 4+ Y Hy)ni o dn,
jeAg
24 (_1)|Li|*\Az‘p|7—T

- p; (T+ Z]GAC Hij)"

24;
=) (- 1)|Li|*|AiP|(1+7—*1 Z Hij)~
1

p= JEAS

Hence the observed likelihood function for all observations can be written as

'Cobs(’YaﬂvT) = Hﬁz(’YaﬂaT)

_H Z ‘L| ‘A2p|(1_‘_7- 1 Z sz

i=1 | p=1 jEAC
Since the observed likelihood function is in a complex form, an EM algorithm

is developed to find the MLE of the parameter 8, where 8 = (7,8',v'), B =

/

(B1, B2y Br)'s ¥ = (71,7125 s Yem)-  The derivation of the algorithm is based

on the following data augmentation.
4.5.2 DATA AUGMENTATION FOR THE EM ALGORITHM

Since the gamma frailty term 7,;’s can not be observed, then they are considered as
missing data. The augmented likelihood function £;(€) with the latent variables n;’s

can be rewritten as

n k
L£1(8) = [T glnilr, ) TT {1 = Sj(eil2)}™ Sj(eilx)' o dn;

=1 7j=1
n k

=TT gnilm,7) TT 11 — exp {—mifoj(c:) exp(a’B;)}]
=1 7j=1

[oxp {—mifoj(e:) exp(a’ ;)17 ,
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where g(n;|7,7) is the pdf of the gamma distribution with both shape and rate pa-
rameters being 7. By integrating out 7;’s from £;(6), one can obtain the observed
likelihood function L,s(0). To maximize £1(80), due to the previous works by Cai
et al. (2011) and McMahan et al. (2013), 2-stage Poisson random variables can be
introduced to facilitate the computation. At stage 1, Poisson latent variables Z;;’s

are introduced as the following,
Zij ~ Poisson {Agj(c;) exp(x'B;)ni},  0i = 1(z,,50)-
With the latent variables Z;;’s, the augmented likelihood functions can be written as

£ ( ) H 771‘7_ - H5 (Z >0) 5i)1(Z¢j:O)PZij(Zij)7

where Px(-) denotes probability mass function for the random variable X. By inte-
grating Z;;’s out of £4(@), one can obtain £1(0). At stage 2, for each latent variable
Zi;, it can be further decomposed as a summation of m independent Poisson ran-
dom variables, Z;; = Y|, Z;ji, where the mean of Z;;; is v; 1 (c;) exp(2’B;)n;, for

[=1,2,...,m.
Zij ~ Poisson{vyLy(c;)exp(x'Bj)mi}, 1=1,2,....m,

with restriction Z;; = Y72, Z;;;. With the latent variables Z;;’s, the complete likeli-

hood function can be written as

Leom(0) = H (mi|7, T H6 s 701 — §;) zia= L z=2.) HPZijl(Zijl).
- =1

By integrating Z;;;’s out of L., (@), one can obtain £,(@). Then, integrating Z;;’s
out of £5(0), one can obtain £1(0). Then, integrating n;’s out of £1(0), one can
obtain the observed likelihood function Lys(0). Consequently, L., (0) is viewed as

the complete likelihood function and 7;’s, Z;;’s, Z;;’s are missing data.
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4.5.3 THE EM ALGORITHM

It follows the E-step of the EM algorithm. The E-step is to find the Q(@,8®)
function, the expectation of the logarithm of the complete likelihood function with

respect to all the latent variables given the covariate X and the current parameters

09,

Q(0,6) = Ellog { Lo (0)} |2, 69] = H,(8,0) + Hy(6,0) + Hy(0?),

and H3(0?) is free of 6.

In the next step, M-step, one needs solve for the parameter @ by maximizing
Q(0,0D). Since H,(0,0?) has only one the parameter 7 and 7 only exists in
H,(6, H(d)), it becomes a univariate maximization problem with respect to 7. The
maximization problem can be solved by using constrained maximization routines
(optim in R).

To maximize Hy(0,0@) with respect to B;’s, v;;’s , the following partial deriva-

tives are given,

@) &
(w(gf;ﬂ’f ; (1:)Moj (i) exp(xiB;y) + E(Zy;)] x, (1)

@) =
W%‘:f) ; [~ E(m) Iule:) exp(aiBy) + E(Zip)vi'] 2)

Set these partial derivatives to zeros and solve (2) for i,

= iz E(Zij1)
! im1 E(mi) L(c;) exp(x ;)
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for j=1,2,...,kand [ = 1,2, ...,m. Then plug the solution of ;s into (1) and solve
the following equation numerically for 3;’s,
n p
; l;v E(mi)Ii(c;) exp(xiB;) + E(Z;)| ;= 0.
Finally, plug the solution of B;’s to (3) to calculate v;’s. The solution of € can be
obtained.
Note that all the expectations of the latent variables are conditional expectation

given data and the current parameter 84 . Using the augmented likelihood function

and the complete likelihood function the expectations can be obtain as the following,

od;—1

Zq—l; <_1)|Li|_|Biq|_1(1 + 77! ZreBg Hir>_T_1

J gtdig 22_1( )ILI IAlp\(1_|_7— ZreAg; H;,)~"

A;p is the pth element of the set containing all subsets of L;, Ag is the complement of
A;, with the complete set being {1,2, ...k}, for p = 1,2, ...,2% and d; is the number
of elements in L;. B;, is the gth element of the set containing all subsets of L;\ {j},
Bg is the complement of B;, with the complete set being {1,2,..,k}\ {j}, for ¢ =
1,2, ... 241,
’Y]l]jl(cl)
E a5l | L Zl ),
( Jll ) AOy(Cz) ( J’ )
forj=1,2,...,kand [ =1,2,....m
d; J_l A _ —r—
S ()AL S e Hy)
Sl (=)l (1 71 Y g Hg) ™7
ip

Y

E(nilx) =

212;1_1(_1>|Li|_|14ip‘( + 71 Yjeac Hi)™™ W(T) — log(T + Yjeag Hz-j)]
22‘1 ( )|L il= \A1p|(1 + 7= ZjeAic; Hij)_T

E(log i |5'3) =

)
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4.5.4 A SUMMARY OF THE EM ALGORITHM

With all conditional expectations of the latent variables and the results from E-step

and M-step, the EM algorithm can be summarized as follows,

Step 1. Set d = 0 and initial values of (@)

Step 2. Obtain 7(¢*1) by maximizing,

—nlog {T'(m)} + n7log(r) + 73 _[E(logm) — E(m:)].

Step 3. Obtain ﬁ](-dﬂ) by solving the following equations,
i=1

where

Zl IE( z]l)
’Yﬂ (53) "o Li(e) exp(xlB;)

Step 4. Obtain

7](d+1) ](ld)<18](d+1))7 fOr ,] - 1727 "'7k’ l = ]‘727 weey 1ML

Step 5. Repeat step 2- 4 until convergence.

p
Z — Z’y](-fl)(,ﬁj)[ﬂ(ci) exp(x;B;) + E(Zij)| x; =0, for j =1,2,...
=1

The solutions obtained by the developed EM algorithm, denoted as é, is the MLE

of 8. Therefore, the estimated survival function of the system Sy, (t|x) is as follows,

k m -7
Sdept|x { D A exp:cﬁj)—l—l} :

j=11=1
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This section essentially develops a method for fitting the Gamma-frailty PH model
to multivariate current status data. In previous literature, there was a method devel-
oped by Wang et al. (2015) fitting the Gamma-frailty PH model to bivariate current
status data, which could only analyze bivariate current status data. Both methods
used the EM algorithm to find the MLE of the parameters in the model. For the EM
algorithm method developed by Wang et al. (2015), when the dimension of data is
higher than two, the conditional expectations in the EM algorithm becomes difficult
to calculate due to its complex form. The method developed in this section finds a
way to write the conditional expectations in a general form so that one can still use
the EM algorithm to find the MLE of the parameters in the model in multidimen-

sional cases.

4.6 SIMULATION STUDY

A series of simulation studies were conducted to evaluate the three performance of
the methods under two scenarios. In Scenario I, the failure times of all components
in a system were considered to be independent from each other. In Scenario II, all
components of a system were considered to be correlated with each other. For both
scenarios, all three methods were applied to simulated data to estimate the survival

function of a system.

4.6.1 SCENARIO I

The simulation is based on the following true distributions of the component failure

times Tj’s in a system and Tj’s are independent from each other,

FTj (t|X) =1- exp {_AOJ(t) exp(xlﬂjl + $25j2)} ) for j = 17 25 3a 47
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where x = (21, 22)", Ao1(t) = log(t + 1) + tY/2, Aga(t) = log(t + 1) + ¢, Ags(t) =
log(t 4 1) + 132, Agu(t) = log(t + 1) +t°/2, 21 ~ Bernoulli(0.5) and x5 ~ N(0,0.5%).
The sample size n was chosen to be 200 with 500 replications and B1; = 812 = 0.5,
Bor = Baa = 0.7, Bs1 = P32 = 1, By = Pso = 1 were considered. The inverse
CDF method was used to compute T}’s by solving Fr, (t|x;) = u; numerically, where
uj ~ U(0,1), for j = 1,2, 3,4. The censoring time C followed a truncated exponential
distribution with mean 0.1 and upper bound 2. The true distribution of the system
failure time 7" is min {7} : j =1, .., 4}.

For the plots of the estimated survival functions in Figure 4.1 and Figure 4.2, the
survival function of the system estimated by the independent PH model with com-
ponent data and the Gamma-frailty PH model with component data were very close
to each other so that they were plotted as one dotted line marked as ‘Component
models’. The survival function of the system estimated by the PH model with system
data was marked as ‘System model’ It can be seen that the survival functions esti-
mated by the PH model with system data were farther from the truth than other two
methods and had the largest MSE in all cases. Especially, when the covariates took
negative values. Therefore, the simulation study shows that in some cases, directly
fitting the PH model to system data may lead to biased estimation of the system

reliability function.

4.6.2 SCENARIO II

The simulation is based on the following true distributions of the component failure

times 7}’s in a system,
FTJ- (t|Xa 7)) =1- eXp {_AOJ(t) exp(‘rlﬁjl + 51525]2)77} ) for ] = ]-7 27 37 4a

where x = (z1,22), Aoi(t) = log(t + 1) + t/2, Aga(t) = log(t + 1) + ¢, Ags(t) =
log(t + 1) + 132, Agu(t) = log(t + 1) +t°/2, 21 ~ Bernoulli(0.5) and x5 ~ N(0,0.5%).

The sample size n was chosen to be 250 with 500 replications and B;; = 0.7, Bj2 = 1
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Figure 4.1: The estimated survival functions for a system using the PH model with
system data (System model), the independent PH model with component data (Component
models) and the Gamma-frailty PH model with component data (Component models) with
the covariate (x1,x2) € {(0,0), (1,0),(0,1),(1,1)} in Scenario I.
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Figure 4.2: The estimated survival functions for a system using the PH model with
system data (System model), the independent PH model with component data (Component
models) and the Gamma-frailty PH model with component data (Component models) with
the covariate (x1,x2) € {(—1,0),(0,-1),(1,-1),(—1,—1)} in Scenario I.
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were considered, for j = 1,2,3,4. The parameter of the frailty term 7 was set to be
1. The inverse CDF method was used to compute 7}’s by solving Fr, (t|x;,n) = u;
numerically, where u; ~ U(0,1), for j = 1,2,3,4. The censoring time C followed
a truncated exponential distribution with mean 0.1 and upper bound 3. The true
distribution of the system failure time 7" is min {7} : j = 1,2, 3,4}.

According to the plots of the estimated survival functions in Figure 4.3 and Fig-
ure 4.4, it can be seen that the independent PH model with component data had
the worst performance, thought it used all component data. Therefore, the indepen-
dent assumption had a great effect on the performance of this method. When the
assumption was violated, the method was worse than only using system data. Hence,
it is important to verify the independent assumption before this method is applied.
The PH model with system data performed better than the independent PH model
but it was still not satisfactory in most of the cases. The system survival function
estimated by the Gamma-frailty model with component data performed the best and
it was very close to the true model. In this scenario, the simulation study shows that
the independent assumption had a great effect on the performance of estimating the
system survival function using the independent PH model with component, but it did
not effect the performance of the Gamma-frailty PH model with component data.

Estimating the system survival function using the Gamma-frailty PH model with
component data had the best performance in both Scenario I and II, which was the

best choice among the three.

4.7 REAL DATA APPLICATION

The real data set is tr — 467 from the N'TP, the same data set used in Chapter 3 real
data application. The analysis of tr — 467 in Chapter 3 focused on whether there
was an association between chloroprene and the onset time of Alveolar/Bronchiolar

Adenoma in a mouse’s lung. In this Chapter, a lab mouse’s liver, pituitary gland
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Figure 4.3: The estimated survival functions for a system using the PH model with
system data (System model), the independent PH model with component data (Independent
model) and the Gamma-frailty PH model with component data (Dependent model) with
the covariate (z1,22) € {(—1,0),(0,-1),(1,-1),(—1,—-1)} in Scenario II.

68



x1=-1andx2=10

o
- — - Dependent component model
= True model
= System model
© - - Independent component modsl
—
£
B
c
S
w o |
o o
2
2
=1
w
= =
L o 7
©
E
]
0
w
™~
=]
e
ST T T T T T
0 1 2 3 4 5
Time
x1=1and x2 =-1
=
—
— - Dependent component model
True model
=== System model
© == Independent component model
c ©
2
k3]
=
S
w
@
Z
Z
=1
w
o
2
@
E
=
7]
w

Estimated Survival Function

Estimated Survival Function

1.0

0.8

0.6

0.4

0.2

0.0

1.0

0.8

0.6

0.4

0.2

x1=0andx2=-1

— - Dependent component model
= True model

! === System model
== Independent component model

x1=-1and x2 = -1

\ =+ Dependent component model
True model
\ --- System model
\ == Independent component mode!
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the covariate (z1,x2) € {(—1,0),(0,—-1), (1,
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Figure 4.5: Statistical analysis of system reliability of tr — 467: estimated survival
functions using the PH model with system data (System model), the independent PH
model with component data (Independent model) and the Gamma-frailty PH model with
component data (Dependent model) in four dose levels, control group, low dose, medium
dose, high dose.
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Figure 4.6: Statistical analysis of system reliability of tr — 467: estimated survival func-
tions using the PH model with system data (System model), the independent PH model
with component data (Independent model), the Gamma-frailty PH model with component
data (Dependent model) and Kaplan-Meier estimator with system data (Kaplan-Meier Es-
timator) in four dose levels, control group, low dose, medium dose, high dose.
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Table 4.1: Mean square error (MSE) of the estimated system survival functions with the
three methods in Scenario I and II.

Mean square error

Method (x1,22) Scenario I Scenario I
System model (0, 0) 0.0066 0.0019
(1,0)  0.0010 0.0036

(1,1)  0.0131 0.0061
(-1,-1)  0.0196 0.0044
Independent component model (0, 0) 0.0052 0.0057
(1,0)  0.0062 0.0045
(1,1)  0.0127 0.0052
(-1,-1)  0.0013 0.0132
Dependent component model (0, 0) 0.0052 0.0015
(1,0)  0.0062 0.0026
(1,1) 00127 0.0047
(-1,-1)  0.0012 0.0003

[1] 735+ 734+ BB+ 735+ 635+ 735 493 735+ 735 477+ 735+ 729
[13] 735+ 734+ 735 735 734+ 735+ 734+ 735 735+ 734+ T34 663+
[25] 735+ 618+ 705+ 735+ 734 527+ 734 706+ 677+ 735 541+ 734
[37] 735 486+ 733 735+ 35+ 735 735 735 734 637 734+ 74
[49] 735 734+

(a) Control Group

[1] 631 448 537+ 539+ 216+ 503 608 649 635 463+ 543 499
[13] 674 735 691 634 656 527 531 S5B8 487+ 582+ 515 505
[25] 604+ 607 623 551 472+ 425+ 524+ 346 572 671 339+ 596

[1] 607 735 523 624 734+ 702 735 691+ 734+ 63D 440 735
[13] 673 677 551+ 548+ 735 285+ 691 735 447 735 690+ 621
[25] 631 735 531 551 G674+ 318+ 719 €91 734 708 734 735
[37] 735 735+ 735 690 719 482+ 630+ 540+ 698+ 708 623 734
[49] 631+ 321+

(b) Low Dose

[1] 467 579 @7+ 576 453 734 €52 659 523 565 252+ 624+
[13] 610 582 531+ 463 524 631+ 735 735 443+ 524+ 674 638
[25] 324+ 531 €37 615 383 596 673 €31 635 336+ 4B4 632

[37] 644 656 620 394+ 629+ 629 717 624 378+ 551 53+ 454 [37] 629 3+ 663 548 462 ©49 680 666 538 579 635 649
[49] 667 652+ [49] 524 631

(c) Medium Dose (d) High Dose

Figure 4.7: System data of tr — 467.

and lung were considered as a system. The analysis focuses on whether there was an
association between chloroprene and the minimum onset time of Alveolar/Bronchiolar
Adenoma in a mouse’s lung, Adenoma in a mouse’s pituitary gland, Hepatocellular
Carcinoma in a mouse’s liver and Hepatocellular Adenoma in a mouse’s liver.
Figure 4.5 provides the estimated system survival functions in four dose levels. It
can be seen that the system survival functions estimated by the three methods were
different for all four dose level groups. Especially, between 0 - 300 hundred days, the

system survival functions estimated by the Gamma-frailty model with component
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data were almost 1, which were much higher than the ones estimated by the other
two methods. From the real system data shown in Figure 4.7, it can be seen that
for all the observations in four groups, no tumors were observed within 300 days (no
left-censored observations within 300 days). The smallest left-censored observation
was 493 days for control group, 440 days for low dose group, 346 days for medium
dose group and 383 days for high dose group. Moreover, it is more reasonable to
consider that it will take a period of time to develop a tumor in a mouse. Therefore,
the system survival function estimated by the Gamma-frailty model with component
data is closest to the truth than the other two methods.

The analysis in this study sought for whether the system survival functions were
different among the four groups. In Figure 4.6, besides the three methods, the Kaplan-
Meier estimator was also applied to estimate the survival functions of the system using
system data for the four groups. The advantage of Kaplan-Meier estimator is that it is
a non-parametric estimator so that it is not limited to model structures. The Kaplan-
Meier estimator showed that there was no difference of the survival functions between
medium and high dose group, which agreed with the Gamma-frailty method, but the
PH model using system data suggested that there existed a difference. All models
suggested that there existed a difference of the survival functions among control, low

dose and medium dose group.

4.8 DISCUSSION

From the angle of real application, firstly, three methods are developed to analyze
system reliability for current status data. All these methods can be widely applied to
NTP data. Secondly, in some cases, analyze system reliability for current status data
using system data may lead to biased estimation of the system reliability function.
In these cases, using component data to analyze system reliability can be a better

strategy. Thirdly, the method developed using component data to analyze system
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reliability can also be used as an optional method to confirm the analysis result.
Lastly, this project considers a simple system. More complex systems are going to be
considered in future work.

From the angle of methodology, a new method is developed for fitting the Gamma-
frailty PH model to multivariate current status data. In previous literature, Wang et
al. (2015) developed a similar method for analyzing bi-variate current status data.
The method can not handle complex likelihood functions in higher dimensional situ-
ations because they involved too many terms. This study develops an EM-algorithm
and finds a way to write the the conditional expectations in a general form and make
the computation feasible. The method is not restricted to the situations discussed in

this project. It can be used to analyze general multivariate current status data.
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APPENDIX A

CHAPTER 2 SUPPLEMENTARY MATERIALS

A.1 VARIANCE ESTIMATION WITH LOUIS’S METHOD

Louis (1982) gives a formula as follows,

A\ 82 log *Cobs(e)
(0) = - 0000’

A

16 =0,
where

- o6

_ 0?log Loys(6) _5269(9’@)_1/ 0log Leom ()
0000 0000 ar '

To evaluate the first term 2% 89((99, , the Q(6,0) function is as follows,

=SS {00 E(Va) + (1 — 60)E(Za) + (612 + ) E(Wa)} (logy + x.6)

i=11=1
k

> {00 Li(R:) + (01 + i2) [1(Ry) + 05311 (Li) } v exp(x;3).

=1

The first derivative of Q(@,0?) with respect to @ is as follows,

@)y &
DR I) 3 S (0BT + (1~ 802 + (B + 8OV} x

i=11=1

M:

I
—

%

n

—> {1 = i) Ao(Rs) + disho(Li) } exp(x;8)x;,

=1

aQ(g:f@) = i%—l {60 E(Vit) + (1 = 0i0) E(Za) + (6i2 + 6i3) E(Wi) }

{(1 = 6is) I(R;) + disli(L;) } exp(x; ).

i=1
The second derivative of Q(@,0?) with respect to @ is as follows,

82Q(070(d)) = ' /
B et 1 —0i3)Ao(R;) + disANo(L;) } exp(x; X!
0B0B’ 3 A= 8)Bo(Ri) + 8ol L)} exp(xi)xix
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9°Q(6,6') -

8/88’}7 = — 12::1 {(1 — 513)11(RZ) + &Q,][(Lz)} exp(xg,@)xi,
82Q(0, d .
_— ny {600E (Vi) + (1 = 6i0) E(Ziy) + (02 + i) EWy)  I(L = 1").
0710
To evaluate the second term Var {%} the log L. (8) is as follows,
n k
log ‘Ccom Z Z { il 10 + 5@0)Zil + (512 + 5@3>I/V’Ll} lOg M
1=11=1

+ > {dio+ (1= 0i0) Zi + (0i2 + 0i3) Wi} x; B

b4

—

n k

=3 {8 li(R:) + (051 + i2)bi(Ri) + bisbi(L;) } i exp(x;8).
i=11=1
The first derivative of log L., (0) with respect to 0 is,
0log L.om (0 ”
8 Zen() 5 b+ (L= 80) 2+ (B + 6 W)
i=1
n k
= > > A0ioli(Ri) + (0i1 + dia) (R:) + di31i(Li) } v exp(x;8)xi,
i=11=1
0log L.om (0 " _
ga%() => " {8i0Vii + (1 — 610) Zit + (62 + 8i5) War b 77"
i=1

3" (B h(R) + (0 + b)bi(Ri) + bubi(L)} exp(x8).

Therefore the covariance can be obtained as follows,

0log Lom(0) 0log Leom(0)
cov 98 , o8

= 2"2 {(1 = bi0)var(Z;) + (0i2 + di3)var(W;) } x;x.,

{ 0log Lom(0) 0log Leom(0) }
cov

0B ’ 0
- 271_1 { 1 - zO)COV(Zza Zzl) + 12 + 6Z3>COV<W17 Wzl)} Xis
i=1

(6
{ 010g Leom(0) Olog L .om (0 }

cov
(

n

o ’ O

Z i, 'YZ’ {(SIOCOV( ils zl’) —+ 1-— (5 )COV( ils Zz'l’) + (512 + 6i3>COV(Wil, Wil’)} X;.
i=1
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APPENDIX B

CHAPTER 3 SUPPLEMENTARY MATERIALS

B.1 THE CONDITIONAL DISTRIBUTION OF V;

In the complete likelihood function, only the last term contains the latent variable
V;. Hence the conditional probability density function, f(V;|a;) is proportional to it
which can be expressed as follows,
k
f(Vilx:) o H1 {ho;M;(e)} s
j=

It is easy to recegnize that this is the kernel of multinomial distribution, that is

Vil ~ Multinomial[l, (e e) poal(@) | poelil(@) )
| ultinomialll, (et @) S e @ S e @)

Therefore the conditional expectation, variance and covariance can be found as fol-

lows,

oy Mi(é
E(‘/U’wz) _ - Cj J( )~ ’
Zj:l VCij(Ci)

var(Vij|z;) =

Ve M;(é) {1_ Ve M; (&) }
X e M;(G) b1 e M;(6)

~ eiM;(@) veiMp(a) e M)
S e My (6) Sh_y ey My (&) 252y e M (65)

cov(Vij, Vijr|wi) =
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B.2 THE CONDITIONAL DISTRIBUTION OF 7);

To find the posterior distribution of n;, the following augmented Likelihood function

is used,
£1(0) = []11 — exp {—Aro(G) exp(@’ Br)ni}]* exp {—Aro () exp(a’ Br)mi}'

i=1

FT(;)U’TW_IG_W {Aco(@)} exp {&a' Be — Aco(é) exp(’ Be)ni} -

Hence

f(n|x) o ﬁ[l — exp {—A70(G;) exp(@;Br)mi }]* exp {—Azo (&) exp(a;Br)ni}' "

=1

1 exp {—[7 + Aco(G) exp(aiBe)]mi} -
When §; = 0,

f(nlx) o< ﬁ 77ii+T_1 exp {—[7 + Aro(&) exp(x;87) + Aco(é) exp(a;Be)|ni}
i=1

nile; ~ Gamma(& + 7,7 + Aro(&) exp(x;Br) + Aco(&) exp(x;Bc))

~ Gamma(& + 7,b;),

where b; = 7 + Ao(G;) exp(xiBr) + Aco(G) exp(xiBe).
When ¢§; =1,

Flnl) o TT ™1 — exp {~Aral@) exp(aBrin)]

=1

exp {=[7 + Aco(é) exp(@;Bo)n: }

o ﬁ(m&”*1 exp {—[7 + Aco(é) exp(z;Bc)|mi}
=1

— it exp {—[7 + Aro(Gi) exp(x}Br) + Aco(Gi) exp(x}Be)ni}),

Flnile:) o< ni " exp(—dym) — 0y exp(—bimy),

where d; = 7+ Aco(é;) exp(x;Bc).
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The following proofs are needed to find the posterior expectations and covariance
related to logn;.
Assume X follows a gamma distribution with parameters (a, 1). With the fact

'™ (z) = [(logt)"t* 'etdt, the following results can be obtained.

X ~ Gammal(a, 1),
[M(a

~—

B(log X) = | (1ogX)F(1®ta—le—XdX = T = V(o).

E(XlogX) = /(log X)F(la)X““‘le‘XdX = F/(Fa(;r)l) = a(a) + 1,
@) (g

E(log® X) = /(1ogX)2F(1a)X“—le—XdX = Fr(i)> =y (a) +*(a).

Assume Y follows a gamma distribution with parameters (a, b) then,

Y ~ Gamma(a,b),

Y =X b1,

Ellog(Y)] = E[log(Xb™ )] = E(log X) + E(logb™") = 9(a) — logb,
Ellog?(Y)] = Ellog®(Xb™")] = E[(log X — logb)’]

= FE(log® X) — 2log (b)E(log X) + log® b

= 11(a) + ¢*(a) — 2log (b)i(a) +log®b

= ¢1(a) + [ (a) —log (b)),

E[Y log(Y)] = E[b"" X log(b"'X)] = b E(X log X) — b~ ' log bE(X)

=b ay(a)+ 1] — b (logh)a = b~ afth(a + 1) — logb).

These results are going to be used to to find the posterior expectations and covariance
related to logn;.

With the results obtained above, when 9; = 0,
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ni|x; ~ Gamma(&; + 7,b;), therefore

T+&
E(logn;|x;) = (1 + &) — log by,
T+&
var(n;|x;) = T2

var(log ni2;) = E(log *ni| @) — [E(log i ;))?
=17+ &) + [U(7 + &) — log bi]* — [¥(7 + &) — log by)”
= Ui(T + &),
cov(logn;, ni|@:) = E(n;log n;|@;) — E(log mi|x:) E (ni|e;)
= b [(7 + &)Y (7 + &) + 1] — b (log bi) (7 + &)
— (7 +&)b; (7 + &) — log b]

—p L

7

When ¢§; = 1,

Flmilz:) o< ni T exp(—dims) — mg T exp(—by)

T(r+&) d"™% T(r+&) o™ i
- ;T —din;) — ' ;T —bin;
dz—Jrél F(T + £1>77’L eXp( TI ) bz—+£l F(T + 52)771 eXp( 77 )

I(r+ &) LT+ &)
Wg(mh + &, di) — WQ(W\T + & bi).

X
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Therefore when ; = 1,

L(r+¢&) T(r+&)
/f(??i\wi)dm X =~ e (B.1)
d; b;
/mf(mlwi)dm
F(T+§i)7+fi F(T—F&)T‘i‘&
Lir+&+1) T(r+&+1)
dTJrgHrl - b7"+&+1 . (B2)

/ log i f (mi]cs ) dn;

WW(T +¢&) —logd] — F(;;Tl;&)[q/)(T + &) — log by). (B.3)
/ . f (nile:)dn

D(r+&+2)  dis™

: ;T —d;n;

OC/ d;’-i—fi-i-? F(T + fz + 2) ;i GXp( 77)

B I(r+&+2) b;+£i+2 pltTe-1
b;’+§¢+2 F(T—f—fz + 2) ]

Nr+&+2) T'(r+&+2)
d7»—+£i+2 - bT+§i+2 : (B4)

exp(—bin;)dn;

/10g2 i f (sl 2:)dn;

(;;f) /10g mig (T + €+ 1, di)dn; — (;:f) /10g2 mig (il ™ + &, bi)dni
I i
(;ff) {r(r + &) + [¥(r + &) — log di]*}
I i
— (;—:jf) {wl(T + &)+ [W(T + &) —log bi]Q} . (B.5)

/m log n; f (ms| ;) dn;

Nr+&+1
x (dﬂm)/logmg(mh%i +1, di)dn;
Nr+&+1
— W/lognig(ni|7+£i+ 1abi)d77i
D(r+&+1) D(r+&+1)

(B.6)
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=1,
Hence when 0;

Jnif (nilz:)dn; — (B.2)

E(m|z:) =

S f(nilai)dn; — (B.1)

1
- FES!
d7'+§z‘+1 b‘r+ i

= (7 +&)~ 1 1
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~ (B.1)
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[log? ;i f(milz:)dn;  (B.5)

E(logn}|x;) =

S fplae)dn,— (B.1)
— {F(Zi-::lr—é&) {¢1(T +&) FW(T+&) - logdi]2}
_F(T +&)

b?&{mw+®+wv+m—b@$§/F§LQ—FZL@}

= (b {%(T + &)+ (T +&) —log d']Q}
—d7 (T4 &) + [(r + &) — log b ) (b6 — df )"
)

&
{0i(r+ ) + [0+ &) — logdi’} — (B)775 {n(r + €) + [W(7 + &) — log b’}
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I milogn; f (ni|2:)dn; _ (B.6)
I f (sl ) dm (B.1)
SR+ &+ 1) —logd] — RS [U(T 4+ &+ 1) — logh

E(m 10g77¢|$z‘) =

o Pr+&) F(T+§i)
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T TTFE;
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N d2 1 — ( 1>T+E ’
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cov(n;, logn;|x;) = E(n;log nilx;) — E(milx:) E(log ni| ;)
_H+ & O G+ —logdi] — (5) Y (r + & + 1) — logby]

d; 1— (bl BG
(7 +€z) 1— () logd; — ()7 log b;
- di —( l)”& lholr &) = 1— (%)T+fz

Combining the cases §; = 0 and 9; = 1 together, the following results can be obtained,

T+& 45, (T+&)1— (%)HH&

E(logmilx;) = (1 — 6;) {(7 + &) — logbi} +

b7 log d; — d] S log by

T+&
var(n;|x;) = (1 — d;) b2

R e o M et R U M
! d2 1— (%)r+é d; 1 — (@)ﬂrgl ’

)

+

var(log 7;|a;) = (1 — 6;)n (T + &)+
s T+ &) + (7 +86) —log di*} — (5)7 {n (7 + &) + [(7 + &) — logb]*}

I- (&)
log d; — (‘;—)T“i logb; ,

— 0i[p(T + &) —

1 — (%)T-i'fi ’

cov(n;, log ms|a;) = (1 — 6:)b; '+
5 { (74 &) (T + & +1) = logdi] — (3) 4 (7 + & +1) — log by

d; 1-— (Z—Z)TJr&
(7 + &) L— () log d; — ()7 log by
= d; —( z)‘l‘+£i (1 +&) — 1— (#)T+5Z )

where

b =1+ ATO(@) exp(a:;ﬁ:p) + Aco(@') eXp(SU;:BC%

d; =7+ Aeo(G) exp(x;Bc).
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B.3 THE CONDITIONAL DISTRIBUTIONS OF Z; AND Z;;

Since Zle Zi; = Z; then given Z;, Z;; is multinomial distributed for ¢« = 1,2,...,n

and j = 1,2,...,k then

) g Vil (G) . _ il (&) .
B(Zyle) = BB (e 2)) = B 2 Z)e) = 2200 520

For Z;, given n; it follows a truncated Poisson distribution with a support of all
positive integers when §; = 1 and degenerates at 0 when §; = 0 for e = 1,2, ...,n. By

applying the law of iterative rule again and let \; = Ao (&) exp(xBr),

1:0;Aro(¢;) exp(x;Br) ]w}
1 —exp [—Aro(&) exp(ziBr)ni] |’
ni5i>\i |iEz 7
1 —exp (—A\m;)
6i(mihi + n2 A7)
|Cl3i .
1 —exp (—=Aim;)

ﬂZmﬁﬂﬂﬂ&MWM=E{

mzmwdnmzmmm:E{

B(Z2e) = B {B(zem)} = £ {
Then

ijs
= E{E(ZijZij|zi, 2i)} — E{E(Zij| i, 2:) } E{E(Ziji|i, 2i) }
= E{cov(Zij, Zij|®i, zi) + E(Zij|wi, 2) E(Ziyr| i, 2) }

— E{E(Zijlzi, z1) } E{E(Ziji|i, 2:) }
’VTJ](Cz) ’YTJ’I(Cz) 7TjI<C~z) ’VTj’I(Cl) 2
= B8 Aee@) 2 Ape(@) Apod) 21
’YT]‘[(C'L) /YTJ’](C7»> 1 )]2
" Arol@) Amle) L E1)
I(¢) 'YT]’I(CZ)

YriL(¢;) yrirI(6)

A ey B & ST B2 )
Y;O( )) VKJ/I((C?[ (Zi|;))?
ZXT;O(E:Z)) * ,](@)) (—B(Zila:) + B(Z2|x;) — B(Zi]:)?)
j\sz~o((c~cj)) 7KT/O]((CZ)) [—E(Zi|z:) + var(Zi|z;)],
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o(Zislws) = 21D gz + 20 G2 g 4 ar(Zils
var(Zyle) = B () + [ P Bzl + var(Zi),

cov(Z;

g

Zilxs) = E(Zij Zilxs) — E(Zijl2z:) E(Zi|x;)

= E{zE(Zij|lx,z)} — FVTJ <CC:)) (Zilz:) E(Zi|z;)

70(
o [md@) | @)
_E{ " Aro(é) Z} ATO(@)[ (Zif=:))
VTJI( Gi)
ATO(Q)

var(Z;|x;).

If §; = 0, then E(Z;|x;) is zero.
If 9; = 1, then

Ni0iNi
E(Z|x))=F :
(Zil:) {1 exp (— )\mi)|mz}

7726 A cz)exp(:c Br)
f 1—ex K;O(Q)exp( I;T) Z]L1(771|=’I’z)d771

J Li(nilx:)dn;
iAo (6) exp(x! B
e o 0TI = Sr (@) Ao (&lm) S @)

fg(m|7)(1 - ST(CZ|772))>‘C(Cz|772)§ZSC(CZ|772)d77%
_ Jnm T T Ao (&) exp(@i Br) {Aco(é) exp(x}Be)ni 1 So(éln:)dn:
S temmm (1 = Sp(é|mi)) {Aco(@) exp(x}Bc)mi }* Sc(Giln:)dn:
T G
= A7o(&;) exp(x;Br) T+§Zf77 , ~C<Cl|m) ih
I ni e mT(1 — 5T(¢z|77z))50(0i|77z‘)d77i
fnT-I—H-Ez 1 fal%md?7
o7 S e ddy — [ e by
D(r+14&)/d "
D(7+&)/d]H —D(r +&)/b]+%
, 1/d7’+1+§1
= A71o(G;) exp(a] T+ & - ,
TO( ) p( BT)< 5)1/dz—+gz — 1/bz—+gz
T+& 1/d2+5i
di 1/d;'+§i _ 1/biT+§i
T+ & bz+§i
d; pTTS gt

= A7o(é) exp(z;Br)

= A7o(6) exp(z;Br)

= Ago(é) exp(@;Br)

= Apo(&) exp(@Br)
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212
B(Zw) = B { SIA N |
1 —exp(=A\m;)
0iniNi 0; 772)\2
{1 —exp (=A;i) |mz} * {1 — exp (—\in;) @i
E { oA, |m} yr T e So (@) dn,
1 —exp(=Ami) C e (1 — Sp(élmi)) Se(Gng)dn:

J o7 2 ey,
it e dimidn, — [Tt ey,
) (T +24¢&)/d
D(r+&)/d] T = T(7 + &) /b7
1/diT+2+5i
1/dz+€¢ . 1/bz+€¢

(r+&+1)(r+&) 1/d™

_>\2

=XNT+&+D)(T+&)

— )2

i d12 1/dz+fi _ l/bzﬂ-fi
_elrt&+hr+g) o
o d? R

Hence,

- T4+ i b;—Jr&
B(Zle:) = Gikra(e) expler) 5P

: (T+&+D(r+&) o
E(Z} ;) = 6:i[Aro(&) exp(xiBr)]? & pTE e + E(Zi|z;),

var(Zi|a;) = B(Z}|x;) — [E(Zi]x:))?,

I
cov(Z;, Zila) = 11 )Var(zm)

c]-) VTj’](éi> [—E(ZJSUZ) + V&T(Zi‘wi)L

cov(Zij, Ziji|x;) =

; il (Gi)
, E(Zi’wi)Jr[ATo(@)] [—E(Zi|x:) + var(Z;|z;)],

VaI'(Zij ‘331) =

cov(Zij, Zijr|x;)

’YTJI< z) ’)/TJ/I(@) ’YTjI<5i) .y
ArolG [—E(Zi|z:) + var(Zi|x;)] + mE(Zi!wi)I(J =7,

14
\_/
=
S
=)
—
™
S
S~—
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where b, = 7 4+ Apo(&) exp(xiBr) + Aco(G) exp(xiBe), di = T + Aco(é) exp(ziBe).

The expectation, covariance between Z; and n;, Z;; and 7, are as follows,

cov(Zs, nilxs) = E(Zini|z:) — E(Zi|zs) E(ni| ),

E(Zinilz:) = E[E(Zini|lxi,m:)] = EniE(Zi|xi, ni)]

Ni0iA; THE&E+D)(T+ &)

( bT-i—Ei
il = 0\ - -
1 —exp(=A\m;) @] d? R

= E[m

cov(Zij, milx:) = E(Zymi|e:) — E(Zij|lxe:) E(nil:),
E(Zignilz:) = EniE(Zij|2i,m:)] = E{miE[E(Zij|2s,m5, Z)]}

=F {an[Y;§(<gl)) Zi|zs, 77@]} = mE{niE[Zi|wiﬂ7i]}

VTJI(C})
E(Ziini|x;),
= A5 i)

PYTJI(CJ ’YTj[(éi)
) — T\ E (|
COV(Z’W 77@' i) = Aro(G) E(ZZJ771|mZ) Aro(G) E( Z|$1) (771|m1)

7TJ1(61>
ov(Zi,ni|z;),
Aol (Zi, milxs)

cov(Z;, logni|x;) = E(Z;logni|x;) — E(Z;|x;) E(log ni|x;),

E(Zilogni|x;) = E[E(Z;logni|xs,m:)] = Ellogn: E(Z;|x;,1;)]
N0 \; ]
1 —exp(=A\m;)
[ og it THI+E—1 e~ 4mi g,
e e iy, — [t ety

TH+E (T +E+1) —logd]  bTE
d; prtéi _ gt

=F [log Ni

=0\
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COV(Zijalogni|wi) ZE(Z log n;|x;) — E(Zij|wi)E(10g77i|mi>’

E(Z log 77z|33z) = E[log niE(Zij|iI3z‘>7h‘)] = E{log niE[E(Zij|93i777i7 Zz)]}

Yril(Gi) } Yril(é:)
= F{lo ZE — Zz x;,n; = — FEllo 1E ZZ xT;,n;
{ g1 [AT[)(Ci) |, 1] Aol {logniE[Zi| i, ;] }
VTJ](~)

E ZZIO i | L5 ),
ATO(Cz) ( J g77| )
i1 (G:)

To(Cz)

COV(Zija 1Og 7h|$z) - COV(Zza 1Og 771|wz)

B.4 VARIANCE ESTIMATION WITH LOUIS’S METHOD

Louis (1982) gives a formula as follows,

A 0?log Lps(0) A
(0) =~ 0000’ 6=0

A

where

_82 log L15(0) N _aQQ(evé) _ var w
0000 00060 90 '

To evaluate the first term £ ae((ae/ , the Q(6,0@) function is as follows,

Q(0,0D) = H,(0,09) + Hy(0,0D) + Hy(0,0D) + H,(6,09).

The term 2 8%00,0 ) can be obtained as follows,

Hy(6,60'9) = —nlog {T'(7)} + n7log(r +TZ (log n:) — E(mi)],

(@)
M:_nw()+nlog +n+Z (log 1) — E(mi)],

or
9’Q(6,0)  9°H,(6,6V) .
oToT a oToT =~ (7) +

00(0.09)  9H,(0,0D n
Q(aéc ) _ 2(((9ﬁuc ) — Z[—Aco(@) exp(z;Bc)E(n;) + &z,
=1
0%Q(6, [*1C)] 02 H, (6, 21C) n ) / /
aQﬁ(caﬁ’c ) - (‘9;(08&0 ! =Y _ —Aco(G) exp(@;Bc) E(n;) i@,
=1
O? 0, O(d) O2H 97 e(d) n i /
a;QB(C&VCj | N 8,326(*3703' | N ; —1;(é) exp(@;Bo) E ;).



9Q(0,09)  0H,(6,6?

e, O P
0%Q G,G(d) 0*H. 9,9 d n

(6,67) _ 98y e GEWVi)1(j = 7).
MOy IcjOvey i=1

9Q(0,0'))  0Hs(0,0'") . / , NS
98, = 9B, = ;[_ATO<Q') exp(z;Br)E(m:) + E(Z;)|x,
82Q(0,0(d)) o 82H3(0,0(d)) o - ~ / . !
28:08; = 98198, = ; —A7o(6) exp(z; Br) E(n;) i,
9*Q(0,09)  9’H3(0,09) 1) exo(@ B ) E(n s
OB~ OBy Xy @ ee@BoLme

9*Q(0, 6 OH3(0,09 " s , _
a( . : - 3; , ) = Z[_[j(ci) exp(x;Br)E(n:) + E(Zz’j)’Vle]a
rj Ty i=1
0*Q(0,09)  9’H3(0,0) ., o
’ = : =N 2E(Z) (G = 7).
1Oy vr;Ovry ; 1 B2 =7)

Olog Leom (0)
00

mc%a(fwm) = —nb(7) +n + nlog(r) + Y_[logmi — i,
=1

The term Var{ } can be obtained as follows,

OloslLeom) _ 15 o (c) explaBe)mias + &
350 =1

= Z[ Aco(é) exp(:c;,Bc)m + &,
=1

i

3

D108 Eeom) _ S 1, (6) explarBen. + Viggc

ey i=1
0log(Leom) n
e =3 Y [y d(@) exp(@i Br)m + Zijles
a/BT i=1j5=1
= Z[ A1o(G) exp(x;Br)n; + Zilx;,

.
I
—
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910g(Leom) & 5 / T
Og() = Z[_Ij(ci) exp(z;Br)n; + Z@'J'VTJI]'
YT i=1

ar {abga(f“’m)} = var {Zn:(log i — ?72-)} = zn:Var(log = 1)

i=1 i=1
= Z {var(logn;) + var(n;) — 2cov(logn;,m;)} ,

flog(/:wm) 8log(£com)} _

I

ar ' 0fe —Aco(G) exp(z} Be)x;[cov(log n;, i) — var(n;)],

0log(Leom) 0log(Leom) _
or ’ 9Bt a

=1

I

Il
—_

—Aco(é) exp(x;Br)xi[cov(log 1, i) — var(n;)]

)

+ Z x;[cov(logn;, Z;) — cov(n;, Z;)],

=1

COV{@Iog(ﬁcom) 0log(Leom }

D

[] Cz exp Z; /BC)[COV(IOgnwnz) Var(ni)L

n

87' ’ 87@ i—1
cov{alog“com),alog( com }—z —I;(&) exp(a}Br) [eov(log 1, 1) — var()]
87' a’)/Tj i—1

+ > vz, [cov(logmi, Zij) — cov(ng, Zij)).

=1

ar { 010g(Lcom) }
0Bc

co { 0log(Leom) 01log(Leom }
\4 )
0Bc Oej
{ 8 10g(£00m> a log(ﬁcom) }
COV 3
a’YCJ 370]

> [Aco(é) exp(@;Be)m;|*var(n;),
=1

Xn:Aco (¢;) exp(a; Be)xil;(é;) exp(x;Be)var(n;),

1=

—_

S~ {(resien) ™ €ieov(Viy, Vi) + (@)1 (@) lexp(Be) Pvar(,).

=1
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APPENDIX C

CHAPTER 4 SUPPLEMENTARY MATERIALS

Since Y], Ziyi = Z;j, then the conditional distribution of Z;j; is multinomial dis-
tributed given Z;;. Therefore one can obtain the following relationship by applying

the law of iterative rule.

_ _ o Jvadle) _ vida(ei)
E(Zijlx) = E{E(Zij|x, Zi;)} = E {/\i)j(lci)zij‘w} = /\l()jéci)E(Zij|$)-

For the latent variable Z;;, given n; it follows a truncated Poisson distribution
with when §; = 1 it takes all positive integers, when §; = 0 it is 0. By applying the

law of iterative rule again,

1i0s;Noj(c;i) exp(x’B;) |:1:}
1 — exp [~Ag;(c;) exp(x’ B;)mi] '

Let Hij = ADj(Ci) exp(w’ﬁj). When 5ij = 1,

B(Zy|x) = E{E(Zy|2,n)} = E{

E{ il |m} B fﬁ%&(@)dm
1 — exp (=Hyjn:) [ £1(0)dn; !

where

k
L£1(0) = g(ni|7, T H {1 —=5;(ci|z) } EICY (cz\x) —0ij
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The numerator is,

niHij

L1(0)dn;
niH,j 1-5
= g(ni|T,T) 1= S.(ci|x)}7 Sy (ei|x) " dn;
i) [ (1 S} ()
g(mi|m+ 1, 7)H,;

= 1 — exp (—H,m;) } exp (— Hipmi) '~ diyg
T — oxp (—Him) E{ ( )} ( )

= /g(mlT +1,7) H {1 — exp (= Hiyms) } exp (— Hipgg) '~ d

r=1
r#j
Qdifl
:sz/g<7h|7'+1,7'> Z (-1)|Li|7‘Biq|7l exp(—m Z sz)d’fh
q=1 jEBS
od;—1
=Hy; y_ (=1)FBal= g =t 37 Hy) T
q=1 JEBE,

where Bj, is the gth element of the set containing all subsets of L;\ {j}, B is the
complement of B;, with the complete set being {1,2,..,k}\ {j}, for ¢ = 1,2, ..., 241,

The denominator is,

2d;

/ﬁ dm—/ oK ey () el exp(—n Y Hy)dn

p=1 JEAT

Il
b M“’

1)l |A“’|/F i~ hexp { —(7+ D Hij)ni p dn,
JEAS,
—de: (_1)\Li\—|Aip|7-T
p=1 (T+Z]€AC H’L_j)

2d;
= (— 1)\Li\—|Aip|(1+7-—1 Z Hij)_T,
1

e,
jEAip

where A;, is the pth element of the set containing all subsets of L,, AZ% is the com-
plement of A;,, for p = 1,2, ...,2% and the complete set is {1,2,..,k}.

Therefore,
niHij ]
B(Zyla) = o, el 21 O)00
’ ’ [ L1(0)dn;
sz 1( )ILI | Bigl— 1(1+T—1ZTGBC Hy) ™ 1

Y2 () Awl (1 4 771, e Hip) ™

= 0;5H;
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The conditional expectation of ; and logn; given data, E(n;|x) and E(logn;|x),

can be expressed as follows,

J i L1(0)dn;
JL1(0)dn;

S logn;£1(0)dn;
J L1(8)dn;

E(nilx) = E(logni|z) =

/77@£1 )dn; = /771 (milm, 7 H {1- (Cz|Xu771)} v.S5; (Cz|Xu771)1 5”6177

7j=1

- S ()l exp(n, S )

p=1 JEAS
o 24
T Q1AL -
=5 Z(_l)\m \Azpl/ni exp{ —(7+ Z H;j)n; ¢ dn;
(T) p=1 ]EAC

|L| [Aip]
— T+1Z/ nlexp{ (T4 >, Hij)n }dm

]GAC

22 JEl-nl(1 4 7t S H)

JEA,

/108; m:.L1(0)dn;

_/logm (a7, H{l — Sj(calxama) } Sy e, mi) '~

7j=1

_/r (log ;)7 Z( D) El Al exp(—n S Hyj)dn,

- AC
p=1 ]EAip

I
= o
1]
1
—~
D

eAC

|L| |Azp‘/1_‘ log'rh) T lexp{ 7'+ Z Hz] }dTh

1
=7 Z/logm )nz exp{ (t+ > Hij)n }dm

JEAS,

d:

(3

=Y (-l 4 77t S Hy)

N

- 1/)(7)10g{(7+ > Hz‘j)m}

p=1 JEAE, jeAc
Therefore,
d; q_1A. B L
E(ni|x) = Jnila(8)dn; o (— DAL 7S e Hip) T

fﬁl(e)dm - Z;Zl(_l)wﬂ_mw‘(l + Tfl ZjeAiC;a Hl'j)fT
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S niL1(0)dn;
[ L£1(0)dn;
B Z;‘il(_l)lLil—lAip\(l + 77t ZJ'GASD Hi;)™" {w(r) — log(T + ZjeAg Hz-j)}
S20 (=)l (1 771 Y pe Hyy) ™"

E(log i ]w) =

97



	Statistical Analysis of Interval-Censored Data Subject to Additional Complications
	Recommended Citation

	tmp.1572378995.pdf.Qt8MU

