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ABSTRACT

In the modern world, data have become increasingly more complex and often contain
different types of features. Two very common types of features are continuous and
discrete variables. Clustering mixed-mode data, which include both continuous and
discrete variables, can be done in various ways. Furthermore, a continuous variable
can take any value between its minimum and maximum. Types of continuous vari-
ables include bounded or unbounded normal variables, uniform variables, circular
variables, etc. Discrete variables include types other than continuous variables, such
as binary variables, categorical (nominal) variables, Poisson variables, etc. Difficulties
in clustering mixed-mode data include handling the association between the different
types of variables, determining distance measures, and imposing model assumptions
upon variable types. We first propose a latent realization method (LRM) for clus-
tering mixed-mode data. Our method works by generating numerical realizations of
the latent variables underlying the categorical variables. Compared with the other
clustering method, we find that the finite mixture model (FMM) is superior to LRM
in terms of accuracy. Thus in the second project, we apply the FMM to multi-culture
data. As a motivating example, we test the difference in human responses to the same
questions across different cultural backgrounds. In the last project, we first extend
the FMM to include circular data, which is one of the continuous types but rarely
discussed in the mixed-mode area, within the framework of the EM algorithm. We
add a Gaussian copula to the FMM to take into account the dependency of variables

within each cluster.
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CHAPTER 1

INTRODUCTION

This dissertation involves the cluster analysis of mixed-mode data. Mixed-mode data
contain variables of different types. For example, we use a heart disease data set that
can be found publicly in the UCI repository to briefly introduce and motivate the
mixed-mode clustering problem. (Janosi et al., Last accessed 2019)

In this data set (see Figure 1.1), there are 214 complete observations on patients
of heart disease diagnosis with five continuous variables (age, trestbps, chol, thalach
and oldpeak) and two binary variables (sex, fbs). There are two clusters indicating
whether the patient has heart disease or not. Our goal is to separate the whole data
set into two clusters using these seven mixed-mode variables. At the end, the accuracy
rate can be calculated by comparing the predicted cluster labels with the real cluster
labels using the Rand index (Rand, 1971) or average silhouette score (Rousseeuw,

1987).

1.1 LITERATURE REVIEW

This section offers a brief literature review of cluster analysis.

Most clustering methods fall into one of three classes: distance-based methods,
probabilistic model-based methods and density-based methods. We will mainly talk
about the first two types of methods as applied to the mixed-mode data.

The distance-based methods have two sub-branches. One is partitioning algo-
rithms, including K-Means, K-Medians, K-Medoids and K-prototypes; the other is

hierarchical algorithms, including agglomerative methods and divisive methods.



age trestbps chol thalach® oldpeak sex fbs cl

63 145 233 150 2.3 1 1 0
67 160 286 108 1.5 1 0 2
67 120 229 129 2.6 1 0 1
37 130 250 187 3.5 1 0 0
41 130 204 172 1.4 0 0 0
56 120 236 178 0.8 1 0 0
62 140 268 160 36 0 0 3
57 120 354 163 0.6 0 0 0
63 130 254 147 1.4 1 0 2
53 140 203 155 3.1 1 1 1

Figure 1.1: A snapshot of the first 10 observations in the heart disease data set

The probabilistic model-based methods generally assume a specific form of the
generative model, like a mixture of Gaussians. The model parameters are estimated
(commonly with the EM algorithm) using the maximum likelihood method. Then
each data point is assigned to the cluster for which has the highest predicted proba-
bility.

The density-based methods assume the data space has the granularity between
every dense region with arbitrary shape. The most popular density-based clustering

method is DBSCAN (Ester et al., 1996).

1.1.1 DISTANCE-BASED CLUSTERING METHODS

This kind of method always uses a metric for calculating distance between two obser-
vations and then creates some criterion to assign data into different groups (clusters).

The partitioning algorithm first determines an appropriate number of clusters
K, then attempts to partition the data to minimize, at each step, a specific cost

function. Traditional partitioning methods include K-means (MacQueen, 1967), K-



medians (Bradley et al., 1997) and K-medoids (Kaufman and Rousseeuw, 1987). In
the traditional K-means approach, the algorithm begins by randomly allocating all
objects into k clusters. One at a time, it puts each object into the cluster whose
centroid is closest to it, using the measure of distance d%(x,%X;) = (x — X;) ' (x —

T is any particular observation and X; is the centroid

Xr) where x = (z1,...,2,)
(multivariate mean vector) for cluster k. When an object is moved, the centroids
are immediately recalculated for the cluster gaining the object and the cluster losing
it. The method iteratively cycles through the whole set of objects and attempts to
minimize the within-cluster sum of squares (WSS),
K
WSS =" dy(x;,X).
k=1 ick
As opposed to K-means, K-medians calculates a type of median of clusters instead
of the within-cluster mean, which lessens the impact of outliers. The K-medoids
algorithm is a robust alternative to K-means. It uses k representative objects as the
cluster medoid (centroid) and attempts to minimize the criterion,
K
Crityred = Z Zd(Xi, my),
k=1 ick

where my, is a medoid, or “most representative object”, for cluster k. Both K-means
and K-medoids do not globally minimize their criterion in general and depend on
their initial values to some degree. But an advantage of the K-medoids is that the
function can accept a dissimilarity matrix which is commonly used for hierarchical
methods. In some clustering applications, the correct partitioning of the data in its
multidimensional space is not represented by convex boundaries between clusters.
In such a situation, kernel K-means clustering is a useful method (e.g., Scholkopf
et al., 1998). Like most of the kernel-type methods, it projects data onto a high-
dimensional kernel space and then performs the K-means clustering method based
on the kernel functions. When the data are of mixed mode, especially containing

continuous and categorical variables, a variation called the K-prototype clustering



method (e.g., Huang, 1997, Huang, 1998) can be used. In K-prototype clustering
method, distance measure between two observations is the weighted summation of
two type of variables separately as follows:
d(z;, ;) = Z (xi — x]’k)2 + 7 Z Loyt
k€Ceont k€Ceate

where «; is the weighting coefficient associated with the categorical part of x; and
Ceont (Ceate) is the collection of indices of continuous (categorical) variables. The
clustering procedure is analogous to that in K-medoids, so the distance measure
is often used for the distance between one observation and the most representative
observation, which makes the weighting coefficient v; consistent within the same
cluster.

Hierarchical clustering methods partition N data objects in a series of N steps,
either in an agglomerative manner that joins observations together step by step or in
a divisive manner that divides the whole into subgroups gradually. It is not necessary
to decide the number of clusters at the beginning of the process, because the parti-
tions can be visualized using a dendrogram which makes it possible to view partitions
at different levels of resolutions using different numbers of clusters K. Historical hier-
archical methods include single linkage (Sneath, 1957), complete linkage (McQuitty,
1960; Sneath and Sokal, 1963), average linkage (Sokal, 1958), and the method of
Ward (Ward Jr, 1963). But when encountering mixed-mode data, those historical
hierarchical methods require special adaptations.

Gower (1971) created a distance function to measure the similarity between two
objects on which continuous (quantitative), categorical (qualitative) and binary (di-
chotomous) data are measured. Consider an N x @) data matrix X = {x;, : i =
1,...,N, and ¢ = 1,...,Q}. Define the dissimilarity of two objects ¢ and j to be



where (5§j) is the indicator that equals 1 if object ¢ and j are comparable in variable
q and equals 0 otherwise. d,(;f') is defined differently based on the type of variable q.

If the ¢th variable is categorical, then

@ 0 if Tig = Tjq,
ij
1 if @y # g

If the ¢th variable is binary, then

@ _ 0 ifxiq:qu: 1,
ij
1 otherwise.

If the gth variable is continuous, then

_ |Tig — T4

d\? =
J Rq

where R, is the sample range of variable g.

Li and Biswas (2002) presented a similarity-based agglomerative clustering algo-
rithm (SBAC) for clustering data with mixed numeric and categorical features. The
SBAC methodology uses a similarity measure defined by Goodall (1966) and adopts
a hierarchical agglomerative approach to build partition structures.

Friedman and Meulman (2004) proposed an algorithm to cluster objects on subsets
of attributes (COSA) based on Gower’s distance measure. The COSA algorithm
primarily focuses on distinct groups of objects that have similar joint values on subsets
of the attributes. A cost function in the COSA algorithm involves the negative
entropy of the weight distribution for each subset. Chae et al. (2006) proposed a
distance measure with weights that balanced the role of the numerical and binary
variables in clustering.

Some methods have attempted to encode mixed-mode data into the same data
type (altering the variables so that the entire data set consists of either pure con-
tinuous values or discrete numeric labels) and then apply corresponding clustering

methods.



He et al. (2005) applied a cluster ensemble method that performs separate cluster
analysis on the pure numeric data subset and the pure categorical data subset. They
treated the cluster labels obtained by each algorithm as two new categorical variables
and employed a categorical data clustering approach to partition the objects based

on these two new labeled variables.

1.1.2 PROBABILISTIC MODEL-BASED METHODS

Krzanowski (1983) derived a measure of distance between groups based on the gen-
eralized location model, in which he assumed that the discrete variables follow a
multinomial distribution and the continuous variables follow a conditional multivari-
ate normal distribution, conditioning on the discrete variables. Then the distance
between two groups ¢ and j is defined as d;; = /2(1 — p;;), where p;; is the affinity
(similarity) between both the groups that is obtained from the generalized location
model. The location model can be extended to the finite mixture model by creating a
discrete variable with clustering labels and considering the distributions of the other
variables conditional on this discrete variable. Lots of efforts have been done based
on the finite mixture model with different distribution assumptions.

Everitt (1988) used the finite mixture model to cluster mixed-mode data by assum-
ing a latent continuous variable for each categorical variable. He also assumed those
categories in each categorical variable are derived via thresholds on a corresponding
latent variable. The parameters of the mixture density function are estimated by
maximum likelihood using the simplex method of Nelder and Mead (1965). The ma-
jor practical problem is that the method is largely restricted to data sets involving
only one or two categorical variables. Once a categorical variable is added, there will
be another m; new thresholds to estimate, which equals the number of new categories
minus 1. And the dimension of the variance matrix of the latent variables’ condi-

tional distribution is increased by one degree. Everitt and Merette (1990) continued



to work with Everitt (1988)’s mixture model and performed simulation studies to de-
termine its success in estimating accuracy when compared with hierarchical clustering
techniques that used either Euclidean distance or Gower’s similarity coefficient.

Jorgensen and Hunt (1996) and Hunt and Jorgensen (1999) used either the multi-
nomial distribution or the multivariate normal distribution for discrete and continuous
variables, respectively, to build their finite mixture model. They estimate parameters
using maximum likelihood estimation with the EM algorithm.

Lawrence and Krzanowski (1996) adopted an approach for the discriminant anal-
ysis of mixed data (Krzanowski, 1993) by replacing the ¢ categorical variables with
a single m-cell multinomial variable, where m is the number of distinct patterns of
all categorical variable “values”. They partitioned the data into m subsets and as-
sumed a homogeneous conditional Gaussian distribution for each cell. Then the EM
algorithm was applied to the log-likelihood function, analogously to McLachlan and
Basford (1988). They added an extra summation over m cells and some extra pa-
rameters defined as the probability of observing an individual in each cell. Obviously
m will grow extremely large as the number of categorical variables increases.

Moustaki and Papageorgiou (2005) proposed a latent class finite mixture model
for binary, categorical, ordinal and continuous variables by using Bernoulli, multinom-
inal, cumulative-probability multinomial and normal distributions, separately. They
derived the parameter estimates using the EM algorithm. Let x; = (x1p,,...,28,)"
denote the hth object with B features. Using a latent class finite mixture model,
they assumed the probability of each class k to be n, with k =1,..., K. So the joint

distribution of the observed hth object is calculated by

B

fxn) =Y meg(xnlk), g(xnlk) = [] g(zinlk) (1.1)

k=1 i=1

and the log-likelihood for N observations is written as

L= Z log f(xp) = Z logz Mg (Xn|k).
h=1 k=1

h=1



By assuming Bernoulli, multinominal, cumulative-probability multinomial and nor-
mal distributions for g(x;,|k) corresponding to the type of the ith variable, they can
use the EM algorithm to obtain the estimates of 7, and finally calculate the posterior

conditional distribution of class k given the hth object

h(kxn) = neg(xnlk)/ f(xn).



CHAPTER 2

LATENT REALIZATION METHOD

Summary: In this chapter, we develop a method to cluster mixed-mode data contain-
ing both continuous variables and discrete variables. These discrete variables may
have any number of levels (categories) and may be categorical or ordinal. We first
employ the multivariate normal model to deal with such data by assuming latent nu-
merical variables with thresholds defining categories for the categorical variables. We
propose a new method to generate realizations of latent variables corresponding to
observed categorical variables. Then the K-means method is performed on the pure
numerical variables, including the newly generated variables and originally observed
variables. When applied to simulated data, this method performs less accurately than
the mixture model-based clustering method but takes much less time. At the end
the heart disease data is tested by applying our method and two additional popular
clustering methods for comparison.

The structure of this chapter is as follows. Section 2.1 and 2.2 illustrate the
notation and methodology of the latent realization method we proposed respectively.
Then the simulation study is performed in Section 2.3 and a real dataset about heart

disease is studied in Section 2.4.

2.1 NOTATION

Let D = (x1,...,%c, Y1, - - -, Yyp) denote the whole dataset consisting of m = (C'+ D)
variables. @;, = [X1;,,..., Xn;,] , and v, = [y, - .-, Yujo] | arve data vectors of

length n for j; = 1,...,C, jo = 1,...,D. In mixed data, suppose there are C



numerical variables denoted by X = (X3, Xs,..., X¢), and D categorical variables
denoted by ¥V = (Y1, Ys,...,Yp).

Let K denote the number of clusters, which is assumed to be determined at the
beginning of the algorithm. Cjy stands for the set of objects in the kth cluster and N
is the number of observations in Cj such that

K K
> Np.=N, [JC={1,...,N} and Cy, [ Ck, = 0 for ky # ko.
k=1 k=1

p(X,Y) is defined as the correlation of variable X and Y. If X is a numerical
variable and Y is a categorical variable, both observed as vectors of length n, then

we use Kendall’s 7 coefficient (Kendall, 1938) as the sample correlation defined as

Number of concordant pairs — Number of discordant pairs

T = :
Number of concordant pairs + Number of discordant pairs

For instance, suppose there is a pair of points, (z1,y;) and (z2,y2). They are said to

be concordant if xy > x9,y1 > yo Or X1 < X9, Y1 < Yo; discordant if xy > x9,y1 < Yo

or 1 < Ta,y; > Yo; and neither concordant nor discordant if x; = x9 or y; = ys.
R(Ly, Ly) is defined as the similarity measure of partitions L; and Lo based on

the Rand index (Rand, 1971):

a+b

R(Ly, Ly) = n(n—1)/2

where a is the number of pairs of observations that fall in the same cluster in L; and
in the same cluster in Ls; b is the number of pairs of observations that fall in different

clusters in L, and in different clusters in L.

2.2 METHOD IN DETAIL

In step 1, we initialize the clusters by using the k-means clustering method on the
pure numerical variables, (X7, ..., X,,). In this way, we obtain an initial partition L

with a set of clusters {Cy,...,Ck}.

10



In step 2, we propose to generate latent realizations corresponding to the cate-
gorical data one variable at a time. So we focus on the categorical variable Y; in the
following steps.

In step 3, we will implement the generation in each separate cluster Cy, k =
1,...,K. For cluster Cx, we choose X, € (Xi,...,X¢) as the most associated

numerical variable, such that

Titn) = 1p(Xagry, Yim)| = max |p(Xiqw), Yign))|

where (X, Yjx)) is the subset of (Xj,Y]) consisting of observations that belong to
cluster Cy,.
In step 4, based on (X, ), Yjk)), we propose to construct a random vector (U, V)

such that

where [iy = Nik Zﬁl Ty and 6 = \/Nkl_l ZlN:kl (ml*(k) - ﬂk>2

As a result, the marginal distribution of U depends only on X, ). And as Ny
becomes very large, X, ) converges to the same distribution as U does marginally
by the central limit theorem. On the other hand, the random variable V' is used to
imitate the latent numerical variable underlying the current categorical variable, Y},
within cluster C. Its correlation with U has the value 7;;) and V follows a standard
normal distribution marginally. The reason for assuming a standard normal distri-
bution for V' is because we have observed no information about the latent variable
and as illustrated in Everitt (1988), we may choose any mean and variance without
loss of generality.

In step 5, we use r; to denote the rank of values of variable X,y and 7, for
the rank of values of variable U. Then we can re-sort the generated data (U,V)

following the rule that 7 = 7, on every object and define the variable Zj, equal

11



to the re-sorted variable V. Thus we obtain the new data (X, ), Y&, Z;x)) where
Z ) is the numerical latent realization of categorical variable Y.

For example, suppose random vectors (X, ), Yju), U,V ,r1,72) are defined as

follows:
1.21 4 1 1.01 2 —-0.27
0.89 1 1 1.17 3 —-0.03
(X*(k), 1, Y}(k)) = . (U,r, V) =
092 2 1 1.25 4 0.68
1.13 3 2 0.8 1 —-2.32

We rearrange the rows in (U, 72, V) such that r; and r5 are matched,

121 4 1 125 4 0.68

089 1 1 0.89 1 —2.32
(X 71, Y, U, 2, V) =

092 2 1 101 2 —-0.27

1.13 3 2 117 3 —0.03

Then we can set Z;) = V and obtain (X, ), Yjk), Zjx)) as

121 1 0.68

089 1 —2.32
(X, Yi)s Ziwy) =

092 1 —0.27

113 2 —0.03

In step 6, we have finished generating Z; from all K clusters and obtain the data
set (Y}, Z;). We then reuse the k-means method on (X7, ..., X¢, Z;) to obtain a new
partition L with corresponding clusters Ci, ..., Cx. We hope the current partition is
not far away from the earlier one. So our algorithm will reject the current partition,
replace the value of L with L, and return to step 3 when the agreement of the new
and old partitions is less than the critical value, which is set to be 0.1 in this paper.

The agreement of the two partitions is measured by using the Rand index R(L, E).
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2.3 SIMULATION

2.3.1 SIMULATED DATA

Suppose n denotes the sample size; C' denotes the number of numerical variables; D
denotes the number of categorical variables; K is the number of clusters; 6 is the
separation rate that equals the ratio of between-group sum of squares and within-
group sum of squares; t = (t1,...,tp) denotes the number of categories of the D
respective categorical variables.

In step 1, for n observations, we randomly generate the labeling outcome variable,

L, which contains the labels of K clusters such that

1:-[/1:” _LN17
2= LN1+1 = - LN1+N27
B =boipmiw = = he
K
and Z N, =n.
k=1
In step 2, we randomly generate p, . .., i from the Uniform distribution denoted
as U(—10,10) and set
1 C+D
ST ;(Mz—uz—l)‘
Then we can generate the sample for @y = (211, ...,%,1) of size n by letting the first

N observations follow N (p1, s?), then Ny observations follow N (jz, s%), . .., until the
last N observations follow A (g, s2).

In step 3, we need to calculate the between-cluster sum of squares (BSS), within-

13



cluster sum of squares (WSS) and total sum of squares (7'SS) of ; by letting

1 N
T 2*2%1

1 Ny 1 Ni+No 1 N
szh T1(2 Z Tit, -5 TU(K) = N Z Ti1
i=N1+1 K =14+ N—-Ng

BSSl - Z Nk(fl(k) - 51)2
k=1
N

TSSl = Z(le - f1)2

=1

— )%

||MN

N
WSSl == TSSl - BSSl == Z le - .131
i=1

In step 4, we repeat step 2 and 3 for C times and obtain a n x C' numerical
data matrix, = (x1,...,T¢c), as well as the numerical data’s separation rate, éc,

calculated by

. >5, BSS;
o = ==

We will go back to step 2 if fc is not sufficiently close to 6 according to a predetermined
criterion, i.e. if [fc — 6] > 0.05.

In step 5, we repeat step 2 again and define the sample of size n, denoted z; =
(211, - - -, 2n1) Which has an identical structure and distribution as @1, but which has

newly generated values. Given that the first categorical variable has ¢; categories,

we can randomly generate t; — 1 values, ay,...,a; 1, from U(0, 1) as the thresholds
and set a; < as < --- < ay,—1 without loss of generality. Then we will set categorical
samples Y1 = (Y11, .-, Yn1) a8

1 23 < z%al)

2 "<
Yi1 = fori=1,...,n.

tl Zi1 > Ziatl)

where th) is the 100h percentile of the generated sample vector z;. As a result,

we obtain a categorical sample y; = (y11,...,¥yn1)' Wwith ¢; categories. Again, we
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calculate the BSS, WSS, TSS of y; by the formulas given in Okada (1999), which

is analogous to the Gini coefficient:

Wssen = 3 3 (1- St

k=1

K
N,
BSSci1 =TSScy1 —WSSc = § :f; § :(Pk(Oé> _P<04))2
k=1 «

where p(«a) is the proportion of category « in y; such that >, p(a) = 1; pr(«) is the
proportion of category « in the kth cluster of y; such that Y-, pp(a) = 1 for every k.

In step 6, we repeat step 5 for D times and obtain an nx D categorical data matrix,

y = (y1,...,Yp), as well as the categorical data’s separation rate, éD, calculated by
éD ?:1 BSSC+]

T YD WSSey,
In step 7, we combine the two data matrices and obtain the n x (C'+ D) simulated
mixed data
(x,y) = (x1,..., 20, Y1,-- -, YD)
and the overall data separation rate, éau, as

P >4 BSS;

Notice that (éc, éD, éall) all range from 0 to oo.

2.3.2 SIMULATION RESULT

We generate 1000 simulated observations, i.e., n = 1000, belonging to 3 clusters,
K = 3. There are 5 numerical variables, C' = 5, and we let the number of categorical
variables vary over 4 settings, D = (2,5,10,20). For each case, we create 400 such
simulated data sets with the separation rate of the whole dataset, éa”, ranging from

0 to 2. The accuracy rate of every clustering result is evaluated by comparing the
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obtained clustering result to the real clustering labels using the Rand index, i.e.
R(Lpredicts Lirear) where Ly eqict is generated by the clustering method and L, is the
real set of cluster labels.

In the following figures, we use the red color for EM in Moustaki and Papageorgiou
(2005), the black color for Gower’s measure in Rousseeuw and Kaufman (1990) and
the green color for our method, the Latent Realization Method (LRM).

Figures A.1, A.2 and A.3 (See in Appendix A) present both the scatter plots and
the lowess regression lines of the accuracy rate and processing time to separation rate
of the mixed data, pure continuous data subset and pure categorical data subset,
respectively. We can see that the EM algorithm always has both higher accuracy
rate and longer running time in all cases. It is apparent that the computing time will
become larger as the number of categorical variables, n, increases. But our method,
LRM, is not as sensitive to n and the computation time increases much less than that
of the EM algorithm does as n changes from 2 to 20.

Figure 2.1 shows the graph of accuracy rate versus time cost for three methods
within different number of categorical variables. The symbol size refers to the value
of the separation rate of the whole data set, which means that large separation rate is
displayed in a large size of symbol. We can see that Gower’s method does not change
too much for different n and it always uses the least time. The EM method disperses
on the top right part of the figure, which means it can generate good partitions
but suffers from a long computation time and instability. The LRM has a stable
processing time, less than most cases than EM, but it does not give as good of a
partition result as EM. On the other hand, the LRM performs better than Gower’s
method in terms of accuracy rate but takes a little bit longer. Because the x axis is on
the logarithm scale, although the LRM apparently moves to the right as n increases,
the values of processing time actually merely range from less than 1 second to less

than 5 seconds. From all the graphs, we find that the LRM performs best when n =5
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with relatively lower time cost and higher accuracy rate.
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Figure 2.1: Accuracy rate versus processing time mixed data with different number of
categorical variables. The red color represents the EM algorithm, the black color is for
Gower’s measure and the green color is used for our method, LRM.
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2.4 HEART DISEASE DATA RESULT

As it mentioned at the beginning of the introduction, a famous heart disease dataset

can be found publicly in the UCI repository via the following link.

(http://archive.ics.uci.edu/ml/datasets/heart+Disease)

There are 214 complete observations with five numerical variables (age, trestbps,

chol, thalach and oldpeak) and two binary variables (sex, fbs). The data separate

into two clusters indicating whether the patient has heart disease or not. Our goal

is to partition the whole data set into two clusters using these seven mixed-mode

variables. The three methods that were used in the simulation are now applied to

these real data. A snapshot of the estimated clustering labels can be seen in Figure

2.2.

age

—

63
67
67
37
41
56
62
57

O 0 N O v AW N

63

o

53

trestbps

145
160
120
130
130
120
140
120
130
140

chol
233
286
229
250
204
236
268
354
254
203

thalach
150
108
129
187
172
178
160
163
147
155

oldpeak sex ~ fbs cl

23 1 1 0
1.5 1 0 1
2.6 1 0 1
35 1 0 0
1.4 0 0 0
0.8 1 0 0
36 0 0 1
06 0 0 0
1.4 1 0 1
3.1 1 1 1

Gower
1
1

EM

NN

NN

LRM

Figure 2.2: Snapshot of the first 10 observations in the heart disease data with predicted

cluster labels

The accuracy rate as measured by the Rand index is recorded in Table 2.1.

Table 2.1: Accuracy rate of three methods (Gower, EM and LRM)

Rand Index

Gower EM LRM
0.5254 0.5434 0.5079
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Even though there is no substantial difference in the value of Rand index, we
can still see our result is worst among all three methods. We investigate the corre-
lation (measured by Kendall’s 7 coefficient) between numerical variables and binary
variables during the process of our method, which is shown in Table 2.2. We can
see all the values of the correlations are very close to 0, which means no significant
correlation between the two variables. We believe this is one reason for the relative

lack of accuracy of our method.

Table 2.2: Excerpt of records of correlation between numerical variables and binary vari-
ables

Loop | age trestbps chol thalach oldpeak
1 -0.07 0.05 -0.11  -0.05 0.06

2 -0.08 -0.12  -0.14 -0.05 0.12

3 0.11 0.15 0.01  -0.04 0.09

4 0.08 0.11 0.01 0.02 -0.03
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CHAPTER 3

CLUSTER ANALYSIS ON MULTI-CULTURE DATA

Summary: There is a branch of psychological research called cross-cultural psychology
that examines how cultural factors influence human behavior. Researchers study the
differences in how people of two cultures think and act when facing the same problems.
From a statistical perspective, the culture attribute can be treated as a clear boundary
that separates the data into different groups. To evaluate the difference between two
cultures, one way is to compare the cluster structure within each group of data,
defined by the same culture attributes. If the cluster structure is found to be non-
consistent between two groups, it means the effect of culture should be taken into
account when future comparisons are planned between two groups. In the latent class
finite mixture model, the probability of each cluster can be used to determine the
cluster structure. The problem of comparing two cluster structures is converted to
the problem of testing the homogeneity of the cluster probabilities across groups.
The structure of this chapter is as follows. The motivation of this topic is included
in section 3.1. Then the description of finite mixture model and its variation for multi-
group data are shown in section 3.2 and 3.3, which are followed by the introduction of
the likelihood ratio test used for comparison in section 3.4. At the end the simulation
study is performed in section 3.5 and a real data about heart disease is studied in

section 3.6.
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3.1 MOTIVATION AND EXAMPLE

Eid et al. (2003) applied the latent class model for cross-cultural research, espe-
cially focusing on two nations, China and America. They presented an example from
an international study on the subjective well-being of university students in which
satisfaction with several life domains was assessed in two cultures, China and Amer-
ica. Students’ rated satisfaction with questions including grades, lectures, family and
friends are recorded using three response scale (3=satisfied, 2=neutral or mixed, and
1=dissatisfied). Thus the data includes 4 categorical variables with 3 categories each,
specifically 4 questions with 3 optional answers each. They first expand 4 categorical
variables with 3 categories each into 81 (3*) unique patterns, which is analogous to the
method in Lawrence and Krzanowski (1996) for manipulating categorical variables.

For each nation, a single-group latent class model is built as follows:
il A|X _B|X_C|X_D|X
X
Cijkl = NZ@ Tit Tit T T s
t=1

where e;;1; is the expected frequency of a response pattern. The indices 1, 7, k, [ denote
the categories of four items, respectively, and all of them have possible values 1, 2,
or 3. X denotes the latent class variable. 7;* is the probability of cluster t. 7T£ X
denotes the conditional response probability for category ¢ of the first item given latent
cluster t. N is the sample size in one nation. The number of clusters is chosen in a
exploratory way by comparing the AIC and BIC of the models containing different

clusters. Therefore two models are constructed based on two nations’ data and their

cluster structures, 7;*, are tested for homogeneity.

3.2 LATENT CLASS MODEL

The model we describe here follows that given by Moustaki and Papageorgiou (2005),
previously mentioned in (1.1). In the following description the term “class” has the

same meaning as the term “cluster” in the phrase “cluster analysis”, while “group”
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refers to “culture”, which represents some particular population within the data that
can be identified before examining the observed data values.

Suppose that ¢ = (x4, ..., x,,) denotes an n x m data matrix, i.e., n observations
with m attributes (variables). Each variable has a conditional distribution in the
exponential family such as Bernoulli, Poisson, categorical or normal.

Let z;; be the value of the ith observation at the jth variable, with ¢ =1,...,n,
j=1,...,m. The row vector @; = (z;1,..., %)  is the response for the ith object.

In a latent class model (also called a finite mixture model), we assume that there
exist K clusters. For each cluster k there is an associated probability, ng, which is
defined as the prior probability of an observation belonging to the kth cluster. So the
joint distribution of the observed data is a finite mixture of probabilities given the
parameters, = {(nk,Oj(k)) k=1,....K, j=1,... ,m}. In addition, we define

n = (771, . 777K) and Hk = (91(k)7 . ,Om(k)>
f(:]$2) = me ;| y,). (3.1)

We assume variables are independent within the same cluster and each variable has

same distributional form but different parameter estimates in different clusters, i.e.,

m

wz|0k H xl]‘e

So the conditional distribution of the cluster k given data x; is

e f (x:]0)

h(k|x;, Q) = @]9

The log-likelihood function of the latent class model is defined as follows

(o) oz I fla19) ) = Sotox (3 sl

Suppose that there is an indicator vector of size n, z = (z1...,2,), where

zi = (ziq),-- .,zi(K))T denotes which cluster the observation x; belongs to, such
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that S5 ziwy = 1 and zgy € {0,1} for every i. So the joint probability density

function of x; and z; is obtained as

K
[z, 2,]Q) = anf i0)) ™

with complete log-likelihood function [.(Q|x, z) as

[(Qx, z) = log (Hf x;, z;|2) )

i=1

Mw

Zi(k) log (i f (:]6%))

=1

>

=1k

B
Il
—

Mw

Zi(k (10g Mk +Zlog g %lO )))

1 Jj=1

Because 7 is restricted such that 3% | 1, = 1, we can write the log-likelihood function
as
n K K
FQz, z) =)z (log ) + Zlog [i (w5165 ))) + A1 =D me).
i=1 k=1 j=1 k=1
The EM-algorithm (Dempster et al., 1977) is now applied to determine the esti-
mates of unknown parameters, Q, such that the log-likelihood function, (2|, z),
is maximized.
The E-step is to compute the expected value of [X(Q|x, z) with respect to the

missing values z at the sth iteration, i.e.,

Q(QIQW)

E (1(Q, 2|09, z))

n K m K (32)
= Z Z wieh) | log(m) + > log(f;(x4510;)) | + A1 =3 m)
i=1 k=1 j=1 k=1
where wg(slz) = B(2)|Q), ) satisfies
R i) 2 =1 Q(s) NO) ; é(s)
UJZ((S;) — P(fzz(k) — 1|w7 Q(s)) — f(w 7’2 (k) _ (S)l ) — I:’k Ar](:()m | k A)(S) .
f (| 2) S e f (] 07)
The M-step is to update the parameter estimates such that
Q6D — argmax Q(QQW). (3.3)
Q
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By taking the derivatives of Q(Q|Q(S)) with respect to each element of {2 and setting

them equal to 0, we can obtain the following equations:

| :8% (Qlﬂ ) :nik ?:1101((812)_/\
0 =HQEIAY) =1-Xm (3.4)
0 = G QUY) = i) BE

80j<k) Z(k) f](zl_]'g](k))
fork=1,....,.Kand j=1,...,m
The first K + 1 equations in (3.4) yield that A = n and
n n A(S) A(s)
A(s+1 1 B M [ (@il6;”)
n: Z wz(k: Z A(S (). (3.5)
i=1 0 0" f(i|0; )

The last m x K equations are dependent on the type of variables and their dis-

tributional assumptions.

3.2.1 NORMAL VARIABLE

When the jth variable is valued in normal type, z;; is assumed to follow the normal

distribution with parameter 6 i) = (15k), ]) having the probability density function

1 1
f-(xz-'lﬂk):eXp{ Ty u~k)2}
J\Lig|Vj(k) m 2% 2( J j(k)

where 1) is the mean of the jth variable in cluster k; 0]2. is the variance of the jth
variable taken to be constant across all K clusters. Then the estimate of 6;;) =

(ij(k), 07) in the M-step yields

ﬂ(-8+1) _ i z((k)x”
3(k) S wi . (3.6)

o\ (s+1) 1 n K (s) A~ (s+1) 2
(%2' ) = 7 Zi=1 k=1 Wi) (xa — Hiw) )
3.2.2 BINARY VARIABLES

When the jth variable takes binary values, z;; € {0,1}, we assume it follows a

Bernoulli distribution with parameter ;i) = 7, having the probability density
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function

%

fi(@isl0i) = 7;6(1]{)(1 = Tj(k))

1—z;;

where ;) denotes the probability that an observation belonging to the cluster k
takes value 1 for the jth variable. Then the estimate of 6;() in the M-step yields

(s) 5)

A1) ~(s+1) i1 Wiy Lij i1 Wiy Lij
Oy =%jw) = =0 0 = 6D (3.7)
i=1 Wi(k) nny,
3.2.3 CATEGORICAL VARIABLES
When the jth variable is a categorical variable, z;; € {1, ..., ¢;} takes one of ¢; values,

where ¢; is the total number of categories in the jth variable.

We assume it follows the categorical distribution with parameter vector 6;) =

(Tik)(1), - - Ti(k)(c;))> having the probability mass function
- 1($i]’:t)
Fi@ii10500) = I (w0
t=1

where (k) is the probability that an observation belonging to cluster & falls in the
tth category for the jth variable. It satisfies 72 )y = 1. Then the estimate of

Oj(k) = (7Tj(k:)(1)7 Ce 77Tj(k)(Cj)) in the M—step yields

n (s) 1
AlsHD) [ a(s+1) [ Ziz Wiy Lay=n)
055" = (F0o0) oy, = ( )
? t=1,...,c

=Lt (3.8)

n (s)
_( i=1 wi(k)l(wij:t))
- ~(s+1 :
nn’(ﬂ ) t=1,...,c;

When the jth variable has the count data, z;; is assumed to follow the Poisson

3.2.4 POISSON VARIABLES

distribution with parameter 6;) = A;), having the probability mass function
PN

j (k)
i) = =
g\ Lig A (k) (%’j)!
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where \j() denotes the average count number in the kth cluster of the jth variable.
Then the estimate of 8 in the M-step yields

5)

(s)

Als+1) _ S(s+1) _ i1 Wik)yTij 1 Wy () Tij B
Og(k) — )\j(k) — " ) = ~(5+1) fOl" k? = 1, ey K (39)
i=1 Wi(k) N,

Therefore the EM algorithm works as follows.

e Step 1: Initialize the probability of observation i falling in cluster k, wjq,.

Commonly, we will set equal weights across clusters.

Step 2: Calculate the estimate of cluster probability, n = (71, ..., 7x) through
(3.5).

Step 3: Calculate the estimate of the model parameters, 6;), of all variables’

distributions across clusters through (3.6) - (3.7).

Step 4: Update the new estimate of wj) based on the description in E-step
3.2

Step 5: Return to step 2 and continue until convergence is obtained.

In the end, we obtain the estimates of €2, which yields the maximized log-likelihood

function as
Q) =3 log (z ﬁkf<wkrok>) |
=1 k=1

3.3 MuLTI-GROUP LATENT CLASS MODEL

Note that in the subsequent discussion, the term “group” (as in “Multi-Group”) refers
to a culture.

In the multi-group latent class model, we assume the cluster probabilities, 7 (),
are only determined by the data within the gth group, where ¢ = 1,....G and G

is given from the observed data. But the number of clusters are the same across
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different groups. The probability density function of the observed data x; is defined

as follows

K
F(@i) 1) = D i) [ (®igq) [k, 0g))
k=1

where Q) = (1), 0(9)), M) = (M) - - MK(9)): Otg) = (B1g)s - -, Oicg)) and Oprg) =
(B1(kg), - - - > Om(kg))- Mi(g) denotes the probability of the cluster & within the group g;
0(1g) denotes the parameter set of variable j in cluster £ and group g.

When G = 1, this is called the single group latent class model, which is the same
as it in the last section and is a special case of the multi-group latent class model.
Now let us consider the case of two cultures, where G = 2. There are two models
compared with different conditions.

The unrestricted K-cluster model is built based on the data within the same
group, which is similar as fitting the K-cluster single group latent class model sepa-
rately G times. In other words, the cluster probability vector, 1) = (11(g), - - - s MK (g))
is estimated by using the log-likelihood function as follows:

n(g)
12|z () Z log (Z () f (Ti(g) K 0(9))> forg=1,...,G,
where x4 are the observed data in the gth group having number of observations n ).
The object x;(4) is the ¢th observation in the gth group. For each cluster probability
vector 7)(4), we can use the EM algorithm discussed in the last section to estimate the
unknown parameters for each group.

The restricted K-cluster model is the same as the K-cluster multi-group latent
class model in which the cluster probability invariance is assumed. In other words,
the cluster probability vectors assume 1)y = 1@ = -+ = @ = n. Then n =
(M1, .. .,mK) is estimated by using the log-likelihood function as follows:

n(

G g) K
1(Qfx) =)D log (anf(mi(g)|ka0(g))>'

g=1i=1
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The EM algorithm is slightly different in the restricted K-cluster model. The

procedure is the same, but the estimating expressions change due to the multiple

groups. Similarly, we assume the missing values z = (2;4)) for i = 1,...,n( and
g=1,...,G, where zl.T(g) = (Zi(1g)s - - - » Zi(kg)) denotes which cluster the observation

Ti(4) belongs to, such that Zszl Zi(kg) = 1 with K —1 0’s and one 1 for every 7 and g.
Then the joint probability density function of both observed data ;) and missing

values z;(4) is obtained as

K .
(@), Zi(9) |Qg) H (e (@) 7, 00))) ™"

Consequently, the complete log-likelihood function for all G groups lgc(Q2x, z) is
defined as

G "9 K

lec(Qz,2) =D ) 2y log (T]kf(:cZ 0|k, 0 )) (3.10)

g=1i=1 k=1
The E-step defines the proposal density at iteration s, Qg (Q2|Q®)) as
Qa(QIN) = B (lac (@100, 2))
G Ko (3.11)
= Z Z Z Wi(kg) log (nkﬂmi(g)lkv 0(9)>)

g=1i=1 k=1

where wgflzg) E(Zi(kg) Q) (9)) satisfies

Zl[il 771 ( g)|l )

The M-step is to update the parameter estimates such that

Q6D = argmax Qa(QQ).
Q
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By taking the derivatives of Qg(ﬂ|ﬂ(5)) with respect to €2 and equating to 0, re-

stricting S5, g, = 1, we have

A(s+1) _ ZgG 1 Z z(kg) _ Z 1 22i=1 i w i XG:% (3.12)
k n - w; kg) :
Zk 1 Z =1 Z (Q) z(kg) Zg:l (9) g 14=1 ( 2

where n = Zngl n(g) is the total number of observations through all groups.
Note that variables are assumed independent within each cluster. So the proba-
bility density function of the observed data x;,) can be written as
F(®i(0)|0kg) = 11 f(1i(9)1Bjtk))

=1

3.3.1 NORMAL VARIABLE

When the jth variable is a normal variable, and ;.5 = (14;(kg) 0]2.( g)), we assume
a normal density:
1 1 9
f(@ij()|05kg) = g OXP —272(%‘(;;) — Wij(kg))
TT5(9) i(g)

where 11j(xg) is the mean of the jth variable within cluster k in group g. o? | is the

i(9)
variance of the jth variable, which is assumed constant across clusters in the same

group. Then the estimate of 6;(,) in the M-step yields

A1) (), () T ) (5)
iy = (Zi wiily) T wiilg i)

N (s+1) n (s)
(030) = mo Litt Skt Witk (Tijta) = Hitha))?

(3.13)

3.3.2 BINARY VARIABLE

When the jth variable is a binary variable, 0, = 7y and its marginal pdf is:

f(‘rZ] g)|0 (kg) ) =T, (1]]6_(;))<]‘ j(kg))l_mi]’(g)

where 7;(14) denotes the probability that an observation belonging to cluster k takes

value 1 for the jth variable in group g. Then the estimate of 6,y in the M-step
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yields

(g (s)

5 22i=1 Wikg)Tij(g)
0(S+1) — 7/f'(.8+1) — v i(kg) (314)
i(kg) i(kg) n (s)
3% W)
fork=1,...,.Kandg=1,...,G.
3.3.3 CATEGORICAL VARIABLE
When the jth variable is a categorical variable, ;s = (7j(kg)1); - - - ,Wj(kg)(cj<g)))

and its marginal pdf is:
Ci(g) Lo
F(@is0)10509) = TT (i) ™
t=1
where ;g is the probability that an observation belonging to cluster k& in group
g takes value in the tth category of the jth variable. It satisfies the condition that

PO Tikg)t) = 1 for every j and g. Then the estimate of 6}, in the M-step yields

N(g) , (8)
j t) n s .
e i wz((lzg)

fort=1,... ¢y, k=1,...,Kandg=1,...,G.

3.3.4 POISSON VARIABLE

When the jth variable is a Poisson variable, ;4 = Ajxg) and its marginal pdf is:

where \j(g) denotes the average count number in the Ath cluster of the jth variable
in group g. Then the estimate of 6}, in the M-step is the same as it in the case of
binary variable that yields

g , (8)

o) — \er) — ko) (3.16)
J(kg) 3(kg) Zi:(gl) wz((k)y)

fork=1,....Kandg=1,...,G.
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3.4 THEORY OF HYPOTHESIS TEST TO COMPARE MODELS

It is reasonable that the unrestricted model should fit the data better than the re-
stricted model, because the unrestricted model does not constrain the cluster struc-
ture to be homogeneous across groups. The restricted model can also be treated as
a special case of the unrestricted model, which indicates that the two models are
nested. So the likelihood-ratio test becomes a reasonable tool to test the degree of
improvement in the fit.

Suppose that ) = (Mi(g), - - -, MK (g)) are cluster probability vectors for the unre-
stricted model, g = 1,...,G; n = (11, ...,nK) is the cluster probability vector for the

restricted model. We propose a hypothesis test that is defined as follows:
Hy: nay=-=ne)
H,: mu # M) at least one holds for h,l=1,...,G.

The likelihood-ratio statistic D is 2 times the difference between the log-likelihood
of the unrestricted model and the log-likelihood of the restricted model. And under
the null hypothesis Hy, D follows a Chi-square distribution with degrees of freedom
equal to the difference in the number of parameters in unrestricted model and in
the restricted model, if the distributional assumptions about the data hold and the

sample size is sufficiently large.

g=11i=1 k=1 g=11i=1

G "(g) K R G N(g) K .
D=2 {Z > log <Z ﬁk<g>f(wz'<g>\9<kg>)> —> > log (Z ﬁkf(wi@)!@(kg))) } :
3 k=1
(3.17)

Additionally, this difference in the degrees of freedom is (K — 1)(G — 1). Thus the

rejection region for a size-a test is

R(x) = {1’ D> X%K—l)(G—l),a} (3.18)
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3.5 SIMULATION STUDY

Note that our hypothesis test focuses on the cluster probability vectors n across
groups, which are influenced by the following two factors: the number of groups and
cluster clarity. In terms of the number of groups, it is natural to believe that the
chance of rejecting the null hypothesis is higher with more groups assumed. Cluster
clarity can be measured by the silhouette score (Rousseeuw, 1987), which is defined to
lie between -1 and 1, with higher values representing the better-separated boundaries
between different clusters within a group. Because of the randomness of the data
within clusters, the silhouette scores cannot be exactly the same across groups in the
simulated data. But they can be made close by controlling the parameter setting of
the generating model, including n and 6.

In this section, we will examine five simulation settings. In all settings, we assume
there are three clusters and 100 observations across groups. The type and numbers
are the same in every group. They reflect differences in the number of groups, GG, the
cluster parameters, 7, and the distribution parameters, 8 across settings. Simulation
results present the silhouette score of each group and the number of rejections out of
500 simulated data sets using the 0.05 significance level.

The settings of the model parameters used to generate simulated data are shown
in Appendix B. The results of the five simulation studies are summarized in Table
3.1. We see the number of rejections of the null hypothesis increases as the silhouette
scores vary more substantially across groups. Note that the number of rejections of
the null hypothesis falls below 25 (25 out of 500 is 5%) only in case 1 and 3, which
indicates that the appearance of different clustering structures () provides more
chance of rejections. The number of rejections in case 5 that includes more groups
than the other is expected to be the highest. However, the rejection number shown
in case 2 and case 4 are both slightly higher than that in case 5. Reasons for this

phenomenon could include:
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i. Simulated data are not exactly the same even though the core parameters of

generating simulated data are set to be consistent.

ii. The initial values of parameters in the EM algorithm are randomly chosen,

which may lead to the local optimum rather than the global optimum.

iii. The silhouette scores are low (around 0.2 most of time) across groups, which

blur the boundaries of clusters and influence the accuracy of clustering results.

Table 3.1:

Summary of multi-group simulations at 0.05 significance level

G

n

0

silhouette Score

Number of Rejection

per Group Out of 500 Iterations
: . 0.2542
Simulation 1 | 2 Equal Equal 0.9143 3
: . Not 0.2026
Simulation 2 | 2 Equal Equal 0.0382 334
: . Not 0.1976
Simulation 3 | 2 Equal Equal 0.1911 5
: . Not Not 0.2802
Simulation 4 | 2 Equal Bqual 0.0639 378
0.2289
Not Not 0.0517
Simulation 5 | 5 Equal Equal 0.1541 325
0.1736
0.4052

3.6 SURVEY DATA OF RELIGION BELIEF OF ISLANDERS

3.6.1 DESCRIPTION

Purzycki et al. (2017) created a survey and collected data for the purpose of studying

the evolution of religion and morality in different cultural areas, most of which are

small islands in the ocean. Because of this, the influence between groups is minimal

due to the long distance between locations. This data set contains a rich variety

of different variable types.

observations of the data are shown in Figure 3.1.
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SEX CHILDREN FORMALED MAT1 MAT1C MBG BGTHINK BGPERF BGPUNISH GROUP

0 0 4 0 0 1 0.67 4 1 0 0
1 0 2 10 1 1 133 4 1 1 0
2 0 0 8 0 1 1.67 4 1 1 0
3 0 2 7 1 0 2.00 3 1 1 0
4 0 1 10 0 1 2.67 4 1 1 0
5 0 2 6 1 -2 1.00 3 1 0 0
6 0 0 2 0 1 1.33 3 1 1 0
8 0 5 8 0 1 1.67 4 1 1 0
9 0 0 7 1 -1 0.00 3 1 1 0
10 0 0 6 0 2 033 4 1 1 0

Figure 3.1: Snapshot of the first 10 observations in the data from the religion study by
Purzycki et al., 2017

“GROUP” is the location of participants, which is treated as the identifier of
culture. There are 7 sites in use including Coastal Tanna (0), Inland Tanna (1), Lovu
(2), Mauritius (3), Pesqueiro (4), Tyva Republic (5) and Yasawa (6).

“SEX” denotes the gender of participants, as female (0) and male (1). It is a
binary variable.

“CHILDREN” denotes the number of children given birth to in the family with
integer values at least 0. It is treated as a discrete count variable.

“FORMALED?” denotes the total years of formal education of participants with
integer values at least 0. It is treated as a discrete count variable.

“MAT1” denotes the answers to the question “Do you worry that in the next five
years your household will have a time when it is not able to buy or produce enough
food to eat?”. Answers can be yes (1) or no (0). It is a binary variable.

“MAT1C” denotes the answers to the question “How certain are you that you
will be able to buy or produce enough food to eat in the next five years?”. Answers
include “very uncertain” (-2), “a little uncertain” (-1), “I don’t know” (0), “a little

certain” (1) and “very certain” (2). It is an ordinal variable.
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“MBG” denotes the mean moral concern score for moralistic god, which ranges
from 0 to 4 and includes non-integer values. It is treated as a normal variable although
it appears to take only certain rational values in practice.

“BGTHINK” denotes the answers to the question “How often do you think about
BIG GOD?”. Answers include “very rarely /never” (0), “a few times per year” (1), “a
few times per month” (2), “a few times per week” (3), “every day or multiple times
per day” (4). It is an ordinal variable.

“BGPERF” denotes the answers to the question “Do you perform activities or
practices to talk to, or appease BIG GOD?”. Answers can be yes (1) or no (0). It is
a binary variable.

“BGPUNISH” denotes the answers to the question “Does BIG GOD ever punish

people for their behavior?”. Answers can be yes (1) or no (0). It is a binary variable.

3.6.2 RESULTS

We will take three approaches to analyzing the cross-cultural data. First, the differ-
ences of cluster structures will be shown after using the likelihood ratio test along
with both the multi-group (unrestricted) latent class model and the single-group (re-
stricted) latent class model. Second, both models will be repeated for 1000 times
to see the chance of rejecting the null hypothesis at a different number of clusters.
Finally, the multi-group latent class model will be repeated another 1000 times to
give us insight into participants’ responses to the questions in each cluster.

In the first approach, we apply the likelihood ratio test along with the multi-
group latent class model and single-group latent class model for differences of cluster
structure across cultures. Summaries of cluster size counted in number of participants
are shown in Table 3.2. The details are shown in Tables 3.4 and 3.5. The cluster
structure of the single-group (restricted) model is different from the cluster structure

in every group in the multi-group model. The likelihood ratio statistic is 61.79 (>
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X%2,0.05 = 21.03), which indicates the significant superiority of the multi-group model
to the single-group model.

Table 3.2: Results of comparing restricted and unrestricted latent class model in cluster
size (number of participants)

Cultures Total Restricted | Unrestricted
Participants | 0 1 2 | 0 1 2

Coastal Tanna 42 12 21 9123 5 14
Inland Tanna 57 25 30 2 |28 4 25
Lovu 69 37 23 9 |5 6 7
Mauritius 92 37 33 22|28 36 28
Pesqueiro 62 38 14 10|13 2 47
Tyva Republic 7 27 29 21| 8 27 42
Yasawa 59 25 24 10141 5 13

In the second approach, we repeat the first approach for 1000 times to see the
chance of rejecting the null hypothesis, which states homogeneity in clustering struc-
ture across cultures. Results are shown in Table 3.3. When 2 clusters are assumed
in every culture group, the chance of rejecting the null hypothesis is smallest (0.257),
which means the 2-cluster structure rarely differs across groups. In contrast, the
3-cluster structure and 4-cluster structure are relatively substantially differentiated
because of the higher number of rejections (0.686 and 0.604). As for the 5-cluster
structure, its rejection chances reduce to 0.364. Thus it is reasonable to believe that
there exist differences in clustering structures across cultures, especially when the
number of clusters is determined to be 3.

Table 3.3: Cross-cultural data: Number of rejections of null hypothesis out of 1000 re-
peated iterations at 0.05 significance level

K Number of Rejections
(Number of Clusters) | Out of 1000 repeated Iterations

2 257

3 686

4 604

) 364
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Table 3.4: Results of comparing restricted and unrestricted latent class model, part 1

Culture Restricted Coastal Tanna Inland Tanna Lovu Mauritius

Cluster 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
SEX Female(0) | 0.37 0.62 0.52 | 0.20 0.39 1 0.14 0.54 0.89 0 0.63 0.75 | 0.07 0.24 0.48
Male(1) 0.63 0.38 0.48 | 0.80 0.61 0 0.86 0.46 0.11 1 0.37 0.25 | 0.93 0.76 0.52
0-3 0.67 0.72 0.87 1 0.57 0.89 | 0.09 0.96 0.11 1 0.75 0.81 1 1 0.74
CHILDREN 4+ 0.33 0.28 0.13 0 0.43 0.11 | 0.91 0.04 0.89 0 0.25 0.19 0 0 0.26
0-6 0.46 0.31 0.32 0 0.46 0.44 1 1 0.89 0 0.25 0.22 | 0.41 0.33 0.57
FORMALED 7-12 0.35 0.50 0.47 | 0.40 0.54 0.44 0 0 0.11 | 0.50 0.63 0.74 | 0.52 0.57 0.38
13+ 0.19 0.19 0.21 | 0.60 0 0.11 0 0 0 0.50 0.12 0.03 | 0.07 0.10 0.05
MBG Mean 295 294 260|393 3.06 1.07 | 215 3.14 3.11 | 1.34 2.75 3.23 | 1.77 251 184
SD 0.70 0.92 087 | 0.15 087 064 | 1.69 081 1.04| 094 073 0.66 | 1.13 0.85 0.95
MAT1 No(0) 0.50 0.47 049 | 0.60 0.93 0.56 | 0.68 0.88 0.11 1 1 0 0.38 1 0.67
Yes(1) 0.50 0.53 0.51 | 0.40 0.07 044 | 032 0.12 0.89 0 0 1 0.62 0 0.33
-2 0.06 0.18 0.10 0 0.14 0.11 0 0 0 0 0.38 0.42 | 0.07 0 0.05
-1 0.13 0.04 0.15 | 0.20 0 0.11 | 0.18 0.19 0 1 0.12 0.29 | 0.10 0 0.17
MAT1C 0 0.28 0.14 0.08 | 0.40 0.11 0.22 0 0.15 0.22 0 0 0.08 | 0.03 0.33 0.21
1 0.13 0.40 042 | 0.40 0.36 044 | 0.64 0.65 0.78 0 0 0.17 | 0.62 0 0.29
2 0.40 0.24 0.25 0 0.39 0.11 | 0.18 0 0 0 0.5 0.03|0.17 0.67 0.28

0 0.14 0.20 0.15 0 0 0 0 0 0 0 1 0.97 | 0.07 0.10 0

1 0.14 0.26 0.05 0 0 0 0 0 0.33 1 0 0.03 0 0.14 0

BGTHINK 2 0.08 0.02 0.07 0 0 0 0.09 0 0 0 0 0 0 0 0
3 0.15 0.07 0.14 | 0.40 0 0.44 | 0.05 0.04 0.56 0 0 0 0.24 0.24 0.10
4 0.49 0.45 0.59 | 0.60 1 0.56 | 0.86 0.96 0.11 0 0 0 0.69 0.52 0.90
BGPERF No(0) 0.21 0.07 0.16 0 0 0 0.05 0.19 0.44 | 0.50 0 0.02 | 0.38 0.14 0.10
Yes(1) 0.79 0.93 0.84 1 1 1 0.95 0.81 0.56 | 0.50 1 0.98 | 0.62 0.86 0.90
BGPUNISH No(0) 0.15 0.14 0.22 | 020 0.04 0.22 | 0.18 0.08 0.11 | 0.50 0 0.03 | 0.38 0 0.40
Yes(1) 0.85 0.86 0.78 | 0.80 0.96 0.78 | 0.82 0.92 0.89 | 0.50 1 0.97 | 0.62 1 0.60

For the continuous variable MBG, the pre-cluster means and standard deviations are given for the various clustering models. For the
discrete variables, the numbers in the table are proportions of items in each cluster having a specific level of the discrete variable.
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Table 3.5: Results of comparing restricted and unrestricted latent class model, part 2

Culture Restricted Pesqueiro Tyva Republic Yasawa,
Cluster 0 1 2 0 1 2 0 1 2 0 1 2
SEX Female(0) | 0.37 0.62 0.52 | 0.46 0.50 0.78 | 0.41 0.58 1 0.35 0.60 0.77
Male(1) | 0.63 0.38 0.48 | 0.55 0.50 0.22 | 0.59 0.42 0 0.65 0.40 0.23
0-3 0.67 0.72 0.87 | 0.91 0.90 0.11 1 0.68 0.94 1 0.33 0.46
CHILDREN 4+ 0.33 0.28 0.13 | 0.09 0.10 0.89 0 0.32 0.06 0 0.67 0.54
0-6 0.46 0.31 0.32 0 0.29 1 0 0 0 0.06 0.07 0.15
FORMALED 7-12 0.35 0.50 0.47 | 0.91 0.69 0 0 0.05 0.17 | 0.87 0.87 0.85
13+ 0.19 0.19 0.21 | 0.09 0.02 0 1 0.95 0.83 | 0.06 0.07 0
MBG Mean 295 294 260|039 290 235|172 349 282 | 3.70 4.00 3.72
SD 0.70 092 0.87 | 0.51 0.68 0.69 | 1.14 0.56 0.83 | 0.64 0 0.77
MAT1 No(0) 0.50 0.47 0.49 0 0.12 0 0.91 0.89 0.53 | 0.32 0.07 1
Yes(1) 0.50 0.53 0.51 1 0.88 1 0.09 0.11 0.47 | 0.68 0.93 0
-2 0.06 0.18 0.10 0 0.02 0.11 0 0 0 0.03 0.07 0.31
-1 0.13 0.04 0.15 | 0.27 0.17 0 0 0 0 0.16 0.13 0
MATI1C 0 0.28 0.14 0.08 | 0.27 0.19 0.67 | 0.05 0 0 0.19 0.07 0.23
1 0.13 0.40 0.42 | 0.27 0.40 0 0.50 0 0.64 | 0.23 0.47 0.08
2 0.40 0.24 0.25 | 0.18 0.21 0.22 | 0.45 1 0.36 | 0.39 0.27 0.38
0 0.14 0.20 0.15 0 0.02 0 0 0 0.17 0 0 0
1 0.14 0.26 0.05 0 0.02 0.11 | 0.05 0.05 0 0.58 0.33 0.77
BGTHINK 2 0.08 0.02 0.07 | 0.09 0 0 0.50 0.21 0.06 0 0 0
3 0.15 0.07 0.14 0 0.10 0 0.41 0.11 0.31 0 0 0
4 049 045 059 | 091 0.86 0.89 | 0.05 0.63 0.47 | 0.42 0.67 0.23
No(0) 0.21 0.07 0.16 0 0.10 0.11 | 0.32 0.11 0.25 0 0 0
BGPERF Yes(1) 0.79 093 0.84 1 0.90 0.89 | 0.68 0.89 0.75 1 1 1
No(0) 0.15 0.14 0.22 | 0.45 0.05 0.33 | 0.55 0 0.22 0 0 0
BGPUNISH Yes(1) 0.85 0.86 0.78 | 0.55 0.95 0.67 | 0.45 1 0.78 1 1 1

For the continuous variable MBG, the pre-cluster means and standard deviations are given for the various clustering models. For the
discrete variables, the numbers in the table are proportions of items in each cluster having a specific level of the discrete variable.



In the third approach, the multi-group latent class model is solely applied and
repeated 1000 times for the 2-cluster case and 3-cluster case. Note that in the cluster
analysis, the cluster labels are arbitrary and do not have any specific meaning, but
show which observations are assigned to each cluster. So we define the label of
cluster based on the ascending order of the percentage of females in the cluster. For
example, in the 2-cluster case, two clusters are created in the result, and then the
cluster with label 0 has a lower percentage of females than in the cluster with label 1.
Following this rule, we can simply combine all cluster 0 from 1000 repeated processes
and interpret them as summarizing the homogeneity in gender distribution. Similar
procedures can be done for cluster 1, cluster 2, etc. Therefore we can obtain the mean
and standard deviation of 1000 results to observe the differences between clusters and
the variation of cluster structures across groups. Tables 3.6 - 3.8 summarize the results
of all questions of interest from the 2-cluster case and Tables 3.9 - 3.11 summarize the
results of all questions of interest from the 3-cluster case. Questions are separated
into 3 parts including the basic information, concerns about future food and thoughts

about BIG GOD. Some interesting conclusions can be made based on these six tables.

i. Compared to the 2-cluster case, the 3-cluster structure shows more differenti-
ated features across groups. The reason is apparent that with more clusters

used in each group, the shape of clusters gets more chance of being different.

ii. For the thoughts about raising children in the 2-cluster case (Table 3.6), more
chance of a cluster member raising no more than 3 children is shown in the
cluster 1 of Coastal Tanna (0.96) and Inland Tanna (0.69) and cluster 0 of
Pesqueiro (0.99) and Yasawa (0.98).

iii. For the thoughts about education in the 2-cluster case (Table 3.6), differences

between clusters are significant in Pesqueiro where cluster 0 (0.78) has more
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chance of having 6 to 12 years of formal education whereas cluster 1 (0.75)

tends to have less than 6 years of formal education.

iv. For the concerns about future food in the 2-cluster case (Table 3.7), the cluster
0 of Yasawa (0.7 for Yes and 0.4 for very certain) has more certainty of worrying
about it, whereas this contrasts with the cluster 0 of Coastal Tanna (0.99 for

No and 0.46 for very certain).

v. For the thoughts about BIG GOD in 2-cluster case (Table 3.8), most of partic-
ipants are BIG GOD’s followers who think about BIG GOD frequently except
those from Lovu. In addition, the members of cluster 0 in Tyva Republic do
not believe in the punishment from BIG GOD intensely (0.54 for Yes of BG-
PUNISH).

3.6.3 DISCUSSION

It should be noted that the conclusion about whether or not to reject the null hypoth-
esis is not consistent over repeated attempts with a variety of initial values. Ideally,
the EM algorithm should produce consistent outcomes regardless of initial values.
But by the nature of cluster analysis, similarly as in K-means, the resulting cluster
partitions may vary due to different initial values of unknown parameters. In the EM
algorithm framework, many local optima may exist due to the complicated likelihood,
hindering our algorithm in reaching the global optimum. So in future work, we plan
to track the maximized likelihood value from each repetition and retain the result

with the highest likelihood value generated.
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Table 3.6: Mean (standard deviation) of results from 1000 repeated processes of 2-cluster-structure multi-group latent class model on

the cross culture data (Part 1, Basic Information)

Culture Cluster SEX CHILDREN FORMALED MBG
female(0) male(1) 0-3 44 0—-6 7—12 13+ Mean SD

Coastal 0 0.34(0.09)  0.66(0.09) | 0.51(0.04) 0.49(0.04) | 0.52(0.03) 0.47(0.02) - 2.96(0.10) 1.05(0.08)
Tanna 1 0.73(0.05)  0.27(0.05) | 0.96(0.07) 0.04(0.07) | 0.22(0.07) 0.54(0.03) 0.24(0.04) | 2.43(0.13) 1.34(0.06)
Tnland 0 0.36(0.02) 0.64(0.02) | 0.25(0.27) 0.75(0.27) | 0.98(0.02) 0.02(0.02) - 2.51(0.25) 1.45(0.14)
Tanna 1 0.61(0.02)  0.39(0.02) | 0.69(0.43) 0.31(0.43) | 0.97(0.05) 0.03(0.05) - 3.04(0.35)  0.96(0.24)
Lovu 0 0.48(0.07)  0.52(0.07) | 0.97(0.02) 0.03(0.02) | 0.16(0.02) 0.73(0.02) 0.11(0.02) | 3.00(0.08) 0.80(0.03)
1 0.91(0.03) 0.09(0.03) | 0.66(0.07) 0.34(0.07) | 0.27(0.04) 0.71(0.04) 0.02(0.01) | 3.21(0.05) 0.69(0.03)
Mauritius 0 0.18(0.03)  0.82(0.03) | 0.99(0.03) 0.01(0.03) | 0.37(0.03) 0.55(0.03) 0.08(0.01) | 2.05(0.11) 1.06(0.05)
1 0.43(0.05) 0.58(0.05) | 0.75(0.05) 0.25(0.05) | 0.57(0.04) 0.38(0.04) 0.05(0.01) | 1.87(0.11) 0.98(0.03)
Pesqueiro 0 0.41(0.03)  0.59(0.03) | 0.99(0.02) 0.01(0.02) | 0.17(0.02) 0.78(0.02) 0.05(0.00) | 2.28(0.11) 1.16(0.05)
1 0.83(0.03)  0.17(0.03) | 0.28(0.07) 0.72(0.07) | 0.75(0.06)  0.25(0.06) - 2.60(0.15) 1.07(0.12)
Tyva 0 0.64(0.07)  0.36(0.07) | 0.97(0.03) 0.03(0.03) - 0.07(0.02) 0.93(0.02) | 2.06(0.26) 1.07(0.07)
Republic 1 0.81(0.06) 0.19(0.06) | 0.82(0.04) 0.18(0.04) - 0.12(0.02) 0.88(0.02) | 3.26(0.21) 0.68(0.13)
Yasawa 0 0.36(0.07)  0.64(0.07) | 0.98(0.06) 0.02(0.06) | 0.07(0.01) 0.86(0.02) 0.07(0.02) | 3.72(0.02) 0.63(0.03)
1 0.68(0.09)  0.32(0.09) | 0.40(0.09) 0.60(0.09) | 0.11(0.02) 0.86(0.02) 0.03(0.03) | 3.84(0.03) 0.55(0.07)
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Table 3.7: Mean (standard deviation) of results from 1000 repeated processes of 2-cluster-structure multi-group latent class model on

the cross culture data (Part 2, Concerns of Future Food)

Culture Cluster MAT1 MATlC
No(0) Yes(1) -2 -1 2

Coastal 0 0.99(0.02) 0.01(0.02) | 0.07(0.03) - 0.13(0 03) 0. 34(0 04)  0.46(0.05)
Tanna 1 0.54(0.06)  0.46(0.06) | 0.18(0.03) 0.12(0.02) 0.23(0.05) 0.44(0.03) 0.03(0.04)
Inland 0 0.65(0.13)  0.35(0.13) - 0.15(0.03) 0.07(0.01) 0.67(0.02) 0.12(0 02)

Tanna 1 0.62(0.30)  0.38(0.30) 0.15(0.08) 0.16(0.03) 0.69(0.06)
Lovu 0 0.29(0.08)  0.71(0.08) 0.19(0 05) 0.56(0.06) 0.08(0.03) 0.17(0 03)
1 0.03(0.01) 0.97(0.01) | 0.60(0.06) 0.04(0.05) 0.14( 3) 0.20(0.03) 0.01(0.02)
Mauritius 0 0.66(0.10)  0.34(0.10) | 0.04(0.02) 0.06(0.04) 0.12(0.03) 0.37(0.05) 0.41(0.08)
1 0.64(0.10)  0.36(0.10) | 0.05(0.02) 0.16(0.04) 0.25(0.03) 0.28(0.05) 0.26(0.08)
Pesqueiro 0 0.10(0.01)  0.90(0.01) - 0.15(0.02) 0.20(0.01) 0.43(0.01) 0.23(0.01)
1 0.02(0.03)  0.98(0.03) | 0.11(0.01) 0.18(0.03) 0.47(0.03) 0.06(0.03) 0.17(0.02)
Tyva 0 0.69(0.12)  0.31(0.12) - - 0.02(0.01) 0.49(0.07) 0.49(0.07)
Republic 1 0.76(0.10)  0.24(0.10) - - 0.01(0.01) 0.40(0.06) 0.59(0.05)
Yasawa 0 0.30(0.02) _ 0.70(0.02) | 0.03(0.01) 0.15(0.03) 0.20(0.02) 0.23(0.06) 0.40(0.05)
1 0.53(0.05)  0.47(0.05) | 0.18(0.02) 0.08(0.04) 0.14(0.02) 0.28(0.07) 0.31(0.06)
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Table 3.8: Mean (standard deviation) of results from 1000 repeated processes of 2-cluster-structure multi-group latent class model on
the cross culture data (Part 3, Thoughts about BIG GOD)

Culture Cluster BGTHINK BGPERF BGPUNISH
0 1 2 4 No(0) Yes(1) No(0) Yes(1)

Coastal 0 - - - 1.00(0.01) - 1.00(0.00) | 0.07(0.02) 0.93(0.02)
Tanna 1 - - 0.64(0.06) - 1.00(0.00) | 0.13(0.02)  0.87(0.02)
Inland 0 - 0.04(0 03) 0.05(0.02) 0.77(0.13) | 0.13(0.01) 0.87(0.01) | 0.13(0.01) 0.87(0.01)
Tanna 1 0.11(0.12)  0.03(0.05) 0.69(0.34) 0.28(0.10)  0.72(0.10) | 0.12(0.03)  0.88(0.03)
Lovu 0 0.87(0 03) 0.13(0.03) - 0.06(0.01) 0.94(0.01) | 0.08(0.02) 0.92(0.02)
1 1.00(0.00) - - - 1.00(0.00) | 0.01(0.01) 0.99(0.01)
Mauritius 0 0.08(0.02) 0.05(0 01) - 0.64(0.05) | 0.29(0.05) 0.71(0.05) | 0.23(0.06) 0.77(0.06)
1 0.01(0.01)  0.02(0.01) - 0.86(0.03) | 0.09(0.06) 0.91(0.06) | 0.39(0.07) 0.61(0.07)
Pesqueiro 0 0.02(0.00)  0.02(0.00) 0.02(0.00) 0.84(0.01) | 0.09(0.01) 0.91(0.01) | 0.14(0.02) 0.86(0.02)
1 - 0.06(0.01) - 0.94(0.02) | 0.06(0.01) 0.94(0.01) | 0.23(0.04)  0.77(0.04)
Tyva 0 0.01(0.03)  0.03(0.01) 0.32(0.08) 0.18(0.10) | 0.23(0.05) 0.77(0.05) | 0.46(0.13) 0.54(0.13)
Republic 1 0.15(0.04)  0.03(0.01) 0.11(0.08) 0.61(0.12) | 0.24(0.04) 0.76(0.04) | 0.07(0.10) 0.93(0.10)
Yasawa 0 - 0.54(0.03) - 0.46(0.03) - 1.00(0.00) - 1.00(0.00)
1 - 0.59(0.05) - 0.41(0.05) - 1.00(0.00) - 1.00(0.00)
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Table 3.9: Mean (standard deviation) of results from 1000 repeated processes of 3-cluster-structure multi-group latent class model on
the cross culture data (Part 1, Basic Information)

Culture | Cluster SEX CHILDREN FORMALED MBG
female(0) male(1) 0-3 4+ 0—-6 7T—12 13+ Mean SD

Coastal 0 0.10(0.12)  0.90(0.12) | 0.70(0.16)  0.30(0.16) | 0.36(0.17) 0.55(0.08)  0.09(0.17) | 3.24(0.26) 0.86(0.27)
Tanna 1 0.64(0.14)  0.36(0.14) | 0.63(0.27) 0.37(0.27) | 0.43(0.21)  0.46(0.09) 0.11(0.16) | 2.78(0.36) 1.10(0.22)
2 0.89(0.09)  0.11(0.09) | 0.82(0.24) 0.18(0.24) | 0.39(0.17) 0.46(0.08) 0.15(0.13) | 1.96(0.65) 1.10(0.30)
Tnland 0 0.27(0.12)  0.73(0.12) | 0.10(0.11) 0.90(0.11) | 1.00(0.02) - N 2.34(0.43) 1.51(0.29)
Tanna 1 0.51(0.03)  0.49(0.03) | 0.78(0.28)  0.22(0.28) | 0.87(0.22)  0.13(0.22) - 3.09(0.53)  0.85(0.10)
2 0.69(0.18)  0.31(0.18) | 0.47(0.39) 0.53(0.39) | 0.85(0.18)  0.15(0.18) - 3.15(0.28) 0.95(0.21)
Lovu 0 0.36(0.16)  0.64(0.16) | 0.96(0.05) 0.04(0.05) | 0.13(0.06) 0.72(0.05) 0.16(0.05) | 2.80(0.30) 0.88(0.10)
1 0.72(0.06)  0.28(0.06) | 0.54(0.26)  0.46(0.26) | 0.50(0.27) 0.49(0.25)  0.01(0.03) | 3.02(0.28) 0.63(0.13)
2 0.93(0.10) 0.07(0.10) | 0.81(0.19) 0.19(0.19) | 0.16(0.20) 0.81(0.18) 0.03(0.02) | 3.30(0.20) 0.59(0.13)
Mauritius | 0 0.13(0.06)  0.87(0.06) | 0.99(0.03) 0.01(0.03) | 0.45(0.13) 0.49(0.11) 0.06(0.03) | 1.82(0.30) 1.07(0.10)
1 0.26(0.06)  0.74(0.06) | 0.94(0.09) 0.06(0.09) | 0.41(0.12) 0.51(0.11)  0.08(0.03) | 2.13(0.36) 0.95(0.12)
2 0.49(0.06)  0.51(0.06) | 0.69(0.08) 0.31(0.08) | 0.59(0.10) 0.36(0.11)  0.05(0.02) | 1.85(0.21) 0.96(0.09)
Pesqueito | 0 0.25(0.19)  0.75(0.19) | 0.98(0.03) 0.02(0.03) | 0.24(0.12) 0.70(0.10)  0.05(0.03) | 2.51(0.50) 0.80(0.16)
1 0.64(0.15)  0.36(0.15) | 0.68(0.34)  0.32(0.34) | 0.34(0.42)  0.62(0.39)  0.04(0.04) | 1.67(1.03) 0.85(0.24)
2 0.85(0.07)  0.15(0.07) | 0.46(0.32) 0.54(0.32) | 0.61(0.34) 0.39(0.34) - 2.55(0.33) 1.01(0.30)
Tyva 0 0.52(0.10)  0.48(0.10) | 0.96(0.08) 0.04(0.08) - 0.04(0.03) 0.96(0.03) | 2.16(0.63) 0.95(0.22)
Republic 1 0.72(0.09)  0.28(0.09) | 0.83(0.11)  0.17(0.11) _ 0.09(0.04)  0.91(0.04) | 2.85(0.79)  0.74(0.26)
2 | 0.93(0.08) 0.07(0.08) | 0.90(0.07) 0.10(0.07) _ 0.14(0.04)  0.86(0.04) | 2.79(0.55) 0.84(0.22)
Yasawa 0 0.15(0.14)  0.85(0.14) | 0.92(0.20) 0.08(0.20) | 0.08(0.02) 0.91(0.04) 0.02(0.03) | 3.72(0.08) 0.63(0.14)
1 0.57(0.15)  0.43(0.15) | 0.41(0.21)  0.59(0.21) | 0.12(0.04) 0.86(0.03)  0.02(0.04) | 3.90(0.09) 0.33(0.22)
2 [ 0.91(0.11) 0.09(0.11) | 0.77(0.22)  0.23(0.22) | 0.05(0.05) 0.81(0.06) 0.14(0.09) | 3.72(0.09) 0.68(0.15)
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Table 3.10: Mean (standard deviation) of results from 1000 repeated processes of 3-cluster-structure multi-group latent class model on

the cross culture data (Part 2, Concerns of Future Food)

Culture Cluster MAT1 MATlC
No(0) Yes(1) -2 -1 2

Coastal 0 0.92(0.11)  0.08(0.11) | 0.01(0.03) 0.03(0.06) 0.29(0 09) 0.20(0 15)  0.48(0.20)
Tanna 1 0.78(0.17)  0.22(0.17) | 0.19(0.12) 0.05(0.07) 0.10(0.11) 0.50(0.12) 0.17(0.14)
2 0.63(0.14)  0.37(0.14) 0.19(0 17)  0.10(0.07) 0.14(0.09) 0.47(0.09) 0.10(0.07)
Tnland 0 0.62(0.06)  0.38(0.06) 0.15(0.05) 0.04(0.03) 0.66(0.03) 0.15(0.04)
Tanna 1 0.62(0.38)  0.38(0.38) - 0.15(0.09) 0.23(0.16) 0.62(0.07) 0.01(0.02)

2 0.35(0.36)  0.65(0.36) - 0.07(0.09) 0.25(0.14) 0.68(0.11)
Lovu 0 0.48(0.26)  0.52(0.26) | 0.17(0.08) 0.53(0.12) - 0.07(0.05) 0.23(0 13)
1 0.14(0.16)  0.86(0.16) | 0.73(0.31) 0.10(0.18) 0.04(0.04) 0.05(0.10) 0.07(0.11)
2 0.02(0.04) 0.98(0.04) | 0.41(0.26) 0.20(0.14) 0.13(0.05) 0.24(0.14) 0.03(0.04)
Mauritius 0 0.50(0.23)  0.50(0.23) | 0.06(0.05) 0.08(0.06) 0.07(0.08) 0.53(0.17) 0.25(0.18)
1 0.76(0.29)  0.24(0.29) | 0.03(0.05) 0.08(0.11) 0.19(0.09) 0.26(0.18) 0.44(0.23)
2 0.63(0.22)  0.37(0.22) | 0.06(0.05) 0.17(0.09) 0.29(0.07) 0.22(0.09) 0.26(0.13)
Pesqueiro 0 0.11(0.07)  0.89(0.07) | 0.01(0.02) 0.12(0.06) 0.16(0.04) 0.44(0.05) 0.27(0.06)
1 0.03(0.06)  0.97(0.06) | 0.04(0.06) 0.18(0.10) 0.37(0.13) 0.23(0.13) 0.18(0.07)
2 0.05(0.07)  0.95(0.07) | 0.08(0.06) 0.18(0 10) 0.43(0.14) 0.16(0.15) 0.15(0.06)
Tyva 0 0.87(0.08)  0.13(0.08) - 0.02(0.02) 0.44(0.17) 0.53(0.17)
Republic 1 0.76(0.18)  0.24(0.18) - - 0.01(0 02) 0.35(0.22) 0.64(0.22)
2 0.50(0.25)  0.50(0.25) 0.58(0.13)  0.42(0.13)
Yasawa 0 0.29(0.08)  0.71(0.08) 0.04(0 02) 0.15(0 04) 0.22(0 03) 0.08(0.08) 0.51(0.06)
1 0.51(0.23)  0.49(0.23) | 0.11(0.08) 0.10(0.05) 0.17(0.06) 0.23(0.14) 0.39(0.10)
2 0.46(0.27)  0.54(0.27) | 0.18(0.14) 0.08(0.05) 0.09(0.08) 0.53(0.26) 0.12(0.13)
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Table 3.11: Mean (standard deviation) of results from 1000 repeated processes of 3-cluster-structure multi-group latent class model on

the cross culture data (Part 3, Thoughts about BIG GOD)

Culture | Cluster BGTHINK BGPERF BGPUNISH
0 1 2 3 4 No(0) Yes(1) No(0) Yes(1)

Coastal 0 - - - 0.06(0.12)  0.94(0.12) - 1.00(0.00) | 0.10(0.04) 0.90(0.04)
Tanna 1 _ - 0.14(0.21)  0.86(0.21) _ 1.00(0.00) | 0.08(0.06) 0.92(0.06)
2 - - 0.34(0.20)  0.66(0.20) - 1.00(0.00) | 0.14(0.08) 0.86(0.08)
Tnland 0 - 0.02(0 03) 0.06(0.02) 0.14(0.07) 0.78(0.10) | 0.07(0.05) 0.93(0.05) | 0.15(0.05)  0.85(0.05)
Tanna 1 - 0.27(0.44)  0.01(0. 03) 0.04(0.04)  0.69(0.42) | 0.40(0.36) 0.60(0.36) | 0.20(0.18) 0.80(0.18)
2 0.36(0.35) 0.03(0.05) 0.23(0.22) 0.37(0 40) | 0.50(0.27)  0.50(0.27) | 0.18(0.16)  0.82(0.16)
Lovu 0 0.81(0 05)  0.19(0.05) - - 0.08(0.02) 0.92(0.02) | 0.10(0.06) 0.90(0.06)
1 0.99(0.04) 0.01(0.04) - - 0.01(0.02) 0.99(0.02) | 0.02(0.04) 0.98(0.04)
2 0.99(0.02)  0.01(0.02) : _ 0.01(0.02) 0.99(0.02) | 0.02(0.03) 0.98(0.03)
Mauritius | 0 0.09(0.03) _ 0.02(0.03) - 0.23(0.06) 0.66(0 08) | 0.39(0.14) 0.61(0.14) | 0.42(0.27) 0.58(0.27)
1 0.05(0.03)  0.06(0.05) ; 0.17(0.06)  0.71(0.10) | 0.18(0.11) 0.82(0.11) | 0.21(0.25) 0.79(0.25)
2 - 0.01(0.02) - 0.13(0.04)  0.86(0.04) | 0.06(0.08) 0.94(0.08) | 0.38(0.11) 0.62(0.11)
Pesqueiro | 0 03(0.01)  0.03(0.02) 0.02(0.02) 0.06(0.05) 0.85(0.03) | 0.12(0.07) 0.88(0.07) | 0.05(0.09) 0.95(0.09)
1 - 0.03(0.04)  0.03(0.04) 0.05(0.05)  0.88(0.05) | 0.04(0.05) 0.96(0.05) | 0.33(0.16)  0.67(0.16)
2 - 0.05(0.04) - 0.06(0.08) 0.90(0.06) | 0.06(0.03) 0.94(0.03) | 0.23(0.09) 0.77(0.09)
Tyva 0 0.03(0.07)  0.04(0.02) 0.42(0.13) 0.41(0.14) 0.11(0.18) | 0.27(0.13) 0.73(0.13) | 0.36(0.26)  0.64(0.26)
Republic 1 0.09(0. 12) 0.03(0.02)  0.18(0.13) 0.20(0.16) 0.49(0.22) | 0.25(0.18) 0.75(0.18) | 0.23(0.33)  0.77(0.33)
2 0.11(0.12)  0.01(0.02)  0.06(0.07) 0.23(0.16) 0.59(0.15) | 0.19(0.14) 0.81(0.14) | 0.28(0.24)  0.72(0.24)
Yasawa 0 - 0.59(0.08)) - - 0.41(0.08) - 1.00(0.00) - 1.00(0.00)
1 _ 0.63(0.16) : 0.37(0.16) _ 1.00(0.00) - 1.00(0.00)
2 _ 0.45(0.19) ; _ 0.55(0.19) _ 1.00(0.00) _ 1.00(0.00)




CHAPTER 4
AN EXTENSION TO CIRCULAR DATA IN MIXED-MODE

DEFINITION

Summary: Circular (directional) data are relatively infrequent but commonly used
in weather data to describe the direction of winds. The von Mises distribution (Von
Mises, 1981) is widely used to model circular data. The von Mises density function
is

1

27 To(r) exp (kcos (0 — 1)), (4.1)

f(O;v, k) =

where v € [—7,7), k € [0,00) and [y(x) denotes the modified Bessel function of order

0, which is defined as

L

v can be interpreted as the measure of location and & is the measure of concentration,
which are analogous to the mean and precision of normal distribution.

A circular datum is in the form of an angle, § € [—n, 7). The support of 4 is
not limited to [—m,7); instead, it can be any interval of length 27. The distance
(dissimilarity) measure d;; between two angles ¢, and 6; has been defined variously

in the literature.
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4.1 INTRODUCTION TO CIRCULAR DATA IN CLUSTER ANALYSIS

4.1.1 LITERATURE REVIEW OF CLUSTERING CIRCULAR DATA

Due to the special nature of directional data, a straightforward clustering technique
can involve choosing a proper distance measure and then using traditional hierarchical
clustering methods. So the main difference in these types of clustering methods for
directional data are the definitions of the distance between two directional objects.

Ackermann (1997) proposed a distance measure as
dij = m — |m —[0; — 0]|
with d;; € [0,27). Lund (1999) proposed the distance measure as
d;; =1 —cos (6, — 0;)
with d;; € [0,2]. Kesemen et al. (2016) proposed the distance measure as
dij =((0; —0;+m) mod 2m) —7

with d;; € [—m, 7). A drawback of these methods is the assumption that the data are
distributed uniformly within each cluster.

Other researchers applied fuzzy clustering methods on directional data. The idea
of fuzzy clustering assumes each observation belongs to more than one cluster and
that weights related to the membership of an observation within each cluster can be
calculated by some well-defined function. A popular fuzzy clustering method is called
fuzzy C-means clustering (FCM) (Bezdek, 1981), which is analogous to K-means but
calculates a weight of each observation associated with every cluster.

Yang and Pan (1997) proposed a fuzzy clustering algorithm by adapting the clas-
sification maximum likelihood procedure (Yang, 1993) to directional data. An EM
algorithm was used to estimate the parameters of the von Mises distribution by max-

imizing the likelihood, which was also presented and compared in Kesemen et al.

48



(2016). Based on the distance measure mentioned above, the main method proposed
by Kesemen et al. (2016) is a distribution-free fuzzy clustering method that extended
the FCM to directional data. The coefficients of an observation, z;, belonging to

every one of K clusters were defined as

(Nl 7T
gl \ ™"
Th.. — LA
’ (;; (HdikH) )
where m is the weighting fuzziness parameter and is generally chosen to be 2. Then
the center of each cluster at the (¢ + 1)th iteration was updated by

()"
¢§t+1 (<¢(t) ;Ené]()t)) + W) mod 27) — .

4.1.2 LITERATURE REVIEW OF CLUSTERING MIXED-MODE DATA INCLUDING CIRCULAR

DATA

Clustering of mixed data containing numerical, binary, ordinal, categorical and direc-
tional features has rarely been discussed. Hendrickson (2014) presented a simulation
study of a distribution-free clustering method that is based on extending Gower’s
metric (Gower, 1971) to mixed data containing normal, categorical, directional and

functional types of variables. The dissimilarity metric was defined as

> 51J d(f)
ij — )
50 ij
where (51(Jf ) is 1 if both of the data x;r and x5 are non-missing with respect to the fth

()

variable, and 0 otherwise. The d;;” was defined as

|z — 7] if the fth variable is normal;

Wl

D [frlzif — x;7]2dt]?  if the fth variable is functional;

7w — | — |x;y — xjf|| if the fth variable is directional;

1 if the fth variable is categorical.

TifFT)f
Driven by some marine data, which contains 2 normal variables and 2 circular

variables, Lagona and Picone (2012) applied the EM algorithm using a latent-class
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model by assuming the bivariate skew normal distribution for the normal data and
the bivariate Von Mises distribution (Singh et al., 2002) for the circular data indepen-
dently within each cluster. The structure of a latent-class model has been presented

in Equation (3.1).

4.2  FINITE MIXTURE MODEL FOR MIXED-MODE DATA (RECAP)

We have discussed the finite mixture model for mixed-mode data in Chapter 3. Sup-
pose the whole data consist of n observations and m variables. Define the i¢th ob-
servation as ®; = (x;1,...,Ty,). The finite mixture model assumes the data can be
separated into k disjoint clusters (components) where data within each cluster has

the same model. The pdf of an observation & can be defined as

where Q = (Q4,...,Qk) denotes the whole set of parameters. In cluster k, € =
(M, O), M denotes the probability of an observation @ falling in this cluster and ©y,
denotes the parameters of variables within the kth cluster.

In cluster analysis, one can assume a latent categorical variable z € {1,..., K},
which follows the categorical distribution Cg(ny,...,nk), denoting the individual’s

cluster membership. Thus the pdf of the latent categorical variable z is

F(lm) =m0y (4:3)
“Hence the finite mixture model can also be interpreted as the marginal distribution
of @ based on the distribution of the variable pair (x, z).” (Marbac et al., 2017)
Thus the pdf of an observation @ can be modified as

f(xz|2) = Zf z,z|Q) = f(z]z =k, ) f(2|2) (4.4)

Then the likelihood of n observations @ = (xy,...,®,) is defined as

@) = TT{T f(wils = k@0 (i) 5
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Now we want to extend the definition of mixed-mode data to circular data. By
assuming it follows the von Mises distribution, the circular variable at position j, X
has parameters within cluster k& defined as ;&) = (V;), 5j))- And the correspond-

ing pdf of an observation can be derived from equation 4.1:

f(25105m) = exp(Kj(r) cos(T; — Viw)))-

21 lo(Kjk))
Then the estimates of 8y in the M-step of EM algorithm (see Section 3.2) have the

following closed form:

ﬁj(»,‘zﬂ) = arctan 2(0_, w}(f()k) sin (z5), Sny w,(f()k) cos (1))
ZN w(s) cos ({E _V(s+1)) (46)
I%('.Z:+1) — A1 ( h=1 h(k])v (;)h ik )
J Py Wh (k)

where arctan 2(y, z) is the 2-argument arctangent function, which satisfies

0 = arctan 2(y, z) = arctan(g);
x

A~(x) is the inverse function of A(k) = I (k)/I(k), which can be calculated using

the following approximation (Fisher, 1995, Best and Fisher, 1981):

2z + 23 + 52°/6, r < 0.53
AN z) = —0.4+1.39z+0.43/(1 — ), 0.53 <2 < 0.85
1/(x® — 42? + 3z), x> 0.85

4.3 INTRODUCTION TO COPULAS IN CLUSTER ANALYSIS

4.3.1 USING COPULAS IN FINITE MIXTURE MODEL

Note that in deriving the joint probability density function of all the features, we
simply multiply each individual density together by assuming that all the variables
are independent. If this assumption does not hold, there’s a popular method of using

copulas to model all the densities in finite mixture model while accounting for the
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dependencies between variables. Therefore the density function of each cluster in
finite mixture model becomes the copula-based joint density function, i.e.,
K
f(@) = nre(z|cluster k) (4.7)
k=1

where c(x|cluster k) is the joint density function of some copula in cluster k.

4.3.2 LITERATURE REVIEW OF FINITE MIXTURE MODEL USING COPULAS

Kosmidis and Karlis (2016) showed a framework of applying the finite mixture model
with copulas on a different type of data by using the Expectation/Conditional Max-
imization method (ECM, Meng and Rubin, 1993), which is a variant of the EM
algorithm that relaxes the maximization step into several blocks. Their model allows
different clusters to not necessarily use the same copulas. For pure continuous data,
including bounded and unbounded scenarios, the use of copulas gives us closed-form
estimates of the copula parameters and variables’ marginal parameters. Therefore in
the maximization step of the ECM algorithm, marginal parameters are estimated first
with copula parameters fixed and then copula parameters are estimated with marginal
parameters fixed. Whereas the pure discrete data, such as binomial variables are as-
sumed to follow the multivariate binomial distribution and fitted by Gaussian copula
and Frank copula.

Marbac et al. (2017) proposed the Gaussian copula in the finite mixture model
for clustering mixed-mode data containing continuous (Gaussian distribution), integer
count (Poisson distribution) and ordinal (multinomial distribution) values. Thus the

joint CDF of an observation z in cluster k becomes
F(2[®1) = @ (7 (wis); - - P (Um(i)|0, T)

where w;gy = F(2;10;)) is the cdf of the univariate marginal distribution of variable
X, and ©p = (T4, 01r), ..., 0mk)) denotes the parameters in cluster k. Model

parameters are estimated using the Gibbs sampler by assuming conjugate priors.
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By using the Gaussian copula, the dependencies of variables within each cluster are
included in the covariance matrix. But the drawback is also apparent, in that the

number of parameters is increased within the covariance matrix I'.

4.4 FINITE MIXTURE MODEL WITH (GAUSSIAN COPULA FOR MIXED-MODE DATA

4.4.1 GAUSSIAN COPULA WITHIN CLUSTERING MODEL

The model we describe here follows that given by Marbac et al. (2017). The Gaus-
sian copula (Hoff, 2007, Hoff et al., 2014) assumes a latent continuous vector y =
(Y1, - - -, Ym) following the multivariate normal distribution with mean 0 and positive
definite covariance matrix, i.e. y ~ N,,(0,T'). To simplify the problem, we can as-
sume the covariance matrix I' has only values 1 in its diagonal. Thus the CDF of y

can be written as ®,,(y) and the pdf can be defined as

mly) = 2T exp (— 3y Ty (4.9

By a property of the multivariate normal distribution, y; follows the standard normal
distribution marginally. If variable X; follows a continuous distribution, such as the

normal or Von Mises distribution, y; can be defined as

y; = b1 (uy) (4.9)

where u; = Fj(z;|0;) is the CDF of random variable X; with distribution param-
eters 6;. On the other hand, if variable X; follows a discrete distribution, such as
binary, multinomial, or Poisson distribution, due to the non-continuity of the CDF
of discrete variables, y; can be any value within the interval S;(z;) = (a;, b;] where
b = 7' (Fj(z;)) and a; = @' (Fj(z;)) which is defined as the left-hand limit of
F; at z; (Smith and Khaled, 2012). Define the continuous and discrete parts of an
observation x; and its latent Gaussian variable ;) in cluster £ to be (mzc, yic(k)) and

(27, yi() correspondingly. Then the CDF of an observation @ in cluster k is written
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as
F(x:|®)) = F(x{0}) x F(z]|z{, ©})
(4.10)
= (I)mc (ygk)|07 FkCC) X (I)mD (yl’%k)“J/ZD(k), EkD)

I'vcc Trep
where Fk = s p’zD(k) = I‘kDCr]:éCCU? and EkD = I‘kDD—I‘kDCI‘,;éCI‘kCD.

Iipc Trpp
And the pdf is

1 1 _ e
f(@il®y) = [Trec| 2 exp {—Q(fok))T(Fkéc - I)yffk)} L1 fi(z:10;%)
j=1

1
x |27 2P| 2 exp{— ylo — V(D) (YR — pl }Il .
| k| 2( (k) (k)) ( k) ( (k) (k)) {yﬁ’ky yﬁ’k)esﬁ’k)}

(4.11)

See proof in Appendix C.2.

4.4.2 BAYESIAN FRAMEWORK OF FINITE MIXTURE MODEL WITH GAUSSIAN COPULA

To summarize, the parameters defined in the finite mixture model with the Gaussian

copula (FMM-GC) are listed below,

Q=(Q,..., %),
Qk = (nka('-)k)a

O, = Tk, 010), - -, O,

(Kjky, 03) if variable j is a normal variable
(Tky) if variable j is a binary variable
O = (Tj(ky1s - - - Tj(kye;) if variable j is a categorical variable
(Njky) if variable j is a Poisson variable (count values)
(Vjtkys Kijk)) if variable j is a circular variable
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The likelihood of n observations can be combined from (4.5) and (4.11):
L(Qz,y) = f(z,y|Q)

. (4.12)
= 1:[1 { Zkf(zz|9)f(wz|®k)}

The observed n observations and corresponding latent model structure can be
represented as (x,y, z2) = (x;, i, 2;)",. It is noted that (x;, Yy, 2i,) L (@iy, Yin, 2is)
for i1 # iy by the nature of independent samples. In addition, we assume that
parameters within one cluster are independent from parameters within other clusters,
ie., 0 (k) L O,k for any ji, jo and k; # ky. Therefore the Bayesian framework of
sampling all the parameters using the Gibbs sampler can be outlined in the following

sampling scheme:

. : f(®ilzi=1,01) f(@ilzi=K OK)
e Step 1: z|(x;, Q) ~ Categorlcal(W,...,W), then the

continuous part yic(k) is calculated directly and categorical part

D D D
Y, T,z = k,0) ~ Ny, (g, 2;7)1
(lc)|< ) » (g k) {yf()k): yiE()k)GSiI()k)}

e Step 2: O |(x, Y, zi : 2 = k, 0j,) follows some distribution depending on the

type of variable X;;
o Step 3: Tilyp) ~ W (10 + 1, Vo + X1 Yy Yitw);
e Step 4: n = (M1, ...,nk)|z ~ Dirichlet(1 + > 1,=1), ..., 1 + 30, 15=k))-

The details and proof of all 4 steps are shown in Appendix (C.3). In Step 2, we
specify the type of variables to be one of normal, binary, categorical, Poisson and
circular. Due to the complexity of the posterior probability function, @) cannot be
generated directly. There are some literature showing the sampling of 6, in Step
3 can be done using the Metropolis-Hastings algorithms (Marbac et al., 2017, Pitt
et al., 2006).
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4.5 SIMULATION RESULTS

To test the effect of the FMM-GC, we develop four simulations of mixed-mode data
and compare its results to the method using the finite mixture (FMM) model and the
extended Gower’s method (EGM) of Hendrickson (2014). The adjusted Rand index
(ARI) is applied to evaluate the accuracy of the cluster results. The ARI ranges from
-1 to 1 with 1 representing perfect separation and 0 representing random separation.
As we mentioned in the simulation study of Chapter 3, the silhouette score, which
shows the clarity of the cluster boundaries, is one of main indicators that explains
the accuracy of clustering methods. Note that the FMM-GC takes the correlations
between variables into account, which are not considered in the FMM. Thus we set
up four simulation cases and differentiate them based on two conditions (directions)
to investigate the performance of the three different models (Table 4.1). The detailed

settings of our simulations are shown in Appendix C.5.

Table 4.1: Simulation settings in two directions (clarity of cluster boundaries and variable
correlations)

Variable Correlations
Low High
Clarity of Clearer | Case 1 Case 3
Cluster Boundaries | Blurred | Case 2 Case 4

The ARI of the FMM-GC, FMM and EGM from four simulation cases are shown
in Table 4.2. Note that the ARI of the FMM is the mean of ARIs from 100 repeated
processes due to the randomness of initial values in the FMM and the ARI of the
FMM-GC is the mean of ARIs from the last 400 iterations of the Gibbs sampler with

the first 600 iterations burned in. Some observations are listed below:

i. Overall, the FMM-GC works slightly better than random clustering but can
not beat the FMM in accuracy. It does not show the improvement of modeling

dependent data.
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ii. The accuracy of the FMM drops from case 1 (0.8963) to case 3 (0.4246) and case
2 (0.9698) to case 4 (0.7339), which indicates the damage from the dependency
of variables in each cluster. However it increases in the EGM (0.0047 vs 0.0138,
-0.0014 vs 0.3000), which indicates the robustness of distribution-free cluster

methods when dealing with the dependent data.

iii. The clarity of cluster boundaries (shown in the silhouette score) clearly influ-
ences the accuracy of the clustering methods (case 1 vs case 2, case 3 vs case

4), which agrees with our expectation.

Table 4.2: Adjusted Rand index of three clustering models on simulated data

Simulation Sﬂg(?cl)lrzcw EGM FMM | FMM-GC Description
Case 1 0.1442 | 0.0047 | 0.8963 | 0.0101 | oW variable correlations,
blurred cluster boundaries
Case 2 0.3413 | -0.0014 | 0.0698 | 0.1420 | LCOW variable correlations,
clearer cluster boundaries
Case 3 01630 | 0.0138 | 0.4246 | 0.0103 | High variable correlations,
blurred cluster boundaries
Case 4 0.3389 | 0.3000 | 0.7339 | 0.0571 | 'ligh variable correlations,
clearer cluster boundaries

4.6 DISCUSSION

The poor performance in both computing time and accuracy of the FMM-GC in
the dependent data simulation is unexpected. Reasons for this phenomenon could

include:

i. The FMM uses the EM algorithm and provides the closed-form estimates for
every parameter during the updating process. In the contrast, the FMM-GC
uses the Gibbs sampler in the Bayesian framework that generates random values
from posterior distributions for the estimates of parameters, which may not

converge as well as the EM algorithm. In addition, the FMM-GC uses the
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ii.

one-step Metropolis-Hastings algorithm for the estimates of some parameters,

which adds another layer of approximation in computation.

The FMM-GC is more complex than the FMM, which means the FMM-GC
requires more space to estimate additional parameters. Especially when the
Gaussian copulas are used, the estimates of the covariance matrices and the
generated samples from truncated multivariate normal distributions are big

burdens on the computation.
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CHAPTER 5

Di1SCcUSSION AND FUTURE RESEARCH

Compared to the distribution-free clustering methods, distribution-based methods
show benefits in computation, flexibility and accuracy. The computational complex-
ity of common distance-based clustering methods, which group data based on the
distance matrix, is O(n?) where n is the number of observations. As for model-based
clustering methods, such as the FMM, the computational complexity is O(nxmKT1)
where m is the number of variables, K is the number of clusters, T is the averaged
number of parameters of each variable, and I is the maximum of iterations to avoid
endless loops. In the case of non-sparse data, m << n, and K,T and I all can be con-
stant values less than the dimension of n, which implies that O(n x mKT1T) < O(n?).
Therefore, it is time efficient to use the model-based clustering methods for large
datasets. What about the time complexity of the FMM-GC, in which we use the
Gibbs sampler to generate estimates of parameters? The computation of generating
a sample from a known posterior distribution should be O(1). But if it comes from an
unknown distribution based only on the formula of its pdf or CDF, which is very gen-
eral in reality, the computational complexity will vary based on the methods one uses.
For instance, the one-step Metropolis-Hastings algorithm only updates the current
parameter for one iteration in the Metropolis-Hastings framework and then moves on
to the next parameter. Even though the computational complexity of sampling one
estimate is O(1), it slows down the convergence of the whole process.

In terms of the flexibility of model-based clustering methods, they benefit from

the distributional assumptions of variables, both in univariate distributions and mul-
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tivariate distributions. Distribution assumptions, rather than burdening the method-
ology, help build statistical inference and grasp the potential connections hidden in
the data.

The copulas applied in Chapter 4 are solely Gaussian copulas. There are poten-
tially more copulas to incorporate into the finite mixture model such as the Frank
copula (Kosmidis and Karlis, 2016), Clayton copula, Gumbel copula, etc. Difficulties
of using copulas include the theoretical derivation of adapting them to mixed-mode
data if the EM or ECM algorithms are considered and the choice of proposal distri-
butions or priors if the Bayesian framework is considered.

There is another concern related to the label switching problem, since the label
of clusters are meaningless except to show which pair of observations fall in the same
cluster. It may lead to a scenario that two observations under the same cluster label
are assigned another label simultaneously during the updating of parameters, but this
switch does not change the nature of the cluster partition of these two observations.
This may influence the processing time and whether we find the global optimum.

Finding solutions to the label switching problem in our algorithm can be future work.
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APPENDIX A

SUPPLEMENTARY MATERIALS OF CHAPTER 2

In this section we include the simulation results in Chapter 2. The first figure (A.1)
shows the accuracy rate and processing time versus separation rate for mixed data
with different number of categorical variables. Then the second figure (A.2) shows
the accuracy rate and processing time versus separation rate for pure continuous
data with different number of categorical variables. The last figure (A.3) shows the
accuracy rate and processing time versus separation rate for pure discrete data with

different number of categorical variables.
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Figure A.1: Accuracy rate and processing time versus separation rate for mixed data with
different number of categorical variables
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Figure A.2: Accuracy rate and processing time versus separation rate for pure continuous
data with different number of categorical variables
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Figure A.3: Accuracy rate and processing time versus separation rate for pure discrete
data with different number of categorical variables
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APPENDIX B

SUPPLEMENTARY MATERIALS OF CHAPTER 3

In this section we include the parameter settings for simulations in Chapter 3. First
four simulations (Table B.1 - B.4) are created for two groups (cultures) differentiated
in the equivalence of clustering structure in each group and the equivalence of the
distribution parameters within each cluster. The last simulation (Table B.5) is created
for five groups (cultures) with unequal clustering structures across groups and unequal

distribution parameters within each cluster.
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Table B.1: Parameter settings for Simulation 1 with equal clustering structures across 2 groups and equal distribution parameters

within each cluster.

Group | Cluster | 1 normal Categorical | Poisson | silhouette

X, X X5 X5 Score
C1 0.3 | N(—2,1) N(3,1) C(0.1,0.2,0.7) | Poi(1)

Gl C2 0.4 1)  N(0,1) C(0.2,0.3,0.5) | Poi(4) 0.1999
C3 0.3 1) N(2,2) C(0.3,0.4,0.3) | Poi(10)
C1 0.3 1) N(3,1) C(0.1,0.2,0.7) | Poi(1)

G2 C2 0.4 1)  N(0,1) C(0.2,0.3,0.5) | Poi(4) 0.1763
C3 0.3 1) N(2,2) C(0.3,0.4,0.3) | Poi(10)

Table B.2: Parameter settings for Simulation 2 with unequal clustering structures across 2 groups but equal distribution parameters

within each cluster.

Group | Cluster | n normal Categorical | Poisson | silhouette

X, X5 X5 X Score
C1 0.3 | N(—2,1) N(3,1) C(0.1,0.2,0.7) | Poi(1)

G1 C2 0.4 0,1)  N(0,1) C(0.2,0.3,0.5) | Poi(4) 0.2453
C3 0.3 3,1)  N(2,2) C(0.3,0.4,0.3) | Poi(10)
C1 0.1 1) N(3,1) C(0.1,0.2,0.7) | Poi(1)

G2 C2 0.1 1)  N(0,1) C(0.2,0.3,0.5) | Poi(4) 0.0741
C3 0.8 1) N(2,2) C(0.3,0.4,0.3) | Poi(10)
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Table B.3: Parameter settings for Simulation 3 with equal clustering structures across 2 groups but unequal distribution parameters

within each cluster

Group | Cluster | 7 Cate;g((;rlcal Po;s(jon 51122(1)1$te
C1 0.3 B C(0.1,0.2,0.7) | Poi(1)
Gl C2 0.4 B C(0.2,0.3,0.5) | Poi(4) 0.2332
C3 0.3 B C(0.3,0.4,0.3) | Poi(10)
C1 0.3 B C(0.1,0.2,0.7) | Poi(2)
G2 C2 0.4 B C(0.5,0.4,0.1) | Poi(2) 0.1862
C3 0.3 B C(0.2,0.2,0.6) | Poi(3)

Table B.4: Parameter settings for Simulation 4 with unequal clustering structures across 2 groups and unequal distribution parameters

within each cluster

Group | Cluster | n Cate;g((;rlcal Po;zon Sﬂgz;lf;te
C1 0.3 B(0.4) C(0.1,0.2,0.7) | Poi(1)
G1 C2 0.4 B(0.4) C(0.2,0.3,0.5) | Poi(4) 0.1961
C3 0.3 B(0.7) C(0.3,0.4,0.3) | Poi(10)
C1 0.1 B(0.8) C(0.1,0.2,0.7) | Poi(2)
G2 C2 0.1 B(0.2) C(0.5,0.4,0.1) | Poi(2) 0.0876
C3 0.8 B(0.5) C(0.2,0.2,0.6) | Poi(3)
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Table B.5: Parameter settings for Simulation 5 with unequal clustering structures across 5 groups and unequal distribution parameters

within each cluster

Group | Cluster normal Binary Categorical Poisson | silhouette
P T ox X, X, Xy X; X, Score
C1 0.3 | N(—2,1) N(3,1) | B(0.4) B(0.1) | C(0.1,0.2,0.7) | Poi(1)
G1 C2 04| N(0,1) N(0,1) | B(0.4) B(0.9) | C(0.2,0.3,0.5) | Poi(4) 0.1646
C3 03| N(3,1) N(2,2) | B(0.7) B(0.5) | €(0.3,0.4,0.3) | Poi(10)
C1 0.1 | N(0,1)  N(3,1) | B(0.8) B(0.1) | C(0.1,0.2,0.7) | Poi(2)
G2 C2 0.1 | N(3,1) N(0,1) | B(0.2) B(0.9) | C(0.5,0.4,0.1) | Poi(2) 0.0250
C3 0.8 | N(2,1) N(=3,2) | B(0.5) B(0.5) | C(0.2,0.2,0.6) | Poi(3)
C1 0.6 | N(—3,1) N(0,1) | B(0.3) B(0.3) | C(0.3,0.4,0.3) | Poi(5)
G3 C2 0.2 | N(3,1) N(0,1) | B(0.2) B(0.9) | C(0.5,0.4,0.1) | Poi(2) 0.1670
C3 0.2 | N(2,1) N(=3,2) | B(0.5) B(0.5) | C(0.2,0.2,0.6) | Poi(3)
C1 0.3 | N(0,1)  N(3,1) | B(0.8) B(0.1) | C(0.1,0.2,0.7) | Poi(2)
G4 C2 0.2 | N(—2,1) N(10,2) | B(0.5) B(0.5) | €C(0.5,0.2,0.3) | Poi(0.1) 0.1154
C3 0.5 | N(0,1)  N(7,2) | B(0.5) B(0.5) | C(0.2,0.2,0.6) | Poi(1)
C1 0.4 | N(0,1) N(3,1) | B(0.8) B(0.1) | C(0.1,0.2,0.7) | Poi(2)
G5 C2 0.4 | N(3,1) N(0,1) | B(0.2) B(0.9) | C(0.5,0.4,0.1) | Poi(2) 0.3993
C3 0.2 | N(81) N(3,1) | B(0.3) B(0.9) | €(0.1,0.6,0.3) | Poi(0.1)




APPENDIX C

SUPPLEMENTARY MATERIALS OF CHAPTER 4

C.1 VON MISES DISTRIBUTION

As is shown in Fisher (1995), the Bessel function I,(x) can be approximately esti-

mated by

() = i 1 (;H) 2r+p

= (r+p)'r!

where p=0,1,.... Then

]0("{) = ZSO:() (,})2 (
r

%]0(@ =320 (r%)2

Thus

_ Li(w) _ gelo(s)
Io(k) Io(k)

A simple and reasonably accurate calculation of A(k) was shown in Fisher (1995)

A(r)

and originally used in Best and Fisher (1981):

2z + 23 + 52°/6, x < 0.53
AN z) =4 —04+1.392+0.43/(1 —z), 053 <z <0.85
1/(2% — 42* + 32), r>0.85

C.2 PDF OF GAUSSIAN COPULA IN ONE CLUSTER

In cluster k, let ®; denote the whole set of parameters used in the cluster, which

includes two sets of parameters ©f and ©F. ©¢ stands for the set of parameters
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used in continuous types of variables such as normal and Von Mises variables, and
OF stands for the set of parameters used in discrete types of variables such as binary,
multinomial and Poisson variables. Let 6, denote the parameters of variable X;.
For an observation x; = (x;1,...,%;,), we define the corresponding latent vector

Yi = (Yits - -, Yim) ", which becomes y;x) = (Yir(k), - - - » Yim@e))” in cluster k. Without

loss of generality, the first m¢ variables, ®f = (2;,...,7; me), are assumed to be
continuous while the last mp variables, ” = (x; uov1,. .., Tim) are discrete with

m = m¢c + mp. Recall that the covariance matrix of Gaussian copula is defined as

I';.. Then the pdf of cluster k£ having observation @x; can be decomposed as
f(@:|©) = f(xf,27|0k) = f(2f|07) f(x]|2f,©}) (C.1)

To differentiate the continuous and discrete parts, I'y can be decomposed into a 2 x 2

block matrix:

Iice Twep
k: pu—
I'vpc Tipp
where I'icc is of me X me dimension and I'ypp is of mp X mp dimension.

For the continuous part of (C.1), the latent Gaussian variable satisfies ;) =

1 (ujry) where ujgy = Fj(2ij|0;)). Because both ®7'(-) and Fj(-) are continuous

functions, ;|0 — Yk is a one-to-one projection. Thus (?)f;"Tji(f) satisfies:
Ouij(r) Oij(ky OYij (k) i)
fi(x;:10; = W) J = (v
J( J| ](k)) 8[Eij 8yw(k) 8[Eij ( ](k)) 6mij
ik -
ﬁ = o7 (Yije)) £ (5] 00x) ) -
ij
Then the pdf of continuous part becomes:
0
F(@C10F) = 52 5B (550/0, Tuce)
me g,
_ c Yij(k)
= Ome (Yi(n0, FkCC)jl:[l O, (C.2)
mo
= Gme (YUS10, Tice) TT o1 (i) £ (i51050))
j=1

1)



where yic(k) = (Yir(k)» - - - » ¥i mo(k)) 1s the set of latent variables corresponding to mzc
For the discrete part of (C.1), the latent Gaussian variable yi?k), which is associ-

ated with P

., is no longer fixed due to the non-continuous property of the CDF of

discrete variables. So the projection from z?” to yﬁk) is one-to-many, which satisfies:

Fi(zi; —1100)) < @1(yijay) < F(245105k))

=Yijky € Sijr) = (aijr)s bijwy)] = (B7 (Fj(xi; — 1|0;))), D1 (Fj(24510501)))]-

Byi; .
Thus the % satisfies:
ij

Wijk) _
Oy {wiim Wi €S }

In addition, the discrete part is a conditional probability based on the continuous

part. Thus the mean and covariance matrix of yi’%k) are modified as follows (Eaton,

1983):

U’i[()k:) = TipcTidoxy

D -1
Ek =I'vpp — FkDCI‘kch‘kCD-

Then the pdf of discrete part becomes:

. D
u.uESi(k)

fa? |2l O7) = by, (ul iy, EkD)ﬂ{ ! (C.3)

where Sil(jk) = (Si me+1(k), - - - » Sim(k)) are the support of yf()k) corresponding to the

D

i

observed data x

Therefore based on (C.2) and (C.3), the pdf of cluster k£ having observation ;
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can be written as:
f(@i|©y) = f(xf|O)) x f(x|xf, ©F)

mo
= Ome (Ui(10, Treo) TT o1 (Wi fi(1050)

Jj=1
u:ucSP

_1 1 _ i
= |Troc| 2 exp {—Q(yzc(k))T(chlc - I)ZI%)} H fj(wz‘j‘ej(k))
j=1

X Omp, (u‘“i[()k)v EkD)]l{

u:ucSP

z(k)}

1 1 .
127 exp {5 = o) (=) (w - i) 1
C.3 GIBBS SAMPLER

C.3.1 STEP 1, GENERATING LATENT MEMBERSHIP VARIABLE z; AND LATENT

GAUSSIAN VARIABLES (Y;j(1))

zi € {1,..., K} is defined as the latent categorical variable denoting the class mem-
bership of observation x;. We can assume that the prior of z; follows the categorical

distribution

zilm ~C(m, ..., NK).

A non-informative prior can be used with n; = --- = ng = % Thus the posterior

pdf of z; can be derived from (4.7) and (4.4)

f(Zi|mi7 Q) o< f(x;]2,2) f(2i|n)
1o 1
o f(@i] 2, 9)771( YL
= (mf (@2, Q) S0 - (e f (3] 25, Q)=

Thus the posterior distribution of z; follows the categorical distribution as

mf(xilzi =1,0) ni f(@i|z = K, 9K)>
f(xi|€2) Y f(i|Q)

As it mentioned in Marbac et al. (2017), the calculation of f(x;|€2) involves the

integral of the discrete part and it will be time consuming when mp is large (mp > 6).
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So as they suggested, the one iteration of the Metropolis-Hastings algorithm can be

applied to sample the couple (z;,vy;). Based on the (4.11), we can derive that

f(Ziayi|m’ Q) (S8 f(zl|77)f<y1|zl =k, x;, Qk)

1

x e X ¢mc(yﬁk>|07 Crcc) X Gmy, (yil()k)mz‘[()k)» EkD)ﬂ{

Uitk yﬁk)esfm}

Note that the first m¢ elements (continuous part) of y;u) are determined directly
given (x;,€2) (4.9), so the target function g¢(z;, yi|x;, Q) only involves the last mp
elements (discrete part) of ), which follows a multivariate normal distribution

truncated on S f()k) :

D D {,,D D
(2, 4y |23, Q) = b, (Wi [ icry» Z) (b wtoesty )

The proposal distribution ¢ ((2;, ¥:)|(2},y;)) is decomposed into two steps. First,

zi|zl is generated non-informatively by assuming the discrete uniform distribution:

1

Q11(2z’|3§) = K

Second, the proposal distribution for generating Y/, |y}, 2z = k directly uses the

multivariate normal distribution:
012 (YiG [Yich)» 2 = k) = b (Uil 1Uichy> Trpp)-
Thus the logarithm of the Metropolis-Hastings acceptance ratio is

Can D(Can Cur D(Cur
piey = log g(={° Mz, Q) —log (=, 47 " |2, Q)
D(Cur D(Can D(Can D(Cur
+ log Q12(y¢(1§) )|yi(1£) )7 z = k) — log Q12(?Ji(1§) )|yi(15) )7 zi = k).

Therefore, the process of generating (z;,y;) at iteration (s) works as follows:

1. Get initial values for (z-(s) yl.l(jlg)s)), k=1,... K.

(2 b
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( (S+1) S+1))

2. Sample from its pdf:

Yk

s+1 D(s+1 S D(s
FIEE D, yig))

= qu (V1) gl Ty 2 = k)

1 s+1)
?gme( z(k+ |yz(k ,Liop).

3. Calculate the log Metropolis-Hastings acceptance ratio p;).

4. Sample u;) from uniform distribution ¢(0,1).

5. If piwy > logumy, set (z (),y(,gf)) = (zl(sﬂ) y(,SH)), otherwise remain the

current state (z; (s ), yz((f))

C.3.2 STEP 2, GENERATING PARAMETERS WITHIN CLUSTERS, (0;))

01 is defined as the parameter vector used for modeling the distribution of variable
j. As a result, its prior distribution varies based on the variable type. The likelihood
of the data can be derived from (4.11). Thus the posterior pdf of 8;() can be written

as

f(ej(k)|$>y[3]az> @k[j]) X f(ej(k)) H f($i|yi(k)a 2 =k, Oy)
{i:zi=k}

o f(8;m) 11 {(bmc(yz 0, (T kCC_I)l):ﬁfl(milwl(k)) (C.4)

X Om yZ p,l ED]l
Witk ©) {yf(’k): yﬁmesﬁm}

where ©,; = {@k \ Oj(k)}a Y5 = (Wgp - Yng) and Y5 = {yi\yi b Here,
{A\ B} is the notation for set A with element B omitted.

Since both yf{k) and Si?k) are functions of 6;;), the complexity of the posterior pdf
of 6;() shows that it cannot be generated directly. But once 8, is given, both yﬁk)
and S,f(’k), then yi[()k) can be generated easily. So the one iteration of the Metropolis-

Hastings algorithm is applied to generate 8. The posterior pdf of ;) in (C.4)
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can be simplified to the target distribution:

9(0

il Y5, 2, 0u5) = f(0im) ] {¢mc(yic(k)’07 (Trée — I>71)fj<$ij‘9j(k))}

{i:z;=k}

X ¢m yzD :uzD ’ED 1 ‘
H { D( (k)| (%) k) {yiD(k):yilzk)esi?k)}

{i:z;=k}

The proposal distribution ¢2(6;(1)€7,) is defined by assuming the independence of

each variable and using the conjugate distributions that depend on the variable type

(See specification in Appendix (C.4)). Therefore our logic of generating ;) at

iteration (s) works as follows:

(=}

(s+1
. Sample Oj(k)

- I pjey > logujy, set 0;?,1) = 0§(k) , otherwise remain 9§?k)'

Get initial values for 84, j = 1,...,m.

) from the pdf that is proportional to q2(0§f$1)|~) with some nor-

malizing constant.

Calculate the log Metropolis-Hastings acceptance ratio pj):

s+1 s s s+1
pi =log g(8575"]) —log g(8%) |) + log g2(85:)|) — log 2(6'3,V]).

. Sample u;() from uniform distribution ¢£(0, 1).

s+1) )

Repeat 1-5 for K times corresponding to K clusters.

C.3.3 STEP 3, GENERATING PARAMETERS ASSOCIATED WITH (GAUSSIAN COPULA, I'j

') is defined as the variance-covariance matrix of the Gaussian copula. Hoff (2007)

suggested the inverse-Wishart distribution as a conjugate prior of I', i.e.,

Fk ~ Wﬁl(‘/ov TO)
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Then the posterior pdf of I';, can be derived as:

f(Fk’Zia y(k)) 08 H f(yz'(k)’rk)f(rk)

i:Zi:k

_1 1 _
o ] {|Fk| QQXP{—ank)Fklyz‘(k)}}

112y =

T0+mMm 1
< I e { -5 aer )

T0+n+m+1
SV exp{— Y Y Tr Yiw + tr(Vol'i )

i:z;=k

DN | —

}

_motntm+1 1 [ — — ]

i:z;=k

T +n+m+1 1 [ — — ]
S A I exp{—2 > otr (yi(k)yik)I‘ﬁ)—i—tr(%I‘kl) }

i:z;=k

 rgtntmtl il -
= |I‘k’ e, exp {—2 tr (( Z yi(k)yiT(k) + Vo) Fkl) }
i:z;=k

Thus the posterior distribution of I'; follows the inverse-Wishart distribution with

parameters (7_0 +n, Zi:zizk yl(k)yzgk) + %)7 Le

Lyl(z,y,0p) ~ W (10 +n, Zyzk)yz + Vo)

112,=

From Hoff (2007), the parameters of the prior distribution can be set as 79 = m + 2
and Vo = (m+ 2)1.

C.3.4 STEP 4, GENERATING PARAMETERS BETWEEN CLUSTERS, 7

n = (n,...,nx) € (0,1)X is defined as the probability of an observation falling in
each cluster, which satisfies 3% , 7 = 1. Thus we can assume the prior of 1 follows

the Dirichlet distribution with non-informative parameters
n~D(,...,1).

Then the posterior pdf of 17 can be derived from (4.3)

fnlz) o< [T f(ziln) f(n)
=1
~ 7712:;1 Lz=1) 77[;?:1 Lsi=r).
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Thus the posterior distribution of n = (11, . ..,k )|z follows the Dirichlet distribution
with parameters (1 + Y7 1;,=1), ..., 1 + Y L(z=k)), i-€.,

n= (771, . ,UK)|Z ~ D(l + Zl(zi:]-)’ o, T Zl(zi:K))'

i=1 i=1
C.4 SPECIFICATION OF PROPOSAL DISTRIBUTION OF DIFFERENT TYPE OF

VARIABLES

In this section, we will differentiate the type of variable X; which leads to different
settings of 6 to create the conjugate distributions. In the end, the posterior pdf
of variable X; at cluster k& will be used as the proposal distribution for 6;y). To

simplify the notation, we use g2(8;()|-) to denote the proposal distribution.

C.4.1 NORMAL VARIABLE

If X, is a normal variable, X is assumed to follow the normal distribution sepa-

rately in K clusters with parameters 6y = (1), ajz(k)), ie.,
Xj|cluster k ~ N(pt;r), JJQ-(k)).
Then the conjugate prior of (u;(k), 07y) can be defined as
o2y ~ T (ex, Ch)

2
Tj(k) )
ny

1450|021y ~ N (b,
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where (cg, Ck, by) are some constant numbers that can be set randomly; ny is the

number of observations in cluster k. Then the posterior pdf of (1;(), a?(k)) is

Tty T3 1T Yy 2, Ok) o< f(02 ) f1iamlosay) T F@ilisws o5m)

i:z;=k

—Cp— Ck’ _1 Nk
x {(Uf'(k)) exp {_az(k) }} {(%2'@))  exp {_ggz(k)(uj(k) - bk)2}}
J J

{(Ufw))_gk exp { 5 12 Zij(k) - l’z'j)Q}}

J(k) i1z

J

2C% + (i) — 0k)> + D (i 9%)1}
k

1zi=

= (024y)"(F ) exp {
75w

[25 + )‘(MJ )2} }

(at14d
= (05" +1+2)exp{

J(’f)

where

2
b= Ck+2 Zx”—l— nkb2 T (bk—i- Z l‘w> )

i:z;=k 1:2;=
Thus the posterior distribution of (1), Jj?(k)) follows the normal-inverse-gamma dis-

tribution, i.e.,
(K U?(k)”(w? Y, 2, 05) ~ N =T, \, o, ).

Then the proposal distribution can be obtained as:

2250 ) = a2((1j), ng(k))")

C(a+14+1
= (a?(k)) ( +1+2)6XP{—

28+ Aoy — v)*] } :

9j(k)
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C.4.2 CIRCULAR VARIABLE

If X; is a circular variable, X is assumed to follow the von Mises distribution
separately in K clusters with parameters 04y = (V). Kjk)), i-€.,

Xj|cluster k& ~ VM(v;r), Kjk))-

Guttorp and Lockhart (1988) present the conjugate prior of (v, kjx)) to be

—cp

Fi, Fiw) o< [To(jm)| " exp {00 Ric cos(vjuy — vi) |

where (cg, Ry, vx) are constants that can be set as (0,0, 0) for non-informative knowl-

edge. Then the posterior pdf of (v, 5j@)) becomes

FWitys Kim |2, Yy, 2, Ok) < f Wiy ki) 1T f(@ij|vigy, &)

zzlzk
x [Io(ﬁj(k))r “exp {Fdj(k)Rk cos(Vj(r) — vk)} (©5)
-1 ’
II {[fo(/wk))} exp { (k) cos(i; — Vj(k))}}
i:z;=k
—(cx+ng)
= []O(I{j(k))} exp {/@j(k)Rﬁc cos(Vj(r) — v,;)}
where (Rj, v;,) satisfies
L COsV, = Rpcosvy, + ;... COS Tj;
psinvy = Rpsinvg + Y., _p sin ;.
2 ' _ 2
R, = \/(Rk COS Uk + Dz, COS a:ij) + (Rk SIN Vg + D ;.. — SIN xij)
—
, o Ry, sinvk—i-zi:zz_:k sin x;;
Uk = arctan Ry, cos vk—i-zl_z:k COS T
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The last equation of (C.5) can be proved by
Ry cos(vju — vk) + Y cos(zij — Vi)
i:ZiZk

=R}, cos Vj(k) COS Uk + Ry, sin Vj(k) SIN U + Z COS X;j COS Vj(k) + Z SIN X5 SIN V()

i:z;=k i:z;=k

= c0s V() (Ry cos vy, + Z oS Zj;) + sin vy (R sin vy, + Z sin ;)

i:zi=k i:zi=k
_ / / : /o /
= COS Vj(k)Rk COS VU, -+ sin l/j(k)Rk; Sin vy,

=Ry, cos(Vj) — v},)-
Then the proposal distribution can be obtained as:

20 ]-) = ©((Viw), Fim)]-)

) —(cptm)

= [Io(mj(k) exp {/-s;j(k)RﬁC cos(Vj(ky — v,;)}

Therefore the last question will be sampling (v, £;k)) from the posterior pdf
(C.5). Mulder and Klugkist (2015) present a MCMC method by sampling two pa-

rameters ;)| (K, ) and ;)| (Vi) ), respectively:

F W35, @) o exp {0 Ry cos(vin — 1) |

>] —(cx+ng)

F (k3w i, ) o< [To(k00 exp { k) Ry cos(vj) — vp) }

It is clear that vju)|(k k), ) follows the von Mises distribution with parameters
(v, Ky Ry,), whereas the distribution of & |(vju), ) is not easily generated. Thus
we propose the one iteration Metropolis-Hastings algorithm to sample it. It consists

of 6 steps:

o el (Cur)
1. Set initial values for & i) -

2. Sample vj() such that Uj(k)|(/<a§%r), x) ~ VM(v}, KE%}S”R;).

Can Can Can Cur
3. Sample Iig-(k) ) such that H§(k) )~ XQ(Iig-(k) )| df = Hg(k) ).
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4. Calculate the log Metropolis-Hastings acceptance ratio

Pk —logf( |Vy<k @) —log f ()" Vi )
+log (k{07 df = KGY) —log X2 (k™| df = ki)

5. Sample wuy, such that u, ~ U(0,1).

6. If pr > loguy, set /@2%” = /@E% otherwise remain at /{((CZ;T).

C.4.3 BINARY VARIABLE

If X; is a binary variable, X; is assumed to follow the Bernoulli distribution
(binomial distribution with number of trials equal to 1) separately in K clusters with

parameters ;) = m;x), i.e.,
Xj|cluster k& ~ Binomial(1, 7).
Then the conjugate prior of ;) can be defined as
Tj(k) ™~ Beta(ak, ﬁk)

where (ag, f) are some constant numbers that can be set randomly. The Jeffreys’

prior sets a = [ = % Then the posterior pdf of ;) is

(w2, Yy 2, Ok) o f(miw) 11 flaglmie)

i:z;=k

o {m (1= m0) }{ H i k))l_m”}

2=

Ak — 1+Zzz =k Tij B —14ng— .. L5
= k) (1= g0 2

Thus the posterior distribution of ;) follows the Beta distribution, i.e.,
it (T, Yy, 2, Or) ~ Beta(ap + D wij, i +nr— Y i)
i:z;=k i:z;=k

Then the proposal distribution can be obtained as:

©(0;m)") = (mjm)-)

O‘k 1+Zzz =k Tij Bo—l4nk—y . _ i
jk) (1 = i) paey

86



C.4.4 CATEGORICAL VARIABLE

If X is a categorical variable, X takes one of ¢; values from {1, ..., ¢;} and then

can be assumed to follow the categorical distribution separately in K clusters with

parameters 0 = (Tjr)(1), - - - Tjk)(c;))> 1€
X

ik ~ Categorical (7)), - - Tj(k)(c))-

where ¢; is the number of categories of variable X;. Then the conjugate prior of

(Ti(k)(1)s - - - Tj(k)(c;)) can be defined as

(Tjtky(1)s - -+ Tik)(e;)) ~ Dirichlet(djyy, - - - diryey))

where (d;)), - - - djk)(c;)) are some positive integers that can be set randomly. The
non-informative prior sets djx)1) = -+ = djw);) = 1. Then the posterior pdf of
(Tjtk) 1) -+ > Tik)(ey)) B8
FOjl®, Yoy, 2, Ok) o< f(O500) TT f(i16;0))
i:z;=k
cj
(k) ()1 Lwij=0)
~ {H Y L e}
t=1 i:z;=k t=1
B H J(k)(t) 14D sk Lagg=t)
k)(t)
Thus the posterior distribution of (7)), - - -, Tj@k)(c;)) follows the Dirichlet distribu-
tion, i.e.,

(Wj(k)(l)a e ,Wj(k)(cj)>|(w y(k), z ®k> ~ Dlrlchlet((dj(k )(t) -+ Z 1(%]775 )‘

t=1,.
i:z;=k

Then the proposal distribution can be obtained as:

@050 ) = @((Tjw) ) - T e))])

o
_ 1—1 Wdﬂk)(t)*HZi;sz Ly j=t)
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C.4.5 POISSON VARIABLE

If X; is a Poisson variable, X is assumed to follow the Poisson distribution sepa-

rately in K clusters with parameters 0;,) = A, i.e.,
Xj|cluster k ~ Poisson(\;y)).
Then the conjugate prior of A;;) can be defined as
Njky ~ Gamma(oy,, Bx)

where (ag, f) are some constant numbers that can be set randomly. The Jeffreys’
prior of the Poisson distribution sets a; = % and £, = 0. Then the posterior pdf of
Aj(k) 18

FOuwle, yw), 2, 0%) < fF(Njwy) T F@i X))

i:zi=k

x {)\?(’“,51 exp {—Bk)\j(k)}} { Hk Ajii exp {_)\j(k)}}

112, =

ak—1+zi:zi: Tij
=X *exp {—(5kz + nk))‘j(k)}

Thus the posterior distribution of ;) follows the Gamma distribution, i.e.,

N (2, Yy, 2, Or) ~ Gamma(ay, + Z Tij, Br + ).

lZl:k
Then the proposal distribution can be obtained as:
2205w -) = e2(Njw ")
ak_1+zi:z': Lij
= )\](k) =k exp {_(ﬁk + nk))\](k)}

C.5 SIMULATION SETTINGS

The parameter settings of generating simulated data is shown in Table (C.1). Note
that the silhouette score is used to evaluate the clarity of cluster boundaries. To

determine the correlations between variables, we define the correlation vector p =
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(p1,...,pr) of size K which equals to the total number of clusters predefined. each
element in p is the correlation parameter in the corresponding cluster. The procedure

of creating simulated mixed-mode data is working as follows:

i) For each cluster, say cluster k, simulate n; observations from the m-dimensional

multivariate normal distribution with mean zero and covariance matrix equals

L o o e
pr L pi
pr o ope 1

ii) Given an observation in cluster k, convert it into the new type based on the

setting of each variables as follows:

Tjk) * O + if it’s a normal variable X; ~ N (u, 0?)
Tiy/k+ v if it’s a circular variable X; ~ VM(v, k)
1[35. (k<] if it’s a binary variable X; ~ B(p)
ik
il I
L 4 if it’s a Poisson variable X; ~ Poi
Lj(k) )\2 'f‘7 P le P.)\

0> P30 if it’s a categorical variable X; ~ C(p;))

where pjry = (Djk),15 - - - > Pitk)e;)
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Table C.1: Parameter settings of generating simulated data in 4 cases

Simulation | Cluster normal Categorical Poisson Circular Silhouette

v s n X, X, X X, X X X Score p
Cl |03 | N(,1) N1 |B08) BO1) | 01,0207 | Poi(2) | VM(L.2r,5) 0

Case 1 C2 | 04| N(3,1) N(0,1) | B0.6) B(04) | €(05,04,01) | Poi(2) | VM(r,5) 0.1442 | 0
C3 0.3 | N(2,1) N(-1,1) | B(0.5) B(0.5) | C(0.2,0.2,0.6) | Poi(3) | VM(0.87,5) 0

Cl | 03| N(0,1) NGB,1) | B08) B(0.1) | C(0.1,02,0.7) | Poi(2) | VM(L.27,5) 0

Case 2 c2 |04 | N(B,1)  N(O,1) | B0.2) B(0.9) | C(0.5,04,0.1) | Poi(2) | VM(r,5) 03413 | 0
c3 |03 | N1 NGB, | B03) B(0.9) | €(0.1,0.6,0.3) | Poi(0.1) | VM(0.87,5) 0

Cl | 03| N(1,1) N(1,1) | B08) B(0.1) | €(0.1,02,0.7) | Poi(2) | VM(L.27,5) 0.7

Case 3 c2 |04 | N(B,1)  N(0,1) | B0.6) B(0.4) | C(0.504,0.1) | Poi(2) | VM(r,5) 0.163 | 0.8
C3 | 03| N(©21) N(=1,1) | B00.5) B(0.5) | €(0.2,0.2,0.6) | Poi(3) | VM(0.87,5) 0.9

C1 0.3 | N(0,1) N(3,1) | B(0.8) B(0.1) | €(0.1,0.2,0.7) | Poi(2) | VM(1.2r,5) 0.7

Case 4 C2 | 04| N3,1)  N(0,1) | B0.2) B(0.9) | €(0504,01) | Poi(2) | VM(r,5) 0.3385 | 0.8
C3 | 03| N1 N(B3,1) | B0.3) B(0.9) | €(0.1,0.6,0.3) | Poi(0.1) | VM(0.87,5) 0.9
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