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Abstract

In the modern world, data have become increasingly more complex and often contain

different types of features. Two very common types of features are continuous and

discrete variables. Clustering mixed-mode data, which include both continuous and

discrete variables, can be done in various ways. Furthermore, a continuous variable

can take any value between its minimum and maximum. Types of continuous vari-

ables include bounded or unbounded normal variables, uniform variables, circular

variables, etc. Discrete variables include types other than continuous variables, such

as binary variables, categorical (nominal) variables, Poisson variables, etc. Difficulties

in clustering mixed-mode data include handling the association between the different

types of variables, determining distance measures, and imposing model assumptions

upon variable types. We first propose a latent realization method (LRM) for clus-

tering mixed-mode data. Our method works by generating numerical realizations of

the latent variables underlying the categorical variables. Compared with the other

clustering method, we find that the finite mixture model (FMM) is superior to LRM

in terms of accuracy. Thus in the second project, we apply the FMM to multi-culture

data. As a motivating example, we test the difference in human responses to the same

questions across different cultural backgrounds. In the last project, we first extend

the FMM to include circular data, which is one of the continuous types but rarely

discussed in the mixed-mode area, within the framework of the EM algorithm. We

add a Gaussian copula to the FMM to take into account the dependency of variables

within each cluster.
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Chapter 1

Introduction

This dissertation involves the cluster analysis of mixed-mode data. Mixed-mode data

contain variables of different types. For example, we use a heart disease data set that

can be found publicly in the UCI repository to briefly introduce and motivate the

mixed-mode clustering problem. (Janosi et al., Last accessed 2019)

In this data set (see Figure 1.1), there are 214 complete observations on patients

of heart disease diagnosis with five continuous variables (age, trestbps, chol, thalach

and oldpeak) and two binary variables (sex, fbs). There are two clusters indicating

whether the patient has heart disease or not. Our goal is to separate the whole data

set into two clusters using these seven mixed-mode variables. At the end, the accuracy

rate can be calculated by comparing the predicted cluster labels with the real cluster

labels using the Rand index (Rand, 1971) or average silhouette score (Rousseeuw,

1987).

1.1 Literature Review

This section offers a brief literature review of cluster analysis.

Most clustering methods fall into one of three classes: distance-based methods,

probabilistic model-based methods and density-based methods. We will mainly talk

about the first two types of methods as applied to the mixed-mode data.

The distance-based methods have two sub-branches. One is partitioning algo-

rithms, including K-Means, K-Medians, K-Medoids and K-prototypes; the other is

hierarchical algorithms, including agglomerative methods and divisive methods.
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Figure 1.1: A snapshot of the first 10 observations in the heart disease data set

The probabilistic model-based methods generally assume a specific form of the

generative model, like a mixture of Gaussians. The model parameters are estimated

(commonly with the EM algorithm) using the maximum likelihood method. Then

each data point is assigned to the cluster for which has the highest predicted proba-

bility.

The density-based methods assume the data space has the granularity between

every dense region with arbitrary shape. The most popular density-based clustering

method is DBSCAN (Ester et al., 1996).

1.1.1 Distance-based Clustering Methods

This kind of method always uses a metric for calculating distance between two obser-

vations and then creates some criterion to assign data into different groups (clusters).

The partitioning algorithm first determines an appropriate number of clusters

K, then attempts to partition the data to minimize, at each step, a specific cost

function. Traditional partitioning methods include K-means (MacQueen, 1967), K-
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medians (Bradley et al., 1997) and K-medoids (Kaufman and Rousseeuw, 1987). In

the traditional K-means approach, the algorithm begins by randomly allocating all

objects into k clusters. One at a time, it puts each object into the cluster whose

centroid is closest to it, using the measure of distance d2
E(x, x̄k) = (x − x̄k)>(x −

x̄k) where x = (x1, . . . , xq)> is any particular observation and x̄k is the centroid

(multivariate mean vector) for cluster k. When an object is moved, the centroids

are immediately recalculated for the cluster gaining the object and the cluster losing

it. The method iteratively cycles through the whole set of objects and attempts to

minimize the within-cluster sum of squares (WSS),

WSS =
K∑
k=1

∑
i∈k

d2
E(xi, x̄k).

As opposed to K-means, K-medians calculates a type of median of clusters instead

of the within-cluster mean, which lessens the impact of outliers. The K-medoids

algorithm is a robust alternative to K-means. It uses k representative objects as the

cluster medoid (centroid) and attempts to minimize the criterion,

CritMed =
K∑
k=1

∑
i∈k

d(xi,mk),

where mk is a medoid, or “most representative object”, for cluster k. Both K-means

and K-medoids do not globally minimize their criterion in general and depend on

their initial values to some degree. But an advantage of the K-medoids is that the

function can accept a dissimilarity matrix which is commonly used for hierarchical

methods. In some clustering applications, the correct partitioning of the data in its

multidimensional space is not represented by convex boundaries between clusters.

In such a situation, kernel K-means clustering is a useful method (e.g., Schölkopf

et al., 1998). Like most of the kernel-type methods, it projects data onto a high-

dimensional kernel space and then performs the K-means clustering method based

on the kernel functions. When the data are of mixed mode, especially containing

continuous and categorical variables, a variation called the K-prototype clustering

3



method (e.g., Huang, 1997, Huang, 1998) can be used. In K-prototype clustering

method, distance measure between two observations is the weighted summation of

two type of variables separately as follows:

d(xi,xj) =
∑

k∈Ccont
(xik − xjk)2 + γj

∑
k∈Ccate

1xik 6=xjk

where γj is the weighting coefficient associated with the categorical part of xj and

Ccont (Ccate) is the collection of indices of continuous (categorical) variables. The

clustering procedure is analogous to that in K-medoids, so the distance measure

is often used for the distance between one observation and the most representative

observation, which makes the weighting coefficient γj consistent within the same

cluster.

Hierarchical clustering methods partition N data objects in a series of N steps,

either in an agglomerative manner that joins observations together step by step or in

a divisive manner that divides the whole into subgroups gradually. It is not necessary

to decide the number of clusters at the beginning of the process, because the parti-

tions can be visualized using a dendrogram which makes it possible to view partitions

at different levels of resolutions using different numbers of clusters K. Historical hier-

archical methods include single linkage (Sneath, 1957), complete linkage (McQuitty,

1960; Sneath and Sokal, 1963), average linkage (Sokal, 1958), and the method of

Ward (Ward Jr, 1963). But when encountering mixed-mode data, those historical

hierarchical methods require special adaptations.

Gower (1971) created a distance function to measure the similarity between two

objects on which continuous (quantitative), categorical (qualitative) and binary (di-

chotomous) data are measured. Consider an N × Q data matrix X = {xiq : i =

1, . . . , N, and q = 1, . . . , Q}. Define the dissimilarity of two objects i and j to be

d(i, j) =
∑Q
q=1 δ

(q)
ij d

(q)
ij∑Q

q=1 δ
(q)
ij

4



where δ(q)
ij is the indicator that equals 1 if object i and j are comparable in variable

q and equals 0 otherwise. d(q)
ij is defined differently based on the type of variable q.

If the qth variable is categorical, then

d
(q)
ij =


0 if xiq = xjq,

1 if xiq 6= xjq.

If the qth variable is binary, then

d
(q)
ij =


0 if xiq = xjq = 1,

1 otherwise.

If the qth variable is continuous, then

d
(q)
ij = |xiq − xjq|

Rq

where Rq is the sample range of variable q.

Li and Biswas (2002) presented a similarity-based agglomerative clustering algo-

rithm (SBAC) for clustering data with mixed numeric and categorical features. The

SBAC methodology uses a similarity measure defined by Goodall (1966) and adopts

a hierarchical agglomerative approach to build partition structures.

Friedman and Meulman (2004) proposed an algorithm to cluster objects on subsets

of attributes (COSA) based on Gower’s distance measure. The COSA algorithm

primarily focuses on distinct groups of objects that have similar joint values on subsets

of the attributes. A cost function in the COSA algorithm involves the negative

entropy of the weight distribution for each subset. Chae et al. (2006) proposed a

distance measure with weights that balanced the role of the numerical and binary

variables in clustering.

Some methods have attempted to encode mixed-mode data into the same data

type (altering the variables so that the entire data set consists of either pure con-

tinuous values or discrete numeric labels) and then apply corresponding clustering

methods.
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He et al. (2005) applied a cluster ensemble method that performs separate cluster

analysis on the pure numeric data subset and the pure categorical data subset. They

treated the cluster labels obtained by each algorithm as two new categorical variables

and employed a categorical data clustering approach to partition the objects based

on these two new labeled variables.

1.1.2 Probabilistic Model-based Methods

Krzanowski (1983) derived a measure of distance between groups based on the gen-

eralized location model, in which he assumed that the discrete variables follow a

multinomial distribution and the continuous variables follow a conditional multivari-

ate normal distribution, conditioning on the discrete variables. Then the distance

between two groups i and j is defined as δij =
√

2(1− ρij), where ρij is the affinity

(similarity) between both the groups that is obtained from the generalized location

model. The location model can be extended to the finite mixture model by creating a

discrete variable with clustering labels and considering the distributions of the other

variables conditional on this discrete variable. Lots of efforts have been done based

on the finite mixture model with different distribution assumptions.

Everitt (1988) used the finite mixture model to cluster mixed-mode data by assum-

ing a latent continuous variable for each categorical variable. He also assumed those

categories in each categorical variable are derived via thresholds on a corresponding

latent variable. The parameters of the mixture density function are estimated by

maximum likelihood using the simplex method of Nelder and Mead (1965). The ma-

jor practical problem is that the method is largely restricted to data sets involving

only one or two categorical variables. Once a categorical variable is added, there will

be another m1 new thresholds to estimate, which equals the number of new categories

minus 1. And the dimension of the variance matrix of the latent variables’ condi-

tional distribution is increased by one degree. Everitt and Merette (1990) continued
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to work with Everitt (1988)’s mixture model and performed simulation studies to de-

termine its success in estimating accuracy when compared with hierarchical clustering

techniques that used either Euclidean distance or Gower’s similarity coefficient.

Jorgensen and Hunt (1996) and Hunt and Jorgensen (1999) used either the multi-

nomial distribution or the multivariate normal distribution for discrete and continuous

variables, respectively, to build their finite mixture model. They estimate parameters

using maximum likelihood estimation with the EM algorithm.

Lawrence and Krzanowski (1996) adopted an approach for the discriminant anal-

ysis of mixed data (Krzanowski, 1993) by replacing the q categorical variables with

a single m-cell multinomial variable, where m is the number of distinct patterns of

all categorical variable “values”. They partitioned the data into m subsets and as-

sumed a homogeneous conditional Gaussian distribution for each cell. Then the EM

algorithm was applied to the log-likelihood function, analogously to McLachlan and

Basford (1988). They added an extra summation over m cells and some extra pa-

rameters defined as the probability of observing an individual in each cell. Obviously

m will grow extremely large as the number of categorical variables increases.

Moustaki and Papageorgiou (2005) proposed a latent class finite mixture model

for binary, categorical, ordinal and continuous variables by using Bernoulli, multinom-

inal, cumulative-probability multinomial and normal distributions, separately. They

derived the parameter estimates using the EM algorithm. Let xh = (x1h, . . . , xBh)>

denote the hth object with B features. Using a latent class finite mixture model,

they assumed the probability of each class k to be ηk with k = 1, . . . , K. So the joint

distribution of the observed hth object is calculated by

f(xh) =
K∑
k=1

ηkg(xh|k), g(xh|k) =
B∏
i=1

g(xih|k) (1.1)

and the log-likelihood for N observations is written as

L =
N∑
h=1

log f(xh) =
N∑
h=1

log
K∑
k=1

ηkg(xh|k).
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By assuming Bernoulli, multinominal, cumulative-probability multinomial and nor-

mal distributions for g(xih|k) corresponding to the type of the ith variable, they can

use the EM algorithm to obtain the estimates of ηk and finally calculate the posterior

conditional distribution of class k given the hth object

h(k|xh) = ηkg(xh|k)/f(xh).
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Chapter 2

Latent Realization Method

Summary: In this chapter, we develop a method to cluster mixed-mode data contain-

ing both continuous variables and discrete variables. These discrete variables may

have any number of levels (categories) and may be categorical or ordinal. We first

employ the multivariate normal model to deal with such data by assuming latent nu-

merical variables with thresholds defining categories for the categorical variables. We

propose a new method to generate realizations of latent variables corresponding to

observed categorical variables. Then the K-means method is performed on the pure

numerical variables, including the newly generated variables and originally observed

variables. When applied to simulated data, this method performs less accurately than

the mixture model-based clustering method but takes much less time. At the end

the heart disease data is tested by applying our method and two additional popular

clustering methods for comparison.

The structure of this chapter is as follows. Section 2.1 and 2.2 illustrate the

notation and methodology of the latent realization method we proposed respectively.

Then the simulation study is performed in Section 2.3 and a real dataset about heart

disease is studied in Section 2.4.

2.1 Notation

Let D = (x1, . . . ,xC ,y1, . . . ,yD) denote the whole dataset consisting of m = (C+D)

variables. xj1 = [X1j1 , . . . , Xnj1 ]>, and yj2 = [y1j2 , . . . , Ynj2 ]> are data vectors of

length n for j1 = 1, . . . , C, j2 = 1, . . . , D. In mixed data, suppose there are C

9



numerical variables denoted by X = (X1,X2, . . . ,XC), and D categorical variables

denoted by Y = (Y1,Y2, . . . ,YD).

Let K denote the number of clusters, which is assumed to be determined at the

beginning of the algorithm. Ck stands for the set of objects in the kth cluster and Nk

is the number of observations in Ck such that

K∑
k=1

Nk = N,
K⋃
k=1
Ck = {1, . . . , N} and Ck1

⋂
Ck2 = ∅ for k1 6= k2.

ρ(X, Y ) is defined as the correlation of variable X and Y . If X is a numerical

variable and Y is a categorical variable, both observed as vectors of length n, then

we use Kendall’s τ coefficient (Kendall, 1938) as the sample correlation defined as

τ̂ = Number of concordant pairs− Number of discordant pairs
Number of concordant pairs + Number of discordant pairs .

For instance, suppose there is a pair of points, (x1, y1) and (x2, y2). They are said to

be concordant if x1 > x2, y1 > y2 or x1 < x2, y1 < y2; discordant if x1 > x2, y1 < y2

or x1 < x2, y1 > y2; and neither concordant nor discordant if x1 = x2 or y1 = y2.

R(L1, L2) is defined as the similarity measure of partitions L1 and L2 based on

the Rand index (Rand, 1971):

R(L1, L2) = a+ b

n(n− 1)/2

where a is the number of pairs of observations that fall in the same cluster in L1 and

in the same cluster in L2; b is the number of pairs of observations that fall in different

clusters in L1 and in different clusters in L2.

2.2 Method in detail

In step 1, we initialize the clusters by using the k-means clustering method on the

pure numerical variables, (X1, . . . ,Xm). In this way, we obtain an initial partition L

with a set of clusters {C1, . . . , CK}.
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In step 2, we propose to generate latent realizations corresponding to the cate-

gorical data one variable at a time. So we focus on the categorical variable Yj in the

following steps.

In step 3, we will implement the generation in each separate cluster Ck, k =

1, . . . , K. For cluster Ck, we choose X? ∈ (X1, . . . ,XC) as the most associated

numerical variable, such that

τ̂j(k) = |ρ(X?(k),Yj(k))| = max
i=1,...,m

|ρ(Xi(k),Yj(k))|

where (Xi(k),Yj(k)) is the subset of (Xi,Yj) consisting of observations that belong to

cluster Ck.

In step 4, based on (X?(k),Yj(k)), we propose to construct a random vector (U ,V )

such thatU
V

 ∼ N2


µ̂k

0

 ,Σk =

 σ̂2
k τ̂j(k)σ̂k

√
1− τ̂ 2

j(k)

τ̂j(k)σ̂k
√

1− τ̂ 2
j(k) 1− τ̂ 2

j(k)




where µ̂k = 1
Nk

∑Nk
l=1 xl?(k) and σ̂k =

√
1

Nk−1
∑Nk
l=1

(
xl?(k) − µ̂k

)2
.

As a result, the marginal distribution of U depends only on X?(k). And as Nk

becomes very large, X?(k) converges to the same distribution as U does marginally

by the central limit theorem. On the other hand, the random variable V is used to

imitate the latent numerical variable underlying the current categorical variable, Yj,

within cluster Ck. Its correlation with U has the value τ̂j(k) and V follows a standard

normal distribution marginally. The reason for assuming a standard normal distri-

bution for V is because we have observed no information about the latent variable

and as illustrated in Everitt (1988), we may choose any mean and variance without

loss of generality.

In step 5, we use r1 to denote the rank of values of variable X?(k) and r2 for

the rank of values of variable U . Then we can re-sort the generated data (U ,V )

following the rule that r1 = r2 on every object and define the variable Zj(k) equal

11



to the re-sorted variable V . Thus we obtain the new data (X?(k),Yj(k),Zj(k)) where

Zj(k) is the numerical latent realization of categorical variable Yj(k).

For example, suppose random vectors (X?(k),Yj(k),U ,V , r1, r2) are defined as

follows:

(
X?(k), r1,Yj(k)

)
=



1.21 4 1

0.89 1 1

0.92 2 1

1.13 3 2


, (U , r2,V ) =



1.01 2 −0.27

1.17 3 −0.03

1.25 4 0.68

0.89 1 −2.32


.

We rearrange the rows in (U , r2,V ) such that r1 and r2 are matched,

(X?(k), r1,Yj(k),U , r2,V ) =



1.21 4 1 1.25 4 0.68

0.89 1 1 0.89 1 −2.32

0.92 2 1 1.01 2 −0.27

1.13 3 2 1.17 3 −0.03


.

Then we can set Zj(k) = V and obtain (X?(k),Yj(k),Zj(k)) as

(X?(k),Yj(k),Zj(k)) =



1.21 1 0.68

0.89 1 −2.32

0.92 1 −0.27

1.13 2 −0.03


.

In step 6, we have finished generating Zj from all K clusters and obtain the data

set (Yj,Zj). We then reuse the k-means method on (X1, . . . ,XC ,Zj) to obtain a new

partition L̃ with corresponding clusters C̃1, . . . , C̃K . We hope the current partition is

not far away from the earlier one. So our algorithm will reject the current partition,

replace the value of L with L̃, and return to step 3 when the agreement of the new

and old partitions is less than the critical value, which is set to be 0.1 in this paper.

The agreement of the two partitions is measured by using the Rand index R(L, L̃).

12



2.3 Simulation

2.3.1 Simulated Data

Suppose n denotes the sample size; C denotes the number of numerical variables; D

denotes the number of categorical variables; K is the number of clusters; θ is the

separation rate that equals the ratio of between-group sum of squares and within-

group sum of squares; t = (t1, . . . , tD) denotes the number of categories of the D

respective categorical variables.

In step 1, for n observations, we randomly generate the labeling outcome variable,

L, which contains the labels of K clusters such that

1 = L1 = · · · = LN1 ,

2 = LN1+1 = · · · = LN1+N2 ,

. . . . . .

K = L1+
∑K−1

k=1 Nk
= · · · = L∑K

k=1 Nk
,

and
K∑
k=1

Nk = n.

In step 2, we randomly generate µ1, . . . , µK from the Uniform distribution denoted

as U(−10, 10) and set

s = 1
K − 1

C+D∑
l=2

(µl − µl−1).

Then we can generate the sample for x1 = (x11, . . . , xn1) of size n by letting the first

N1 observations follow N (µ1, s
2), then N2 observations follow N (µ2, s

2), . . ., until the

last NK observations follow N (µK , s2).

In step 3, we need to calculate the between-cluster sum of squares (BSS), within-

13



cluster sum of squares (WSS) and total sum of squares (TSS) of x1 by letting

x̄1 = 1
N

N∑
i=1

xi1

x̄1(1) = 1
N1

N1∑
i=1

xi1, x̄1(2) = 1
N2

N1+N2∑
i=N1+1

xi1, . . . , x̄1(K) = 1
NK

N∑
i=1+N−NK

xi1

BSS1 =
K∑
k=1

Nk(x̄1(k) − x̄1)2

TSS1 =
N∑
i=1

(xi1 − x̄1)2

WSS1 = TSS1 −BSS1 =
N∑
i=1

(xi1 − x̄1)2 −
K∑
k=1

Nk(x̄1(k) − x̄1)2.

In step 4, we repeat step 2 and 3 for C times and obtain a n × C numerical

data matrix, x = (x1, . . . ,xC), as well as the numerical data’s separation rate, θ̂C ,

calculated by

θ̂C =
∑C
j=1BSSj∑C
j=1WSSj

.

We will go back to step 2 if θ̂C is not sufficiently close to θ according to a predetermined

criterion, i.e. if |θ̂C − θ| > 0.05.

In step 5, we repeat step 2 again and define the sample of size n, denoted z1 =

(z11, . . . , zn1) which has an identical structure and distribution as x1, but which has

newly generated values. Given that the first categorical variable has t1 categories,

we can randomly generate t1 − 1 values, a1, . . . , at1−1, from U(0, 1) as the thresholds

and set a1 < a2 < · · · < at1−1 without loss of generality. Then we will set categorical

samples y1 = (y11, . . . , yn1) as

yi1 =



1 zi1 ≤ z
(a1)
1

2 z
(a1)
1 ≤ z

(a2)
1

. . . . . .

t1 zi1 > z
(at1 )
1

for i = 1, . . . , n.

where Z(h)
1 is the 100h percentile of the generated sample vector z1. As a result,

we obtain a categorical sample y1 = (y11, . . . , yn1)> with t1 categories. Again, we
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calculate the BSS, WSS, TSS of y1 by the formulas given in Okada (1999), which

is analogous to the Gini coefficient:

TSSC+1 = n

2

(
1−

∑
α

p(α)2
)

WSSC+1 =
K∑
k=1

Nk

2

(
1−

∑
α

pk(α)2
)

BSSC+1 = TSSC+1 −WSSC+1 =
K∑
k=1

Nk

2
∑
α

(pk(α)− p(α))2

where p(α) is the proportion of category α in y1 such that ∑α p(α) = 1; pk(α) is the

proportion of category α in the kth cluster of y1 such that ∑α pk(α) = 1 for every k.

In step 6, we repeat step 5 forD times and obtain an n×D categorical data matrix,

y = (y1, . . . ,yD), as well as the categorical data’s separation rate, θ̂D, calculated by

θ̂D =
∑D
j=1BSSC+j∑D
j=1WSSC+j

In step 7, we combine the two data matrices and obtain the n×(C+D) simulated

mixed data

(x,y) = (x1, . . . ,xC ,y1, . . . ,yD)

and the overall data separation rate, θ̂all, as

θ̂all =
∑C+D
j=1 BSSj∑C+D
j=1 WSSj

.

Notice that (θ̂C , θ̂D, θ̂all) all range from 0 to ∞.

2.3.2 Simulation Result

We generate 1000 simulated observations, i.e., n = 1000, belonging to 3 clusters,

K = 3. There are 5 numerical variables, C = 5, and we let the number of categorical

variables vary over 4 settings, D = (2, 5, 10, 20). For each case, we create 400 such

simulated data sets with the separation rate of the whole dataset, θ̂all, ranging from

0 to 2. The accuracy rate of every clustering result is evaluated by comparing the
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obtained clustering result to the real clustering labels using the Rand index, i.e.

R(Lpredict, Lreal) where Lpredict is generated by the clustering method and Lreal is the

real set of cluster labels.

In the following figures, we use the red color for EM in Moustaki and Papageorgiou

(2005), the black color for Gower’s measure in Rousseeuw and Kaufman (1990) and

the green color for our method, the Latent Realization Method (LRM).

Figures A.1, A.2 and A.3 (See in Appendix A) present both the scatter plots and

the lowess regression lines of the accuracy rate and processing time to separation rate

of the mixed data, pure continuous data subset and pure categorical data subset,

respectively. We can see that the EM algorithm always has both higher accuracy

rate and longer running time in all cases. It is apparent that the computing time will

become larger as the number of categorical variables, n, increases. But our method,

LRM, is not as sensitive to n and the computation time increases much less than that

of the EM algorithm does as n changes from 2 to 20.

Figure 2.1 shows the graph of accuracy rate versus time cost for three methods

within different number of categorical variables. The symbol size refers to the value

of the separation rate of the whole data set, which means that large separation rate is

displayed in a large size of symbol. We can see that Gower’s method does not change

too much for different n and it always uses the least time. The EM method disperses

on the top right part of the figure, which means it can generate good partitions

but suffers from a long computation time and instability. The LRM has a stable

processing time, less than most cases than EM, but it does not give as good of a

partition result as EM. On the other hand, the LRM performs better than Gower’s

method in terms of accuracy rate but takes a little bit longer. Because the x axis is on

the logarithm scale, although the LRM apparently moves to the right as n increases,

the values of processing time actually merely range from less than 1 second to less

than 5 seconds. From all the graphs, we find that the LRM performs best when n = 5
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with relatively lower time cost and higher accuracy rate.
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Figure 2.1: Accuracy rate versus processing time mixed data with different number of
categorical variables. The red color represents the EM algorithm, the black color is for
Gower’s measure and the green color is used for our method, LRM.
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2.4 Heart Disease Data Result

As it mentioned at the beginning of the introduction, a famous heart disease dataset

can be found publicly in the UCI repository via the following link.

(http://archive.ics.uci.edu/ml/datasets/heart+Disease)

There are 214 complete observations with five numerical variables (age, trestbps,

chol, thalach and oldpeak) and two binary variables (sex, fbs). The data separate

into two clusters indicating whether the patient has heart disease or not. Our goal

is to partition the whole data set into two clusters using these seven mixed-mode

variables. The three methods that were used in the simulation are now applied to

these real data. A snapshot of the estimated clustering labels can be seen in Figure

2.2.

Figure 2.2: Snapshot of the first 10 observations in the heart disease data with predicted
cluster labels

The accuracy rate as measured by the Rand index is recorded in Table 2.1.

Table 2.1: Accuracy rate of three methods (Gower, EM and LRM)

Gower EM LRM
Rand Index 0.5254 0.5434 0.5079
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Even though there is no substantial difference in the value of Rand index, we

can still see our result is worst among all three methods. We investigate the corre-

lation (measured by Kendall’s τ coefficient) between numerical variables and binary

variables during the process of our method, which is shown in Table 2.2. We can

see all the values of the correlations are very close to 0, which means no significant

correlation between the two variables. We believe this is one reason for the relative

lack of accuracy of our method.

Table 2.2: Excerpt of records of correlation between numerical variables and binary vari-
ables

Loop age trestbps chol thalach oldpeak
1 -0.07 0.05 -0.11 -0.05 0.06
2 -0.08 -0.12 -0.14 -0.05 0.12
3 0.11 0.15 0.01 -0.04 0.09
4 0.08 0.11 0.01 0.02 -0.03
... ... ... ... ... ...

19



Chapter 3

Cluster Analysis on Multi-culture Data

Summary: There is a branch of psychological research called cross-cultural psychology

that examines how cultural factors influence human behavior. Researchers study the

differences in how people of two cultures think and act when facing the same problems.

From a statistical perspective, the culture attribute can be treated as a clear boundary

that separates the data into different groups. To evaluate the difference between two

cultures, one way is to compare the cluster structure within each group of data,

defined by the same culture attributes. If the cluster structure is found to be non-

consistent between two groups, it means the effect of culture should be taken into

account when future comparisons are planned between two groups. In the latent class

finite mixture model, the probability of each cluster can be used to determine the

cluster structure. The problem of comparing two cluster structures is converted to

the problem of testing the homogeneity of the cluster probabilities across groups.

The structure of this chapter is as follows. The motivation of this topic is included

in section 3.1. Then the description of finite mixture model and its variation for multi-

group data are shown in section 3.2 and 3.3, which are followed by the introduction of

the likelihood ratio test used for comparison in section 3.4. At the end the simulation

study is performed in section 3.5 and a real data about heart disease is studied in

section 3.6.
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3.1 Motivation and Example

Eid et al. (2003) applied the latent class model for cross-cultural research, espe-

cially focusing on two nations, China and America. They presented an example from

an international study on the subjective well-being of university students in which

satisfaction with several life domains was assessed in two cultures, China and Amer-

ica. Students’ rated satisfaction with questions including grades, lectures, family and

friends are recorded using three response scale (3=satisfied, 2=neutral or mixed, and

1=dissatisfied). Thus the data includes 4 categorical variables with 3 categories each,

specifically 4 questions with 3 optional answers each. They first expand 4 categorical

variables with 3 categories each into 81 (34) unique patterns, which is analogous to the

method in Lawrence and Krzanowski (1996) for manipulating categorical variables.

For each nation, a single-group latent class model is built as follows:

eijkl = N
>∑
t=1

πXt π
A|X
it π

B|X
jt π

C|X
kt π

D|X
lt ,

where eijkl is the expected frequency of a response pattern. The indices i, j, k, l denote

the categories of four items, respectively, and all of them have possible values 1, 2,

or 3. X denotes the latent class variable. πXt is the probability of cluster t. π
A|X
it

denotes the conditional response probability for category i of the first item given latent

cluster t. N is the sample size in one nation. The number of clusters is chosen in a

exploratory way by comparing the AIC and BIC of the models containing different

clusters. Therefore two models are constructed based on two nations’ data and their

cluster structures, πXt , are tested for homogeneity.

3.2 latent class model

The model we describe here follows that given by Moustaki and Papageorgiou (2005),

previously mentioned in (1.1). In the following description the term “class” has the

same meaning as the term “cluster” in the phrase “cluster analysis”, while “group”
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refers to “culture”, which represents some particular population within the data that

can be identified before examining the observed data values.

Suppose that x = (x1, . . . ,xm) denotes an n×m data matrix, i.e., n observations

with m attributes (variables). Each variable has a conditional distribution in the

exponential family such as Bernoulli, Poisson, categorical or normal.

Let xij be the value of the ith observation at the jth variable, with i = 1, . . . , n,

j = 1, . . . ,m. The row vector xi = (xi1, . . . , xim)> is the response for the ith object.

In a latent class model (also called a finite mixture model), we assume that there

exist K clusters. For each cluster k there is an associated probability, ηk, which is

defined as the prior probability of an observation belonging to the kth cluster. So the

joint distribution of the observed data is a finite mixture of probabilities given the

parameters, Ω =
{

(ηk,θj(k)) : k = 1, . . . , K, j = 1, . . . ,m
}
. In addition, we define

η = (η1, . . . , ηK) and θk = (θ1(k), . . . ,θm(k)).

f(xi|Ω) =
K∑
k=1

ηkf(xi|θk). (3.1)

We assume variables are independent within the same cluster and each variable has

same distributional form but different parameter estimates in different clusters, i.e.,

f(xi|θk) =
m∏
j=1

fj(xij|θj(k))

So the conditional distribution of the cluster k given data xi is

h(k|xi,Ω) = ηkf(xi|θk)
f(xi|Ω)

The log-likelihood function of the latent class model is defined as follows

l(Ω|x) = log
(

n∏
i=1

f(xi|Ω)
)

=
n∑
i=1

log
(

K∑
k=1

ηkf(xi|θk)
)

Suppose that there is an indicator vector of size n, z = (z1 . . . , zn), where

zi = (zi(1), . . . , zi(K))> denotes which cluster the observation xi belongs to, such
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that ∑K
k=1 zi(k) = 1 and zi(k) ∈ {0, 1} for every i. So the joint probability density

function of xi and zi is obtained as

f(xi, zi|Ω) =
K∏
k=1

(ηkf(xi|θk))zi(k)

with complete log-likelihood function lc(Ω|x, z) as

lc(Ω|x, z) = log
(

n∏
i=1

f(xi, zi|Ω)
)

=
n∑
i=1

K∑
k=1

zi(k) log(ηkf(xi|θk))

=
n∑
i=1

K∑
k=1

zi(k)

log(ηk) +
m∑
j=1

log(fj(xij|θj(k)))
 .

Because η is restricted such that∑K
k=1 ηk = 1, we can write the log-likelihood function

as

l?c(Ω|x, z) =
n∑
i=1

K∑
k=1

zi(k)

log(ηk) +
m∑
j=1

log(fj(xij|θj(k)))
+ λ(1−

K∑
k=1

ηk).

The EM-algorithm (Dempster et al., 1977) is now applied to determine the esti-

mates of unknown parameters, Ω, such that the log-likelihood function, l?c(Ω|x, z),

is maximized.

The E-step is to compute the expected value of l?c(Ω|x, z) with respect to the

missing values z at the sth iteration, i.e.,

Q(Ω|Ω̂(s)) = E
(
l?c(Ω, z|Ω̂(s),x)

)
=

n∑
i=1

K∑
k=1

w
(s)
i(k)

log(ηk) +
m∑
j=1

log(fj(xij|θj(k)))
+ λ(1−

K∑
k=1

ηk)
(3.2)

where w(s)
i(k) = E(zi(k)|Ω̂(s),x) satisfies

w
(s)
i(k) = P (zi(k) = 1|x, Ω̂(s)) = f(xi, zi(k) = 1|Ω̂(s))

f(xi|Ω̂(s))
= η̂

(s)
k f(xi|θ̂(s)

k )∑K
l=1 η̂

(s)
t f(xi|θ̂(s)

t )
.

The M-step is to update the parameter estimates such that

Ω̂(s+1) = arg max
Ω

Q(Ω|Ω̂(s)). (3.3)
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By taking the derivatives of Q(Ω|Ω̂(s)) with respect to each element of Ω and setting

them equal to 0, we can obtain the following equations:

0 = ∂
∂ηk
Q(Ω|Ω̂(s)) = 1

ηk

∑n
i=1w

(s)
i(k) − λ

0 = ∂
∂λ
Q(Ω|Ω̂(s)) = 1−∑K

k=1 ηk

0 = ∂
∂θj(k)

Q(Ω|Ω̂(s)) = ∑n
i=1w

(s)
i(k)

∂
∂θj(k)

fj(xij |θj(k))

fj(xij |θj(k))

(3.4)

for k = 1, . . . , K and j = 1, . . . ,m.

The first K + 1 equations in (3.4) yield that λ̂ = n and

η̂
(s+1)
k = 1

n

n∑
i=1

w
(s)
i(k) = 1

n

n∑
i=1

η̂
(s)
k f(xi|θ̂(s)

k )∑K
t=1 η̂

(s)
t f(xi|θ̂t

(s))
. (3.5)

The last m ×K equations are dependent on the type of variables and their dis-

tributional assumptions.

3.2.1 Normal Variable

When the jth variable is valued in normal type, xij is assumed to follow the normal

distribution with parameter θ>j(k) = (µj(k), σ
2
j ), having the probability density function

fj(xij|θj(k)) = 1√
2πσ2

j

exp
{
− 1

2σ2
j

(xij − µj(k))2
}

where µj(k) is the mean of the jth variable in cluster k; σ2
j is the variance of the jth

variable taken to be constant across all K clusters. Then the estimate of θj(k) =

(µj(k), σ
2
j ) in the M-step yields


µ̂

(s+1)
j(k) =

∑n

i=1 w
(s)
i(k)xij∑n

i=1 w
(s)
i(k)(

σ̂2
j

)(s+1)
= 1

n

∑n
i=1

∑K
k=1w

(s)
i(k)

(
xij − µ̂(s+1)

j(k)

)2
. (3.6)

3.2.2 Binary Variables

When the jth variable takes binary values, xij ∈ {0, 1}, we assume it follows a

Bernoulli distribution with parameter θj(k) = πj(k), having the probability density
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function

fj(xij|θj(k)) = π
xij
j(k)(1− πj(k))1−xij

where πj(k) denotes the probability that an observation belonging to the cluster k

takes value 1 for the jth variable. Then the estimate of θj(k) in the M-step yields

θ̂
(s+1)
j(k) = π̂

(s+1)
j(k) =

∑n
i=1w

(s)
i(k)xij∑n

i=1w
(s)
i(k)

=
∑n
i=1w

(s)
i(k)xij

nη̂
(s+1)
k

. (3.7)

3.2.3 Categorical Variables

When the jth variable is a categorical variable, xij ∈ {1, . . . , cj} takes one of cj values,

where cj is the total number of categories in the jth variable.

We assume it follows the categorical distribution with parameter vector θj(k) =

(πj(k)(1), . . . , πj(k)(cj)), having the probability mass function

fj(xij|θj(k)) =
cj∏
t=1

(
πj(k)(t)

)1(xij=t)

where πj(k)(t) is the probability that an observation belonging to cluster k falls in the

tth category for the jth variable. It satisfies ∑cj
t=1 πj(k)(t) = 1. Then the estimate of

θj(k) = (πj(k)(1), . . . , πj(k)(cj)) in the M-step yields

θ̂
(s+1)
j(k) =

(
π̂

(s+1)
j(k)(t)

)
t=1,...,cj

=
∑n

i=1w
(s)
i(k)1(xij=t)∑n

i=1w
(s)
i(k)


t=1,...,cj

=
∑n

i=1w
(s)
i(k)1(xij=t)

nη̂
(s+1)
k


t=1,...,cj

.

(3.8)

3.2.4 Poisson Variables

When the jth variable has the count data, xij is assumed to follow the Poisson

distribution with parameter θj(k) = λj(k), having the probability mass function

fj(xij|λj(k)) =
λ
xij
j(k)e

−λj(k)

(xij)!
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where λj(k) denotes the average count number in the kth cluster of the jth variable.

Then the estimate of θj(k) in the M-step yields

θ̂
(s+1)
j(k) = λ̂

(s+1)
j(k) =

∑n
i=1w

(s)
i(k)xij∑n

i=1w
(s)
i(k)

=
∑n
i=1w

(s)
i(k)xij

nη̂
(s+1)
k

for k = 1, . . . , K. (3.9)

Therefore the EM algorithm works as follows.

• Step 1: Initialize the probability of observation i falling in cluster k, wi(k).

Commonly, we will set equal weights across clusters.

• Step 2: Calculate the estimate of cluster probability, η = (η̂1, . . . , η̂K) through

(3.5).

• Step 3: Calculate the estimate of the model parameters, θj(k), of all variables’

distributions across clusters through (3.6) - (3.7).

• Step 4: Update the new estimate of wi(k) based on the description in E-step

3.2

• Step 5: Return to step 2 and continue until convergence is obtained.

In the end, we obtain the estimates of Ω, which yields the maximized log-likelihood

function as

l(Ω̂|x) =
n∑
i=1

log
(

K∑
k=1

η̂kf(xk|θ̂k)
)
.

3.3 Multi-Group Latent Class Model

Note that in the subsequent discussion, the term “group” (as in “Multi-Group”) refers

to a culture.

In the multi-group latent class model, we assume the cluster probabilities, ηk(g),

are only determined by the data within the gth group, where g = 1, . . . , G and G

is given from the observed data. But the number of clusters are the same across
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different groups. The probability density function of the observed data xi is defined

as follows

f(xi(g)|Ω(g)) =
K∑
k=1

ηk(g)f(xi(g)|k,θ(g))

where Ω(g) = (η(g),θ(g)), η(g) = (η1(g), . . . , ηK(g)), θ(g) = (θ(1g), . . . ,θ(Kg)) and θ(kg) =

(θ1(kg), . . . ,θm(kg)). ηk(g) denotes the probability of the cluster k within the group g;

θj(kg) denotes the parameter set of variable j in cluster k and group g.

When G = 1, this is called the single group latent class model, which is the same

as it in the last section and is a special case of the multi-group latent class model.

Now let us consider the case of two cultures, where G = 2. There are two models

compared with different conditions.

The unrestricted K-cluster model is built based on the data within the same

group, which is similar as fitting the K-cluster single group latent class model sepa-

rately G times. In other words, the cluster probability vector, η(g) = (η1(g), . . . , ηK(g)),

is estimated by using the log-likelihood function as follows:

l(Ω(g)|x(g)) =
n(g)∑
i=1

log
(

K∑
k=1

ηk(g)f(xi(g)|k,θ(g))
)

for g = 1, . . . , G,

where x(g) are the observed data in the gth group having number of observations n(g).

The object xi(g) is the ith observation in the gth group. For each cluster probability

vector η(g), we can use the EM algorithm discussed in the last section to estimate the

unknown parameters for each group.

The restricted K-cluster model is the same as theK-cluster multi-group latent

class model in which the cluster probability invariance is assumed. In other words,

the cluster probability vectors assume η(1) = η(2) = · · · = η(G) = η. Then η =

(η1, . . . , ηK) is estimated by using the log-likelihood function as follows:

l(Ω|x) =
G∑
g=1

n(g)∑
i=1

log
(

K∑
k=1

ηkf(xi(g)|k,θ(g))
)
.
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The EM algorithm is slightly different in the restricted K-cluster model. The

procedure is the same, but the estimating expressions change due to the multiple

groups. Similarly, we assume the missing values z = (zi(g)) for i = 1, . . . , n(g) and

g = 1, . . . , G, where z>i(g) = (zi(1g), . . . , zi(Kg)) denotes which cluster the observation

xi(g) belongs to, such that ∑K
k=1 zi(kg) = 1 with K − 1 0’s and one 1 for every i and g.

Then the joint probability density function of both observed data xi(g) and missing

values zi(g) is obtained as

f(xi(g), zi(g)|Ω(g)) =
K∏
k=1

(
ηkf(xi(g)|k,θ(g))

)zi(kg)
.

Consequently, the complete log-likelihood function for all G groups lGC(Ω|x, z) is

defined as

lGC(Ω|x, z) =
G∑
g=1

n(g)∑
i=1

K∑
k=1

zi(kg) log
(
ηkf(xi(g)|k,θ(g))

)
(3.10)

The E-step defines the proposal density at iteration s, QG(Ω|Ω̂(s)) as

QG(Ω|Ω̂(s)) = E
(
lGC(Ω|Ω̂(s),x)

)
=

G∑
g=1

n(g)∑
i=1

K∑
k=1

w
(s)
i(kg) log

(
ηkf(xi(g)|k,θ(g))

) (3.11)

where w(s)
i(kg) = E(zi(kg)|Ω̂(s),xi(g)) satisfies

w
(s)
i(kg) = P (zi(kg) = 1|xi(g), Ω̂(s))

=
f(xi(g), zi(kg) = 1|Ω̂(s)

(g))
f(xi(g)|Ω̂(s)

(g))

=
η̂

(s)
k f(xi(g)|k, θ̂(s)

(kg))∑K
l=1 η̂

(s)
l f(xi(g)|l, θ̂(s)

(lg))

The M-step is to update the parameter estimates such that

Ω̂(s+1) = arg max
Ω

QG(Ω|Ω̂(s)).
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By taking the derivatives of QG(Ω|Ω̂(s)) with respect to Ω and equating to 0, re-

stricting ∑K
k=1 ηk = 1, we have

η̂
(s+1)
k =

∑G
g=1

∑n(g)
i=1 w

(s)
i(kg)∑K

k=1
∑G
g=1

∑n(g)
i=1 w

(s)
i(kg)

=
∑G
g=1

∑n(g)
i=1 w

(s)
i(kg)∑G

g=1 n(g)
= 1
n

G∑
g=1

n(g)∑
i=1

w
(s)
i(kg) (3.12)

where n = ∑G
g=1 n(g) is the total number of observations through all groups.

Note that variables are assumed independent within each cluster. So the proba-

bility density function of the observed data xi(g) can be written as

f(xi(g)|θ(kg)) =
m∏
j=1

f(xij(g)|θj(kg))

3.3.1 Normal Variable

When the jth variable is a normal variable, and θj(kg) = (µj(kg), σ2
j(g)), we assume

a normal density:

f(xij(g)|θj(kg)) = 1√
2πσ2

j(g)
exp

− 1
2σ2

j(g)
(xij(g) − µj(kg))2


where µj(kg) is the mean of the jth variable within cluster k in group g. σ2

j(g) is the

variance of the jth variable, which is assumed constant across clusters in the same

group. Then the estimate of θj(kg) in the M-step yields
µ̂

(s+1)
j(kg) =

(∑n(g)
i=1 w

(s)
i(kg)

)−1∑n(g)
i=1 w

(s)
i(kg)xij(g)(

σ̂2
j(g)

)(s+1)
= 1

n(g)

∑n(g)
i=1

∑K
k=1w

(s)
i(kg)(xij(g) − µj(kg))2

(3.13)

3.3.2 Binary Variable

When the jth variable is a binary variable, θj(kg) = πj(kg) and its marginal pdf is:

f(xij(g)|θj(kg)) = π
xij(g)
j(kg) (1− πj(kg))1−xij(g)

where πj(kg) denotes the probability that an observation belonging to cluster k takes

value 1 for the jth variable in group g. Then the estimate of θj(kg) in the M-step
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yields

θ̂
(s+1)
j(kg) = π̂

(s+1)
j(kg) =

∑n(g)
i=1 w

(s)
i(kg)xij(g)∑n(g)

i=1 w
(s)
i(kg)

(3.14)

for k = 1, . . . , K and g = 1, . . . , G.

3.3.3 Categorical Variable

When the jth variable is a categorical variable, θj(kg) = (πj(kg)(1), . . . , πj(kg)(cj(g)))

and its marginal pdf is:

f(xij(g)|θj(kg)) =
cj(g)∏
t=1

(
πj(kg)(l)

)1(xij(g)=t)

where πj(kg)(t) is the probability that an observation belonging to cluster k in group

g takes value in the tth category of the jth variable. It satisfies the condition that∑cj(g)
t=1 πj(kg)(t) = 1 for every j and g. Then the estimate of θj(kg) in the M-step yields

π̂
(s+1)
j(kg)(t) =

∑n(g)
i=1 w

(s)
i(kg)1(xij(g)=t)∑n(g)
i=1 w

(s)
i(kg)

(3.15)

for t = 1, . . . , cj(g), k = 1, . . . , K and g = 1, . . . , G.

3.3.4 Poisson Variable

When the jth variable is a Poisson variable, θj(kg) = λj(kg) and its marginal pdf is:

fj(xij(g)|λj(kg)) =
λ
xij(g)
j(kg) e

−λj(kg)

(xij(g))!

where λj(kg) denotes the average count number in the kth cluster of the jth variable

in group g. Then the estimate of θj(kg) in the M-step is the same as it in the case of

binary variable that yields

θ̂
(s+1)
j(kg) = λ̂

(s+1)
j(kg) =

∑n(g)
i=1 w

(s)
i(kg)xij(g)∑n(g)

i=1 w
(s)
i(kg)

(3.16)

for k = 1, . . . , K and g = 1, . . . , G.
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3.4 Theory of Hypothesis Test To Compare Models

It is reasonable that the unrestricted model should fit the data better than the re-

stricted model, because the unrestricted model does not constrain the cluster struc-

ture to be homogeneous across groups. The restricted model can also be treated as

a special case of the unrestricted model, which indicates that the two models are

nested. So the likelihood-ratio test becomes a reasonable tool to test the degree of

improvement in the fit.

Suppose that η(g) = (η1(g), . . . , ηK(g)) are cluster probability vectors for the unre-

stricted model, g = 1, . . . , G; η = (η1, . . . , ηK) is the cluster probability vector for the

restricted model. We propose a hypothesis test that is defined as follows:

H0 : η(1) = · · · = η(G)

Ha : η(h) 6= η(l) at least one holds for h, l = 1, . . . , G.

The likelihood-ratio statistic D is 2 times the difference between the log-likelihood

of the unrestricted model and the log-likelihood of the restricted model. And under

the null hypothesis H0, D follows a Chi-square distribution with degrees of freedom

equal to the difference in the number of parameters in unrestricted model and in

the restricted model, if the distributional assumptions about the data hold and the

sample size is sufficiently large.

D = 2


G∑
g=1

n(g)∑
i=1

log
(

K∑
k=1

η̂k(g)f(xi(g)|θ̂(kg))
)
−

G∑
g=1

n(g)∑
i=1

log
(

K∑
k=1

η̂kf(xi(g)|θ̂(kg))
) .
(3.17)

Additionally, this difference in the degrees of freedom is (K − 1)(G − 1). Thus the

rejection region for a size-α test is

R(x) =
{
x : D > χ2

(K−1)(G−1),α

}
(3.18)
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3.5 Simulation Study

Note that our hypothesis test focuses on the cluster probability vectors η across

groups, which are influenced by the following two factors: the number of groups and

cluster clarity. In terms of the number of groups, it is natural to believe that the

chance of rejecting the null hypothesis is higher with more groups assumed. Cluster

clarity can be measured by the silhouette score (Rousseeuw, 1987), which is defined to

lie between -1 and 1, with higher values representing the better-separated boundaries

between different clusters within a group. Because of the randomness of the data

within clusters, the silhouette scores cannot be exactly the same across groups in the

simulated data. But they can be made close by controlling the parameter setting of

the generating model, including η and θ.

In this section, we will examine five simulation settings. In all settings, we assume

there are three clusters and 100 observations across groups. The type and numbers

are the same in every group. They reflect differences in the number of groups, G, the

cluster parameters, η, and the distribution parameters, θ across settings. Simulation

results present the silhouette score of each group and the number of rejections out of

500 simulated data sets using the 0.05 significance level.

The settings of the model parameters used to generate simulated data are shown

in Appendix B. The results of the five simulation studies are summarized in Table

3.1. We see the number of rejections of the null hypothesis increases as the silhouette

scores vary more substantially across groups. Note that the number of rejections of

the null hypothesis falls below 25 (25 out of 500 is 5%) only in case 1 and 3, which

indicates that the appearance of different clustering structures (η) provides more

chance of rejections. The number of rejections in case 5 that includes more groups

than the other is expected to be the highest. However, the rejection number shown

in case 2 and case 4 are both slightly higher than that in case 5. Reasons for this

phenomenon could include:
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i. Simulated data are not exactly the same even though the core parameters of

generating simulated data are set to be consistent.

ii. The initial values of parameters in the EM algorithm are randomly chosen,

which may lead to the local optimum rather than the global optimum.

iii. The silhouette scores are low (around 0.2 most of time) across groups, which

blur the boundaries of clusters and influence the accuracy of clustering results.

Table 3.1: Summary of multi-group simulations at 0.05 significance level

G η θ
silhouette Score Number of Rejection

per Group Out of 500 Iterations

Simulation 1 2 Equal Equal 0.2542 30.2143

Simulation 2 2 Not Equal 0.2026 334Equal 0.0382

Simulation 3 2 Equal Not 0.1976 5Equal 0.1911

Simulation 4 2 Not Not 0.2802 378Equal Equal 0.0639

Simulation 5 5

0.2289

325
Not Not 0.0517
Equal Equal 0.1541

0.1736
0.4052

3.6 Survey Data of Religion Belief of Islanders

3.6.1 Description

Purzycki et al. (2017) created a survey and collected data for the purpose of studying

the evolution of religion and morality in different cultural areas, most of which are

small islands in the ocean. Because of this, the influence between groups is minimal

due to the long distance between locations. This data set contains a rich variety

of different variable types. A snapshot of some variables of interest and first 10

observations of the data are shown in Figure 3.1.
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Figure 3.1: Snapshot of the first 10 observations in the data from the religion study by
Purzycki et al., 2017

“GROUP” is the location of participants, which is treated as the identifier of

culture. There are 7 sites in use including Coastal Tanna (0), Inland Tanna (1), Lovu

(2), Mauritius (3), Pesqueiro (4), Tyva Republic (5) and Yasawa (6).

“SEX” denotes the gender of participants, as female (0) and male (1). It is a

binary variable.

“CHILDREN” denotes the number of children given birth to in the family with

integer values at least 0. It is treated as a discrete count variable.

“FORMALED” denotes the total years of formal education of participants with

integer values at least 0. It is treated as a discrete count variable.

“MAT1” denotes the answers to the question “Do you worry that in the next five

years your household will have a time when it is not able to buy or produce enough

food to eat?”. Answers can be yes (1) or no (0). It is a binary variable.

“MAT1C” denotes the answers to the question “How certain are you that you

will be able to buy or produce enough food to eat in the next five years?”. Answers

include “very uncertain” (-2), “a little uncertain” (-1), “I don’t know” (0), “a little

certain” (1) and “very certain” (2). It is an ordinal variable.
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“MBG” denotes the mean moral concern score for moralistic god, which ranges

from 0 to 4 and includes non-integer values. It is treated as a normal variable although

it appears to take only certain rational values in practice.

“BGTHINK” denotes the answers to the question “How often do you think about

BIG GOD?”. Answers include “very rarely/never” (0), “a few times per year” (1), “a

few times per month” (2), “a few times per week” (3), “every day or multiple times

per day” (4). It is an ordinal variable.

“BGPERF” denotes the answers to the question “Do you perform activities or

practices to talk to, or appease BIG GOD?”. Answers can be yes (1) or no (0). It is

a binary variable.

“BGPUNISH” denotes the answers to the question “Does BIG GOD ever punish

people for their behavior?”. Answers can be yes (1) or no (0). It is a binary variable.

3.6.2 Results

We will take three approaches to analyzing the cross-cultural data. First, the differ-

ences of cluster structures will be shown after using the likelihood ratio test along

with both the multi-group (unrestricted) latent class model and the single-group (re-

stricted) latent class model. Second, both models will be repeated for 1000 times

to see the chance of rejecting the null hypothesis at a different number of clusters.

Finally, the multi-group latent class model will be repeated another 1000 times to

give us insight into participants’ responses to the questions in each cluster.

In the first approach, we apply the likelihood ratio test along with the multi-

group latent class model and single-group latent class model for differences of cluster

structure across cultures. Summaries of cluster size counted in number of participants

are shown in Table 3.2. The details are shown in Tables 3.4 and 3.5. The cluster

structure of the single-group (restricted) model is different from the cluster structure

in every group in the multi-group model. The likelihood ratio statistic is 61.79 (>
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χ2
12,0.05 = 21.03), which indicates the significant superiority of the multi-group model

to the single-group model.

Table 3.2: Results of comparing restricted and unrestricted latent class model in cluster
size (number of participants)

Cultures Total Restricted Unrestricted
Participants 0 1 2 0 1 2

Coastal Tanna 42 12 21 9 23 5 14
Inland Tanna 57 25 30 2 28 4 25

Lovu 69 37 23 9 56 6 7
Mauritius 92 37 33 22 28 36 28
Pesqueiro 62 38 14 10 13 2 47

Tyva Republic 77 27 29 21 8 27 42
Yasawa 59 25 24 10 41 5 13

In the second approach, we repeat the first approach for 1000 times to see the

chance of rejecting the null hypothesis, which states homogeneity in clustering struc-

ture across cultures. Results are shown in Table 3.3. When 2 clusters are assumed

in every culture group, the chance of rejecting the null hypothesis is smallest (0.257),

which means the 2-cluster structure rarely differs across groups. In contrast, the

3-cluster structure and 4-cluster structure are relatively substantially differentiated

because of the higher number of rejections (0.686 and 0.604). As for the 5-cluster

structure, its rejection chances reduce to 0.364. Thus it is reasonable to believe that

there exist differences in clustering structures across cultures, especially when the

number of clusters is determined to be 3.

Table 3.3: Cross-cultural data: Number of rejections of null hypothesis out of 1000 re-
peated iterations at 0.05 significance level

K Number of Rejections
(Number of Clusters) Out of 1000 repeated Iterations

2 257
3 686
4 604
5 364
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Table 3.4: Results of comparing restricted and unrestricted latent class model, part 1

Culture Restricted Coastal Tanna Inland Tanna Lovu Mauritius
Cluster 0 1 2 0 1 2 0 1 2 0 1 2 0 1 2

SEX Female(0) 0.37 0.62 0.52 0.20 0.39 1 0.14 0.54 0.89 0 0.63 0.75 0.07 0.24 0.48
Male(1) 0.63 0.38 0.48 0.80 0.61 0 0.86 0.46 0.11 1 0.37 0.25 0.93 0.76 0.52

CHILDREN 0-3 0.67 0.72 0.87 1 0.57 0.89 0.09 0.96 0.11 1 0.75 0.81 1 1 0.74
4+ 0.33 0.28 0.13 0 0.43 0.11 0.91 0.04 0.89 0 0.25 0.19 0 0 0.26

FORMALED
0-6 0.46 0.31 0.32 0 0.46 0.44 1 1 0.89 0 0.25 0.22 0.41 0.33 0.57
7-12 0.35 0.50 0.47 0.40 0.54 0.44 0 0 0.11 0.50 0.63 0.74 0.52 0.57 0.38
13+ 0.19 0.19 0.21 0.60 0 0.11 0 0 0 0.50 0.12 0.03 0.07 0.10 0.05

MBG Mean 2.95 2.94 2.60 3.93 3.06 1.07 2.15 3.14 3.11 1.34 2.75 3.23 1.77 2.51 1.84
SD 0.70 0.92 0.87 0.15 0.87 0.64 1.69 0.81 1.04 0.94 0.73 0.66 1.13 0.85 0.95

MAT1 No(0) 0.50 0.47 0.49 0.60 0.93 0.56 0.68 0.88 0.11 1 1 0 0.38 1 0.67
Yes(1) 0.50 0.53 0.51 0.40 0.07 0.44 0.32 0.12 0.89 0 0 1 0.62 0 0.33

MAT1C

-2 0.06 0.18 0.10 0 0.14 0.11 0 0 0 0 0.38 0.42 0.07 0 0.05
-1 0.13 0.04 0.15 0.20 0 0.11 0.18 0.19 0 1 0.12 0.29 0.10 0 0.17
0 0.28 0.14 0.08 0.40 0.11 0.22 0 0.15 0.22 0 0 0.08 0.03 0.33 0.21
1 0.13 0.40 0.42 0.40 0.36 0.44 0.64 0.65 0.78 0 0 0.17 0.62 0 0.29
2 0.40 0.24 0.25 0 0.39 0.11 0.18 0 0 0 0.5 0.03 0.17 0.67 0.28

BGTHINK

0 0.14 0.20 0.15 0 0 0 0 0 0 0 1 0.97 0.07 0.10 0
1 0.14 0.26 0.05 0 0 0 0 0 0.33 1 0 0.03 0 0.14 0
2 0.08 0.02 0.07 0 0 0 0.09 0 0 0 0 0 0 0 0
3 0.15 0.07 0.14 0.40 0 0.44 0.05 0.04 0.56 0 0 0 0.24 0.24 0.10
4 0.49 0.45 0.59 0.60 1 0.56 0.86 0.96 0.11 0 0 0 0.69 0.52 0.90

BGPERF No(0) 0.21 0.07 0.16 0 0 0 0.05 0.19 0.44 0.50 0 0.02 0.38 0.14 0.10
Yes(1) 0.79 0.93 0.84 1 1 1 0.95 0.81 0.56 0.50 1 0.98 0.62 0.86 0.90

BGPUNISH No(0) 0.15 0.14 0.22 0.20 0.04 0.22 0.18 0.08 0.11 0.50 0 0.03 0.38 0 0.40
Yes(1) 0.85 0.86 0.78 0.80 0.96 0.78 0.82 0.92 0.89 0.50 1 0.97 0.62 1 0.60

For the continuous variable MBG, the pre-cluster means and standard deviations are given for the various clustering models. For the
discrete variables, the numbers in the table are proportions of items in each cluster having a specific level of the discrete variable.
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Table 3.5: Results of comparing restricted and unrestricted latent class model, part 2

Culture Restricted Pesqueiro Tyva Republic Yasawa
Cluster 0 1 2 0 1 2 0 1 2 0 1 2

SEX Female(0) 0.37 0.62 0.52 0.46 0.50 0.78 0.41 0.58 1 0.35 0.60 0.77
Male(1) 0.63 0.38 0.48 0.55 0.50 0.22 0.59 0.42 0 0.65 0.40 0.23

CHILDREN 0-3 0.67 0.72 0.87 0.91 0.90 0.11 1 0.68 0.94 1 0.33 0.46
4+ 0.33 0.28 0.13 0.09 0.10 0.89 0 0.32 0.06 0 0.67 0.54

FORMALED
0-6 0.46 0.31 0.32 0 0.29 1 0 0 0 0.06 0.07 0.15
7-12 0.35 0.50 0.47 0.91 0.69 0 0 0.05 0.17 0.87 0.87 0.85
13+ 0.19 0.19 0.21 0.09 0.02 0 1 0.95 0.83 0.06 0.07 0

MBG Mean 2.95 2.94 2.60 0.39 2.90 2.35 1.72 3.49 2.82 3.70 4.00 3.72
SD 0.70 0.92 0.87 0.51 0.68 0.69 1.14 0.56 0.83 0.64 0 0.77

MAT1 No(0) 0.50 0.47 0.49 0 0.12 0 0.91 0.89 0.53 0.32 0.07 1
Yes(1) 0.50 0.53 0.51 1 0.88 1 0.09 0.11 0.47 0.68 0.93 0

MAT1C

-2 0.06 0.18 0.10 0 0.02 0.11 0 0 0 0.03 0.07 0.31
-1 0.13 0.04 0.15 0.27 0.17 0 0 0 0 0.16 0.13 0
0 0.28 0.14 0.08 0.27 0.19 0.67 0.05 0 0 0.19 0.07 0.23
1 0.13 0.40 0.42 0.27 0.40 0 0.50 0 0.64 0.23 0.47 0.08
2 0.40 0.24 0.25 0.18 0.21 0.22 0.45 1 0.36 0.39 0.27 0.38

BGTHINK

0 0.14 0.20 0.15 0 0.02 0 0 0 0.17 0 0 0
1 0.14 0.26 0.05 0 0.02 0.11 0.05 0.05 0 0.58 0.33 0.77
2 0.08 0.02 0.07 0.09 0 0 0.50 0.21 0.06 0 0 0
3 0.15 0.07 0.14 0 0.10 0 0.41 0.11 0.31 0 0 0
4 0.49 0.45 0.59 0.91 0.86 0.89 0.05 0.63 0.47 0.42 0.67 0.23

BGPERF No(0) 0.21 0.07 0.16 0 0.10 0.11 0.32 0.11 0.25 0 0 0
Yes(1) 0.79 0.93 0.84 1 0.90 0.89 0.68 0.89 0.75 1 1 1

BGPUNISH No(0) 0.15 0.14 0.22 0.45 0.05 0.33 0.55 0 0.22 0 0 0
Yes(1) 0.85 0.86 0.78 0.55 0.95 0.67 0.45 1 0.78 1 1 1

For the continuous variable MBG, the pre-cluster means and standard deviations are given for the various clustering models. For the
discrete variables, the numbers in the table are proportions of items in each cluster having a specific level of the discrete variable.
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In the third approach, the multi-group latent class model is solely applied and

repeated 1000 times for the 2-cluster case and 3-cluster case. Note that in the cluster

analysis, the cluster labels are arbitrary and do not have any specific meaning, but

show which observations are assigned to each cluster. So we define the label of

cluster based on the ascending order of the percentage of females in the cluster. For

example, in the 2-cluster case, two clusters are created in the result, and then the

cluster with label 0 has a lower percentage of females than in the cluster with label 1.

Following this rule, we can simply combine all cluster 0 from 1000 repeated processes

and interpret them as summarizing the homogeneity in gender distribution. Similar

procedures can be done for cluster 1, cluster 2, etc. Therefore we can obtain the mean

and standard deviation of 1000 results to observe the differences between clusters and

the variation of cluster structures across groups. Tables 3.6 - 3.8 summarize the results

of all questions of interest from the 2-cluster case and Tables 3.9 - 3.11 summarize the

results of all questions of interest from the 3-cluster case. Questions are separated

into 3 parts including the basic information, concerns about future food and thoughts

about BIG GOD. Some interesting conclusions can be made based on these six tables.

i. Compared to the 2-cluster case, the 3-cluster structure shows more differenti-

ated features across groups. The reason is apparent that with more clusters

used in each group, the shape of clusters gets more chance of being different.

ii. For the thoughts about raising children in the 2-cluster case (Table 3.6), more

chance of a cluster member raising no more than 3 children is shown in the

cluster 1 of Coastal Tanna (0.96) and Inland Tanna (0.69) and cluster 0 of

Pesqueiro (0.99) and Yasawa (0.98).

iii. For the thoughts about education in the 2-cluster case (Table 3.6), differences

between clusters are significant in Pesqueiro where cluster 0 (0.78) has more
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chance of having 6 to 12 years of formal education whereas cluster 1 (0.75)

tends to have less than 6 years of formal education.

iv. For the concerns about future food in the 2-cluster case (Table 3.7), the cluster

0 of Yasawa (0.7 for Yes and 0.4 for very certain) has more certainty of worrying

about it, whereas this contrasts with the cluster 0 of Coastal Tanna (0.99 for

No and 0.46 for very certain).

v. For the thoughts about BIG GOD in 2-cluster case (Table 3.8), most of partic-

ipants are BIG GOD’s followers who think about BIG GOD frequently except

those from Lovu. In addition, the members of cluster 0 in Tyva Republic do

not believe in the punishment from BIG GOD intensely (0.54 for Yes of BG-

PUNISH).

3.6.3 Discussion

It should be noted that the conclusion about whether or not to reject the null hypoth-

esis is not consistent over repeated attempts with a variety of initial values. Ideally,

the EM algorithm should produce consistent outcomes regardless of initial values.

But by the nature of cluster analysis, similarly as in K-means, the resulting cluster

partitions may vary due to different initial values of unknown parameters. In the EM

algorithm framework, many local optima may exist due to the complicated likelihood,

hindering our algorithm in reaching the global optimum. So in future work, we plan

to track the maximized likelihood value from each repetition and retain the result

with the highest likelihood value generated.
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Table 3.6: Mean (standard deviation) of results from 1000 repeated processes of 2-cluster-structure multi-group latent class model on
the cross culture data (Part 1, Basic Information)

Culture Cluster SEX CHILDREN FORMALED MBG
female(0) male(1) 0− 3 4+ 0− 6 7− 12 13+ Mean SD

Coastal 0 0.34(0.09) 0.66(0.09) 0.51(0.04) 0.49(0.04) 0.52(0.03) 0.47(0.02) - 2.96(0.10) 1.05(0.08)
Tanna 1 0.73(0.05) 0.27(0.05) 0.96(0.07) 0.04(0.07) 0.22(0.07) 0.54(0.03) 0.24(0.04) 2.43(0.13) 1.34(0.06)
Inland 0 0.36(0.02) 0.64(0.02) 0.25(0.27) 0.75(0.27) 0.98(0.02) 0.02(0.02) - 2.51(0.25) 1.45(0.14)
Tanna 1 0.61(0.02) 0.39(0.02) 0.69(0.43) 0.31(0.43) 0.97(0.05) 0.03(0.05) - 3.04(0.35) 0.96(0.24)
Lovu 0 0.48(0.07) 0.52(0.07) 0.97(0.02) 0.03(0.02) 0.16(0.02) 0.73(0.02) 0.11(0.02) 3.00(0.08) 0.80(0.03)

1 0.91(0.03) 0.09(0.03) 0.66(0.07) 0.34(0.07) 0.27(0.04) 0.71(0.04) 0.02(0.01) 3.21(0.05) 0.69(0.03)
Mauritius 0 0.18(0.03) 0.82(0.03) 0.99(0.03) 0.01(0.03) 0.37(0.03) 0.55(0.03) 0.08(0.01) 2.05(0.11) 1.06(0.05)

1 0.43(0.05) 0.58(0.05) 0.75(0.05) 0.25(0.05) 0.57(0.04) 0.38(0.04) 0.05(0.01) 1.87(0.11) 0.98(0.03)
Pesqueiro 0 0.41(0.03) 0.59(0.03) 0.99(0.02) 0.01(0.02) 0.17(0.02) 0.78(0.02) 0.05(0.00) 2.28(0.11) 1.16(0.05)

1 0.83(0.03) 0.17(0.03) 0.28(0.07) 0.72(0.07) 0.75(0.06) 0.25(0.06) - 2.60(0.15) 1.07(0.12)
Tyva 0 0.64(0.07) 0.36(0.07) 0.97(0.03) 0.03(0.03) - 0.07(0.02) 0.93(0.02) 2.06(0.26) 1.07(0.07)

Republic 1 0.81(0.06) 0.19(0.06) 0.82(0.04) 0.18(0.04) - 0.12(0.02) 0.88(0.02) 3.26(0.21) 0.68(0.13)
Yasawa 0 0.36(0.07) 0.64(0.07) 0.98(0.06) 0.02(0.06) 0.07(0.01) 0.86(0.02) 0.07(0.02) 3.72(0.02) 0.63(0.03)

1 0.68(0.09) 0.32(0.09) 0.40(0.09) 0.60(0.09) 0.11(0.02) 0.86(0.02) 0.03(0.03) 3.84(0.03) 0.55(0.07)
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Table 3.7: Mean (standard deviation) of results from 1000 repeated processes of 2-cluster-structure multi-group latent class model on
the cross culture data (Part 2, Concerns of Future Food)

Culture Cluster MAT1 MAT1C
No(0) Yes(1) -2 -1 0 1 2

Coastal 0 0.99(0.02) 0.01(0.02) 0.07(0.03) - 0.13(0.03) 0.34(0.04) 0.46(0.05)
Tanna 1 0.54(0.06) 0.46(0.06) 0.18(0.03) 0.12(0.02) 0.23(0.05) 0.44(0.03) 0.03(0.04)
Inland 0 0.65(0.13) 0.35(0.13) - 0.15(0.03) 0.07(0.01) 0.67(0.02) 0.12(0.02)
Tanna 1 0.62(0.30) 0.38(0.30) - 0.15(0.08) 0.16(0.03) 0.69(0.06) -
Lovu 0 0.29(0.08) 0.71(0.08) 0.19(0.05) 0.56(0.06) - 0.08(0.03) 0.17(0.03)

1 0.03(0.01) 0.97(0.01) 0.60(0.06) 0.04(0.05) 0.14(0.03) 0.20(0.03) 0.01(0.02)
Mauritius 0 0.66(0.10) 0.34(0.10) 0.04(0.02) 0.06(0.04) 0.12(0.03) 0.37(0.05) 0.41(0.08)

1 0.64(0.10) 0.36(0.10) 0.05(0.02) 0.16(0.04) 0.25(0.03) 0.28(0.05) 0.26(0.08)
Pesqueiro 0 0.10(0.01) 0.90(0.01) - 0.15(0.02) 0.20(0.01) 0.43(0.01) 0.23(0.01)

1 0.02(0.03) 0.98(0.03) 0.11(0.01) 0.18(0.03) 0.47(0.03) 0.06(0.03) 0.17(0.02)
Tyva 0 0.69(0.12) 0.31(0.12) - - 0.02(0.01) 0.49(0.07) 0.49(0.07)

Republic 1 0.76(0.10) 0.24(0.10) - - 0.01(0.01) 0.40(0.06) 0.59(0.05)
Yasawa 0 0.30(0.02) 0.70(0.02) 0.03(0.01) 0.15(0.03) 0.20(0.02) 0.23(0.06) 0.40(0.05)

1 0.53(0.05) 0.47(0.05) 0.18(0.02) 0.08(0.04) 0.14(0.02) 0.28(0.07) 0.31(0.06)
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Table 3.8: Mean (standard deviation) of results from 1000 repeated processes of 2-cluster-structure multi-group latent class model on
the cross culture data (Part 3, Thoughts about BIG GOD)

Culture Cluster BGTHINK BGPERF BGPUNISH
0 1 2 3 4 No(0) Yes(1) No(0) Yes(1)

Coastal 0 - - - - 1.00(0.01) - 1.00(0.00) 0.07(0.02) 0.93(0.02)
Tanna 1 - - - 0.36(0.06) 0.64(0.06) - 1.00(0.00) 0.13(0.02) 0.87(0.02)
Inland 0 - 0.04(0.03) 0.05(0.02) 0.14(0.07) 0.77(0.13) 0.13(0.01) 0.87(0.01) 0.13(0.01) 0.87(0.01)
Tanna 1 - 0.11(0.12) 0.03(0.05) 0.17(0.20) 0.69(0.34) 0.28(0.10) 0.72(0.10) 0.12(0.03) 0.88(0.03)
Lovu 0 0.87(0.03) 0.13(0.03) - - - 0.06(0.01) 0.94(0.01) 0.08(0.02) 0.92(0.02)

1 1.00(0.00) - - - - - 1.00(0.00) 0.01(0.01) 0.99(0.01)
Mauritius 0 0.08(0.02) 0.05(0.01) - 0.24(0.03) 0.64(0.05) 0.29(0.05) 0.71(0.05) 0.23(0.06) 0.77(0.06)

1 0.01(0.01) 0.02(0.01) - 0.11(0.02) 0.86(0.03) 0.09(0.06) 0.91(0.06) 0.39(0.07) 0.61(0.07)
Pesqueiro 0 0.02(0.00) 0.02(0.00) 0.02(0.00) 0.09(0.01) 0.84(0.01) 0.09(0.01) 0.91(0.01) 0.14(0.02) 0.86(0.02)

1 - 0.06(0.01) - - 0.94(0.02) 0.06(0.01) 0.94(0.01) 0.23(0.04) 0.77(0.04)
Tyva 0 0.01(0.03) 0.03(0.01) 0.32(0.08) 0.46(0.07) 0.18(0.10) 0.23(0.05) 0.77(0.05) 0.46(0.13) 0.54(0.13)

Republic 1 0.15(0.04) 0.03(0.01) 0.11(0.08) 0.11(0.09) 0.61(0.12) 0.24(0.04) 0.76(0.04) 0.07(0.10) 0.93(0.10)
Yasawa 0 - 0.54(0.03) - - 0.46(0.03) - 1.00(0.00) - 1.00(0.00)

1 - 0.59(0.05) - - 0.41(0.05) - 1.00(0.00) - 1.00(0.00)
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Table 3.9: Mean (standard deviation) of results from 1000 repeated processes of 3-cluster-structure multi-group latent class model on
the cross culture data (Part 1, Basic Information)

Culture Cluster SEX CHILDREN FORMALED MBG
female(0) male(1) 0− 3 4+ 0− 6 7− 12 13+ Mean SD

Coastal 0 0.10(0.12) 0.90(0.12) 0.70(0.16) 0.30(0.16) 0.36(0.17) 0.55(0.08) 0.09(0.17) 3.24(0.26) 0.86(0.27)
Tanna 1 0.64(0.14) 0.36(0.14) 0.63(0.27) 0.37(0.27) 0.43(0.21) 0.46(0.09) 0.11(0.16) 2.78(0.36) 1.10(0.22)

2 0.89(0.09) 0.11(0.09) 0.82(0.24) 0.18(0.24) 0.39(0.17) 0.46(0.08) 0.15(0.13) 1.96(0.65) 1.10(0.30)
Inland 0 0.27(0.12) 0.73(0.12) 0.10(0.11) 0.90(0.11) 1.00(0.02) - - 2.34(0.43) 1.51(0.29)
Tanna 1 0.51(0.03) 0.49(0.03) 0.78(0.28) 0.22(0.28) 0.87(0.22) 0.13(0.22) - 3.09(0.53) 0.85(0.10)

2 0.69(0.18) 0.31(0.18) 0.47(0.39) 0.53(0.39) 0.85(0.18) 0.15(0.18) - 3.15(0.28) 0.95(0.21)
Lovu 0 0.36(0.16) 0.64(0.16) 0.96(0.05) 0.04(0.05) 0.13(0.06) 0.72(0.05) 0.16(0.05) 2.80(0.30) 0.88(0.10)

1 0.72(0.06) 0.28(0.06) 0.54(0.26) 0.46(0.26) 0.50(0.27) 0.49(0.25) 0.01(0.03) 3.02(0.28) 0.63(0.13)
2 0.93(0.10) 0.07(0.10) 0.81(0.19) 0.19(0.19) 0.16(0.20) 0.81(0.18) 0.03(0.02) 3.30(0.20) 0.59(0.13)

Mauritius 0 0.13(0.06) 0.87(0.06) 0.99(0.03) 0.01(0.03) 0.45(0.13) 0.49(0.11) 0.06(0.03) 1.82(0.30) 1.07(0.10)
1 0.26(0.06) 0.74(0.06) 0.94(0.09) 0.06(0.09) 0.41(0.12) 0.51(0.11) 0.08(0.03) 2.13(0.36) 0.95(0.12)
2 0.49(0.06) 0.51(0.06) 0.69(0.08) 0.31(0.08) 0.59(0.10) 0.36(0.11) 0.05(0.02) 1.85(0.21) 0.96(0.09)

Pesqueiro 0 0.25(0.19) 0.75(0.19) 0.98(0.03) 0.02(0.03) 0.24(0.12) 0.70(0.10) 0.05(0.03) 2.51(0.50) 0.80(0.16)
1 0.64(0.15) 0.36(0.15) 0.68(0.34) 0.32(0.34) 0.34(0.42) 0.62(0.39) 0.04(0.04) 1.67(1.03) 0.85(0.24)
2 0.85(0.07) 0.15(0.07) 0.46(0.32) 0.54(0.32) 0.61(0.34) 0.39(0.34) - 2.55(0.33) 1.01(0.30)

Tyva 0 0.52(0.10) 0.48(0.10) 0.96(0.08) 0.04(0.08) - 0.04(0.03) 0.96(0.03) 2.16(0.68) 0.95(0.22)
Republic 1 0.72(0.09) 0.28(0.09) 0.83(0.11) 0.17(0.11) - 0.09(0.04) 0.91(0.04) 2.85(0.79) 0.74(0.26)

2 0.93(0.08) 0.07(0.08) 0.90(0.07) 0.10(0.07) - 0.14(0.04) 0.86(0.04) 2.79(0.55) 0.84(0.22)
Yasawa 0 0.15(0.14) 0.85(0.14) 0.92(0.20) 0.08(0.20) 0.08(0.02) 0.91(0.04) 0.02(0.03) 3.72(0.08) 0.63(0.14)

1 0.57(0.15) 0.43(0.15) 0.41(0.21) 0.59(0.21) 0.12(0.04) 0.86(0.03) 0.02(0.04) 3.90(0.09) 0.33(0.22)
2 0.91(0.11) 0.09(0.11) 0.77(0.22) 0.23(0.22) 0.05(0.05) 0.81(0.06) 0.14(0.09) 3.72(0.09) 0.68(0.15)
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Table 3.10: Mean (standard deviation) of results from 1000 repeated processes of 3-cluster-structure multi-group latent class model on
the cross culture data (Part 2, Concerns of Future Food)

Culture Cluster MAT1 MAT1C
No(0) Yes(1) -2 -1 0 1 2

Coastal 0 0.92(0.11) 0.08(0.11) 0.01(0.03) 0.03(0.06) 0.29(0.09) 0.20(0.15) 0.48(0.20)
Tanna 1 0.78(0.17) 0.22(0.17) 0.19(0.12) 0.05(0.07) 0.10(0.11) 0.50(0.12) 0.17(0.14)

2 0.63(0.14) 0.37(0.14) 0.19(0.17) 0.10(0.07) 0.14(0.09) 0.47(0.09) 0.10(0.07)
Inland 0 0.62(0.06) 0.38(0.06) - 0.15(0.05) 0.04(0.03) 0.66(0.03) 0.15(0.04)
Tanna 1 0.62(0.38) 0.38(0.38) - 0.15(0.09) 0.23(0.16) 0.62(0.07) 0.01(0.02)

2 0.35(0.36) 0.65(0.36) - 0.07(0.09) 0.25(0.14) 0.68(0.11) -
Lovu 0 0.48(0.26) 0.52(0.26) 0.17(0.08) 0.53(0.12) - 0.07(0.05) 0.23(0.13)

1 0.14(0.16) 0.86(0.16) 0.73(0.31) 0.10(0.18) 0.04(0.04) 0.05(0.10) 0.07(0.11)
2 0.02(0.04) 0.98(0.04) 0.41(0.26) 0.20(0.14) 0.13(0.05) 0.24(0.14) 0.03(0.04)

Mauritius 0 0.50(0.23) 0.50(0.23) 0.06(0.05) 0.08(0.06) 0.07(0.08) 0.53(0.17) 0.25(0.18)
1 0.76(0.29) 0.24(0.29) 0.03(0.05) 0.08(0.11) 0.19(0.09) 0.26(0.18) 0.44(0.23)
2 0.63(0.22) 0.37(0.22) 0.06(0.05) 0.17(0.09) 0.29(0.07) 0.22(0.09) 0.26(0.13)

Pesqueiro 0 0.11(0.07) 0.89(0.07) 0.01(0.02) 0.12(0.06) 0.16(0.04) 0.44(0.05) 0.27(0.06)
1 0.03(0.06) 0.97(0.06) 0.04(0.06) 0.18(0.10) 0.37(0.13) 0.23(0.13) 0.18(0.07)
2 0.05(0.07) 0.95(0.07) 0.08(0.06) 0.18(0.10) 0.43(0.14) 0.16(0.15) 0.15(0.06)

Tyva 0 0.87(0.08) 0.13(0.08) - - 0.02(0.02) 0.44(0.17) 0.53(0.17)
Republic 1 0.76(0.18) 0.24(0.18) - - 0.01(0.02) 0.35(0.22) 0.64(0.22)

2 0.50(0.25) 0.50(0.25) - - - 0.58(0.13) 0.42(0.13)
Yasawa 0 0.29(0.08) 0.71(0.08) 0.04(0.02) 0.15(0.04) 0.22(0.03) 0.08(0.08) 0.51(0.06)

1 0.51(0.23) 0.49(0.23) 0.11(0.08) 0.10(0.05) 0.17(0.06) 0.23(0.14) 0.39(0.10)
2 0.46(0.27) 0.54(0.27) 0.18(0.14) 0.08(0.05) 0.09(0.08) 0.53(0.26) 0.12(0.13)
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Table 3.11: Mean (standard deviation) of results from 1000 repeated processes of 3-cluster-structure multi-group latent class model on
the cross culture data (Part 3, Thoughts about BIG GOD)

Culture Cluster BGTHINK BGPERF BGPUNISH
0 1 2 3 4 No(0) Yes(1) No(0) Yes(1)

Coastal 0 - - - 0.06(0.12) 0.94(0.12) - 1.00(0.00) 0.10(0.04) 0.90(0.04)
Tanna 1 - - - 0.14(0.21) 0.86(0.21) - 1.00(0.00) 0.08(0.06) 0.92(0.06)

2 - - - 0.34(0.20) 0.66(0.20) - 1.00(0.00) 0.14(0.08) 0.86(0.08)
Inland 0 - 0.02(0.03) 0.06(0.02) 0.14(0.07) 0.78(0.10) 0.07(0.05) 0.93(0.05) 0.15(0.05) 0.85(0.05)
Tanna 1 - 0.27(0.44) 0.01(0.03) 0.04(0.04) 0.69(0.42) 0.40(0.36) 0.60(0.36) 0.20(0.18) 0.80(0.18)

2 - 0.36(0.35) 0.03(0.05) 0.23(0.22) 0.37(0.40) 0.50(0.27) 0.50(0.27) 0.18(0.16) 0.82(0.16)
Lovu 0 0.81(0.05) 0.19(0.05) - - - 0.08(0.02) 0.92(0.02) 0.10(0.06) 0.90(0.06)

1 0.99(0.04) 0.01(0.04) - - - 0.01(0.02) 0.99(0.02) 0.02(0.04) 0.98(0.04)
2 0.99(0.02) 0.01(0.02) - - - 0.01(0.02) 0.99(0.02) 0.02(0.03) 0.98(0.03)

Mauritius 0 0.09(0.03) 0.02(0.03) - 0.23(0.06) 0.66(0.08) 0.39(0.14) 0.61(0.14) 0.42(0.27) 0.58(0.27)
1 0.05(0.03) 0.06(0.05) - 0.17(0.06) 0.71(0.10) 0.18(0.11) 0.82(0.11) 0.21(0.25) 0.79(0.25)
2 - 0.01(0.02) - 0.13(0.04) 0.86(0.04) 0.06(0.08) 0.94(0.08) 0.38(0.11) 0.62(0.11)

Pesqueiro 0 0.03(0.01) 0.03(0.02) 0.02(0.02) 0.06(0.05) 0.85(0.03) 0.12(0.07) 0.88(0.07) 0.05(0.09) 0.95(0.09)
1 - 0.03(0.04) 0.03(0.04) 0.05(0.05) 0.88(0.05) 0.04(0.05) 0.96(0.05) 0.33(0.16) 0.67(0.16)
2 - 0.05(0.04) - 0.06(0.08) 0.90(0.06) 0.06(0.03) 0.94(0.03) 0.23(0.09) 0.77(0.09)

Tyva 0 0.03(0.07) 0.04(0.02) 0.42(0.13) 0.41(0.14) 0.11(0.18) 0.27(0.13) 0.73(0.13) 0.36(0.26) 0.64(0.26)
Republic 1 0.09(0.12) 0.03(0.02) 0.18(0.13) 0.20(0.16) 0.49(0.22) 0.25(0.18) 0.75(0.18) 0.23(0.33) 0.77(0.33)

2 0.11(0.12) 0.01(0.02) 0.06(0.07) 0.23(0.16) 0.59(0.15) 0.19(0.14) 0.81(0.14) 0.28(0.24) 0.72(0.24)
Yasawa 0 - 0.59(0.08)) - - 0.41(0.08) - 1.00(0.00) - 1.00(0.00)

1 - 0.63(0.16) - - 0.37(0.16) - 1.00(0.00) - 1.00(0.00)
2 - 0.45(0.19) - - 0.55(0.19) - 1.00(0.00) - 1.00(0.00)
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Chapter 4

An extension to circular data in mixed-mode

definition

Summary: Circular (directional) data are relatively infrequent but commonly used

in weather data to describe the direction of winds. The von Mises distribution (Von

Mises, 1981) is widely used to model circular data. The von Mises density function

is

f(θ; ν, κ) = 1
2πI0(κ) exp (κ cos (θ − ν)), (4.1)

where ν ∈ [−π, π), κ ∈ [0,∞) and I0(κ) denotes the modified Bessel function of order

0, which is defined as

I0(κ) =
∞∑
k=0

(κ2/4)k
(k!)2 .

ν can be interpreted as the measure of location and κ is the measure of concentration,

which are analogous to the mean and precision of normal distribution.

A circular datum is in the form of an angle, θ ∈ [−π, π). The support of θ is

not limited to [−π, π); instead, it can be any interval of length 2π. The distance

(dissimilarity) measure dij between two angles θi and θj has been defined variously

in the literature.
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4.1 Introduction to circular data in cluster analysis

4.1.1 Literature review of clustering circular data

Due to the special nature of directional data, a straightforward clustering technique

can involve choosing a proper distance measure and then using traditional hierarchical

clustering methods. So the main difference in these types of clustering methods for

directional data are the definitions of the distance between two directional objects.

Ackermann (1997) proposed a distance measure as

dij = π − |π − |θi − θj||

with dij ∈ [0, 2π). Lund (1999) proposed the distance measure as

dij = 1− cos (θi − θj)

with dij ∈ [0, 2]. Kesemen et al. (2016) proposed the distance measure as

dij = ((θi − θj + π) mod 2π)− π

with dij ∈ [−π, π). A drawback of these methods is the assumption that the data are

distributed uniformly within each cluster.

Other researchers applied fuzzy clustering methods on directional data. The idea

of fuzzy clustering assumes each observation belongs to more than one cluster and

that weights related to the membership of an observation within each cluster can be

calculated by some well-defined function. A popular fuzzy clustering method is called

fuzzy C-means clustering (FCM) (Bezdek, 1981), which is analogous to K-means but

calculates a weight of each observation associated with every cluster.

Yang and Pan (1997) proposed a fuzzy clustering algorithm by adapting the clas-

sification maximum likelihood procedure (Yang, 1993) to directional data. An EM

algorithm was used to estimate the parameters of the von Mises distribution by max-

imizing the likelihood, which was also presented and compared in Kesemen et al.
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(2016). Based on the distance measure mentioned above, the main method proposed

by Kesemen et al. (2016) is a distribution-free fuzzy clustering method that extended

the FCM to directional data. The coefficients of an observation, xi, belonging to

every one of K clusters were defined as

ηij =
 K∑
k=1

(
||dij||
||dik||

) 2
m−1

−1

where m is the weighting fuzziness parameter and is generally chosen to be 2. Then

the center of each cluster at the (t+ 1)th iteration was updated by

φ
(t+1)
j =

φ(t)
j +

∑N
i=1

(
η

(t)
ij

)m
d

(t)
ij∑N

i=1

(
η

(t)
ij

)m + π

 mod 2π
− π.

4.1.2 Literature review of clustering mixed-mode data including circular

data

Clustering of mixed data containing numerical, binary, ordinal, categorical and direc-

tional features has rarely been discussed. Hendrickson (2014) presented a simulation

study of a distribution-free clustering method that is based on extending Gower’s

metric (Gower, 1971) to mixed data containing normal, categorical, directional and

functional types of variables. The dissimilarity metric was defined as

dij =
∑
f δ

(f)
ij d

(f)
ij∑

f δ
(f)
ij

,

where δ(f)
ij is 1 if both of the data xif and xjf are non-missing with respect to the fth

variable, and 0 otherwise. The d(f)
ij was defined as

d
(f)
ij =



|xif − xjf | if the fth variable is normal;

[
∫
T [xif − xjf ]2dt]

1
2 if the fth variable is functional;

π − |π − |xif − xjf || if the fth variable is directional;

1xif 6=xjf if the fth variable is categorical.

Driven by some marine data, which contains 2 normal variables and 2 circular

variables, Lagona and Picone (2012) applied the EM algorithm using a latent-class
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model by assuming the bivariate skew normal distribution for the normal data and

the bivariate Von Mises distribution (Singh et al., 2002) for the circular data indepen-

dently within each cluster. The structure of a latent-class model has been presented

in Equation (3.1).

4.2 Finite mixture model for mixed-mode data (recap)

We have discussed the finite mixture model for mixed-mode data in Chapter 3. Sup-

pose the whole data consist of n observations and m variables. Define the ith ob-

servation as xi = (xi1, . . . , xim). The finite mixture model assumes the data can be

separated into k disjoint clusters (components) where data within each cluster has

the same model. The pdf of an observation x can be defined as

f(x|Ω) =
K∑
k=1

ηkf(x|Θk) (4.2)

where Ω = (Ω1, . . . ,ΩK) denotes the whole set of parameters. In cluster k, Ωk =

(ηk,Θk), ηk denotes the probability of an observation x falling in this cluster and Θk

denotes the parameters of variables within the kth cluster.

In cluster analysis, one can assume a latent categorical variable z ∈ {1, . . . , K},

which follows the categorical distribution CK(η1, . . . , ηK), denoting the individual’s

cluster membership. Thus the pdf of the latent categorical variable z is

f(z|η) = η
1(z=1)
1 · · · η1(z=K)

K (4.3)

“Hence the finite mixture model can also be interpreted as the marginal distribution

of x based on the distribution of the variable pair (x, z).” (Marbac et al., 2017)

Thus the pdf of an observation x can be modified as

f(x|Ω) =
∑
z

f(x, z|Ω) =
∑
z

f(x|z = k,Θk)f(z|Ω) (4.4)

Then the likelihood of n observations x = (x1, . . . ,xn) is defined as

L(Ω|x) =
n∏
i=1

{∑
zi

f(xi|zi = k,Θk)f(zi|Ω)
}

(4.5)
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Now we want to extend the definition of mixed-mode data to circular data. By

assuming it follows the von Mises distribution, the circular variable at position j,Xj,

has parameters within cluster k defined as θj(k) = (νj(k), κj(k)). And the correspond-

ing pdf of an observation can be derived from equation 4.1:

f(xj|θj(k) = 1
2πI0(κj(k))

exp(κj(k) cos(xj − νj(k))).

Then the estimates of θj(k) in the M-step of EM algorithm (see Section 3.2) have the

following closed form:
ν̂

(s+1)
jk = arctan 2(∑N

h=1w
(s)
h(k) sin (xjh),

∑N
h=1w

(s)
h(k) cos (xjh))

κ̂
(s+1)
jk = A−1

(∑N

h=1 w
(s)
h(k) cos (xjh−ν

(s+1)
jk

)∑N

h=1 w
(s)
h(k)

) (4.6)

where arctan 2(y, x) is the 2-argument arctangent function, which satisfies

θ = arctan 2(y, x) = arctan(y
x

);

A−1(x) is the inverse function of A(κ) = I1(κ)/I0(κ), which can be calculated using

the following approximation (Fisher, 1995, Best and Fisher, 1981):

A−1(x) =


2x+ x3 + 5x5/6, x < 0.53

−0.4 + 1.39x+ 0.43/(1− x), 0.53 ≤ x < 0.85

1/(x3 − 4x2 + 3x), x ≥ 0.85

4.3 Introduction to copulas in cluster analysis

4.3.1 Using copulas in finite mixture model

Note that in deriving the joint probability density function of all the features, we

simply multiply each individual density together by assuming that all the variables

are independent. If this assumption does not hold, there’s a popular method of using

copulas to model all the densities in finite mixture model while accounting for the
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dependencies between variables. Therefore the density function of each cluster in

finite mixture model becomes the copula-based joint density function, i.e.,

f(x) =
K∑
k=1

ηkc(x|cluster k) (4.7)

where c(x|cluster k) is the joint density function of some copula in cluster k.

4.3.2 Literature review of finite mixture model using copulas

Kosmidis and Karlis (2016) showed a framework of applying the finite mixture model

with copulas on a different type of data by using the Expectation/Conditional Max-

imization method (ECM, Meng and Rubin, 1993), which is a variant of the EM

algorithm that relaxes the maximization step into several blocks. Their model allows

different clusters to not necessarily use the same copulas. For pure continuous data,

including bounded and unbounded scenarios, the use of copulas gives us closed-form

estimates of the copula parameters and variables’ marginal parameters. Therefore in

the maximization step of the ECM algorithm, marginal parameters are estimated first

with copula parameters fixed and then copula parameters are estimated with marginal

parameters fixed. Whereas the pure discrete data, such as binomial variables are as-

sumed to follow the multivariate binomial distribution and fitted by Gaussian copula

and Frank copula.

Marbac et al. (2017) proposed the Gaussian copula in the finite mixture model

for clustering mixed-mode data containing continuous (Gaussian distribution), integer

count (Poisson distribution) and ordinal (multinomial distribution) values. Thus the

joint CDF of an observation x in cluster k becomes

F (x|Θk) = Φm(Φ−1
1 (u1(k)), . . . ,Φ−1

1 (um(k))|0,Γk)

where uj(k) = Fj(xj|θj(k)) is the cdf of the univariate marginal distribution of variable

Xj, and Θk = (Γk,θ1(k), . . . ,θm(k)) denotes the parameters in cluster k. Model

parameters are estimated using the Gibbs sampler by assuming conjugate priors.
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By using the Gaussian copula, the dependencies of variables within each cluster are

included in the covariance matrix. But the drawback is also apparent, in that the

number of parameters is increased within the covariance matrix Γ.

4.4 Finite mixture model with Gaussian copula for mixed-mode data

4.4.1 Gaussian copula within clustering model

The model we describe here follows that given by Marbac et al. (2017). The Gaus-

sian copula (Hoff, 2007, Hoff et al., 2014) assumes a latent continuous vector y =

(y1, . . . , ym) following the multivariate normal distribution with mean 0 and positive

definite covariance matrix, i.e. y ∼ Nm(0,Γ). To simplify the problem, we can as-

sume the covariance matrix Γ has only values 1 in its diagonal. Thus the CDF of y

can be written as Φm(y) and the pdf can be defined as

φm(y) = |2πΓ|−
1
2 exp

(
−1

2y
TΓ−1y

)
(4.8)

By a property of the multivariate normal distribution, yj follows the standard normal

distribution marginally. If variable Xj follows a continuous distribution, such as the

normal or Von Mises distribution, yj can be defined as

yj = Φ−1
1 (uj) (4.9)

where uj = Fj(xj|θj) is the CDF of random variable Xj with distribution param-

eters θj. On the other hand, if variable Xj follows a discrete distribution, such as

binary, multinomial, or Poisson distribution, due to the non-continuity of the CDF

of discrete variables, yj can be any value within the interval Sj(xj) = (aj, bj] where

bj = Φ−1
1 (Fj(xj)) and aj = Φ−1

1 (Fj(x−j )) which is defined as the left-hand limit of

Fj at xj (Smith and Khaled, 2012). Define the continuous and discrete parts of an

observation xi and its latent Gaussian variable yi(k) in cluster k to be (xCi ,yCi(k)) and

(xDi ,yDi(k)) correspondingly. Then the CDF of an observation x in cluster k is written
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as

F (xi|Θk) = F (xCi |ΘC
k )× F (xDi |xCi ,ΘD

k )

= ΦmC (yCi(k)|0,ΓkCC)× ΦmD(yDi(k)|µDi(k),ΣD
k )

(4.10)

where Γk =

ΓkCC ΓkCD

ΓkDC ΓkDD

, µDi(k) = ΓkDCΓ−1
kCCx

C
i and ΣD

k = ΓkDD−ΓkDCΓ−1
kCCΓkCD.

And the pdf is

f(xi|Θk) = |ΓkCC |−
1
2 exp

{
−1

2(yCi(k))T (Γ−1
kCC − I)yCi(k)

} mC∏
j=1

fj(xij|θj(k))

× |2πΣD
k |−

1
2 exp

{
−1

2(yDi(k) − µDi(k))T (ΣD
k )−1(yDi(k) − µDi(k))

}
1{

yD
i(k): yD

i(k)∈S
D
i(k)

}.
(4.11)

See proof in Appendix C.2.

4.4.2 Bayesian framework of finite mixture model with Gaussian copula

To summarize, the parameters defined in the finite mixture model with the Gaussian

copula (FMM-GC) are listed below,

Ω = (Ω1, . . . ,ΩK),

Ωk = (ηk,Θk),

Θk = (Γk,θ1(k), . . . ,θm(k)),

θj(k) =



(µj(k), σ
2
j ) if variable j is a normal variable

(πj(k)) if variable j is a binary variable

(πj(k)1, . . . , πj(k)cj) if variable j is a categorical variable

(λj(k)) if variable j is a Poisson variable (count values)

(νj(k), κj(k)) if variable j is a circular variable

j = 1, . . . ,m, k = 1, . . . , K.
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The likelihood of n observations can be combined from (4.5) and (4.11):

L(Ω|x,y) = f(x,y|Ω)

=
n∏
i=1

 ∑
zi:zi=k

f(zi|Ω)f(xi|Θk)


(4.12)

The observed n observations and corresponding latent model structure can be

represented as (x,y, z) = (xi,yi, zi)ni=1. It is noted that (xi1 ,yi1 , zi1) ⊥ (xi2 ,yi2 , zi2)

for i1 6= i2 by the nature of independent samples. In addition, we assume that

parameters within one cluster are independent from parameters within other clusters,

i.e., θj1(k1) ⊥ θj2(k2) for any j1, j2 and k1 6= k2. Therefore the Bayesian framework of

sampling all the parameters using the Gibbs sampler can be outlined in the following

sampling scheme:

• Step 1: zi|(xi,Ω) ∼ Categorical(η1f(xi|zi=1,Θ1)
f(xi|Ω) , . . . , ηKf(xi|zi=K,ΘK)

f(xi|Ω) ), then the

continuous part yCi(k) is calculated directly and categorical part

yDi(k)|(xi, zi = k,Θk) ∼ NmD(µDk ,ΣD
k )1{

yD
i(k): yD

i(k)∈S
D
i(k)

}
• Step 2: θj(k)|(x,y, zi : zi = k,θj̄(k)) follows some distribution depending on the

type of variable Xj;

• Step 3: Γk|y(k) ∼ W−1(τ0 + n, V0 +∑n
i=1 y

T
i(k)yi(k));

• Step 4: η = (η1, . . . , ηK)|z ∼ Dirichlet(1 +∑n
i=1 1(zi=1), . . . , 1 +∑n

i=1 1(zi=K)).

The details and proof of all 4 steps are shown in Appendix (C.3). In Step 2, we

specify the type of variables to be one of normal, binary, categorical, Poisson and

circular. Due to the complexity of the posterior probability function, θj(k) cannot be

generated directly. There are some literature showing the sampling of θj(k) in Step

3 can be done using the Metropolis-Hastings algorithms (Marbac et al., 2017, Pitt

et al., 2006).
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4.5 Simulation results

To test the effect of the FMM-GC, we develop four simulations of mixed-mode data

and compare its results to the method using the finite mixture (FMM) model and the

extended Gower’s method (EGM) of Hendrickson (2014). The adjusted Rand index

(ARI) is applied to evaluate the accuracy of the cluster results. The ARI ranges from

-1 to 1 with 1 representing perfect separation and 0 representing random separation.

As we mentioned in the simulation study of Chapter 3, the silhouette score, which

shows the clarity of the cluster boundaries, is one of main indicators that explains

the accuracy of clustering methods. Note that the FMM-GC takes the correlations

between variables into account, which are not considered in the FMM. Thus we set

up four simulation cases and differentiate them based on two conditions (directions)

to investigate the performance of the three different models (Table 4.1). The detailed

settings of our simulations are shown in Appendix C.5.

Table 4.1: Simulation settings in two directions (clarity of cluster boundaries and variable
correlations)

Variable Correlations
Low High

Clarity of
Cluster Boundaries

Clearer Case 1 Case 3
Blurred Case 2 Case 4

The ARI of the FMM-GC, FMM and EGM from four simulation cases are shown

in Table 4.2. Note that the ARI of the FMM is the mean of ARIs from 100 repeated

processes due to the randomness of initial values in the FMM and the ARI of the

FMM-GC is the mean of ARIs from the last 400 iterations of the Gibbs sampler with

the first 600 iterations burned in. Some observations are listed below:

i. Overall, the FMM-GC works slightly better than random clustering but can

not beat the FMM in accuracy. It does not show the improvement of modeling

dependent data.
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ii. The accuracy of the FMM drops from case 1 (0.8963) to case 3 (0.4246) and case

2 (0.9698) to case 4 (0.7339), which indicates the damage from the dependency

of variables in each cluster. However it increases in the EGM (0.0047 vs 0.0138,

-0.0014 vs 0.3000), which indicates the robustness of distribution-free cluster

methods when dealing with the dependent data.

iii. The clarity of cluster boundaries (shown in the silhouette score) clearly influ-

ences the accuracy of the clustering methods (case 1 vs case 2, case 3 vs case

4), which agrees with our expectation.

Table 4.2: Adjusted Rand index of three clustering models on simulated data

Simulation Silhouette EGM FMM FMM-GC DescriptionScore

Case 1 0.1442 0.0047 0.8963 0.0101 Low variable correlations,
blurred cluster boundaries

Case 2 0.3413 -0.0014 0.9698 0.1420 Low variable correlations,
clearer cluster boundaries

Case 3 0.1630 0.0138 0.4246 0.0103 High variable correlations,
blurred cluster boundaries

Case 4 0.3389 0.3000 0.7339 0.0571 High variable correlations,
clearer cluster boundaries

4.6 Discussion

The poor performance in both computing time and accuracy of the FMM-GC in

the dependent data simulation is unexpected. Reasons for this phenomenon could

include:

i. The FMM uses the EM algorithm and provides the closed-form estimates for

every parameter during the updating process. In the contrast, the FMM-GC

uses the Gibbs sampler in the Bayesian framework that generates random values

from posterior distributions for the estimates of parameters, which may not

converge as well as the EM algorithm. In addition, the FMM-GC uses the
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one-step Metropolis-Hastings algorithm for the estimates of some parameters,

which adds another layer of approximation in computation.

ii. The FMM-GC is more complex than the FMM, which means the FMM-GC

requires more space to estimate additional parameters. Especially when the

Gaussian copulas are used, the estimates of the covariance matrices and the

generated samples from truncated multivariate normal distributions are big

burdens on the computation.
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Chapter 5

Discussion and Future Research

Compared to the distribution-free clustering methods, distribution-based methods

show benefits in computation, flexibility and accuracy. The computational complex-

ity of common distance-based clustering methods, which group data based on the

distance matrix, is O(n2) where n is the number of observations. As for model-based

clustering methods, such as the FMM, the computational complexity is O(n×mKTI)

where m is the number of variables, K is the number of clusters, T is the averaged

number of parameters of each variable, and I is the maximum of iterations to avoid

endless loops. In the case of non-sparse data, m << n, and K,T and I all can be con-

stant values less than the dimension of n, which implies that O(n×mKTI) < O(n2).

Therefore, it is time efficient to use the model-based clustering methods for large

datasets. What about the time complexity of the FMM-GC, in which we use the

Gibbs sampler to generate estimates of parameters? The computation of generating

a sample from a known posterior distribution should be O(1). But if it comes from an

unknown distribution based only on the formula of its pdf or CDF, which is very gen-

eral in reality, the computational complexity will vary based on the methods one uses.

For instance, the one-step Metropolis-Hastings algorithm only updates the current

parameter for one iteration in the Metropolis-Hastings framework and then moves on

to the next parameter. Even though the computational complexity of sampling one

estimate is O(1), it slows down the convergence of the whole process.

In terms of the flexibility of model-based clustering methods, they benefit from

the distributional assumptions of variables, both in univariate distributions and mul-
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tivariate distributions. Distribution assumptions, rather than burdening the method-

ology, help build statistical inference and grasp the potential connections hidden in

the data.

The copulas applied in Chapter 4 are solely Gaussian copulas. There are poten-

tially more copulas to incorporate into the finite mixture model such as the Frank

copula (Kosmidis and Karlis, 2016), Clayton copula, Gumbel copula, etc. Difficulties

of using copulas include the theoretical derivation of adapting them to mixed-mode

data if the EM or ECM algorithms are considered and the choice of proposal distri-

butions or priors if the Bayesian framework is considered.

There is another concern related to the label switching problem, since the label

of clusters are meaningless except to show which pair of observations fall in the same

cluster. It may lead to a scenario that two observations under the same cluster label

are assigned another label simultaneously during the updating of parameters, but this

switch does not change the nature of the cluster partition of these two observations.

This may influence the processing time and whether we find the global optimum.

Finding solutions to the label switching problem in our algorithm can be future work.
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Appendix A

Supplementary Materials of Chapter 2

In this section we include the simulation results in Chapter 2. The first figure (A.1)

shows the accuracy rate and processing time versus separation rate for mixed data

with different number of categorical variables. Then the second figure (A.2) shows

the accuracy rate and processing time versus separation rate for pure continuous

data with different number of categorical variables. The last figure (A.3) shows the

accuracy rate and processing time versus separation rate for pure discrete data with

different number of categorical variables.

66



0.
6

0.
8

1.
0

A
cc

ur
ac

y 
R

at
e

n= 2

0.
5

1.
0

10
.0

tim
e(

se
co

nd
s)

EM

LRM

GW

0.
6

0.
8

1.
0

A
cc

ur
ac

y 
R

at
e

n= 5

0.
5

1.
0

10
.0

tim
e(

se
co

nd
s)

0.
6

0.
8

1.
0

A
cc

ur
ac

y 
R

at
e

n= 10

0.
5

1.
0

10
.0

tim
e(

se
co

nd
s)

0.
6

0.
8

1.
0

A
cc

ur
ac

y 
R

at
e

n= 20

0.0 0.5 1.0 1.5 2.0

Overall Separation Rate

0.
5

1.
0

10
.0

tim
e(

se
co

nd
s)

0.0 0.5 1.0 1.5 2.0

Overall Separation Rate

Figure A.1: Accuracy rate and processing time versus separation rate for mixed data with
different number of categorical variables
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Figure A.2: Accuracy rate and processing time versus separation rate for pure continuous
data with different number of categorical variables
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Figure A.3: Accuracy rate and processing time versus separation rate for pure discrete
data with different number of categorical variables
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Appendix B

Supplementary Materials of Chapter 3

In this section we include the parameter settings for simulations in Chapter 3. First

four simulations (Table B.1 - B.4) are created for two groups (cultures) differentiated

in the equivalence of clustering structure in each group and the equivalence of the

distribution parameters within each cluster. The last simulation (Table B.5) is created

for five groups (cultures) with unequal clustering structures across groups and unequal

distribution parameters within each cluster.
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Table B.1: Parameter settings for Simulation 1 with equal clustering structures across 2 groups and equal distribution parameters
within each cluster.

Group Cluster η
normal Binary Categorical Poisson silhouette

X1 X2 X3 X4 X5 X6 Score

G1
C1 0.3 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.1999C2 0.4 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.3 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)

G2
C1 0.3 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.1763C2 0.4 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.3 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)

Table B.2: Parameter settings for Simulation 2 with unequal clustering structures across 2 groups but equal distribution parameters
within each cluster.

Group Cluster η
normal Binary Categorical Poisson silhouette

X1 X2 X3 X4 X5 X6 Score

G1
C1 0.3 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.2453C2 0.4 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.3 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)

G2
C1 0.1 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.0741C2 0.1 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.8 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)
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Table B.3: Parameter settings for Simulation 3 with equal clustering structures across 2 groups but unequal distribution parameters
within each cluster

Group Cluster η
normal Binary Categorical Poisson silhouette

X1 X2 X3 X4 X5 X6 Score

G1
C1 0.3 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.2332C2 0.4 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.3 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)

G2
C1 0.3 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2)

0.1862C2 0.4 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2)
C3 0.3 N (2, 1) N (−3, 2) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(3)

Table B.4: Parameter settings for Simulation 4 with unequal clustering structures across 2 groups and unequal distribution parameters
within each cluster

Group Cluster η
normal Binary Categorical Poisson silhouette

X1 X2 X3 X4 X5 X6 Score

G1
C1 0.3 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.1961C2 0.4 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.3 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)

G2
C1 0.1 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2)

0.0876C2 0.1 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2)
C3 0.8 N (2, 1) N (−3, 2) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(3)
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Table B.5: Parameter settings for Simulation 5 with unequal clustering structures across 5 groups and unequal distribution parameters
within each cluster

Group Cluster η
normal Binary Categorical Poisson silhouette

X1 X2 X3 X4 X5 X6 Score

G1
C1 0.3 N (−2, 1) N (3, 1) B(0.4) B(0.1) C(0.1, 0.2, 0.7) Poi(1)

0.1646C2 0.4 N (0, 1) N (0, 1) B(0.4) B(0.9) C(0.2, 0.3, 0.5) Poi(4)
C3 0.3 N (3, 1) N (2, 2) B(0.7) B(0.5) C(0.3, 0.4, 0.3) Poi(10)

G2
C1 0.1 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2)

0.0250C2 0.1 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2)
C3 0.8 N (2, 1) N (−3, 2) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(3)

G3
C1 0.6 N (−3, 1) N (0, 1) B(0.3) B(0.3) C(0.3, 0.4, 0.3) Poi(5)

0.1670C2 0.2 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2)
C3 0.2 N (2, 1) N (−3, 2) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(3)

G4
C1 0.3 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2)

0.1154C2 0.2 N (−2, 1) N (10, 2) B(0.5) B(0.5) C(0.5, 0.2, 0.3) Poi(0.1)
C3 0.5 N (0, 1) N (7, 2) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(1)

G5
C1 0.4 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2)

0.3993C2 0.4 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2)
C3 0.2 N (8, 1) N (3, 1) B(0.3) B(0.9) C(0.1, 0.6, 0.3) Poi(0.1)
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Appendix C

Supplementary Materials of Chapter 4

C.1 Von Mises distribution

As is shown in Fisher (1995), the Bessel function Ip(κ) can be approximately esti-

mated by

Ip(κ) =
∞∑
r=0

1
(r + p)!r!

(1
2κ
)2r+p

where p = 0, 1, . . . . Then

I0(κ) = ∑∞
r=0

1
(r!)2

(
1
2κ
)2r

d
dκ
I0(κ) = ∑∞

r=0
1

(r!)2 r
(

1
2κ
)2r−1

= ∑∞
r=1

1
(r−1)!r!

(
1
2κ
)2r−1

= I1(κ)

Thus

A(κ) = I1(κ)
I0(κ) =

d
dκ
I0(κ)
I0(κ) .

A simple and reasonably accurate calculation of A−1(κ) was shown in Fisher (1995)

and originally used in Best and Fisher (1981):

A−1(x) =


2x+ x3 + 5x5/6, x < 0.53

−0.4 + 1.39x+ 0.43/(1− x), 0.53 ≤ x < 0.85

1/(x3 − 4x2 + 3x), x ≥ 0.85

C.2 pdf of Gaussian copula in one cluster

In cluster k, let Θk denote the whole set of parameters used in the cluster, which

includes two sets of parameters ΘC
k and ΘD

k . ΘC
k stands for the set of parameters
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used in continuous types of variables such as normal and Von Mises variables, and

ΘD
k stands for the set of parameters used in discrete types of variables such as binary,

multinomial and Poisson variables. Let θj(k) denote the parameters of variable Xj.

For an observation xi = (xi1, . . . , xim), we define the corresponding latent vector

yi = (yi1, . . . , yim)T , which becomes yi(k) = (yi1(k), . . . , yim(k))T in cluster k. Without

loss of generality, the first mC variables, xCi = (xi1, . . . , xi mC ), are assumed to be

continuous while the last mD variables, xDi = (xi mC+1, . . . , xim) are discrete with

m = mC + mD. Recall that the covariance matrix of Gaussian copula is defined as

Γk. Then the pdf of cluster k having observation xi can be decomposed as

f(xi|Θk) = f(xCi ,xDi |Θk) = f(xCi |ΘC
k )f(xDi |xCi ,ΘD

k ) (C.1)

To differentiate the continuous and discrete parts, Γk can be decomposed into a 2×2

block matrix:

Γk =

ΓkCC ΓkCD

ΓkDC ΓkDD


where ΓkCC is of mC ×mC dimension and ΓkDD is of mD ×mD dimension.

For the continuous part of (C.1), the latent Gaussian variable satisfies yij(k) =

Φ−1
1 (uj(k)) where uj(k) = Fj(xij|θj(k)). Because both Φ−1

1 (·) and Fj(·) are continuous

functions, xij|θj(k) 7→ yij(k) is a one-to-one projection. Thus ∂yij(k)
∂xij

satisfies:

fj(xij|θj(k)) = ∂uij(k)

∂xij
= ∂uij(k)

∂yij(k)

∂yij(k)

∂xij
= φ(yij(k))

∂yij(k)

∂xij

⇒
∂yij(k)

∂xij
= φ−1

1 (yij(k))fj(xij|θj(k)).

Then the pdf of continuous part becomes:

f(xCi |ΘC
k ) = ∂

∂xCi
ΦmC (yCi(k)|0,ΓkCC)

= φmC (yCi(k)|0,ΓkCC)
mC∏
j=1

∂yij(k)

∂xij

= φmC (yCi(k)|0,ΓkCC)
mC∏
j=1

φ−1
1 (yij(k))fj(xij|θj(k))

(C.2)
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where yCi(k) = (yi1(k), . . . , yi mC(k)) is the set of latent variables corresponding to xCi .

For the discrete part of (C.1), the latent Gaussian variable yDi(k), which is associ-

ated with xDi , is no longer fixed due to the non-continuous property of the CDF of

discrete variables. So the projection from xDi to yDi(k) is one-to-many, which satisfies:

Fj(xij − 1|θj(k)) < Φ1(yij(k)) ≤ Fj(xij|θj(k))

⇒yij(k) ∈ Sij(k) = (aij(k), bij(k)] := (Φ−1
1 (Fj(xij − 1|θj(k))),Φ−1

1 (Fj(xij|θj(k)))].

Thus the ∂yij(k)
∂xij

satisfies:

∂yij(k)

∂xij
= 1{yij(k):yij(k)∈Sij(k)}.

In addition, the discrete part is a conditional probability based on the continuous

part. Thus the mean and covariance matrix of yDi(k) are modified as follows (Eaton,

1983):

µDi(k) = ΓkDCΓ−1
kCCx

C
i

ΣD
k = ΓkDD − ΓkDCΓ−1

kCCΓkCD.

Then the pdf of discrete part becomes:

f(xDi |xCi ,ΘD
k ) = φmD(u|µDi(k),ΣD

k )1{
u:u∈SD

i(k)

} (C.3)

where SDi(k) = (Si mC+1(k), . . . , Sim(k)) are the support of yDi(k) corresponding to the

observed data xDi .

Therefore based on (C.2) and (C.3), the pdf of cluster k having observation xi
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can be written as:

f(xi|Θk) = f(xCi |ΘC
k )× f(xDi |xCi ,ΘD

k )

= φmC (yCi(k)|0,ΓkCC)
mC∏
j=1

φ−1
1 (yij(k))fj(xij|θj(k))

× φmD(u|µDi(k),ΣD
k )1{

u:u∈SD
i(k)

}
= |ΓkCC |−

1
2 exp

{
−1

2(yCi(k))T (Γ−1
kCC − I)yCi(k)

} mC∏
j=1

fj(xij|θj(k))

× |2πΣD
k |−

1
2 exp

{
−1

2(u− µDi(k))T (ΣD
k )−1(u− µDi(k))

}
1{

u:u∈SD
i(k)

}
C.3 Gibbs sampler

C.3.1 Step 1, generating latent membership variable zi and latent

Gaussian variables (yij(k))

zi ∈ {1, . . . , K} is defined as the latent categorical variable denoting the class mem-

bership of observation xi. We can assume that the prior of zi follows the categorical

distribution

zi|η ∼ C(η1, . . . , ηK).

A non-informative prior can be used with η1 = · · · = ηK = 1
K
. Thus the posterior

pdf of zi can be derived from (4.7) and (4.4)

f(zi|xi,Ω) ∝ f(xi|zi,Ω)f(zi|η)

∝ f(xi|zi,Ω)η1(zi=1)
1 · · · η1(zi=K)

1

= (η1f(xi|zi,Ω))1(zi=1) · · · (ηKf(xi|zi,Ω))1(zi=K)

Thus the posterior distribution of zi follows the categorical distribution as

zi|(xi,Ω) ∼ C
(
η1f(xi|zi = 1,Θ1)

f(xi|Ω) , . . . ,
ηKf(xi|zi = K,ΘK)

f(xi|Ω)

)
.

As it mentioned in Marbac et al. (2017), the calculation of f(xi|Ω) involves the

integral of the discrete part and it will be time consuming whenmD is large (mD > 6).
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So as they suggested, the one iteration of the Metropolis-Hastings algorithm can be

applied to sample the couple (zi,yi). Based on the (4.11), we can derive that

f(zi,yi|x,Ω) ∝ f(zi|η)f(yi|zi = k,xi,Θk)

∝ 1
K
× φmC (yCi(k)|0,ΓkCC)× φmD(yDi(k)|µDi(k),ΣD

k )1{
yD
i(k): yD

i(k)∈S
D
i(k)

}.
Note that the first mC elements (continuous part) of yi(k) are determined directly

given (xi,Ω) (4.9), so the target function g(zi,yi|xi,Ω) only involves the last mD

elements (discrete part) of yi(k), which follows a multivariate normal distribution

truncated on SDi(k):

g(zi,yDi |xi,Ω) = φmD(yDi(k)|µDi(k),ΣD
k )1{

yD
i(k): yD

i(k)∈S
D
i(k)

}.
The proposal distribution q1((zi,yi)|(z′i,y′i)) is decomposed into two steps. First,

zi|z′i is generated non-informatively by assuming the discrete uniform distribution:

q11(zi|z′i) = 1
K
.

Second, the proposal distribution for generating yDi(k)|yD′i(k), zi = k directly uses the

multivariate normal distribution:

q12(yDi(k)|yD′i(k), zi = k) = φmD(yDi(k)|yD′i(k),ΓkDD).

Thus the logarithm of the Metropolis-Hastings acceptance ratio is

ρi(k) = log g(z(Can)
i ,y

D(Can)
i |x,Ω)− log g(z(Cur)

i ,y
D(Cur)
i |x,Ω)

+ log q12(yD(Cur)
i(k) |yD(Can)

i(k) , zi = k)− log q12(yD(Can)
i(k) |yD(Cur)

i(k) , zi = k).

Therefore, the process of generating (zi,yi) at iteration (s) works as follows:

1. Get initial values for (z(s)
i ,y

D(s)
i(k) ), k = 1, . . . , K.
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2. Sample (z(s+1)
i ,y

D(s+1)
i(k) ) from its pdf:

f((z(s+1)
i ,y

D(s+1)
i(k) )|(z(s)

i ,y
D(s)
i(k) ))

= q11(z(s+1)
i |z(s)

i )× q12(yD(s+1)
i(k) |yD(s)

i(k) , z
(s)
i = k)

= 1
K
φmD(yD(s+1)

i(k) |yD(s)
i(k) ,ΓkDD).

3. Calculate the log Metropolis-Hastings acceptance ratio ρi(k).

4. Sample ui(k) from uniform distribution U(0, 1).

5. If ρi(k) > log ui(k), set (z(s)
i ,y

D(s)
i(k) ) = (z(s+1)

i ,y
D(s+1)
i(k) ), otherwise remain the

current state (z(s)
i ,y

D(s)
i(k) ).

C.3.2 Step 2, generating parameters within clusters, (θj(k))

θj(k) is defined as the parameter vector used for modeling the distribution of variable

j. As a result, its prior distribution varies based on the variable type. The likelihood

of the data can be derived from (4.11). Thus the posterior pdf of θj(k) can be written

as

f(θj(k)|x,y[j̄], z,Θk[j̄]) ∝ f(θj(k))
∏

{i:zi=k}
f(xi|yi(k), zi = k,Θk)

∝ f(θj(k))
∏

{i:zi=k}

{
φmC (yCi(k)|0, (Γ−1

kCC − I)−1)
mC∏
l=1

fl(xil|θl(k))

× φmD(yDi(k)|µDi(k),ΣD
k )1{

yD
i(k): yD

i(k)∈S
D
i(k)

}
(C.4)

where Θk[j̄] =
{
Θk \ θj(k)

}
, y[j̄] = (y1[j̄], . . . ,yn[j̄]) and yi[j̄] = {yi \ yij}. Here,

{A \B} is the notation for set A with element B omitted.

Since both yCi(k) and SDi(k) are functions of θj(k), the complexity of the posterior pdf

of θj(k) shows that it cannot be generated directly. But once θj(k) is given, both yCi(k)

and SDi(k), then yDi(k) can be generated easily. So the one iteration of the Metropolis-

Hastings algorithm is applied to generate θj(k). The posterior pdf of θj(k) in (C.4)
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can be simplified to the target distribution:

g(θj(k)|x,y[j̄], z,Θk[j̄]) = f(θj(k))
∏

{i:zi=k}

{
φmC (yCi(k)|0, (Γ−1

kCC − I)−1)fj(xij|θj(k))
}

×
∏

{i:zi=k}

φmD(yDi(k)|µDi(k),ΣD
k )1{

yD
i(k): yD

i(k)∈S
D
i(k)

} .
The proposal distribution q2(θj(k)|θ′j(k)) is defined by assuming the independence of

each variable and using the conjugate distributions that depend on the variable type

(See specification in Appendix (C.4)). Therefore our logic of generating θj(k) at

iteration (s) works as follows:

1. Get initial values for θj(k), j = 1, . . . ,m.

2. Sample θ(s+1)
j(k) from the pdf that is proportional to q2(θ(s+1)

j(k) |·) with some nor-

malizing constant.

3. Calculate the log Metropolis-Hastings acceptance ratio ρj(k):

ρj(k) = log g(θ(s+1)
j(k) |·)− log g(θ(s)

j(k)|·) + log q2(θ(s)
j(k)|·)− log q2(θ(s+1)

j(k) |·).

4. Sample uj(k) from uniform distribution U(0, 1).

5. If ρj(k) > log uj(k), set θ(s)
j(k) = θ

(s+1)
j(k) , otherwise remain θ(s)

j(k).

6. Repeat 1-5 for K times corresponding to K clusters.

C.3.3 Step 3, generating parameters associated with Gaussian copula, Γk

Γk is defined as the variance-covariance matrix of the Gaussian copula. Hoff (2007)

suggested the inverse-Wishart distribution as a conjugate prior of Γk, i.e.,

Γk ∼ W−1(V0, τ0)
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Then the posterior pdf of Γk can be derived as:

f(Γk|zi,y(k)) ∝
∏
i:zi=k

f(yi(k)|Γk)f(Γk)

∝
∏
i:zi=k

{
|Γk|−

1
2 exp

{
−1

2y
T
i(k)Γ−1

k yi(k)

}}

×
{
|Γk|−

τ0+m+1
2 exp

{
−1

2 tr(V0Γ−1
k )

}}

= |Γk|−
τ0+n+m+1

2 exp

−1
2

 ∑
i:zi=k

yTi(k)Γ−1
k yi(k) + tr(V0Γ−1

k )


= |Γk|−
τ0+n+m+1

2 exp

−1
2

 ∑
i:zi=k

tr
(
yTi(k)Γ−1

k yi(k)
)

+ tr(V0Γ−1
k )


= |Γk|−

τ0+n+m+1
2 exp

−1
2

 ∑
i:zi=k

tr
(
yi(k)y

T
i(k)Γ−1

k

)
+ tr(V0Γ−1

k )


= |Γk|−
τ0+n+m+1

2 exp

−1
2

tr
 ∑

i:zi=k
yi(k)y

T
i(k) + V0

Γ−1
k


Thus the posterior distribution of Γk follows the inverse-Wishart distribution with

parameters (τ0 + n,
∑
i:zi=k yi(k)y

T
i(k) + V0), i.e.,

Γk|(x,y,θk) ∼ W−1(τ0 + n,
∑
i:zi=k

yi(k)y
T
i(k) + V0)

From Hoff (2007), the parameters of the prior distribution can be set as τ0 = m + 2

and V0 = (m+ 2)I.

C.3.4 Step 4, generating parameters between clusters, η

η = (η1, . . . , ηK) ∈ (0, 1)K is defined as the probability of an observation falling in

each cluster, which satisfies ∑K
k=1 ηk = 1. Thus we can assume the prior of η follows

the Dirichlet distribution with non-informative parameters

η ∼ D(1, . . . , 1).

Then the posterior pdf of η can be derived from (4.3)

f(η|z) ∝
n∏
i=1

f(zi|η)f(η)

∝ η
∑n

i=1 1(zi=1)
1 · · · η

∑n

i=1 1(zi=K)
K .
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Thus the posterior distribution of η = (η1, . . . , ηK)|z follows the Dirichlet distribution

with parameters (1 +∑n
i=1 1(zi=1), . . . , 1 +∑n

i=K 1(zi=K)), i.e.,

η = (η1, . . . , ηK)|z ∼ D(1 +
n∑
i=1

1(zi=1), . . . , 1 +
n∑
i=1

1(zi=K)).

C.4 Specification of proposal distribution of different type of

variables

In this section, we will differentiate the type of variable Xj which leads to different

settings of θj(k) to create the conjugate distributions. In the end, the posterior pdf

of variable Xj at cluster k will be used as the proposal distribution for θj(k). To

simplify the notation, we use q2(θj(k)|·) to denote the proposal distribution.

C.4.1 Normal Variable

If Xj is a normal variable, Xj is assumed to follow the normal distribution sepa-

rately in K clusters with parameters θj(k) = (µj(k), σ
2
j(k)), i.e.,

Xj|cluster k ∼ N(µj(k), σ
2
j(k)).

Then the conjugate prior of (µj(k), σ
2
j(k)) can be defined as

σ2
j(k) ∼ Γ−1(ck, Ck)

µj(k)|σ2
j(k) ∼N (bk,

σ2
j(k)

nk
)
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where (ck, Ck, bk) are some constant numbers that can be set randomly; nk is the

number of observations in cluster k. Then the posterior pdf of (µj(k), σ
2
j(k)) is

f(µj(k), σ
2
j(k)|x,y(k), z,Θk) ∝ f(σ2

j(k))f(µj(k)|σ2
j(k))

∏
i:zi=k

f(xij|µj(k), σ
2
j(k))

∝

(σ2
j(k))−ck−1 exp

− Ck
σ2
j(k)



(σ2

j(k))−
1
2 exp

− nk
2σ2

j(k)
(µj(k) − bk)2


(σ2

j(k))−
nk
2 exp

− 1
2σ2

j(k)

∑
i:zi=k

(µj(k) − xij)2




= (σ2
j(k))−(nk2 +ck+1+ 1

2 ) exp

− 1
2σ2

j(k)

2Ck + nk(µj(k) − bk)2 +
∑
i:zi=k

(µj(k) − xij)2


= (σ2

j(k))−(α+1+ 1
2 ) exp

− 1
2σ2

j(k)

[
2β + λ(µj(k) − ν)2

]
where

ν = 1
2

bk + 1
nk

∑
i:zi=k

xij


λ = 2nk

α = nk
2 + ck

β = Ck + 1
2
∑
i:zi=k

x2
ij + 1

2nkb
2
k −

nk
4

bk + 1
nk

∑
i:zi=k

xij

2

.

Thus the posterior distribution of (µj(k), σ
2
j(k)) follows the normal-inverse-gamma dis-

tribution, i.e.,

(µj(k), σ
2
j(k))|(x,y(k), z,Θk) ∼ N− Γ2(ν, λ, α, β).

Then the proposal distribution can be obtained as:

q2(θj(k)|·) = q2((µj(k), σ
2
j(k))|·)

= (σ2
j(k))−(α+1+ 1

2 ) exp

− 1
2σ2

j(k)

[
2β + λ(µj(k) − ν)2

] .
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C.4.2 Circular Variable

If Xj is a circular variable, Xj is assumed to follow the von Mises distribution

separately in K clusters with parameters θj(k) = (νj(k), κj(k)), i.e.,

Xj|cluster k ∼ VM(νj(k), κj(k)).

Guttorp and Lockhart (1988) present the conjugate prior of (νj(k), κj(k)) to be

f(νj(k), κj(k)) ∝
[
I0(κj(k))

]−ck exp
{
κj(k)Rk cos(νj(k) − vk)

}

where (ck, Rk, vk) are constants that can be set as (0, 0, 0) for non-informative knowl-

edge. Then the posterior pdf of (νj(k), κj(k)) becomes

f(νj(k), κj(k)|x,y(k), z,Θk) ∝ f(νj(k), κj(k))
∏
i:zi=k

f(xij|νj(k), κj(k))

∝
[
I0(κj(k))

]−ck exp
{
κj(k)Rk cos(νj(k) − vk)

}
∏
i:zi=k

{[
I0(κj(k))

]−1
exp

{
κj(k) cos(xij − νj(k))

}}

=
[
I0(κj(k))

]−(ck+nk)
exp

{
κj(k)R

′
k cos(νj(k) − v′k)

}
(C.5)

where (R′k, v′k) satisfies
R′k cos v′k = Rk cos vk +∑

i:zi=k cosxij

R′k sin v′k = Rk sin vk +∑
i:zi=k sin xij.

=⇒


R′k =

√(
Rk cos vk +∑

i:zi=k cosxij
)2

+
(
Rk sin vk +∑

i:zi=k sin xij
)2

v′k = arctan
(
Rk sin vk+

∑
i:zi=k

sinxij
Rk cos vk+

∑
i:zi=k

cosxij

)
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The last equation of (C.5) can be proved by

Rk cos(νj(k) − vk) +
∑
i:zi=k

cos(xij − νj(k))

=Rk cos νj(k) cos vk +Rk sin νj(k) sin vk +
∑
i:zi=k

cosxij cos νj(k) +
∑
i:zi=k

sin xij sin νj(k)

= cos νj(k)(Rk cos vk +
∑
i:zi=k

cosxij) + sin νj(k)(Rk sin vk +
∑
i:zi=k

sin xij)

= cos νj(k)R
′
k cos v′k + sin νj(k)R

′
k sin v′k

=R′k cos(νj(k) − v′k).

Then the proposal distribution can be obtained as:

q2(θj(k)|·) = q2((νj(k), κj(k))|·)

=
[
I0(κj(k))

]−(ck+nk)
exp

{
κj(k)R

′
k cos(νj(k) − v′k)

}

Therefore the last question will be sampling (νj(k), κj(k)) from the posterior pdf

(C.5). Mulder and Klugkist (2015) present a MCMC method by sampling two pa-

rameters νj(k)|(κj(k),x) and κj(k)|(νj(k),x), respectively:

f(νj(k)|κj(k),x) ∝ exp
{
κj(k)R

′
k cos(νj(k) − v′k)

}
f(κj(k)|νj(k),x) ∝

[
I0(κj(k))

]−(ck+nk)
exp

{
κj(k)R

′
k cos(νj(k) − v′k)

}

It is clear that νj(k)|(κj(k),x) follows the von Mises distribution with parameters

(v′k, κj(k)R
′
k), whereas the distribution of κj(k)|(νj(k),x) is not easily generated. Thus

we propose the one iteration Metropolis-Hastings algorithm to sample it. It consists

of 6 steps:

1. Set initial values for κ(Cur)
j(k) .

2. Sample νj(k) such that νj(k)|(κ(Cur)
j(k) ,x) ∼ VM(v′k, κ

(Cur)
j(k) R′k).

3. Sample κ(Can)
j(k) such that κ(Can)

j(k) ∼ χ2(κ(Can)
j(k) | df = κ

(Cur)
j(k) ).
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4. Calculate the log Metropolis-Hastings acceptance ratio

ρk = log f(κ(Can)
j(k) |νj(k),x)− log f(κ(Cur)

j(k) |νj(k),x)

+ logχ2(κ(Cur)
j(k) | df = κ

(Can)
j(k) )− logχ2(κ(Can)

j(k) | df = κ
(Cur)
j(k) )

5. Sample uk such that uk ∼ U(0, 1).

6. If ρk > log uk, set κ(Cur)
j(k) = κ

(Can)
j(k) , otherwise remain at κ(Cur)

j(k) .

C.4.3 Binary Variable

If Xj is a binary variable, Xj is assumed to follow the Bernoulli distribution

(binomial distribution with number of trials equal to 1) separately in K clusters with

parameters θj(k) = πj(k), i.e.,

Xj|cluster k ∼ Binomial(1, πj(k)).

Then the conjugate prior of πj(k) can be defined as

πj(k) ∼ Beta(αk, βk)

where (αk, βk) are some constant numbers that can be set randomly. The Jeffreys’

prior sets αk = βk = 1
2 . Then the posterior pdf of πj(k) is

f(πj(k)|x,y(k), z,Θk) ∝ f(πj(k))
∏
i:zi=k

f(xij|πj(k))

∝
{
παk−1
j(k) (1− πj(k))βk−1

} ∏
i:zi=k

π
xij
j(k)(1− πj(k))1−xij


= π

αk−1+
∑

i:zi=k
xij

j(k) (1− πj(k))
βk−1+nk−

∑
i:zi=k

xij

Thus the posterior distribution of πj(k) follows the Beta distribution, i.e.,

πj(k)|(x,y(k), z,Θk) ∼ Beta(αk +
∑
i:zi=k

xij, βk + nk −
∑
i:zi=k

xij).

Then the proposal distribution can be obtained as:

q2(θj(k)|·) = q2(πj(k)|·)

= π
αk−1+

∑
i:zi=k

xij

j(k) (1− πj(k))
βk−1+nk−

∑
i:zi=k

xij
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C.4.4 Categorical Variable

If Xj is a categorical variable, Xj takes one of cj values from {1, . . . , cj} and then

can be assumed to follow the categorical distribution separately in K clusters with

parameters θj(k) = (πj(k)(1), . . . , πj(k)(cj)), i.e.,

Xj(k) ∼ Categorical(πj(k)(1), . . . , πj(k)(cj)).

where cj is the number of categories of variable Xj. Then the conjugate prior of

(πj(k)(1), . . . , πj(k)(cj)) can be defined as

(πj(k)(1), . . . , πj(k)(cj)) ∼ Dirichlet(dj(k)(1), . . . , dj(k)(cj))

where (dj(k)(1), . . . , dj(k)(cj)) are some positive integers that can be set randomly. The

non-informative prior sets dj(k)(1) = · · · = dj(k)(cj) = 1. Then the posterior pdf of

(πj(k)(1), . . . , πj(k)(cj)) is

f(θj(k)|x,y(k), z,Θk) ∝ f(θj(k))
∏
i:zi=k

f(xij|θj(k))

∝
{ cj∏
t=1

π
dj(k)(t)−1
j(k)(t)

} ∏
i:zi=k

cj∏
t=1

π
1(xij=t)

j(k)(t)


=

cj∏
t=1

π
dj(k)(t)−1+

∑
i:zi=k

1(xij=t)

j(k)(t)

Thus the posterior distribution of (πj(k)(1), . . . , πj(k)(cj)) follows the Dirichlet distribu-

tion, i.e.,

(πj(k)(1), . . . , πj(k)(cj))|(x,y(k), z,Θk) ∼ Dirichlet((dj(k)(t) +
∑
i:zi=k

1(xij=t))
∣∣∣
t=1,...,cj

).

Then the proposal distribution can be obtained as:

q2(θj(k)|·) = q2((πj(k)(1), . . . , πj(k)(cj))|·)

=
cj∏
t=1

π
dj(k)(t)−1+

∑
i:zi=k

1(xij=t)

j(k)(t)
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C.4.5 Poisson Variable

If Xj is a Poisson variable, Xj is assumed to follow the Poisson distribution sepa-

rately in K clusters with parameters θj(k) = λj(k), i.e.,

Xj|cluster k ∼ Poisson(λj(k)).

Then the conjugate prior of λj(k) can be defined as

λj(k) ∼ Gamma(αk, βk)

where (αk, βk) are some constant numbers that can be set randomly. The Jeffreys’

prior of the Poisson distribution sets αk = 1
2 and βk = 0. Then the posterior pdf of

λj(k) is

f(λj(k)|x,y(k), z,Θk) ∝ f(λj(k))
∏
i:zi=k

f(xij|λj(k))

∝
{
λαk−1
j(k) exp

{
−βkλj(k)

}} ∏
i:zi=k

λ
xij
j(k) exp

{
−λj(k)

}
= λ

αk−1+
∑

i:zi=k
xij

j(k) exp
{
−(βk + nk)λj(k)

}
Thus the posterior distribution of λj(k) follows the Gamma distribution, i.e.,

λj(k)|(x,y(k), z,Θk) ∼ Gamma(αk +
∑
i:zi=k

xij, βk + nk).

Then the proposal distribution can be obtained as:

q2(θj(k)|·) = q2(λj(k)|·)

= λ
αk−1+

∑
i:zi=k

xij

j(k) exp
{
−(βk + nk)λj(k)

}

C.5 Simulation Settings

The parameter settings of generating simulated data is shown in Table (C.1). Note

that the silhouette score is used to evaluate the clarity of cluster boundaries. To

determine the correlations between variables, we define the correlation vector ρ =
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(ρ1, . . . , ρK) of size K which equals to the total number of clusters predefined. each

element in ρ is the correlation parameter in the corresponding cluster. The procedure

of creating simulated mixed-mode data is working as follows:

i) For each cluster, say cluster k, simulate nk observations from them-dimensional

multivariate normal distribution with mean zero and covariance matrix equals

1 ρk · · · ρk

ρk 1 · · · ρk

· · · · · · · · · · · ·

ρk · · · ρk 1


ii) Given an observation in cluster k, convert it into the new type based on the

setting of each variables as follows:

x′j(k) =



xj(k) ∗ σ + µ if it’s a normal variable Xj ∼ N (µ, σ2)

xj(k)/κ+ ν if it’s a circular variable Xj ∼ VM(ν, κ)

1[xj(k)<p] if it’s a binary variable Xj ∼ B(p)∑cj
t=1 1[xj(k)>pj(k),t] if it’s a categorical variable Xj ∼ C(pj(k))

(xj(k)
2 + λ)2 if it’s a Poisson variable Xj ∼ Poi(λ)

where pj(k) = (pj(k),1, . . . , pj(k),cj)
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Table C.1: Parameter settings of generating simulated data in 4 cases

Simulation Cluster η
normal Binary Categorical Poisson Circular Silhouette

ρ
X1 X2 X3 X4 X5 X6 X7 Score

Case 1
C1 0.3 N (1, 1) N (1, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2) VM(1.2π, 5)

0.1442
0

C2 0.4 N (3, 1) N (0, 1) B(0.6) B(0.4) C(0.5, 0.4, 0.1) Poi(2) VM(π, 5) 0
C3 0.3 N (2, 1) N (−1, 1) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(3) VM(0.8π, 5) 0

Case 2
C1 0.3 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2) VM(1.2π, 5)

0.3413
0

C2 0.4 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2) VM(π, 5) 0
C3 0.3 N (8, 1) N (3, 1) B(0.3) B(0.9) C(0.1, 0.6, 0.3) Poi(0.1) VM(0.8π, 5) 0

Case 3
C1 0.3 N (1, 1) N (1, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2) VM(1.2π, 5)

0.163
0.7

C2 0.4 N (3, 1) N (0, 1) B(0.6) B(0.4) C(0.5, 0.4, 0.1) Poi(2) VM(π, 5) 0.8
C3 0.3 N (2, 1) N (−1, 1) B(0.5) B(0.5) C(0.2, 0.2, 0.6) Poi(3) VM(0.8π, 5) 0.9

Case 4
C1 0.3 N (0, 1) N (3, 1) B(0.8) B(0.1) C(0.1, 0.2, 0.7) Poi(2) VM(1.2π, 5)

0.3385
0.7

C2 0.4 N (3, 1) N (0, 1) B(0.2) B(0.9) C(0.5, 0.4, 0.1) Poi(2) VM(π, 5) 0.8
C3 0.3 N (8, 1) N (3, 1) B(0.3) B(0.9) C(0.1, 0.6, 0.3) Poi(0.1) VM(0.8π, 5) 0.9
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