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ABSTRACT

In this thesis, we use the Clebsch map to construct cubic surfaces with twenty-seven
lines in PG(3, q) from 6 points in general position in PG(2, q) for ¢ = 17,19, 23, 29, 31.
We classify the cubic surfaces with twenty-seven lines in three dimensions (up to e-
invariants) by introducing computational and geometrical procedures for the classi-
fication. All elliptic and hyperbolic lines on a non-singular cubic surface in PG(3, q)
for ¢ = 17,19, 23,29, 31 are calculated. We define an operation on triples of lines on a
non-singular cubic surface with 27 lines which help us to determine the exact value of
the number of Eckardt point on a cubic surface. Moreover, we discuss the irreducibil-
ity of classes of smooth cubic surfaces in PG(19,C), and we give the corresponding

codimension of each class as a subvariety of PG(19,C).
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CHAPTER 1

INTRODUCTION

The intensive study of a cubic surface started in 1849, when the British mathemati-
cians Salmon and Cayley published the results of their correspondence on the number
of lines on a non-singular cubic surface (see [6], Pages 118-132 and [26], Pages 252-
260). Moreover, Cayley and Salmon show that a non-singular cubic surface over the
complex field contains exactly twenty-seven lines. In 1858, Schléfli ([27]) found the
helpful notation for the complete figure formed by these 27 lines. Clebsch constructed
the famous Diagonal surface in ([7], Pages 284-345) and showed that it contained 27
real lines. In 21% century, mathematicians can do even more in addition to making
static models, they can use computers to manipulate them interactively. For this
purpose, we have the following important theorem of Clebsch ([7], Pages 359-380).

Theorem: Every non-singular cubic surface can be represented in the plane using
4 plane cubic curves through six points in general position and vice versa.

In 1849, Cayley and Salmon showed that a general cubic surface over the com-
plex field contains exactly 27 lines [6]. However Cayley observed that through each
line of a non-singular cubic surface, there are 5 planes meeting it in two other lines
and these planes are called tritangent planes. Further he showed that the equa-
tion of a non-singular cubic surface can be written as Ly LoLs + L)L, L5 = 0 where
Ly, Ly, L3, L}, L}, L are certain homogeneous linear polynomials in 4 variables. These
homogeneous linear polynomials are associated to objects called trihedral pairs (see
Section 3.2). In 1858 Schléfli introduced the double-six theorem, namely

Theorem: (Schlafli [27]) Given five skew lines ay,as, as, aq,a; with a single



transversal bg such that each set of four a; omitting a; has a unique further transver-
sal b;, then the five lines by, ba, b3, by, b5 also have a transversal ag. These twelve lines
form a double-six.

A double-six in PG(3,k) is a set of 12 lines, namely

a; ag a3 a4 Qa5 Gag
D :
by by b3 by bs; bg
such that each line only meets the five lines which are not in the same row or column.
The main property of a double-six is that it determines a unique cubic surface

with 27 lines.

There are three main related problems stated in [17], namely
1. Characterize when a double-six exists over GF(q).

2. Determine the particular properties of cubic surfaces over GF(q). For exam-
ple, the number of Eckardt points on a line of the cubic surface, arithmetical

properties of cubic surface and configuration of Eckardt points.
3. Classify the cubic surfaces with twenty-seven lines over GF(q).

Problem (1) has been solved, Problem (2) has seen much progress in [18]. In this
thesis, we will discuss the Problem (2) in more detail when ¢ > 6 and ¢ is prime by
defining an operation on the triples of lines on a non-singular cubic surface with 27
lines. Furthermore, we will discuss the Problem (3) by classifying the non-singular
cubic surfaces with 27 lines in PG(3, ¢) up to e-invariants. In fact, every non-singular
cubic surface with 27 lines in PG(3, q) is a blow-up of PG(2, ¢) at six points in general
position (such a configuration of points is a 6-arc not on a conic). In general, an r-arc
(r > 3) in PG(2,q) is a set of r points no three of them on the same line. The
e-invariants of a non-singular cubic surface . with 27 lines are eg, €1, €9, €3, where
e, denotes the number of points of . that lie on exactly r lines of .. So e3 is the

number of Eckardt points of ..



A non-singular cubic surface . with 27 lines is said to be of type [eg, €1, €, e3] if
€, €1, €2, €3 are the e-invariants of .. Two non-singular cubic surfaces with 27 lines,
namely . and .’ are said to be equivalent if they have the same type.

For an r-arc K in PG(2,q), we define the isotropy subgroup of K as follows:
G(K) = PGLs(g), = {1 € PGLa(g) : 7(K) = K},

where PGL3(q) is the projective general linear group over GF(q). Moreover, two

r-arcs K and K’ in PG(2, q) are said to be projectively equivalent if
PGLg(q)K = PGLg(q)’C,

In this case, two 5-arcs, namely F and JF’, are projectively distinct if they have
different isotropy groups. Similarly, two 6-arcs, namely S and &', are projectively
distinct if they have different isotropy groups.

To find the equation of a non-singular cubic surface . with 27 lines, we consider

a 6-arcs not on a conic S, where
S: {Pl,PQ,Pg,P4,P5,P6}.

There exists one half of a double-six on the corresponding non-singular cubic surface
< with 27 lines, namely

a1, ag, as, a4, as, ae,

such that if S* is the set of points on the lines a; then the restriction of the Clebsch

map (see Section 3.1, Section 3.6) is a bijection
s: S\S" = PG(2,9)\S.

If we find all 15 bisecants of & and the six conics €;, where € is a conic through

the 5 points of S except P;, then we get 30 plane cubic curves of the form V(- P,P;),

and 15 plane cubic curves of the form V(P P; - PP, - P, P,).



Among the 45 plane cubics above we choose four base cubic curves through S

wi = V()
Wy = V(W)
ws = V(W3),
wy = V().

The corresponding tritangent planes on . are chosen as

T, = V(Ilw,),
Ty = V(Iyy,),
Ty = V¥ (Ilyy,),
Ty = V(Ilw,),

where ITyy, is a linear form defining 7, and corresponds to the cubic form W; defin-
ing w;. Every tritangent plane on ./ can be written as a linear combination of
HWU HWQ, HW3 and HW4.

We choose one trihedral pair among the 120 trihedral pairs, namely

Tiog:  co3 bs as > Ty = V()
as €13 by > Ty = V()
by ay C12 ~ T, = V()

§ § §

Tsg T T,

V(HWS) V<HW3) V(HWJ )

where 7, , Ty, Ty, Tw, are the 4 tritangent planes on .# corresponding to the six
plane cubics wy, ws, w3, w, which pass through S. The tritangent planes on ., which
correspond to the third row and third column, are respectively m,, = V(Ily,) and

7, = V(IIyy,). Consequently, the equation of the non-singular cubic surface .7 is

= V(HW1HW2HW1 + AHWQHW4HW]'>’



where the plane cubics W;, W, can be written as a linear combination of the four base
cubics Wy, Wy, W3, Wy and A is some non-zero element in GF'(q).

The classification of 5-arcs and 6-arcs (up to the group of projectivities), and
the classification of the non-singular cubic surfaces with twenty-seven lines (up to
e-invariants) over the finite fields of seventeen, nineteen, twenty-three, twenty-nine,
and thirty-one elements are the main theme of this work. In fact, the later theme
helps me to discuss the non-singular cubic surface with 27 lines and m Eckardt points.

Among the k-arcs with interesting properties are the 5-arcs and 6-arcs. In the be-
ginning of our work, we prove that there are 2,4, 2,4 and 4 projectively distinct 5-arcs
in the projective planes PG(2,q) for ¢ = 17,19, 23,29, 31 respectively. Furthermore,
we prove that there are 9,10, 8, 10 and 11 projectively distinct 6-arcs in the projective
planes PG(2, q) for ¢ = 17,19, 23,29, 31 respectively. Amongst the 9,10,8,10 and 11
projectively distinct 6-arcs, in PG(2, q) for ¢ = 17,19, 23,29, 31, there are 6,8,6,7 and
9 of which do not lie on a conic respectively.

The projectively distinct 6-arcs not on a conic in the projective planes PG(2, q) for
q = 17,19,23,29,31 all correspond to non-singular cubic surfaces with twenty-seven
lines in PG(3, q) for ¢ = 17,19, 23,29, 31. These surfaces fall into equivalence classes
up to e-invariants which will be defined in Section 3.3.

In Hirschfeld [17], the existence of a cubic surface which arises from a double-six
over the finite field of order four was considered. In Hirschfeld [18], the existence and
the properties of the cubic surfaces over the finite field of odd and even order was
discussed and classified over the fields of order seven, eight, nine. Cubic surfaces with
twenty-seven lines over the finite field of thirteen elements are classified in [2]. In this
thesis, a non-singular cubic surfaces with twenty-seven lines over the finite field of
seventeen, nineteen, twenty-three, twenty-nine, and thirty-one elements are classified
up to e-invariants, and hence they are classified up to the number of Eckardt points.

For ¢ < 16, an upper and lower bound for the number of Eckardt points on a



non-singular cubic surface over GF'(q) are given in [16]. The exact value of maximum
number of Eckardt points over GF(13) is discussed in [2]. However, in our work,
we count the exact value of maximum and minimum number of Eckardt points on a
non-singular cubic surface in PG(3,q) for ¢ = 17,19,23, 29, 31.

When all 27 lines on a non-singular cubic surface are defined over GF(q), the
total number of elliptic lines on cubic surface is always even [21]. In our work,
we determined which even number of elliptic lines can occur depending on some
conditions related to the number of Eckardt points on cubic surface. The arithmetic
of all elliptic and hyperbolic lines on a non-singular cubic surface in PG(3,q) for
q=17,19,23,29, 31 are indicated in Section 3.6.

In Chapter 4 of the thesis, we classify classes of smooth cubic surfaces with 27 lines
in PG(19, k) up to Eckardt points where k = C or k = GF(q) for ¢ > 7 and ¢ is prime.
By considering configurations of 6 points in general position in the projective plane
PG(2,k), we can describe subsets of projective space PG(19, k) that correspond to
non-singular cubic surfaces with m Eckardt points. Recall that a non-singular cubic
surface, namely X, can be viewed as the blow up of PG(2,k) at 6 points in general
position. Furthermore, there are 45 tritangent planes on X. Classification of cubic
surfaces with m Eckardt points, have been studied by Segre 1946 [28]. However, we
give another way to classify cubic surfaces and give the possible number of Eckardt
points on them. Moreover, we discuss the irreducibility of classes of smooth cubic
surfaces in PG(19,C), and we give the codimension of each class as a subvariety of
PG(19,C).

The main results in our work are

Theorem 2.3. There are respectively 2,4,2,4 and 4 projectively distinct 5-arcs
in PG(2,q) for ¢ =17,19,23,29, 31.

Theorem 2.4. There are respectively 9,10,8,10 and 11 projectively distinct 6-arcs
in PG(2,q) for ¢ = 17,19, 23,29, 31.



Theorem 3.5. Let . be a non-singular cubic surface with 27 lines. Then for
q=17,19,23,29, 31, the minimal and maximum value for ez are given in Table 3.3.

Theorem 3.6. For ¢ = 17,19, 23,29, 31, the possible number of elliptic lines on
a non-singular cubic surface with 27 lines over GF'(q) are represented by the entries
of Table 3.4.

Let .#)(q) denotes the smooth cubic surface with j Eckardt points over GF(q)
that corresponds to the 6-arcs S not on a conic in PG(2, q). Then we get the following
facts.

Theorem 3.7. There are 4,7,5,7,9 distinct non-singular cubic surfaces with 27
lines (up to e-invariants) in PG(3,q) for ¢ = 17,19, 23,29, 31 respectively, namely,

LM AT),m=1,3,4,6.

M (19),m = 2,3,4,6,9,10, 18.
ZM(23),m =1,2,3,4,6.

M (29),m = 0,1,2,3,4,6, 10.

M (31),m =0,1,2,3,4,6,9, 10, 18.

Corollary 3.1. The maximal number of Eckardt points on a non-singular cubic
surfaces with 27 lines in PG(3,q) for ¢ = 17,19,23,29, 31, are 6, 18,6, 10, 18 respec-
tively. Moreover, the minimal number of Eckardt points on a non-singular cubic
surfaces with 27 lines in PG(3, q) for ¢ = 17,19, 23,29, 31, are 1,2, 1,0, 0 respectively.

Corollary 3.2. The number of elliptic lines on a non-singular cubic surfaces with
27 lines in PG(3,q) for ¢ = 17,19,23,29, 31 is either 0 or 12 or 16.

Corollary 3.3. For ¢ odd prime, the number of elliptic lines on a non-singular
cubic surfaces . (q) with 27 lines in PG(3, q) is 12.

Corollary 3.4. For ¢ odd prime, the number of elliptic lines on a non-singular
cubic surfaces . (q) with 27 lines in PG(3,q) is 12.

Corollary 3.5. For g odd prime, all the 27 lines on a non-singular cubic surfaces

18 (g) with 27 lines in PG(3,q); ¢ = 1(mod 3) are hyperbolic.



Corollary 3.6. For ¢ odd prime, the number of elliptic lines on a non-singular
cubic surfaces with 27 lines, .7 (q) in PG(3,q), is 16.

Theorem 4.1. For ¢ > 7 and ¢ prime, any non-singular cubic surface with 27
lines .(%)(q) is of type [(¢ — 10)* +9,27(q — 9), 135,0].

Theorem 4.2. For ¢ > 7 and ¢ prime, any non-singular cubic surface with 27
lines .#(V(q) is of type [(q — 10)%2 + 8,27(q — 9) + 3,132, 1].

Theorem 4.3. For ¢ > 7 and ¢ prime, the only non-singular cubic surfaces

with 27 lines and all points lying on those lines, i.e, surfaces of type [0, ey, e, e3], are
ZU8(7), #00(11) and #19(13).

Let T be the set of all triples of lines on a non-singular cubic surface .#. Define

(L) = (cr:...:c) EPY
= class of coefficients of ¢ as a point in P}’
={\(c1,...,co0) : A € K"},
Sem = {c(.#) € P} : .7 is a smooth cubic surface in P} },
T® .= {t € T : lines of ¢t form an Eckardt point},
S .= {¢(.F) € Sy : . has at least m Eckardt points},
EMR) = {¢(.) € S® : # has m Eckardt points}
E® = {¢() €e E?? : . has t;,t, € T® with one common line},
E® = {¢() e E®? : . has t;,t, € T® with no common line}.
Then we get
Lemma 4.2.2. Let T = {t;,to,t3}, 7" = {t],t5,t5} be two triads constructed
by some lines on . where ¢(.) € Sg,. Then T can transformed to 7" via some
permutations and quadratic transformations.
Proposition 4.1. Let t; = (l1lal3),ta = (111515) and t3 = (I{151%) be three triples

in T. Then



1.ifty Nty =1, ty Nty = 1" and to, Nt3 = 1”. Then [,I',!” have common point.

Furthermore, if ({1/{{{) forms an Eckardt point, namely E, then E € [N{'N{".

2. if t; and ty form 2 Eckardt points, namely FE;, F5 respectively, then t3 forms

another Eckardt points, namely Fs3 so that Ey, Fs, F3 are collinear.

Proposition 4.2. Let .¥ be the non-singular cubic surface that corresponds to

o) € S?®. Then
1. If ¢(.#) € E® then .# has two Eckardt points of one of the following kinds:
(a)  (aabpcap), (aarbscarp),
(b)  (arbscrs), (arbscrst),
(©) (aibjciz); (ChnmnCis),
(d)  (CoyCauCpq)s (CoyCuqCpz),

where a, B, a*, *,r, s, 7%, s i, j,m,n, k, h,z,y,z,w,p,q € {1,...,6}. Further-

more, {(a)} ~ {(b)} ~{(¢)} ~ {(d)}.
2. If ¢() € E® then . has two Eckardt points of one of the following kinds:
(&) (cinCjmenn), (aibjciz),
(b)) (CayCautpg)s (CupCyqCaz),
where i, j,m,n, k, h,z,y, z,w,p,q € {1,...,6}. Furthermore, {(a)} ~ {(b)}.
Proposition 4.3.

1. Any non-singular cubic surface . that corresponds to c¢(.#) € E® has exactly

three Eckardt points.

2. Any non-singular cubic surface .# that corresponds to c(.#) € E) has exactly

two Eckardt points.



Corollary 4.2. For ¢ > 7 and ¢ prime, every non-singular cubic surface .7 (q)
that corresponds to ¢(.#®) € E? is of type [(¢ — 10)% 4+ 7,27(q¢ — 9) + 6,129, 2].

Corollary 4.3. For ¢ > 7 and ¢ prime, every non-singular cubic surface .7 (q)
that corresponds to c¢(.#®) € E®) is of type [(¢ — 10)% 4 6,27(¢ — 9) + 9, 126, 3].

Define the following classes of Sq,,

g ._ ) )€ E4Y . .7 has TVt C T® such that
t has three common line with T ’
E©) .— c(.#) € E6Y . & has TVt CT® such that
t has one common line with T 7
E©) c(.#) e EWY . has TVt C T® such that
t has no common line with T’
Then we get

Proposition 4.4. Let .% be the non-singular cubic surface that corresponds to
c(.#) € E®. There are two possible kinds for the set 7'V ¢ (as in Definition 3.6).

Corollary 4.4. Any non-singular cubic surface .# that corresponds to ¢(.%) €
E® has exactly 4 Eckardt points and one triad.

Corollary 4.5. For ¢ > 7 and ¢ prime, every non-singular cubic surface .#®(q)
that corresponds to c(.7®) € E® is of type [(¢ — 10)? +5,27(¢ — 9) + 12,123, 4].

Proposition 4.5. Let .¥ be the non-singular cubic surface that corresponds to
c(.#) € E®). There are 3 possible kinds for the set 7'V ¢ (as in Definition 4.6).

Corollary 4.6. Let .# be a non-singular cubic surface that corresponds to ¢(.) €
E®). Then .7 has exactly 6 Eckardt points and 4 triads which contain 15 lines among
the 27 lines on cubic surface.

Corollary 4.7. For ¢ > 7 and ¢ prime, every non-singular cubic surface .#(%(q)

that corresponds to ¢(.#©) € E© is of type [(¢ — 10)? + 3,27(¢ — 9) + 18,117, 6].
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Proposition 4.6. Let . be a non-singular cubic surface that corresponds to
c(.#) € E®. There is one possible kind for the set TV ¢ (as in Definition 4.6).

Corollary 4.8. Let .# be a non-singular cubic surface that corresponds to ¢(.) €
E®. Then .7 has exactly nine Eckardt points and 12 triads.

Corollary 4.9. For ¢ > 7 and ¢ prime, every non-singular cubic surface .7 (q)
that corresponds to ¢(.7) € E® is of type [(¢ — 10)%,27(¢ — 8), 108, 9].

Theorem 4.4. Let . be a non-singular cubic surface with the six triples
{t1,1ta,t3,t4, 5,16} mentioned in the proof of Corollary 4.6, and let ¢; be another
triple on ., that is t; € T®\{t; :i € {1,...,6}}. Then

I. .% has at least 10 Eckardt points and at least 10 triads if all lines of t; are in

common with one of the 4 triads generated by ti,..., .
IT. Otherwise, . has at least 18 Eckardt points and at least 42 triads.

Let E1? and E(®) denote the subsets of E1010) and E1810) respectively that corre-
spond to the non-singular cubic surfaces of kind I and I of Theorem 4.4 respectively.
Note that according to Theorem 4.4, the two sets E(%19) and E(!810) are subsets of
E®4 . Then we get

Corollary 4.10. The non-singular cubic surfaces that corresponds to members
in E'? and EM® have exactly 10 and 18 Eckardt points respectively.

Corollary 4.11. For ¢ > 7 and ¢ prime, every non-singular cubic surface .#(19 (q)
that corresponds to ¢(.7(19) € E10 is of type [(¢ — 10)? — 1,27(q — 8) + 3,105, 10].

Corollary 4.12. For ¢ > 7 and ¢ prime, every non-singular cubic surface 1% (q)
that corresponds to c(.7(*8)) € E(® is of type [(¢ — 10)% —9,27(q — 7), 81, 18].

Proposition 4.7. Let . be a cubic surface that corresponds to ¢(.) € S® with
4 triples, namely the set 7'V t mentioned in Corollary 4.4. Let ¢ € T® be another
triple on . whose all lines in common with 7. Then ¢(.¥) € E®.

Proposition 4.8. E®4 yE®4 = S6) = §6),
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Proposition 4.9. E@4 yE1010) yE1810) = §(7) = S6) = SO
Proposition 4.10. S1?9 = E(10,10)  E(18,10),

Proposition 4.11.

S(ll) — 8(12) _ 8(13) — S(14) — 8(15) — S(16) _ S(l?) — S(IS) _ ]E(l&l(]).

Corollary 4.13. For every k > 18, we have S*) = (.

Proposition 4.12. Let s = k123456 € Sg and

t ={Q1,Q2,Q3, 123(Pys), 0123(Fs5), p123(Fs) }-

Then

blw, P% = blw, P},
In particular, if s’ € Sg is obtained from s via quadratic transformation, then
blw, P% = blwy P%.

Lemma 4.3.1. Let K := {3 = Kia3456 € Sg : N(12,34,56) # (Z)}. Then KO is
an irreducible subset of S¢ and codim KM = 1.
Theorem 4.8. SU is an irreducible subset of Sy, with codimension 1.

Lemma 4.3.2. Let
K(2) = {8 = K193456 € S6 : /\(12, 34, 56) = {P7} and N (12,35,46) = {Pg}}

Then K® is an irreducible subset of Sg and codim K®) = 2.
Theorem 4.9. E@ is an irreducible subset of S, with codimension 2.

Lemma 4.3.3. Let
K(3) = {S = K123456 € S¢ : /\(12, 34, 56) = {P7} and N (13,45, 26) = {Ps}}

Then K® is an irreducible subset of Sg and codim K®) = 2.

Theorem 4.10. E® is an irreducible subset of Sy, with codimension 2.
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Corollary 4.14. SM and S® are closed subset of S,,,. Moreover, S©® has two
irreducible components E® and E® in S,,, with codimension 2.

Lemma 4.3.4. Let
K(4) = {S = K123456 € Sﬁ . /\(13, 24, 56) == {P7} and l12, l13 tangents to Cgl}

Then K® is an irreducible subset of Sg and codim K@ = 3.
Theorem 4.11. E® is an irreducible subset of Sy, with codimension 3.

Lemma 4.3.5. Let
K® .= {3 = K123456 € S¢ : N(14,23,56) = {Pr} and lis, 113 tangents to ‘51}.

Then K© is an irreducible subset of S¢ with codim K©) = 3.
Theorem 4.12. E© is an irreducible subset of S,,, with codimension 3.

Lemma 4.3.6. Let s = k193456 € S¢ and define

K s € Sg: N(12,34,56) = {Ps},A(15,24,36) = {P;} and

l14 tangent to €, at Py

Then K® is an irreducible subset of S¢ with codimension equal 3.
Theorem 4.13. E® is an irreducible subset of S, with codimension 3.
Corollary 4.15. E® E® and E® are closed subset of S,,,.

Lemma 4.3.7. Let s = K123456 € S@ and define

K(0) s € Se: AN(12,34,56) = {Pr}; A(14,23,56) = {FPs} and

l19, 113 tangents to 6,
Then K9 is an irreducible subset of S¢ with codimension equal 4.

Theorem 4.14. E(9 is an irreducible subset of S,,, with codimension 4.

Lemma 4.3.8. Let s = k193456 € Sg and define

K09) s € Sg: A(15,24,36) = {Pr}; A(14,23,56) = {FPs} and

l12, l13 tangents to €,
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Then K® is an irreducible subset of S¢ with codimension equal 4.

Theorem 4.15. E'®) is an irreducible subset of S, with codimension 4.
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CHAPTER 2

CLASSIFICATION OF 6-ARCS OVER SOME FINITE FIELDS

The principal aim of this chapter is to classify all the projectively distinct 6-arcs in
the projective plane, namely PG(2,q) for ¢ = 17,19,23,29,31. A great deal of work
has been done on classifying the 6-arcs in the projective plane over the Galois field
of order g for ¢ =2,...,9. A detailed account of these results can be found in ([15],
Pages 389-413).

This chapter is subdivided into 7 sections as follows: Section 2.1 consists of some
preliminary results on Galois fields, projective plane and projective space, and pro-
jectivities. Section 2.2 and Section 2.3 deal with some aspects of k-arcs and conics in
PG(2,q) for later reference.

Section 2.4, Section 2.5 and Section 2.6 proceeds from the projectively distinct
5-arcs to the construction of the projectively distinct 6-arcs and their group of pro-
jectivities with the help of a computer program. In Section 2.7 we will give some

facts about the blow up of the plane at six points in general position.

2.1 THE FUNDAMENTAL THEOREM OF PROJECTIVE GEOMETRY

A Galois field is a finite field with ¢ = p" elements, where p is a prime number and
h is a natural number. This field is denoted by GF(q) or F,. The prime number p
is called the characteristic of this field and it is also the smallest integer such that
px = 0 for all z in this field.

Let f(x) be an irreducible polynomial of degree h over F,, then



So

th = {Oéo + Oéot 4+ ...+ Oéhflthil a7 € Fp}

If g is a prime then the elements of F, can be represented as the residue classes
(mod ¢). Therefore,
F,={0,1,...,q—1}.

As an example,

Fir = {0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15, 16}
= {0, 41, +2, +3, +4, +5, +6, +7, +8}.

Here the operations addition and multiplication are performed (mod 17).

The elements of F,, ¢ = p", satisfy,

q

x4 —x =0,

and there exists 8 in [, such that

F,=1{0,1,8,...,87?}

where (3 is called a primitive element or primitive root of F,.

The (n + 1)-dimensional vector space F®" ™! over an arbitrary field F and with
origin 0 is denoted by V = V(n + 1,F). We define an equivalent relation on V\{0}
as follows: Let X,Y € V\{0} and for some basis X = (zq,...,2,),Y = (Yo, -, Yn)-
Then we say that X is equivalent to Y and we write X ~ Y if there is t € F\{0}
such that Y = tX. The equivalence classes of previous relation are just the one-
dimensional subspaces of V' with the origin deleted. The set of equivalence classes
is the n-dimensional projective space over F which is denoted by PG(n,F) or, if

F = GF(q), by PG(n,q) =P;. That is

Vin+1,0)\{0}

Y

PG(”?Q) =
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A subspace of dimension m, or m-space, of PG(n,F) is a set of points all of whose
representing vectors form (together with the origin) a subspace of dimension m+ 1 of
V(n 4+ 1,F). Subspaces of dimension zero, one, two and three are respectively called
a point, a line, a plane, and a solid. A subspace of dimension n — 1 is called a prime
or a hyperplane. So a prime is the set of points P(X) whose vectors X = (xq,...,z,)
satisfy an equation agxrg + a1z + ... + a,x, = 0 where «; € F. Let 11, denote an
r-space and let F = GF(q). If S and S’ are two n-dimensional projective spaces,
then a collineation ¥ : S — S’ is a bijection which preserves incidence; that is, if
I, C I, C S then %(II,) C %(II,) C 5.

For example, consider the projective plane PG(2,7), and let
¥ : PG(2,7) —» PG(2,7) defined by (x¢,x1,x2) — (3x2,xo + 322,21 + 3x2).

Then ¥ is a collineation which preserves incidence. In fact, ¥ is a bijection. Fur-
thermore, ¥ maps the line L := V(zg — x2) to the line V(zy + z1). Note that
P:=(0:1:0)€V(xg—z3) and 3(P)=(0:0:1) € (L) = V(zg + z1).

If the point P(X) is the equivalence class of the vector X, then we will say that
X is a vector representing P(X). Then, a projectivity > : S — S’ is a bijection given
by a non-singular matrix 77 if P(X’) = X(P(X)), then tX' = XT where X’ and
X are coordinate vectors for P(X') and P(X) respectively, and ¢ € F\{0}. Write
¥ = M(T), then X = M(AT) for any A\ € F\{0}.

For instance, the collineation in previous example, namely 32, is a projectivity and

Y = M(AT') where
010
=100 1
3 3 3
Recall that the projective linear group PGL(n,q) is the group of projectivities
of PG(n — 1,q). The general linear group GL(n,q) is the group of all non-singular
matrices of V(n,q) = V(n,F) where F = GF(q). Write Z(G) for the center of the
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group G. Let Z = Z(GL(n,q)). Then Z = {tln it e F\{O}}, I, is the identity of
GL(n,q). Then PGL(n,q) is isomorphic to GL(n,q)/Z.

Theorem 2.1. ([15], Pages 30-31)[The fundamental theorem of projective geometry]

Let S be a projective subspace of PG(n,q), then

1. If ¥’ : S — Sis a collineation, then ¥’ = 0¥ where ¢ is an automorphism of the
field and X is a projectivity. In particular if F = GF(p") and P(X') = ¥/(P(X))
then there exists m in {1,2,...,h}, t;; in IF such that for 4, j in {0,1,2,...,n},
and t in Fy we have

tX'=X""T
where X?" = (2", ..., 27")
and T = (t;;),4,7 € {0,1,2,...,n};
that is, @) = a8 to; + ... + 2P by

2. It {P,...,Popa}, {P,..., P.,,} are sets of n+ 2 points of PG(n,F) such that
no n + 1 points chosen from the same set lie in a prime (or, in the language of
k-arcs, the two sets form an (n+ 2)-arc), then there exists a unique projectivity

¥ such that P/ = X(F;), for all ¢ in {1,2,...,n+ 2}.
For example, consider the points
P :=(1:0:0),P,:=(0:1:0), P5:=(0:0:1) and Py:=(1:1:1),

in PG(2,7). The unique projectivity ¥; which respectively maps the points Py, P,
P5 and Py into the points P := X;(Py), Py = X;(P), P = %;(P3) and P := %,(Py)
is shown in Table 2.1.

2.2 PROJECTIVE PLANE AND K-ARCS

Recall from Section 2.1, PG(n,q) is defined as the n-dimensional projective space

over GF(q). In PG(n,q) there is principle of duality, that is, there is a dual space
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Table 2.1: The unique projectivity >;

i [Si(wo: @i a))= | P, Py, Py, Pir |
1| (xg:xy:mg) Py, P,, P3, P,
2 | (xo:wg—x0:20—11) | Po, P5, Py, P
3 ($1—[L’22$125L‘1—$0) Pg,P4,P1,P2
4 (ZEO—$1IZEO—J]22ZEO) P4,P1,PQ,P3
5 | (w1 :m: xo) Py, P, P, Py
6 | (g —mxp:x9: 29— 1) | P, P3, Py, Ps
7T | (v 2 — 320 —10) | P3, Py, Po, P,
8 | (xo—mg:xg—a1:20) | Py, P, P, P
9 | (w9:x1: m0) P3, Py, Py, Py
10 (xg—xlzxg—xo 352) Py, Py, Py, Ps
11| (z1—2o: a1 01 —23) | Pr, Py, P3, Py
12 | (xg: 29— o : 29— 21) | Py, P3, Po, Py
13 | (wo: 29— : 20— 22) | Py, P, P3, Py
14 | (22 : 2 : 1) P, P, Py, Py
15 | (g — a1 1wyt x9 —x0) | P, P, Py, Po
16 (Qfl—ifoi.lfl—.fl?gi.fl?l) P],P4,P2,P3
17 | (zo : z2: 1) Py, B3, Py, Py
18 | (wo: a9 —my :x9 —x0) | P3, Pa, Py, Py
19 | (x1 — 29 :my —x0:21) | Py, Py, Pp, Ps
20 | (xo—m:xo: 20— x2) | Py, P1, P, Py
21 | (xo —mo: a9 — a1 1 o) | P1, Py, Py, P
22 | (x1:2 —x0:x1 —@a) | P, Py, P3, P
23 ($0—l’22$0 ZEQ—QTl) P4,P3,P1,P2
24 | (wq: w9 : ) P3, P, P5, P,

PG(n, q)* whose points and primes are respectively the primes and points of PG(n, q).
For any theorem true in PG(n,q), there is an equivalent theorem true in PG(n,q)*.
In particular, if T is a theorem in PG(n,q) stated in terms of points, primes, and
incidence, the same theorem is true in PG(n,q)* and gives a dual theorem T* in
PG(n, q) by interchanging (point) and (prime) whenever they occur. Thus (join) and
(meet) are dual. Hence the dual of an r-space in PG(n,q) is an (n — r — 1)-space.

In particular, in PG(2, q), point and line are dual; in the projective space PG(3, q)
point and plane are dual, whereas the dual of a line is a line in 3-dimensional projective
space ([15], Page 31).

In the projective plane PG(2,q), each point P is joined to the remaining points
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by a pencil which consists of ¢ + 1 lines; each of these lines contains P and ¢ other

points. Hence the plane contains
g+ D) +1=¢+q+1

points, and by duality a plane contains ¢®> + ¢ + 1 lines. The integer ¢ is called the
order of the plane.

A set K of r > 3 points in a finite projective plane such that no three of them
are collinear is called an r-arc. A line containing exactly one point of K is called a
tangent or a unisecant of IC. A line containing two points of I is called a bisecant of
KC, and a line that does not contain any points of IC will be called an exterior line of
K.

For example, in PG(2,7), the bisecants, the tangents and the exterior lines of a
4-arc, namely

K:={(1:0:0),(0:1:0),(0:0:1),(1:1:1)},

are shown in Table2.2.

An r-arc containing ¢ + 1 points for ¢ odd and ¢ + 2 points for ¢ even, is called
an oval.

A subset ¥ of PG(n,q) is a variety over GF'(q) if there exist homogenous poly-

nomials Fy,..., F, in GF(q)[xo,...,z,] such that

Vv ={P(A) € PG(n,q): F1(A) =...=F,(A) =0}
= V(F,...,Ey),
where GF(q)[xo,...,2,] is the polynomial ring in xg,...,z, over GF(q) and the
points P(A) are the points of 7.
A variety V(F) determined by one homogenous polynomial is called a hypersur-

face. A hypersurface in PG(2,q) is called a curve, and hypersurface in PG(3,q) is

called a surface. The degree of a hypersurface is the degree of F'.
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Table 2.2: The bisecants, tangents and exterior lines of a 4-arc IC

lines of K ‘ tangents of C ‘ bisecants of IC ‘
V(ZBO + a1 + ZL'Q) (l‘o — T — 3(172) V(.TL‘O + 3[L‘1) V(ZL'Q)
V(xg — 21 — x2) V(xg — 3z — 2x2) | V(21 + 322) V(x1)
V(.To + 3.T1 - 1'2) V(.%'o + 2.%‘1 — 21’2) V($0 + 11 — 2.%'2) V(.Z'Q)
V((EQ + 2%1 + 21’2) V(.I’() + 2(L’1 + 3$2) V($O + 2172) V(l’o — .CCQ)
V(zo+ 3z +x2) | V(zg — 221 + 229) | V(xg — 321 + 229) | V(xg — 1)
V(z1 — ) V(zg — 21 —222) | V(zg — 322) V(zo + z1 + x2)
V(Zl?o — X1 + CCQ) V(l’o +x; — 1’2) V(.TL‘O + 2!L'1 — 3:13‘2)
V(ZEO — X1+ 3I2) V(QIO — 2ZE1 — 1'2) V(ZEO — 31’1)
V(xo — 2.%'1 — 3$2) V(l’o + 3.(13'1 — 3.1'2) V(xl — 3332)
V(l‘g —3x1 + x2) V(l’o —3x1 + 3.1‘2) V(.T?O — QIQ)
V(l’o + 1+ 3132) V(l‘o — 2I1 + 3$2) V(LE() + 3%2)
V(Jjo — 21‘1 — 21‘2) V(l‘o + 1+ 21‘2) V(l‘o — 21‘1 + 1’2)
V(ZEO + 21’1 — IEQ) V(.TL’O + 21‘1)
V(ZEO -+ 31’1 — 2$2) V(.I‘l + 21’2)
V(o + 1 — 322) V(zo + x1)
V($0 — 3.1?1 — 3332) V(.Tl + .7)2)
V(zg — 3x1 — x2) V(zo + 3z1 + 3x2)
V(x4 31 + 224) V(zg — 211)
V(ZEO + 21’1 + 1‘2) V(ZEl — 2$2)

2.3 (QUADRICS AND CONICS

A hypersurface of degree two in PG(n,q) is called a quadric. Let 2 be a quadric.
Then 2 = V(Q) where @ is a quadratic form; that is,
Q=D a;z,
i,j=0

2
= ApoT + Qg1 Tox1 + - ..

When p # 2, write t;; = t;; = (a;; + a;;)/2. Therefore

Q= )ty
i,j=0
= XTX" where T = (t;;).
If there is a change of coordinate system which reduces the form into a form of fewer

variables, then the form is called degenerate. So a quadric is degenerate if and only

if it is singular.

21



Theorem 2.2. ([15], Pages 106-107) In PG(n, ¢), the number of projectively distinct
non-singular quadrics is one or two as n is even or odd. They have the following

canonical forms.
1. n=2m,m>0:

Pom = V(x§ + 2122 + T34 + . .. + Tom-1T2m);

2.n=2m—-1m>1:

Hom-1 = V(xor1 + T2x3 + ... + Tom—2Tam—1),
Eom—1 = V(f(%; x1) + Tox3 + Tax5 + ...+ $2m2$2m1>7

where f is any irreducible binary quadratic form. The quadrics P, 5,1

and &,_1 are called parabolic, hyperbolic and elliptic respectively.

When m = 1 in the above theorem, &, is a conic.

Let @ := Q(2, q) be the set of quadrics in PG(2,q). Then
Q = {V(F) F = CL()(]ZL'?) + CLH(L’% + CLQQZE% + ap1 o1 + ApaToT + A1201X2; Qi € Fq}

So the number of quadrics in PG(2,q) is

6
q° —1
Q.| =00.9) =" — =+ + P+ g+l

The quadric V(F') is a conic when it is non-singular. The (5, ¢) quadrics of Q(2, q)

fall into four orbits under the projective general linear group, PGL(3, q) as follows:
1. Singular F":

a) V(F) = V(a3),
b) V(F) = V(Iol'l),

¢) V(F) = V(2 + azozq + Sal);
2. Non-singular, V(F) = V(23 + x12).
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Case (a) is a double line, the number of which is ¢* + ¢ + 1. Case (b) is a pair
of distinct lines defined over GF(q), the number of which is ¢(¢ + 1)(¢* + ¢ + 1)/2.
Case (c) is a pair of lines defined over GF(¢?) whose point of intersection is defined
over GF(q), the number of which is ¢(¢ — 1)(¢* + ¢ + 1)/2. So the total number of

reducible conics is (¢% + ¢ + 1)(¢* + 1). Hence the number of irreducible conics is
(@ +d'+@++q+1) = (@ +e+ D@ +1) =¢" — ¢,

which is the number of conics in orbit (2). Each conic contains ¢ + 1 points. Note

that no 3 points of these ¢ + 1 points are collinear.

A conic is determined by the ratios of the coefficients (agg, a11, ass, agi, ags, a12)-

Here is some important results on conics which can be found in ([15], Pages 140-143):

1. Denote the number of n-arcs by L(n,q), and let N be the number of conics

which are (¢ + 1)-arcs, then

q+1
NZL@QK 5)2@—&
So all irreducible conics comprise ¢ + 1 points.

2. The number of 6-arcs in PG(2, ¢) which do not lie on a conic is equal to

L(5,0)(¢°(5.9) — (4 —4)) /6,

where (*(n,q) denotes the number points which are not on any bisecants of

n-arcs in PG(2,q).

3. It F =V(F) = V(agyr? + a112% + a3 + ap1wor1 + age®oTs + a197175), then

Z is singular if and only if A =0, where
A = dagoay1ass + 01002012 — AoG°y — Q11029 — A22G2
= 4a0pa11022 01@02012 00072 11009 2201 -

Z is singular at @ = P(yo, y1,¥2) if

oF O0F OF
8%0 B axl n 3x2 =0 at Q




4. In PG(2,q) with ¢ > 4 there is a unique conic through a 5-arc.
5. If a conic contains at least one point, it contains exactly ¢ + 1.

6. Every conic in PG(2,q) is a (¢ + 1)-arc.

2.4 CONSTRUCTION OF 6-ARCS

By the definition of a r-arc, given a 5-arc F, a 6-arc is constructed by adding a
point to F which is not on any bisecant of F. The 6-arcs constructed in this way
are not necessarily all projectively distinct. However, in this chapter we give all
the projectively distinct 6-arcs and their groups of projectivities. Moreover, we will
distinguish between the ones that lie on a conic and the ones that do not lie on a
conic.

Let S = { P, P, P3, Py, P5, Ps} be a 6-arc in PG(2, q). If the three lines P, P;, PP,
and P, P,,i # j # k # 1 # m # n, meet at a point B, then B is called a Brianchon

point, or a B-point for short. We write

(ig, kl,mn) = P,P; N PP, N P, P,

for a B-point. Thus there are the following 15 possibilities for the Brianchon point

B, namely:

1. (12,34, 56 13,26,45) 11.(15,24,36)

6.
2.(12,35,46) 7.(14,23,56) 12.(15,26,34)
8.

( ) 6. ) (
( ) T ) (
3.(12,36,45) (14,25,36) 13.(16,23,45)
4.(13,24,56) 9.(14,26,35) 14.(16,24,35)
5.(13,25,46) 10.(15,23,46) 15.(16,25,34).
Definition 2.1. For an k-arc K in PG(2, q) we define the isotropy subgroup of K as
follows:

G(K) := PQLy(q), — {’y € PGLy(q) : v(K) = /c}.
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Moreover, two n-arcs K and K’ in PG(2, q) are said to be projectively equivalent if
PGLs(q), = PGLs(q),, -

Now, let F be a 5-arc in PG(2,q). According to our computer program (see
Algorithm 2 in appendix), we have the set of ¢ points Q;,7 = 1, ..., ¢op which are on no
bisecant of the 5-arc F. Note that the set S = {SZ- =FU{Q:}:i=1,... ,co} forms a
collection of 6-arcs in PG(2,q). Let §;,S; € S, and let G(S;) := PGL3(q),,, G(S)) ==
PGL3(q) s;- Then §;, S; are projectively equivalent if G(S:) = G(S;), otherwise we
say S;,S; are projectively distinct.

Henceforth, we write 1,2,3, and 4 to denote the points, namely (1 : 0 : 0), (0 :
1:0),(0:0:1),and (1:1:1) respectively. By using our computer program (see
Algorithm 1 in appendix), we get all the projectively distinct 5-arcs in PG(2,¢q) for
q = 17,19, 23,29, 31, as shown in tables, namely Table 2.1, Table 2.2, Table 2.3, Table
2.4, and Table 2.5.

For example, let us consider the 4-arc A = {1,2,3,4} in PG(2,17). The number
of points which do not lie on any bisecant of A is £*(4, q) = (¢—2)(¢—3) = 210. These
points partitioned into two sets, namely B and B’ such that G(AU{Q}) = Z/(2)
for any @ € B and G(AU{Q'}) = Z/(4) for any ' € B’ where the points of B are
shown Table2.3.

Table 2.3: Points of B’

(1:7:9) (L1L4) (L16:13) (L142) (L:14:13) (L4:16) (L137)  (L:2:14)
(1:4:13) (1:13:4) (1:7:14)  (1:9:7)  (1:5:4)  (1:11:9) (1:14:5)  (1:13:16)
(1:.9:11) (1:16:4) (1:7:11) (1:5:11)  (1:2:5)  (1:11:5) (1:13:14) (1:7:13)
(1:11:7)  (1:14:7)  (1:5:2)  (1:5:14)  (1:4:11)  (1:4:5)

and the points the of B are shown Table2.4.

If we denote to the points (1:7:10) and (1 : 7 :9) by 6 and 7 respectively, we
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Table 2.4: Points of B

(1:7:10)  (1:2:8) (1:10:14) (1:15:5) (1:13:11) (1:8:7)  (1:12:4) (1:16:11) (1:8:11)
(1:11:13)  (1:3:6)  (1:11:14) (1:15:2)  (1:14:9)  (1:2:15)  (1:5:9) (1:2:6)  (1:3:16)
(1:10:2)  (1:14:12)  (1:6:3) (1:4:2)  (1:3:12)  (1:6:16)  (1:9:15)  (1:9:16)  (1:9:5)
(1:10:15)  (1:5:7)  (1:12:5)  (1:13:9) (1:15:12) (1:6:8)  (1:10:4) (1:16:15) (1:15:3)
(1:6:4)  (1:16:6)  (1:11:8) (1:10:7)  (1:12:9)  (1:2:13)  (1:3:5)  (1:13:3)  (1:4:6)
(1:4:3) (1:3:9) (1:2:4)  (1:16:14)  (1:15:4)  (1:16:5)  (1:13:6) (1:11:12)  (1:6:5)
(1:16:9)  (1:5:10)  (L:15:14)  (L15:7)  (1:12:13)  (1:3:8)  (1:10:12) (1:10:13)  (1:3:4)
(1:6:13)  (1:3:13)  (1:3:7)  (1:810) (1:7:15)  (1:5:12)  (1:6:9) (L:2:7)  (1:12:6)
(1:14:8)  (1:10:9)  (1:2:11)  (1:8:15)  (1:5:16) (1:12:15) (1:5:15)  (1:16:8)  (1:10:8)
(1:11:16)  (1:9:4)  (1:14:10) (1:11:10) (1:7:16)  (1:9:6)  (1:11:6)  (1:2:12)  (1:6:11)
(1:2:9) (1:2:3) (L:4:7)  (1:12:11) (1:12:10)  (1:7:5)  (1:16:10) (1:7:12)  (1:6:2)
(1:8:14) (1:15:11)  (1:84)  (1:16:2)  (1:9:3)  ( ) (1:6:7)  (1:12:16)  (1:9:12)
(1:6:14)  (1:3:10)  (1:7:2)  (1:12:2)  (1:14:4) ( ) (1:12:7)  (1:12:14) (1:15:16)
(1:14:16)  ( ) (1:9:10)  (L:74)  (1:16:3)  ( ) (1:4:10)  (1:7:8)  (1:10:5)
(1:13:10)  (1:8:16)  (1:9:14)  (1:15:8)  (1:10:3)  (1:4:14) (1:15:6) (1:11:15) (1:8:2)
(1:4:9)  ( ) (1:10:16)  (1:9:13)  (1:3:2)  ( ) (1:15:13)  (1:3:14)  (1:15:9)
(1:15:10)  (1:7:6)  (1:11:3)  (1:2:10) ( ) ) (1:3:11)  (1:8:5)  (1:13:12)
(1:5:8)  (1:10:11)  (1:8:3) (1:4:8)  (1:6:10)  (1:7:3)  (1:13:15) (1:14:15)  (1:5:6)
(1:8:6) (1:9:8)  (1:12:8) (1:4:12) ( ) (1:13:5)  (1:16:12)  (1:11:2)  (1:10:6)
(1:8:9)  (1:14:11)  (1:6:12)  (1:9:2)  ( ) (1:14:3)  (1:2:16)  (1:6:15)  (1:5:3)

get the projectively distinct 5-arcs, namely
Fi1=1{1,2,3,4,6}
Fy=1{1,2,3,4,7}.
The group of projectivities of F; consists of two elements, namely
1 00 -3 -8 —6
01 0|ad | 0 -8 -8
001 0 -8 8
The group of projectivities of F» consists of 4 elements, namely
1 00 2 0 -2 -1 0 2 0 01

010]|,-330|,]-14-3]|ad]|o061
0 01 1 0 0 -1 0 1 8 0 1
Thus we have two projectively distinct 5-arcs (see Table 2.5).
A 6-arc is constructed by adding a point to a 5-arc F; which is not on any bisecant
of F;. In fact, the 6-arcs constructed in this manner are not necessarily all projectively

distinct. However, we will give all projectively distinct 6-arcs in the next section.
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Table 2.5: Projectively distinct 5-arcs in PG(2,17)

(7 in PG(2,17) | [GF) [ G(F) ]
Fi=11,2346] 2 |Z/2
F=1{1,2,347 | 4 |Z/4)

where 6 = (1:7:—=7), and 7= (1:7:-8).

Table 2.6: Projectively distinct 5-arcs in PG(2,19)

Fiin PG2,19)  [IG(F)[[ G(F) |
Fi1=1{1,2,3,4,6} 2 Z](2)
Fo=11,2,3,4,7} 1 Trivial
Fs=1{1,2,3,4,13} 10 Ds
Fi=1{1,2,3,4,48} 6 S

where 6 = (1: =5:-8),7=(1:-5:-7),13=(1:—-5:6), and 48 = (1:8:7).

Table 2.7: Projectively distinct 5-arcs in PG(2,23)

| 7i in PG(2,23) [|G(R)|] G(F) ]
f1:{1727374>6} 2 Z/(Q)
Fo=1{1,2,3,4,11} 1 Trivial

where 6 = (1:9:—-10),11 = (1: —1: —5).

Table 2.8: Projectively distinct 5-arcs in PG(2,29)

(F i PG(2,29)  [IGHE] GF) |
Fi=1{1,2,3,4,6} 2 Z/(2)
Fo={1,2,3,4,7} 1 | Trivial
Fs=1{1,2,3,4,25} 4 7./(4)
7, =1{1,2,3,4,185} | 10 Ds

where 6 = (1:11:—-13),7=(1:11:-5),25=(1:—-1:—-12),185 = (1:5: —4).

Table 2.9: Projectively distinct 5-arcs in PG(2,31)

(Fiin PGR3D)  [IGF) [ G(F) |
Fi1=1{1,2,3,4,6} 2 Z/(2)
Fo=11,2,3,4,7} 1 Trivial
Fs=1{1,2,3,4,88} 10 Do
Fi=1{1,2,3,4,121} 6 S

where 6 =(1:9:-9),7=(1:9:11),88 =(1:—-12:—-11),121 = (1:5: —6).
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Theorem 2.3. There are respectively 2,4,2,4 and 4 projectively distinct 5-arcs in
PG(2,q) for ¢ =17,19,23,29, 31.

Proof. Our program used in this section have been used to prove the theorem. The
projectively distinct 5-arcs in PG(2, q) with their automorphism groups, where ¢ =
17,19, 23,29 and 31, are shown in Table 2.5, Table 2.6, Table 2.7, Table 2.8 and Table

2.9 respectively. O

2.5 THE PROJECTIVELY DISTINCT 6-ARCS

In this section, we will give the arithmetic method used in the computer program for
determining the projectively distinct 6-arcs in PG(2,q) for ¢ = 17,19, 23,29, 31, and
their groups of projectivities (see Algorithm 2 in appendix).

Let PG(2,q) be the 2-dimensional projective space over a field GF(q) where ¢
odd. We consider 6-arcs with the same number of B-points since any two 6-arcs with
different numbers of B-points are projectively distinct.

Let § = { Xy, Xo, X3, X4, X5, X6} and &’ = {Y1, Y2, Y35, Yy, Vs, Y} be two 6-arcs,

where the coordinates of the points X; and Y; are

X; = (2:(0), :(1), 2:(2))

and Y; = (:(0), yi(1), 4:(2))-
Let S and §” have the same number of B-points. Then according to the fundamental
theorem of projective geometry, there exists a unique projectivity which takes any
set of four points of the 6-arc S to a set of four points of §’. Let the 3 x 3 matrix
be A = (a;;),i,j = 1,2,3, take a fixed set of four points of the 6-arcs S, namely
{X1, Xo, X3, X4} to any set of four points of &', namely {Y7,Ys,Ys, Ys}. The 6-arcs
S and S’ are said to be projectively equivalent if AX; =Yj, 7,7 = 5,6; that is if the

3 x 3 projectivity matrix A takes the fifth point X5 and sixth point Xg of S to the
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corresponding points of &', namely the points Y5, and Ys. The following conditions

must be satisfied for S and S’ to be projectively equivalent:
1. if A(X5) = Y5, then we must have A(Xg) = Y;
2. if A(X5) = Y5, then we must have A(Xg) = V5.

To determine A, we fix a set of four points of S. Then we work out the projectivity
matrix A’ that takes the fixed set of four points of S to one of (i) - (4!) set of four
points of §’. Note that there are (2) = 15 sets of four points, each of which has 4!
unordered sets of four points. Therefore there are 360 matrices A’ to be checked.
Now A’ is the projectivity matrix A if the conditions (1) and (2) above are satisfied
for the two remaining points of S and §'.

At this stage of our research the help of a computer was needed. For this a program

was written in Fortran to classify all 6-arcs in PG(2,q) for ¢ = 17,19, 23,29, 31.

The following is the matrix arithmetic to determine the matrix A’.

Let
21(0) 22(0) x3(0) y1(0) 92(0) w3(0)
X=| 21(1) z2(1) a3(1) | and Y= y(1) w(l) ys(1)
I1(2) 72(2) w3(2) y1(2) y2(2) y3(2)

Now the (3 x 3) matrix A’ is such that it takes three points X; of S to three points

Y; of ', when 1 = 1,2,3. So
AX =Y\ A X3)

Thus
A=YV A A3)' X! (2.5.1)

where A, Ao, A3 € GF(q)\{0}. The matrix A’ also has to take the fourth points
A'(X,) =Y. So Equation (2.5.1) gives

y()\l )\2 Ag)tX71X4 == Y;l (252)
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Let

XX, = (11 72 ’Ys)ta

where 71,72,73 € GF(g)\{0}, and let

v 0 0
I'= 0 v O
0 0 Y3

Thus Equation (2.5.2) can be written as
VLA A A3)' =Y.

So
(AL A2 A3) =Ty,

Substituting the values of \; in Equation (2.5.1), we will have the matrix A’.

There is also a program that checks whether or not the two remaining points of
each 6-arc are mapped to each other under the matrix A’.

Let L(6,q) denotes the number of 6-arcs in PG(2,q), and let G(S;) denotes the
group of projectivities of the corresponding 6-arc S;.

In the tables, namely Table 2.17, Table 2.18, Table 2.19, Table 2.20, and Table
2.21, all the 6-arcs S in PG(2,q) for ¢ = 17,19,23,29,31 are classified up to their
groups of projectivities, and the number of 6-arcs, L(6,q) for ¢ = 17,19,23,29,31,
are indicated.

For example, let us consider the 5-arc F; = {1,2,3,4,6} in PG(2,17). The
number of points which do not lie on any bisecant of Fi is £*(5,¢q) = (¢—4)(¢—5)+1 =
157. These points partitioned into seven sets, namely By, By, Bs, By, Bs, Bg and By

such that

G(FL1U{Q}) = I for every Q € By,

G(FLU{Q}) =7Z/(2) for every Q € By,
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G(FU{Q}Y) =Z/(2) X Z/(2) for every Q € Bs,

G(Fiu{Q}) =7Z/(3) for every Q € By,

G(FU{Q}) = Z/(4) for every Q € Bs,

G(FLU{Q}) = &3 for every Q € Bg,

G(FLU{Q}) = As for every Q € By,
where &3 denotes the symmetric group on 3 letters, and 23 denotes the alternating
group on 3 letters. In fact, the points of By are shown in Table 2.10.

Table 2.10: Points of By

(1:13:11) (1:12:4) (1:16:13) (1:3:16)  (1:14:2) (1:9:15) (1:9:5)  (1:13:7) (1:4:6)
(1:15:14)  (1:15:7) (1:10:12) (1:10:13) (1:16:12) (1:8:12) (1:6:14) (1:14:4) (1:15:16)
(1:9:11)  (1:16:3)  (1:10:5)  (1:13:8)  (1:11:5)  (1:4:8)  (1:3:9) (1:14:16).

The points of B3 are shown in Table 2.11.

Table 2.11: Points of Bs

(1:8:11) (1:6:8) (1:2:3).

The points of B, are shown in Table 2.12.

Table 2.12: Points of By

(1:8:6) (1:6:16) (1:6:13) (1:10:9) (1:16:8) (1:10:8) (1:16:2) (1:13:16) (1:6:7)
(1:10:16)  (1:5:8)  (1:12:7).

The points of B are shown in Table 2.13.

Table 2.13: Points of Bs

(1:6:3) (1:3:13) (1:4:7).

The points of Bg are shown in Table 2.14.

Table 2.14: Points of Bg

(1:10:15) (1:11:8) (1:6:9) (1:5:16).
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Table 2.15: Points of B;

(1:16:7).

The points of B; are shown in Table 2.15.

The points of B, are shown in Table 2.16.

Table 2.16: Points of B;

(1:2:8) (1:10:14)  (1:8:7)  (1:16:11) (1:11:13)  (1:3:6)  (1:11:14) (1:14:9) (1:5:9)
(1:11:4)  (1:10:2)  (1:4:2)  (1:14:13)  (1:3:12)  (1:5:3)  (1:4:16) (1:9:16) (1:12:8)
(1:2:14)  (1:15:12)  (1:10:4)  (1:5:14)  (1:15:3)  (1:4:12)  (1:6:4)  (1:16:6) (1:2:13)
(1:13:3)  (1:11:7)  (1:12:3)  (1:4:3) (1:2:4)  (1:16:14)  (1:15:4) (1:16:5) (1:13:6)
(1:6:5)  (1:13:5)  (1:16:9) (1:12:13)  (1:3:8) (1:3:7) (L:2:7)  (1:12:6) (1:11:2)
(1:8:15)  (1:9:7)  (1:12:15) (1:5:15)  (1:5:4) (1:9:4) (1:9:6)  (1:11:9) (1:2:12)
(1:12:11)  (1:6:2)  (1:14:11) (1:8:14) (1:15:11) (1:8:4)  (1:14:5)  (1:9:3) (1:4:11)
(1:9:12)  (1:6:12)  (1:14:7) 1:12:2)  (1:12:14)  (1:9:2)  (1:8:13) (1:16:4) (1:4:15)

( )

( )
(1:9:14)  (1:15:8)  (1:10:3)  (1:15:6) (1:11:15) (1:5:11)  (1:8:2)  (1:4:9)  (1:2:5)
(1:14:6)  (1:13:14) (1:15:13) ( ) (1:2:16)  (1:11:3)  (1:3:15) (1:5:13) (1:3:11)
(1:13:12)  (1:6:15) (1:10:11)  (1:4:5)  (1:13:15)  (1:5:2)  (1:14:15) (1:5:6)  (1:2:6)
(1:13:9)  (1:3:5)  (1:11:12) (1:14:8)  (1:2:9)  (1:12:16) (1:8:16) (1:3:2)  (1:8:5).

If we denoted to the points
(1:2:8),(1:13:11),(1:8:11),(1:8:6),(1:6:3),(1:10:15) and (1:16:7)

by 8,13,17,18,35,50 and 207 respectively, we get the projectively distinct 6-arcs

which are construct from the 5-arc /7, namely

S, =1{1,2,3,4,6,8},

S, ={1,2,3,4,6,13},
S;=1{1,2,3,4,6,17},
Sy =1{1,2,3,4,6,18},
Ss ={1,2,3,4,6,35},
Ss = {1,2,3,4,6,50},

S; ={1,2,3,4,6,207}.
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The group of projectivities of S; consists of one element, while the group of projec-

tivities of Sy consists of two elements, namely

1 00 -3 -8 —6
0 1 0| and 0 -8 -8
001 0 -8 8

The group of projectivities of S3 consists of 4 elements, namely

100 1 0 0 1 0 0 1 00
010]|,l1 0 =11/, 8 =1 0 and 7 0 1
00 1 1 -1 0 -6 0 -1 -7 10

The group of projectivities of S, consists of 3 elements, namely

1 00 8 0 -7 6 —5 0
o1of,] 5 0 —5|and |6 —6 7
00 1 -5 —4 -8 6 4 0

The group of projectivities of S5 consists of 4 elements, namely

1 00 -1 0 1 0 —-1 2 0 —8 -8
ot1of,]l o =11|,] -8 0 —-3|ad]|]4 0 3
00 1 0 0 1 0 0 3 0o 0 -7

The group of projectivities of Sg consists of 6 elements, namely

100 0 0 1 -3 -8 —6
0o10],] 0 —70],] 0 -8 =81,
00 1 -2 0 0 0 -8 8

—4 4 1 0 6 —6 3 —20
6 4 0.0 -8 -8 | and 4 =30
—6 4 0 4 5 8 —4 4 1

The group of projectivities of S; consists of 12 elements, namely
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100 0 0 1 01 O -3 -8 —6
010 | 7 0 0|, 00 —-11, 0 -8 -8
0 01 0 -7 0 70 O 0 -8 8
-8 =8 0 -8 6 2 0 -8 -8 -3 1 3
-5 8 =3 | -8 8 0 [ 0 8 =81, -4 0 3
5 -5 0 -8 =8 0 -4 -5 =8 4 0 3
8§ -8 0 0 6 —6 3 0 -2 4 0 -3
-8 =8 0 | 3 8 6 | -3 1 3 5 4 0 3
5 -8 3 0 -8 -8 4 0 -3 4 =7 —4

See Table 2.17. for the projectively distinct 6-arcs in PG(2,17).

Table 2.17: Projectively distinct 6-arcs in PG(2,17)

| L(6,17) = 318261467328 |
| Si LIG(S)] | G(S) |

S;=1{1,2,3,4,6,8} 1 Trivial

S, =1{1,2,3,4,6,13} 2 7] (2)
S;=1{1,2,3,4,6,17} 1 [Z/(2) xZ/(2)
S, ={1,2,3,4,6,18} 3 Z/(3)
S;={1,2,3,4,6,35} 4 Z](4)
Ss={1,2,3,4,6,50} 6 S;
S;=1{1,2,3,4,6,207} | 12 Ay
Ss=11,2,3,4,7,213} | 24 S,

Sy =1{1,2,3,4,24,29} | 12 Ds

where
8=(1:2:8), 13=(1:—4:-6), 17=(1:8:-6),
35=(1:6:3), 50=(1:-7:-2), 207=(1:—-1:7),
18=(1:8:6), 213=(1:9:-06),
24 =(1:2:-2), and 29 =(1:3:-1).
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Table 2.18: Projectively distinct 6-arcs in PG(2,19)

L(6,19) = 1349831775312
Si LGS ] G(S)

S, ={1,2,3,4,6,14} 1 Trivial

S, =1{1,2,3,4,6,32} 2 7] (2)

S; =1{1,2,3,4,6,33} 6 S;

S, =1{1,2,3,4,6,50} 3 Z/(3)
S;=11,2,3,4,6,84) 1 7)) x 7] (2)
Ss = 1{1,2,3,4,6,137} 4 Z](4)
S;=1{1,2,3,4,6,285} 12 Ay
Ss=1{1,2,3,4,13,137} | 60 As

So =1{1,2,3,4,48,260} 36 9 elements of order 2
8 elements of order 3
Swo=11,2,3,4,16,38} | 12 Ds = Zy x Gy

where
14=(1:9:-1), 32=(1:-6:2), 33=(1:6:9),
84=(1:2:3), 137=(1:6:-5), 285=(1:3:-5),
50=(1:-3:-6), 260=(1:9:8), 38=(l:5:9),
48 =(1:8:7) and 16 = (1:9:5).

Table 2.19: Projectively distinct 6-arcs in PG(2,23)

L(6,23) = 15637818086968

Si LGS ] G(S)
S§1=41,2,3,4,6,8} 1 Trivial
S, =1{1,2,3,4,6,9} 3 Z](3)
S;=1{1,2,3,4,6,30} 2 7/(2)
S.=11,2,3.4,6,33) 6 Ss

S;=1{1,2,3.4,6,102} 1 ZJ(4)
S;=1{1,2,3,4,6,136) | 12 A,

S, =1{1,2,3,4,6,386) 1 Z]2) x Z](2)
Ss=11,2,3,4,80,114} | 12 | Ds=2Z/(2) x U3
where
8=(1:4:5), 9=(1:8:6), 30=(1:4:11),

102=(1:—-4:-5), 136=(1:6:9), 386=(1:—-8:—11),
33=(1:-10:11), 80=(1:-1:-8), 114=(1:-11:8).
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Table 2.20: Projectively distinct 6-arcs in PG(2,29)

L(6,29) = 292771335510108
Si HEEREE)
S, =1{1,2,3,4,6,8} 7](2)
S, =1{1,2,3,4,6,9} Trivial

2

1
S;=1{1,2,3,4,6,117} 3 Z](3)
S.=11,2,3,4,6,183) 1 7o X 7
S, =11,2.3.4,6,342) 6 Ss
Ss = 1{1,2,3,4,6,562) 1 Z](4)
S, =1{1,2,3,4,6,580) 12 A,
Ss=1{1,2,3,4,25,700} | 24 S,

So =1{1,2,3,4,185, 758} 60 s
Sio=11,2,3,4,57,100} | 12 | Do =175 x &3
where
57 =(1:—1:-3), 8=(1:-2:-3), 9=(1:-4:11),

183=(1:2:3), 342=(1:-13:-5), 562=(1:14:-8),
700 =(1:-12:9) 758 =(1:—-4:5) 117=(1:-12:-7),
589 = (1: —12:11), and 100 = (1:14: —1).

Theorem 2.4. There are respectively 9,10,8,10 and 11 projectively distinct 6-arcs in
PG(2,q) for ¢ =17,19,23,29, 31.

Proof. Our program used in this section has been used to prove the theorem. The
projectively distinct 6-arcs in PG(2,q) with their automorphism groups, where ¢ =
17,19,23,29 and 31, are respectively shown in Table 2.17, Table 2.18, Table 2.19,
Table 2.20 and Table 2.21. O

2.6 'THE 6-ARCS NOT ON A CONIC IN PG(2,q)

In this section, we give an arithmetic method for determining the equation of the
conic through a set of five points of a 6-arc not on a conic. Our program is based on
the following general algebraic method of solving n — 1 equations with n unknowns.

Recall if we have n — 1 equations (see Equation(2.6.1))
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Table 2.21: Projectively distinct 6-arcs in PG(2,31)

L(6,31) = 675469393962720

S; LGS | G(Si)

S =1{1,2,3,4,6,8} 1 Trivial

S, =1{1,2,3,4,6,21} 2 7] (2)

Sy =1{1,2,3,4,6,259} 4 7] (4)

S, =1{1,2,3,4,6,315} 6 S,

Ss={1,2,3,4,6,383} 3 7] (3)

Se = {1,2,3,4,6,605 4 7 X Zs

S; =1{1,2,3,4,6,954} 12 A,

Ss =1{1,2,3,4,7,290} 5 Z/(5)

So=1{1,2,3,4,88,576} 60 s

S10=11,2,3,4,121,553} 36 9 elements of order 2
8 elements of order 3

Si=1{1,2,3,4,202,271} | 12 De = 7y x G

where

202=(1:15:-15), 121=(1:5:-6), 8= (1:-14:-10),
259 = (1:3:4), 315=(1:8:-10), 383 =(1:-1:10),
954 = (1:—-1:9), 200 =(1:13:14), 576 =(1:-13:—12),

271 =(1:—-15:—-14), 21=(1:14:-2), 88=(1:—-12:—11)
605 = (1:2:13), and 553 =(1:—6:5).

a11T1 + a2 + ...+ a1, T, =0

A21T1 + G22%2 + ... + ATy = 0
(2.6.1)

Ap—11T1 + Qp_12T1 + ... + Ap_1 0Ty = 0,

and A = (a;;) is the (n — 1) X n matrix representing the system (2.6.1), then we

have

xT; = (—]_)i_l det Ai7

where Ay, is an (n — 1 x n — 1) matrix obtained from A by omitting the k-th column.
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Now consider a conic € in PG(2,q) of the form
C = V(aoo.’ﬁg + anx% -+ CLQQ.I'% + 2@01.1'0%’1 + 2&021‘0$2 -+ 2&12171.1'2).

If € passes through a five points P, = P(z;1, T, x:3) for i € {1,2,3,4,5}, then we

have the following five equations:

2 2 2
apoTy; + a11T7y + 2275 + 2001711712 + 2002211213 + 2012712713 = 0,

9 9 9
poT5; + A11T59 + A22T55 + 2001751 T52 + 2002T51%53 + 201250753 = 0.

Consider the 5 x 6 matrix X which is the same as matrix A above with n = 6, namely

2 2 2
X114 19 Ti3 23711%12 2%11%13 2%12.1'13

2 2 2
Ty1 Too ZE23 2ZE21ZE22 2ZE21I23 2I22I23

2 2 2
T, Tsy Tsg 2T51Tsy 2X51T53 2T52T53

Let X be a 5 x 5 matrix obtained from X by omitting the k-th column. So we have:
a; = (=1 det A,

where aq = agg, g = a11, a3 = A29, g = 2091, 5 = 20092 and ag = 2a1s.

All the conics ¢; passing through set of five points of the projectively distinct
6-arcs Sy in PG(2,q) for ¢ = 17,19, 23,29, 31, are given in tables, namely Table 2.11,
Table 2.12, Table 2.13, Table 2.14, and Table 2.15. The conics €, in PG(2, q) passing
through five points of a 6-arc Sy, namely Si\{P;}(q), are given in the form

2
V( > aijxixj) =V(XTX").
i,j=0
Let us consider the 6-arc S; = {1,2,3,4,6,8} in PG(2,17). Let 41 be a conic

passing through the five points {2, 3,4, 6,8} of S;. Then we have
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01 0 0 0 0 det X} = —2
0 0 1 0 0 0 det Xy = X3 =0
X=(1 1 1 2 2 2 and  det X, = 2
1 -2 -2 -3 3 4 det X5 = —1

1 4 -4 4 -1 -2 det Xy = —4.

Hence ¢, = V(2 + 2xox1 + o9 — 4173).

Let %> be a conic passing through the five points {1, 3,4,6,8} of S;. Then we

have
1 0 0 0 0 0 det X} =X3=0

0 0 1 0 0 0 det Xp = —2
X=]11 1 1 2 2 2 and det Xy = —2
1 -2 -2 -3 3 4 det X5 = —5

1 4 -4 4 -1 =2 det X5 = —2.

Hence 6, = V(22 + 2z071 — 5xoTs + 27125).

By the similar argument used previously, we can find the equations of the conics

©3, 64, €5 and Gg (see Table 2.22).

2.7 BLOWING-UP THE PLANE IN SIX POINTS

First let us construct the blowing-up of the affine plane A2 at the origin O = (0,0)
(see [19],[23] and [30], Pages 47-50). Let (xg,z;) be the affine coordinates of A% and
let (yo : y1) be the projective coordinates of PL. The blowing-up of A2 at the origin
O is the closed subset ,,A% of A% x P4 which is defined by the equation zoy; = x1y0.

In fact, we have a natural morphism (3 : TA% — A% which is obtained by restricting
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Table 2.22: Conics through S;\{P;}(17)

22 + 82019 — 97179)

23 + 22071 + ToTo — 47179)
w1 — 8ToLy — T1X3)
ol — 61’()IE2 + 5ZE1£C2)

S; | €, := conic through S;\{P,,} S; | €, := conic through S;\{P,,}
81 %1 (.I’O + 2$0$1 + Toxo — 4$1$2) 85 (gl ( 81‘01’1 + SIOLEQ + 4(1]1I2)
V(22 + 22021 — 51070 + 27125) (:vl + dxory — 20079 — 32129)
V(23 + 3xox1 + 5roTo + 8T1T2) V(a3 + oy + 22072 — 42179)
(l’oZEl 51’0$2 45E1.’E2) (.’L'()l'l 31'0332 + 3$1.’E2)
V(zoxy — 62022 + Sx129) V(zox1 + 6201y — Tx122)
(CCoxl — 7$OJ)2 + 61311’2) (I(}Tl — 71’0.1’2 + 6.2?1132)
S, V(z3 + 4zoz1 + w072 + 8T122) Se V(22 — 6z0z1 + 62072 — 217)
V(22 — 8zoz1 — 3woT9 — TT172) V(22 + 4xory — 22072 — 3T122)
V(22 — 4xozy + 3w072) V(23 + 32071 + Srows + 87179)
(i’oxl + 2I0$2 — 5131372) %4 = (l’(ﬂ?l + 3.]301’2 + 71’11’2)
(.I’gxl + 7&301’2 81‘11’2) (onl + 455()1‘2 — 51‘11‘2)
(l’ofl‘l — 71’0I2 + 6$1IE2) ( Tol1 — 7:1,‘01'2 + 6$1$2)
84 (.TO + 3$OJI1 — 6.7301‘2 + 2171.%’2) 87 (IO + 2I0$1 + Toxy — 4171.1’2)
(x — bxory — Troxe — 62129) V(22 + Taory — 63072 — 22122)
( + xox1 + QIQ.I'Q 41}1{1‘2) (I 81‘0£E1 — 3$0$2 7$1$2)
(xol’l + 6I0[E2 8161[1,‘2) (1601'1 4!11()1'2 + 81’1162)
V(zox1 — 50T + 4a125) V(zox1 + 22010 — 32122)
V(zoxy — Txors + 6x129) V(zory — Txoxs + 62122)
Table 2.23: Conics through S;\{P;}(19)
S; | €, = conic through S;\{P,,} S; | €, = conic through S;\{P,,}
81 | €1 = V(23 + 6z021 + w072 + 3T122) Sy %1 (xo + 92071 + Sxoma + 42172)
€y = V(2?3 — 2wo11 — 2202 + 37179) V(22 — 6x071 — 3T + 82122)
€3 = V(23 + bxor — 32072 — 37179) (x2 + 8xgxy — Troxs — 22129)
%4 = V(xol’l + 41‘0%2 + 91}11‘2) (Iol‘l + 4$0£E2 + 91}11‘2)
65 = V(xox1 — Txows + 62129) V(zox1 4 22079 — 32122)
%6 = V( ToZT1 + 5ZEOI2 6[E11’2) (l’o.ﬁEl + 5$0I2 6.’E1£L’2)
83 %1 = V(J?O + 8$QJZ1 9.’1,‘11‘2) Sg (.ZC% - 31’0.1‘1 - 3$0.’E2 + 5I1I2)
€y = V(22 + 3wory + 42079 — 82173) V(22 + xozy + 22072 — 4217)
€5 = V(23 + 2w, + ToT2 — 4217) V(23 + 22971 + ToT2 — 417)
%4 = V(’L'()Tl + 9’E0’L’2 9’E1’L’2) (’L'()’EI + Toxs + 71,'1’132)
65 = V(zox1 + dxory — ST122) V(zox1 — 6x022 + ST122)
(gﬁ = V(i’oxl + 51‘0]}2 6131372) (i’ol‘l + 31’01’2 41311’2)
Sy | 61 = V(22 — 8oy — dwory — 8119) So V(x3 + 4zoz; — 5r179)
Cy = V(22 + mor) — 62072 + 42179) (3: — 62011 + ToTa + 4x122)
63 = V(23 — dwory + 92072 — 67179) V(22 + 5xory — 62113)
%4 = V(.I’gxl + Sfliol'z + 61’1.%‘2) (xoiL‘l 4.%'0332 — 1"1332)
%5 = V(.IJQIEI - 81’01‘2 + 71‘11}2) (.IQIl - 9.1'01‘2 + 8$1$2)
(56 = V(l’ol’l + 5I0[E2 6361[1,‘2) (.I'()Il + 6560!1,‘2 71611'2)
86 Cgl = V(.Tg — 2I0$2 + J)ll’z)
G =V(
G =V(
6, =VY(
‘55 V(
G = V(

ZTox1 + Hrory — 6x1x2)
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Table 2.24: Conics through S;\{P;}(23)

x% + 8zozy + broxs — 1dai20)

x5 + 3xoxy + 1lwgrs + 14a120)
Tol1 + 7ZEO$2 + 111‘11’2)
ToZ1 + 81'0152 — 91’1332)

S; | €, := conic through S;\{P,,} S; | €, = conic through S;\{P,,}

Sl (51 (IO + 3CE(].I‘1 - 61’()I2 + 2.’1711’2) 85 %1 (1)0 - 5$0$1 — 31}0%2 + Ill’g)
V(22 + Txoxy + 3wome — 112179) V(22 — 3z021 + ToTo + 1179)
V(23 — 8xgz; — 80w — 8717) V(a3 + 62971 + 4012 — 112129)
V(zozy — 4xoms + 102122) V(zox1 + 32012 — T122)
V(zoz1 + 22072 — 32122) V(zoz1 — dxoz2 4+ 32122)
(Iol’l — 9$0.T2 + 8$1$2) (Cﬁoxl — 9$0$2 + 81711’2)

Ss V(22 + 22071 + w072 — 62122) S V(z2 — bxor1 — 3wowa + TT122)
V(22 — 6z0z1 + HT072) V(22 — 3021 + ToTo + 1172)
V(22 — 8xoz1 — 8T0w2 — 82172) V(22 + 6xox1 + 409 — 113173)
(Iol’l — 10IOI2 + 31’1$2) (.13’01‘1 + 31’01’2 - xlxg)
(1‘01}1 + ].OI’().IQ - 111‘11}2) (xgilfl 455()1‘2 + 31‘11}2)
(CE(}’L’l — 9ZEO$2 + 81’1332) (1’0113‘1 — 91’0332 + 8$1$2)

53 (I% — QI()IQ + .Ilwg) 87 (.Tg — 5I0$1 - 3.1’0.132 + 7I1I2)
(a:% + 1oz — 102029 — 22129) V(22 + 22021 + 23072 — HT1T2)
V(23 + 5x9z1 — 102022 + 1131175) V(22 + 11zox; + SxoTs + 67177)
(Zol'l + 101}01'2 + 111’11’2) (l’oxl + 7(130!1,‘2 41611‘2)
(ZE()ﬁEl 4.T0£E2 + 3$1$2) (.CE(}’El + 6101‘2 7$1$2)
V(zoz1 — 9202 + 82172) V(zox1 — 9022 + 8x129)

Table 2.25: Conics through S;\{P;}(29)

S; | €y, = conic through S;\{P,,} S; | €, = conic through S;\{P,,}

S %1 V(22 + 4xory + 122079 + 1221 25) S Cﬁl V(22 + 7oz + 8xow2 + 131173)
V(22 + 14zow; — 32072 — 122179) V(z? + 1oz + 2022 — 133113)
V(22 + 4xoxy — 53112) V(23 — 11297, — 92072 — 1071 79)
(.’L‘Oxl + 51601'2 — 21)1.’1’2) (xorrl — 6.1'01‘2 — $1ZII2)
V(zox1 + 122029 — 132129) V(zox1 — 4x02e + 32122)
($0.’E1 111’0$2 + 105E1.’E2) (l’ofEl 111’0332 + 10$1ZE2)

82 (LL‘O + 14$0$1 - 11130.’172 4$1£2) 87 (.I'O + 7$0$1 + 81‘01’2 + 13I1$2)
V(22 4 3wy + 27979 — 67122) V(22 + xozy — dToms + 3T1132)
V(23 — 8xgxy — 132079 — 97122) V(a3 — 3xozy — 107022 + 127125)
V(zozy — 12x022 — 11z129) V(zox1 + 3roxs + 14dxq29)
V(zox1 — 620z + S1122) V(zoxy + 22029 — 32122)
(CC[)Il - 11.73‘01‘2 + 10$1I2) (:onl — 11I’Q$2 + 10l’1$2)

S V(22 — 2971 — 97072 + 1021 79) So V(z2 — 9z0z1 — 9079 — 1221 29)
V(22 — 6x0z1 + 142079 — 97179) V(22 + Txozy + 8xowy + 131173)
V(22 + 1lzor; + 10x0w0 + T2122) V(22 + 8xoxy + Txowe + 133173)
(CC[)Il + 41’0.132 + 6$1I2) (.I’Q.Z'l “+ Toxy — 131’11’2)
(xoml + 5$0$2 + 231311‘2) (1)0%1 + 41‘0352 — 51‘11}2)
V(zox1 — 11xoxe + 102129) V(zox1 — Txoxs + 62122)

85 (J?% — 10I0$1 — 81’0.732 — 12I1$2)
V(
V(a3
V(
V(
V(

xox1 — 1lzgzs + 102129)

41




Table 2.26: Conics through S;\{P;}(31)

S; | €y, = conic through S;\{P,,} S; | €, := conic through S;\{P,,}

81 Cgl (LL’O + 10$0$1 + Toxo — 123311}2) 85 %1 (1’0 + 41’0331 - 7CE(]1)2 + 2$1J32)
:L‘l + 10zoz1 — Txoxe — 42129) x] — 6xgry + 132022 — 82129)
Ty + 5$0$1 + 51’01‘2 — 131611‘2) x5 + 61E()l'1 — 2[E01‘2 — 51‘11‘2)
ToZ1 + 13$0I2 + 9£C1$2) Lol — 15ZEO.’LQ 12$1$2)
xoxy + 6xoTy — TT122) ToTy — 2TpT2 + T1Ta)

xox1 — 9xozo + 81122) xor1 — 9ToT2 + 8T122)

0T
xh — 9xoxl — ldzowy — 97129) S, x3 — bxory + 122079 — 87179)
f% — 6’L’0$1 + 13%01’2 8$1$2)

2

2

)
22 + 15x9x1 + 102079 + H2129)
73 — 3zoz; — 1dwowy — 152179)
Toly1 — 61’01’2 - 131‘11’2)

ToT1 + 3:13'05['2 4$1(L’2)

0[111 — 9360112 + 81’1(1‘2)

0 + 10130171 6.7301’2 - 51‘11’2)
1 + 101‘01’1 - 51’01’2 61’11’2)
x5 — 9xgry + dwoxe + d2129)
Tol1 — 4160.1‘2 4[E1$2)

xox1 — 13x0o + 1221 29)

xox1 + 122929 — 132129)

x5 — Txoxry — 9xoxa + 152129)
ToT1 + 15IOI2 - 5171372)

Tol1 — 4IOI2 + 3$1x2)

xox1 — 9xoro + 8T129)

V(3 V(a3
V(3 V(3
V( V(
V( V(
V( V(
V( V(
V( V(
V( V(
V( V(
V( V(
V(zox V(x
83 (.13% — 5$0I1 + 12.7301‘2 8I1I2) Sg (
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the projection A% x PL to the first factor as we shown in the following diagram (see

Figure 2.1).

Figure 2.1: Blowing-up the plane.

In ([13], Pages 28,400,401), there are many facts demonstrate properties of the

blowing-up:
Fact 2.1. With the previous notations, we have

e The restriction of 3 to the set A2 2\ 571(0) is bijection.

42



e 371(0) = Pg.

e The points of 371(O) are in 1 — 1 correspondence with set of lines through O

A2
in Ag.

If C C A2 isa curve in A2, we will call C := 31

(C\{O}) the strict transform
A2\0
of C (see [31]). The generalization of the above notions can be found in ([13], Pages

14,136-171 or [11].

Fact 2.2. Let S := {Py,..., Ps} C P? be a six points in the plane, such that no three
are collinear and not all the six points are on a common conic. Then the blowing-up
P2 of the projective plane P? in S can be embedded as a smooth cubic surface in
projective three-space P3.

According to the embedding ¢ : P? < P3 and the projection as in the figure

above, we have:

Fact 2.3. Let S := {Py, ..., Ps} C P? be a six points in the plane, such that no three
are collinear and not all the six points are on a common conic. Let €; C P? denote
the unique conic through the five points S\{P;} for i = 1,2,...,6, and let [;; C P?
denote the line through the points P; and P, for 4,5 = 1,2,...,6, ¢ # j. Then the 27

lines lying on the cubic surface are as follows:

e The 6 exceptional lines over the 6 base points F;:

e The 6 strict transforms of the 6 plane conics %;:

bi = @(€) CP?i=1,2,...,6.

e The 15 strict transforms of the (g) = 15 lines [;; joining the F;:

Cij = @(ll]> QIP’?’, Z,j:1,2,,6,27£j
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Moreover, the lines a; and b;, 7 = 1,2,...,6 form a double six, and ¢;;, ¢ # j are the
remaining 15 lines on the smooth cubic surface.

An Eckardt point on a non-singular cubic surface is a smooth point, where three
of its lines meet. Next we will discuss the problem of number of Eckardt points on a

non-singular cubic surface with 27 lines in more detail.

Fact 2.4. Let S := {P,..., Ps} C P? be a six points in the plane, such that no three
are collinear and not all the six points are on a common conic. Denote by [;; the 15
lines through the points P; and Pj, i # j and by 6; C P? the unique conic through
the five points S\{P,;} for i =1,2,...,6. Then

e If three of [;; meet in a point £ € P?\ S, then the corresponding lines E; on the

cubic surface meet in an Eckardt point.

e If [;; touches the conic ¢; in P; for some 4,5 = 1,2,...,6,¢ # j, then the

corresponding lines a; := (87! o @)((F}), b = €; and Cij 1= E on the cubic
surface meet in an Eckardt point.

e The application 57! o @ is bijection on P?\S.

e Both %; and [;; have the same tangent direction in P;, so the corresponding

lines b; := % and ¢;; == Z; meet the line a; := Fj in the same point.
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CHAPTER 3
CLASSIFICATION OF NON-SINGULAR CUBIC SURFACES UP

TO e-INVARIANTS

The main result of this chapter is the classification of non-singular cubic surfaces with
twenty-seven lines up to e-invariants over the finite fields IF; where ¢ = 17,19, 23,29, 31.
Some structures on cubic surfaces with 27 lines, in PG(2, ¢) with ¢ = 17,19, 23, 29, 31,
are discussed. Furthermore, the classification of these cubic surfaces is done by clas-
sifying the 6-arcs not lying on a conic (6 points in general position) in the projective

planes PG(2,q) for ¢ = 17,19,23,29, 31.

3.1 DOUBLE-SIXES AND ECKARDT POINTS ON A NON-SINGULAR CUBIC

SURFACE

Let PG(3,q) be the 3-dimensional projective space over the Galois field GF'(q). The
space PG (3, q) contains ¢>+ ¢*>+ ¢+ 1 points and planes, as well as (¢>+¢+1)(¢>+1)
lines. There are ¢ + g+ 1 lines through every point, and g+ 1 planes through a line.
In PG(3,q), planes and lines are characterized as follows: a subset Il, is a plane
if and only if it has ¢® + ¢ + 1 points and meets every line; a subset II; is a line if and
only if it has ¢ + 1 points and meets every plane ([16], Pages 3,4).
A point P(X) = P(xg, 1,22, x3) in PG(3,q), where xg, x1, 22,23 € GF(q) and

not all zero, is denoted by (xg : z1 : @9 : x3).
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In PG(3,q), a cubic surface .7, is the zero set of a homogeneous cubic polynomial

in four variables over GF(q), that is
= V( Z aijklxéx{xéxé> ,

where 4,7, k,0 € {0,1,2,3},i+j+k+1 = 3, and a;;m € GF(q). Therefore, to
determine a cubic surface ., 19 conditions are required since there are 20 monomials

of degree 3 in four variables.

A double-six D in PG(3,q) is a set of 12 lines

ap az az a4 as ag

D: (3.1.1)
bi by by by bs b

such that each line only meets the five lines which are not in the same row or column.

The intensive study of the cubic surfaces started in 1849, when the British math-
ematicians Salmon and Cayley published the results of their correspondence on the
number of lines on a non-singular cubic surface (see [6], pages 118-132 and [26], Pages
252-60). Moreover, Cayley and Salmon showed that a non-singular cubic surface over
the complex field contains exactly twenty-seven lines. In 1858, Schlafli ([27]) found
the required notation for the complete figure formed by these 27 lines. In fact, Cleb-
sch constructed the famous Diagonal surface in ([7], Pages 284-345) and showed that
it contained 27 real lines. The computer programs allow mathematicians of the 215
century not only to make static models of surfaces and curves, but also to manipu-
late them interactively. For this purpose, we have the following important theorem

of Clebsch ([7], Pages 359-380).

Theorem 3.1. Every non-singular cubic surface can be represented in the plane
using 4 plane cubic curves through six points in general position and vice versa.
The construction and existences of a double-six are described by the following

main facts in ([16], Pages 182,187,188).
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1. Given five skew lines aq, as, as, a4, as with a single transversal bg such that each
set of four a; omitting a; has a unique further transversal b;, then the five lines

b1, b, b3, by, bs also have a transversal ag. These twelve lines form a double-six.

2. A double-six lies on a unique cubic surface . with 15 further lines ¢;; given
by the intersection of [a;, b;] (sometimes denoted by a; V b;) and [a;, b;], where

[a;, b;] is the plane containing a; and b;.

3. A necessary and sufficient condition for the existence of a double-six, and so of
a cubic surface with 27 lines in PG(3, q), is the existence over the same field of

a plane 6-arc not on a conic. This occurs when ¢q # 2,3, 5.

Given a double-six D

a; az az a4 as dag

D :
by by bz by by bg

then the incidence diagram of a double-six D is shown in Table 3.1.

Table 3.1: Incidence diagram

| o [az[as[asfas]as|

by VIVIVIVIY
by | V VI IVIVv|Y
by | vV | V VIV
by |V |V |V s
bs |V |V |V |V v
b |V |V |V |V |V

where v' indicates that the two lines intersect.

The following are some results on skew lines in PG(3, q):

(a) If five skew lines aq, as, as, ay, as have a transversal b, then each set of four q;
has a unique, distinct second transversal if and only if each set of five of the six

lines is linearly independent.
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(b) The configuration in part (a) exists if and only if a plane 6-arc not on a conic

exists in PG(2, q). This occurs for ¢ # 2,3 or 5.

(¢) Given five skew lines a, as, as, a4, as with a transversal bg such that each five of
the six lines are linearly independent, the second transversals by, by, b3, by, b5 of

sets of four of the a; have themselves a transversal ag.

(d) A double-six lies on a unique cubic surface ., which contains a further 15 lines.

A cubic surface is determined by 19 conditions. According to Bézout’s Theorem,
if four points of a line [ lie on a cubic surface, then the whole line lies on it.
Let D be the double-six above. Then, to put ai,bs, b3, by, bs,bs on a cubic
surface requires 4 + 5 - 3 = 19 conditions. So there exists a cubic surface .%
containing these lines. Then, each of as, as, a4, as, ag meets four of these lines
and therefore lies on .. Now .% is unique, since if there was another cubic
surface . containing these lines, then . and . would intersect in a curve of
degree at least 12 (number of points on that curve), which is impossible unless
< and .’ have a common component of lower order, but the definition of
double-six does not allow this. So . = .#’. Note that .¥ also contains the 15
lines

Cij = [ai,bj]ﬂ[aj,bi],i,j: 1,...,6 and Z?é]

In PG(2,q), consider a 6-arc S = {P; :i =1,...,6} not on a conic (sometimes these

points are called six points in general position). Then a set of plane cubic curves

through all six P; is called the web W of cubic curves. The lines P, Py, P3Py, P5F;
compose a curve of W.
Given a line ¢ in PG(3,q), two of whose points are P(Y) and P(Y’), where
Y = (yo:vy1:v2:ys) and Y = (y, : v : v : v5). The Plicker coordinates of ¢ is
defined as
L = (lo1, Loz, Loz, L1z, (13, L23)
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where £;; = vy — yiy;. Note that L € PG(5,q).
Define a map from the set of all of lines .Z (as points of PG(5,q)) to the set of

points of the hyperbolic quadric % = V(2921 + 2223 + 2425) in PG(5,q) as
H L — I, L= (Lo, Loz, Loz, lha, L1z, Uas) = (Co1, Lo, —Loz, lrs, Loz, Lr2).

The map £ is bijective and its image is the simplest, non-trivial example of a Grass-
mannian. In fact, 75 = Gy 4

Now, Let ¢; and ¢} be two lines in PG(3, ¢) with Pliicker coordinates
L = (6017 6027 6037 6127 6137 g?S):
L' = (€1, Loz, Lo, Cras Oz, Us),

then ¢; and ¢] intersect if and only if @w (. (¢1), . # (¢2)) = 0 (mod q), where
w(%(ﬁl), %(ﬂl)) = 501€/23 + Eggf{n - 602€/13 - €13€62 + 4035/12 + 612€/03.

It follows that ¢; and ¢ are skew if w(.# (¢1), # (¢})) # 0 (modq) (see [8], Pages
4,28).
Let us give an example. Consider the non-singular cubic surface with 27 lines in

PG(3,13), namely

S =V(ys — yoys — Yiys — Yoys — 4yoyrye).

Let us consider the following twelve lines on .%:

ap ={( A2 :pp): (N:p) € PG(1,13)},
ag ={(A: =2 :p:—p): (A :p) € PG(1,13)},
a3 ={(A:p:6X:—p): (A:p) € PG(1,13)},

ag={(A\:p:—6X:p): (\:p) e PG(1,13)},
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as ={(\:p:—2p: =X\ : (\:p) e PG(1,13)},
ag={(A:p:2u:X): (\:p) € PG(1,13)},

by ={(A:6X:p:—p): (X:p) € PG(1,13)},
bo={(A:—6X:p:p): (N:p) € PG(1,13)},
by ={(A:p:2):p): (N:p) € PG(1,13)},

by ={(A:p:=2X:—p): (A p) € PG(1,13)},
bs ={(\:p:—6p:X): (N:p) € PG(1,13)},
bo={(A:p:6u:—N\):(\:p) € PG(1,13)}.

The values of % (a;), # (b;) fori,j =1,...,6 are:

H(ar) = (0,0,—1,2,1,2),
H(az) = (0,0,—1,2,—1,-2),
H (a3) = (1,-6,0,0,—1,—6),
A (ag) = (1,-6,0,0,1,6),
H(as) = (1,-2,2,1,0,0),
H (ag) = (1,—2,-2,—1,0,0),
A (by) = (0,0,—1,—6,—1,6),
H (by) = (0,0,—1,—6,1, —6),
A (bs) = (1,2,0,0,1,—2),
H (bs) = (1,2,0,0,—1,2),
H (bs) = (1,6,6,—1,0,0),
A (be) = (1,6,—6,1,0,0).

Consequently, we have the symmetric table (see Table 3.2)
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Table 3.2: The values of w(J# (¢1), # (¢})) (mod 13)

| lailalag[as[as[as|[ b [bp[bs]ba]bs|bs|
0] 0558|310/ 8]0]0]0]0]0
;| 5108|5310 0]8|0][0]0]0
;15181025 5[0[0[5[0]0]0
2,8 15]2]0|55[0][0][0[5]0]0
;1313 15]5]05/0][0[0[0]8]0
410|105 5|50 0][0]0][0]08
b, | 8|0 000001185409
b, | 0| 8|00 00110 5|8 409
bs | 0050008 5]0|8| 8|8
b | 0000005 8 |8|0 8|8
b, | 0] 0|0 8|8 0448|801
b | 0] 0000|899 8|8 /110

where the entries of table represent the values of w(# (¢), % (¢})) (mod 13) for
El? gll € {ah G2, as, 4, 05, Ag, b17 b27 b37 b47 b57 b6}

It follows that the above six lines form a double-six (see Figure 3.1).
The 15 further lines ¢;; on . are given by the intersection of the plane [a;, b;] and

the plane [a;, b;] (see Table 3.3). For instant,
Cig = [&1,b2]ﬂ[&2,b1] = V(yg—yg)ﬂV(y2+y3) = {()\ bV 0: 0) . ()\ . ll,) S PG(L 13)}

A Clebsch mapping s: .7 --» PG(2,q) is a special birational map that we will
describe in more detail later. Such a map s induces a bijection
6
A\ ai = PG(2,9)\S.
i=1
The lines a; form one half of the double-six D; any five of them have a unique
transversal and these six transversals b; form the other half of D. Let S = {P; : i =
1,...,6} be a 6-arc not on any conic in PG(2,q). Every point of PG(2,q) other than
the P; € S is the image of a single point of .. Every curve in PG(2, q) is the image
of a curve on .. An intersection of two curves in PG(2,q) that is not equal to P; is

also the image of an intersection of the corresponding curves on .. Two curves in
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Figure 3.1: Configuration of a double-six on .

PG(2,q) through P; € S correspond to two curves on . meeting a;. Two curves in
PG(2, q) touching at P; € S also correspond to two curves on . meeting at a;. The
plane sections of . (sometimes called plane cubic curves) are mapped to the web
W of cubic curves through all six P;. Every plane section is mapped to such a cubic
curve and every such plane cubic curve is the image a plane section. If the cubic of
W is composite, then so is the plane section of .. The number of intersections of
a curve on . with a plane is called the order of that curve. This is the number of
intersections of the image curve in PG(2,q) with a cubic of W such that the points
P, are excluded from this number of intersections. If the order of a curve on .¥ is
one then it is a line on .#. For example, a line P;P; meets a cubic curve in PG(2, q)

in three points and if the cubic belongs to W, there is a single point of intersection



Table 3.3: The 15 lines ¢;; on ./

’ [27]] ‘ Cij = [a“ bj] N [ajv b'] ‘
[1,2] | ci2=V(y2 —y3) N V(g2 + y3)
[1,3] | c13 = V(yo + 6y1 + 6y2 — 6y3) N V(yo + 21 + 2y2 + 2y3)
[1,4] | c1a = V(yo 4 6y1 — 62 + 6y3) NV (yo + 2y — 2y — 2y3)
[1,5] | c15 = V(yo + 6y1 + yo — 12y3) N V(yo + 2y1 + y2 + y3)
[1,6] | c16 = V(yo + 6y1 — y2 +y3) N V(yo + 2y1 — y3)
2,3] | cos = V(yo — 6y1 + 6y2 + 6y3) N V(yo — 2y1 + 2y> — 2y3)
2,4] | coa = V(yo — 6y1 — 6y2 — 6ys) NV (yo — 2y1 — 2y5 + 2y3)
12,5] | cas = V(yo — 6y1 — y2 — y3) N V(yo — 2y1 — Yo + ¥3)
2,6] | cas = V(yo — 6y1 + 32 + ya) NV(yo —2y1 + 42 — ¥s)
13,4] | c3a = V(y1 +y3) N V(y1 — ys3)
13,5] | 35 = V(yo — 1 + 2y — ) V(yo — y1 + 6y + y3)
[3,6] | 36 = V(yo + 11 + 22 + yg) NV(yo + y1 + 6y2 — y3)
[4,5] | cas = V(yo + 31 — 2y2 — y3) N V(yo + y1 — 6y2 + y3)
[4,6] | ca6 =V(yo —y1 —2y2 +y3) N V(yo — y1 — 6y2 — ¥3)
[5,6] | cs6 = Vi(yo +y3) N V(yo — y3)

with the cubic apart from the points P; and P;. The line B;P; is the image of a line
cij , a transversal to a; and a;, and there are 15 bisecants P, P; of a 6-arc K as there
are 15 ¢;;. Two of ¢;; intersect when they do not share a suffix, and they are skew if
they have a suffix in common. That is, the lines ¢y, ¢34, c5¢ intersect each other and
the lines ¢, co3 are skew.

Let %; be the conic through the five points of S\{P;} for i = 1,...,6. A conic
and a cubic in PG(2,q) have six points of intersection; so the conic %; has one free
intersection with a cubic of W. Therefore, a %; maps a line b; on ., where b; is the
transversal to five a;,7 # j. The line ¢;; of % is the line of intersection of two planes,
one containing the two intersecting lines a; and b; and the other containing the two
intersecting lines a; and b;.

The cubic surface . has a tangent plane Tp.7 at every point P € .. Note that
- has to be non-singular. If the point P lies on the line [ of ., then the tangent

plane Tp.¥ contains [.

We know that the lines P, P, P3Py, PsPs compose a cubic curve of the web W,
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and we also know that a curve of W maps a plane section of the cubic surface .. So

the curve composed of the bisecants P P, P3Py, PsFg, of the 6-arc S maps a plane
section of . composed of ¢1a, c34, c56. This plane section meeting . in three lines is
called a tritangent plane. Note that a tritangent plane can meet . in three lines

ai,b]’ and Cij,i#jzl,...,ﬁ.

Theorem 3.2. ([16], Page 191) Let . be a non-singular cubic surface and let P be

a point of .. Then

1. If a point P is on no line of ./, then Tp.¥ N . is an irreducible cubic with a

double point at P.

2. If a point P is on exactly one line [ of ., then Tp.¥ N .¥ consists of [ and a

conic through P.

3. If a point P is on exactly two lines [; and [y of ., then Tp.¥ N . consists of

l1,ls and a third line forming a triangle.

4. If a point P is on exactly three lines [y, s and I3 of ., then Tp. N.¥ consists

of these three lines.

We note here that, in cases (3) and (4) above, Tp.¥ is a tritangent plane. In Case (4),
the point P at which three lines of a cubic surface .# are meet is called an Eckardt
point or an E-point.

Let these three concurrent lines of . be ¢1a, ¢34 and cs6. We denote this E-point
as Fiassse. The image of Eig3456 in the plane PG(2,q) is the Brianchon point
(12,34,56) of the 6-arc S = {P;:i =1,...,6} not on a conic. Thus, a possible type
of an E-point is Ejj i mn = Cij N €k N Cmy. Also another possible type of an E-point
is E;j = a; N b; N ¢;;. The image of E;; in the projective plane PG(2,q) is a conic €
having a tangent P;P; where P, € ¢; and P; € 6.
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Theorem 3.3. ([27], Pages 192,193) Let . be a non-singular cubic surface in

PG(3, q) containing at least one line. Then the following are equivalent:

1. The g + 1 residual intersections with .# of the planes through any line of .

contain exactly five line pairs;

2. % has 27 lines;

3. .7 has ¢* + 7¢ + 1 points.

3.2 SOME CLASSICAL STRUCTURES ON CUBIC SURFACES

Consider a set of six tritangent planes divided into two triads, such that the three
planes of each triad contain the same set of nine distinct lines of the cubic surface
. This set is called a trihedral pair (See [14], Page 11).

Let . be a cubic surface with 27 lines a;,b;,¢;j,4,7 € {1,2,3,4,5,6}, where

¢;j = ¢;i. Then they are as follows:

aq as a3 a4 QA5 Qg
b1 by b3 by b5 bg
Ci2 C13 Cia Ci5 Cip
Coz Co4 C25 Co6

C34 C35 Cs6

C45 C46

Cs6

Each line meets 10 others, namely

a; meets b;, cij with 7 # j

b

;  meets a;, Cij with 7 #£ j

c;j meets a;,aj,b;, b5, ¢ With 7,5 # 1, 7.
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For example,

a; meets by, bz, by, bs, bg, C12, C13, C14, C15, Ci6;
by meets ay,as,ay, as,ag, C12, C23, Co4, C25, C26;
ci2 meets ay,ag, by, by, 34, C35, C36, Cas, Ca6, C56-
A tritangent plane meets . in three lines of the form c;;jcicpmn or a;bjc;; with

i,7,k,lym,n € {1,2,3,4,5,6}. Thus, there are 45 tritangent planes, namely,

30 of the kind aibjcij;

15 of the kind  ¢;jckiCmn.

The 27 lines form 36 double-sixes: D, D;;, D;j, namely,

ay az az a4 0as dae

D :
bi by bz by bs bg
a; b C23 C24 Co5 Co6
Dys
az by €13 C14 Ci15 Ci6
ay QA2 az Cse C46 C45
Dias :

C3 Ci13 Ci2 by bs b
There is one double-six of type D, 15 of type D;;, and 20 of type D;;,. From
the definitions of the tritangent planes and trihedral pair, the 45 tritangent planes
form 120 trihedral pairs. Let the six planes of a trihedral pair be given the rows and

columns of a 3 x 3 array. Then the 120 trihedral pairs are the following arrays:

co3 asz by ar by cu Cla C25 C3p
Tigs: b3 ci3 T12743 :obs ay e T1237456 . C C3qa Ci5
ay b1 cio C13 Co4 Csg C35 Cig Coa
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There are 20,90 and 10 trihedral pairs of kind 7123, T12,34 and T123 456 respectively.
Now consider a trihedral pair, namely 7’23
Co3 as by — V(L)
T3 : bs €13 ax — V(L)
a9 by c12 — V(L3)
3 ! 1
V(LY) V(LY V(L)

Let the three planes sections cozasbe, bscizar, asbiciz be given by V(Lq), V(Ls),
V(Ls3) for Ly, Ly, L3 linear polynomials, and let the three planes sections cazbsas,
ascizby, baaicia be given by V(L)), V(L5), V(L;) for L}, L}, L} linear polynomials.
Then the equation of a cubic surface . is given by

& =V(L1LaoLs + AL L, L), (3.2.1)
for some A € GF(q)\{0} (See [27], Page 196 and [4], pages 4,7). Note that the nine
lines each being the intersection of two cubic plane sections of a trihedral pair, are:
V(Ls, L)), i,7 € {1,2,3}. More precisely, for a trihedral pair T3 we have:

V(Ly, Ly) = V(L) N V(L) = cas,
V(Ly, Ly) = V(L) NV(Ly) = as,
V(Ly, L) = V(L) N V(L}) = b,
V(La, Ly) = V(L) NV(Ly) = bs,
V(La, Ly) = V(Ly) NV(Ly) = cu3,
V(Ly, Ly) = V(L) N V(L3) = an,
V(Ls, L)) = V(Ls) N V(L)) = as,
V(Ls, Ly) = V(Ls) NV(Ly) = by,

V(Lg, Lg) = V(Lg) N V(Lé) = C12.
Let . be a non-singular cubic surface with 27 lines. Then we have the following

facts in (][27], Pages 198,199):
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1. If . contains exactly 6 E-points, they form 6 vertices of a plane quadrilateral.

2. If ¥ contains exactly 10 E-points, they form the 10 vertices of a pentahedron
P, lying 2 on each of the 15 lines residual to a double-six and whose collinear

triples lie on the 10 edges of P; that is, a non-planar Desargues configuration.

A cubic surface . with 27 lines in PG(3,q) for ¢ = 17,19, 23,29, 31, exist and

have ¢* + 7¢ + 1 points. The possible two types of E-point, namely, E;; k1 mn and Ey

which correspond to (ij, kl, mn) := P,P; N P,P, N P, P, and ¢, N P;P; respectively
are found, as we will show in the following example:
Let us consider the 6-arc S; = {1,2,3,4,6,8} in PG(2,17). From Table 2.11, we

have

6 = V(m% + 2x0x1 + oo — 4T179),
Gy = V(22 + 2w011 — 5rows + 27129),
= V(x% + 3xozy + Drors + 8T119),
€y = V(xor) — Drore — 42129),

¢s = V(zor) — 62079 + 5T129),

66 = V(zor1 — Txoxe + 62129),

where € is a conic passing through the points of S;\{F;}. The 15 bisecants of S

are:

P1P2 :V(QZQ),
P1P3 = V(%l),
P1P4 = V(Z‘l — IQ),

P1P5 = V(.Tl + 1’2),
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chon point, namely

P Ps = V(xy + 4x),

PPy = V(xo),

PPy =V(xy — x3),

Py Ps = V(xy + 5x9),

PyPs = V(wg + 21),

P3Py =V(xg — 1),

PsPs = V(xg — 511),

P3Ps = V(xg + 8x1),

PyPs = V(xg — 321 + 215),
PyPs = V(xg — 4z + 379),

P5P6 = V(l'o + 21+ 6.1'2)

Consequently, there is only E-point of type E;; ximn Which corresponds to Brian-

(13,26,45):P1P3OP2P6OP4P5:(108)

However, there are two E-points of type Ej;, namely Fy; and E4 which correspond

Cfg,ﬁPng):(O:l:O),

%6OP4P6:(111)

Over the Galois field GF'(q) with ¢ = 17,19, we have the Table 3.4 and Table 3.5
which illustrate the Brianchon points of 6-arcs over GF'(17), GF'(19) respectively.
Let .#)(q) denotes the smooth cubic surface corresponding to the 6-arcs S not

on a conic, with j Eckardt points. Then from Theorem 2.3, such non-singular cubic
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Table 3.4: The Brianchon points of S; over GF(17)

| PG(2,17) | PG(2,17) |

Sj Cgt Est Eij,kl,mn Sj (gt Est E’ij,kl,mn

S| G - Ei32645 || S5 | €1 - F1235.46
G| - G| -
€3 - 63 | Esz | Er23645
.4 - Cy | Esy
Cs | Egs 65 | Ees
€6 | Eas C6 | Ese

S | G - Ei62345 || Se | 61 - FE1234,56
©s - Fi6,25,34 ) - F14.25,36
€3 | Egs €3 - FE1623,45
.4 - .4 - FEi6,25,34
655 E45 655 -

Co | - Co | -

Si |G| - | Eiogase || St | 6| - | Eiagssae
C | Eso | Ers2546 ) - FEi3.2456
€3 | Bz | Eig2a35 €3 - F14.26,35
.4 - .4 - Fi5,24,36
s - s - F16,23,45
s | 6 s - F16,25,34

surfaces .7 (q) exist and have 409,495,691, 1045 and 1179 points in PG(3,q) for

q= 17,19, 23,29, 31 respectively.

3.3 e-INVARIANTS AND A NON-SINGULAR CUBIC SURFACES WITH 27 LINES

A cubic surface . always has 27 lines in this section. Recall a point F is said to be
an Eckardt point if it lies on exactly three lines of the non-singular cubic surface .%
in PG(3,q). Let us define e, = ¢,(¥) to be the number of points of . on exactly r
lines of .. So ez is the number of Eckardt points of .. The numbers e, have been
computed for any non-singular cubic surface over GF(q) for ¢ = 17,19, 23,29, 31, as
we will show later in Section 3.6.

Let n, be the total number of points on the lines of . over GF'(q). Then

ng =e3+ex+eq.
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Table 3.5: The Brianchon points of S; over GF(19)

| PG(2,19) | PG(2,19)

Sj (gt Est E’L’j,kl,mn Sj cgz‘, Est Eij,kl,mn

S| G - - S| G - FE1235.46
©> - ©> - FEi324.56
C3 - 63 - F14.26,35
Gy - .4 - Ei5.24,36
& - Cs - E1623.45
Cs | Eis, Ese s - FEi6,25,34

Sz | €1 | E31,E51 | Eizoeas || Sz | 6 - Eh3.34.56, F12,36 45
©> | Esy, Ego | Ei523.46 ©> - E13.24.56, £013,25,46
C3 - F1623,45 3 - Fr425 36, F14,26 35
Cy | Bsa, Fga | Eig o534 .4 - Ei5.23,46, E15,26,34
s - s - FEr6,23.45, E'16,24,35
Cs - s -

Sy | G - Fiassas || So | €1 | Esi, Eg E12.3456
) - F4.23 56 C> | Ea2, Esy E2.35 46
C3 - F15.26,34 Cs | Ers, Eg3 FE4356
G4 - €y | Eou, Esy F14.26,35
s - G5 | Eas, Eys Ei5.23,46
Cs - G | Ei6, E3s Fi5.26,34

S | 61 | Eor, Eai | Eia635
G | Eha, Fey | Eie 2435
@3 -
Cy | oy, Egy
%5 -
Cs | Ei6, Ess

Now let l;,i = 1,...,27, be the 27 lines of .7 and let e() be the number of points of

[; on exactly r lines of .. then
277
Z eéz) = 3es,
i=1
277
Z eg) = 2es,
i=1

27
> el = e,
i=1
Also we know that each line meets ten others. So we have

2¢5) + e = 10,

eéi) + eg) + egi) =q+ 1.
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So when we take sum over all i = 1,...,27, we get
6es + 2e9 = 270,
3es + 2es + 61 =27(qg+ 1).
More precisely, we obtain
e + e =27(q —4),
ng =27(q —4) + e;3.

From Section 2.1, we have # () = ¢* + Tq + 1. Hence
estexte+e=q +7q+1,

or
ng =27(q — 4) + es,
es+eo=q¢+T7q+1—27(q—4) = (¢g—10)*+9.
So
#(S) = ng + eo.
We define the e-invariants that correspond to a non-singular cubic surface with
27 lines, .7, as the set {eg, e1, €2, e3}. Our classifications over GF(q) for ¢ = 17, 19,

23, 29, 31 of non-singular cubic surfaces with 27 lines (up to e-invariants), are given

in Section 3.6.

Theorem 3.4. ([27], Page 194) Let . be a non-singular cubic surface with 27 lines.
Then for ¢ < 16, upper and lower bounds for e3 are given by the Table 3.6.

Table 3.6: Lower and upper bound for e

q 4 |5 | 7|89 |11|13]16
Upper bound for ez | 45 | 34 | 18 | 13 | 10 | 10 | 18 | 16
Lower bound fores |45 |36 |18 | 9 | O | O | O |45

Table 3.6 does not give exactly the minimal and maximal value of e3 over GF(q)

for ¢ < 16. Furthermore, in Table 3.6 we can see that for the case ¢ = 5 the upper
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bound for e3 is 34 while the lower bound is 36. This is impossible. Thus there is no

cubic surface with 27 lines for ¢ = 5. In fact, if there is such cubic surface, we get
ez <ez+ep=(qg—10)°+9 =34

which is contradiction.

The exact value of minimal and maximal value of e3 over GF'(13), is given by [2].
In our work, we completed the above table and give the exact value of minimal and
maximal value of ez over GF(q) for ¢ = 17,19, 23,29, 31, and we have the following

theorem.

Theorem 3.5. Let . be a non-singular cubic surface with 27 lines. Then for ¢ =
17,19, 23,29, 31, the minimal and maximum value for ez are given in Table 3.7

Table 3.7: Minimal and maximal value of e3

q 17119123 |29 |31
Maximal value of e3 | 6 | 18 | 6 | 10 | 18
Minimal valueof ez | 1 | 2 | 1 | 0 | O

Proof. All the detail of the above table are given in our work in Section 3.6. m

In the next three sections of this chapter, we will discuss the geometrical configu-
ration formed by six E-points in PG(3,q) for ¢ = 17,19, 23,29, 31. Furthermore, we
will determine the equations of all the correspond non-singular cubic surfaces with 27
lines. The maximal number of Eckardt points on a non-singular cubic surface will be
indicated. Additionally, we will find all elliptic and hyperbolic lines on a non-singular

cubic surface with 27 lines in PG(3, q) for ¢ = 17,19, 23,29, 31.

3.4 THE GEOMETRICAL CONFIGURATION FORMED BY SIX AND TEN E-POINTS

IN PG(3,q)

In this section, we will give some examples to explain the geometrical configuration

formed by six, ten and eighteen E-points in PG(3,q) for ¢ = 17,19, 23,29, 31.
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From previous chapter, and by using our program, we know that a six E-points
of a non-singular cubic surface are the 6 vertices of a plane quadrilateral. The non-
singular cubic surface correspond to the 6-arc S; in PG(2,19), has 6 E-points, which
correspond to E12,35,467 E13,24,567 E14,26,357 E15,24,367 E16,23,45 and El6,25,34; is denoted by
Z©(19). Also, the 10 E-points of a non-singular cubic surface .#(19(19), which

correspond to
Esy, Esy, Esy, Eey, Esa, Ega, E13,26,45> E15,23,46> E16,23,45 and E16,25,34

of 83 in PG(2,19), are the 10 vertices of a pentahedron P lying 2 on each of the 15
lines residual to a double-six and whose collinear triples lie on the 10 edges of P. In
fact, such configuration of the E-points exists since 2> — xz — 1 = 0 has two roots
in GF(19), namely 5 and —4 ([16], Page 201). A cubic surface whose 10 E-points
form such a configuration is called a diagonal surface, and we have that, in a suitable

coordinate system, the diagonal surface can be written in the form
S =V(zg+ 2} + 25 + a5 +a}) forp#3

where xg + 21 + 22 + 23 + 24 = 0.

Furthermore, in PG(2,19), we have the configuration of 18 FE-points, two on
each of the 27 lines lying by threes on the six axes of a triad of trihedral pairs
Th23, Thse, T123,456- In fact, such configuration exists in PG(2,19) since 19 = 1 mod 3,
that is, the equation 22 + x + 1 = 0 has two roots in GF(19), namely 7 and —8 ([27],
Page 200). For the later case and in a suitable coordinate system, the cubic surfaces

can be written in the form
S =V () + 2 + 5 + 3.

The following configurations, namely Q(®)(19) which is the plane quadrilateral formed
by the 6 E-points of .#)(19), and Q19 (19) which is pentahedron formed by the 10

E-points of #19(19), are shown in Figure 3.2 and Figure 3.3 respectively.
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Fi6,2345

Eh2.35.46 E139456 Fi6,25,34

Figure 3.2: The configuration Q) (19).

Ei6,23 45

Ei5,23 46

Figure 3.3: The configuration Q19 (19).

3.5 ELLIPTIC AND HYPERBOLIC LINES ON A NON-SINGULAR CUBIC SURFACES

In this section, we introduce the concepts of resultant and involution. Furthermore,
we define the concepts of elliptic and hyperbolic lines on a non-singular cubic surface,
and then we demonstrate these concepts by giving some examples.

Let f(x) = apz™ 4+ ... + ag and g(z) = byx™ + ... + by be two polynomials
of degrees n and m respectively, with coefficients in an arbitrary field F. Their

resultant R(f,g) = R, m(f,g) is the element of F given by the determinant of the
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(m +n) x (m + n) Sylvester matrix Syl(f,g) = Syl,m(f,g) defined as

Ap Qp—1 QAp—2 ... 0 0 0
0 a, Qap—1 ... 0 0 O
0 0 0 . a1 Qo 0
0 0 0 ... Q9 a1 Qo
Sylnm(f,9) =
bm bm—l bm—2 0 O 0
0 byn bn 0 0 O
0 0 0 ... by by O
0 0 0 ... by by b
where the m first rows contain the coefficients a,,, a,_1, . . ., ag of f shifted 0,1,... ,m—

1 steps and padded with zeros, and the n last rows contain the coefficients b,,, b,,_1,
..., by of g shifted 0,1,...,n — 1 steps and padded with zeros. The following facts

are taken from ([8], Pages 162,163 and [20]):

1. Let f(z) = apa™ + ... 4+ ap and g(z) = ba™ + ... + by be two polynomials of
degrees n and m respectively, with coefficients in an arbitrary field F. Suppose
that, in some extension field of F (for example in an algebraically closed ex-
tension), f has n roots i, ..., &, and g has m roots 7y, ..., 1, (not necessarily
distinct). Then

R(f.g) = am [T L1 (& - )

i=1j=1

= ay,’ ﬁ 9(&)

i=1

= (g, 1)
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2. Let f and g be two non-zero polynomials of degrees n and m respectively with
coefficients in an arbitrary field F. Then f and g have a common root in some

extension of F if and only if R(f,g) = 0.

3. If f and g are polynomials of degrees n and m > 1, then

A(fg) = A(f)A(9)R(f, 9)*

where A(f) is the discriminant of f, which is given by

A(f)=a* TI (& =€)

1<i<j<n

For the special case, say n = m = 2, we have

Ao a1 Qg 0
0 Qo a1 Qg
R(f,9) =
by b1 by O

0 by b1 by

= (agby — baag)? — (asby — baay)(arby — brag).

Segre divided the lines on cubic surfaces into two species called hyperbolic and
elliptic. Consider a real line on the cubic surface. The tangent plane to any point
on this line will intersect the surface in the line itself and a further residual conic
(perhaps another pair of lines). This residual conic will intersect the line in two
points, one of which being the point where we took the tangent plane from. We
define an involution on the line by exchanging these two points of intersection. The
fixed points of this involution are called parabolic points [28]. It is possible that the
parabolic points only exist in the complexification. The real line is called a hyperbolic
line if the involution has two real parabolic points. The real line is called an elliptic
line if it has a pair of complex conjugate parabolic points.

More concretely, choose projective coordinates g, z1, T, x3 on P3 so that the line

[ is given by xg = 1 = 0. Then the defining polynomial of the surface .# has the
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form

f = (133[11 —+ 2I2$3[12 + $§[22 + T201 + 302 + c,

where [;; ,q; and ¢ are of degree one, two, and three homogeneous polynomial in
Zo,x1. Any plane containing [ is given by the equation bxy — axy = 0 for projective
coordinates a,b. The pairs of conjugate points (the intersection of [ and residual

conic) are given by the roots of the projective quadratic in xo, x3

933[11 + 2.1721‘3[12 -+ x%[gg, (351)

with [;; being evaluated at o = a,z; = b. A parabolic point is given by the unique
root of this quadratic when its discriminant [%, — [;;ly5 is zero. This discriminant is
a quadratic form in g = a and x; = b. Let us call it Q. If Q is indefinite, there
are two real values of [a : b] which make Q zero, and each of these values gives a
real parabolic point by plugging it into Equation 3.3 and finding the root. If O is
definite, there are two complex conjugate values of [a : b] making Q zero, which give
the complex conjugate parabolic points. If we let [;; = l;;zo + m;;x;, then the Q is

explicitly
(1%2 — l11122)$g + (2l12m12 — liymag — lagmay )Tz + (771%2 — m11122)13%-

Write this as @ = Az} + Bzor; + Cz?. Then Q is definite (I is elliptic) if
B? — 4AC < 0 and indefinite (I hyperbolic) if B> —4AC > 0.

In [12], Finashin-Kharlamov and Okonek-Teleman observed that the equality
# real hyperbolic lines on . — # real elliptic lines on . = 3

can be deduced from Segre’s work.
We discussed these results over some finite fields, namely GF(q) for ¢ = 17, 19,
23, 29, 31. Just as in the real case, a line [ C . admits a distinguished involution,

and we classify [ as either hyperbolic or elliptic using Proposition 14 in [21].
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When all 27 lines on .# are defined over GF'(q), we have
# elliptic lines on .¥ = 0 mod 2.

In [21], we see that if . is any smooth cubic surface over GF(¢q) and e denoted
to the total number of elliptic lines on . with field of definition GF(¢*) for o odd,
and b denoted to the total number of hyperbolic lines on . with field of definition

GF(q) for o even, then we have
¢+ b =0mod 2.

In our work, we used an arithmetic method to determine the hyperbolic and elliptic
lines on a non-singular cubic surface by using Proposition 14 in [21]. The residual
intersections of a non-singular cubic surface . with the hyperplanes containing [
are conic curves that determine an involution of [, defined so that two points are
exchanged if they lie on a common conic. Lines are classified as either hyperbolic or
elliptic according to whether the involution is hyperbolic or elliptic as an element of
PGL(2,q) (i.e. whether the fixed points are defined over GF(q) or not).

Let [ be any line among the 27 lines on a non-singular cubic surface . = V(f)
over GF(q). Let (ag : ay : ag : ag), (by : by : by : bg) be any points on [, then we can

parameterize [ by
I={(ao + bopt : ax )+ by agh + by : agh+azp) : (A : ) € PG(1,q)}.

On the other hand, we can pick a basis (3, (2, 81, Bo for GF(q)694 so that 3 =
(ag, a1, as,as) and Ba = (bg, by, ba, b3).

According to Proposition 14 ([21], Page 9) if we compute the resultant of the
partial derivative of homogeneous polynomial defining . with respect to fy and S,

and then restrict the result to the line [, then we get
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af
9%
of

p

where a,b,c,d’, 0/, ¢ € GF(q). Hence

= aX? + b + e,

l

:a,)\2+b/AILL+C,/L2,

l

af

of| of
R(aﬁo ;OB

)Oabc
a v J 0

0 o b ¢

af

The line [ is elliptic (hyperbolic) if R(af A

9Bo

z) is non-square (square) as an
element of GF(q).

Let us first give an example for the real case: The Clebsch diagonal surface,
namely

Y:V<x3+x§’+$§+$§—($o+$1+$2+$3)3>,

has 27 lines on it. The following are some lines on . which are given parametrically

in PG(3,R) by:

L(p:—p:A:0), 2.(p: A —p0),
3.(p:A:=X1:0), 4. (A:ip:—p:0),
5.(—p:A:p:0), 6. (A —A:p:p),
T.(A:=A:0:p), 8. (A:—p:—=A:p),
9.(N:0:=X\:p), 10 (—p: A=A p),
11. (N =X +ap:aX—p: p), 12. (Nt =X+ bt bA — p o ),
13. (A=A +ap: —aX—ap: p), 14. (A=A +bu: —bA—bu: ),
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15. (A :ad—p:=A+ap: pn), 16. (A : DA — s =N+ bu: p),

17. (N —aX—ap: —A+ap: p), 18. (A : —bX\ —bu: —A+bu: p),
19. (A —aX—p:aX+ap: p), 20. (A —b\ — o bA+bu : p),
21. (A:aX+ap: —ak— p:op), 22, (AN +bu s —bA — o p),

where a = 13—‘/5 and b = 1_7*/5 ([[3], Page 25). Let | := (u : —p = A : 0).
For [, picking the basis 83 = (0,0,1,0), 52 = (1,—1,0,0), 1 = (0,0,0,1), and
Bo = (0,0,0,1) for R®* we get

-3 0 30
0 -3 0 3
R ﬁ ,ﬁ = = 81 square.
bol, 9B 3 0 00
0 -3 00

Hence [ is hyperbolic line. In fact, all the first 10 lines are hyperbolic.
Now let us work over the Galois field GF(q): consider the non-singular cubic

surface . = V(f) over GF(17), where

f(Wo, 1, Y2, Y3) = Yay1 + 440 + Yays + 2U3Y2 — 8YotrYa — 4yovays — DY1yays.

Let us determine the kind of the following two lines [ and m on ./, namely
= {(A:0:p:0): (\: ) € PG(1,1T)},
m={0:A:p:0):(A:p) € PG(1,17)}.
For [, picking the basis 53 = (0,0,1,0), S = (1,0,0,0), 51 = (0,0,0,1), and Gy =
(0,1,0,0), we get
1 -8 0 0

of

of| of
R(aﬁo 36,

0 1 -8 0
= = 3 non-square (mod 17).




Hence [ is an elliptic line.
For m, picking the basis 53 = (0,0,1,0), S = (0,1,0,0), ; = (0,0,0,1), and
BO = (1707070)a we get

8§ =8 0 0
0 8 =80
R 9f ,ﬁ = = 16 square (mod 17).
aﬁo m 861 m 0 —5 1 0
0 0 -5 1

Hence m is hyperbolic line.
All the hyperbolic and elliptic lines on a non-singular cubic surface with 27 lines

over GF(q) for ¢ = 17,19, 23,29, 31 are indicated in tables for the next section.

3.6 THE EQUATION OF A NON-SINGULAR CUBIC SURFACE

In this section, we will give the equation of a non-singular cubic surface with 27
lines in PG(3,q) for ¢ = 17,19,23,29,31. Furthermore, we will find the lines and
Eckardt points on each of them, and we will determine whether the line is elliptic or
hyperbolic.

Recall that a cubic surface . with 27 lines in PG(3,¢) can be mapped onto the

plane in the following way. Let . = V(F') be given, as in Equation 3.2, by

0 L L
F=1LLL5+ L/lL/QLg = L/l 0 Ly |= 0,

Ly L, 0

where Ly, Lo, L, LY, L}, and L are homogeneous linear polynomials in 4 variables,

namely v, y1,y2 and y3. The above homogeneous linear polynomials can be written
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as

Ly = agoyo + o191 + ao2y2 + aosys,
Ly = anoyo + anyr + aizys + aazys,
L3 = azoyo + asiyr + as2y2 + s3ys,
Ly = Booyo + Boryr + Bozyz + Bosys,
Ly = Bioyo + Buys + Bz + Pisys,

Ly = Baoyo + Bs1y1 + Ba2y2 + Bs3ys,

where «;; and ;; are elements in GF(q). Let P(Y) := P(yo, 1, %2, y3) be a point in
the projective space PG(3,q) such that P(Y) & V(Ly) U V(Ly) UV(L3) U V(L)) U
V(L) UV(L). A point P(Y) is on . if and only if

0 L L
Ly Ly 0

Consequently, there exists a point P(X) = (xg,z1,22) € PG(2,q) such that the

following system has a non-trivial unique solution:
Lll (Y)l’l + Lg(Y)ZEQ = 0,
Ly(Y)xg + Ly(Y)xe = 0, (3.6.1)
Ly(Y)zg + Lo(Y)x; = 0.

Let us illustrate the Clebsch map, namely s : . --» PG(2,q), in more detail: This

map takes P(Y) := P(yo,y1, Y2, y3) to P(X) = (z9,x1, x2), where

o Ly(Y)
o LYY
zo  Lh(Y)
2 Li(Y)
Ty L3(Y) . LIQ(Y)Lg(Y)
w o Li(Y) Li(Y)La(Y)
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It follows that
w0 = La(Y) Ls(Y) Ly(Y'),
v = —Ls(Y) Ly (Y) Ly(Y),
2y = —Li(Y)Ly(Y) Ly(Y).

Moreover, if we assume that zo = 1 then

zo 21 Ly(Y)Ls(Y)

= Ty X2 B W7
P Ly(Y)
T2 Lﬁ(y)’
o= 2 T L)L) L)

T2 To . T B _Lll(Y)Lé(Y)Lg(Y)

At this stage, we find rational functions, namely

Ty = Po(yo Y1, Y2 y3) = —LQ(Y)Lg(Y)
T LW LYY
B o Ls(Y)
r1 = p1(Yo, y1, Y2, Y3) = )
1

T2 = p1(Yo, Y1, Y2, y3) = L.
Hence the Clebsch map, namely s, is a rational map. In order to prove that s is a
birational map, it is enough to show there ia a map s~ : PG(2,q) --+ . such that

ss~! = I. Rewrite the system in Equation 3.6.1 as

L1 (2o, 21, 22)yo + Laa(wo, 71, 12)y1 + Las(o, 21, 22)yo + L1a(20, 21, 22)y3 = 0,

Loy (o, 21, 22)Yo + Laz(20, 21, 22)y1 + Los(2o, 21, T2)y2 + Loa(wo, 21, 22)ys = 0,

L1 (w0, 71, 22)yo + Laa (o, 21, ¥2)y1 + Laz(wo, 71, T2)y2 + Laa(zo, 21, 72)ys = 0,
where L;;;i,7 € {1,2,3,4} are linear forms in the variables zy, 21 and x,. Hence, we

have the system LY* = 0 where

Lyy Lia Liz Ly
L= Loy Loy Loz Loy
L3y L3y L3z Laa



Let
Liw Lip Ly

L= Loy Loy Lo
L31 L3zy L3

Then
Yo Ly
i | =Adj(L) | Ly, | andys = —det(L'),

Y2 L34
where Adj(L’) is the adjoint of L. In other words, we get
Yo = V017571 + V02TgT2 + Y033 L0 + YoaTiT2 + YosTaTo + Yo6T5T1 + YorLoT1Ta
= Wo(X),
Y1 = g1 + N2TTe + N3TITo + V4T T2 + N5T5T0 + N6T3T1 + VirT0T 1
= Wi(X),
Yo = V212501 + Y22TiTa + V23T X0 + Y2uTTT2 + VosT5T0 + Ya6T5T1 + VarZod 1Ty
= Wo(X),
Ys = Y31T4T1 + Vs2TgLa + Y335 L0 + V34T Ta + Va5 THTo + Y36L5L1 + YarLoL 1Ty
= W5(X),
where ~;; is in GF(q) and each W; is plane cubic curve. So There is a map s
such that s™' : PG(2,q) --» ./, and s7! maps P(X) = P(zg,71,22) to P(Y) =
P(yo,y1, Y2, y3) where y; = W;(X),i = 0,1,2,3. Note that s~ is again a rational
map and ss™! = I. It follows that s is a birational map.

Since the L; and L/ are linear, solving for the y; gives
(003 5 3) = (Wo(X) WA (X) £ IV () Wa(X)).
where each W; is plane cubic curve. So we have a birational map

s: % --» PG(2,q)
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given by s(P(Y)) = P(X) which is the Clebsch mapping mentioned in Section 3.1.
Recall that s maps plane sections of .% to cubic curves through the set # of base

points, where

P = V(W()a W17 W27 W3)

In fact, = { P, P, P3, Py, Ps, Ps} is a 6-arc not on a conic. Then there exists one
half of a double-six on ., namely a; as as a4 as ag, such that if &7 is the set of points

on the lines a; then the restriction of s is a bijection
s: S\ — PG(2,9)\A.

Let €} be the conic through the 5 points of # other than P;. Then we have

Let us give some examples: consider the 6-arc not on a conic in PG(2, 13), namely
S = {P17P27P37P47P57P6}7

where

P =(1:7:0), P,=(1:0:7),

P,=(1:6:0), Ps=(0:1:11),

Py;=(1:0:6), PBs=(0:1:2).
In fact, the six points form a 6-arc, and ¢} := V(22 + 322 — 423 — 3x¢z,) is a conic
through S\{P;}. The corresponding non-singular cubic surface with 27 lines, namely

& in PG(3,13) can be determined in 5 stages as follows:
Stage(1): We find all bisecants P, P; of the 6-arc S. The 15 bisecants of S are
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P1P2:V(.CL’2>, P2P6:V(l’0+2$1 —LUQ),

PPy =V(xg — 221 + 225), P3Py = V(xy),
PPy =V(xg— 21, — 229), PsPs = V(2 + 411 + 215),
P Ps =V(xg — 211 — T3), PsPs = V(xg — 311 + 239),
P Ps = V(xg — 221 + x9), PyPs = V(29 — 311 — 225),
PPy = V(xg + 221 + 215), Py Ps = V(xg + 4x1 — 279),
PPy = V(xg + 211 — 279), PsPs = V(xg).

PP = V(xg + 221 + ),
Stage(2): We find all the conics €; through S\{P,;};i = 1,2,3,4,5,6. The conics
G, are
€, = V(xg + 327 — 422 — 3woz1),
Gy = V(23 + 327 — 422 + 3x011),
G = V(22 — 4a? + 22 + dzoxy),
Gy = V(23 — 422 + 23 — dagx),
€5 = V(xp — 422 — a5 — 3woxy),
G = V(1 — 423 — 4a3 + 3wom1).

Stage(3): We find all the plane cubics w; := V(W;) through §. The 30 cubic

curves of the form V(% - P,P;) are

wy = V(23 + 527 + 225 + 22571 + 6330 — diT0 + HTITe — dX5T0 + 20571
— 5$0.T11’2),
wy = V(13 — 627 + bal — bajr, + 2x5wy — 4wty + 62379 — 42570 — Brywy

- 6$0$1$2),
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W3 =

V(xj + 625 + 55 + bagry + 2051y — 4viwg + 62779 — 42570 + B3y

+ 6JIQZE1I2),

wy = V(23 — 523 + 225 — 22571 + 63519 — dlwg + Sriae — 4a570 — 2751,

+ 5I0ZE11}2),

ws = V(x5 — 523 — 225 — 2237, — 67575 — 40w — SriTe — da5T0 — 2757,

We

wr

ws

Wy

w10

w11

W12

w13

- 5$0$1$2),

= V(zj — 623 — bal — badw; — 2wiwy — datwg — 62720 — 42570 — HT5T,

+ 61’0$1l‘2),

= V(xj — 52t + 4o — 2021, — 23wy — 42730 — 3wiwy — da5T0 — 2257,

— 3xox1T2),

= V(x3 — 62° + 423 — bajry — x579 — daiTo — 3wiW9 — 42570 — HTFTY

+ 3.7701'11'2),

_ 3 3 3 2 2 2 2 2 2
= V(zy — bay — 4oy — 2x5xq + x5xe — dxix0 + 30700 — 42500 — 2051

-+ 3.1’0271372),

— 3 3 3 2 2 2 2 2 2
= V(xy — 627 — 4dxy — dagry + xgre — 4xixg + 3xive — 4520 — SasTy

— 3I0$11’2),

3 3 3 2 2 2 2 2 2
= V(xy + by — 2x5 + 2x5wy — 6x520 — daime — Drjrs — 4xsx0 + 2251,

+ 5IQZE1I2),

= V(zj + 62% — 523 + badwy — 2aiwy — datxg — 62379 — 42510 + STiT)

- 61’01‘11’2),
V(xp + 52% — 43 + 2akx) + xim0 — 4270 + 30309 — d3T0 + 2757,

— 3T0x122),
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wig = V(x) + 627 — 423 + Sxixy + xiwe — daize + 375wy — driwo + HasTy

+ 3$0I1$2),

wis = V(x) + 525 + 4o + 2237, — 2370 — daiTe — 37379 — 42570 + 20573

+ 3ZE0I1[E2),

wig = V(x) + 625 + 423 + baixr) — wiwe — daize — 37379 — 42510 + 55Ty

w17

wis

W19

W20

Wa1

W2

W23

Wayg

— 3707172),

= V(z} — 32% + 5
— 3xor1Te),

= V(z} — 323 + 223
+ 3xor122),

= V(x3 + 32° + 523
+ 3xor122),

= V(x} + 32} + 223
— 3w1172),

= V(z§ + 327 — 5a}
— 3w1172),

= V(zj + 323 — 223
+ 3wo129),

= V(z} — 32} — 52}
+ 3z07172),

= V(z} — 327 — 223

— 31101’11’2),

+ 4:1:(2)x1 + ngxz

+ dadxy + 6251y

— dajxy + 2251y

— dx3zy + 625y

— 4:639[;1 — 21:%@

— 4x3x1 — 6.75(2)1'2

+ 4x§x1 — 21'(2){1?2

+ 4:103% — 6x(2)x2

3 2 2
wos = V(xy — dajrg — dxsw + 3xor122),
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— dxizy + 627wy

— dxizy + 5aiwy

— 4xizg + 6251y

— 4xizy + 5aiwy

— 4a3mg — 6lTy

— 423w — Sty

— 4231 — 6lTy

— 4221 — Sty

— 4a3x0 + 4237,

— 4a2x0 + 4a3x,

— dasxy — dwywy

— 4asxy — 4wy

— 4asxy — dwiwy

— 4as5xy — dwiw,

— 4a3x0 + dasT,

— 4a3x0 + da3x,



3 2 2
wae = V(a7 + 3xgry + 32571 + Tox122),
= V(23 + 3232y — 42325 — 4
Wo7 = ($2 + Lod2 T1T2 I()Il.fg),
wog = V(23 — 4a3xg — 4x3m0 — 3T0T1T2),
3 2 2
Wog = V(ZL‘I + 3IOZE1 + 3[L’2l’1 — Iol’ll'Q),

wyo = V(3 + 31'(2)172 — 4233 + 40T, T2).

The 15 cubic curves of the form V(P,P; - PP, - P, P,) are

wyp = V(x5 — 323 — dab + dajzy + v5re — 4aixg + 3xTwe — 40510 + 4057,
+ ToT1T9),

wyy = V(23 + 32% + 4o — dadx) — xiwy — 4aixy — 3wiwy — 4viw0 — 4257,
+ 25(701’1562),

wsz = V() + 309 — 4o — dadzy + xiwe — daiag + 3751y — dwimy — dT5T)
— ToT172),

wsy = V(2 — 32% — 423 + 4ol + alzy — daize + 33wy — dxdwo + dT5T)
+ 2I0[E11’2),

W35 = V(xf’) + 328 — 4a3 — 4x(2):701 + 1'81'2 — 423z + 3xivy — 4rivg — 4237,
— 2x07172),

ws = V(a2 — 32% + 4ad + dalx) — alvy — datzg — 323wy — dxdwo + dasT)
— 2x01122),

Wy = V(azg — 393:;’ + 43:3 + 43:3331 — x3x2 — 4x%x0 — 33:%3:2 — 49333:0 + 43:3351
— ToZ1%2),

wyg = V(g + 32° + 4l — dajx) — viwy — 4a3xg — 3xTwe — dT5T0 — 4257,

+ Tox112),
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wsg = V(23 + 323z, + 32511 + 67071 72),
wyo = V(23 + 3221, + 3x511 — 6207172),
Wy = V(x% — 4oty — 4wiwo + 5rorTy),
Wyo = V(m% — 417%% — 4:v§x0 — bxoriTe),
wyz = V(23 + 302w, — datzy — 2207179),
wyy = V(3 + 3x§x1 — 4223 + 2202123,
wys = V(zor122).
Stage(4): We choose four base cubic curves through S, namely wy,ws,ws,wy.

The corresponding tritangent planes on . (called base tritangent planes) are chosen

as

T, = V(Iy,) := V(yo),

Ty = V(L) == V()

Ty = V() := V(ya),

Ty = V(I ) := V(y3),
where Ilyy, is a linear form defining 7,,; and correspond to the cubic form W; defining
w;. Every tritangent plane on .’ can be written as a linear combination of yg, y1, ¥2, ys.

For instance, the plane cubic curve wy; is a linear combination of the 4 base cubic

curves:

Wo7 = V(Wg7) = V(ilfg + 3ZE(2)$2 — 41’%1’2 — 42701’1232)
Wor = S(HW27) = MWy + MWy + AsW5 + )\4W4; A\ € GF(l?))
= ()\1 + )\2 + )\3 + )\4)%’% + (5)\1 — 6)\2 + 6)\3 - 5)\4)1’?

+ (221 + 5 + BAg + 20) 25 + (2A1 — BAg + 53 — 2A\y) 51y
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+ (6)\1 + 2)\2 + 2/\3 + 6)\4)1’3%’2 + (—4)\1 - 4)\2 — 4)\3 - 4)\4)1’%1’0
+ (5)\1 + 6)\2 + 6/\3 + 5)\4)1’%%’2 + (—4)\1 - 4)\2 — 4)\3 - 4/\4)$gl’0
+ (2)\1 — 5/\2 + 5)\3 — 2/\4)1’%1‘1 + (—5>\1 — 6)\2 + 6)\3 + 5/\4)[L’0]I1[E2.

By some calculations, we get Ay = —6, Ay = 5, A3 = 0 and Ay = 1. It follows that

s(Tlyy,,) = —6W; + 5W, + W,
= —6s(Iw,) 4 5s(Ilyy ) + s(Iy,)
= s(—6ITyw, + 5w, + Iw,)
= s(—6yo + dy1 + ¥s3)-

So

My, = —6yo + 5y + y3 and 7, = V(—=6yo + 5y1 + ys3).

By using similar augment as above, we get all the 45 tritangent planes on ., namely

Tur = V(¥0),
Ty = V(1)
oy = V(1)
oy = V(y3),

Tws = V(Yo — 3y1 + y3),

Twe = V(Yo + 5y1 + Bya — 6y3),
Twr = V(Yo — 3y1 + 4y3),

Tws = V(Yo — 2y1 + 5y2 — 6y3),
Twe = V(Yo — 3y1 — 3y3),

Two = V(Yo — 6y1 + 5y2 — 6y3),

Twin = V(yo - 3y2 + y3)7
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Twiz

Twis

7TWIZL

Tw1s

Twie

Twi7

Twis

Twig

Twao

Twar

Twao

Twas

Twoa

Twas

Twae

Twar

Twas

Twag

Twso

Twsq

7TW32

= V(yo — 3y1 — 3y2 + 243),
= V(yo + y2 + 4y3),

= V(yo — 3y1 + y2 + 2y3),
= V(yo — 4y2 — 3y3),

= V(yo — 3y1 — 4y2 + 2y3),
= V(y1 — 4y2),

= V(yo + 4y3),

= V(y1 + 3y2),

= V(yo — 3y3),

= V(yo — 5y1 — 5y + 4y3),
= V(yo + 2y1 — 5y2 + y3),
= V(yo — 5y1 + 2y2 + y3),
= V(yo + 2y1 + 2y2 — 3y3),
= V(yo — 4y1 — 3y2 — 3y3),
= V(y1 — v2),

= V(yo — 3y1 + 2y3),

= V(yo + y1 — 3y2 + 4y3),
= V(yo — y3),

= V(yo + 5y — 6y3).

= V(y1 + 5y3),

= V(yl - 6y3)7

Tuwgs = V(Yo — 41 + y2 — 3y3),
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Twss = V(Yo + 4yr — 3y + 4y3),
Tuwgs = V(Yo — 5ya),

Tuse = V(Yo + y1 — 4y + 4y3),
Tug: = V(Yo — y1 — 3y2 — 3y3),
Tugs = V(Y1 — 6ys),

Tuso = V(Yo — Y1 + Y2 — ¥3),
Twsy = V(Yo + 4y1 — 4y2 — y3),
Twn = V(Yo — 3y2),

T = V(Y1 + 4ys3),

Twss = V(Yo + Y1 + 2y + 4y3),
Tuw = V(Yo — 6y1 — 5y2 — 3y3),

Twss = V(Yo + 3y1 — 3y2 — y3).

Stage(5): We choose one trihedral pairs among the 120 trihedral pairs, namely

Tiog @ co3 bs  az ~ my = V()
as ¢y b~y =V(y)
by ai C12
i $
Tsg T

V(ya) V(ys)

where 7, , Ty, Tuw,, Tw, are the 4 tritangent planes on .# corresponding to the six
plane cubics wi,ws,ws,ws which passing through S. From Stage 4, the tritangent

planes on ., which correspond to the third row and third column, are respectively
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Twyy and m,,,. Consequently, the equation of the non-singular cubic surface . is

S = V(yoyl (Yo — 3y1 + 2y3) + Ay2ys(yo + Sy2 — 6y3)>-

To find the non-zero value A € GF(13), we pick a point P(xq : z1 : x2) € PG(2,13)
which is not on any of the basic plane cubics wy,ws,ws and wy. Let us choose the

point P(1:1:1). Then according to Clebsch map, we have
P (Wy(P) : Wo(P) : W3(P) : Wy(P))=(1:1:-5-5) € .7.
Therefore, we find A = —2. It follows that

S = V(a1 — 3U7y0 + 3Y5Ys — Yay2 + 290193 — 2Yolays)-
The 27 lines on . are

b={(A:0:0:p)},
ly={(pn: —4p: X2 0)},

by ={(n:0: X+ p:3)+p)},
Co={(p: A X030 —p)},

b5 ={(\:p:—3u: 3N},
lo={(\:p:dp: —aN)},
lr={(A+p:—4x:0:6p)},
lg={(p:A:X—4u:3N},
lo={(1:A:3\+6p:3u)},

lo={0:X:0:p},

Crp ={(p:XN:6p: 4N+ 3p)},
o ={(pp: AN:6X—pu:5\},
g ={(p:N:=3X:4\+3p)},
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Cia={(p: A+2p: 4N —4p)},
Gis ={(p: A —4p: —4p: 30},
b ={(A:p:6X:5u)},

Gz ={(A: 0p:0)},

bis = {(A:p: =BA: —2p)},

lro = {(A 42X =3 : —4N)},
o ={(p: A 4N =X —4dpu)},
by ={(0: A:p:3p)},

oo ={(p: At =5p: =X —4pu)},
by ={(0: A:p:0)},
ba={(A+p:A:p: A+ p)},
los = LA+ s —4gu: —6) + 5 6M)},
s ={(p: A A},

Cor = {(p: N —4p: 3N}

where (A : p) € PG(1,13). Furthermore, . has 18 Eckardt points which are

Q1=(0:1:0:0),
Q2=(0:0:1:0),

Qs=(0:1:1:3),
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Qu=(1:6:6:1),
Quu=(1:0:0:-4),
Q= (1:0:-5:—-4),
Qizs=(1:-5:-5:1),
Quu=(1:0:—-4:0),
Qis=(1:-2:0:3),
Qe =(1:6:-5:1),
Qur=(1:2:-5: —4),
Qis=(1:-2:6:3).

As another example: consider the plane quadrilaterals Q®(19) and the configu-
ration Q19)(19) in Section 3.4.

For the plane quadrilaterals Q(G)(19), we are able to determine the equation of
the correspond non-singular cubic surface, namely . (19). From Section 3.4, the
lines cy¢, Cou, C35 lie on the cubic surface .7 (19). The trihedral pairs containing the
plane section consisting the cig, cos, and css are Tha3 654, 124,635, L123.645 and Tioq 653.

To determine the equation of .#(®)(19), we consider only one of the four trihedral
pairs, namely
Ti93654 © Ci6 Cos C3a
C24 C13 Cs6

C35 Ca6 C12

Let the three faces of one triad, namely the row plane sections cigca5¢34, C24¢13C56

and c35c46C12, be p1, P2 and ps respectively. The three faces of the second triad (the
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conjugate triad), namely the column planes sections ¢16¢24¢35, Co5¢13C46 and c34¢56¢12,
are denoted by p7,p, and pj respectively. From Section 3.2, we know that the six
plane sections of Tia354 in PG(3,19) corresponds to 6 cubic curves of the web W,
through the 6 points in general position P; € S7, where S; is a 6-arc not on a conic
in PG(2,19), namely

S;=1{1,2,3,4,6,285}.

Let the planes p; = V(Ly),pa = V(Ls), py = V(L)) and p; = V(L%) correspond to the
cubic curves wy = V(W)), we = V(Wy), wy = V(W) and wj = V(W3) respectively,

where

w1 = V(Plpa) UV(P2P5) U V(P3P4)

= V(23z, — Txdwy — 2320 + T2209 — 83320 + 82571);

Wy = V(P1P6) U V(ngg,) U V(P3P4)

2 2 2 2
= V(zgr) — 22730 + 20719 + X501 — 200X1T9);

UJ; = V(P1P6> U V(ngg,) U V(P3P4)

2 2 2 2
= V(zgzy + dxjze — 9xime — 32501 + TT0X120);

wé = V(Plpﬁ) U V(PQPE,) U V(P3P4)
= V(z329 + 22325 — 2570 + 2571 — 3T0T172).

From above argument, we have the following configuration

Thozesa : Ci6 Cos C3a — P1=V(yo) o w = V()
Cau C13 Cs6 — P2 =V(y1) e wy = V(W)

C35 Ca6 Crz — P3 = V(L3) o w3 =V(Ws)

Py Py, ph
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where
Py = V(L)) e wy = V(IW]),
py = V(y2) e~ wh = V(IWy),
Py = V(ys) e wy = V(IW3),
and Ls, L are homogeneous linear forms in o, y1, yo, y3, and Wy , Wy, W5, W],
W3, W3 are homogeneous cubic forms in g, x1,z2. By some algebraic calculations,

we get Wy, Wy, W5 and Wy, are linearly independent. The plane cubics W3 and W/,

where

wy3 =V(W3) =V(P3P5) UV(PPs) UV(P P),

Wy = V(W) = V(P Ps) UV(PPy) UV(P3Ps),

can be written in terms of Wy, Wy, W3 and W3 as

Wy = =Wy + 4Wy + 2W, — AW,
Wi =W, —TW3.
It follows that
L3y = —yo + 4y1 + 2y — 4ys,
Ly =y — Tys.

Consequently, the the equation of the non-singular cubic surface .7 (19) with

A = —1 is of the form:

S ©(19) = V(L LyLs — AL, L, L)
= V(yoy1(—yo + 4y1 — 3y2 — 6y3) — y2ys(y2 — Tys3)

= V(a1 — 4430 + yays — TY392 + 3yoyryz + 6Yov1Ys)-
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Again from Section 3.4, the lines cyg, ca3, c45 lie on the cubic surface .#19(19).
The trihedral pairs containing the plane section consisting the ci4, co3, and cy5 are
T12,367 T13,26, T34,52 and T14,56-

To determine the equation of .%7(19(19), we consider only one of the four trihedral

pairs, namely

Tiose: b3 ciz3 = p1=V(y) e w =V
b6 o Cog — Py = V(yl) ey Wo = V(Wg)
C16 C23 C45 — p3 = V(L3) o wy = V(Ws)

MUSRRIUETIIUE)
where Ls, L} are homogeneous linear forms in o, y1, y2, y3, and Wy, Wy, Wy, W{, W3,
W3 are homogeneous cubic forms in xg, 21, xs.
From Section 3.2, we know that the six plane sections of 11236 in PG(3,19) cor-
responds to 6 cubic curves of the web W, through the 6 points in general position

P, € 83, where S; is a 6-arc not on a conic in PG(2,19), namely
Sy =1{1,2,3,4,6,33).

Let the planes p1 = V(L) = V(yo),p2 = V(L2) = V(y1),p3 = V(L3) = V(o)
and p, = V(L%) = V(ys) correspond to the plane cubic curves w; = V(W;),wy =
V(W3),wy = V(W) and wfy = V(W3) respectively, where
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w1 = V(P1P3> U V(%g)
= V(Plpg) U V(l’% + 2:170.%‘1 + Toxo — 4.1711‘2)

= V(2320 — 22379 — 97571 — IT0T1T2);

wy = V(P Ps) UV (%5)

= V(P Ps) UV (xgz1 + 52072 — 62179)

= V(z3z, + 5xms — 91330 + TT57, — 4T07173);
wy = V(P Ps) UV(%3)

= V(P,Ps) UV (22 + 2x021 + ToTo — 47175)

= V(i) — 92579 — 97370 — 20021 T2);

wg = V(Plpg) U V(PQP@) U V(P4P5)
= V(zdz, — 32220 — 622wy + 4ada) + 4207173).

These four plane cubics, namely Wy, Wy, W3 and W3, are linearly independent.

Furthermore, the plane cubics W3 and W] where

w3 = V(Wg) = V(Plpﬁ) U V(P2P3) U V(m),
wy = V(W]) = V(P F5) U V(%5),

can be written in terms of Wy, Wy, Wj and W; as

W3 = 8W; — W, — 93,
Wi =2W; — TWy — 6W5 — 6WV3.
It follows that
L3 = 8yo — 9y1 — Yy,

LYy = 2yo — Ty, — 6ys — 6ys.
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Consequently, the the equation of the non-singular cubic surface .7 (19) with

A = —1 has the form:

SU(19) = V(LyLyLg — AL} Ly LY)
= V(yoy1(8yo — Iy1 — 9y3) — 12y3(2y0 — Ty — Gy — 6y3)
= V(ygy1 + 6y1yo — 4y3ys — 4y3y2 + 6Yoy1ys — 5YoYays + 8Y1yays).-

Let {(ao)\ + bopt - ay A+ brp s ag\ + bop : agA + bg,LL)}H denote the hyperbolic line
on cubic surface passing through the points (ag : a1 : ag : az) and (by : by : by : b3),
and let {(co)\ +dopt - N+ dip s o+ dop ez + d3,d)}g denotes the elliptic line
on cubic surface passing through the points (cy : ¢1 : ¢o @ ¢3) and (do : dy : do : d3).
Then all distinct non-singular cubic surfaces (up to e-invariants) in PG(3,q) for
qg= 17,19, 23,29, 31 with their 27 lines are shown in the tables: Table 3.8, Table 3.9,
Table 3.10, Table 3.11, Table 3.12, Table 3.13, Table 3.14, Table 3.15, Table 3.16,
Table 3.18, Table 3.19, Table 3.20, Table 3.21, Table 3.22, Table 3.23, Table 3.24,
Table 3.25, Table 3.26, Table 3.27, Table 3.28, Table 3.29, Table 3.30, Table 3.31,
Table 3.32, Table 3.33, Table 3.34, Table 3.35, Table 3.36, Table 3.37, Table 3.38,
Table 3.39 and Table 3.40.

Theorem 3.6. For ¢ = 17,19, 23,29, 31, the possible number of elliptic lines on a
non-singular cubic surface with 27 lines over GF'(q) are represented by the entries of

Table 3.41.
Proof. All the detail are shown in the tables of Section 3.6. O

Let [ be a line on a non-singular cubic surface . with 27 lines over GF'(q) where

q is odd number, namely

S =V(f) =V(LiLaLs + AL Ly L),
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Table 3.8: The non-singular cubic surface .M (17)

| SOT) = V(ydyr + y3yo + 4Y2ys — 3Y2y2 + Yoy1Y2 + You1ys + Yooy + 2y1Y2y3)

\ es = 1,65 = 132, e; = 219, ¢y = 57 and |.7D(17)] = 409

27 Lines on M(17): (A : p) € P(Fy7);7 = A+ p

Eckardt points

{A:0:p:0)}¢
{0000 )

{0 Xz p:0)}ky
{(0:A:0: p)}tw
{NVip:=3u:8)\)}e
{(Nope2X: =3p)}e
{ArpA:3u)te
{(T:=X:0:=p)}e
{V:p:6p:—8\)}e
{(7:8X:8\: u)}xn
{2030+ p)}e
{06+ Tu) by
{Aeprp:—6X)}e
{N:ip:—4X:6p)}e

e A e A e A A A A A A Ay

{(\:

A+ =5 —6A)}e
St =TA+ 38N }e
s =8 =B Tu)

S AF8u i TA) by

S =3A = 8 20 4+ Tu) by
STAF s =T —8N)}e

Sl A —4N —2p) e

S B =22+ 3p) by
sAps —TA: —=5u) by

S3N s =4 —4p) e
C=8u s T —4AN) by
A= 0)}e

S 3N+ 4 6p) by

(0:1:6:3)

# Elliptic lines= 16

#Hyperbolic lines= 11

Table 3.9: The non-singular cubic surface . (17)

\ SIAT) = V(ydys + iy + Y3ys + 2u3y2 — Byoyryz — Woyays — Sy1yays)

\ e3 = 3,69 = 126, ¢; = 225, ¢ = 55 and |.7O)(17)] = 409

27 Lines on #®(17): (A : p) € P(Fyr);7 = A+

Eckardt points

{A:0:p:0)}¢
{N:0:0:p)}n

{0 Xz p:0)}by
{(0:X:0: )}ty
{N e T ) b
{(0:7:5u:—6A)}y
{(A o38N u
{(T:6A:X: —6p)}y
{Vip: =6 4p) by
{V:4N:0: )}y
{(7 4N Bp 4Ny
{6 —4N)}e
{AeT:TA:=Tp)}e
{(mdp: X 2u) by

—_
N
P SIS ISR P i o

NS

3

A A A P P P e e e e e

S —6A BN+ Tp) by
SANF s =3 —4N) e
SR 22t A+ 2p)}e

S AN+ Ap s =T by
S =bps =TA) by
sAps =bA —p)}e

D 6 6A + 8u) e
2020+ 8u)}e
AN+ 3 8\ by
S 20 —8u)}e

cdp s =20 3X —5p)}e
sAp—2X0:0)}

(b —8u: —8A) by

(0:0:0:1)
(0:1:3:1)
(0:1:3:0)

# Elliptic lines= 12

#Hyperbolic lines= 15

and let %\ denote the residual plane section, namely

S\ = f]l.

Then we have the following facts ([27], Pages 196,197):

1. The residual plane sections .#) define an involution on /.
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Table 3.10: The non-singular cubic surface .4 (17)

y(4>(17) = V(l/g?h — yivo + Syays + llng + 4yoy1 Y2 — SYoy1Ys — YoY2Ys — Y1Y2Y3)

e3 =4, 5 = 123, 1 = 228, ¢g = 54 and |.ZP(17)] = 409

27 Lines on W(17): (A : p) € P(Fy7);7 = A+ p Eckardt points
{A:0:p:0)}¢ {A:p: 8N+ p: =5} (0:—8:5:—4)
{N:0:0:p)}n {V:i AN+ BN 6p) by (1:6:5:-5)
{(0:X:p:0)}e {3030 +5u)}e (1:0:0:-5)
{0:X:0:p)}xy {Arp s A 4+4p: —4N)}y 0:1:-7:2)
{Aip:3X0:—8u)}e {Aip:=3X:=A+3p)}e
{(T:p:0:7N)}n {(T:=2p:=Bp:—6\)}e
{(T:0:7p: N} {Nip: =T =32+ 2u) by
{(T7:p:4p:0)} y {Vip: =T —4N)}e
{OV:p BN —4p)}e {Vip:—4N—Tu:2p)}e
{Vip:—6p: —8N\)}e {(T:BX:6p: 6X+5u)}y
{(T:2X: —4X: —bp) by {(7:8X:—=8u:2)\)}¢
{Aop:=3x:2p) {8 s —8X) by
{(Ne s =20 =BA) by {7 =T =Xt 5u)}bn
{07 :7p: N}

# Elliptic lines= 12 #Hyperbolic lines= 15
Table 3.11: The non-singular cubic surface .7 (17)
S O17) = V(ydyr — 6yiyo — By3ys + TY3y2 + Syoyryz + 6Yoy1ys + 5yoyays + Sy1yays) \
e3 = 6,6y = 117, ¢; = 234, ¢g = 52 and |.7©(17)] = 409 \

27 Lines on ©(17): (\: p) € P(Fy7);7 = A+ p Eckardt points
{A:0:p:0)}y {Vep s BN =T 5 by (0:1:-4:0)
{N:0:0:p)}n {V: BN B+ 8u) by (1:=2:0:-5)
{(0:X:p:0)}y {4+ p:0:7)}y (1:0:6:—6)
{(0:A:0: )}y {Nip: =BA+6p: —6p) by (1:0:5:5)
{Aop BN =bp) {Aop =55}y (1:-5:8:5)
{(T:3u:=TA:0)}n {(T:2u: =8 : —4N)}y (1:8:8:—-6)
{(7:0:7u:=8)\)}xn {Nip 6N+ 2p 0 —6X)}y
{(T:p:p: 20}y {V: =22+ p: —4p: =5\ y
{Vipp: =6}y {V: 8N+ 6 : b)) by
{(A:p:—4p: —5N)}y {V: e 8N 6A+Tu) by
{(7: =T —6X: T}y {77 =3X:8X+4p) by
{Nop 8N —6p) {0 A+Tp:60)}

{Aip:6N: —p)}y {(T:=6X:—4X: =Tp)}y
{(7: =8\ :4p:6)\)}y
# Elliptic lines= 0 #Hyperbolic lines= 27

. Since .¥), is either a line pair or a conic, there are five possible configurations

for (1,.#)) as in Figure 3.4.

. The line [ contains 0, 1, or 2 Eckardt points and .¥ has at most 18 Eckardt

points.

. The number of the type I and type II of the configurations (I,.)) for the
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Table 3.12: The non-singular cubic surface .(?)(19)

‘ D (19) = V(ydys + yivo + 23y — 4y3y2 + Yoyry2 + Yoyrys + Yoyays + Y1yays) ‘
\ e3 =2,e5 =129, ¢, = 276, ¢g = 88 and [P (19)] = 495 |

27 Lines on @ (19) : (\: p) € P(Fyo);7 = A+ p Eckardt points
{A:0:p:0)}¢ {Nip: =22 4N —4p) by (1:-1:0:0)
{A:0:0:p)}y {A: 6N+ p:dp: =T} e (1:1:-2:0)
{(0:X:p:0)}e {Vip:=2u: —4N+4p) by
{0:X:0:p)}xy {V: s =3+ 8u:9u) }x
{(7:BX:9N: =37)}n {NV:p:—=6A:2) —8u)}s
{(7:0:9X:5u)}e {(7:9u:9u: =2}y
{A =X+ —p:0)}y {OVi s —6p: =8N +2u)}e
{(0:X:p:BN=9u)}e {20+ 8u: —3N)}e
{(7:8X: 2 +4u: N)}e {OV: =X+ —4p:3p)u
{OV:ip:—6X:9u)}e {(7: =9\ :8u:8\)}e
{V:ip: =22 =3u)}n {Ae =2 +p X —=2p)}y
{A:ip:0:—71)}y {8 =3p: 9N by
{vippw:=7TA) 1}y {(T7:5X:8X:97)}¢
{Npe X =Tp)

# Elliptic lines= 12 #Hyperbolic lines= 17

Table 3.13: The non-singular cubic surface .3 (19)

| SO (19) = V(ydyr + yiyo + 4W3ys — Ty3y2 + yoyrye + Yoy1ys + Yoy2ys + Y192ys) \
\ e3 = 3,69 = 126, ¢; = 279, ¢ = 87 and |.7P)(19)] = 495 \

27 Lines on .#®(19) : (\: p) € P(Fyo);7 = A+ p Eckardt points
{A:0:p:0)}¢ {0 A:p: =8N+ 6p)}y (1:=5:—-6:-5)
{A:0:0:p)}e {5030 —9u) by (1:-1:0:0)
{(0:X:p:0)}¢ {NV:0:p:—8\+6u)}y (1:-4:5:1)
{(0:X:0:p)}e {A BN+ —6A:bp)}e
{(T:=X:=p:0)}y {V: =8+ —=8u: T}y
{(T:9p: —4X: 9 }e {Aep:TA=9p: —=bu)}y
{(T:4p: =5 :5\)}e {(T:2u: =3p: 4N}y
{Vip =6 )}y {N: =22+ p:—4p: N)}e
{Nip:0:=7)}y {V:i a4+ T =5}y
{A:p:5X:7Tu)}e {(A:p:8u:—>5N}e
{V: 8N =bu)te {8 20 —4p) by
{(T:=p: A =2}y {77 =8N\ : —=8u)}u
{Ve s =6 M)} {5 =9N+3p) b
{V:ip BTN} e

# Elliptic lines= 12 #Hyperbolic lines= 17

different involutions on [ are given by Table 3.42.

Theorem 3.7. There are 4,7,5, 7,9 distinct non-singular cubic surfaces with 27 lines

95



Table 3.14: The non-singular cubic surface .4 (19)

| SD(19) = V(ydyr + y2yo + 8y2ys — W2ys + Yoy1Ye + You1ys + Yooy + Y1Yays)

\ ez =4,e0 =123 ¢, = 282, ¢ = 86 and | LD (19)] = 495

27 Lines on #@W(19) : (\: p) € P(Fyo);7 = A+ p

Eckardt points

{A:0:p:0)}¢
(0500 p)}e
{(0:X:p:0)}e
{(0:A:0:p)}e
{Aip:0:=7)}y

{A = At —p:0)}y
{(T 7T =2 —8\)}e
{V:p:=Bp:—=3N)}e
{Vvip =90 : TNy
{OV s =9A T by
{\:p:=bX: =3}
{(T:=4X:3X:2p) by
{V:p4p 5N} e

{(A

s AN b te

—~
—
>

e A e A e A A A A A A Ay
=
>0 > > > O > > > > >

S =bp 9N+ 20) by
STA— 209N by

20 TA+ s 3p) by

S 3N —=2p T}
C—OA F s =T 5N by
S =BA 204+ 9u) by
Sl —=TA =4 5p) by
DA 3N = 2u) by

S AN =9N+2u) by
sp—3A+ 6 —3u) by
S =X 9N+ 6u) e
D2p s 6A+5p) e

S 6A = 3p =3}y

(1:1:-9:7)
(1:9:=5:7)
(1:=2:-9:5)
(1:=1:0:0)

# Elliptic lines= 12 #Hyperbolic lines= 17

Table 3.15: The non-singular cubic surface .7 (19)

‘ SO(19) = V(ydy: — 4yyo + y3ys — Ty3y2 + Yoty + 6Yoy1ys)

\ e3 = 06,6y = 117, ¢, = 288, ¢9 = 84 and [ ©(19)] = 495

27 Lines on .#©®(19) : (A : p) € P(Fyo);7 = A+ p

Eckardt points

g 0) by
10 ) bu
et 0) b

0 )b

S =9 —4p) by

22X =8 AN+ T) Iy
A0 = AN+ T by
SON+ T 3T 9N+ T) by
28X =531 —8A+4p) tu
20: 90 dp) by

cA+ B A4 bu T by
D22 —8p =471 A+4p) by
=9 TA=20 0 =B by
STA+ 609N —5u:0)}y

>N OO O > >
N> >0 o

R

e A A A A Ay e Ay A Ay A Ay e
T T TS eSS
N

3

SRR RN

SN

o A A A A A A A A A A Ay
PRRgsingsingsingsingSinSinSing Singsingstng sy

3

{V: =8 A+ —=3A=9u: —6A—4pu)}y
D=6 A4 —6A+4p: —A—5u) by
DB =8 =3A A+t =B+ )}

D3 20 =TA— = A+ 8u)}u
S22 4 3N+ 6 — A+ 9u) by
28X —06p =57 —=TA+4u) by

D =BA 4 6p =3\ =5 —57) by
SA=DBp i A =3u: A =5u)}y
2BA—6p: =3\ —4dp: —57)}y
28X —6p =B — i 6A — Tu) by
c8A+ 5 =B +4p: —TT) by

D =ON+9u =47 BN+ 20) by
28X =5 =57 6A+ ) by

:0:0)

: —5)
:0)
1)

# Elliptic lines= 0 #Hyperbolic lines= 27

(up to e-invariants) in PG(3,q) for ¢ = 17,19, 23, 29, 31 respectively, namely,

LM (AT7),m = 1,3,4,6.

™ (19),m = 2,3,4,6,9,10, 18.

ZM(23),m =1,2,3,4,6.

Z™(29),m =0,1,2,3,4,6, 10.

ZM(31),m =0,1,2,3,4,6,9, 10, 18.
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Table 3.16: The non-singular cubic surface ¥ (19)

SO(19) = V(ydyr + y2yo + 3y2ys — 6Y2y2 + Yoy1Y2 + You1ys + Yooy + Y1Yays)

es =9, ey = 108, e; = 297, ¢ = 81 and |.7P)(19)] = 495

27 Lines on ™ (19) : (\: p) € P(Fyo);7 = A+ p

Eckardt points

N> OO >

D e T e e T e
> > > > >

L

10) b
)b
10)n
A0 )b
ST =8 6A) by
S T —4Ap) by
= =A:0) by
206X =3p)}u
S 2u 0 —TA) by
s 8A ) by
cp 0 —7)}y
D8 A) by
S 2X s =T bu
S T —4N) by

> o o
O O
>

e A e A e A A A A A A Ay
I =
S > > > > > > > >

{(0:
=AM+ —=bu o Ap) by
SO =B —TA) by
S 2N =20 — Tty
D AN 8t )
=20 A Ny
Sl 20 =TA = 2p) by
ST =9N 4+ 6u) by
Sl TA = 2p s —4p) by
S8 =22+ ) by
S =20+ T —4AN) by
Sl 8A A = 2u) by

S —=BA =8 —=Tu) by

T 0N+ Ty

1:8:7:1)
1:0:7:0)
1:0:8:1)
1:0:0:=7)
1:-1:0:0)
0:1:8:1)
1:-7:8:-7)
0:1:0:-7)
0:1:7:0)

# Elliptic lines= 0

#Hyperbolic lines= 27

Table 3.17: The non-singular cubic surface .19 (19)

SU0(19) = V(y2ys + 6y2yo — 4y2ys — 4y2ys + 6Yoy1ys — SYoyays + SY1yays)

es = 10, e = 105, e; = 300, ¢y = 80 and |10 (19)] = 495

27 Lines on .#19(19) : (A

tp) EP(Frg);T=A+p

Eckardt points

>N RE OO > >

SRR

B e N T
LRI

RIS

0:p:0)}y {(r

0:0:p)}e {(r
Az 0)}y {(r
A0 p)te {(A
S3p i A =T 0)}y {(0
T3 3N+ 49Ny | {(7
=8 A+ =38+ p)te | {(7
=8 A= =8N — 87}y | {(7
AN =bp T —4N—6p)te | {(7
SBA—=6p 6N —Tp 67}y | {(7
C=TA=3p  =TA2p: 97) e | {(7
20:9N —6p:4N)}e {(r
SA=Bu: —4u T A+t | {(7
DTA =80 —4N —8u)}y

D —6A+bp =4 =X +4p)te
AN+ T BN+ 4p s —4N + 3p) }e
SAN T 9N+ 20 —8A +5u) by
S8AF o 9N+ 6 6A) by

ST =TA+8u: 9N —6p)}e

AN —Tpo T —=8X —5u) by
=8N =T =8N —=Tu: 8\ +9u)}e
D —8A+6p: =3\ —8u: 87)}y

D —6A =B TA— =3\ +Tu) by
SA=3p =bA—4p 97 }e

ST =TA—=6p: —4AN+20) by
A =3p 3N+ 20 =3A+9u) }e

i —=6A+6p: =371 =3\ +3u) }tu

(0:0:1:0)
1:=7:-4:6)
1:—4:1:8)
1:3:0:0)
1:=7:-3:6)
1:-3:0:6)
1:-3:1:6)
1:—4:-4:38)
1:0:-3:0)
0:1:1:0)

P

# Elliptic lines= 12

#Hyperbolic lines= 15
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Proof. By the argument introduced in previous section, and our computer programs,
the distinct non-singular cubic surfaces with 27 lines (up to e-invariants) that corre-
sponding to 6-arcs not on a conic in PG(2,q) for ¢ = 17,19,23,29,31 are shown in
Section 3.6. More precisely, if Ti(q) represents the type of a non-singular cubic surface
with 27 lines over GF'(q), and eg, €1, €24, €3,; denote the e-invariants correspond to

Ti(q), then we have the Table 3.43 which illustrates the distinct non-singular cubic




Table 3.18: The non-singular cubic surface .7 (19)

FT(19) = V(ydys + Syyo + 9y3ys — 9y3y2 + Yoy — 5Yoy1Ys)

e3 = 18,60 = 81, e = 324, ¢ = 72 and |7 (19)] = 495

tp) EP(Frg);T=A+p

Eckardt points

DDA —=4dp 0 =TA+9u) by
D2X = 6p s 6N+ s —B5A + 9u) by

D —8A=2p t =3A2p 0 —3A+2u) by
=3 =2 —9N —6p: 87) by

D —OA+2p : TA+O6p : —4N—5pu) by
C=TA A —TA+4p 37y
D =3A+3p s =3A+8u AN —4p) by
D —=3A =81 —9N+ T 87)}y

SOAN+ T =27 14N —8u) by
C=BA 8 =22+ T T) by
D22 —=3p s —8A+9u: —3A—5u) by
STAH3p T =N+ 5u) by

A 2N AN+ T b

0:1:0:0)
1:0:0:0)
1:0:0:8)
1:—6:1:8)
0:1:8:8)
1:7:0:0)
1:-8:-7:1)
0:1:0:7)
1:0:1:1)
1:=5:-2:3)
1:0:=7:0)
1:=7:1:1)
1:=7:0:8)
0:1:1:0)
1:4:-7:1)
1:—-2:-2:3)
1:1:1:8)
1:=7:=7:0)

27 Lines on .Z1¥(19) : (A
0 0w G
{000 )b {r
{0 Xz p:0)}ky {(r
{(0:A:0: p)}tw {(r
{(0:7:=5p: —5p)}x {(r
{(T:=BX: =BX:2X +Tp) by {(r
{A:7:87: —6A+8u)}y {(r
{(T:A+4p:=A=Tp:7)}y {(r
{(7:9u: =71 =TA+3u)}n {(r
{(T:6A+2: 9N+ Tu:0)}y {(r
{(T:TA=2p:7: =4 =3uw)}n | {(r
{(T: 22 +9u:5X =T 30}y | {(7
{Ove =TA+p =T 3 +5) by | {(A
{(7:0: =Tp: =Tp)}xn

# Elliptic lines= 0

#Hyperbolic lines= 27

Table 3.19: The non-singular cubic surface .1 (23)

‘ ZW(23) = V(yayr + yivo + 2y3y3 + 8Y3Y2 + Yovr¥z + Yov1¥s + YoY2ls + Y1yays)

e3=1,e0=132,¢; = 381, ¢p = 177 and |1 (23)] = 691

27 Lines on Y(l)(23) (A ip) €P(Fy);T=A+u

Eckardt points

SBA s =T —60)}e
29u s —10p 0 —10A) by
2200 —11p =3\ }e

S AN T —4AN —10p) by
c—11p 100 4N) by

s —6A — 11p: 100 }e
S10N+ gz 6 —110) }e
Sl T 3N+ ) by
A+ Bu =T )y
S —3X: —6p)}s
c=9u =T 8p)}e

STA 6 —8N)}e
S22+ s =3 4p) by

(1:-1:0:0)

{(A:0:p:0)}ky {(A
{(A:0:0:p)}e {(r
{0 A - 0 {r
{03 0: )} {0
{Ae =X+ —p:0)}ty {(r
[ =T 10p) e {0
{7 N+ 3u)n {(\
{Aopcdp: =11N)}e {(x
{A e =A+p:0:—p)}ty {(=
{(0:7:11p: —3N)}s {(A
{(7:0:11p: =3X\)}¢ {(r
{Vrpdr: =11p)}e {(r
{N:p:=3u:—6)\)}e {(A
{(7:10p : p:107)}¢
# Elliptic lines= 16

#Hyperbolic lines= 11

surfaces with 27 lines (up to e-invariants) over GF(q) for ¢ = 17,19, 23,29, 31:

Corollary 3.1. The maximal number of Eckardt points on a non-singular cubic

surfaces with 27 lines in PG(3,q) for ¢ = 17,19,23,29, 31, are 6, 18,6, 10, 18 respec-
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Table 3.20: The non-singular cubic surface .(?)(23)

| S @(23) = V(ydyr + y2yo + 3y2ys — 6Y2y2 + Yoy1Yo + You1ys + Yooy + Y1Yays)

\ e3 =2, e =129, ¢

=384, ¢y = 176 and |.7@(23)| = 691

27 Lines on Y(Q)(Q?)) A i) €EPFos);T=A+p

Eckardt points

c11p 8N 117)}e
s g 11N by
D —6A 1 —6u) by

{A:0:p:0)}¢
(005 e
{(0:X:p:0)}e
{(0:A:0:p)}e
{Aip:0:=7)}y
{A:ip:=7:0)}y
{Nip:—6p: —6X)}y
{V:ip =9 =9\ }y
{OA =N —p)bu
{11 : 1) by
{(7:=2X:=Tu: N}e
{(

{(

{(

> > 3

—~
—
> 3

NN N N N N o~ o~ o~ o~ o~ o~
> > > O >3 > >

3

e A e A e A A A A A A Ay

D3 —4p 8N e
S8A+ 8y —9N) e
D —9N: 8N —bu)}e
Sl 2X —=5p s —60)}e
s 1lps —=TA+ 8u) }e
1IN 117 8u)te
20 —4N — ) }u
SA s —AN — )}y
S8A o —9N:8u)}e
Sp =9\ —9u) by
23 8A: —4p)}e

S —6A 22X —bp)}e
D —=9u =5\ 8 }e

(1:-1:0:0)
(0:0:1:-1)

# Elliptic lines= 16

#Hyperbolic lines= 11

Table 3.21: The non-singular cubic surface .3 (23)

\ FS3(23) = V(ydy + y3yo + Ty3ys + SY2y + Yoy1¥ + Yoy1¥s + YoYays + 3Y192ys)

\ e3 = 3,69 = 126, ¢; = 387, ¢g = 175 and .7 (23)] = 691

27 Lines on .#®)(23) : (\: p) € P(Fa3);7 = A +

Eckardt points

{A:0:p:0)}¢
{A:0:0:p)}e
{(0:X:p:0)}¢
{(0:X:0:p)}e

{(T A A A+ 8u)
{A:ip:0:—=7)}y
{(V: BN =10p)}e
{100 =20}y
{ON AN =5p) by
{7 0) b
{3 =9\ }e
{9} e
{Vrpe2Xh: =Tp)le
{(T+=6X:5X:5u)}n

—~
—

A A A A P P A Ay ey ey e

Sl BN TA+ b by

S —ANF o =TA) by

S8 9 —9N)
STACA IO+ ) e

s TIN+ 200 —bp) be
:—10X: 61 : 97) Iy

S22 A+ 8u) by

s —6A 4+ —Bu BA+4p) by

SR A 20— 9u) by

D=5 9N A by
s 1l =20 }e
S AN BN+ ) e
20200 A = 3p) by

(0:1:1:-7)
(1:-9:2:-2)
(1:=6:5:0)

# Elliptic lines= 12

#Hyperbolic lines= 17

tively. Moreover, the minimal number of Eckardt points on a non-singular cubic

surfaces with 27 lines in PG(3, q) for ¢ = 17,19, 23,29, 31, are 1,2, 1,0, 0 respectively.

Proof. See Table 3.41.

Corollary 3.2. The number of elliptic lines on a non-singular cubic surfaces with 27

lines in PG(3,q) for ¢ = 17,19,23,29, 31 is either 0 or 12 or 16.
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Table 3.22: The non-singular cubic surface .4 (23)

| S W(23) = V(ygys + yivo + 33 + 3y + Yoyry + Yoyrys + Yoy2ys + Y1y2ys) \
\ ez =4,e0 =123, ¢, = 390, ¢ = 174 and |.7™(23)] = 691 |

27 Lines on @ (23) : (A : p) € P(Fa3);7 = A + Eckardt points
{A:0:p:0)}y {AV: 10N+ =11 : 3p) }e (1:-1:0:0)
{A:0:0:p)}y {Aip:=11p: —=11N)}¢ (0:0:1:-1)
{0:X:p:0)}y {(7: =T :9N+8u: —11p)}e (1:1:-2:0)
{0:X:0:p)}xy {(A:p:=5u 9N+ 10p) }e (1:1:0:-2)
{(0:7:5X:5u)}n {Vip s =22 TA = Tu) by
{(Top:=Tx:=2p)}y {Nop:=TA+3p: —11N)}¢
{A:ip:0:=7)}y {Nep:=2p: =TA+Tu) by
{A:ip:=7:0)}y {N 4N+ p: =5X:9u)}e
{V:i=Xp:—p)}u {Vip: =2 =2\ }y
{Vip:=2X: —2u) by {33 —=Tu: —11p)}e
{NVip:=11x: —11p)}e {Aer =T =20}y
{(7:0:5X:5u)}n {(7:7A: =8\ :3u)}e
{(A:p:=BX:=bu)}e {NedX 4+ 9 —=5N)}e
{N:p:=Bu:=5\)}e

# Elliptic lines= 12 #Hyperbolic lines= 17

Table 3.23: The non-singular cubic surface .6 (23)

‘ y<6)(23) = V(y§y1 - 101/%,1}0 - 10?/%1/3 + 51]3.7!2 — 3yoy1v2 + 4yoy1ys — 10yoyays) ‘
\ e3 = 6,69 = 117, e; = 396, ¢g = 172 and |.7©(23)] = 691 \

27 Lines on .#©®(23) : (\: p) € P(Fa3);7 = A + Eckardt points
{A:0:p:0)}y {Nip: =8A 9N+ )}y (0:1:0:0)
{N:0:0:p)}n {4 =3}y (1:0:-8:0)
{(0:X:p:0)}y {1+ A by (1:-9:-8:0)
{(0:A:0: )}y {N:0:p:27)}y (0:1:1:0)
{Nipp: Ny {6+ s A+ 2 47) by (1:9:1:0)
{(T:9N X —2p)}y {(T:3u: A+2u:2p)}y (1:0:1:0)
{(7: 7 :8X:0)}y {Nipop: =92+ 2u) by
{(7:7Tpu:0: =6}y {20 —10p : 6))}y
{V:p =8N : 6}y {N:ip:=BA+11p: —8\)}y
{(A:p:6p: =8N}y {AVop 6 =TA—11p)} gy
{(7:8X: =Tu: =9\ Iy {Nop: —8X+3p:6p)}n
{Nep N =T} {OVe s =61 —4p) }a
{Nip:=5p: 6N}y {Aip:—=6X: =10\ — 2u) by
{0:7:2u:4p)}n

# Elliptic lines= 0 #Hyperbolic lines= 27

Proof. See Table 3.41. O

Corollary 3.3. For ¢ odd prime, the number of elliptic lines on a non-singular cubic

surfaces . (q) with 27 lines in PG(3,q) is 12.

Proof. Let 1,15, and I3 be any three lines on the non-singular cubic surface .7 (q).
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Table 3.24: The non-singular cubic surface () (29)

| S ©(29) = V(y2y1 + y2yo + 5y2ys + 6Y2y2 + Yoy1Y2 + Yol1ys + Yoyays + 3Y1Yay3)

\ e3 =0, ey = 135, e; = 540, ¢ = 370 and |7 (29)| = 1045

27 Lines on .#©(29) : (\: p) € P(Fao);7 = A +

Eckardt points

{A:0:p:0)}y
{0705 )
{(0:X:p:0)}e
{(0:A:0: p)}e
{V:p: =59\ e
{V:ip:=9X:5u)}e
{(T:=p:0:=N}e
{(7:0: =6 : —=bu)}y
{V:p 14X 9u)}e
{A:p:=7:0)}¢
{V:p:=8u:6A)}e
{07 11X : 14p) by
{(T:B5X:—6X:12p)}¢
{N:ip:=Tu:—=8X\)}e

—~
—
>

sp—1IN+6p: 9u) be
s 10N — 11 : 6A) by
s AN =TA = 14p) by
8N =3 =N+ 2u) by
C=10A 4 o —4p 9N Ty
S8A+ o =9 —13u) by
23A =3 —4N)}e
D—4N 3N =) te

St —4AN+ 550 }e
D—=TA 6N —13p)}e

STA o =30 —8A) by
s —13N: —=11p)}e
spc —13N T A+ 12u)

>

e A e A e A A A A A A Ay
T T T T TS

> > > 3 > 3

# Elliptic lines= 16

#Hyperbolic lines= 11

Table 3.25: The non-singular cubic surface .1 (29)

‘ S D(29) = V(y2y1 + y2yo + 42y + 6Y2Y2 + Yoy1Y2 + Yoy1ys + Yooys + Y12y

\ es = 1,69 = 132, 1 = 543, ¢ = 369 and [T (29)] = 1045

27 Lines on :7’(1)(29) A i) €EPFo);T=A+p

Eckardt points

{N:0:p:0)}e
{N:0:0:p)}n
{(0:X:p:0)}¢
{05201 1)

{(7: 1dp: 14p: 2X0) }¢
{ip N AN +2u)}e
{NVipp: =120}
{Vip:=TA:12u)}e
(O 0: )b
{Arp: A —12p)}e
{(7:8X:3u: =9}y
{8 A+9u)}e
{(T:0:7p:=5N)}e
{A:ip:=7:0)}y

{V s =4X 43 —12)) }y
D=9 —12u: 8A) by

sp —13N =3 —3u) by
SA T =BA+9u) }e

Sl 8A 9N+ ) e

220+ p —13u =30 by
sp—11IA =120 1 120) by
s 8X i =3u)}e

s 8u o —3M\) e

D= 1200 =130 by

S =T 12X) }e

SOA o =TA =8u)te
:BA T —6X: —8u)}e

> >N > > > > > O >

3

A A A A P P A Ay ey ey e
=

(1:-1:0:0)

# Elliptic lines= 16 #Hyperbolic lines= 11

Consider the following three configurations, namely

(1, AX(), (Ul AP(q)), and (I3, A (q)).-

Then according to the previous facts mentioned in Table 3.42, each configuration has
1 hyperbolic involutions of type I, and 4 hyperbolic involutions of type II. So the

total number of hyperbolic involutions corresponding to each configuration is 5. This
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Table 3.26: The non-singular cubic surface (%) (29)

‘ S P(29) = V(ydy1 + Iyiyo — 2y3ys + 4y3y2 + Syoyryz + 124015 + 120y2ys — 12y192y3) ‘
\ e3 = 2,69 = 129, 1 = 546, ¢ = 368 and [P (29)] = 1045 \

27 Lines on @ (29) : (A : p) € P(Fa9);7 = A + Eckardt points
{A:0:p:0)}¢ {NV:BA 4+ 10 : A)}e (1:0:0:4)
{A:0:0:p)}y {(7:6p:p:4N+8u)}y (1:3:-14:4)
{(0:X:p:0)}e {(T7:XA:3X—=8u:—6\)}e
{0:X:0:p)}xy {(7:4X:6A+ 14p : 8\ }e
{ANipp: Ny {(T:6A BN —4p: 8N}y
{Vip N 11p)}e {Aip:—=6X =T —6A)}

{A:ip:3p:—6N)}e {(7:=13X 451 :0: )}
{7 Ao =11p)}e {(T:4p: —10X: =8\ +9p) }u
{(7:0:6X: =3u)}e {20+ 22 +4p: 0) 1y
{(0:7:—6p:3N\)}e {V:ip:—14X: =10\ — 5u) by
{(T:2p:2u: =T\ }y {A a4+ =13X AN+ Tp) by
{OVip s =14X: 2p) by {Aip:—=13X: —6p)}y
{Nop:dp 4N}y {(T:3X: 9N A +2u)}e
{7 —=14p 4N }e

# Elliptic lines= 12 #Hyperbolic lines= 15

Table 3.27: The non-singular cubic surface .72 (29)

‘ S D(29) = V(ydyr — Iytyo — Sy3ys + 14y3y2 + Llyoyrye — 12y0y1ys — 3yoyays + 6y192y3) ‘
\ e3 = 2,65 = 129, €; = 546, ¢y = 368 and |7 (29)| = 1045 \

27 Lines on .#®(29) : (A : p) € P(Fa9);7 = A + Eckardt points
{A:0:p:0)}¢ {(T:=8u:p:=A+3u)}e (0:0:1:13)
{N:0:0:p)}e {NV:0:p: =6+ 13p)}y (1:-9:-9:1)
{(0:X:p:0)}¢ {OV:=14X+p: =X :9u)}e
{(0:X:0:p)}e {Vip: =9 11N by
{Nipp: Ny {A:8 4+ —12X: 13p) }e
{(7:1dp: 14p: —2)\)}¢ {Aip 8N —p: 11N }e
{18 N+ 14p:0)}y {204+ s =9X: —11p)}e
{20+ 12p: M) e {V:p:=9u:BA+ 11p)}e
{Vvip =120 )by {13 = 12p: p)}e
{Arp: =X =2u)}y {0 A 18N+ 12p) by
{V:ip:=11p: 130}y {A:=9A 20+ 13p) b
{Vop:=9x: —=13p)}u {N o =1IN+ T —13p) }e
{18 A+ p:0: =8u)}y {Z:=14X 4+ p: 6p: 130) 3¢
{(7:=2X: 9 : 4N\ }¢

# Elliptic lines= 16 #Hyperbolic lines= 11

means we have 15 = 5-3 hyperbolic involutions corresponding to the all configurations.
Hence the number of hyperbolic lines on a non-singular cubic surfaces is 15 (see Figure
3.5).
So
#(Elliptic lines) = 27 — 15 = 12.
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Table 3.28: The non-singular cubic surface .3 (29)

FB(29) = V(y2y1 + y2yo + 3y2ys + 5Y2y2 + Yoy1Y2 + Yoy1ys + Yoloys + Y12y

e3 = 3,63 = 126, ¢; = 549, ¢ = 367 and |7 (29)| = 1045

27 Lines on .#®(29) : (\: p) € P(Fa9);7 = A + Eckardt points
{A:0:p:0)}y {(T:3X:TA 4N+ 3u)}e (0:1:-12:7)
{N:0:0:p)}n {V:=6A+p:5p:5N)}e (1:-1:0:0)
{0:X:p:0)}y {A:=A+p:—2p: )}y (1:0:-12:7)
{0:X:0:p)}xy {(A:p: 9N 14p)}e
{V:p:BA+p:5u)te {18 =120 : T by
{(T:0:=10p : —6X)}x {Aip 96X —11p)}e
{Nep: =12p:TA) by {Z:p 12X 10X + 3p) }e
{(7:=p:0:=XN)}xn {0 X:p:—=6A+11p)}y
{N:p:=7:0)}y {Nip: =AM+ p: 140 }e
{OVip s =120 Tp) by {(7: =3 :2\: —11p)}e
{9 140} {Aop: =122+ 13p : TA) by
{(T:8X:=9X:2u)}y {(7:=2p: X p)}e
{A:p:12X:5p)}e {Aop: =120 TA+2p) by
{N:p 120 :5X0) )

# Elliptic lines= 12 #Hyperbolic lines= 17

Table 3.29: The non-singular cubic surface .4 (29)

FM(29) = V(ygyr + yivo + 4y3ys + 8Y3y2 + You1y2 + Yoy1ys + 3yoyays + 3y1y2y3)

es =4, e9 = 123, 1 = 552, ¢ = 366 and |.Z@(29)] = 1045

27 Lines on ™ (29) : (A : p) € P(Fao);7 = A + Eckardt points
{A:0:p:0)}y {Oveps b s 1IN+ 8p) by (1:-1:0:0)
{A:0:0:p)}e {V: 18X+ =60 —14M) by (1:14:12:7)
{0:X:p:0)}y {N:p:=TA+9u:6p)}e (1:1:12:-14)
{(0:X:0:p)}e {V:=4AX+p: 3N —bu)}e (1:-2:5:-14)
{Nep:3p: 7N}y {(A:p 12X —10X — 3p) e
{A:ip:=7:0)}y {N:0: —8X+p:14p)}e
{(0:7:=8X\:—4p)}e {NVop BN 8N+ 11p)}y
{120 =140}y {NV:ip:—=6X—9u: —14p)}y
{(7:=p:0: =N}y {v: =8X+p:—10p:7TA)}u
{(A:p:5u:6N)}e {(7: =11X: —=10p : 10A) }x
{ANrp:5A:6p)}e {OV s =Xt 6p:=Tp)

{Zip 12X —14p)}y {(T:=9p:8u:—=3N)}¢
{(7:7Tw:—=8u:—5\)}e {(7:=TA: 9 :67)}¢
{Vep 30T}y

# Elliptic lines= 12 #Hyperbolic lines= 17

Corollary 3.4. For q odd prime, the number of elliptic lines on a non-singular cubic

surfaces .7 (q) with 27 lines in PG(3,q) is 12.

Proof. Let 1,15, and I3 be any three lines on the non-singular cubic surface .7 (¢q).

Consider the following three configurations, namely

(U, A), (U, A1), and (I3, A (q)).-
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Table 3.30: The non-singular cubic surface . (29)

| SO29) = V(y2y1 — yiyo — yays + 1203 + 13yoyiys — 11y1yays) |
\ e3 =6, ey = 117, ¢; = 558, g = 364 and |7 (29)] = 1045 |

27 Lines on .#®(29) : (A : p) € P(Fa9);7 = A + Eckardt points
{A:0:p:0)}y {(T:BA+p:=11p:TA) by (1:0:0:0)
{N:0:0:p)}n {(7:—=6p: —6X: —bu)}y (0:0:1:0)
{0:X:p:0)}y {07 13N+ )}y (1:-1:-12:1)
{0:X:0:p)}xy {(r X120 —14p) by (1:2:-5:-2)
{120y {V BN+ 6 —2X) }y (I:-1:6:1)
{A:7:0:9u)}xn {Ae7 T =5p: A}y (1:2:-12:-2)
{(7:=2X: 12 : 20\ }y {V:ip:=12X: —p) by
{7 :6X: 14p)}y {(T: =10\ :5u: —12)\)}y
{Nop: =BX:Tp) {(T: X120 =27)}y
{7 =B —2u)}y {V:p:6X: —4p) by
{0 —12u) {Vip:=A=12p:12)\)}y
{Orer whn [0 e 6y N
{A A0}y {V e —6p: 20 = 2p) by
{7 =120 p) by

# Elliptic lines= 0 #Hyperbolic lines= 27

Table 3.31: The non-singular cubic surface .#19(29)

\ Z10(29) = V(ydy: — y3yo + 6y2ys — 5y3y2 — L0yoy1ys) |
\ es = 10, o = 105, e; = 570, eg = 360 and |.719(29)| = 1045 \

27 Lines on .#19(29) : (A : p) € P(Fao);7 = A+ Eckardt points
{N:0:p:0)}y {V:O N+ —p: BN} e (1:0:0:0)
{N:0:0:p)}n {(7:—p:=5X\:6u)}y (0:1:0:0)
{(0:X:p:0)}y {(7:4p: 4N+ 9 : 6p)}e (0:0:1:0)
{(0:A:0: )}y {NV:p:—4X: —13p)}e (1:0:5:6)
{(T: X —=12p: 3p) by {(T:3p: A+3p: 14p)}e (1:=1:5:6)
{N:opdp 130} {A:ir:—=4XN: —p)}e (0:1:0:—-6)
{Aim:=X:Tp)}e {N:ip: =56}y (1:1:0:0)
{(7:p:0:3\)}y {(Top:p:=TN)}e (1:0:0:6)
{(T:p:dp:N)}e {V: BN —6p) by (1:=1:0:6)
{(A:ip:=X:=bu)}e {(A: =13 N+ p: —4p: 13N} e (0:1:-5:-6)
{N: 5760}y {0 7))}y
{Aip:p:bN)}e {A:7:5X: —6p)}y
{0 X p:Tu) by {(T: X =B\ 6p)}wn
{A:X:p:0)}y

# Elliptic lines= 12 #Hyperbolic lines= 15

Each configuration has 1 hyperbolic involutions of type I and 4 hyperbolic involutions
of type II via the previous facts mentioned in Table 3.42. It follows that the number
of hyperbolic involutions corresponding to each configuration, is 5. Consequently, we
have 15 = 5 - 3 hyperbolic involutions corresponding to the all configurations. Hence

the number of hyperbolic lines on a non-singular cubic surfaces is 15 (see Figure 3.6).
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Table 3.32: The non-singular cubic surface . (31)

| SO (31) = V(y2y1 + 2y3yo + 6y2y3 + 6y2y2 + 2yov1 Y + SYoy1Ys + SYoyays + SY1yays)

\ e3 =0, ey = 135, e; = 594, ¢g = 450 and | (31)] = 1179

27 Lines on @ (31): (\: p) € P(F31);7 = A+ p Eckardt points
{A:0:p:0)}y {8 N+ s =20 :9N) by
{N:0:0:p)}n {(7:=10p : 12X\ : 10u) }¢
{(0:X:p:0)}e {20 =8X+3u)}xn
{(0:X:0:p)}e {1220+ 30 =Tp) by
{(7:15p:0:6X)}s {(7: =13\ : =3X:12u)}¢
{Ao7:=Tp =130}y {Vop AN+ 3 —10X) }
{Nip:3h:—p)}e {20+ s 1B N+ =Tp) by
{Vip:2X: —12pu)}e {(\:p:=10p: —10N) }¢
{4 9N} e {(7:8X:BA—p:8)\)}e
{(V: b —13)\)}e {(7:3p:12u: —N)}e
{(T:0:—=6p:—6X)}yn {(7: 150 : 15X : 0)}¢
{Aip:dh:pw)lke {AV10N 4+ p o 5X  —2p) by
{(0:7:—=6X: —6p)}y {(T:=12Xx: —4X: —14p)}¢
{(T:=8X: =14p:3\)}e

# Elliptic lines= 16 #Hyperbolic lines= 11
Table 3.33: The non-singular cubic surface .1 (31)
| S W(31) = V(ygys + yiyo + 4y3ys + 6y3y2 + yoyrye + Yoyrys + Yoyays + y132ys)
\ es = 1,69 =132, e = 597, ¢ = 449 and [T (31)] = 1179

27 Lines on M (31): (A : p) € P(F31);7 = A+ p Eckardt points
{A:0:p:0)}¢ {(T:=6X:5X: —8u)}e (1:-1:0:0)
{A:0:0:p)}e {1200 =3\ —5p) by
{(0:X:p:0)}¢ {(r:=X:13p: —14p)}y
{(0:X:0:p)}e {20 —4p 140y
{AZ:p 12X :13p)}e {A:8 4+ —9A: —13p)}y
{A:=A+p:—p:0)}y {(T:=4X: =12p: 3N\ }¢
{(r: =12 : 11p: =5}y {V:=8A+p:—13u:7N)}¢
{(7:0: =8u:5\)}u {8 —12p: 13p) by
{120 130 e {0 X BN —11p)}y
{(A =9\ 14p)}e {4 +2p: 140}y
{Vip:=6p:TA) Iy {A:BA 4 —6X: —8u)}e
{Nop:=9u: 14N }¢ {V e =13X+ p: 87 : 13X\) }y
{(T:=X:0:=p)}y {(T:4X: =5X: —13p) by
{Nop:=6X:Tp) by

# Elliptic lines= 12 #Hyperbolic lines= 17

Thus

Corollary 3.5. For ¢ odd prime, all the 27 lines on a non-singular cubic surfaces

18 (g) with 27 lines in PG(3,q); ¢ = 1(mod 3) are hyperbolic.

#(Elliptic lines) = 27 — 15 = 12.
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Table 3.34: The non-singular cubic surface (%) (31)

| SP(31) = V(ygys + yivo + 6y3ys + 6y3ya + yoyry2 + Yoyrys + Yoy2ys + Y1y2ys) \
\ e3 = 2,65 = 129, ¢; = 600, ¢g = 448 and [P (31)] = 1179 |

27 Lines on @ (31): (\: p) € P(F31);7 = A+ p Eckardt points
{A:0:p:0)}¢ {A:ip: =10A+11p: 15X) by (1:-1:0:0)
{A:0:0:p)}e {204+ —4p: =30 }e (0:0:1:-1)
{(0:X:p:0)}e {(\V:p:15p: 15X) }e
{(0:X:0:p)}e {(7:=bp: —=2X:4u)}y
{V:i=Aip:—p)tn {AV 6N+ s =20 —TA) by
{Vip:=3u:=3\)}xn {6+ =TA: —2u)}y
{(T:=X:0:=p)}y {(T:=15X: —4p : 14\)}¢
{(r:=2p: 11X : p)}y {N:p: 15X =102 + 11p) }y
{Vip:=TA:=Tp)}e {Vip =T =7\ }e
{Vip:=3X: =3u)}u {(7: =bp = 4p: =20}y
{(T:=2 X 11p)}y {V:ip:=3X:8\—4p)}e
{(0:7:5X:5u)}u {Nip:=3p: —4XN+8u)}e
{(A\:p: 15X 15u)}e {Ae=X4+p:—p:0)}y
{(T:0:5X:5u)}xn

# Elliptic lines= 12 #Hyperbolic lines= 17

Table 3.35: The non-singular cubic surface .3 (31)

| B (31) = V(ydyr + yiyo + 2435 + 3y3y2 + Yoyrye + Yoy1ys + Yoyays + Y192ys) \
\ e3 = 3,65 = 126, ¢; = 603, ¢g = 447 and | (31)] = 1179 \

27 Lines on @ (31): (\: p) € P(F31);7 = A+ p Eckardt points
{A:0:p:0)}y {(T:6X: 10\ : 5N —Tu)}e (1:-1:0:0)
{A:0:0:p)}e {(7:4X: 9N : 8\ +5u)}e (1:9:10:-8)
{(0:X:p:0)}y {V: e 8N 15X+ 12p) by (1:7:8:6)
{(0:A:0:p)}e {V =X+ =2p 1)y
{A:=A+p:—p:0)}y TV =8 A+ =13p: Ty fe
{Nep 8N Tu)}e {Aip 122020 = Tp)}e
{(T:=9X: =8u: 8\)}« {A:0: 1A+ p: —11p)}e
{(V: 6N —8u: 6}y {V: T+ 5u =8N}y
{100 : 6X) by {(T:p:BA+p: =8N}y
{A:p:8u:TN}e {(7:=Tp:6p:127\)}y
{(0:7:15u:10\)}¢ {V: 10X =TA+5p)} e
{(T:=X:0:—p)}y {Aip: 120 =8N}y
{Zop: 12X =8u) by {(T:=4X: =13p: 3N\ }¢
{:p 10X : 6p) oy

# Elliptic lines= 12 #Hyperbolic lines= 17

Proof. Let .#®)(q) = V(F) be a non-singular cubic surfaces with 18 Eckardt points

then, in a suitable coordinate system, the cubic surfaces can be written in the form
S U(q) = V(Y +yi + 45 +43).

In fact, such cubic surface exists in PG(3,¢) if and only if ¢ = 1(mod 3).
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Table 3.36: The non-singular cubic surface .*)(31)

| S W(31) = V(ygys + yivo + 5y3ys + Syaya + 3yoyrya + 3yoyrys + 3yoyays + 3y1y2ys) \
\ e3 =4, ey =123, ¢; = 606, ¢y = 446 and [P (31)] = 1179 |

27 Lines on @W(31): (\: p) € P(F31);7 = A+ p Eckardt points
{A:0:p:0)}¢ {vep 13 AN+ 5p) by (1:1:-11:0)
{N:0:0:p)}e {Vip s =11X 22X —2pu) by (1:-1:0:0)
{(0:X:p:0)}e {V: 13N+ T =150} (0:0:1:-1)
{(0:X:0:p)}e {(r:=A4+31:0:9u)}y (1:1:0:-11)
{(T7:0:=13X: —13p) }n {Vop BN +4p 0 130) by
{(0:7:=13X\: —13p) }n {Aop:=11x: =11p)}e
{Z:p 13X :13p)}e {ve=9N+ 0 13X - 4p) Yy
{V:p:=15p: —157)}y {Nop:TA+2p: —=15p) }e
{(V:p:=15X: —15p)}y {\:p:107:0)}y
{13 13X0) e {(7: 4N TN AN+ Tu) e
{V:=Aip:—p)tn {(7:=TA4p: 20\ }y
{7 2u: =110}y {Nep: =1BX 20+ Tp) e
{7 =11X: 2u) by {Vip =11 —=11N)}¢
{(T:A:2p: =110}y

# Elliptic lines= 12 #Hyperbolic lines= 17

Table 3.37: The non-singular cubic surface . (31)

| FO(31) = V(dys — 13yfyo — 8y3ys + 11y3ys — 10yoy1ye — 12y0y2ys) |
\ e3 =6,y = 117, ¢, = 612, ¢ = 444 and |Z©(31)] = 1179 \

27 Lines on #©®(31): (\: p) € P(F31);7 = A + Eckardt points
{N:0:p:0)}y {V:p:10p s —6X — 4p) by (0:1:0:0)
{N:0:0:p)}n {V:ip:=15X: =TA—15u)}y (0:0:0:1)
{0:X:p:0)}y {4 —10p : 4p) by (1:14:-15:0)
{(0:A:0: )}y {(T: A A =20 —1dp) by (1:0:-15:0)
{ipp: Ny {Aep:=3A+8u:0)}y (1:14:—-15:-7)
{0 X p:12p)}y {Aep:=15A4+9u: =7\ }y (1:0:—-15:-=7)
{8 4p) by {N:p s =15X 49 : 15u) b
{122 :0: )}y {(7:=11p:2u:TA) by
{20+ 5p: 11\ by {Ovip 20 +5p: —2p)}y
{7 A A+20) by {(7:0:14X: —13u)}y
{(N:p:=15X: 150}y {V:ip s =4 = 10p: A) Ix
{vep o 10p: =TA) by {A o8N —10A —4p) by
{ip:=3p: 11N}y {Z:7:BX+8u: —15A +3u) by
{ip N =2p)

# Elliptic lines= 0 #Hyperbolic lines= 27

Assume that [ is any line on .(®(q) and
[ = {(ao)\ + bopt s @y N+ bypr s agh 4 bap s asA + bsp) 1 (A p) € PG(l,q)}

Let By = (ao,a1,a9,a3), Bz = (bo, b1, by, b3). Pick By, € GF(q)® so that
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Table 3.38: The non-singular cubic surface ¥ (31)

\ S O(31) = V(y2y1 + 2y2yo + 5Y2ys + DY2y2 + 2yot1 Y + 2Yoy1Ys + 2YoY2ys + 3Y1Y2ys)

\ e3 =9,y = 108, ¢; = 621, g = 441 and [P (31))| = 1179

27 Lines on @ (31): (\: p) € P(F31);7 = A + Eckardt points
{A:0:p:0)}y {Z:ip:=3X: 15X —6p)}uy (0:0:1:-1)
{A:0:0:p)}y {(r:=87:=8\: —8u)}un (1:2:0:13)
{(0:X:p:0)}y {V: =13\ +p: —6u: =3\ }y (0:1:0:8)
{0:X:0:p)}xy {(A:p:=A—=15p: 13X}y (1:0:=3:0)
{(r-1dp:p:=3\)}n {204 o 13X —15p) by (1:2:13:0)
{Nip:8u: =6}y {(r:14p: =3X: p)}xn (1:-10:13:-3)
{ip: =111 =3}y {Nop:=3x:=11p)}y (1:-10:-3:13)
{(0:7:=13X\: —=13p) }x {op:=9u: 130 by (1:0:0:-3)
{Ov: 13X —9u) by {4+ 10p : 8u) by (0:1:8:0)
{(7:15p:0: 15X}y {V:p s —6X:8u) by
{(T:2X:8u: 13N}y {A e =10A+ g o —6X : 8u)}y
{(7: 150 : 15X : 0) } {(T:0:12p:12X)}y
{(T 12X :3X 1 4p)}y {Vop: =130+ 8u: —6A)}y
{(T:2X: 13X : 8u)}y

# Elliptic lines= 0 #Hyperbolic lines= 27

Table 3.39: The non-singular cubic surface .19 (31)

| UOBL) = V(dy — viyo — Lydys — 14y3ys + Oyoyrya + Oyoyrys + Oyoyays — 2y112y3)

\ es = 10, o = 105, e; = 624, eg = 440 and |.719(31)] = 1179

27 Lines on 30 (31) : (A : p) € P(Fa1);7 = A+ Eckardt points
{N:0:p:0)}y {V:p:10p : 8N — 8u) by (1:0:0:0)
{A:0:0:p)}y {7 =4 =12p) }y (0:0:1:0)
{0:X:p:0)}y {N:i7:—4p =120}y (0:0:0:1)
{(0:A:0: )}y {(7:p: Mp: =110}y (1:1:14:11)
{A X p:0)}y {0 X =3X+pu:—3p)}u (1:1:14:0)
{N:0:p:=3u)}y {A:i7:=13p: =8\ }x (0:1:14:11)
{op: =130 —p) by {N:p:10p: =8N}y (0:1:0:11)
{(T:p 13N —p) by {A:i7:=13X: =8u)}u (1:1:0:11)
{A:X:0: )}y {(T: X =14p: 11N}y (0:0:1:-3)
{Ovip s 14X 1) by {N =120}y (0:1:14:0)
{(T A A 12u) by {Ve A =3N+p:=3p)}x
{(T X 4p 30}y {Nop:—4X:3p)

{7 14N 11p) by {Ovip: 1dp 110 by
{7 1dp 110 by
# Elliptic lines= 0 #Hyperbolic lines= 27

Bo, B1, B2 and B3 form a basis of GF(q)@4. Note that

OF

= 042>\2 + Oél)\ + Qp,

= 3y3|, = 3ag\* + 6aobo i + 303’

l
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Table 3.40: The non-singular cubic surface .71 (31)

‘ ZI9(31) = V(ydyr — yiyo + 1493ys + vy + Oyoyryz — L3yoyrys + 15yoy2ys — 15y142y3) ‘
\ e3 =18, e5 = 81, ¢, = 648, ¢g = 432 and | (31)] = 1179 \

27 Lines on I (31) : (A : p) € P(Fa1);7 = A+ Eckardt points
{A:0:p:0)}y {N:ip: —6p: =62}y (0:0:1:0)
{A:0:0:p)}y {(0:7:=10p: —=167\)}x (1:0:0:25)
{0:X:p:0)}y {(T:X:=5X\:8u)}xy (0:1:1:1)
{0:X:0:p)}xy {(A: =X+ p:=bu:=TN)}y (1:=6:5:-6)
{N:7:0: =12}y {(7:p:—6p:—6X)}y (0:1:0:1)
{(r 11X 4p 4N}y {Aip 6N —4p: =6}y (1:0:0:-1)
{Nop:dm:Tp) {Nip:=A—=11p: =N}y (1:=1:5:-=7)
{A:7:6X:6p)} {N:0:p: =15\ — 14p)}y (1:=1:0:-7)
{A:7:6X:67)}y {7 =X p)}u (1:0:6:—6)
{77 u)}y {(r:=11X: 11p: —11N)}y (I:=6:—-1:-6)
{NV:p: =B =T\ }n {Nipp: =Nty (0:1:-5:0)
{A:7:BX: =8u)}y {Ap: =Xty (1:5:6:—1)
{5 Ty {(T:p: =131 120}y (1:5:5:—1)
{A:X:p:0)}y (0:1:-6:6)

(1:0:5:0)
(I:0:=1:-1)
(0:1:0:6)
(1:1:0:0)

# Elliptic lines= 0 #Hyperbolic lines= 27

Table 3.41: Number of elliptic lines

lqfes[[ O] 1] 2 [3[4]5[6][7][8]9]10][11]17]18]

17 16 12 | 12 0

19 12 12 1 12 0 0112 0
23 16 16 12 1 12 0

29 16 | 16 | 16/12 | 12 | 12 0 12

31 16 | 12 12 12 1 12 0 0| 0 0

Table 3.42: Type of involutions

’ Type of involution H
Elliptic

I ‘ IT ‘
0
Hyperbolic 2
1
0

Hyperbolic
Hyperbolic

)
3
4
b}

or
/ /\7 —
q' (A 1) a5

= 1227 + 1A + 7,

= 3y7|, = 347N + 6arbi At + 307

l

where ap = 3a3, oy = 6aghopt, ag = 3b3u?, Y2 = 3al, 71 = 6aybypu and g =
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II1 IV

A\
Figure 3.4: Configurations of (I,.7)).

lg l3

N s
N ’
N s
N ’
N ’
N s
N ’
N ’
N s
N ’
N s
N /
l

Figure 3.5: The configuration (I, Y;?’)(q)).

30212, Assume that &1, & roots of q in some extension field of GF(q). Then by using

properties or resultant which was introduced in Section 3.5, we have
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Table 3.43: The distinct non-singular cubic surfaces with 27 lines (up to
e-invariants) over GF(q) for ¢ = 17,19, 23,29, 31

| Over GF(17) | Over GF(29) |
’ TZ»(N) ‘ €0 | €14 | €24 | €34 ’ TZ.(ZQ) ‘ €0, | €14 | €24 | €34
i=1]57 219|132 1 i=1]370]540 | 135 ] 0
1=2| 55 255|126 3 i=2369 543 | 132 1
1=3] 54 |228]123 ]| 4 i=3 368|546 | 129 | 2
i=4]52 |24 17| G i—4 367|549 | 126 | 3
| Over GF(19) | 7 =51366 552|123 | 4
[T | oy | ens | e | ess i=6]364|558]117| 6
— T (36091 o i=17360| 570 | 105 | 10
i=2| 87 279126 3 | | Over GF(31)
i=3186[282[123] 4 | [75V [ ey, | er, | eay | ens
1=4]84 | 288|117 | 6 i=1]450 594 [ 135] 0
(=5 81 | 297 | 108 | 9 i=2]449 [ 597 [ 132 ] 1
i=6] 80 [300[105| 10 | =3 s 600 129 2
v=T] 72 [324] 81 | 18 | =4[ 447 | 603 | 126 | 3
| Over GF(23) | W =5 446 | 606 | 123 | 4
TP [ eos | exs | enq | sy ] |1=6]444 612|117 | 6
i=1]177 381 [ 132 1 1=7 4411621 | 108 9
i=2|176 | 384|129 | 2 1=8]440 | 624 | 105 | 10
i=4]174 390 | 123 | 4

i=05 172396 | 117 | 6

ly l3

Figure 3.6: The configuration (I,.%" (¢)).

of
17 851

0
R(aﬁj;) ) = a3(12€] + 1& + 70) (1285 + 11é2 + 70)

I
= 073 (& + 2c€up+ Ap?) (& + 2c6op + Ap); ¢ = bi/ay

= 04%’73(51 + cp)*(& + cp)?
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If a; = 0, then q'(\, ) = 3b3pu? and

af
f (350

So [ is hyperbolic line. Since [ is an arbitrary line on the cubic surface .7(®)(q), all

af
l’ 861

) = (9agbip)*.

l

the 27 lines on .#(!¥)(q) are hyperbolic. O

Corollary 3.6. For ¢ odd prime, the number of elliptic lines on a non-singular cubic

surfaces with 27 lines, . (q) in PG(3,q), is 16.

Proof. Let [ be any line on the non-singular cubic surface .7 (q). Then we have the
configuration, namely (/, Y/\(O) (q))-

The later configuration has 0 hyperbolic involutions of type I, and 5 hyperbolic
involutions of type II depending on the previous facts (see Table 3.42). It follows
that the number of hyperbolic involutions corresponding to this configuration, is
5-2+ 1 = 11 hyperbolic involutions corresponding to the configuration (I, Y)fo)(q)).
Hence the number of hyperbolic lines on a non-singular cubic surfaces .#()(q) is 11.

Thus

#(Elliptic lines) = 27 — 11 = 16.
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CHAPTER 4
CLASSIFICATION OF CLASSES OF SMOOTH CUBIC

SURFACES IN PG(19, k)

In this chapter of the thesis, we classify classes of smooth cubic surfaces with 27 lines in
PG(19, k) (or equivalently P{%) up to Eckardt points where k = Cor k = GF(q);q > 7
and ¢ prime. By considering the configurations of 6 points in general position in the
projective plane PG(2, k) (or equivalently P%), we can describe subsets of projective
space PP that correspond to non-singular cubic surfaces with m Eckardt points.
Recall that a non-singular cubic surface, namely X, can be viewed as the blow up
of P% at 6 points in general position. Furthermore, there are 45 tritangent planes on
X. Henceforth, we will denote the set of all triples of lines, which correspond to the
45 tritangent planes on X, by T. The classification of such cubic surfaces with m
Eckardt points has been studied by Segre in 1946. However, we give another way to
classify cubic surfaces and give the possibilities for the number of Eckardt points on
them. Moreover, we will discuss the irreducibility of classes of smooth cubic surfaces
in P¥, and we will give the codimension of each class as a subvariety of Pg.

First of all, we give some notations and terminologies that we will be used later in
this chapter. Recall the equation of a cubic surface . in P} is .7 := V(g) = {g = 0}

where

g = c1yp + oy + c3ys + cayis + csysyr + CoYaya + Cryys

+ sy Yo + CoyiYa + CroYi Y
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+ 0113/390 + 612y§y1 + 6139393 + 014y§yo + 015?/?2,91 + 016y§yz

(4.0.1)
+ cirYoyr1 Y2 + C18YoY1Y3 + CioYol2ys + CaoY1Y2y3 = 0.
The equation of a conic € in P? is ¢ := V(h) = {h = 0} where
h = c1ys + ¢yt + c3ys + caoys + CsYoYa + CoY1Yo- (4.0.2)

Definition 4.1. Let . be a cubic surface in P}. Then . := V(g) = {g = 0} where
g is defined by Equation (4.0.1) above. Let € be a conic in P2. Then % := V(h) =
{h = 0} where h is defined by Equation (4.0.2) above. We define:

()= (cr:...:c) EPY
= class of coefficients of g as a point in P}’
={A(c1,...,c0): A €K™},
(€)= (ci:...:c5) €PY
:= class of coefficients of h as a point in P}
={Ac1,...,c) A€ K"},
Sem = {c(.#) € P} : .7 is a smooth cubic surface in P}},
Sen 1= {c(.#) € P} : .7 is a singular cubic surface in P},
Com = {c(€) € P} : € is a smooth conic in P37},
Con = {c(¥€) € P} : € is a singular conic in P}},
T® := {t € T : lines of ¢ form an Eckardt point},
S .= {¢(.F) € Sy ¢ .7 has at least m Eckardt points},

EmHP = {¢(#) € S® .7 has m Eckardt points}.
Recall from ([22], Pages 5,6 ) that if V' is a vector space of dimension n > 2 over
the field k£ and d is any integer such that 1 < d < n, then the Grassmannian G(d,n)

or Gg,, is the set of all d-dimensional subspaces of V', i.e.

G(d,n) = {W : W subspace of V' of dimension d}.
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Alternately, it is the set of all (d — 1)-dimensional linear subspaces of the projective
space PP 1. If we think of the Grassmannian this way, we denote it by GF(d—1,n—1).
The simplest example of the Grassmannian could be G(1,n) which is the set of all
1-dimensional subspaces of the vector space V' which is nothing but the projective
space on V.

The Grassmannian G(d, n), as an algebraic variety, is a projective algebraic variety
defined by quadratic polynomials called Pliicker relations. The Grassmannian G(d,n)
can be covered by open sets isomorphic to the affine space A¥"=9 (see [22] and [1]),

and so we have

dim(G(d,n)) = d(n — d).

The simplest Grassmannian that is not a projective space is G(2,4), which may be
parameterized via Plicker coordinates. Furthermore, dim G(2,4) = 2(4 — 2) = 4.

Assume that k. 4, = (Py,..., B,

) represents an order of m points in (P2)™
such that no three collinear. We will write &;, .. to denote to the set {P;, ..., P;, }.

In this case, we say &y, ;. forms an m-arc in P2. Moreover, we define
Se = {5 = ki, is € (P})®: Py,..., Py, form a 6 — arc not on a conic},
W, := the space of all plane cubic passing through the six points of s € Sg,
blw, Pi := blow-up Pz at the six points of s = Ky, i, € Se.

Let ,1;, be distinct lines in P2 (or in %) and wy,, ..., w;, € W,. We define

i1y -

)\il...im = (li17 cevy lim)7

—

)\il...im = {lm R lz'm}7
Wiy iy = (wi17 s 7wim) S WT’
mn = {’Ujil, Ce ,wim} C Ws,

/\()\lem) = /\(2'1, e 7Zm) = lil N...N lim‘

Definition 4.2. A non-singular cubic surface with 27 lines, and e-invariants ey, e,

ey, e3 is called a cubic surface of type |[eg, €1, €2, €3].
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As an example, the cubic surface .7 (17) is of type [54,228,123, 4] (see Section
3.6). More precisely, the points on .#*)(17) that do not lie on a line of the cubic
surface are shown in Table 4.1.

Table 4.1: Points belong to . (17)\{lines of .7®(17)}

(1:8:11:14)  (1:8:11:7)  (1:10:12:10)  (1:12:6:1)  (1:8:15:6) (1:2:9:16)  (1:13:13:3) (1:10:2:15)
(1:4:8:11) (1:2:6:2)  (1:2:11:11)  (1:1:4:15) (1:7:1:1) (1:3:7:2)  (1:4:12:14)  (1:7:4:11)
(1:10:1:10)  (1:8:6:14)  (1:2:16:11)  (1:4:2:14) (1:10:12:16) (1:2:10:10)  (1:4:11:6)  (1:3:7:8)
(1:15:13:4)  (1:13:13:2)  (1:8:15:10)  (1:3:1:4) (1:12:4:5)  (1:12:15:14)  (1:3:2:1)  (1:5:12:16)
(1:2:7:16) (1:1:9:6)  (1:13:16:1)  (1:4:11:3) (1:7:4:7) (1:11:10:8)  (1:15:8:15)  (1:3:12:4)
(1:15:14:10)  (1:12:12:5)  (1:9:2:14)  (1:14:13:8)  (1:15:9:3) (1:5:8:7)  (1:11:10:2)  (1:0:6:0)
(1:13:16:4)  (1:15:10:3)  (1:14:9:3)  (1:12:5:14)  (1:14:16:1)  (1:7:10:4)

The points on .*)(17) that lie on exactly one line of the cubic surface are shown

in Table 4.2.
Table 4.2: Points lie on exactly one line of . (17)
(1:0:8:0) (0:1:0:8) (1:6:3:16) (1:6:0:16) (0:1:12:0)  (1:13:3:15)  (1:15:13:9)  (1:10:3:2)
(1:1:6:2) (1:12:12:4) (0:1:3:3) (1:0: 0:3) (1:11:5:8) (1:0:1:0) (1:15:12:9)  (1:3:1:10)
(1:0:10:0) (1:0:0:8) (1:10:5:2) (1:5:7:12)  (1:11:14:15) (1:12:1:13)  (1:4:6:13)  (0:1:16:0)
(1:13:8:12) (1:4:3:6) (1:16:6:14)  (1:13:4:12) (1:7:1:3) (1:11:8:2) (1:7:14:3) (1:4:5:1)
(1:8:10:10)  (1:5:16:7) (1:4:13:2) (1:7:9:7) (1:3:14:8) (1:12:0:8) (0:1:3:0) (0:1:6:0)
(1:0:0:15)  (1:10:7:13)  (1:14:13:1) (1:12:10:12)  (1:8:14:6) (1:13:0:1) (1:2:14:4)  (1:11:4:5)
(1:0:2:8) (1:0:12:0) (0:1:0:12) (1:3:16:2)  (1:0:11:14)  (1:12:6:9)  (1:13:11:6)  (1:16:8:0)
(1:11:14:5)  (1:8:16:13)  (1:0:15:11)  (1:3:11:11)  (1:14:1:9) (1:2:7:2) (1:3:5:11)  (1:0:11:0)
(1:16:7:13)  (1:12:4:3) (0:1:13:4)  (1:13:4:11)  (1:16:8:4)  (1:11:8:13)  (1:7:15:14) (1:10:8:15)
(1:5:13:12)  (1:15:5:15)  (1:10:15:13)  (1:13:2:15)  (1:10:8:9) (1:4:14:8)  (1:10:1:12)  (1:3:9:0)
(1:15:6:12)  (1:10:11:7)  (1:4:10:16)  (1:15:0:4) (1:7:16:6) (0:1:2:8) (1:9:0:12)  (1:7:10:0)
(1:7:5:1) (1:1:11:8) (1:2:0:10)  (1:15:3:16)  (1:0:0:10)  (1:8:14:16)  (1:7:2:11)  (1:5:16:13)
(1:15:4:7) (0:1:5:10)  (1:11:11:0)  (1:3:14:6) (1:0:0:2) (1:15:9:16)  (1:12:7:6)  (1:7:2:13)
(1:12:5:14) (1:0:6:0) (1:8:6:0) (1:5:1:9) (1:0:10:2) (0:1:2:0) (0:1:16:6)  (1:12:14:1)
(1:2:9:13) (1:0:0:6) (0:1:15:0) (1:3:9:6) (1:14:4:8) (1:4:6:5) (1:8:10:4)  (1:5:14:10)
(1:4:14:11)  (1:16:4:8) (1:3:3:1) (1:12:10:8) (1:0:0:5) (1:9:1:1) (1:4:9:5) (0:1:0:4)
(0:1:0:7) (1:0:0:4) (1:2:10:12)  (1:0:13:4) (0:1:6:5) (1:8:5:2) (1:4:8:16)  (1:11:2:9)
(1:6:8:13) (0:1:14:0) (1:0:0:16) (1:0:16:6) (1:8:8:16) (1:15:7:8) (1:4:2:8) (1:0:2:0)
(1:11:0:15)  (1:8:1:12)  (1:12:15:13)  (1:13:7:6) (1:3:5:5) (0:1:8:12) (1:0:4:15) (1:4:3:2)
(1:4:9:12) (1:0:1:13)  (1:14:16:0)  (0:1:14:16)  (1:0:15:0) (0:1:0:15) (1:9:3:14) (1:1:3:8)
(1:10:2:11)  (1:12:1:4) (1:16:6:9)  (1:13:2:13)  (1:12:5:3)  (1:13:11:13)  (1:5:8:11)  (1:2:13:12)
(1:9:16:12)  (1:1:5:16)  (1:1:10:16)  (1:16:0:14)  (1:3:12:5)  (1:13:14:4)  (1:10:11:3)  (1:7:5:6)
(0:1:9:0) (1:15:4:12)  (1:6:15:9) (1:8:5:7) (1:0:9:7) (0:1:0:14) (1:16:2:1)  (1:7:12:13)
(1:2:6:1)  (1:14:14:11)  (1:13:8:2)  (1:5:12:10)  (1:2:16:4) (1:16:4:9)  (1:11:11:13)  (1:2:14:5)
(1:11:12:12)  (1:12:7:0) (1:5:1:0) (1:8:8: 9) (1:4 :13:1) (0:1:0:11) (1:7:9:9) (1:3:13:3)
(1:10:3:5) (1:3:3:10) (1:14:1:3)  (1:4:12:12) (1:5:5:6) (1:14:3:5) (1:1:9:12)  (1:16:3:8)
(1:11:15:9)  (0:1:4:15) (1:1:15:6) (1:3:2:9) (1:16:2:12)  (1:7:14:14)  (1:10:5:11)  (1:9:1:15)
(1:8:16:12)  (1:5:5:14) (1:5:7:16) (0:1:5:0) (1:14:3:7)  (1:14:4:13) (1:3:0:3) (1:8:1:15)
(1:13:5:3) (1:11:5:7) (1:10:7:9) (0:1:0:16)

The points on .4 (17) that lie on exactly two lines of the cubic surface are shown

in Table 4.3.
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Table 4.3: Points lie on exactly two lines of .#®*)(17)

(1:0:0:0) (0:1:0:0) (0:0:1:0) (0:0:0:1)  (1:16:14:13)  (1:0:0:9)  (1:11:2:12) (0:0:1:12)
(1:5:0:6) (1:0:16:0)  (1:2:11:9)  (1:7:15:12)  (1:2:3:13) (1:2:5:9)  (1:12:13:9)  (0:1:0:1)
(0:1:0:10)  (1:5:4:13)  (1:1:3:9) (1:6:5:10) (1:0:0:13) (1:1:11:9)  (1:14:0:11)  (1:4:10:9)
(1:10:14:12) ~ (1:0:0:1)  (1:1:10:13)  (1:0:3:0) (0:1:0:3) (1:5:3:11)  (0:1:12:9)  (1:6:3:3)
(1:7:0:9)  (1:14:5:12)  (1:3:16:9) (1:15:14:13)  ( ) (1:0:13:0)  (0:1:0:13)  (1:1:14:2)
(1:4:0:13)  (1:13:7:9)  (1:8:3:9) (0:1:9:7) (1:9:14:9) (1:8:0:2)  (1:16:3:15)  (1:8:3:4)
(1:0:14:16)  (1:6:15:10)  (1:10:15:0 (1:14:5:9) ( ) (1:16:14:15)  (0:1:7:0)  (1:13:5:16)
( (1:14:6:13)  ( ) (1:14:14:7)  (1:6:14:0)  (1:0:0:11)
(1:15:3:10)  (1:0:12:9)  (0:1:15:11)  (1:1:15:12) (1:0:4:0 (0:1:11:14)  (1:0:7:0)  (1:6:9:13)
(1:16:5:4) (1:7:3:4)  (1:11:3:14 (1:6:9:9) (0:1:0:2) (1:9:3:13)  (1:9:16:9)  (1:15:12:0)
(1:2:5:5)  (1:12:14:7)  (1:0:8:12) (1:0:9:0) (0:1:0:9)  (1:15:14:10)  (1:1:0:0) (0:1:1:0)
(1:9:2:0) (1:0:0:14)  (0:1:1:13) (1:0:5:0) (0:1:0:5) (1:13:3:0)  (1:10:14:3)  (1:1:5:13)
(1:3:13:13)  (1:0:14:0)  (0:1:4:0) (1:9:14:1)  (1:13:14:9)  (0:1:13:0)  (1:3:11:12)  (1:0:3:3)
(1:2:13:0)  (0:1:10:0 (1:0:0:7) (1:11:3:7) (1:0:5:10)  (1:11:12:14) (1:14:6:12)  (0:1:0:6)
(1:9:5:15) (1:5:4:9)  (1:12:3:6) (0:1:8:0) (1:0:6:5) (1:2:3:1) (1:15:5:8)  (1:4:5:0)
(1:15:10:13)  (1:12:3:12) (1:16:7:12)

(1:8:12:13)  (1:6:14:12) (1:5:14:14

o=
=

The points on .#™®(17) that lie on exactly three lines of the cubic surface are

shown in Table 4.4.
Table 4.4: Points lie on exactly three lines of .7 (17)

(1:9:5:13)  (1:6:5:12) (1:0:0:12) (0:1:10:2)

For other examples, see the proof of Theorem 3.7.

Theorem 4.1. For ¢ > 7 and ¢ prime, any non-singular cubic surface with 27 lines

O (q) is of type [(¢ — 10)? +9,27(q — 9), 135, 0].

Proof. Recall that .7 (q) denotes a non-singular cubic surface with 27 lines that has
no Eckardt point over the Galois field GF(q). If n, be the total number of points on
the lines of .#(¥)(q), then

ng =e3+ ey +eq.

Let [;,4 = 1,...,27, be the 27 lines on .#®(q). Let e{” be the number of points of I;

lying on exactly r lines of .7 (g). Then
27
S el = 3es,
i=1
27
Z egl) = 2627
i=1

27
> el = e.
i=1
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Also we know that each line meets ten others. So we have
Qeg) + eg) = 10.

Moreover, every line in IP’E has exactly ¢ + 1 points. It follows that

e e 4 el =g +1.

Taking the sum for both previous equations and over all + = 1, ..., 27 will give
6es + 2e9 = 270,
3es + 2e5 + €1 =27(q+ 1).
More precisely, we obtain
e+ e =27(q —4),
ng =27(q —4) + e;.

From Section 3.1, we have # (. (q)) = ¢*> + 7¢ + 1. Hence

es+es+e +e=q¢ +7q+1,

or
est+eo=q +7¢+1—27(q—4) = (¢ —10)* +9.
Thus
#(y(o)@)) = ng + €.
and hence

€3 = O,
ey = 270/2 = 135,
ep =27(q—4) — 135 =27(¢ — 9),

eo = (¢ —10)* 4+ 9.
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Theorem 4.2. For ¢ > 7 and ¢ prime, any non-singular cubic surface with 27 lines

W (q) is of type [(g — 10)% +8,27(q — 9) + 3,132, 1].

Proof. Recall that .#((g) denotes a non-singular cubic surface with 27 lines that
has exactly one Eckardt point over the Galois field GF(q). By the same argument

used in the proof of Theorem 4.1, we have
nq:€3+e2+617

and

27
Z egz) = 3Jes,
i=1

27
Z eg) = 2eo,
i=1

27
Z 652) = €1.
i=1
We know that
2¢5) + e = 10,
e;(f) + eéi) + egi) =q+ 1.
So
663 -+ 262 = 270,
363 + 262 +e = 27((] + 1)
Consequently, we get
e + e =27(q —4),
ng =27(q —4) + e;.

From Section 3.1, we have # (.71 (q)) = ¢* + 7q + 1. Hence
est+eater+e=q +7g+1,
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It follows that

e3 =1,

ey — 135 — 3 = 132,

er = 27(q — 4) — 132 = 27(q — 9) + 3,
eo = (¢ —10)* + 8.

]

Theorem 4.3. For ¢ > 7 and ¢ prime, the only non-singular cubic surfaces with

27 lines and all points lying on those lines, i.e, surfaces of type [0, eq,es,e3], are

ZI)(7), 700(11) and .79 (13).

Proof. Recall that . (q) denotes a non-singular cubic surface with 27 lines that
has exactly m Eckardt points over the Galois field GF(g). It is clear that for the case
¢ = 7, a non-singular cubic surface with 27 lines exists. In fact, .7®)(7) is such a
surface because 7 = 1 mod 3, and 2? + x + 1 has two roots, namely z = 2 and z = 4
(see Section 3.4). In fact, the cubic surface .#1(7) is of type [0,0, 81, 18].

For the case ¢ = 11, if
Y(lo)(ll) = V(zg + 23 + 23 + 23 — (w0 + 21 + 12 + 23)%),

then . (10)(11) is a non-singular cubic surface with 27 lines, and it has exactly 10

Eckardt points (see Table 4.5).

Table 4.5: Eckardt points of .#(10(11)

(1:0:0:0)  (0:1:0:0)  (0:0:1:0)  (0:0:0:1) (1:-1:0:0)
(0:1:-1:0)  (0:0:1:-1) (1:0:-1:0)  (0:1:0:-1) (1:0:0:-1)

Moreover, .#(19(11) is of type [0, 64, 105, 10].

For the case ¢ = 13, if
I (13) == V(ydyr + 4y3yo + 63y + 3Y3Y2 + Yoy1yz + 5oy ys),
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then .#(1®(13) a non-singular cubic surface with 27 lines, and it has exactly 18
Eckardt points (see Table 4.6)

Table 4.6: Eckardt points of .#(1#)(13)

(1:0:0:0)  (0:1:0:0)  (1:0:0:-3)  (1:3:0:0) (1:-3:0:-3) (1:6:6:-3)
(1:0:-2:0)  (1:-5:-3:8)  (1:-3:-2:0)  (1:0:6:1)  (1:-4:6:-3) (1:-3:6:1)
(0:1:0:1)  (1:1:-2:1)  (0:1:-2:4)  (1:2:-3:-5)  (1:-2:-2:1)  (0:1:5:0)

In fact, the cubic surface .71 (13) is of type [0,162,81,18]. It remain to show
that, if ¢ > 13, then there is no non-singular cubic surface with 27 lines such that
all its points belong to the 27 lines, that is, every non-singular cubic surface with 27
lines, namely .#™)(q), ¢ > 13 is of type [eg, €1, €s, €3] such that ey # 0. By the way of
contradiction, let us assume that there is such non-singular cubic surface, then from

Section 3.3, we have

nq:€3+€2+€1

where n, is the total number of points on the lines of .#(™(q) and

ey +e1 = 27(q — 4),
ng =27(q —4) + e;.

Moreover, from Section 3.1, we have # (. (q)) = ¢*> + 7q + 1. Hence
este=e3=q¢ +T7¢+1—-27(q—4) = (¢ —10)*+9.

Thus for ¢ > 13 and ¢ is prime, we get (¢ — 10)? > 9 and hence e3 > 18 which is

impossible. O

4.1 (QUADRATIC TRANSFORMATIONS

Recall a smooth cubic surface with 27 lines, namely X, is the blow-up of P% at
six points in general position, namely s = Kios6 € Sg. In this case, we write

X = blw,P?, and we have
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1. the exceptional curve E := a; is defined to be the total transform of P; in s,

2. the curve E; := ¢;; is the strict transform of l;; = P, P;,

3. the curve % := b, is the strict transform of the conic % passing through all

points of s except P;.

Consider the rational map 93 : P2 --+ P2 defined by:

©123(20 1 1 w2) > (L1702 T2 1 TeT)
which is called the quadratic elementary transformation. The points
P=(1:0:0),P,=(0:1:0),P5=(0:0:1)
are called the fundamental points of 123, while the lines:
lg = PPy = {wy = 0},
lis :m: {96‘1 = 0}7

l12=P1P2={$2:0}7

are called the fundamental lines of ¢153. From the definition of ¢i93 it follows that
(193 is @ morphism on P3\{P;, P», P3} and an isomorphism on P2\lj, U [;3 U lo3, on

which @93 can be written:

1 1 1
@123(1’0 M A l’g) — ( L ) (411)
g T1 X2

Note that (,0123(P1) = (,0123(P2) = @123(P3) = (0 20 0) ¢ ]P% In this case, Y123 is

birational and (2,5 = id. Moreover, on
]P)z\llg U llg U lgg == Pz\V(l’o) U V(ZEl) U V(Ig) == Pi\V(l’ol‘lg’EQ)
we have xori1xo # 0 and hence

1 1 1 1 1 1
@123(1‘0 X LEQ) — (xlilg L Lo . xoxl) = XoT1T2 < L > = ( L )
Tog T1 To To T1 T2

122



The image under (153 of a line not passing through the fundamental points is a
conic passing through P;, P, and P3;. More precisely, the net of lines of the domain
plane is transformed into the net of conics (on the codomain, i.e P2\ V(zgz;75)) pass-
ing through the P, P, and P3 and vice versa. This explains why the term “quadratic”
is used to indicate this Cremona transformation (see [10]). For example: Consider

the irreducible conic
Cg = {xle + o2 + Tol1 = 0} = V(.Z‘lxg + Tolo + .7701‘1)
which passes through the fundamental points Py, P, and Pj. It follows that

©123(€) = -

11 11 11 11 11 11
++=xoaz1xz( +>=xo+x1+w2
T1 To To T o Tq T1 To To T To L1

which is a line not passing through the fundamental points P, P, and P3. Conversely,
consider the line

ZZV(Io—f‘ZL‘l—I—Ig):{$0+$1+I2:0}

which is a line not passing through the fundamental points P, P, and P;. Conse-

quently, we have

1 1 1 1 1
p123(l) = — + — 4+ — = w1172 ( +—+ ) = 1T + ToTo + To
Lo X1 T2 Lo X1 T2

which is an irreducible conic passing through the fundamental points P, P, and Ps.
Now consider the line

l=V(xg+x1) ={x0 + 2, =0}
which passes through only one point of the fundamental points Py, P, and P, namely
P5. Then

1 1 1 1
@123([) = —+ — = l’o[lil( + > =21+ X
To T1 Lo I

which is again a line passing through only the fundamental point Ps.

Consider the irreducible conic
€ = {5+ 2129 = 0} = V(27 + 7172)
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which passes through the 2 fundamental points of {P;, P, P3}, namely P, and Ps.

Note that
1 11 1 11
C)= — + —— =2 (+>: + 22
<P123( ) x% 71 T TyT1T2 f(ZJ 71 T T1T2 T Xy

which is again an irreducible conic passing through 2 of the fundamental points of
{Py, Py, P3}, namely P; and P;.

The birational map ¢i93 associated with S(P) = { Py, P5, P3} is called the elemen-
tary quadratic transformation with the fundamental points P, P, and Pj, and we
write @193 = ¢( Py, Py, P3) where ¢ means “Cremonian”.

We observe that each elementary quadratic transformation c(P;, P, P3) is of the
form (4.1.1), up to an automorphism of the plane. In fact, if ¢ : P2 — P% is a

projectivity such that:
e(P)=(1:0:0),0(P)=(0:1:0),p(P3)=(0:0:1),
then it immediately occurs that:
c(Py, Py, Ps) = ¢ ' o pra3 0 0.

Let @193 = ¢(Py, P2, P3) be an elementary quadratic transformation. Now we see how
to interpret o3 with blowing up. We consider the blowing up o : S — P? of the
points P;, P, and Ps, and let ¢’ : ' — P2 be a copy of ¢ : S — P2. Then there exists
an isomorphism ¢ such that the diagram in Figure 4.1 commutes as we will explain.
In particular, indicate by E = ¢;; the strict transforms of the line /;; in S, and let

ﬁ; = a;. Then we have

b(ai) = ch, len) = azyi=1,2,3; 5,k € {1,2,3}\{i},

where a; and ¢, are the copies in S’ respectively of a; and cj; (see Figure 4.2).
In other words, @123 = ¢(P1, Py, P3) is the blowing up of P;, P, and P; and the

contraction 7 = ¢’ 0 1) of ¢19, c13 and co3 ([29], Page 260).

124



S——m 9

U @ O—/

¥123
o e R P2

Figure 4.1: Elementary quadratic transformation ¢qo3.

/
Ca3

ai
P 0012 Clgw aé a/2 0_, P3 l23 P,
l lig — — — livllz
P, d \p, ® as  cy g
a3 C23 ay P
S S’

Figure 4.2: Elementary quadratic transformation

More precisely, if
P=(1:0:00=0Q1,=(0:1:0)=0Q2,Ps=(0:0:1)=Qs,
and
Ts(p) represents the blowing up of P% at S(P):= {Py, P, P3},
Ts(q) represents the blowing up of P} at S(Q) := {Q1,Q2, Qs},
V := blwg(p) P%,

then we have the following commutative diagram (see Figure 4.3).

Furthermore, we have the following correspondence via ¢qo3:

irreducible conic containing P;, P>, P; <> line not containing any )1, Qs, Qs,

irreducible conic containing only < irreducible conic containing only
the two points P, P;, the two points @Q);, @,
i,j € {1,2,3} i,7 €{1,2,3}
line containing only one point e line containing only one point.
P, ie{l1,2,3} Qi, i€ {1,2,3}.
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Figure 4.3: 193 = mg(q) © 7Tg(lP)‘

Remark 4.1. According to the above argument, if s, s’ € Sg are such that s’ can be

obtained from s by a quadratic transformation, then

blw, P? = blw, P? (see Proposition 4.12).

4.2 (OPERATION ON TRIPLES OF LINES ON A SMOOTH CUBIC SURFACE

Recall from ([10], Page 477) that a tritangent trio (trihedron) is a set of three excep-
tional lines which span a tritangent plane. A pair of tritangent planes intersecting
along a line not in the surface is classically known as a Cremona pair. A triad of
tritangent trios is a set of three tritangent trios such that no two share a common
exceptional line. Given a pair of tritangent trios with no common exceptional lines,
there is a unique third tritangent trio forming a triad with the first two. Every triad
of tritangent trios has a unique conjugate triad which contains the same 9 exceptional
lines. We call these a conjugate pair of triads of tritangent trios. A trihedral pair is

a triad with its conjugate triad. A representative example is the following set of 9
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exceptional lines:

. !

Tio3456 : Cia Cas5 C36 ~> 1)

/

Co6 C34 C15 ~ 1y

!

€35 Cig Coa ~ 13
t ty ts

where each row and column forms a tritangent trio, and the rows form one triad with

the columns its conjugate triad.

Lemma 4.2.1. ([9], Page 43) Let X be a smooth cubic surface. Consider a trihedral
pair T' = {t1,ta,t3},T" = {t],t5,t5}, where t;,t; are tritangent trios (or trihedrons).

The following are equivalent:
1. t1 Nty Ntg is a line,
2. t}, 5,5 corresponds to Eckardt points on a line, and
3. two of t,t,, ¢ correspond to Eckardt points.

Proof. It suffices to assume the 9 exceptional lines are those from Tja3456 above.

Assume (1). If t; Nty N ¢35 contain a line then ¢ Nty = ¢ Nt3. Thus
Cl4ﬁ025 :tlmtgﬂtll :tlﬂtgﬂt/l :Cl4ﬂ036.

This means that cj4 N o5 M e36 is nonempty and so ¢} has an Eckardt point contained
in t; Nte Nt3. Similar arguments apply to ¢, and t5 so (2) follows. Clearly, (2) implies
(3). So it remains to show (3) implies (1). Suppose ], t, correspond to Eckardt points
E1; E5. Then

Ey = c14 M eas N esg,
E2 = Co6 N C34 M Ci5.

Now t; Nty contains both E; and E5 and the same is true of ¢t; Nts. Thus t; Nty N3

contains both points and thus contains a line. O
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Corollary 4.1. (][9], Page 44) Let X be a smooth cubic surface. If X contains two
Eckardt points lying on a line ¢ not contained in X then there is a unique third
Eckardt point such that ¢ is a trihedral line.

Recall a point P on a smooth cubic surface with 27 lines, namely X, is called an
Eckardt point (sometimes called E-point) if it is an intersection of 3 lines among the
27 lines on X. Also recall that the set of all triples of lines on X is denoted by T.

If t1,to,t3 € T, then the ordered triple T' = (¢, to,t3) is called a triad if ¢1, 5 have
no line in common and every line of ; intersects exactly one line of 5, and for every
line I3 € t3, we get (I1lyl3) € T for some [y € £, and I, € £, where ¢ denotes the set of

lines that form ¢. In this case, we write ¢35 = t; o.

Remark 4.2. Since the lines of ¢t € T® form an Eckardt point, it follows that every
t € T® is either of the form (a;bjcij) or (CijCmnCin) Where 4, j,m,n, k. h € {1,...,6}.

Let . be the blowing up P2 at six points, namely s = k123456 € Sg, that is
& = blw, P2,

then any triad of . has one of the following forms

(1) Tiji - {(aibjeiz), (ajbresn), (arbicir) },
(2) Tijkm - {(aibmcim), (a;bkcik), (CikCimCnn) }
(3) T‘ijhmnh : {(Cimcjnckh)a (thckmcin)a (Ckncihcjm)-

In fact, there are 20,90 and 10 trihedral pairs of type Tjjk, Tijm and Tijx mnn
respectively ([14], Pages 28,29). Furthermore, the 9 lines of a triad can form a triad
in exactly two ways as follow: Any triad, say {(II'l"),(mm'm"),(nn'n")} can be
reordered and written in a 3 x 3-array so that the 3 rows of the array form a triad,
and the 3 columns of the array form another triad too. Such configurations are called

trihedral pairs.
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Clearly ¢;; = ¢;; = P;P;. Thus we have the following forms for trihedral pairs:

ﬂjkl Cjr Qg bj th

b cik a; ~ 1o

th ty 1

Tijkm = @i by Cim ~ 1y
bk a; Cj  ~ tg
Cikk Cjm Cnh ~ 13

L
tho oty 1

7‘;jk,mnh - Cm Cjn  Ckp ™~ tl
Cih  Ckm Cin ~ 1o
Ckn  Cih  Cjm ~ 13

! ! /

th ty 3

Remark 4.3. Recall that if 1,1, € T®) have no line in common, then they determine

a third one, namely t3, so that for any line [ in t3, we get (ll1l) € T® for some l; € t;

and Iy € t,. Note that t; 5 = t;. Moreover, if t1,t,t3 € T® form a triad, then

ts = t192, t13 = t2 and to 3 = t;. Consequently, if we assume that

T® .= T U {9)

we can define an operation on T®) as follow:

Definition 4.3. Let ¢,t, € T®). We define an operation on T®) as follows:

TG x TG — TE) - (tl,tj> —> tﬂfj
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where

0 if t;,¢; have at least one common line,
titj =

t; if t; =10,

ti; otherwise.

For example: suppose that .% is a non-singular cubic surface with 4 Eckardt

points, and three of its Eckardt points correspond to the following 3 triples in T®):

t1 1= (Cc13C24Cs6),
ty := (asbscss),
ts := (agbicya).
Note that the above 3 triples form a triad, namely T' = {t1,s,t3}. Since . has 4

Eckardt points, there must be another triple ¢t € T®). Let ¢ have 3 lines in common

with the triad 7. Then, up to permutations, ¢t € T(® has one of the following forms:
t:.= t4 = (agblclg),
1= t5 = (C12€34C56).
If t = t4, then we have the symmetric Table 4.7).

Table 4.7: The symmetric table 1

O |t |t ]| ts |ty
D10 |t |t i3 | 14
tilti |0 [tg|ta| D
to [ty |t | O |t | 0
ts |t [ ta |t | O | 0
ta [t O] O] 0]0

Similarly, if ¢ = t5, then we have the symmetric Table 4.8).

Lemma 4.2.2. Let T' = {t1, 1,13}, 7" = {t], t}, t5} be two triads constructed by some
lines on . where ¢(.¥) € Sgp,. Then T can transformed to 7" via some permutations

and quadratic transformations.
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Table 4.8: The symmetric table 2

O |t | ta| ts|ts
D10 | t|ts]|ts]|ts
tilti |0 [ts|ta] 0
to |t [tz | O |t | 0
ts [t | ta |t | O] 0
ts | ts [ O |0 [0]0

Proof. Let ¢;j;, denote the quadratic transformation with respect to the fundamental

points P, P;, P,. Then, up to a permutation of the 9 lines of triad, we can assume
T = {(ajbmcim), (ajbicir), (cikCjmcnn)}, where 4,5, k,m,n,h € {1,2,3,4,5,6}.

More precisely, we consider the following trihedral pair:
T="Tikm: @ by Cm ~1
bk Q; Cjk.  ~ tg
Cik Cjm Can ~ 13
Now via the quadratic transformation ;,,x, the trihedral pair 7' is transformed to
{(arbmem), (ajbrcir), (ambjcm;)}-
It follows that we have the trihedral pair:

T‘jmk © Cmk Ak bm

bk Cik Gy

On the other hand and up to the quadratic transformation ¢;;,, where h ¢

{1, j, k, m}, the trihedral pair T" can be transformed to

{(cjncrntim), (CmnCinCik), (CikCjmCnh) }-

More precisely, we have the following trihedral pair:
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Tikihnm @ Cjh Ckn  Cim
Cmn  Cih  Cjk
Ci.  Cjim Cnh
where n & {i,7,k,m,h}. So we can transform from one triad to another via some

sequence of permutations and quadratic transformations, namely

via pijn via Qimk
ijki,hnm < > T = 7j’ij,km < ? T'jmk

]

Definition 4.4. Let A, B are two subsets of triples in T. Then A, B are said to be
equivalent and we write A ~ B if A can be obtained from B via some sequence of
permutations and quadratic transformations.

Henceforth, for A, B,T C T and t € T, we write AV B to represent the union of

A and B. In particular, 7'V t represents 7' U {t}.

Proposition 4.1. Let t; = (l1lal3),te = (I11515) and t3 = (I71515) be three triples in

T. Then

1.ifty Nty =1, ty Nty = 1" and ty, Nt3 = 1”. Then [,I',!” have common point.

Furthermore, if ({1/{1{) forms an Eckardt point, namely E, then E € [NI'N1{".

2. if t; and ty form 2 Eckardt points, namely F;, Fs respectively, then t3 forms

another Eckardt points, namely Fs5 so that Ey, Fs, E3 are collinear.

Proof. (1) Suppose that P; is the tritangent plane formed by t;, then [,I' C P;. So
[,1" must intersect at some point. Similarly, if we assume that P, is the tritangent
plane formed by t,, and P5 is the tritangent plane formed by ¢z, then [,1” C P, and
I')1" C P3 and hence they must intersect. Now if [ = I’ then either [ = ["” and we are

done. Otherwise, I € Py and [,I' C Py, that is, ,’,1” must have common point.
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Let (1;111]) form an Eckardt point, namely E, i.e [;N}NI] = {E}. We can assume
[ =1,I' =1} and " =[{. But according to previous argument, [,!’,!” have common
point, that is INI'NI" £ 0. Thus E€ ;NN =Iinl’'ni”.

(2) Replace t; with t; and apply Lemma 4.2.1. O

Remark 4.4. Let ¢(.) € S®. Then from now on, .# represents a non-singular

cubic surface that is the blow up of P? at six point in general position, and we write
7 = blw, P? for some s = Ki93456 € Se.

It is clear that S® C SM. Let ¢(”) € S@. Then ¢(.#) € SU. So the corresponding
non-singular cubic surface .# has at least one Eckardt point. Recall that any Eckardt
point on . is either of the form (a;bjc;;) or the form (¢;jcpncmn). However, ¢(.) €
S® implies that there is at least one other Eckardt point on .#. So assume that .7
has 2 Eckardt points corresponding to the two triples t = (I1l5l3) and ¢’ = (I}I515) in
T®). Then either ¢, have one line in common, or ¢, have no line in common since

otherwise they coincide. Consequently, we have the following definition.

Definition 4.5. Let . be any non-singular cubic surface that corresponds to ¢(.¥) €

S®@). We define
E® = {¢(#) e E®Y .7 has t;,t, € T® with one common line},
E®) = {¢() e E®? : . has ty,t, € T® with no common line}.

Proposition 4.2. Let % be the non-singular cubic surface that corresponds to

c(.#) € S®. Then
1. If ¢(.#) € E® then .7 has two Eckardt points of one of the following kinds:

(a) (aabscap); (aa-bpcarp),
(b)  (aybscrs), (arbsecrs),

(C) (aibjcij)7 (Ckhcmncij);
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(d)  (CoyCawCpq); (CayCuwqCpz),

where «, 8, a*, 5%, r, s, r*, s*, 1, 5,m,n, k, h,x,y, z,w,p,q € {1,...,6}. Further-

more, {(a)} ~ {(b)} ~ {(c)} ~{(d)}.
2. If ¢(#) € E® then . has two Eckardt points of one of the following kinds:
(a)  (cikCjmCnn), (aibjciz),
(b)  (CoyCauCpq); (CupCyoCaz),
where i, j,m,n, k, h,z,y, z,w,p,q € {1,...,6}. Furthermore, {(a)} ~ {(b)}.

Proof. Recall there are two kinds of Eckardt points on a non-singular cubic surface.
Up to permutations (see Lemma 4.2.2), there is no ambiguity in assuming that .%

has two Eckardt points of one of the following kinds:
(a)  (aabsCap), (aa=bscap),
(b)  (arbscrs), (arbsecrsr),
(c) (aibjciz), (Ccncmncis),
(d)  (CayCauCpq); (CayCugCpz)-

Consider the first kind (a):

(@absCap), (AarbpCarp)-
By renaming, say a := b, we have
(battsCag), (ba»a3Ca=p)
Now via the permutation, namely 7 := (8r)(as)(a*s*), we get the kind (b), that is

(a’l‘bsc'r's), (alrbs* Cpg* ) .
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Consequently, via the quadratic transformation ¢,¢«;, we have

(Cts* Cuvcrs)7 (Cts* bs* at) .

Now, by using the permutation, namely o := (ti)(s*j)(uk)(vh)(rm)(sn), we get the
kind (c), that is

(aibjcij)7 (Ckhcmncij) .

Again via the quadratic transformation ¢;x,,, we have

(CijCenCmn)s (ComCnnCij)-

Applying the permutation, namely u := (ix)(jy)(mz)(nw)(kp)(hq), gives us the kind
(d), that is

(CayCowCpq), (CayCuqCpz)-

Thus we can transform from one kind to another. The diagram in Figure 4.4

illustrates the transformations between the kinds (a), (b), (¢) and (d):

a:=b and via 7

(a) (aabﬁcaﬁ)a (aa*bﬁca*ﬁ) (b) (arbscrs), (arbecrs-)

via @rs+; and o

via Qikm and p

(d) (CayCawCpq)s (CayCuqCpz) (c) (aibjcij), (CknCmnCij)

Figure 4.4: Types of Eckardt points for E(®.

(2) Let ¢(.) € E®). Similarly, as in the previous argument used in (1), and up
to permutations, we can assume .¥ has two Eckardt points of one of the following

kinds (see Lemma 4.2.2):
(a)  (CrCjmCan), (aibjci; ),

135



(b)) (CayCawCpg)s (CupCyqCaz)-
Consider the first kind (a):
(CikCimCnn), (aibjcij).

Then the quadratic transformation ;,,,,, transforms the two triples above into

(Ciijanh), (Cmnckhcij)7
because j € {m,n}. Again via the permutation o := (ix)(ky)(jz)(mw)(np)(hq), we
get the kind (b), namely

(CayCawCpq), (CuwpCygCaz)-
The following diagram in Figure 4.5 illustrates the transformations between the kinds
(a) and (b):

via Pimn

(a) (Ciijanh), (aibjcij) (Cz‘ijanh), (Cmnckhcij)

via o

(0) (CayCauwtpg), (CuwpCygCaz)
Figure 4.5: Types of Eckardt points for E®).

O

Remark 4.5. In S@, every non-singular cubic surface .7 that corresponds to ¢(.%) €
E® has exactly 2 Eckardt points, and every non-singular cubic surface .# that cor-
responds to ¢(.) € E® has exactly 3 Eckardt points. All the results will be shown

in the proof of the next proposition.
Proposition 4.3.

1. Any non-singular cubic surface . that corresponds to c¢(.#) € E® has exactly

3 Eckardt points.
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2. Any non-singular cubic surface .# that corresponds to c(.#) € E has exactly

2 Eckardt points.

Proof. (1) Let . be a non-singular cubic surface that corresponds to ¢(.#) € E®).
Then according to Proposition 4.2 and the definition of E®), we can assume that
t1 = (c12¢34¢56) and to = (€13C96¢45) are two triples on .. Applying our operation on
t1,ty implies

t3 = tita = (C15C24C36)-
Let us construct the symmetric table for ¢;,¢, and t3 (see Table 4.9).

Table 4.9: The symmetric table 3

0|t |ta] ts
O |0 |t |ta]|ts
ty |t | O | t3 ] o
to [ta |tz | O | ta
ts | ts | ta | 1 | 0

We see from the table above that there are no new possible triples in the table
which give us new Eckardt points. Therefore, for any element ¢(#) € E®) the
corresponding non-singular cubic surface .% has exactly 3 Eckardt points which are
associated to the triples t;, ¢y and ts.

(2) By arguing as in part (1), one can show that if . be a non-singular cubic
surface that corresponds to c¢(.#) € E® then according to Proposition 4.2 and the
definition of E®), we can assume that t; and ¢, are two triples on .# with one common
line. So by applying our operation on t; and t,, we get t3 = t1ty = (), and no new
possible triples can give us new Eckardt points. Hence for any element ¢(.#) € E(®),
the corresponding cubic surface . has exactly 2 Eckardt points which are associated

to the triples t, ts. O

Corollary 4.2. For ¢ > 7 and ¢ prime, every non-singular cubic surface .7 (q) that

corresponds to c(.#?)) € E? is of type [(¢ — 10)? +7,27(q¢ — 9) + 6,129, 2].
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Proof. Recall that .#®)(q) denotes a non-singular cubic surface with 27 lines that
has exactly two Eckardt points over the Galois field GF(g). By the same argument

used in the proof of Theorem 4.1, we have

nq:€3+62+€1,
3es + €9 = 135,
363 -+ 262 +e = 27(q -+ 1),

and

es+es+e e =q>+7q+1.

Thus

ez = 2,

€2 =135 — 6 = 129,

ep =27(q —4) — 129 = 27(q — 9) + 6,
eo=(qg— 102 +7.

]

Corollary 4.3. For ¢ > 7 and ¢ prime, every non-singular cubic surface .73 (q) that

corresponds to c(#3)) € E®) is of type [(¢ — 10)® +6,27(q¢ — 9) + 9,126, 3].

Proof. Recall that .#®)(q) denotes a non-singular cubic surface with 27 lines that
has exactly three Eckardt points over the Galois field GF'(q). By the same argument
used in the proof of Corollary 4.2, we have
nq:€3+62+€1,
363 + e9 = 135,

363 -+ 262 +e = 27(q + 1),
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and

63+62+61+60:q2+7q—|—1.
Thus
es = 3,
es =135 — 9 = 126,
ep =27(q—4)—126 =27(¢ — 9) + 9,
eo = (¢ — 10)* + 6.

]

Let us assume that c(.#) € S®. By the definition of S®, the corresponding
non-singular cubic surface . has at least 4 trihedrons such that three of them form

a triad, namely

T = {t,ts,t5} C T®.

The other triple, namely t := ¢, in T® has the following possibilities:
1. t has all lines in common with 7',
2. t has two lines in common with 7,
3. t has one line in common with 7T,
4. t has zero line in common with 7.

However, if ¢ has 2 lines in common with 7', then it has all lines in common with T°
(see the proof of Proposition 4.1). Therefore, ¢ has either zero, or one, or three lines

in common with 7', and we can introduce the following definition.
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Definition 4.6. Let .% be the non-singular cubic surface that corresponds to ¢(.¥) €
S®. We define

B . c(.#) e B4 . has TVt C T® such that
- t has three common line with T ’
BO) . c(.#) € B¢ . has TVt C T® such that
t has one common line with T’ 7
BO) c(.#) € EOY . & has TVt C T® such that
- t has no common line with T’

In fact, in SW, every non-singular cubic surface .# that corresponds to ¢(.#) € E®
has exactly 4 Eckardt points. Every non-singular cubic surface . that corresponds
to c(.) € E(® has exactly 6 Eckardt points, and every non-singular cubic surface .7
that corresponds to c(.#) € E has exactly 9 Eckardt points. All the detail will be

shown later.

Proposition 4.4. Let .¥ be the non-singular cubic surface that corresponds to
c(.#) € EW. There are two possible kinds for the set TV ¢ (as in the Definition

4.6).

Proof. Suppose that . is a non-singular cubic surface that corresponds to ¢(.¥) €

E®. Then according to Lemma 4.2.2, we can assume T = {t;,t, 3} where

t1 = (aibmCim),

ta = (a;brcjr),

ts = t12 = (CikCjmCnh),
and i,j,m,n,k,h € {1,...,6}. Up to permutations and quadratic transformations,
we have the following two possibilities for triples t € T®):

(a) t = (a;bmcim).

(b) t:=1t" = (CimCjkCnn)-
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Now via the permutation (¢j) and the quadratic transformation ¢;j, we can transform
between the two kinds, namely (A) : TVt and (B): TV t'. The diagram in Figure

4.6 illustrates the transformations between the two kinds.

via @ik
(ajbmCim ) (@ibrCir), (CimCikCan ) (CikCimCnh) ’ (A): TVt

via (ij)

(B): TVY

Figure 4.6: Types of Eckardt points for .# that corresponds to ¢(.#) € E®,

]

Corollary 4.4. Any non-singular cubic surface .# that corresponds to ¢(.#) € E®

has exactly 4 Eckardt points and one triad.

Proof. Assume that . is a non-singular cubic surface that corresponds to ¢() €
E®. Then according to the definition of E®, the non-singular cubic surface .# has
at least 4 Eckardt points. Furthermore, up to permutations and quadratic transfor-

mations, we can assume that . has T'V t where T' = {t;,t5,t3} and

t1 = (agbicra),

ty = (asbscsa),

t3 = (c13¢24C56),

ty =t = (azbicys).
Consequently, we have the following symmetric table for ¢y, t,t3 and t4 (see Table
4.10).

From the Table 4.10, it is obvious that there are no new possible triples which

give us new Eckardt points. Hence for any element c¢(.#) € E®, the corresponding
cubic surface . has exactly 4 Eckardt points which are associated to the triad T' =

{t1, 12,13} and the triple t,. O

141



Table 4.10: The symmetric table 4

0|t
010 |t
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Corollary 4.5. For ¢ > 7 and ¢ prime, every non-singular cubic surface . (q) that

corresponds to c(##) € EW is of type [(¢ — 10)2 +5,27(q — 9) + 12,123, 4].

Proof. Recall that .#®(q) denotes a non-singular cubic surface with 27 lines that has
exactly 4 Eckardt points over the Galois field GF'(¢q). By the same argument used in
the proof of Corollary 4.2, we have
ng = ez + ez + ey,
3es + eo = 135,
3eg + 2e9 + €1 =27(q + 1),

and

es+es+er+ep=q>+7q+1.

Thus

€3 = 4,
o = 135 — 12 = 123,
e =27(q—4) — 123 = 27(q — 9) + 12,

eo = (g — 10)* + 5.
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Proposition 4.5. Let . be the non-singular cubic surface that corresponds to
c(.#) € E®). There are 3 possible kinds for the set TV ¢ (as in the Definition

4.6).

Proof. Assume that . is a non-singular cubic surface that corresponds to ¢() €
E®). Then .# has 4 Eckardt points which correspond to the 4 triples in 7'V t, where
the triple ¢ has one common line with 7' = {1, ¢, t3}. Then up to permutations and

quadratic transformations, we can assume

t1 = (azbic12),
t= (a3b1613).

In this case, we have the following possibilities for 5 and hence for t3:
(a) ty = (agbscss) and hence t3 = (c14¢23¢56),

(b) ty:=1th = (a1bsc14) and hence t3 := th = (a4bacay),

(c) to:=1t) = (asbscys) and hence t3 1=t = (c14Ca5¢36)-

First of all, assume ¢4 have the form (a4bacas) or (¢;jCkmCnn). Then up to permutations
and quadratic transformations, t3 has the form (b) or (c).

More precisely, we have the following three possibilities for the kinds of T'V ¢:
(A) T :={t1,ts,t3} and ty :=t,
(B) T =T ={t,th,th}, t| ==t and t} :=t,
(C) T:=T"={t,t5,t5}, t]:=t; and t] :=t.

Let us consider the case where the kind is (B). Applying our operation on 7" V t)
gives us the symmetric Table 4.11.

So T" V t), is equivalent to T'V t4, where
T = {tla t/2t47 t;’,t4} = {tla t?a t3}
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Table 4.11: The symmetric table 5

t | th | th |ty
ty | th | th | ty
ty |t [ O]t [th| 0
Sl [t | 0|ty ts
th |ty | th |t | O |t3
ty | ta | O | ta|[ts] 0

which forms one of kind (A).
On the other hand, let us consider the case where the kind is (C). Applying our
operation on 7" V ) gives the symmetric Table 4.12.

Table 4.12: The symmetric table 6

O |ty |th|th]ts
O |ty |ty |t | ts
Gy |t | O |ty |50
ottty | 0|t | ts
AT
ty [ ta | O [ ts|ts| O

where
t5 := (C14C35C26),

t6 = (a4b6c46) .

Now via the quadratic transformation (354, we have

t1 — tg/ =,
I ne.__

! n
té — t4/ = ((l5b2025),

"o,
ty — t3 = (C13C24C56),

"

ts — tl = (a6b2026).

Thus applying the quadratic transformation ¢s56 gives us the new kind 7" v t)’
where T = {t{", )/, t¥'}. Now via the permutation ¢ := (62)(12)(53), the kind

T" vt} is transformed to one kind of (A).
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Moreover, if the triples of kind (A) have the form T V ¢ where
T .= {{1,72,%} = {(ajbicij)a (akbhckh)a (Cikrcjhcmn} and t := (ahbicih)-

Then the permutation o = (i1)(;j2)(h3)(k4)(m5)(n6) transforms T V f to the triples

of kind (A). In summary, we have the diagram (see Figure 4.7).

One kind of (C)

via 356 and g

One kind of (A) One kind of (B)

to = thty and t3 = tht)

Figure 4.7: Types of Eckardt points for .# that corresponds to ¢(.#) € E(©),

[]

Corollary 4.6. Let . be a non-singular cubic surface that corresponds to ¢(.) €
E®) . Then .7 has exactly 6 Eckardt points and 4 triads which contain 15 lines among

the 27 lines on cubic surface.

Proof. We know that .# has a 4 triples of the form 7'V t as we shown in Proposition
4.5. Up to permutations and quadratic transformations, we can assume that T =

{t1,ts,t3}, where
t1 = (agbicr2),
ty := (asbscaq),

ts := (C14Ca3Cs56),

t4 =1= (agblclg).

Let us construct the symmetric table determined by ti, to, t3, and ¢4 (see Table 4.13).
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Table 4.13: The symmetric table 7

O [ty | ta | ts | ta
O [ty | ta | ts | ta
tilti |0 [ts|ta] 0
to |t |tz | O | t1 | t5
ts |tz | ta | t1 | O |ts
ty [ty | O [ts|ts | 0

where

ts := (a1bscia),
tﬁ = ((1452024).
Thus we have at least 6 Eckardt points generated by ti, %o, t3, 14,15, and tg. Further-

more, we get the following 4 triads:

Ty = {t1, 12,13},
Ty = {ta,t4,t5},
Ts = {t3, 14,16},
Ty = {t1,15,t6},

which contain 15 lines among the 27 lines on cubic surface, namely
ai, Gy, as, ayg, by, by, bz, by, c12, 13, C14, C23, Co4, €34 and csg.

Again, applying our operation on the triples 1, t9, 3, t4, t5 and tg will give us the
symmetric Table 4.14.

It follows that there are no new possible triples in the table which give us new
Eckardt points. Therefore, .% has exactly 6 Eckardt points which correspond to the

triples tl, tQ, tg, t4, t5 and t6. O

Corollary 4.7. For ¢ > 7 and ¢ prime, every non-singular cubic surface .7 (q) that

corresponds to ¢(-#) € E® is of type [(¢ — 10)2 + 3,27(¢ — 9) + 18,117, 6].
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Table 4.14: The symmetric table 8

O |ty |t | ts|ts|ts ]| ts
O |0 |ty |ty |ty ]| talts] tg
it | 0ty |ta]| 0 |ts] ts
to |ty |t | O |ty [t5 |ty | O
by |ty | ta|ts |0 [te| 0|ty
ta | ta | O [ t5 [ts | O | ta]| ts
ts | ts [ te | ta | O [ ta | O | £
te | te | ts | O |ty |t |t | O

Proof. Recall that .7 (q) denotes a non-singular cubic surface with 27 lines that has
exactly 6 Eckardt points over the Galois field GF(¢). By the same argument used in

the proof of Corollary 4.2, we have
nq:€3+62+61,
363 + e = 135,
363 + 262 + e = 27(q + 1),

and

63+62+61+eg:q2+7q+1.

Thus

ez = 06,

ex =135 — 18 =117,

ep =27(q—4) —117=27(q — 9) + 18,
eo = (¢ — 10)* + 3.

[]

Proposition 4.6. Let .¥ be a non-singular cubic surface that corresponds to ¢(.¥) €

E®. There is one possible kind for the set 7'V ¢ (as in Definition 4.6).
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Proof. Let us assume that . is a non-singular cubic surface that corresponds to
c(.#) € E®. Then .# has 4 Eckardt points which correspond to the 4 triples in
T V t where the triple ¢ has no common line with triad 7' = {t1,t2,t3}. Then up to

permutations and quadratic transformations, we can assume

t1 = (c12¢34C56),
ta = (c15C24C36),
ts = tita = (C13C26Ca5)-

Now if + € T®\T has no common line with 7', then ¢ must be of the form (a;b;c;;)

where

(i,5) € {(1,4),(1,6),(2,3),(2,5),(3,2),(3,5), (4, 1), (4,6), (5,2), (5,3), (6,1), (6,4) }.

Again up to permutations and quadratic transformations, we have

as (i,7) = (1,4) : t = (a1bsc14),

o . 46
as (i,7) = (1,6) : t = (arbscis) —> t = (asbscas) SN (a1bgc14),

. 12)(34

as (i,7) = (2,3) : t = (agbscas) ACCON. (a1bgcry),
. 12)(45
as (i, ) = (2.5) : t = (asbscas) T2 b = (arbyera),
. 13)(24
as (i,7) = (3,2) : T = (asbzcas) LD, ¢ = (a1bscia),
(13)(45)

as (i,7) = (3,5) : t = (asbscss) t = (a1bsc1a),

.. 14
as (i,7) = (4,1) :t = (asbic14) O,y = (a1bsc14),

o 46
as (1,7) = (4,6) : t = (asbgcap) RALLNg— (a1bgc6) Q> t = (a1byc14),

.o 15)(24
as (i,7) = (5,2) : 1 = (asbacas) e t = (a1bscua),
.o 15)(34
as (i,7) = (5,3) : 1 = (asbscss) e t = (a1bscua),

as (Z,j) = (6, 1) it = (CL661016> ﬂ) t= (a4b1€14) % t= (a1b4cl4),

$146

as (Z,j) = (6,4) it = (a664c46) ——t = (a1b4C14>.
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Thus we can assume that ¢t = (a4b;c14) by applying the permutation (14). Therefore,

up to equivalence of triples T'V t = {(c12¢34¢56), (C15C24C36), (C13C26Ca5), (asbicrq)}. O

Corollary 4.8. Let . be a non-singular cubic surface that corresponds to ¢(.¥) €

E®. Then .7 has exactly nine Eckardt points and 12 triads.

Proof. Assume that . is a non-singular cubic surface that corresponds to ¢() €
E®. Then we can assume .¥ has the triples in 7'V ¢, where the triad T = {t,, 15,15}

and t := t4 are as mentioned in Proposition 3.6, that is

t1 = (c12€34C56),

ty = (c15C21C36),

t3 = tita = (c13¢26C45),
ty = (agbic1s).

By applying our operation on the triples 1, 5, t3 and ¢4, we have the symmetric Table

4.15.
Table 4.15: The symmetric table 9

O |ty | ta | ts |ty
D0 |t |ta|ts]|ty
tr |t | 0| ts|ta|ts
tz tg t3 @ tl t6
ts | t3 | ta | t1 | O | 7
ty |ty [ t5 | te [t7 | O

where

t5 := (agbscas),
te := (asbacas),
t7 = ((1355635).

Again we can construct the following symmetric Table 4.16.
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Table 4.16: The symmetric table 10

(Z) tl tz t3 t4 t5 tﬁ t7
0|0 |ty | ta|ts|ta|ts|ts]tr
ti|ti | O |t | ta | ts | ta| ts |ty
to | to [ ta | O |ty | tg | to | ta | ts
ts | tg [ta | t1 | O | t7 | ts | to | ty
ta | ta | ts | te [tz | O | t1 | Lo | ts
ts | ts | ta | to | ts | t1 | O | t7 | ts
te | te | ts | ta | to | ta |tz | O | t5
te | tr [ to | ts | ta | ts |t | t5 | 0

where

ts := (a1bscie),
tg = (a664c46).
Therefore, there are at least nine Eckardt points on . which correspond to the nine

triples, namely

tlv t27 t37 t47 t57 t67 t77 t87 and t9'

Moreover, we get the following 12 triads:

Ty = {t1,14,t5},
Ty = {ta, 14, t6},
T3 = {t3,t4,t7},
Ty = {ty,1s,t9},
Ts = {t1,1s,t3},
Ts = {t1, 16,13},
T7 = {t1,t7,t9},
Ts = {to, t7, 15},

Ty = {to, 15,19},
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Tio = {t3, t5, s},
Ty = {t3,t6, o},
Tio = {ts5, te, t7}.
Now by applying our operation on tq, ts, t3, t4, ts, te, t7, ts and tg, we have the sym-
metric Table 4.17.

Table 4.17: The symmetric table 11

O [ty |ta | ts | ta|ts|te | tr | ts | to
O |ty | to | ts | ta|ts | te | tr | ts | Lo
ty |t | O | tg | ta|ts | ta|ts |t |ts|tr
to | to | ts | O |ty [t |t | ta | ts | t7 | ts5
ts | ts [ ta [ ti | O | tr | ts | to | ta | t5 | tg
ty | tg | ts [t |t | O |ty | to | t3 | tg | tg
ts |t | ta |t [ts [t | O |ty | te | t3 | to
t6 t@ tg t4 tg t2 t7 @ t5 tl t3
tr |tz [to | ts [ta|ts |te|ts | 0 |ta|ts
ts | ts [ te |t [t | Lo | t3 |ty |ta | O |ty
to | to | t7 |t |te | ts | ta |13 | t1 | ta | O

It follows that there are no new possible triples in the table which give us new
Eckardt points. Therefore .# has exactly 9 Eckardt points which correspond to the

triples tl, t2, t3, t4,t5,t6,t7,t8 and tg. ]

Remark 4.6. The nine triples t1, to, t3, t4, t5, tg, t7, ts, and tg in Corollary 4.8 contain
all the 27 lines on a non-singular cubic surface .. Furthermore, every triple in the

previous list occurs 4 times among the 12 triads 7T;; ¢ € {1,...,12}.

Corollary 4.9. For ¢ > 7 and ¢ prime, every non-singular cubic surface .7 (q) that
corresponds to ¢(#) € E® is of type [(¢ — 10)2,27(¢ — 8),108,9].

Proof. Recall that .7 (q) denotes a non-singular cubic surface with 27 lines that has

exactly 9 Eckardt points over the Galois field GF(¢). By the same argument used in
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the proof of Corollary 4.7, we have
nq:€3+€2+€1,
363 + 69 = 135,
363 + 262 + e = 27(q + 1),

and

es+es+er+ep=q>+7q+1.

Thus

e3 =9,

ey = 135 — 27 = 108,

ep =27(q—4) — 108 =27(q — 8),
eo = (¢ — 10)%.

]

Theorem 4.4. Let .% be a non-singular cubic surface with the six triples ty, o, t3,
t4, ts5, t¢ mentioned in the proof of Corollary 4.6, and let ¢7 be another triple on .#,
that is t; € T®\{t; : i € {1,...,6}}. Then

I. % has at least 10 Eckardt points and at least 10 triads if all lines of t; are in

common with one of the 4 triads generated by t1,..., .
IT. Otherwise, . has at least 18 Eckardt points and at least 42 triads.

Proof. 1. According to the argument introduced in the proof of Corollary 4.6, we have

the following 4 triads:

TI = {t17t27t3}7T2 = {t27t47t5}7T3 = {t37t47t6}7 a‘nd T4 = {t17t57t6}7
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where

t1 := (agbic12),
ty := (asbscaq),
t3 := (C14C23Cs6),
ty := (asbici3),
t5 := (arbscia),
te := (agbacay).
Suppose that all lines of ¢; are in common with the triad 7;. Then there are three

choices for the triple t7:

(1) t7 := (agbscas),
(2) t7 := (agbicra),
(3) t7 := (c12C34C56)-
However we can transform between the two choices (1) and (2) via the permutation

(13)(24). Thus up to permutations and quadratic transformations, there are two

cases for t7, namely

Case(1): t7; = (agbzcas),
Case(2): t7 = (c12¢34¢56)-
For case (1), we construct the symmetric table which is determined by ¢y, t5, 3,
ty, ts, ts and t; (see Table 4.18).
where
tg := (a1bacia),
tg := (C13C24C56),

th = (a3b4034) .
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Table 4.18: The symmetric table 12

O |ty [t |ty |ts | ts]| tg | tr
O |0 [ty |ty |ty | tal|ts]| ts | tr
oty | O | tg|ta| 0 |ts]| ts | 0
to [ to |ts | O |ty |ts | ta| O | O
ts | tg [to | ts [0 |ts| O | ts | O
ta | ta | O [ ts5 [tg | O | ta| t3 | ts
ts | t5 | te [ta | O |t | O | t1 | tg
te | te [ ts | O | ta|ts |t | O |ty
tr [ t7 | O[O0 |tg|tg]| tro| 0

Thus we have at least 10 Eckardt points determined by
b1, ta, 3,14, 15,6, 7, Us, o, and t10-

Furthermore, we have the following 10 triads:
Ty = {t1, 12,13},
Ty = {t1, 15,16},
T3 = {t1,1t9, 110},
Ty = {ta, 14,15},
Ts = {t2, 13,10},
T = {t3, 14,6},
T7 = {t3,ts, two},
Ts = {t4, 17,13},
Ty = {ts,t7,t9},

Tio = {te, t7, t10}-
For the case (2), we have a table similar to the one in case (1) except some changes,

namely
ts := (agbscas),
to := (agbacas),

th = (albgClg).
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Consequently, we have at least 10 Eckardt points determined by
tl; t27 t37 t47 t57 t67 t77 t87 t97 and th-

In fact, we can transform from one case to another via some exchanges in triples so

that the two cases represent the same kind:

Form for the case (2) «— Form for the case (1)
T = {ts,ts,te}  +— T = {t,ts,t3}
t:=1 — t:=1y
t7 = tg = (C12¢34C56) t7 := (agbscas)
Thus we have the same 10 trihedral pairs for the case (1).

II. If t; has no line common in with one of the 4 triads, namely

Ty = {t1, 12, t3},

Ty = {to, 4, 5},

15 = {t3,t4,t6},

T, = {tl,t5,t6},
then we can assume ¢; has no line common in with triad 7. If ¢; and ¢4 have a
common line, we can replace 17 by T3, t4 by t5, and t; by tg so that we can avoid this
case.

Now if 7 has no line common in with triad 7 and the triple ¢4, then we have the

following possibilities for t;:
1. (G552025), (a5b4045), (&1175015), and (015024036),
2. (%52026), (&654046), (aleClﬁ)a and (016024035)-

However we can transform between the two cases, namely (1) and (2), via the per-

mutation (56) (see the diagram in Figure 4.8)
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Consequently, we get exactly the following two cases for t7

Let us consider the case (1) t7 = (a562025) or t7 = (a1b5015). If t7

24
(a562025) @ (Cl5b4045)7 (a155015) N (015624036)-

via  (56)

24
(agbacag) M (agbacas), (a1bgci6) TR LY (C16C24C35).

Case (i): t7 = (asbacas) or t7 = (a1bscys),

Case (11) t7 = ((I5b4045) or t7 = (015024636).

Figure 4.8: Cases of t; on ..

we have the symmetric Table 4.19.

where

Table 4.19: The symmetric table 13

O |ty [ta| ts | ta | ts |t | tr
O |0 [ty |ta| ts | ta | ts | ts | tr
it |0 ts]| ta | O | ts |ts5] ts
to [ ta |tz | O | ¢t | ts | ta | 0| to
t3 t3 tg tl @ t6 @ t4 th
by | Lo | O |t | tg | O | to | t3 | tn
ts [ts [te [ta | O | ta | O | t1 | t12
to | te | ts | O | ta | t3 |t | O | 0
tr | tr | ts [ty [tio |t |tz [ 0| O

ts = (a1bsc15),

to = (c16C24C35),

tio = (asbecss),

t11 = (C15Ca3¢46),

t12 = (C12€36C45)-
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Thus we have at least 18 Eckardt points determined by the triples ¢;,7 = 1,...,18

where

t13 = tots = (C13C26C45), t14 = tsts = (agbscys),
t15 = tats = (asbscss), tie = tateo = (agbscse),
ti7 = tstg = (azbscas), tis = tstio = (C16C25C34).

Now if we assume that t; = (a1bscy5), we get the symmetric Table 4.20.

Table 4.20: The symmetric table 14

O [ty | ta | ts | tg | ts5 | te | tr
O |0 [ty |ta| ts | ta |t5] ts | tr
it | 0 ts] ta | O [ts] t5 | ts
to |t [t | O |t | ts [ta| O | to
ty |t | ta |t | O | tg | O | ty | tio
ty | ta | O [ty | te | O |ta]| t3 | tn
ts | ts [ tg | ta| O [ Lo | O |t | O
te lte | ts | 0| ta | t5 |t ]| O | tio
tr [ tr | ts |t | tio | tin | O | tia | 0

where

ts = (asbacos),
to = (c13¢26Ca5),
tio = (agbacss),
t11 = (asbscss),
tia = (€12€36C45)-

Therefore we have at least 18 Eckardt points determined by the triplest;,j =1,...,18
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where

t13 = tats = (C16C24C35), t1a = tats = (asbscse),
t15 = tats = (C15C23C46), ti6 = tetg = (agbscss),
ti7 = tstiz = (agbeca), t1s = t5tia = (C16C25C34).

Case (ii): t7 = (asbycys) or t7 = (c15¢24¢36). In the same argument for the case (i),

if we assume that ¢t; = (asbscqs) then we get the symmetric Table 4.21.

Table 4.21: The symmetric table 15

O |ty [ta| ts | ta | ts |t | tr
O |0 [ty |ta| ts | ta | ts | ts | tr
it |0 ts]| ta | O | ts |t5] ts
to |t [t | O |t | ts5 | ta | O | to
ty |t | ta |t | O | tg | O |ts] tio
ta|ta| O | ts | ts | O | ta |t3 |t
ts | t5 | te | ta| O | ta | O | 1| t1o
te [to |ts | O | ta | s |t | O | 0
tr [ tr | ts |ty | tio | tin | t12 | O

where

ts = (c15C24C36),
to = (asbscss),
tio = (a1bscie),
t11 = (C15¢26C34),
t1a = (azbscas).

Again we have at least 18 Eckardt points that correspond to the triples t;,j =

1,...,18 where

158



t13 = tats = (agbacag),
t15 = tats = (asbecse),

tir = tat1o = (asbscse),

t1a = tats = (C13C25Ca6)s
tie = teto = (C16C23C45),

t1s = ttio = (C12C35Ca6)-

let us consider the case(ii) for t7 = (¢15¢24¢36). In this case, we have the symmetric

Table 4.22.
Table 4.22: The symmetric table 16
O |t [ta| ts | ta | ts5 | te | tr
OO |t |t t3 ta ts | tg | t7
by |t | O [ts| ta | O | te |t5] s
bo | to[ts| O |ty | ts | ta | O] to
ty |tz |ta [t | O | te | O | tg| tio
t4 t4 @ t5 tG @ t2 t3 tll
ts |ty |t [ ta| O | to | O | t1 | tio
to |t |ts | O | ta | ts | t1 | O] O
tr | tr | ts | to [ tio | t11 [t | O | O
where

Again we have at least 18 Eckardt points determined by the triples ¢;,57 =1, ...

where
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ts = (asbacys),
to = (agbacas),
ti0 = (Cc13¢25C46),
t11 = (asbscse),

t12 = (agbscas).
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t13 = tats = (asbscss), t1a = tsts = (a1bsci6),
t15 = tats = (C15C26C34), tie = tet1s = (C16C23Ca5),

ti7 = tat1a = (agbscss), t1s = tetia = (C12C35Ca6).

Note that we can transform from one case to another via some exchanges in triples
so that the two cases represent the same kind:

T.=Ty,t:=t4,t7:=t14

form for the case (i) » form for the case (ii)

. T.=Ty,t:=tq,t7:=t ..
form for the case (i) < 2T form for the case (ii)

Consequently, we also have 42 triads for case (ii). In fact, the 42 triads which corre-

spond to case (i) are:

Ty = {t1,ta, 13}, Ty = {t1,15,t6}, T3 = {t1, 17,13},

Ty = {t1,t9, t1a}, Ts = {t1,t10, t13}, T = {t1,t11, 115},
Tr = {t1, t1s, t1s}, Ty = {ta, 4, 5}, Ty = {ta, 7,19},

Tho = {t2, s, t13}, 11y = {ta, tio, t1a}, Tiy = {ta, t11, t17},
Ti3 = {ta, t12, t16}, Tia = {t3,ta, 6}, Tis = {t3,t7, tw0},
Tie = {t3,ts, t1a}, Tir = {t3, 19, t13}, Tis = {t3, t12, t1s},
Thg = {t3, 15, t17}, Too = {ta, 7,11}, Ty = {ts, ts, 115},
Tho = {4, tg, 116}, Ths = {ts, t1a, t17}, Toy = {ts, t1a, t1s},
Tos = {ts, 17, t12}, Toe = {ts,t9, t17}, Tyr = {ts5, 10, t1s},
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Tos = {ts5,t11, t16}, Thg = {t5,t13, t15}, T = {t6, s, t12},

T3 = {t6, t10, t11 }, T3y = {t6, 113, t16 Ts3 = {t6, t1a, ta7},
T34 = {ts, t15, t1s}, T35 = {t7,t13, t1a}, T36 = {t7,t16,t17},
T37 = {ts, o, two}, Tzs = {ts, t17, t1s}, Tz9 = {tg, t11, 12},
Tio = {t10, t15,t16}, Ty = {ti1, t13, t1s}, Ty = {t12, t14, t15}

Furthermore, the triads 75, Ty, Tig, To3, Tos, and T34 contain all the 27 lines on .7 .

]

Remark 4.7. Let E19 and E(®) denote respectively the subsets of E(1010) and E(18:10)
that correspond to the non-singular cubic surfaces of kind I and II of Theorem 4.4

respectively. Note that according to Theorem 4.4, the two sets E(1%10) and E(1810) are

10)

subsets of E(®. A non-singular cubic surface ., which corresponds to ¢(.#) € E(9),

has exactly 10 Eckardt points determined by the triples ¢;; 7 € {1,...,10} which

contain 15 lines among the 27 lines on cubic surface, namely
ai, az, asz, a4, b17 b27 b27 b47 C12, C13, C14, C23, C24, C34, and Cs6,

and each t; belongs to exactly three triads. On the other hand, a non-singular cubic
surface .#, which corresponds to ¢(.#) € E!®, has exactly 18 Eckardt points deter-
mined by the triples ¢;;¢ € {1,...,18}. In fact, the triples ¢;;7 € {1,...,18} contain
all the 27 lines on cubic surface, and each ¢; belongs to exactly seven triads. All the

detail are shown in the following corollary.

Corollary 4.10. The non-singular cubic surfaces that corresponds to members in

E19 and EM® have exactly 10 and 18 Eckardt points respectively.

Proof. According to Theorem 4.4 part I, a non-singular cubic surface . that cor-

responds to ¢() € E(9 has at least 10 Eckardt points. Up to permutations and
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quadratic transformations, the Eckardt points on .¥ are precisely the points that are

associated to the triples t; for i € {1,...,10}, where
t1 = (agbici2),
ty = (asbzcsa),
t3 = (craca3Cs6),
tys = (azbici3),
ts = (a1bscra),
te = (asbacay),
t7 = (agbscas),
ts = (a1bacra),
to = (c13¢24Cs6),

t10 = (agbscsa).
Consequently, we have the symmetric table for the triples ¢;; i € {1,...,10} (see
Table 4.23).
Table 4.23: The symmetric table 17

O | t1 [ to| t3 [ta|ts| te | tz | ts | to | tio
O | O |ty [to] ts |ta|ts | tg |tz | ts | tg | tio
bty |t | O [t ta |0 [te]| ts | O | O |tw]| to
to | to [ t3 | O |ty | ts|[ta| O | O | tg | ts | O
ts | t3 [ ta [t1 | O [te | O] ta| O [tio| O | ¢s
ty |ty | O [ts | te | O [ta| ts |t |tz | O | O
ts | ts [ te [ta| O [t | O |ty | tg | O | tz | 0
te [ tg | ts | O | ta [tz |t | O [tio| O | O | t7
tr |tz | O[O 0 [ts|te|tio| O | tg | t5 | ts

ts | ts | O [t |t |tz | O] O | ta | O | tio]| to
tz| 0 | ts | tig] O | ts
O t; | ts | tg | ts | O

tio | tio | to | O | ts

It follows that there are no new possible triples in the table which give us new
Eckardt points. Therefore, .# has exactly 10 Eckardt points which correspond to the

triples tla t?a t37 t47 t57 t67 t?a t87 t9 and th'
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Similarly, according to Theorem 4.4 part II, a non-singular cubic surface . that
corresponds to ¢(.Y) € E(®) has at least 18 Eckardt points. Up to permutations and
quadratic transformations, the Fckardt points on . are precisely the points that are

associated to the triples t;; i € {1,...,18} where

t1 = (agbicr2), ty = (asbscsa),

ts = (c14C23C56), ty = (asbic13),

ts = (ar1bscry), te = (asbacan),

tr = (asbscys), ts = (c15¢24C36),

tg = (asbscss), tio = (a1bscis),

t11 = (c15¢26C34), t12 = (agbscas),

t13 = tatg = (agbacas), t14 = tats = (C13C25C46),
tis = tats = (asbsCse), ti6 = tetg = (C16C23Ca5),
ti7 = tatro = (asbscss), tig = tet1o = (C12C35Ca6)-

When we construct the symmetric table for the triples ¢;; i € {1, ..., 18}, we are not

have any new possible triples in the table. Consequently, there are no new Eckardt
points on the cubic surface .. Therefore, . has exactly 18 Eckardt points which
correspond to the triples ¢;; i € {1,...,18}.

O

Corollary 4.11. For ¢ > 7 and ¢ prime, every non-singular cubic surface .19 (q)

corresponds to ¢(1%) € E19 is of type [(¢ — 10)? — 1,27(q — 8) + 3,105, 10].

Proof. Recall that .19 (q) denotes a non-singular cubic surface with 27 lines that

has exactly ten Eckardt points over the Galois field GF(q). By the same argument
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used in the proof of Corollary 4.2, we have
nq:63+€2+617
3es + eg = 135,

3eg + 2e9 + €1 =27(q + 1),

and

63+62+61+60:q2+7q—|—1.

Thus

es = 10,

ey = 135 — 30 = 105,

er =27(q —4) — 105 = 27(q — 8) + 3,
eo = (¢ —10)* — 1.

]

Corollary 4.12. For ¢ > 7 and ¢ prime, every non-singular cubic surface .%(q)

corresponds to c(.71®)) € EM® is of type [(¢ — 10)? — 9,27(¢ — 7), 81, 18].

Proof. Recall that .18 (q) denotes a non-singular cubic surface with 27 lines that has
exactly eighteen Eckardt points over the Galois field GF(g). By the same argument
used in the proof of Corollary 4.2, we have
ng = ez + ez + ey,
3es + eo = 135,
3es + 2e9 + €1 =27(q + 1),

and

63+62+61+60:q2+7q—|—1.
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Thus

es = 18,

ey =135 — 54 = 81,

e1 = 27(q —4) — 81 = 27(q — 7),
eo = (¢ —10)* = 9.

]

Proposition 4.7. Let .# be a cubic surface that corresponds to ¢(#) € S¥ with
4 triples, namely the set 7'V t mentioned in Corollary 4.4. Let ¢’ € T® be another

triple on . all of whose lines are in common with 7. Then ¢(”) € E®4.

Proof. From Corollary 4.4, we have

t1 = (agbic1z),

ty := (agbacss),

t3 := (C13C24Cs6),
ty =t = (azbicy3).

Up to the permutation o = (34), the triad T = {t;, t5, {3} transforms to

ty := (agbicia),
ty := (asbscsq),
t3 := (C14Ca3C56),

and the triple ¢ := t4 = (aszbicy3) transforms to ¢t := t4 = (asbic14). Again, up
permutations and quadratic transformations, we can assume that ¢’ := (cia¢34¢56) =

t5. Let us construct the corresponding symmetric table for the triples ty, o, t3, t4, t5

(see Table 4.24).
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Table 4.24: The symmetric table 18

O |t |to|t3]|ty]|ts
O 10 |ty |ta]|ts|ta]ts
ot | 0 | ts|ta| 0] 0
to [ta |tz | O [t | O] 0
ts | tg [ta|ta | O | 0|0
t4 t4 @ @ @ @ t6
t5 t5 @ @ Q) tﬁ @

where tg = (agbscys). Now if there is another triple ' € T® on .# whose all lines
in common with triad 7" then .# has at least 6 Eckardt points that correspond to
the triples t;; i € {1,...,6}. However, c¢(-#) € S® and has at least 6 Eckardt points.
This implies that c¢(.#) € E¢Y UE® (see the argument before Definition 4.6)

If ¢(.#) € E®Y then we are done. Otherwise, it is enough to show that there is
another triple ¢; on .# and hence ¢(.¥) € E®%. By change of coordinates system

over the complex field, we can assume that
P=(1:0:0),P=(0:1:0),Ps=(1:1:1)and P,=(0:0:1).

A little algebraic computations shows that the conic, namely %7, which pass through

the points P,, P3, P, has the form:
6 = V(xg — T123).
The above conic has two tangents at the points P, and P4, namely
lio =V(z5) and 114 = V(xy),

respectively. Now if the two points, namely Ps := (a5 : 35 : 75) and Ps := (g : G6 -

76), belong to the conic €} then a2 = 575 and a2 = Bs76. It follows that
Ps:=(1:¢:¢) and Ps:=(1:(:(),

or

Ps:=(1:(:¢) and Ps:=(1:¢: (),
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where ( is a primitive cubic root of unity. Now consider the following lines:

l34 = V(.Z'U — CCl), l23 = V(l’o — .TQ),
L = V(x1 — 5372)7 lss = V(¢ — C_)SCO — (=D + (5 — 1)z2),
l24 = V(SEO>

Note that

P7::(1:1:O)El12ﬂ134 and P82:(12021)6114ﬂl23.

Moreover, lzs = V(xg — x1 — 23) and l1g Nlay N i35 = { Py} (see Figure 4.9).

\ P
lo3
Py
P, l24 l12
P6 5 |, €
li6
P5 4
Py Py P~
l78
l34
Figure 4.9: 116 N l24 N 135 = {Pg}
So we can take t7 := (c16¢24¢35) Where ¢16 = l/;;, Cos = lpg and css = las. O

Proposition 4.8. E¢4 yE®4Y =S = §6)

Proof. According to Corollary 4.6, every non-singular cubic surface . with 27 lines,
which corresponds to ¢(.) € E®4 has 6 Eckardt points. Also according to Propo-

sition 4.6, every non-singular cubic surface . with 27 lines, which corresponds to
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c(.#) € E®Y has 9 Eckardt points. Moreover, S©® ¢ S®) C S®. Therefore, we have
EGY) UREOY « S© SO c SV,

If . is a non-singular cubic surface that corresponds to c(.#) € S® C SW then
% has 4 triples T'V t on it (see Definition 4.6). On the other hand, .# has another
triple, namely ¢’. Now if ¢ has one or no common line with triad 7" then ¢(.%) €
E6G4Y UE®Y and we are done. Otherwise, all lines of ¢ are in common with 7" and

hence ¢() € E®Y C EG4) UREOY (see Proposition 4.7). Therefore

E6H JEOD C §©) C §6) ¢ B64 yEOD.

Proposition 4.9. EO4 yE10:10) y E18:10) = (1) = SG) = S,

Proof. 1t is clear that

S®) C S®) C N C S(6)

Now according to Proposition 4.8, we have E¢4) UE®4Y = SO Tt follows that
S c 6 yEOY,

Consequently, we get

s(M =8 n (E(GA) U E(9’4))
— (8(7) N ]E(GA)) U (8(7) N E(9»4))
since E®4 C S, On the other hand, let . be any non-singular cubic sur-

face that corresponds to c(#) € S NEOY. Then () € E®Y and has 6

triples ti,to,t3,t4,15,t6. Recall that Theorem 4.4 says that if . has a triple t; €
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TON{t1, to, t3, 4, t5, t6 }, then c(#) € E10 or ¢(.7) € EU81) So () € B0 y

E(1810) Tt follows that

S(?) N E(6’4) g E(lO,lO) U E(IS,IO)'
Consequently, we get
(S(7) N E(6,4)) U E(9,4) g E(9,4) U E(lO,lO) U ]E(IS,IO)‘

Thus

8(7) g (S('?) N ]E(GA)) U ]E(QA) g E(9,4) U E(IO,IO) U E(I&IO)

S® cs® csm,

N

Proposition 4.10. S(9) = E10.10) R (18,10)

Proof. Assume that () € S1%. By the definition of S©), we get ¢(.) € S®). Now

according to Proposition 4.9, we have c¢(.#) € EO4 UE(%10 yEIS10) Tt follows that
S(10) ¢ EO4) [ E10.10) ([ (18.10)

Consequently, we get

S10) = §(10) A (EO4) y E(1010) | E1810))
= (S10) A EODY U (S0 A E1010)) |y (S(10) [ E18.10))
= (S10) A EODY U (E1010)  E1810)) gince E(010) E1810) ¢ g10),
Now if ¢(.#) € SU9) NE®H then the corresponding non-singular cubic surface

% has 9 Eckardt points which correspond to the triples ¢;; i € {1,...,9}. Up to

permutations and quadratic transformations, we can assume that (see Proposition

4.6)
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t1 = (c12¢34¢56),
ty = (c15C24C36),
t3 = (c13c26Ca5),
ty = (asbicry),
ts = (azbzcas),
te = (asbacos),
tr = (asbscss),
ts = (ar1bscis),
to = (agbscag)-

Moreover, the previous 9 triples contain all the 27 lines on . (see Remark 4.6).
However, if ¢(.#) € S then there is another Eckardt point which corresponds to
some triple on .#, namely t19 € T®\{t;,...,t9}. So all lines of ;o must belong to
some triad among the 12 triads on .. Without loss of generality, we can assume all
the line of ¢19 are in common with the triad 75 = {¢1,t2,t3} (see Proposition 4.6). Up
to permutations and quadratic transformations, we can take 19 = (¢12¢36¢45). Now if
we consider the triad 77 = {1, t4,t5} in Proposition 4.6, then we get that ¢;o has only
one common line with 7}. Consequently, according to Corollary 4.6, the set 17 V t1
will generate 6 Eckardt points on .¥ and 4 triads so that 77 is one of them. Hence
c(.#) € E®Y. On the other hand, the lines of the triple ¢, are not all in common
with Tj. Therefore, according to Theorem 4.4(II), we deduce that the set of triples
T\ VoV ty generate the 18 Eckardt points on .# and hence ¢(.#) € E(%10 Tt follows
that

S(10) c R(18,10) R (10,10) (R (18,10) _ R(10,10) | (18,10) — §(10),
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Proposition 4.11_ S(ll) — 8(12) — S(l?’) e S(14) — 8(15) e 8(16) — 8(17) e 8(18) —
E(lS,lO).

Proof. It obvious that

]E(IS,IO) C S(IS) C 8(17) C S(IG) C 8(15) C 8(14) C 8(13) C S(IQ) C S(ll) C S(IO)'
Now according to Proposition 4.10, we get

g(10) _ g(10,10) | (18,10)

More precisely, we have SOV C E1010)  E(1810)  However, S1) ¢ E1019 and

E1010) N E(810) — (. Tt follows that SUV) C E(810) Thus

E(1810) ¢ §08) ¢ §17) ¢ §(16) ¢ §(15) ¢ §(14) ¢ §(13) ¢ §(12) ¢ gD ¢ E1810),
So we can replace the inclusion relation by equality. O]
Corollary 4.13. For every k > 18, we have S®*) = 0.

Proof. Let . be a non-singular cubic surface that corresponds to ¢(.#) € SU®),
We know that . has 18 Eckardt points which correspond to the 18 triples ¢;;¢ €
{1,...,18} [see Theorem 4.4(II)]. Furthermore, applying our operation on the previ-
ous triples does not give any new triples.

Now if there is a non-singular cubic surface .# that corresponds to c¢(.#) € S®)

for some k > 18, then

which is a contradiction.

]

The following diagram (see Figure 4.10) illustrates most properties of the classes
S®) and E(™*) where the end of dotted arrows is the union of their beginnings. The
hook line represents the inclusion relation while the double line refers to equality

relation.
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Figure 4.10: The main diagram for S and E(m*).
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4.3 IRREDUCIBILITY AND CODIMENSION OF CLASSES OF SMOOTH CUBIC

SURFACES OVER THE COMPLEX FIELD

In this section, we discuss the irreducibility and codimension of classes of smooth
cubic surfaces as a subvarieties of P{’. Let ¢ : X — Y be a morphism of affine
algebraic sets [see [25], Page 80], defined over an algebraically closed field k. For
y €Y, the set ¢~ 1(y) is called the fiber over y. Recall from ([13], Page 23) that X is
an affine variety if it is an irreducible closed subset of A", and a morphism ¢ : X — Y

between two varieties is said to be dominant if the image of ¢ is dense in Y.

Theorem 4.5. ([5], Page 62) Let ¢ : X — Y be a finite dominant morphism of affine

varieties. Then
1. ¢ is surjective.
2. If y € Y, then the fiber ¢~ !(y) is finite.

3. Let Z C X be a closed subvariety. Then ¢(Z) is closed, dim(Z) = dim(p(Z))

and ¢ : Z — ¢(Z) is finite.

Theorem 4.6. ([5], Page 64) Let ¢ : X — Y be a dominant morphism of affine
varieties. There exists a nonempty open set U C (X)) such that for all y € U and

any irreducible component Z of p~!(y), dim(Z) = r := dim(X) — dim(Y").

Theorem 4.7. ([29], Page 76) Let ¢ : X — Y be a regular map between irreducible
varieties. Suppose that ¢ is surjective, (X) =Y, and that dim X = n,dimY = m.

Then m < n, and
1. dim F' > n —m for any y € Y and for any component F' of the fibre o= (y);

2. there exists a nonempty open subset U C Y such that ¢~!(y) = n — m for

yeu.
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Recall that S®) denotes the set of all smooth cubic surfaces with at least k Eckardt
points (as a subvariety of P{?). Tt is clear that Sg is an open subvariety of (P?)® and
hence dim Sg = 12. Furthermore, dim W, = 4. Let s := k123456 € Sg and assume that
Wia31 forms a basis of W, where W, is the space of all plane cubics passing through

the points of § := { Py, P, P, Py, P5, Ps}. Then we have the following birational map
P? -5 P?: Py (wl(P) cwa(P) rws(P) : w4(P)),
which induces a morphism
PP = figarg ——— PP P (wi(P) s wa(P) s ws(P) s wa(P)).

In this case, we get im ) := blw,P? = . which is a non-singular cubic surface with
27 lines. As we said previously, . corresponds to ¢() € Ss,. Moreover, the 27

lines are on .¢:

1. the exceptional curves E := a; is defined to be the total transform of P; in 3,

2. the curve E := ¢;j is the strict transform of l;; = P, P;,

3. the curve (% := b, is the strict transform of the conic % passing through all

points of 5 except P;.

Following ([24], Page 173), if .7 (c) := V(3 cqx®) represents a cubic surface with
coefficients ¢(#) = (c,), then we can consider . as a subvariety of P!, Tt follows
that

A= ) S(c) x {c} TP’ x PY

ceP19

is defined by the equation " z,x“ = 0 where z, denotes the homogeneous coordinates
of the projective space P¥. Now if S C J is the set of points where py : S — P
is not smooth or equivalently where the fiber .#(c) is not smooth, then let S, :=

p2(S). Consequently, P1? — S, parameterize the smooth cubics. In fact, there is a
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homogeneous polynomial d € k|2, ..., z19] such that S,, = V(d). Thus P! — S, is
an open subset of P1? and hence it is irreducible and dense. Therefore, dim S,,, = 19.

LetP1:(1:O:O):Ql,PQZ(O:1:0):Q2,P3:(O:0:1):Q3,and

Ts(p) represents the blowing up of P% at S(P):={P, P, P},

Ts(q) represents the blowing up of P} at S(Q) := {Q1,Q2, Qs},
V.= leS(P) ]P)_QX,

then we have the following proposition.

Proposition 4.12. Let s = k123456 € Sg and

t ={Q1,Q2,Q3, p123(Py), p123(F5), p123(Fs) }-

Then
blw, P3 2 blw, P}

In particular, if ' € Sg is obtained from s via quadratic transformation, then

blw, P3 2 blwy P%.

Proof. Let p; : X — V represent the blowing up of V at 7r§(lp)(P4), 7r§(lp)(P5),
7T§(1P)<P6) and let

p2: Y =V

represent the blowing up of V at {ﬂ'g(lQ)(gOng(P4>>, 775(162)(@123(%), Wg(b)(wlgg(PG)}.
Since 7g(q) © 7T§(1P) = (193, we have Wg(lp)(Pk) = Wg(lQ)(golgg(Pk)) for k € {4,5,6}.
Thus
X = blw,P% = blw, P = ).

See the diagram in Figure 4.11.
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1%

s V Tt

TS(P) TS(Q)

Figure 4.11: blw, P43 = blw, P%..

Let s = k123456 € Sg and Es = (ayq, . . ., ag) be the exceptional curves corresponding

to s. Let . = blw, P?. Define
By :={(s,c(¥), Es) : s € Sg},

By = {(c(), Magase) : 1; N 1; = 0}

Consider the following mappings:

(P2)5 x B, PY x G,
U _ U
SG ke IB31 = BZ L Ssm
5 —— (s,¢(S), Es) + (c(F), Masase) —— ()

By David Mumford ([24], Page 174) we have B, C P" x G§,. According to the
projection I we get the fiber T=!(c(.#)) has 51840 elements which is a finite set, and

dim By = 19. In fact, dimT~!(¢(+#)) = 0 and hence
dim By = dim S,,,, + dim T (¢(.#)) = 194+ 0 = 19.
Furthermore, the fiber
U l(s) = Aut(P?) = PGL(3, k) = GL(4, k) /k*
has dimension equal to 42 — 1 = 15. Similarly, the fiber

Eil(C(y), >\123456) = Aut(]P’Q) = PGL(Q, k) = GL(S, k‘)/k‘*
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has dimension equal to 32 — 1 = 8.
Assume that K is a closed subset of Sg. Define the closed subset of K x (P?)* as
follows:

W = {(s,w1234) R K,iflg\gz; C Ws\{O}}

Let us define an open subset W* of W as follows:
W — {w = (8,W1234) € W : Wig; forms a basis for Ws},

Then we have the following maps:

(P?)6 x W, (P?%)6 x W, Se x (P2)4 Se
U U U U
wre—1 2 LK (P e K

Where p, is the projection to the first coordinate, and ¢1,.5 represent the embed-

ding maps. The following map, namely
w: W ——— K (s,w1934) — 8,

is surjective and w = p, o ty. Furthermore, the fiber is w™'(s) = (P?)* and has
dimension equal to 12. It follows that W is an irreducible closed subset of K x (P?)*
with

dimW = dimK + 12. (4.3.1)
Since W* is an irreducible open subset of W, it follows that W* is irreducible and

dense in W (i.e, W* = W) and hence
dim W* = dim W* = dim W.

Let By := ¢ 1(K), and B, := £(By). Then «(Bs) is a closed subset of S,,,, where

[1]

=

= F‘B2 and 1 == U

By B

Note that for any basis w231 of W,; s € Sg there exists an embedding in P? of the

blow-up of P? at six points in general position, namely the embedding coming from
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the birational map
P? -5 P? : P (aywi(P) : aowy(P) : asgws(P) : agwy(P)); a; € k¥,

where {ajwy, aows, azws, agw,} forms a basis of W,. The above birational map

induces a morphism, namely
P? — 5 — P*: P (wi(P) : wa(P) : ws(P) : wy(P)),

Thus we deduced that B; isomorphic to an open subset U of W* x P? (see Figure

4.12). Hence By is irreducible with
dim B; = dimU = dim(W* x P?) = dim W + 3.
According to Equation (4.4), we get
dim B, = dimK + 15. (4.3.2)
All the above results are illustrated in the main diagram (Figure 4.12 ), where
W W ———K: (s, w934) — 8,

is the surjective map which is defined previously. In fact, w = p, o ¢s.

Lemma 4.3.1. Let KM = {s = Kia3456 € Sg : N(12,34,56) # @}. Then KM is an

irreducible subset of Sg and codim KM = 1.

Proof. Let Ly be a subset of P? x G3 5 defined by
Ly = {(Q; M23) : A(Aizs) = Q}.
Let Ly be the subset of L; x (P?)% defined by
Ly := {(t; 8) 18 = Kia3ase € S, t € Ly such that A3 = (l12, 34, l56)}.
Then we have the following projections:
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(P2)6 (P2)S x B, PY x G§, P

U g U U U
s €S < (5,¢(7), Es) € By = (c(), Masass) € By —— () € Soy
closed U P 1U £ ) U v U
s e K By, = ¢y~ 1(K) By = £71(By) v(Ba)
pKJ‘
2, K x (P9)* C Sg x (P9
A | ‘
O
T bl
3 [
X
(s,w1234) € W C (P?)° x W, =
* uig
S
Ly | Open
2| P 2
J &
(8, wi231) € W* C (P?)5 x W,
w1232 basis
p1
W x P3
Figure 4.12: Main diagram.
SG L; x SG P? x G%B
U U U
K(l) p3 LQ p2 ILq P ]P’Q
§ i (t;5) | t = (Q; M\23) | Q

Let us consider the fiber of each map (see Figure 4.13).

The fiber p; ' (Q) is an irreducible subset L; with dim p;'(Q) = 3. Hence L, is an
irreducible subset of P? x Gj ; with dimension equal to 5.

The fiber p;'(t) is an irreducible subset of L, with dimension equal to 6. So L,

is an irreducible subset of L; x (P?)® with

If we assume lj5 := 1,134 := Iy and l5s := [3 so that A(12,34,56) = @, we get the
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l

Qe

—1

V2

KM

Figure 4.13: KM and configurations of members of the fibers.

following isomorphism

Ly 2 KW : (t;5) — s.
Thus K® is an irreducible subset of S¢ with codimension equal to 1. O
Theorem 4.8. SU is an irreducible subset of Sy, with codimension 1.

Proof. Assume that K := K(), where K is the set defined in Lemma 4.3.1. Let us

consider the following diagram (see Figure 4.14):

KO v B ¢ Bs i s
N N N N
SG IEBl ]B2 Ssm

Figure 4.14: S = v 0 £(By).
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where By := ¢ (KW), and B, := £(B,). Then S = ~(By) where

[1]

£ =

oy = F‘BQ and ¢ 1= W

By B

Then according to Equation (4.3.2), we have:

dim By = dimK® + 15 = 11 4+ 15 = 26.
Consequently, S = v 0 £(B;) is an irreducible subset of S,,, with
dim S = dim B, — dim &' oy~ (z) = dim By — dim £~ (b,)
=26 — 8 = 18, where by =y }(x) and z € SV,

Hence SO is an irreducible subset of S, with codimension 1.
Lemma 4.3.2. Let
K® .= {s = Kioaas6 € Sg 1 A(12,34,56) = {P;} and A (12,35,46) = {PS}}.
Then K@ is an irreducible subset of S¢ and codim K? = 2.
Proof. Let Ly be the subset of P? x P? defined by
L, := {:1: = (P, RR) €P* xP?: P, # Pg}.
Let Ly be the subset of Ly x Gj 5 defined by
L, := {(x;)\1234) cx€ly and A (1,2) ={P},A(3,4) = {Pg}}.
Let Lg be the subset of Ly x P? x P? defined by
Ly := {(y; P P):y€el, and Py, P, € 178}.

Then we have the following projections:

L, x P2 x P2 Ly x G35 P2 x P2
U U U
L3 p1 LQ p2 Ll

(y; P, ) —————— y = (z; Magy) ——— o = (Pr, )
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It is evident that the set L; is an open subset of P? x P? and hence
dimL; = dimL; = dim(P* x P?) = 4.

Let us consider the fiber of each map (see Figure 4.15).

ly
ly
Py Fg
l3
2%
-] [ %
P Py l
Pt
ly
ly
P Py Py Py
l3
L

Figure 4.15: K® and configurations of members of the fibers.

The fiber p,*(z) is an irreducible subset Ly with dimp;*(z) = 4. Since p, is
surjective with irreducible target of dimension 4, L, is an irreducible with dimension
4 + 4 = 8. Furthermore, L3 is irreducible with dimLs = 8 + 2 = 10 since p; is
surjective and the fiber p;*((2; Ai234)) is irreducible with dim py*((2; A\igss)) = 2. If
we assume that A(1,3) = {P3}, A(1,4) = {Pi}, A(2,3) = {Ps} and A(2,4) = {Fs},
then K® becomes an open subset of Ls. Thus K® is an irreducible subset of Sg with
dimension

dimK® = dimK® = dimL; = 10.
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Theorem 4.9. E® is an irreducible subset of S, with codimension 2.

Proof. Let K := K®, where K® is the set defined in Lemma 4.3.2. Assume that =, U,
and T are the maps defined in the main diagram (Figure 4.12). Let B; := ¢~ (K®),
and By := £(B;). Then E®? = 4(B,) where

== sy V= F‘BQ and 1 =V B
Then up to the diagram (see Figure 4.16), we have
K® v B, ‘ B, i E@
N N N N
SG Bl ]BQ Ssm

Figure 4.16: E?) =y 0 &(B)).

E®) = y0¢(B;) which is a subset of S,,,. According to Equation (4.3.2), we have:
dim B; = dimK® + 15 = 10 + 15 = 25.

Consequently, E?) = 0 £(B)) is an irreducible subset of S,,, with

dimE® = dim B, — dim ¢! oy~ (z) = dim By — dim &' (by)
=25 — 8 = 17, where by =y }(z) and z € E?.

Therefore E®? is an irreducible subset of S, with codimension 2. O
Lemma 4.3.3. Let

K® .= {s = K1o3as6 € Se 1 A(12,34,56) = {P;} and A (13,45,26) = {Pg}}.
Then K® is an irreducible subset of Sg and codim K®) = 2.
Proof. Let Ly be the subset of P? x P? defined by

L, := {x = (P, BR)€eP>xP?: P # PS}.

183



Let Ly be the subset of L; x (Gr%:) defined by
Ly = {(x;m%) Lz €Ly and A(1,2) = {P},A(3,4) — {Pg}}.
Let L3 be the subset of Ly x P? x P? defined by
Lg := {(y; P,PR):y€ly and P, € PP, Pk € Png}

Then we have the following projections:

LQ x P? x P? L x 6373 P? x P?
U ” U P U
L3 Ly Ly

(y; P, Po) m——— y = (23 Agga) ————— = = (Pr, )

Let us consider the fiber of each projection (see Figure 4.17).

Figure 4.17: K® and configurations of members of the fibers.

As we illustrated in Lemma 4.3.2, the set L, is an open subset of P? x P? with
dimL; = dimL; = dimP? x P? = 4.

184



Let us consider the following projections:

L, x P2 x P2 Ly x G35 P2 x P2
U . U . U
Ls L, Ly

(y; P, ) ———— y = (23 Magy) —————— . = (Pr, )

By the same argument used in the proof of Lemma 4.3.2, the surjectivity of po
implies the irreducibility of the fiber py*(z). Moreover, we have dimp;'(z) = 4.
Since py is surjective with irreducible target of dimension 4, it follows that the set
L is an irreducible with dimension 4 + 4 = 8. Furthermore, L3 is an irreducible set
with dim Lz = 8 +2 = 10 since p, is surjective and the fiber p;*(y) is irreducible with
dim p;? (25 Mgss)) = 2. If we assume that A(2,4) = {P},A(2,3) = {P,},A(1,3) =
{Ps},A(1,2) = {P},A(3,4) = {P} and [} N PPy = {Ps} (see Figure 4.17), we
conclude that K® is an open subset of ;. Thus K® becomes an irreducible subset

of S¢ with dimension

dimK® = dim K® = dim Lz = 10.

Theorem 4.10. E® is an irreducible subset of S, with codimension 2.

Proof. Let K := K® be the set defined as in Lemma 4.3.3. Let us consider the
same procedure used in the proof of Theorem 4.9, and assume that =, ¥, and I" are
the maps defined as in the main diagram (Figure 4.12). Let B; := %~ }(K®), and
By := £(By). Then E®) = ~(B,) where

[1]

£ =

= F‘BQ and 1) == U

Bl Bl.
Then according to the following diagram (see Figure 4.18), we have
E®) = v o0 &(B;) which is a subset of S,,. According to Equation (4.3.2), we

obtain:

dim B; = dimK® + 15 = 10 + 15 = 25.
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K®) v B ‘ B, i E®)
n n N N
SG IB%1 BQ Ssm

Figure 4.18: E®) =y 0 &(B)).

Consequently, E®) = ~ o ¢(B)) is an irreducible subset of S, with
dimE® = dim B, — dim& ! oy~ (2) = dim B, — dim &~ 1(by)
— 25 — 8 = 17, where by =y *(z) and z € E®.

Therefore E® is an irreducible subset of S, with codimension 2. O

Corollary 4.14. S and S® are closed subset of S,,. Moreover, S® has two

irreducible components E® and E® in S,,, with codimension 2.

Proof. Let Ly := (l,...,la7) be the 27 lines on the non-singular cubic surface ..

Define

G ={((F)Ly): () € Ssm} C Sy x GZ1,

(C(‘gﬂ)vl“jﬂ) eG: )\1237 A145 = T(g) g

)

\
G, = {(C(Y),Ly) EG: Mg € ']1“(3)} CG,
{

|
Gs = {(C(y)aLy) € G : Moz, Ause € T(g)} C
We know that T®) C G3, and it is evident that the set
G* = {Am € Gaa X Gag : A(\r) % @},
is a closed subset of Ga4 X G4 (see [2] and [24]). Let
G —— Sam : (¢(F),Ly) = c(F)

be the projection map, and consider the mappings in Figure 4.19.

Note that
T® = 0 (G*) N g (G) Ngs (GF) C Gay X Goy X Goy.
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/\ijk } /\mn

Figure 4.19: Irreducible components of S©).

Hence T® is a closed subset of Gy 4 X Ga 4 X Gy 4. Furthermore, Gy = n;55(T®).
It follows that G; is a closed subset of G. But we know that S) = p(G;). This
means that the set S(V is a closed subset of S,,,,. Moreover, the subsets
G = g5 (T) N g (T,
Gs = migs(T®) N1 (T4,
are both closed subsets of S;,,. Consequently, we get
]E(Q) = p(GQ)a
E(S) = p(@g),
are closed subsets of Sg,,. Thus S@ is a closed subset of S, with two irreducible
components, namely E? and E®). According to Theorem 4.9 and Theorem 4.10,

we know that both E® and E® have codimension 2. Thus S has two irreducible

components, namely E® and E® in S,,, with codimension 2. O]

Lemma 4.3.4. Let
K(4) = {S = K123456 € S@ . /\(13, 24, 56) == {P7} and llg,llg tangents to (51}
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Then K@ is an irreducible subset of S¢ and codim K® = 3.
Proof. Let 1Ly be the subset of C,,, x (P?)?® defined by
L;:= {(c(‘é), K123) © l12, 13 tangents to %1}.
Let Ly be the subset of IL; x P? defined by
Ly = {(:c;P7) .z el and Pr € zlg\{Pl,Pg}}.
Let L3 be the subset of Ly x P? x P2 x P? defined by
Ly := {(y; kass) 1y € Ly and Py € G, N lyr and Py, By € %1, by M lss — {P7}}.

Then we have the projection mapping as in Figure 4.20.

(y; Kasg) ————— (x; Pr) ——— (c(61), Kizz) ——— ¢(€))

Lg b3 Lg p2 L1 P (Csm

ZIIlPAL

s K@

Figure 4.20: Irreducibility of K®.

Let us consider the fiber of each projection in previous diagram (see Figure 4.21).

The surjectivity of p; implies to the irreducibility of the fiber p;*(c(%})) as a
subset of L;. Moreover, we have dimp;'(c(%1)) = 2. Since p; has an irreducible
target of dimension 5, I is irreducible with dimension 5+ 2 = 7. Furthermore, Ly is
an irreducible with dim Ly = 741 = 8 since every fiber p;*(c¢(%}), k123) has dimension
1 under the surjective map p,.

Note that the fiber p3'(x; P;) is a subset of 4} x % and isomorphic to the set S,

where S := {(Ps, Ps) € 61 X €1 : P; € l56}. Define the surjective map ps as follows:
]%ISHCKI by (P5,P6)|—>P5.

We see that every fiber under the map ps is a singleton set and hence dim S =

1. Therefore dimS = dimp;'(z; P;) = 1. Consequently, L is irreducible with
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Figure 4.21: K® and configurations of members of the fibers.

dimension 8 +1 = 9. Finally, L3 isomorphic to K®* via the projection map ps. So

K® is an irreducible subset of Sg with codim K®* = 3. O

Theorem 4.11. E® is an irreducible subset of S,,, with codimension 3.

Proof. Let K := K® be the set defined as in Lemma 4.3.4. Assume that B, :=
YHKW), and By := £(B;). Then E® = ~(B,) where € := =

gy V= F’N, and
P = \I/‘M (see Figure 4.12). Consequently, we have E®) = v 0¢(B;) which is a subset

of Sgm (see Figure 4.22).
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K@ v B ‘ B, i E@
N N N n
SG IB%1 ]BQ Ssm

Figure 4.22: E® =0 &(B)).
According to Equation (4.3.2), we have:
dim By = dimK® + 15 = 9 + 15 = 24.

It follows that E® = ~ o £(B,) is an irreducible subset of S, with

dimE® = dim B, — dim & oy~ (2) = dim B, — dim &1 (by)
— 24 — 8 = 16, where by =y *(x) and z € EY.

Therefore we conclude that E® is an irreducible subset of S, with codimension

3. L]
Lemma 4.3.5. Let
KO .= {5 = K123456 € S¢ : N(14,23,56) = {P;} and [y9,l13 tangents to ‘51}.
Then K©® is an irreducible subset of Sg with codim K® = 3.
Proof. Let Ly be the subset of C,,, x P? x P? x P? defined by
L;:= {(c(%l), K123) © l12, 13 tangents to ‘51}.
Let Ly be the subset of L; x P? defined by
Lo := {(x, P)):x €l and P, € ‘51\{P2,P3}}.

Let L3 be the subset of Ly x P? x P? defined by

L (y; P5,P6) 1 K123456 € Sﬁ,y € LQ and P5,P6 € Cgl
3 =

and A (14,23,56) = {P;}

Then we have the projections as in Figure 4.23.

190



(y; Ps, Ps) ———— (x; Py) ——— (c(61), K123) ——— ¢(61)

Ly - Ly = Li— 5 Cum

lem

s K©)

Figure 4.23: Irreducibility of K©).

lis
Ps
-1
p
% (51
l
P P 12
pol
lis
ps Fs
Py
4
l 1
| = z
P l23P2 P P, 12

Py

Figure 4.24: K©® and configurations of members of the fibers.

Let us consider the fiber of each projection in previous diagram (see Figure 4.24).

As in Lemma 4.3.4, the surjectivity of p; implies to the irreducibility of the fiber
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pi*(c(%))) as a subset of ;. Moreover, we have dimp;'(c(%})) = 2. Since p, has
an irreducible target of dimension 5, IL; is an irreducible with dimension 5 + 2 =
7. Furthermore, L, is irreducible with dimlL, = 7 + 1 = 8 because every fiber
Py (c(%)1), K123) has dimension 1 under the surjective map po.

Note that the fiber p;*(z; Py) consists of all points Ps, Ps on the non-singular
conic %}, so that P; € Iss. More precisely, the fiber p3!(x; P,) is a subset of €, x €,

isomorphic to the set .S, where
S:={(P5, Ps) € 61 X 6, : Pr € l5}.
Define the surjective map ps as follows:
ps S — € by (Ps, Ps) — P.

Now the fiber under the map ps consists of one point, and hence it has dimension
equal to 1. Thus dim S = dimp;'(z; P;) = 1. Consequently, L is irreducible with
dimension 8 + 1 = 9. Finally, Ls is isomorphic to K via the projection map ps. So

K©® is an irreducible subset of Sg with codim K© = 3. O

Theorem 4.12. E© is an irreducible subset of Sy, with codimension 3.

Proof. Let K := K© be the set defined as in Lemma 4.3.5. Let us assume B :=
Y~ (K®), and By := ¢(B;). Then E®) = v(B,) where ¢ := =

B = F’BQ, and ¢ :=

| (see the main diagram in Figure 4.12). Consequently, we have E©) = v o £(B;)

1

which is a subset of S, (see Figure 4.25).

K(©) v B, ‘ B, ] E(©)
N N N N
SG Bl ]BQ Ssm

Figure 4.25: E©®) =y 0 &(B)).
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According to Equation (4.3.2), we have:
dim By = dimK©® + 15 = 9+ 15 = 24.

Since E(®) = v 0 £(B,), it follows that E®) is an irreducible subset of S,,, with

dimE® = dim B, — dim ¢! oy~ (z) = dim By — dim &4 (n)
— 24 — 8 = 16, where n = 4 }(z) and z € E©.

Therefore we conclude that E© is an irreducible subset of S, with codimension

3. O
Lemma 4.3.6. Let s = k193456 € Sg and define

<o) s € Sg: A(12,34,56) = { Py}, A(15,24,36) = {P;} and

14 tangent to €, at Py

Then K is an irreducible subset of Sg with codimension equal 3.

Proof. Let IL; be the subset of P? x P2 x P? x P? defined by
L, := {n1234 . there is no three points in k1231 on the same line}.
Let Ly be the subset of L; x P? defined by
Lo := {(x, P;):xelly and P; € lyg\lag Ulj4 U llg}.

Let Ls be the subset of Ly x P? x P? defined by

L.. (y7 P5, Pﬁ) P K123456 € Sg,y S LQ, /\(15,24, 36) = {P7} and
3=

l14 tangent to €1 at Py

Then we have the following projections (see Figure 4.26).

Now let us consider the fiber of each projection in the diagram (see Figure 4.27).
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(y; P57P6) — (ﬂU;P7) F—— KRi1234

]Lg p2 ]L2 p1 ]Ll

ZIIlPS

s KO

Figure 4.26: Irreducible components of K.

P;
P,
Py
e Py
pit
Py 7
P Py l14
—1
[ ° 124 p2
Py Py
Py
Ps Ps )
P, P
8 P5
Ps ps
€ N
/P1 Py l14
lis l2 36 / Py l14
K® lis l24 l36

Figure 4.27: K and configurations of members of the fibers.

It is evident that LL; is an open subset of P? x P? x P? x P2, Thus dimL; = 8.
Furthermore, the surjectivity of p; implies the irreducibility of the fiber p;'(k1934)
as a subset of L. Moreover, we have dim pl_l(/i1234) = 1. Consequently, Ly is an

irreducible with dimension equal to 8 +1 = 9.
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More precisely, Let
P=(1:0:1),P,=(1:1:0), s,=(—1:1:0),and P,=(0:0:1).

Then

lis = V(zo + 21 + 22),

liy = V(zy),

log = V(z3),

log = V(zg — 7).
Note that Pr = (a: a: 1) € lag\log U l14 U I3 where o € (k\{0}) U {oco}. Therefore,
except for finite number of values of «, the fiber py'((z; P;)) consists of two distinct

points. It follows that dim py*(z; Ps) = 0, and the set L3 has dimension equal to 9.

More precisely, we have

But Lg isomorphic to K via the projection map ps. It follows that K® is an

irreducible subset of S¢ with codimension equal 3. n

Theorem 4.13. E® is an irreducible subset of Sy, with codimension 3.

Proof. First, Let K := K (see Lemma 4.3.6). Let us assume B; := ¢~ 1(K®), and
By := £(By). Then E® = ~(B,) where ¢ := =

s V= F‘BQ, and ¢ := U

(see the
B1

main diagram in Figure 4.12). Consider the diagram (see Figure 4.28).

KO v B, : B, i )
N N N N
SG Bl BQ Ssm

Figure 4.28: E®) =y 0 &(B)).
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According to Equation (4.3.2), we have:
dim By = dimK® + 15 = 9+ 15 = 24.
Since E® = v 0 £(B,), it follows that E® is an irreducible subset of S,,, with

dimE® = dim B; — dim ¢~ oy~ (z) = dim By — dim £ (n)

— 24 — 8 = 16, where n =y (), z € E©.

Corollary 4.15. E® E© and E® are closed subset of S,.

Proof. Let Ly := (I, ...,ls7) be the 27 lines on a non-singular cubic surface . with

coefficients ¢(.¥). Define

G = {(C(y),]Ly) L CE Ssm} C Ssm X Lg;

G : {(c(&”),]Ly) € G : Ma3, A1as, Aoer € 'I[‘(?’)} C G,

GQZ

{(e#) L) € G hzg, A, Aars € TV} € G,
Go 1= { (), Lr) € G s Auzs, huso, Ao € TV} C G
We know that T®) ¢ G4 X Goyg X Goy. Moreover, it is evident that the set
G* = {Am € Gay X Gag : A(i) @},
is closed subset of Go4 X Ga4 (see [2] and [24]). Let
G —— Sam : (¢(F),Ly) = c(F)

be the projection map, and consider the mappings in Figure 4.29.

Note that
T® =15 (G) N0 (GY) N gy (GF) € Gay x Gaoy X Goy.
Hence T® is a closed subset of Goa X Gog X Ggy. Furthermore,
G1 = 71 (TP) N s (T)) N1 1 (T).
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Figure 4.29: E® E®© and E® are closed subsets of Syn.

So Gy is closed subset of G. Moreover, we have

Gz = 1i25(T™) N s (TO)) Mg (TW),
Gs = 1125(T™) N s (T) Mgy (T).

It follows that both Gy and Gj3 are closed subsets of G. Finally, since
E® = p(Gy),E® = p(G,) and E® = p(Gs),

we have E® E© and E® are closed subsets of Sg,.

Lemma 4.3.7. Let s = k123456 € Sg and define

K (0) s € Sg : N(12,34,56) = {Pr}; A(14,23,56) = {Ps} and

l12, 13 tangents to %

Then K9 is an irreducible subset of S¢ with codimension equal 4.

Proof. Let 1Ly be the subset of C,,, x (P?)? defined by

L, := {c(%), K123) : l12, 13 are tangents to &) at Py, Ps respectively}.
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Let Ly be the subset of L; x P? defined by
]LQ = {(LIZ',Pg) rE Ll and Pg € ng\{PQ,Pg}}.

Let ILs be the subset of Iy x (P?)3 defined by

L (y; Kase) © Ki2sas6 € Se,y € Lo and Ps, Py € 61, \(23,56) = {5},
3=

/\(12, 34, 56) 7é @ and Cgl N 118 = {P4}
Let us consider the following projections (Figure 4.30).

(y; Kase) ——— (x; Bg) —— (c(61), k123) ——— ¢(61)

| ]L’S = LQ - ]Ll - (Csm

Al | P4

s K(10)

Figure 4.30: Irreducible components of K19,

The fibers of each projection are illustrated in Figure 4.31.

As in Lemma 4.3.5, the surjectivity of p; implies to the irreducibility of the fiber
pi ' (c(€1)) as a subset of ;. Moreover, we have dimp;'(c(%1)) = 2. Since p, has
an irreducible target of dimension 5, LL; is irreducible with dimension 5 4 2 = 7.
Furthermore, Ly is an irreducible with dimlL, = 7 4+ 1 = 8 because every fiber
Py *(c(%}1), K123) has dimension 1 under the surjective map po.

Note that the fiber p;*(z; Ps) consists of all points Ps, Ps on the non-singular
conic 6}, so that P; € Iss. More precisely, the fiber p3!(x; Ps) is a subset of €1 x €,

isomorphic to the set S, where

S = {(P5,P6) €6 X G : Pr € lss) = {(Ps, Py), (PG,P5)}.
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P3

l34

Al | P4
l34

Figure 4.31: K19 and configurations of members of the fibers.

Since S is finite, we get dim S = 0 = dim p3 ' (x; ). Consequently, L is irreducible
with dimension 8 + 0 = 8. Finally, L3 isomorphic to K9 via the projection map py.

So we conclude that K19 is irreducible subset of Sg with codim K10 = 4. O

Theorem 4.14. E19 is an irreducible subset of S, with codimension 4.

Proof. Let K := K19 be the set defined as in Lemma 4.3.7. As in the proof of
Theorem 4.11. Let us assume By := ¢~ (K1), and B, := £(B;). Then E1Y) = ~(B,)

(see the main diagram in Figure 4.12).

where £ (= = gy V= F‘BQ, and ¢ = ¥

By
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Then we have E1? = ~ o £(B;) which is a subset of S,,, (see Figure 4.32).

K0 v B, ‘ B, i E10)
N N N N
Se B, B, Sem

Figure 4.32: E10 = ~ 0 £(By).

According to Equation (4.3.2), we have:
dim By = dim K" 415 = 8 + 15 = 23.

Since E1? = v 0 £(By), it follows that E(9 is an irreducible subset of S,,, with

dimE1Y = dim By — dim &~ o v~ (z) = dim By — dim &~ 1(n)
=23 — 8 = 15, where n =~ Y(z),z € E!Y.

(10)

Therefore we conclude that EVY is an irreducible subset of S, with codimension

4. [l

Lemma 4.3.8. Let s = K123156 € Sg and define

19 s € Sg: A(15,24,36) = {P:}: A(14,23,56) = {Ps} and

l12, 113 tangents to 6}

Then K8 is an irreducible subset of S¢ with codimension equal 4.

Proof. Let Ly be the subset of Cg,, x (P?)? defined by
L, := {c(%l), Ki23) @ l12, l13 are tangents to € at Py, P respectively}.
Let Ly be the subset of IL; x P? defined by
Loy := {(as;Pg) cx €l and Ps € lgg\{Pg,Pg}}.

Let L3 be the subset of Ly x (P?)3 defined by
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(Z/; fjé456) — (7 PS) L (C((ﬁ), H123) — C(Cé)

L, - L, - L — 5 Cyn

Al | P4

s KR(18)

Figure 4.33: Irreducible components of K(18).

L (y; Kas6) * Ki2sas6 € Se,y € Lo and Ps, Py € 61, /\(23,56) = { P},
3=

/\(15, 24, 36) §£ (Z) and (51 N llg = {P4}

Let us consider the following projections (Figure 4.33):

As in Lemma 4.3.7, the surjectivity of p; implies the irreducibility of the fiber
pi(c(%))) as a subset of L;. Moreover, we have dimp;'(c(%1)) = 2. Since py
has an irreducible target of dimension 5, L; is irreducible with dimension 5 + 2 =
7. Furthermore, Ly is irreducible with dimlLy, = 7 + 1 = 8 because every fiber
Py (c(%}1), K123) has dimension 1 under the surjective map po.

Note that the fiber p3*(x; Ps) consists of all points Ps, Ps on the non-singular conic
€ = V(o a2 + apx? + asx3 + aumom; + asToTs + aeT113),

so that Ps, Ps € 61. First of all, we need to find the equation of the non-singular
conic ¢ so that ¢ passing through P, Ps, Py, P5s, Ps and has two tangents l1o, 13 at

Ps, P; respectively. Now by change of coordinates, we can assume
P=0:1:0,Po=(-1:0:1),P3=(1:0:1),P,=(0:1:1).

It is clear that 19 = V(zg + 22) and l13 = V(z¢ — x2). Being the curve %) passing
through the points P, P3, Py implies a5 = 0 and a3 = —a;. Furthermore, 15 and [q3

being tangents to 67 at P, P respectively implies that a; = —%, a3 = %, ag—ay =0
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1

5 and ag = ay = 0. It follows that

and ag + ay = 0. Thus ay = —a3 =
€ =V(x + 27 —13).

By some algebraic computations, if we assume £ is a cubic root of —1 then we can
choose

Po=(1—-¢€*:26:14+¢6*) and Py = (2 —1:-26:1+&%)

or

Ps=(14+¢:-22:1—¢) and Py = (—1—-£:26%:1-¢).

The fiber p3 *(z; Ps) consists of two distinct points. It follows that dim p3 *(z; Ps) =
0, and the set L3 has dimension equal to 8.

More precisely, we have

(18)

But Lj isomorphic to K(8) via the projection map ps. It follows that K% has

(18)

dimension equal 8. Therefore we conclude that K\'® is an irreducible subset of Sg

with codimension equal 4.. ]

Theorem 4.15. E1® is an irreducible subset of S, with codimension 4.

Proof. First, let K := K% (see Lemma 4.3.8). Let us assume B; := ¢~} (K!®), and
By = ¢(B1). Then E(® = y(B,) where £ :=E| 7= er and ¢ == \1/\3 (see the
main diagram in Figure 4.12). According to following diagram (see Figure 4.34) and

Equation (4.3.2), we have

Ka8) v B ‘ By i E8)
N N N N
SG Bl ]BQ Ssm

Figure 4.34: E!® = ~ 0 £(By).
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dim B; = dim K" + 15 = 8 + 15 = 23.
Since E1®) = 0 £(By), it follows that E(® is an irreducible subset of S, with
dimE" = dim By — dim ¢! oy} (2) = dim By — dim ¢ (n)
— 23 — 8 =15, where n =~ (z),z € E!®).
Thus E®®) is an irreducible subset of S, with codimension 4.

Almost all the main results of this section are summarized in Table 4.25.

Table 4.25: Closed subsets of S,,,, with their codimension

’ Closed subsets of S, \ Irreducible components \ Codimension ‘

s sM 1
S@) E® 2

E®) 2
E@ E® 3
E©) E@® 3
E®) E® 3
E10) E(10) 4
E3) E{38) 4
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APPENDIX A

MAIN ALGORITHMS

Algorithm 1 The classification of 5-arcs in PG(2,q)

This algorithm is used for the classification of 5-arcs in PG(2, ¢). The algorithm’s

input is

projectively distinct 4-arcs K in PG(2, q)
and the algorithm’s output is

projectively distinct 5-arcs F in PG(2,q).

The algorithm proceeds in five stages.

Stage 1: For each 4-arc K, calculate all bisecants P, P; of K, where i, j = 1,2,3, 4.

Stage 2: For each 4-arc IC, calculate all points not on any bisecants of /C, namely
OK).

Stage 3: For each 4-arc K, add one point from O(K)\K to K in order to get
5-arc. The number of 5-arcs F that produced in this stage is > |O(K)| where the
sum is taken over all 4-arcs K.

Stage 4: For each 5-arc F, find the corresponding group of projectivities G(F)
(see the procedure used in Section 2.5).

Stage 5: Find the projectively distinct 5-arcs in PG(2,q). Two 5-arcs F; and F;

are projectively equivalent if and only if G(F;) & G(Fz).

Algorithm 2 The classification of 6-arcs in PG(2,q)

207



This algorithm is used for the classification of 6-arcs in PG(2, q). The algorithm’s

input is

projectively distinct 5-arcs F in PG(2,q)
and the algorithm’s output is

projectively distinct 6-arcs S in PG(2,q).

The algorithm proceeds in five stages.

Stage 1: For each 5-arc F, calculate all bisecants P,P; of F, where i,j =
1,2,3,4,5.

Stage 2: For each 5-arc F, calculate all points not on any bisecants of F, namely
O(F).

Stage 3: For each 5-arc F, add one point from O(F)\F to F in order to get
6-arc. The number of 6-arcs F that produced in this stage is > |O(F)| where the
sum taken over all 5-arcs F.

Stage 4: For each 6-arc F, find the corresponding group of projectivities G(F)
(see the procedure used in Section 2.5).

Stage 5: Find the projectively distinct 6-arcs in PG(2,¢q). Two 6-arcs S; and Sy

are projectively equivalent if and only if G(S;) = G(S2).

Algorithm 3 Blowing-up PG(2, q) at six points in general position

This algorithm is used for the construction of the cubic surface with twenty-
seven lines in PG(3, ¢q) arising from a six points in general position in PG(2,q). The

algorithm’s input is
S = 6-arc not on a conic in PG(2,q)
and the algorithm’s output is

. = cubic surface with twenty-seven lines in PG(3, q) associated to the blowing-up

of S.
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The algorithm proceeds in eight stages.

Stage 1: For each 6-arc S, calculate six different conics €; through S\ P;, where

Stage 2: For each 6-arc S, calculate 15 different bisecants P;P; of S.
Stage 3: For each 5-arc S, calculate 30 different cubic curves through S of the
form €; x P,P;.

Stage 4: For each 6-arc S, calculate 15 different cubic curves through S of the

form PP; x PP, x P, P,.
Stage 5: For each 6-arc S, fix a four linearly independent plane cubic curves as
base curves. For example, for a 6-arc

S3=1{1,2,3,4,6,33} in PG(2,19) we have

w1 :V(Plpg X(gg), wiIV(Png X(gg),

MQIV(P2P6X(56), WQIV(P1P3XP2P6XP4P5).

Stage 6: For each 6-arc S, find the tritangent planes of the corresponding S in
PG(3,q).

The tritangent plane (¢;jcgCmy) is the image of the cubic curve P,P; x PP, x P, P,
and the tritangent plane (a;b;c;;) is the image of the cubic curve €; x P, P;. Consider

four base cubic plane curves, namely

wy = V(),
wy = V(Wy),
ws = V(W3),
wy = V(Wy),
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the four associated base tritangent planes can be written as follows:

T, = V(I ),
Ty = V(Hwy,),
Ty = V()
T, = V(Hw,),

where Iy, is a linear form defining 7, and corresponding to the cubic form W;
defining w;. Every tritangent plane on . can be written as a linear combination of
Iy, , Iy, , Iy, and Ily,. In this stage, 45 tritangent planes have to be calculated as
the linear combination of Iy, , Iy, , Iy, and Iy,.

Stage 7: For each 6-arc S, find the trihedral pairs of the corresponding non-
singular cubic surface . in PG(3, q).
Pick a trihedral pair related to four base tritangent planes V(yo), V(y1), V(y2), V(y3)
and four base cubic curves wy, wq, w}, w). For example, for the non-singular cubic

surface .#(19(19) that corresponds to the 6-arc
S, =1{1,2,3,4,6,33)
in PG(2,19) we have the following trihedral pairs
T12,367 T13,26> T34,52 and T14,56-

Pick one of them, namely

Tiase: a1 by cg ~w = V(W) & m, = V(ly,)
bG Ay Cog ~ Wo = V(Wg) S Ty = V(HWQ)

Cig C23 C45 ~> W3 = V(WS) & Twy = V<HW3)

where
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wé = V(Wé) e Ty = V(HW?/))
w) = V(W) < my = V(Iy»)
wy = V(Wy) < my = V(Ilyy)

Stage 8: For each 6-arc S, find the equation of the corresponding cubic surface

with 27 lines . where

It is known that every cubic surface can be written in 120 ways in the form above.
The parameter A can be found in the following way. The Clebsch map is surjective;
that is, every point in PG(2,q) is an image of points on the cubic surface .. Now,
pick any point not lying on any of the 4 base plane cubic, namely P*(zo, 1, 22). It

follows that
(wl(P*)  wo(P*) s W (PY) :w;(P*)> (Yo Y1 Ya ),

where wy,wsq, w],ws are the base cubic curves in the plane passing through the 6-arc
S. Consequently, the parameter A is found by evaluating (yo, 1, y2,¥3) in Equation
(4.6)

Algorithm 4 e-invariants of a smooth cubic surface with 27 lines

This algorithm is used for the classification of cubic surfaces with twenty-seven

lines in PG(3,q) up to e-invariants. The algorithm’s input is

% = a cubic surface with twenty-seven lines in PG(3, q) associated to the

blowing-up of a 6-arcs S = { Py, P,, P, P;, Ps, Ps} not on a conic in PG(2,q).
and the algorithm’s output is

e-invariants which correspond to ., namely e, es, €1, €.
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The algorithm proceeds in three stages.

Stage 1: For each a cubic surface .¥ associated to the blowing-up of a 6-arcs

S:{P17P27P37P47P57P6}

not on a conic in PG(2,q), find all possible Eckardt points.

If C; N PP; ={P} then

print “E;; is an Eckardt point”;

if else P,P; N PP, N P, P, = {P} where P € PG(2,q) then
print “Ej; kimn is an Eckardt point”;
else print failed;

end

In this stage we get the number of Eckardt points, namely es.
Stage 2: For each cubic surface .¥, calculate e-invariants which correspond to

<, namely es, eq, €1, €y where
es = 135 — 3es,
ep =27(q —4) — ea,
eo = (¢ —10)> —e3 +9.
Stage 3: Calculate the distinct non-singular cubic surfaces with 27 lines up to
e-invariants in PG(3, q).

Two cubic surfaces . and .% are equivalent if and only if they have the same

e-invariants.

Algorithm 5 Elliptic and hyperbolic lines on a non-singular cubic surface

This algorithm is used to determine the elliptic and hyperbolic lines on a non-

singular cubic surface with 27 lines in PG(3,¢q). The algorithm’s input is

. = a cubic surface with twenty-seven lines in PG(3, q).

212



and the algorithm’s output is
elliptic and hyperbolic lines on .7.

The algorithm proceeds in three stages.
Stage 1: Find all the 27 lines on .%¥ = V(f).

Stage 2: For each line [ on ., namely

[ = {(ao)\ + bopt s ar A+ by s ag A + bapr s agA + azp) (A p) € PG(2,q)},
pick a basis f33, 32, 51, B for GF(q)694 so that

B3 = (ao, a, az, az),
B2 = (b07 bla b27 b3)
Stage 3: For each line [ on ., compute the resultant of the partial derivative of

the homogeneous polynomial defining . with respect to 5y and 31, and then restrict

else if Ry, # ¢* (mod q) for all ¢ € GF(q) then

the result to the line {:

L[ 9f] Of
Ry, = R(% 9B,

If Ro; = ¢* (mod q) for some ¢ € GF(q) then

print “/ is a hyperbolic line”;

print “/ is an elliptic line”;

end if
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