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ABSTRACT

The quantification of causal relationships between time series data is a fundamen-
tal problem in fields including neuroscience, social networking, finance, and machine
learning. Amongst the various means of measuring such relationships, information-
theoretic approaches are a rapidly developing area in concert with other methods.
One such approach is to make use of the notion of transfer entropy (TE). Broadly
speaking, TE is an information-theoretic measure of information transfer between
two stochastic processes. Schreiber’s 2001 definition of TE characterizes information
transfer as an informational divergence between conditional probability mass func-
tions. The original definition is native to discrete-time stochastic processes whose
comprising random variables have a discrete state space. While this formalism is
applicable to a wealth of practical scenarios, there is a wide range of circumstances
under which the processes of interest are indexed over an uncountable set (usually an
interval). One can generalize Schreiber’s definition to handle the case when the ran-
dom variables comprising the processes have state space R via the Radon-Nikodym
Theorem, as demonstrated by Kaiser and Schreiber in 2002. A rigorous treatment
of TE among processes that are either indexed over an uncountable set or do not
have R as the state space of their comprising random variables has been lacking in
the literature. A common workaround to this theoretical deficiency is to discretize
time to create new stochastic processes and then apply Schreiber’s definition to these
resulting processes. These time discretization workarounds have been widely used
as a means to intuitively capture the notion of information transfer between pro-

cesses in continuous-time, that is, those which are indexed by an interval. These ap-
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proaches, while effective and practicable, do not provide a native definition of TE in
continuous-time. We generalize Schreiber’s definition to the case when the processes
are comprised of random variables with a Polish state space and generalize further to
the case when the indexing set is an interval via projective limits. Our main result,
Theorem 5, is a rigorous recasting of a claim made by Spinney, Propenko, and Lizier
in 2016, which characterizes when continuous-time TE can be obtained as a limit of
discrete-time TE.

In many applications, the instantaneous transfer entropy or transfer entropy rate
is of particular interest. Using our definitions, we define the transfer entropy rate as
the right-hand derivative of the expected pathwise transfer entropy (EPT) defined
in Section 2.3. To this end, we use our main results to prove some of its properties,
including a rigorous version of a result stated without proof in work by Spinney,
Propenko, and Lizier regarding a particularly well-behaved class of stationary pro-
cesses. We then consider time-homogeneous Markov jump processes and provide an
analytic form of the EPT via a Girsanov formula, and finally, using a corollary of our
main result, we demonstrate how to apply our main result to a lagged Poisson point
process, providing a concrete example of two processes to which our aforementioned

results apply.
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CHAPTER 1

INTRODUCTION

Broadly speaking, information theory is the subfield of mathematics which deals with
information and the fundamental limits of communication. The field came to be as
a result of Claude Shannon’s seminal paper A Mathematical Theory of Communica-
tion [47] which quantified information precisely and established limits on information
transmission. A full review of information theory is beyond the scope of this thesis;
however, we provide a concise summary of topics that will be encountered throughout
this work in Section 1.2, then introduce the object of central focus in this thesis in
Section 1.3, then we turn to a discussion on its applications in Section 1.4 and recent
work in development of an estimator in Section 1.5. We conclude with a discussion
of the organization of this manuscript. It should be noted that the majority of the
information-theoretic frameworks used in this note make use of ideas from probabil-
ity theory; thus, we preempt our discussion of information theory with a primer on

probability theory in Section 1.1.

1.1 A REVIEW OF PROBABILITY

Definition 1.1.1. A probability space is a triple (Q, F,P), where ) is a nonempty
set, F is a nonempty o—algebra of subsets of €2 and P is a probability measure, that
is, a nonnegative countably additive set function mapping F into [0,1] such that

P(Q) =1.

Remark 1. Elements of F are often called events and an element of F with P



measure 0 is called a P-null set.

Definition 1.1.2. Suppose Y is some nonempty set and X is a o—algebra of subsets
of ¥. A function X : Q — ¥ is a random variable (rv) if X : (Q,F) — (£,X) is
measurable, i.e.

X1 (A)eFVAeX.

We say that X is the state space of X. If X () is countable, then we say that X is a

discrete random wvariable.

The following definition defines modes of convergence that will be of particular

use in this thesis.
Definition 1.1.3. Suppose (X,),., and X are random variables.

1. Wesay X,, — X a.s. (almost surely) if there exists 2’ € F such that P (') =1
and

Xp(w) — X, as n — oo,

for all w € €.

2. We say that X,, converges to X in probability, denoted X, 5 X , if for each
e >0,

P(’Xn—X‘>e>—>0, as n — oo.

Definition 1.1.4. Suppose X is a rv mapping 2 — X. A realization of X is an

element x of ¥ such that X (w) = x for some w € €.

Definition 1.1.5. Suppose X is arv. The probability distribution of X is the measure
Px on (X, X) defined by

Px(A)=P{X € A}), for Aec X.
Furthermore, the o—algebra generated by X, denoted o (X), is defined by

a(X):{X‘l(A)‘AGX}.



Remark 2. Note that o (X) is the smallest c— algebra for which X is measurable.
The next definition makes precise the concept of independence.
Definition 1.1.6. Suppose (£2, F,P) is a probability space.

1. Events A; € F(1 <i < n) are independent if, for all subsets J of [n],
ieJ
2. Suppose X1, Xo, ..., X, are random variables mapping into (X, X’). Then
X1, Xo, ..., X, are independent if
P(M {X: € Bi}) = [[P({Xi € Bi}),
i=1
where B; € X. To this end, we define an infinite sequence of random variables,

(Xi);>, to be independent if for all n > 1, X, Xy, ..., X, are independent.

Definition 1.1.7. Suppose (X, X) is a measurable space. If 4 and v are two measures

on X, then pu is absolutely continuous with respect to v if
v(A)=0 = u(A)=0,VAec X.
If v is absolutely continuous with respect to u, we denote it as pu < v.

Definition 1.1.8. The expected value (or expectation or mean) of an integrable ran-

dom variable X, denoted Ep [X], is defined by
Ep [X] = / XdP.
0

Definition 1.1.9. Suppose (X, X) is a measurable space and p is a measure on
(3, X). Then ¥ is o—finite under p if ¥ is the union of countably many subsets of ¥
with finite measure under . If 3 is o—finite under pu, then we say that the measure

space (X, X, i) is a o—finite measure space.



Clearly probability measures are o—finite as they are finite measures in their own
right. The notion of o—finite measure spaces is of high regard in this work as it is

necessary for the conclusion of the following theorem.

Theorem 1 (Radon-Nikodym Theorem). Suppose (X, X, 1) is a o—finite measure
space and let v be a measure on X such that u < v. Then there exists a unique,

measurable, nonnegative function Z—’V‘ : ¥ — [0, 00) up to v—null sets such that

dp
u(A) = [ Lav.

VA € X. We say that Z—‘Ij is the Radon-Nikodym (RN) derivative of p with respect to

V.

Definition 1.1.10. Suppose o C R is an arbitrary indexing set. A stochastic process,
{Xt},cq, 18 a collection of RV’s taking values in a common measurable space (3, X).
If o is a countable set, then {X;},., is a discrete-time stochastic process. If o is an
interval, then {X;},., is a continuous-time stochastic process. The functions t

X;(w) mapping « into 3 are called the sample paths of the process X.

If (3, X) = (R, B(R)), then it is convention to call {X,},., a real-valued stochastic

process.

Definition 1.1.11. Suppose (£2, F,P) is a probability space and « is some indexing

set.

1. A filtration, (F;),., is a nondecreasing collection of sub-o-algebras of F. We

tea

call the 4-tuple (Q, F,P, (]:t)t@é) a filtered probability space.

2. A stochastic process (X;),., is adapted to the filtration (F),., if X; is a Fi-

measurable rv for each ¢ € a.



Definition 1.1.12. A family of integrable random variables (X;),., is uniformly
integrable (Ul) if

lim (sup E]p [Xt]lﬂthKl}}) =0.
K—oo tea
1.2 ENTROPY, KULLBACK-LEIBLER DIVERGENCE, AND MUTUAL INFORMATION

Definition 1.2.1. Suppose (2, F,P) is a probability space. Define the information
of an event A € F, denoted I (A), by

1(A) = —log (P(A))

Remark 3. We adhere to the convention that the base of the logarithm in Definition
1.2.1 is 2, thus entropy is measured in bits. We adhere to the convention of letting

0log(0) = 0.
Definition 1.2.2. The entropy of a probability measure p, denoted H () is given by
H(p) = —Ep [log (1)] -

Furthermore, define the entropy of a rv X, denoted H(X), as the entropy of its

probability distribution Py, i.e.
H(X) = —Ep[log (Px)].

If X is a discrete rv with range a(X) and distribution Py, then

H(X) = Eflog (Px)] = " Px<x>1og(

rzea(X)

@)
Px(z))"
Similarly, If Px < pu, where pu denotes Lebesgue measure, then from Theorem 1,

there exists a probability density function px : ¥+ [0, 00) such that

H(X) = —E [log (Px)] = — [ px(x) log (px () du(x).

Intuitively, the entropy of a distribution is the amount (usually measured in bits) of

information gained upon observing an event drawn from the distribution.



Example 1.

Suppose X ~ Bernoulli (%) and Y ~ N (i, 0?), where u, 0 > 0. Then

1
H(X)=-E[log(Px)|= > Px(z)log (P) = log 2
x€{0,1} X(w)

and
H(Y) = ~E[log (P)] = = [ pv(y)log (py (4) di(y)

/ <m>21 ( 1 _(mgﬁ)
= — 0 e 20
R\/27r02 & V2mo?

1
_ - 2 -
—2ln(27m)—|—2

= ;ln (27‘(’60’2) .

—_

Definition 1.2.3. Suppose P and M are measures on a space (X, X') with P < M.

The Kullback-Leibler divergence, or simply, the KL-divergence, of M from P, denoted

L(P|[M) = Bp [mg (jj{})]

Remark 4. Intuitively, the KL - divergence of one measure to another is the in-

KL (P||M), is defined by

formational distance between the two measures. A source coding interpretation of
KL-divergence is as follows: KL (P||M) is the average number of additional bits
needed to encode a sample, assuming it’s drawn from distribution M instead of P.
KL-divergence does not satisfy all of the axioms of a metric; thus, it is labeled as
a divergence. Specifically, it is not symmetric: In general, the KL-divergence from
M to P is not necessarily the same as that of P to M. Typically, P represents a
ground truth distribution and M represents some approximation of P. For example,
in supervised machine learning, P may represent an empirical distribution of observed
data and M may represent a distribution imposed on the data via a model, in which
case one typically opts to minimize KL (P||M) with respect to model parameters.

As a consequence of Jensen’s inequality,

L(P||M) >0 with KL(P||M) =0 < P =M,



and is explicitly assymetric, that is, KL (P||M) # KL (M]||P) in general. Note that

if ¥ in Definition 1.2.3 is a discrete space, then

KL(P||M) = Z‘ip(x) log <gg;>

and if P < p and M < u, where p denotes Lebesgue measure on R, then

dP
P Pl

KL(P|[M) = | Cfilulog (j;;) dP.
dp

It should also be noted that KL (P||M) = oo in the case that P is not absolutely

continuous with respect to M.

Example 2. Suppose 0 < p,q < 1. Then

KL <Bernoulli (p) HBernoulli (q)) = plog (5) + (1 —p)log (1_Z> .

The following definition makes rigorous the concept of shared information between

random variables.

Definition 1.2.4. Suppose (Xx, X) and (Xy,)) are measurable spaces and that X
and Y are random variables on (2, F,P) with state spaces X x and Xy, respectively.

The mutual information between X and Y, denoted I (X,Y), is defined by
I(X,Y)=KL(Pxy||Px x Py),

where Px and Py are the marginal distributions of X and Y, respectively and Px x Py

is the product measure on (Xx X Ly, X ® ))

Remark 5. Put simply, mutual information between two variables is the average
amount of information gained in observing the state of one variable, given full in-
formation of the other. Unlike KIL-divergence, mutual information is symmetric,
as is evident by the definition. Note that if X and Y are independent RV’s, then

Pxy = Px X Py, thus Definition 1.2.3 implies that

I(X,Y) =0,



with equality if and only if X and Y are independent and that H(X) = (X, X).

Also, if ¥ x and Xy are discrete, then

I(X,Y) =3 Pyy(z,y)log (%) .

yey

1.3 TRANSFER ENTROPY

The notion of quantifying the transfer of information from one stochastic process
to another is a fundamental question in many fields. Mutual information is void of
directionality; thus, it is insufficient to quantify information flow. Some efforts to
address this limitation include the use of time-lagged mutual information, in which
mutual information is calculated between a time-lagged version of the source process
and the destination process. This approach remedies the directional deficiency of
mutual information; however, it is still deficient as it incorporates the measurement
of statically shared information between the processes or a common history imposed
by an exogenous force as pointed out in [45]. In this vein, Schreiber proposed a
new measure of information transfer which overcomes some limitations of former
approaches. Broadly speaking, Schreiber quantified information transfer as a KL-
divergence amongst conditional probabilities. The resulting quantity is called transfer

entropy and is defined as the following:

Definition 1.3.1. Suppose X and Y are discrete time stochastic processes composed
of discrete RV’s each with state space (X, X') and k,l > 1 are integers. The transfer
entropy from Y to X at n with history window lengths k and [, denoted Tgfi)x (n), is

given by

k.l
T (n) =

Py (@n, (2075 1) > (Un ) )) ] g :
InG%(Q)y 1($ (QJ k 1) (y l 1)) 0g P3 (.%n’(xziglg_l))

n—1 n—1
mnfkflemnfkfl(ﬂ)’

yZ:llAeY::llA(Q)



where x,, € X, (xﬁi,lf_l) ) (ylﬁ:}_l) € Xkt

Py (s (k) s (9t0)) = P (ot ), o) (o (k) (w0))

Py (s (277k1)  (00700) ) = B oy 2] (22500 (unmin)]
and
Py (s (#501)) = Py (g, [on | (@37000) ]

Y is called the source process and X is called the destination process.

Although Definition 1.3.1 may seem complicated, the underlying idea is relatively
straightforward. T&i)x (n) is simply a measure of the average reduction of uncertainty
in the present value of X (i.e. X,,) due to knowledge of the past of Y’ (i.e. (Yn”_’ll_l))
given knowledge of the past of X (i.e. (X,’Z:,i_l)). Even more simply, TE measures
the average amount of information the past of the source process provides about the
present of the destination process that the past of the destination process does not
already provide. Figure 1.1 illustrates the scheme underlying TE.

Note that this formalism overcomes the limitations of using mutual information
to quantify information transfer in former approaches as it takes into account only
dependencies due to the source process. Transfer entropy can also be characterized
as an instance of KL-divergence, as (1.3.1) can be written as a KL-divergence of the
conditional probability measure P Xal(X2E ) [$n‘ (xﬁ:,lc_lﬂ from
Pyjxr=t o=t {mn‘ (xf{:,ﬁ_l) ) (yﬁ:ll_l)], that is, the deviation from the assump-

tion that X, is independent of (V"' ) given (X!~} ). More succinctly,

k,l n— n— n—
T () = KL (Ps (s (230 ) || P (s 2700) ).

implying that transfer entropy indeed quantifies information flow as it is explicitly

asymmetric, that is ']I‘gfi)x(n) # Tgﬁgy(n) in general, and is nonnegative for all

processes and choices of history window lengths.



ankfl

Figure 1.1: A schematic of transfer entropy from process Y to process X.

Observation 1. If indeed X, is independent of (3"~} ) given (X"~} ), then
kl
T@JX(H) = 0.

Definition 1.3.1 can be modified to handle the case when the RV’s composing
the processes in question are not discrete as demonstrated in [26]. In this case, the
expression in (1.1) becomes an integral of a function of probability density functions

as opposed to a sum of a function of probability mass functions.

Remark 6. Information transfer has also been measured by Granger causality [17],
a predictive statistical tool which makes use of vector autoregression for prediction®.
Broadly speaking, Y is Granger causal to X whenever X is better predicted using a
model that uses both X’s and Y’s history, than from one that includes exclusively

Xs history.

1.4 APPLICATIONS

TE improves upon inadequacies of former approaches of measuring information trans-

fer and has properties that make its application more suitable for some scenarios over

ITE and Granger Causality have been shown to be equivalent up to a factor of 2 in Gaussian
Processes as shown in [6]
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other frameworks in this realm. The definition makes no assumptions about neither
the destination nor source processes, making it an appealing tool for scenarios in
which quantifying information transfer is of high regard. There is an abundance of
applications of TE in the literature, and we provide a short survey of its uses in a
wide-ranging spectrum of domains.

Biological research often requires analyses of data that can be riddled with com-
plicated dependencies and noise. TE has been used in a wide variety of topics in this
field. In [10], TE is used to detect and quantify dynamics in animal groups. Among
other applications in this field, TE has been used to detect leadership among groups of
bats through analysis of trajectory paths [38], infer gene regulatory networks [50], and
has even been used in epidemiology [5] and cardiology [34, 35, 42]. Among biological
subfields, neuroscience has a vast number of applications of TE in the literature, so
much so that there exists literature solely devoted to surveying its application in the
field [52]. TE has been used on functional MRI, electroencephalography and magne-
toencephalography datasets to provide meaningful insights in neural connectivity [24,
36], localization of information storage [54], encoding relationships among neurons |7,
49], and time scale effects on the frequency content of visual stimuli [8]. There exists
an open-source toolbox supporting both the functionality for management of datasets
common to this field, including those mentioned previously, and the application of
TE to such datasets in an efficient manner [33].

In addition to biology, information transfer is of particular relevance in finance
as well. TE has a wide-range of applications in this field. For example, in [44], TE
is used on stock data from various companies chosen via the S&P 1200 global index
with sufficient liquidity to measure intra-sector influence amongst companies. It is
used in [29] to analyze indices of stock markets in numerous countries to measure
geographic influence of stock indices. Similarly, Sensoy [46] and Sandoval [44] apply

TE to analyze exchange rates of stock using various stock data. In [12], the effect of

11



credit risk on market risk is analyzed via TE using iTraxxx and VIX data .
Recently, TE has been used in social media analysis, to measure various aspects
of influence in social media. In [51], TE is used on a Twitter dataset to measure
influences between pairs of users in a small user network on the basis of tweet con-
tent. The authors found that high TE is a significant predictor of mentions on the
platform. Saike He et al.[20] use TE to quantify peer influence in online social net-
works in which part of user activity is internally generated. TE has also been used
in machine learning to improve performance of recurrent neural networks in [21] and

137).

1.5 CONTINUOUS-TIME TE, BINNING AND ESTIMATORS

Schreiber’s definition of TE is one of broad utility. However, it suffers from a major
theoretical deficiency: specifically, it is only applicable to data with a discretized time
basis. In the literature, the most popular approach used as a means of compensation
of this limitation is time-discretization [22, 31, 32]. This approach initially discretizes
the continuous-time processes under consideration and then uses Schreiber’s definition
on the resulting processes. This approach, however, has in some cases been shown
to suffer from erroneous convergence results as demonstrated in [3] and appears ill-
equipped to manage key mechanisms responsible for information transfer as it cannot
detect interactions below the resolution of the imposed discretization [48]. However,
a large portion of applications using this method to estimate TE on continuous-time
data have obtained satisfactory results, e.g., in [15, 22, 51]. This suggests that discrete
treatments of continuous-time stochastic processes is worthwhile in some contexts to
estimate TE.

Entropy estimation is a fundamental problem in information theory and applied

statistics. It has been shown in [40] that there is no unbiased estimator of entropy,

liTraxx and VIX are types of indices of stock.
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and most plug-in estimators suffer from underestimation issues as demonstrated in
[19]. One widely used estimator of entropy is due to Kozachencko and Leonenko [28],
in which an approximate nearest neighbors search is utilized to estimate entropy. In
recent developments, efforts have been made to modify the KL estimator to estimate

TE and mutual information [57].

1.6 ORGANIZATION OF THIS THESIS

In Chapter 2, we generalize Schreiber’s definition of TE to the case when the state
space of the destination and source process is an arbitrary Polish space that is mean-
ingful even when probability densities (or probability mass functions) are either in-
tractable or nonexistent (this can occur in lieu of absolute continuity between prob-
ability distributions and Lebesgue measure.). Motivated by the Radon-Nikodym
Theorem and regular conditional probability measures, we define TE in such a con-
text as an expected KL-divergence between conditional measures. We then generalize
further and address TE in a continuous-time setting, that is, when the indexing set
is an interval as opposed to a countable set. We develop measures over an appropri-
ate measurable space for our continuous-time framework, and justify their existence
via a seminal result due to [43] regarding projective limits of projective systems of
probability spaces. Furthermore, in Section 2.3, we use these measures to define the
pathwise transfer entropy (PT) and define expected pathwise transfer entropy (EPT);
the latter is the continuous-time version of TE measuring information transfer over
an interval. After comparing our definitions with those presented in the current liter-
ature and defining a type of necessary consistency, we prove our main result, Theorem
5. Theorem 5 establishes necessary and sufficient conditions for the attainability of
our continuous-time definition of TE as a limit of discrete time TE; that is, when a
discrete treatment of continuous-time processes recovers our continuous-time defini-

tion. We conclude the section with some consequences of our main result.
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In Chapter 3, we define the transfer entropy rate (or instantaneous transfer en-
tropy) as a right hand derivative of the EPT and prove some of its properties, espe-
cially those relevant to the case when the destination and source processes possess a
stationarity property. We conclude the section with sufficient conditions for continu-
ity of PT and EPT.

In Chapter 4, we consider time-homogeneous Markov jump processes (THMJP).
We define conditional transition and escape rates as a limit of conditional measures
and provide an expression of the EPT via a Girsanov formula in terms of these rates.
In this vein, we consider the case when the source process is a thinned version of
the destination process and provide an expression for the EPT in this context. We
conclude with an application of Corollary 5.2, which permits the use of our main

result to a time-lagged Poisson point process.
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CHAPTER 2

CONTINUOUS-TIME TRANSFER ENTROPY

2.1 DISCRETE-TIME TE GENERALIZATION

In this section, we present a definition of TE between processes whose comprising
random variables have an arbitrary Polish state space. This definition is a gener-
alization of Definition 2.4 and indeed recovers the original definition under suitable
conditions as demonstrated in Example 3.

Suppose X = {X, },>1 and Y := {Y,,},>1 are stochastic processes adapted to
the filtered probability space (2, F, {F,}n>1,P) such that for each n > 1, X, and Y},
are random variables taking values in a Polish state space X, that is, a completely
metrizable, separable space and let X be a g-algebra of subsets of . Let PP, denote
the probability distribution of the random variable X,, (Sometimes we will mean by
this a conditional probability distribution.)

For integers k,[,n > 1, let
(X;L:]i_l) = (Xn—k—h Xn—ka 23 Xn—l)
and

(Vroky) = (Yacies, Yooty oy Yaor) -

Since ¥ is Polish, for each k,[,n > 1, there exist functions, often called regular condi-
tional probability measures', P! {Xn‘ (Xg:,i_l) , (Yn”__ll_l)] and P [Xn‘ (Xg:,i_l)}

mapping F,, x € into [0, 1] with the following properties:

!The existence of regular conditional probability measures is guaranteed on Polish spaces (see
Theorem 6.16 of [39])
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1. For each w € (,

P (X | (Xnmhor)] w) (2.1)
and
PO X[ (X)), (V)] Gw) (2.2)

are measures on (X, X)

2. VA € F,,, the mappings
o BEY X[ (X05) . ()] (4)
and
w e PO X | (X07h )] (A w)
are F,-measurable random variables,

3. Yw e Q,A e F,, we have both

PED [ | (X02iy) s (Yeah)] (A,w) =
PO [{x, € AY|{Beo((Xphy), (vialy))|we B,

and
PO X | (Xph)] (A,w) =

PP (X, € A}|{Beo((Xp51))|we B}
To this end, the conditional probabilities
PO (X | (X070) (V5] (w)
and
PO X | (X))
are only defined if both {B €o ((Xg:,i_l))’ wE B} and

{B co ((Xg‘:é_l) , (Ynn:zl_1)) ’ wE B} are not P-null sets. We will assume this

throughout this work whenever dealing with conditional probabilities.
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Notation 1. For sake of convenience, we let
PO (X | (X7h0)] (A w) = PO [ X | (X274, ] (@) (A)
and

O [, (K25 ) (V)] (o) = B9 [, | (X2 (3258,)] ) ().
whenever n,k,l > 1,w € Q, and A € F,,.

The following definition generalizes Schreiber’s definition of TE for discrete-time

processes.

Definition 2.1.1. Suppose n, k,[ > 1 are integers. Suppose further that > is a Polish

space and that
PO X | (Xn7hy), (Vo)) (w) < P[] (X2 ] (), (2:3)
for each w € Q. The transfer entropy from Y to X at n with history window lengths

k and 1, denoted T\ (n), is defined by

dPED [Xa | (X)L (vl
AP (X | (X07hy)]

= [ (KL (P01 (). (i)l || PO | (G5010) ) .

k,l
Ty (n) = Ep

E]}Dﬁf’l)[XnI(XZ:;A)’(YJ:ll*l)] o

As in Definition 1.1, we call X the destination process and Y the source process.
Observation 2. Due to [56], we have for each n > 1 the following:

1. For fixed k,l > 1, Tgfi)x is a measurable function from N into the extended

nonnegative real line.

2. KL (PEO[X | (X074, (V)] @) || PO, | (X254 ))w)) > 0, for each

n n

w € .
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dPSD X (XL ), )10

dP (X (XL D)

(-) is F x X-measurable as X is adapted to F.

4. KL(PEOIX, [(X07), (i )]w) || PO, (X254 ))(w)) is F— measur-

able for each w € Q.

Example 3. Suppose X and Y are discrete processes, that is, for each n > 1,

both X,,(2) and Y,,(£2) are countable. Then

T§ )y (n) =
dPRD X (X ) (Yt
B Bpeo | () (v )] {108 dEP&“[(xn(}jﬁ);(l)]l 1)]”

_ n—1 n—I1

- > PX”—; LYnot (xnfkflaynfl
n—1 n—1 nTRET n-i=1
$7L7k71€Xn7k71(Q)

Yn 1€Y1 (9)

n—Il—1

> Pt () o] (@) s (o) ¢

—1-1
Tn€Xn () "

— n—1 n—1
— Z PXn,Xn71 Ynfl (J;”7wn—k—17yn—l—l) X

n—k—1""n—1-1

Yn—1-1¥n—1—1
log Pyt ) oty o] (#0i) (i) |
Prvty) (o] (#3500

n—k—1

where the RN-derivatives have become quotients of probability mass functions since
the processes are discrete. The above demonstrates that Schreiber’s initial definition
of transfer entropy is indeed a special case of our more general definition of TE. Fur-
thermore, if (3, X') = (R, B(R)) and the joint probability measure ]PX"’(XZ:;—I)’(Y::Z£1>

is absolutely continuous with respect to Lebesgue measure on R+ then there ex-

ist RN-derivatives (probability densities)
P (X5 ) Pl () () A0 P () (2:5)
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that act as the probability mass functions in Definition 1.1. In regards to our defini-
tion in this setting, R is indeed Polish, thus assuming (2.3) we can apply our definition

and expanding the expression in (2.4) yields

k.l
T§/—>)X (n)

- ROA+E+0) any(XZ:,Ll) (Y" - 1) (:L‘n, (372:]1{,1) ) (yZ:},J) X
)

—1
Px (xn=t ) (vesk) (mn | (xszq

log 7116_1)) Afb(14k+1)s

where fi(14x41) denotes Lebesgue measure on RU+*+) This expression is exactly that

for TE in this case as presented in [26], thus our definition recovers the correct

expression for TE in the case that (X, X) = (R, B(R)) as well.

Note that the definition for ']I‘gf_lBX(n) in Definition 1.1 is different than Definition

1 of [48]. According to [48],

AP X | (X 1), (Yl )]
TEDSPL Y = TR () = Bp log —" “ noho L Ainlm )l
Y—-X ( ) Y—>X( ) dP%k)[Xn | (Xﬁ_,i_l)] ( )

(2.6)

_ / o TV | (X500). (V)]
dPY (X, | (X022 )]

n

(w)dP(w).

This is an ambiguous expression as presented. Note that the RN-derivative,

AP X | (X0 1), (V5]
AP X, | (XL )]

)

is not a function of €2, but is rather by definition a function mapping ¥ into R, thus
the treatment of w in (2.6) is inconsistent with the definition of the RN-derivative.

Furthermore, the conditional measures
PO | (X0 Zioe)s (Yaihy)]

and

PR | (X3Z50)]
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are random measures, thus w € €2 should be fixed a priori before treating them as

measures on (3, X). One could, in principle, interpret the RHS of (2.6) as

Ep

[ dPng’l)[Xn | (Xr?:li—l% (Ynn—_ll—1>] (w) —

o B PX, | (X))
[ s DX, | (X)), (V2 )]w)
W X | (X2 )] (@)

(2.7)

(X, (w))dP.

This expression has meaning; however, we can not recover Schreiber’s definition [45].
The fundamental issue is that the RN-derivative in the integrand is only dependent
on a single w, which as written, is evaluated at the same realization of X, that
corresponds to the sample point which generates the conditional distributions that
define the RN-derivative itself. Thus when one takes the integral over €2, one does not
capture the entire conditional distribution of X,, given the events in o ((Xg:,i_l))
and o ((Yg:f_l)) that contain the sample point. For example, if X and Y are discrete

random processes, we get

S

/ log PV (X | (X)), (Yool (w)
? dP““’ [Xo | <X;::,i,1>1<w>

A dP
[X = X, () | (X22h)] ()

- > Pxn-1 lY"*ll_l(xZ:llg—pyZ:ll—ﬁx

5‘32:11@ 16Xn e—1(8)

yzfllfleyn—ll—l(ﬂ)

Z log Pxn|(xg—; DY) {xn | (1‘2:/1;—0 ) (y;‘:}_lﬂ
0
Tn€Xn(Q) Py, (x22h)) Pn | (932:/1;—1)]

7 Pyno1 ynot (xn 1 Yn i 1) X

Iﬁii_lexﬁii_l(ﬁ)

92:117161/7?:1171(9)

. Py (xm=2 ) (vety) [ﬂfn‘ (xﬁiifl) ) (yg:llfl)}
Pron £ ) o] ()]

n—k—1




k,l
=T\ (n).

As demonstrated in Example 3, Definition 1.1 accurately recovers the definition
presented in [45] by taking two integrals: one which is a KL-divergence among condi-
tional measures over the present (i.e. X,,) of the destination process given a specific set
of events in the past of X and Y, and another which integrates this KL-divergence
over all possible configurations of the past via integration over 2. We note that
the notion of using two expectations to properly represent conditional versions of

information-theoretic measures has been done in previous literature ( See Section 3

of [2], (14) of [4] and (3) of [11].).

2.2 PROJECTIVE LIMITS AND CONSTRUCTION OF PATH MEASURES

We now turn our attention to the main purpose of this thesis, namely, the construction
of TE in continuous-time. We restrict our attention to the case when the uncountable
indexing set is an interval. Let T C R be an interval whose elements we will
sometimes refer to as times. Analogous to the setup for discrete-time TE, we suppose
X = {Xi}er and Y = {Y,},er are stochastic processes adapted to the filtered
probability space (2, F, {F her, P) such that for each ¢t € T, X; and Y; are random
variables taking values in the measurable state space (3, X) where X is a Polish
space and X is a o—algebra of subsets of ¥. In this section we begin our construction
of continuous-time TE by introducing conditional measures on the space of sample
paths of X. These measures will act as the continuous-time analogues of the random

conditional probabilities

REBN(EN)

and
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in Definition 2.1.1. The following seminal result in [43] will be paramount in the

formulation of these measures.

Theorem 2. Let A be any index set and D the set of all its finite subsets directed by

inclusion. Let (X;, &}),., be a family of measurable spaces where ¥; is a topological

teA

space and &} is a o-field containing all the compact subsets of ;. Suppose, for a € D,
Yo = Xtea2t, Xo = Ryeq A, and Py, © X, — [0, 1] so that (3, X,, P, ) is a probability
space. If for each a € D, P, is inner regular relative to the compact subsets of X, i.e.,
forany A € X, P, = sup{P,(C) : C is a compact subset of A}, and mas : Xp — 3,
(B> ), Ta = Tan : Xteads — Lo for o, 5 € D are coordinate projections, then there
exists a unique probability measure P, on the space (Xycp2i, @uca X;) such that
Ya € D,

P, =Pyom,! (2.8)

if and only if {(Ea, X, Py, Wag)5>a ta, € D} is a projective system with respect to

mappings {m.s}, that is,
(1) 75 (Xa) C X so that mag is (X3, X,) —measurable.
(2) for any a < 8 <\, Tap © Tgx = Tans Taa = id, and
(3) Py = Pgm, 3, whenever a < f5.

Due to Corollary 15.27 of [1], the same result holds without the inner regularity
of Py, whenever ¥, is a Polish space for each ¢ € A. Furthermore, the same result
holds if D is the set of countably finite subsets of A (Corollary 4.9.16 of [13]).

We will work in the case A = [ty, T') C T, where T C R is a closed and bounded
interval. As shown in the proof of Theorem 1 (See [43].), the projective limit o—

algebra, ®;c4 X;, is generated by (J 7' (X,), that is,

aeD

®Xt=a<U ml(?@)-

teT aeD
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If o, 5 € D with @ < f3, then due to (1) of Theorem 1,

T (Xa) = (Mag 0 m5) " (Xa) C 75" (Xp). (2.9)
Consequently, (7;'(X,)),cp is a filtration ordered by set inclusion which generates

Qyca Xr and from (2.8) we have
IP)A ’W;l(Xa): IEDO[ @) 7I'a. (2.10)

In our case, we assume that >; =Y and X, = X', Vt € T.

Now let s,7 > 0 be such that (tg — max (s,7),7) C T. The numbers s and r are in
place to act as the continuous analogues of the positive integers k and [ in Definition
2.1.1. Observe that they need not be integers as is the case with k and [ in Definition
1.1.

For each At > 0, define the comb set Da; C T by

Dy =

HEJN—QZJ—1>At,...,u°tJAt,{EJAHN,...

T T T
. {NJ At — 2At, {NJ At — At {NJ At},

where W = max (s,r). Given At > 0, we can use the comb set Da; to construct two

probability measures on the measurable space

o o Ll LAzl -l
x T oS @ v @ X
1=0

Specifically, for At > 0, let A2 = {X,, € B,,}, A" ={V,, € B,.},

At _ | A% | At=(m+1)At At | & | at—(i+1)At
Xy =0 (<XLATtJAt(m+k+1)At yand Yoo, =0 YL%JAHWH)N , for

m=01,,|&| - |[&]-1

Then

L az)

|
—
‘ o
S
it
I
—_

AtX
P | A | At—int <A | £ |at—iat

i,At)
ax

| &)=L |
_ (PLTJN_,N (XLLJAH‘N Xf,f)) (w) (BLLJAt—iAt) | (2.11)
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‘ | & ]-G+1)
where k = {iJ and o} = N AfAt;X, and that
SR

len @)

Xﬁ:nﬁfz)) (w) (BLATtJAtz'At) J

(2.12)

for some w € €,

where | = {LJ and o = N AJAAttY.

At
=l ae] -G+

Given w € Q, At > 0, deﬁne the measures P and P“ (ké on the space

X\Y At POREIN
(3,X) for each i =0,1,---, {A%J — {Z—‘;J — 1, by
(w), (k) A
B % in (B E Jmm) = (PLL [INRY (X |2 A XE )) () (B E Jmm)
(2.13)
and
(w),(k,0)
Fxix Foa (BMEJM ZAf> (2.14)

At A
= (IP’LATJN N (XLLJAtiAt‘Xi,ktaY;,kfl)> (w) (BLATJM iAt

Notation 2. For At At > 0, we write At' | At whenever there exists a positive

integer m such that At = mA¢t.

Suppose k = {iJ and [ = [&J If for each w € €2, the systems
2 B b2 b2 b
sE-d ®Q x, ] P§?|>§’2At,7rDmDm, At >0
=0 0<At <At
At'|At
and
O -2t b2 e
eI x 1] P@‘)y(@ LN At >0
=0 0<At' <At
At'|At
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are projective systems with respect to coordinate projections {ﬂ'D AtDay }, then as a

consequence of Theorem 2, there exist unique probability measures
PG | X ()

and
PR o X | Xi s (Y 1)
on the measurable space (Xte[to,T)E, Qieito,r) X ) such that

&)1

S w),(k
SUTAET [ s G- O PESRTST
At i=0 ™
and
( BB
]P)X‘X {Y}[ ’ XZ/S 57{ to— T}]( ) ]-—KO’T) = 1_](:) IEDXV?J?J,At o ﬂ-DAt? (216)
t 1=

where f[to’ = mps, (Xpa,)-

Notation 3. We let Q[;(O’T) denote the set of sample paths of the process X.

2.3 PATHWISE TRANSFER ENTROPY AND EXPECTED PATHWISE TRANSFER

ENTROPY
The purpose of this section is to use the measures
( T
]P))?) [Xto | X?f(()) s]( )

and
Py [ X | Xiomo D3] ()
X‘X{Y} to—s? to—r
to define transfer entropy over an interval of the form [ty,T) with history window

lengths r, s > 0. Unlike Definition 2.4, we give the logarithm of the RN-derivative its

own name as we will later prove various properties about it alone.
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Definition 2.3.1. Suppose T C Ry is a closed and bounded interval and that
[to,T) C T. Forw € Q,zf € Q[)t{O’T), and r,s > 0 such that (ty — max(s,r),T) C T,
define the pathwise transfer entropy from'Y to X on [ty,T) at :EZ; with history window

lengths r and s, denoted PT "), % (w,zl), by

(s,r) T d]P))?];(,{Y}[X |Xto sa{ to— r}](w) ( T)

PT w, ;) =lo 2.17
Y—X |t0 ( t()) g d]P) 8)[X |Xt0 S]( ) to ( )

whenever ]P’g?&{y}[X | X{ . YT }(w) and P [XtTO | X{°_](w) exist with
PR oy X | X 1Y ) < BRIXG | X0 (@),

Observation 3. For each w € Q, PT"y %, (w,-) maps Q" into the extended
nonnegative real line R>o U {co} and PTY%X % (w,-) is unique Py [XE | X )(w)

a.s. due to Theorem 1.

The following is our definition of transfer entropy over an interval of the form

[to, T)?.

Definition 2.3.2. Suppose T C R is a closed and bounded interval and [ty,T") C T.
For r, s > 0 such that (t — max (s,7),T") C T, the expected pathwise transfer entropy
fromY to X on [ty,T) with history window lengths r and s, denoted EPT;;)X FRSE

defined by

EPT;—T;)X | to

dPG o X[ XH D] (5,7)
T =i | IR Y AR o [

< PY [XT | Xfo_,] (),

Yw € Q

%) , otherwise
(2.18)

2 One could, in principle, construct a similar definition in the case that the interval was of
the form [tg,T], via following the procedure outlined in Section 2.2 with comb sets of the form

BZt = {T,T — At, T —2At,..., T — {%ST)J At} rather than Daq.
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whenever the path measures ]P’qu o [ Xo | X AV, H(w) and Pl ) (XT | XE_J(w)

exist for each w € Q.

For clarity, we emphasize that the expectation in (2.18) is understood as the

integral

. 1 dpﬁi&{y} [XtTo Xpo_ o Y2}

¥ P;;() Y 8 T| xto

Xm dPy [ X7 X (2.19)
— / KL(w) dP(w),
Q
where
KL(w) =

/ lo
[to,T)
olfo

d]P).(;]Q,{Y}[XtZ(; | X:S s’{ to— r}]( )

and note that this is consistent with the expression in (2.4) for discrete-time TE. Fur-

AP XE | X0 )(w)

AP oy [X£|Xto S HNw)
\ {} ( )]

thermore, note that (2.19) is an expectation of the KL-divergence among conditional
measures induced by the dynamics of the processes over the space of paths of X and

the EPT is always real-valued.

2.4 COUNTEREXAMPLES TO CLAIMS IN THE LITERATURE

Question 1. When, in principle, can continuous-time TE be obtained as a limit of

discrete-time TE?

The current section and Section 2.5 are devoted to answering this question. This
notion is captured through the following claim made in [48] stated without proof

listed as Remark 1.

Claim 1. We recover an approximation to the quantities in this formalism given a

discretization of a continuous-time process by recognizing, due to the linearity of the
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expectation operator,

T _to _
T(s ) T . At ZN T(k,l),At,SPL (TAT, B ZAt) (220)
Y—=X t0 A0 — Y—=X At ,
! d]P)(S’T) X5 X s r
where T}(,Sj)x = Ep |log Xle{Y}[) o | Xio— {v;r f 7
o d]P) ; [ ‘ to S]

where this limit exists, such that the relevant path measures are convergent in such

a procedure, and where At defines the discretization scheme.

The claim presents a very interesting notion of the relationship between continuous-
time TE and discrete-time; however, the statement of the claim in its own right is
void of the level of rigor expected in mathematical exposition. Additional elabora-
tion and precision is needed to make (2.20) realizable. The intention of the material
herein is to remedy these theoretical deficiencies of the claim as well as to recast it
in a manner which is mathematically defensible. We first demonstrate the necessity

of these efforts by giving a counterexample to the claim as it stands.

Example 4. For the purposes of only this counterexample, we will redefine

Pﬁ‘:‘):y(sg)i N and ]P’;%(Si)ﬁ in (2.13) and (2.14) as

P y(é (4)
=Prarin (XT arine € AL XT it ((:11)+A1§At’ YTTAA: (Ei:lle)tAt)( )
and
P s (@)
=P it (X L arine €A X3 T At ((:;ﬁ;m) (w)-

where k = [ 3]l = | K]

Let t € Q,T = [ty,T), 5,7 > 0 be such that [t, — max(s,7),T) C T. Let {At};5
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and {Atg}jzl be sequences in Q and I, respectively, with both converging to 0 as

j — 00. Suppose Z ~ Bern (1) and for each t € T, let

Xt =xo(t)Z,
Yi=27
and let
X = (Xi)er,
Y = (Yi)ter-

Let w € Q satisfy Z(w) = 1. Note that
(X[ (W) =1Vt € Q

and
(X, (w)) =0,Vt € L.

Also observe that

LA —(i+1)At] L5 At—(i+1)AtT
A At J
Pr 0 e X T A40Q o=1 , Y .’ , w)=1
0 g Aty —iAt; g Aty —iAt; | LQA (1+k+1)At?’ L@A (z+l+1)At? ( ) )
J J J ]
and . .
AtQ At (z+1)At :
P L AtQ zAtQ (X L AtQ zAtQ =1 | X T At@ (z+k+1)AtQ (w) =1
A J ] A 7
_ to _ T _ _to_ _
foralli =0,1,..., AtQ ALl 2,70~ A
Atﬂ At —(i+1)At] ALA —(i+1)AL]
]P)AI;H Atl—iAL] (X r AtH —iAt; T =0 ’ X T Atﬂ (z‘+k;+1)Atg.’YLHA (i+l+1)Atg)(w) =1,
and
. ¥ XAtH At —(i+1)At] '
;%AtﬂjiAtg( ﬁAtg.sztH =0 ’ T AtH (H—k—i-l)AtE- ((,U) -
. T
foralli=1,2,..., 17 — AtH Q,AtH—A—‘gﬂ—land
J
Atﬂ At —(i+1)At] ALtIAtg.—(iH)Atg

P r H»H(XT 1 n—lX Y .’ . w)=1
Aitg.AtJ'_ZAtj A—tHjAtj—zAt | T AtH (z+k+1)AtHj’ ﬁAtg.f(z+l+1)Atg- ( ) )
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and
T I I
ar Atl—(i+1)At) 1

P T Athmtﬂ (X L AtH it = =1 ’ X T Atﬂ —(i+k+1) At (w) = 9

when 7 = 0. Now

YV to@ )
S T
At]. Atj dP

f? ¥ iam0
lim H —Atj (WLQAt?—z’At? (th;(w)))

Jj—o0 i—0 dPle : AtQ At
%7 to@ (w),(s,r
- dPX&‘?zAt@
= I o -(1)
=0 \? i AtQ

_T__ _to_
27 pl g_; 2, as)

= lim ‘
7Tz zAt@({l})

t=to 4 1
() (3)
j—o0 5

oAl AONC) 0 P s) 1
N x% Faan W00 (FPrgfpas (1)
e , w) ) 0 P ]
) oh PSS @)
Aitg.i AtE B d]P w|)§8<yi ; d]P) |§(S‘y£ .
. X i,At X 0,At
= }gglo H CHPM—S)(Wtﬂ'AtHj (XtTO(W))) W(Wt(XtTO(W)))
=1 x|Xi At x1%.0, Atl
%—% (w),(s,r)
AT i
- ILm [I @) (Wt—mtg. (X, (w))),
e =0 dIED |§ 7, AtH

thus the limit in (2.20) does not exist.

In a revised version of [48], the expression in (2.20) is changed to

T 1 T
76| = tim ' kDAt QNJ Al — z’At) . (2.21)
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This version still inherits the theoretical issues apparent in Claim 1, thus additional
elaboration is still needed. For completeness, we give an example demonstrating that

it is also not true in general.

Example 5. For each t € Q" let {€}};>1 be a sequence of irrational numbers con-
verging to 0 as j — oo which are linearly independent over Q. For each 7 > 1,

define

and let

U=Ufltla It 200,52 13UQ

teQ
Let t € QT, T = [ty,T), s, > 0 be such that [tg — max(s,r),T) C T. Let {At?}jzl

be a sequence in Q converging to 0 as j — co. Suppose
1
Z ~ Bern ()
2

and for each t € T, let

and let X = (X¢)ter, Y = (Yi)ier. Let w € Q satisfy Z(w) = 1. Note that
Wt(XfO(w)) =1,Vt € Q,

(X (w) =1Vt e U,

and

m (X, (w)) =0,vt e T\ U.

Also observe that Vj > 1,

(w),(s,r) B
PX\Y,?,i,At;Q ({1}) =1
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and

foralli—O,l,...,{Aj;?J—{&J—Q{A@J;»J_{&J_l

P (0D =1
and since ?62 ¢ Q from linear independence.
PO (o) = 1

foralli=1,2,... {TJ — {QJ -2, VZJ — {?J — 1. Furthermore,
J

t
&j J J

P (1) =1
and since |t]. — i€} ¢ U,Vi >0
P, (1)

whenever 7 = 0. Now

y X|§,’ i, A7
s L TP PRI
= XIX i,AL0 A 5T
= th -1 w s,
55| PO are
= P (1)
=0 X|X i,At3
- - 1 w S,
LtQJ Lth IP’;&;) aed)
= lim
7o i=0 % At@({l})
=1



R P | (PO L))
X@,&;({ow IP“"”S <{1})

= lim
Jj—00

BHREIRE
ETPRN | QL N (X (@)

J—0 =0 dED . t

ot
I 7176J 5

J

2.5 THE ATTAINABILITY OF CONTINUOUS-TIME TE AS A LIMIT OF

DISCRETE-TIME TE

As demonstrated in Example 4 and Example 5, the limit in (2.20) is not true in
general. This motivates the pursuit of conditions under which the limit in (2.20)
is indeed valid. The purpose of this section is to present such conditions for our
definitions of continuous-time and discrete-time TE and present our main theorem,
which should be regarded as a recasting of the revised version of claim 1 presented
n (2.21). We first prove two analysis lemmas that will be used in the proof of our
main theorem; then we define a type of consistency between processes that makes
the expressions in the main result meaningful; then we provide the main result and

conclude with some of its consequences.

Lemma 3. Suppose N > 1 and {u;};>1 and {v;};>1 are finite measures on the
measurable space (X, X)) with p; < v;fori = 1,...,N. Let p = [[Y, g and v = [TV, 4

be product measures on the space (X N N Z). Then p < v and

N
dpi; d
].:.[ d/;i (mi(x1, 22, .., TN)) = dfllj (r1,%9, ..., TN), V- a.e.,

where z; € X, for i € [N].

33



Proof. Clearly u < v since YA € @V,
v(A)=0
= 3j < N, such that v;(7;(A)) =0
= p; (mj(A)) =0
= u(A)=0.

Fix F € @ ¥ and fori =1,2,..., N, let
Euy gz = {(@ig1, Tiso, ooy oy € XN | (21, 29, o0, T4, Ty, ., Tn) € EY,

where z; € X, Vi € [N]. Then from the Radon-Nikodym chain rule,

A = [ o | (b, () it (o) s (1)

= oo S (i (o0) 2 (o) o)) di s )i

< dvy
— /- /X (XE ,,,,, IN_I(J:N)Z’X () flﬁg—i (:UNl)...;il/;l(azl)>ﬁdw(xi)
= X/X (XEM,I2 ..... ey (TN, TN-1) )ﬂ 25; ZHIdm
N N
/NXE (TN, ZN_1, ..., T2, T Z:Hl i xi)izl_llalyZ T
= [ %) [T
-/ 1_]1‘;’; (z:)dv (1, - T)

N .
Z(%,w% ,TN) Hflﬁ: (i)
N
dpsi
= d—/:(m(:vl,xg,. ,TN)) V- ae
i=1 i
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The following lemma establishes convergence of KL-divergences in a manner which

will be useful for the proof of our main result.

Lemma 4. Suppose (§2,F) is a measurable space. Suppose further, (Fa¢)a;oq 18

a sequence of decreasing sub-c-algebras of F such that F = ﬂ Far and that P
At>0

and M are probability measures on (€2, F) with P < M. Let Pay = P |f,, and

Mnat = M | £, for each At > 0. If Ep {1og %} < 00, then

dPay dP
Ep,, [log dMAt‘| — Ep llog d]%] , as At | 0. (2.22)

Proof. Since probability measures are o—finite, the RN-derivatives in (2.22) exist.
Suppose At > 0. Observe that for all A € Fa;, we have that

d Py dP
E =K —
M [XAdMAt] M [XAdM] )

implying that

dP dPpy
Ey |— = M-a.s. 2.23
M[dMFAt] dMAt( a.s.) ( )
from the definition of conditional expectation. Define (o; = Z\ZAAZ for each At > 0.

From (2.23), we get that {Cat} oo s @ uniformly integrable backward martingale
since (a; is clearly M —integrable for any At > 0 by Theorem 1 and if At’ > At, then

Fay C Fag, thus

dP
IEM [CAt |FAt’] = IEM [EM |fﬂ\4 fAt] fAt’]
dP
S O el ,
| | 7o
= CAt’a
due to the tower property of conditional expectation.
We claim that
dP
Car — ——,as At [0, M -as.. (2.24)

dM
To see this, note first that the limit exists a.s and in L; due to Theorem 6.1 of [14],

that is, there exists some nonnegative ¢ € Ly (2, F, M) such that

En HCAt — CH — 0, as At } 0.
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Fix At > 0 and suppose A € Fa;. Then for all 0 < At’ < At, we have that A € Fay
since (Fa¢)asso i a decreasing collection of o—algebras. As a consequence of the

Radon-Nikodym Theorem,

P(A) - IE’M [XACAt’] )
implying that Eys [xala¢| is constant for 0 < At’ < At, consequently

P(A) = En [xaCar] = Ear [xad] .

Furthermore, since F = (\a;0 Far we must have that

P(A) = En [xad]

for all A € F, proving (2.24).

Since (0,00) 3 z — xlog z is convex and VAt > 0,

dPAt dPAt
Ep[l =E 1 =E 1 2.2
P [log Car] = By, [Caelog Cae] = Eu [dMAt og dMAt] , (2.25)
conditional Jensen’s inequality and (2.23) imply that
dpP dP
En [d]% logm Fai| > Carlog Car (Mag-a.s.). (2.26)

dP

]EP [log W

[ dP dP
| = o

g % i
dP dP

Taking expectations with respect to M of both sides of (2.26) we get that VAt > 0,
=B |Bar LzM 8 1
[ dPay

JTAt‘| ]
d Py

>FE 1

=M dy, dMJ ’

thus

dP
EP [log m

> limsupEy, [

dPay APy ]
lo
A0

AMa, 8 dMa,

dPAt dPAt
At log

= limsup E 0
a0t A A S dM g

d Py ]

= limsupEp,, [log ¥iT;
At

A0
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The Radon-Nikodym Theorem guarantees that C‘li is nonnegative and that log

is F— measurable, thus

. dPae | . . dPpy dPa¢
hr& i151f Ep,, [bg J MAt‘| = hrglt inf En [ IMn, log dMAt‘|
dP  dP
> " log —— .
= By [dM log dM] (2:27)
dP
— Ep |log o
r [ o8 dM]

dPxy d
Ep,, [log dMAt‘| — Ep [logd ] ,as At [0
0
Let F )[EO’T) be the sub-o—algebra of ) X defined by
te(to,T)
Fol = N Fob (2.28)
At>0

and observe that (.7-" lfo.T) > is a decreasing collection of o—algebras due to (2.9).

At>0
Herein, it should be understood that when we write IF’;lX oy X8 1 X Y, ()
or P§ [ | X0} (-) we are referring to the restriction of these measures to the

o—algebra ]-[to . Furthermore, recall from (2.15) and (2.16) that for all A €

ftOT LW c Q’
P o X | Xl (Y} (@) (4) =
_7:[’507T)
™ 2.2
L& )L e (2.29)
g) PX\Y,V,i,At (WLATtJ At—iAt(A>) ;
and
PYIXG | X} (w) (A) =
]:[tO’T)
a (2.30)
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where £k = {ﬁJ and [ = {éJ and note that (2.29) and (2.30) will be used in the
proof of our main result. From here on in, we will ignore writing the projections in

(2.29) and (2.30) to avoid cumbersome notation.

Notation 4. We denote by PE) and M g) the probability measures

]PX\X{Y}[XZ; | Xttg sa{ to— r}]( )

[to.T)
Fa?
and

PYXT | XE_ Y] (w)

Y

[to,T)
Fal

respectively. It should be noted that these are measures on the measurable space
ARk
&=, ®

Notation 5. For any At > 0, let

T
Tikb A QNJ At — z’At) Ep [KL (pg; &

v

for any i = 0,1, ..., {EJ — V—OJ — 1, where

(XLL?JJN (i+1)At ) (YLAT,SJAt—(H-l)At )}’

(i+k+1)At | & | At—(i+i+1)At

< LALJAt (i+1)At

| & |at z+k+1)At)] ’
LI lAt—(i+1)At

(xF

E aonse) = (X2 s cmse X2 Jarwnse X2 facssrna)

(1) _ okl
PAt = P [XLATtJAt—iAt

k) _ m(k
MAt =P [XLATtJAtiAt

and

| & |at=@+nae
(YLATtJAt—(z‘HH)At = YL%JAtf(z#l)At’YL%JAtf(iJrQ)At?'"’YL%JAtf(i+l+l)At :

As a means of succinctly capturing all of the conditions which need hold to use TE
in our formalism, we define a type of consistency between two processes dependent on
the window lengths r and s and the set [tp, 7). This notion of consistency captures

the conditions under which our main result, Theorem 5, is of utility.
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Definition 2.5.1. Suppose T C R is a closed and bounded interval, [ty, T) C T,
and s, > 0 are such that (ty — max(s,r),T) C T. Suppose further that X := { X }ser
and Y := {Y; her are stochastic processes adapted to the filtered probability space
(Q, F,{F: }ier, P) such that for each ¢t € T, X, and Y; are random variables taking
values in the measurable space (X, X') where 3 is assumed to be a Polish space and

X is a o—algebra of subsets of X. Y is (s,r)-consistent upon X on [to, T) iff

1. Vw € Q, there exist path measures P$[X7T "] X} (w) and P;]Q,{Y}[Xfo
Xid—o {Yii_,}] (w) on the space (Q[tOT ]:tOT) for which (2.15) and (2.16)
hold.

2. 361 > 0 such that YAt € (0,67),w eQ,i:O,l,...,{lJ — VOJ -1,

(a) p@ A hLZ]) (@), (L))

<P

x|IX.V.iat x|Xiat
PoE T (@), ()
X| i, At w),\R,
(b) FECRORE L <Z’ X’PX&(?iAt) '
x|%.i,At B

3. Ve € QPG o X | Xio s (Vi3] () < PRIXT | X0 ] (w).
We call 1.- 3. consistency conditions.

Remark 7. For clarity, we assume that the limit of a function f : R — R at a point
c € R exists iff 3L < oo such that Ye > 0,30 > 0 such that x € (¢ — d,c+0) =

f(z) e (L—¢ L+e).

We now proceed to our main theorem which should be regarded as our recasted
version of Claim 1 in (2.20). We show that integrability (under P) of the EPT is
equivalent to our version of the limit in Claim 1 under (s,r)— consistency and a

bounding condition.

Theorem 5. Suppose T C Ry is a closed and bounded interval, [ty,T) C T, ¥ is
a Polish space and s,r > 0 satisfy (to — max(s,r),T) C T. Suppose further that

X = {Xi}ier and Y = {Y;}ier are stochastic processes adapted to the filtered
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probability space (Q, F, {F; hier, P) such that for each ¢t € T, X; and Y; are random
variables taking values in the measurable state space (X, X) and that Y is (s,7)-

consistent upon X on [tg, T).

If 3M, 6, > 0 such that VAt € (0, d5),

KL (sz Mgg) < M, Pas. (2.31)
then
iff )
LAtJ,L%J, (k). At T . ()

=0

where k = [ %] and [ = [ ].

Proof. (=) Suppose SPTg/Si)X |7, < 00, let § = min {4y, d>} and for each w € €, let

P& =P XD | X YT (),

and

ME = PEIXT | Xi ] @),

If At € (0,9), then (2.31) implies that KL (PX;)HMX;)) is P-integrable and since ¥
is o—finite under both P ly(LAtJ L&) and P' Y(L“J) Vw € Q, and

1=0,1,..., {%J — {%J — 1, we have that the measurable space

L2 )- L=
(ELATtJLAOtJ, &® x| is o—finite under both P& and MY for each w € Q,
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thus the RN-derivatives in (2.32) exist. Furthermore, we get from Lemma 3 that

' EIREIREN
! 11) le{g,{?,i,m
Ep [KL (PAtHMAt)} = Ep ]EP(AUZ) log FREE
(w),(k)
! 1}) ]P)X&,i,m
: : | & -2 ]-1 dP(w),y(ké) T (2.33)
=Ep |E ) |log XX YAt
A = N0
- - =0 |§,¢,At
-l & dP(wy’}” R
- Ep |E @ |log _ XX, VoA
= At dIP’( w),(k)
= x|X.iat
Now for cach At > 0,i = 0,1, , || — [£] — T and w € O, let

(w), kl)
1 & p@m Wi
XX i,At

for each Q%J — {%J)—tuple
<[l?0,fl?1, .- ’xLZJ_L?J_l) S ZL%J_L%J.
o o[ E]-|2] (@) .
Clearly, Fi5, is Xlail7Lail—measurable and furthermore P,; —integrable due to

Jensen’s inequality since consistency condition 2(b) implies

/Z&J—L% | [Fin] aPy

drP Ly
X| i,At (w)
<log | [18)-18) | o | <o
X|X i, At

Now we apply Fubini’s Theorem and obtain

&)=L O
Z Ep EPXZ log 7d]}1’( (k)
=0 |f?,iAt
Bl-lglo T apt ‘gg o] (B
= E / ¢ log ———~—~—2"—
L EIRE N oy JURI St SN
I Lo (E sl
- = B /EL%J*L%J Fided ]1;[0 FXx ¥ aar
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T | _| to 1 (')7(k7l)
_ Al &%) e g /10 Mdp(-),(k,l)
. P |Diar | 108 PO XX, Vit
xIX iat

where Siac= ] /E 1aPEY | fori=0.1,., [ &) - [&] -1
i
Thus
Alt _L% - T
Ep [KL(POIMO)] = > T8 QNJ At — iAt) : (2.34)
=0

Since 573’T§ff>)x |} < o0,
KL (PY||MY) < oo

for all w € Q\B for some P-null set B, which from Lemma 4 implies that

apt) dp®)
E ) [log—2L| = Ep |log —— At 10, P-as. 2.35
Péz 0og dMé% PO [Og dM()]a as \l/ ) a.s ( )
Let
lim (KL (PS)IMS)))  we\B
glw) =§ 2
0 w€EB
and observe that
g S Ll (Qa ‘Fv P)
and
: Oy _
lim KL (POIIME) = g P-as. (2.36)

Since almost sure convergence implies convergence in measure over finite measure

spaces, (2.36) implies that

KL (PQIIMS) = g as At 10, (2.37)

Now for each €, At > 0,w € Q, define h&,(w) by
KL(PEIME)) KL (PEIME)) — g(w)| < o

0 otherwise
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and note that hf%, is nonnegative Ve, At > 0 due to Gibbs’ inequality and converges

in probability to g since Vn > 0,

(a2 - (o] 2 ) s ) o <
v ({armo] 2o} s ) |2 )
<P ({|KL(PIME) ~ ¢| > n})
v ({[z (PRI - = )
— 0, as At} 0.

Let € > 0 be arbitrary and observe that

e = gl = Be || KL (PIML) - g]n e

L (PQIMg)) -9

9

+ Ep 91{

KL(POIME) )~

)

< ep({\m (POIME) _g\ < e}) t Ep gn{

KL(P< HM())

)

(2:38)

Since g € Ly (2, F,P) we have that Ve’ > 0,30’ > 0 such that
P(A) < = Eplgla] <e
VA € F. Since KL (PQHMLD 5 g as At} 0, 30" > 0 such that
P <{‘KL (PQIIME) - g\ > e}) <4
VAt € (0,0”), implying that
lAigE)]EP gIL{ >6} = 0.

Now since P ({’KL (PEHMQ) — g’ < e}) — 1, as At | 0, we obtain

KL(POIME) )~

<
lim 1, — glle, <
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from (2.38) and thus

e
lim Yim || hs — gllz, =0

since € > 0 was arbitrary. In particular,

s €1 _ _ : ) )
ln lim Be [1,] = Bz [g] = Bz | lim KL (PEIIME) . (2.39)

We now show that
T €11 () ()
lelfon lAltrﬁ) Ep [hQy,] = lAltr?O Ep [KL (PAtHMAtﬂ . (2.40)

Note that

lim lim Bp [af,] = 0 = lim lim Bp [hy, — KL (PQIIMX%)} =0,

cl0 At0 €0 At0
where
) = KL (PSIMSY) ﬂ{ KL(POIME) ) -9 ze}(W)
for e, At > 0,w € Q. Fix € > 0 and note that (2.31) implies
0 < Ep[ay,] < MP ({’KL (PSIIME) — g’ > eH , (2.41)

VAt € (0,6). From (2.37), the RHS of (2.41) converges to 0 as At | 0, thus

lgfgl Etrﬁ) Ep [a},] = 0, (2.42)
SO
lim Jim Ep hi, — KL (PRIME)] =o0. (2.43)

Now from (2.39) and (2.43) we have that lAitIE) Ep [KL (PXZHM&)} exists since

B [KL (PAIIM)] = Ep (W] — [Ee [, — KL (PylIMA)]]
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hence

= lim lim (Bp (1] — B2 [KL (PO1ML)))

= lim lim (Ez (b)) — lim lim (B¢ [KL (PSIME)])

= lim lim (Ep [h4,]) (Ep [K L (PIME)])

— lim
€l0 Atl0 A%10

proving (2.40). Now we have
lim Bp [KL (POI1M)] = B [Eﬁ% KL (pggHMgg)} (2.44)

from which the result follows as
EPTY)x [ty = Be [KL (PO||MV)]
= &2 [lim KL (PRIIME)
= lim B [KL (PLIM)
|t |
LAthl_:AOtJ 1T§fi)}<At Q;J At_mt>

=0

= lim
A0

(<) Suppose towards a contradiction
{LLJLLJI

1=0

i k), A T . o
lAltI?O Tg/_))x t QAtJ At — ZAt) = 5PT§/—>)X |z;= 0.

Then
lim Ep [KL (PRIIME)] = oo,

meaning 33 > 0 such that At € (0,03) = Ep [KL (PQHM&)&)} > M. From (2.31),

KL (PYIMS) < M P-as. YAt € (0,6,),

hence

M < Ep [KL(PYIMS)] < Ee[M] = M,

VAt € (0,min {ds3,d2}), a contradiction. O
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Due to the following corollary, one can conclude the only if part of Theorem 5

under a slightly weaker version of (2.31).

Corollary 5.1. Let T C Rx( be an interval and [tg,7) C T and s, > 0 be such
that (ty — max(s,r),T) C T. Suppose X := {X;}ier and Y := {Y; }ser are stochastic
processes adapted to the filtered probability space (2, F,{F;}iet,P) such that for
each t € T, X; and Y, are random variables taking values in the measurable state

space (3, X) and Y is (s,7)—SPL consistent upon X on [ty,T). If

dn € Ly (2, F,P), 05 > 0 such that VAt € (0,0,), KL (sz

Méi) <n(-), P-as.

(2.45)
and
then )
L%thf(”*l (), At T ()
| X X QNJ At — mt) — T |,
where k= [ {;] and [ = [ 57 ].

Proof. We need only show that (2.42) in the proof of the forward direction of Theorem

5 is still true assuming (2.45). Sincen € Ly (2, F,P), this is immediate since for € > 0,

S

Ep [a4, ()] = Ez [ KL (PSIIME) 1 {

) )
KL(PAtHMAt) —g

S EIP’ 77]]- — 07
{ =)

as At } 0 due to (2.37). O

KL(POIME) )~

The following corollary of Theorem 5 is a key result because it will be used in an
application to be explored later in Section 4.2. The conditions in Theorem 5 may

be too strong to apply to some common situations. The following weakens these
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conditions at the cost of the equivalence between the hypotheses and conclusion;

however, it is necessary to make a reasonable example work.

Corollary 5.2. Let T C Rs( be an interval and [tg,7) C T and s,r > 0 be such
that (to — max(s,r),T") C T. Suppose X := {X;}ier and Y := {Y} }ser are stochastic
processes adapted to the filtered probability space (2, F,{F;}iet,P) such that for
each t € T, X; and Y; are random variables taking values in the measurable state

space (X, X) and Y is (s,r)—SPL consistent upon X on [ty,T"). If there exists v > 0

such that
lim P (Bay,) = 1, (2.46)
where
Bagy = {w eQ | At € (0,At) = KL (pg;) Mg) < 7} (2.47)

for At, A > 0, and

EPTE )y | < oo,

then )
L%thfotjfl (k). At T (s7) T
| ([ At ae) | =ePTEN
where k = [ ;] and [ = [ ].

Proof. As in Corollary 5.1, it suffices to show that (2.42) holds whenever both (2.46)

and EPTE, |7, < o0 hold. Observe that

o | KL AR g

Zé}ﬂBAt

<Ep |71
{ e (rai0) >

} —0as At | 0,
>e

since clearly v € Ly (2, F,P). Since 8737'§/Si)x |7, < o0, Lemma 4 implies that

N el lsvl=t
KL 11;!] PX{?:?,LA# g) P}({?J’At/ € Ll (Qv f? P)
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for all At' in a small enough neighborhood of 0, thus

Ep KL(PX;HM&%)H{ }B — 0, as At |0
NBat

KL (ngnMgi) —gl>

since P (E) — 0 as At | 0. Now for any € > 0,

= Ep | KL (PR)IIML)) 1 (l

L (P ) - >e}

= Ee | KL (Py|IM4) 1 (l

(P< )HM(',{)—g >e}mBAt

) ()
+Ep |KL (PAtHMAt) ]1{ KL(PXZ\|M8)_9 >€}m%

— 0, as At | 0.

]

We now provide an alternate version of our main theorem under different condi-
tions. Instead of an a.s. bounding condition on the KL-divergence of M(Ai from sz,
we impose a bounding condition on the transfer entropy itself and obtain a similar

equivalence.

Theorem 6. Let T C Rx( be an interval and [ty,7) C T and s,r > 0 be such that
(to — max(s,r),T) C T. Suppose X := {X;}ier and Y := {Y;}ier are stochastic
processes adapted to the filtered probability space (2, F,{F;}iet, P) such that for
each t € T, X; and Y, are random variables taking values in the measurable state

space (X, X) and Y is (s,7)—SPL consistent upon X on [tg,T). If

(L5l L&) t
1. VAL > 0, KL(IP’ ¥ I X&A >6L1(QJ,P),

7, At
vz'zo,1,...,[§J—%J—1.
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3. {KL (P(Q

then 36 > 0 such that for some M > 0,

M(&) } is a Ul family.
At>0

=0

[ ][] T
3 T&Q}?tQNJ At—iAt)gM, VAt € (0,0),
1=0
iff t
LiJiLA%J?l (k,1),At T : (s,r) T
dm Y T (| 5| ae-iae)| —epTEO

where k= [ %] and [ = [ 5;].

Proof. (=) Assume 30 > 0 such that for some M > 0,

Bl
3 ']I‘@’_fthAtJAt—z’At)gM, VAL € (0,4).
=0

For each At > 0,w € Q, let P®), M) and g(w) be as in the proof of

Theorem 5. From Gibbs’ inequality, g is a nonnegative random variable thus
Ep [g] +1>0.

For each At > 0,w € 2, define ha(w) by

KL(PSIMS)  |KL(PRIIME)) — g(w)| < Eelg] +1

hAt(w) =

0 otherwise

and note that ha; is a nonnegative random variable VAt > 0.

Let o > 0. Since {KL (PXZHMXD}ADO is UI, 3 0 < K, < oo such that

Ep

KL (PllML) ﬂ{m(pggmgg)zxa}] <a

VAL > 0, thus {ha¢(-)} ass0 s Ul since

Ep [hAtﬂ{hAtzKa}] < Ep

KL oo | <
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VAt > 0. Furthermore, if Ja; = {’KL (PX:)HM(A“;)) — g(w)‘ < Ep[g] + 1}, then

P ({[har — g > a}) =P ({{har — g > a} N Ja) + P ({{har — g > a} N Tar)
<P ({1 (POIML) ~ o] > a}) + B (72)
— 0, as At | 0 ( due to (2.37))
hence

hat =5 g, as At | 0. (2.48)

From 1. and consistency conditions 2a and 2b, we have that,

O a0 N k(| T
Ep [KL(PRIMO) = > ’]I‘Y;XQNJ At—z’At).

=0

as shown in the proof of Theorem 5 implying
Ep [KL(PY)|IML)] < M, YAt € (0,6),

thus

KL(POIML) € Ly (2, F, ), VAt € (0,0). (2.49)

Now using (2.48) and the uniform integrability of {ha¢} o, We can apply the Vitali

Convergence Theorem to obtain
[|hat —gll,, =0, as At [0

which implies that
Ep [hai] — Ep[g] as At ] 0. (2.50)

Furthermore, observe that for all At > 0,

Ep [hat) = B [hailsy,] + Ep [haclys]

=Ee [KL (PYIIMS) 1] +0,
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and that
o< g e 1 (PR~ 1 (PRI 1

= lim B [KL ( ggHMgg) 11E}

— ()
= ilt]filo E[p? |:KL (PAt/ | |MAt’)
At'€(0,6)

JAt]

< lm P (Jar) sup Ep [KL (PS)IIMK))]
At'€(0,6) At'€(0,6)

= 0.
Now
( _ () ()
i e (K (PRI = i B [ (PH10E) 1.
= 1&% Ep [hai
which from (2.50) implies that

lim B (K2 (PQIML))] = Es lim KL (POIME)] (2.51)

As in the proof of Theorem 4. the result follows as

AP oA [XE | Xl :
_Ep[kgﬁ)KL( 2|MAt)}
= lim B [ KL (Py][MY)) |
T
~ lim JH Tgf_l)))?tQZJAt—zAt)
(<) Conversely, if
[a7) L& T
m | R (|| Aar-iat)| —epTin I,

=0
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then from 2. we have 5737-§fi)x |}, < o0, thus 3§ > 0 such that

&)
> T QJ At — z’At) —EPTY ) B <1
i=0 At
&) A& ) r
— > TSy QNJ At — iAt) <14 EPTEY, L= M,
=0

VAt € (0,9) and the proof is complete.
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CHAPTER 3

THE TRANSFER ENTROPY RATE

The generalization of information theoretic measures to the framework of information
rates is a common paradigm in information theory. In this section we address the
topic of instantaneous information transfer between processes using our methodology.
We first provide a definition of transfer entropy rate using EPT as follows. It should

be noted that a similar definition appears in [48].

Definition 3.0.1. For t € [to, T), define the transfer entropy rate from Y to X at t,

denoted T (¢), by
T (1) = 1i EPTE )y |+ 3.1
vox(t) = lim — VX It (3.1)
whenever the limit in (3.1) exists.

Remark 8. Suppose the hypotheses of Theorem 5 hold for processes X and Y. If

t € [ty,T) and 36 > 0 such that SPTgf_T)X Tt < 0o, Vdt € (t,t + ), then

Tgfi)x( ) = llm (SPT;;)X ?dt)
thdt | _ |t | _q
1 At J LAtJ T
_ L kDAt (| 4 .
=W | @ 2 ok QAtJ At ZN)

AtL0 =0

0 dt

Assuming some smoothness, we can recover the expected pathwise transfer en-

tropy at any time given the rate by using the following straightforward result.

Lemma 7. If [tg,T] >t — 5PT;L)X li,€ C* ([to, T7]) , then
/ TS (t)dt = EPTE", -
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Proof. From the Fundamental Theorem of Calculus, we have that
[ 18t = ePTEI [ —ePTEE Iy
= EPTVx [iy —Ee log(1)]

= EPTY ) I .
]

Note that in the previous lemma we impose differentiablity not simply right-hand

differentiability.

Lemma 8. Suppose ty and T are distinct elements of T and r, s > 0 satisfy
(ty — max (s,r),T) C T. If Y is (s,r)-consistent upon X on [to, T) and EPTE") li

is linear on [tg, T], then for any ¢ € [to, T,

T (1) = EPTS T

T— to
Proof. From linearity 11‘§, _>)X is constant, thus clearly EPTY "x i€ C' ([to, T7), thus

from Lemma 7, we have
EPTYIN I = [ TU(t

= (T — to) TS (1),

for any t € [to,T') and the proof is complete. ]

3.1 APPLICATION TO STATIONARY PROCESSES

Definition 3.1.1. Stochastic processes X and Y indexed over T are conditionally
stationary if Vw € Q, k > 1, all collections of times {t;};;, of T such that ¢; < t;11,

and all A € X,
P (X, € AlXy, . Xi Vi Vi, ) (w) =

(3.2)
P (Xt1:+1+7' < AlXti"FT? s Xti—k“l‘T? Y;fri-ﬂ'v s 73/752‘—1@4—7') (UJ)

for all ¢ € [k —1],7 > 0.
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Definition 3.1.2. Suppose k and [ are positive integers. Stochastic processes X and
Y on T are (k,l) - order conditionally stationary processes if Yw € €, all collections

of times {ti}ogigmax (k) of T such that ¢; < t;;1, and all A € X,

P(Xi,, € AlXy, .. Xy Vi Vi) (W) =

41

(3.3)
=P (Xiiprir € AlXrr - Xiirs Yigrs - Vi) (@)

for all i € [max (k,1) — 1],7 > 0.

Observe that if X and Y are conditionally stationary processes, then they are by
definition (k,1)— order conditionally stationary for all k,I > 1. Moreover, if X and Y’
are stationary, then VAt > 0 and s,r > 0 such that [ty — max(s,r),T) C T, we have
that X and Y are also (| 3;], [x;])— order conditionally stationary. We exploit this

stationarity in the following key observation.

Observation 4. For any At >0 and j =0,--- , [lJ - {%J — 1, we have

Ti:A QATJ At — z’At>

1=

[ )-L&]=

| &)%) | A )11
B X (EIRE) @) (1)
=Ep | KL P Px&,‘é,mf g Px&,:\m
_ @) (1L 1&)) TJ B VOD @) (1) QTJ B VOD (3.4)
=B | KL (PXD?,‘?J,M QAt At PXli?,j,At At At
(1T to @)Ll LD | @) (L)
= QNJ - {ND Ep | KL (Pxﬁé,jﬁ P K At

- (i) = [ mee ([ o)

where in the second to last equality we used that

@) (A7 L L&) @) (L&) L&)
d(CP y?t t ) B dIP)X| At At

X|X,Y j,At _ X,V .jAt (w)f,%tﬁj)_as
@1Z) D XK A
d (CPX 1% j,At ) XIX .4,
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for any ¢ # 0 due to the a.s. uniqueness of the RN-derivative.

We can use Observation 3.4 to provide an expression for the transfer entropy rate
for stationary processes that have (r, s) —consistency on subintervals of [ty, T") of the
form [to, ). It should be noted that a result similar to the statement of part 2 of the

following corollary appears as a remark in [48] without proof.

Corollary 8.1. Suppose [tg,T) C T, r,s > 0 satisfy (tg — max (s,r),T) € T and X
and Y are stationary processes such that Y is (s,r) - consistent upon X on [tg,t) and

satisfies (2.31), Vt € (to, T).

1 t
1. IVt € (to, T —ikb.A (At {1J> exists Vt, € [to, ), then

y
" AL A? At

(svT) tl
N N 1 EPTyx i
lim —Ty0 (At | —| ) = —————= :
At Af Y X ( t{AtD t — to Vi € (o, )

2. TEx(t) = Z2-EPTY|E

. . N N 131
Proof. (Proof of 1.) Let t; € (to,t) with t € (to,T]. Since AI}:I—EIO ETYHX (At {ND

exists, we have that

. (kD),At T (s N N ( {IHD) _
im0 (e[ 5]) = () (lim, i (a0 [])) 0 09
From Theorem 5 and (3.4) we have that

00 > EPTV ) |it

t1 to
al—lar] -1

—lim > T (At ultJ—z‘At) (3.6)

At—0 =0

. | |t (k,0),At ( VlJ . )
= A, QAtJ MtJ) Trox \AF 5] —98¢)
for any 7 =0, -- ,L%J — {%J — 1.
Note that for each At > 0, 3Ca; € (—2,2) such that

t t t1 —1
HEE RS

At At At
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Letting 7 = 0 in (3.6)

tim (3] - L&) e (o 1]

. t to
— im ( o~ +(JM) kD ot (At MtD (3.7)

At—0

) 1 0).A t
oy 2 () et (]2

Since Ca; is bounded, lim C’AtTgfiXAt (At { D = 0. Now using (3.6) we get
At—0 At

1 S,T
(tl — t()) hm ETgf—l))(At <At {AtJ) gPTy_)X to

and the result follows from division by t; — tg.
(Proof of 2.) Suppose ti, ty are distinct elements of [to, T]. Without loss of generality,
suppose t; > ty # to. Per assumption, X and Y are stationary processes such that Y’

is (s,r) - consistent upon X on [tg,t;) and [tg, t2). If

./ tl t2
7= |l |a)
then from (3.4),

EPTV ) |1

- (- ] e )

=§1f£o(“ o) T (a0 )

bt tl—t0+AtCAf) ts — to) T3 (At {AtD
i

At%o t2 — to tl — tO At
k,0),A 13
i~ ) TR (8¢ )

(
_hi—ty (Atcm>
X

b () 5] m) e ([ 5))

t2 —1p At—>
Per assumption, QA—QJ { J) Y_)_X (At{ J) exists thus since Ca; and Ka; are

bounded
ty —to . AtCay to to (k) At ( { to D
lim oA ) (ff2 ) o g A —
ty — to Atso <(t1 —t0)> QAtJ {AtJ) vox \AtAp)) =0

o7




and

1 —to . AtCay (kL < { J)
| — | KT At 0.
ty — to Ats0 ((t1 — t0)> ATy Al
Now we have that

EPTY x I

bt —ty AtCxy b (klAt( { D
_tg—t0§1§o<t1—to>q tJ { J K“) vox Ay

3.9

g (| = [ ]~ R 90 (e 5 ) .
ty —to Atso \ ALl LAt ) TYox At
b=t . o (kD). At lo

=t A QAtJ {A J KN) Trex < Mtp
and since $= hm Ka, TS ( { D =0, we have

t1—to .. to to (k,01),At

e TN IR EE L R

ST‘ t
— EPTVy o= P EPTY%X b

that is, EPT;L)X |4, is linear in ¢t —to and we get the result by applying Lemma 8. [

Simply put, Corollary 8.1 states that under stationarity in a rather strict sense,

the TE rate is the average value of the expected pathwise transfer entropy.

3.2 SUFFICIENT CONDITIONS FOR PT AND EPT CONTINUITY

This section is devoted to the establishment of sufficient conditions for continuity of
the pathwise and expected pathwise transfer entropy in time. Suppose t € [to,T),w €
Q. Let

b (a1) = Pﬁ?&m [A\Xto WYY @)
to [A‘Xto s} )

Ae ]:[to’ and zj € A}

and let us denote by a,(x} ) the limit point of A, (] ), if it exists. From here on in,
we will say that processes X and Y satisfy the Piccioni condition if aw(xio) exists and

is unique. Due to [41], there exists a version of PT " x|, (w,-) which is continuous
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at «} and for which the equality PTEN, i, (w,xh) = au(z},) holds, implying that
d]P)X]X{Y}[ |ng sv{ to— r}]( )( T))
S t,
AP [XT | Xie_J)(w) ’
s,T)
L POCD (72 s (B(e5,6)))
“log| lim 1] (@)
At—0 =0 PX|7§,i,At (WLEJAt_ZAt (B (l'g;, 6)))
I ||t |- (@),(s,r) T
L& L& PX&,‘?,i,At (WLLJAtiAt (B (Itw 6)))

= lim > log
€l0 — (w),(s)
S = P s (72 oo BT 0)

The following lemma proves continuity of the RN-derivative in time as opposed to

PTE )k [t (w,at,) = log

[a5)-

continuity on path space Q[;?’T).

Lemma 9. For ¢ € [t,,T) and z}, € Q[tOT let Cy (:pz;) = x} o’ If X and YV

satisfy the Piccioni condition and all of their respective sample paths are elements of

C° ([to, T)), then for each w € Q, there exists a version of PTY%X l;, (w,-) such that
Vi e Q[;?’T ,
t PTE Nt (w,Cr(2)) € C([to ).

Proof. Fix t € [to,T), xg; € Q[)t(o’T), w €  and note that Vdt > 0, we have
PTE D i (w, Crpar (o)) = PTE ) 1ty (w.Co (2])

og AP o X | X0, (Y (w) (st39)
dPQ (X5 | X[ ) (w)

g [ SR X [ Xig (Y H e “) (a1)

d]P(S)[XEO ‘ Xto s]( )

lim et ;|)f§s§; i,At (WVZ‘?JAt—iAt (xioﬂltv 6)))
= log Atlo = P(W\)T%SZ At (WVZ‘?J At—iAt (B (ﬁ:dt’ 6)>)
a L s,T)

lim LAtJ l_ll J 1]P>X|§?’LAI‘/ (T(LAtJAt iAL (B ([Eio,é)))
Aeifo =0 IP’;%(’Z’M ( T L ]Aat—int (B (ﬂfffoa E)))

~ g | lim |y JHLMJ POLY (wﬁ? mine (B (a7 6))>
At i=0 P;)féj At (W | 4 | Ariar ([5 (l-i-&-dt’ e)))
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Observe that since the sample paths of X are continuous, the sample 2+ is uniformly

continuous on [t,t + dt|, thus for each € > 0,3(¢) > 0 s.t. if At < d(e), then

PU P (T aciac (B (a7, €)))
P nar (Tigiaeine (B (s17¢))

{ﬁJ — 1, hence

=1,

W:o,...,{%J—

lim [PT7) Lt (w Chriat <$t0>) PTE ) I (w,C’t (w%))

dtl0
L5t L3 PO (i s (B (17, ))

= limlog | lim H
dtlo el0 : (@), (s) t4dt
P = PR (s (B (a7 6)))
||
= 11115% log g 1
=0,
proving continuity. O

A natural question arising from Lemma 9 is the question of when the expected

pathwise transfer entropy is continuous in time. The following lemma provides an

answer.
Lemma 10. For each t € [ty,T) C T and w € Q, let
KL (t,w) = KL (PG X0 | Xio_ AV 1(w)| [P [XE | Xie_ ] () -

If

1. t — KL(t,w) is continuous in ¢ for a.e. w € ),

2. {KL(t, ) }ieppo,ry is @ Ul family.
then ¢ - EPTET), i, is continuous on [ty, T').
Proof. Let t € [ty,T). It suffices to show that

EPTY x iy —= EPTY x iy
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for any sequence {t,},>1 converging to ¢t as n — oo. Suppose t, — t, as n — 00,

€ > 0 and for n > 1 define
Sne={weQ | |KL(t,,w) — KL(t,w)| > €}.

From 1., for a.e. w € Q,3dN > 1 such that w € S, ,Vn > N. Thus

1=PQ\B)<P| US| <1 = P|JSn]| =1,
n>1 n>1
where B is the P-null set such that ¢ — KL(t,w) is discontinuous on [ty,T) for any
w € B. Observe that {5, },>1 is an increasing sequence of events, thus
e (5) -7 (US) -1
n>1
and so

P (Spe) — 0, as n — oo.

Thus Vt € [to,T),
K L(tn,-) = KL(t,")

for all sequences t, — t, as n — oo. Applying the Vitali Convergence Theorem

(Theorem 7.29 in [16]), we get that
Ep [KL(t,,w) — KL(t,w)] < Ep[|KL(t,,w) — KL(t,w)|]] = 0 as n — o0
proving continuity. 0

While Lemma 9 and Lemma 10 provide sufficient conditions for continuity of PT

and EPT, differentiability of these functions is an open problem.
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CHAPTER 4

CADLAG PROCESSES

This section is devoted to the investigation of EPT between cadlag processes, a sce-
nario ubiquitous in the literature concerning the application of TE to neural spike

trains common to neuroscience. To this end, we define a cadlag process as follows.

Definition 4.0.1. A stochastic process X is cadlag if its sample paths are right-

continuous with left limits with probability one.

Examples of such processes are Levy processes and Poisson processes. Suppose
now that X and Y are cadlag processes. We can specify a sample path of either
process by providing its transition times and states, specifically, for any realization

xL of XT

b +,» there exists £y <y < ... < T such that we can write

N[tO T)

o= om0 (4.1)

where Ny lfo.T) (xf) =

Range (x;{]) ‘ —1land xy, =z (;).
Furthermore, we define conditional escape and transition rates similar to those in [48]

as follows.

Definition 4.0.2. For cadlag processes X = (X¢),cp, 1) and Y = (Y3),c(; 7y, With

Y countable, define for all w € Q,t € [tg,T),r,s > 0, and 2’ € ¥ the conditional

transition rate of X given X and Y of x' at t, denoted v [:E’

i

/ / t— t
Eﬁ%}xp({w €| Xy(W) =21, for somet' € [t,t+At)} | X/ Yt_fr)( ),
(4.2)

| (t,w) by

] (t,w) =
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X] (t,w) by

the conditional transition rate of X given X of x’ at t, denoted ¥ [3:’

) {x' Y] (t,w) =

. 1 / N / t~
lAltrﬁ) E]P’ ({w € Q‘Xt/(w ) =2a', for some t' € [t,t + At)} | th_s) (w),

(4.3)

and the conditional escape rates AS??X(IS, w) and )\gffl;gyy(t,w) by

Wit = ¥ ofe|X] ¢ (44)

r'eX,x'#x,

and

Nyt = Y o [2]X V] w). (4.5)

r'eX,x'Fr,

In the forthcoming, we will sometimes regard the conditional transition rates defined
above as measures on the space (X, X) for fixed w € Q,t € T in agreeance with

standard definitions of transition kernels (see Section 1.2 of [25]).

Notation 6. for t € [tg,T),w € Q,and s,r > 0, let
ANt w) = A§ ¢ (tw) = AR (w).
We restrict our attention to TE between time-homogeneous Markov processes.

Definition 4.0.3. Suppose (2, F,P) is a probability space, T C R is a bounded and
closed interval, ¥ is a countable set, and X is a o—algebra of subsets of > containing
all singletons of X. A stochastic process X = (X;),.p is a time-homogeneous Markov
jump process if all of its sample paths are piecewise constant and right-continuous

and Vn > 1, times tg < t; < --- < t,_; and sets A; with t; € T, A, € X, V0 < i <n,

Ptn—1+7 {th_1+‘r € Anfl ‘th_erTa e >Xto+7'] (w)
=Py, s [th—lJrT € A ‘ th,2+7-} (W>

=P, . [Xt € A,y ‘thfz} (w),

n—1

for each w € 2 and all 7 > 0 such that ¢;_1,, € T for 0 <i < n.
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We now present a Girsanov formula for the pathwise transfer entropy when the
destination process is a time-homogeneous Markov jump process and the source pro-

cess is any cadlag process.

Theorem 11. Suppose X and Y are cadlag processes on T with [ty,T) C T and X
countable, where X is a time-homogeneous Markov process with conditional transi-
tion rates given by (4.2) and (4.3) and conditional escape rates given by (4.5) and
(4.4). If

&,?} (to,w) =1 {xto ?} (to,w).

1. Vw e Q, ¢ {xto

2. The conditional escape rates are bounded and positive.
3. 1 H?,ﬂ (t,w) < 1 Hfﬂ (t,w),Vw € Q and t € [to, T).
Then Vw € ), we have
PTE, e (w,xa) =

X ?} (Ti,w) T
: - ANED (¢ W) dt.
?] (73, w) +/t° ( ( ))

M)

(4.6)

(G [:lrn-
2 Ty .

for every realization xf, of the process X .

Proof. Since X is Markov, there exists an increasing sequence of finite random jump
times {7, }n>0 such that 7y = to, X, is constant on [7,,7,+1), and X.- # Xo,.
Furthermore, from the Markov assumption, conditionally on { X7, }, -, the variables
{741 — Tn} >0 are independent and exponentially distributed.

We first need to show that for arbitrary measures P < () on the path space of cadlag
sample paths of X with transition probabilities pp(-,-), pg(+, -) and escape rates vp, vg
, that for every realization x7, of the process X

[to,T) (. T
E . Ny ( to) ’YP(.T;Z)pp (I;” (L’ﬂ.)
dQ (xto) - ;) 1Og [’}/Q(x;)pQ (aj;i’xn_)

+/T (Vo(w) —vp(xy)) dt, (4.7)

to
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[to,T)
where {TZ}Z]\;)B is the sequence of jump times of the realization z,. A proof of (4.7)

is given in Appendix 1, Proposition 2.6 of [27].
Now letting P and @) be the measures in (4.2) and (4.3), respectively, using assump-
tion 1., and noting that

P {xﬁ. Y,?} (13, w

)‘()§7\2,Y<Tiv W)

= iy (7, Y, (@)
and
Y {,CET y} (13, w)

)‘X\X(Tlv )

where py|xy and px|x denote conditional transition probabilities, we get that

= PX|X($T,~> ZUTi—)

PT%?—T;X A (W xz;) =

lto. T>( to)
Mx (Ag?‘;y(n, )) (pX|X,Y(1‘7—i,fET;,Y;; (w))) T o
; ° [ (A%X(n,w)) (pxlx(xmxf)) - /to (AA( ( >) dt

+ /t ' (ANEI(#,w) ) dt

0

[tO,T)(wt )
Nx ’ (0 [xn Y,?} (T3, w)
= lo
; ° |: ¢ [xn y} (7'7;,0.1) ]

o) ;
[ B [

i=1

+ tT(A)\(s”")(t,w))dt
NEO’T)(%TO) y ? .
¢ |:x7'i 9 ] (7—17 W) T
= 1 ANCT (¢, w)) dt.
= Og{ ¥ [on]X] () +/t° ( ) (4.8)
O

The conclusion of Theorem 11 holds for Feller processes (See Theorem 3.13 of

[18].) under some conditions that imply absolute continuity.
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Observation 5. Note that under the hypotheses of Theorem 11,

PTE ) L (w,xﬁ) =

] s

- o W{@ﬂf | st [ (1) (49
- st g o s

S [ L o R

where the second to last equality comes from the observation that the process
to,t T
(M) = i Axixr(8)

known martingale characterization of Poisson processes (see pp. 225 - 235 of [9]).

seto.T) is a mean-zero martingale from Watanabe’s well-
Elto,

Furthermore,

€PT§fi)X lf=
T (sr (CHE y’? ()
]Epgﬁ&)’{ym |:/to (/\2(7)2,Y(t,-)10g{ @Ex[mty} (]tf)

Ep

+ /tT (AXE(e, -))) dt”

(4.10)

Corollary 11.1. If X is a cadlag process on [ty,T"), such that the hypotheses of

Theorem 11 hold, then V¢ € [ty, T'), the transfer entropy rate, Tgfi)x(t), is given by

TSy (1) =

Epee.r {(AS’Q,Y(L‘, )) (log P’ {xt‘y, ?} (t, )] B 1) . )\S?X(t’ )” ‘

Ep XIXAY}0) (0 [l‘t‘y] (t,-)

(4.11)

Proof. Let QZW = [mt‘Y,?} (t,w) and @an = {xtly} (t,w) for each t € [ty,T)
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and w € 2. From Theorem 11 and Observation 5,

Tgfi)x(t) =
1 t+AL by
s (s,7) / vw| (s) / /
lAlth% AtIE]p [EPS'Q,{Y}M [/t [(AX|X,Y(t ,w)) <log th’,w] 1) + Axx (¢ ,w)] dtH
- (s,r) QZt,w . (s)
o o000 ] ) ]
(4.12)
where the last equality comes from Theorem A16.1 in [53].
O

4.1 THINNED POISSON POINT PROCESS

In this section we present an expression for the PT and EPT from a time-homogeneous
point process to a thinned version of the process. The following definitions make these

notions precise.

Definition 4.1.1. A point process ¥ = (T,),-, on a nonempty set A is a time -
homogeneous Poisson point process (THPPP) with intensity A if and only if T; —
Tj—1 ~ exp(N),Vj > 1 and the random variables 11,7, — T4, ...T; — T4, ... are

independent.

Definition 4.1.2. Suppose ¥ = (Tn)n21 is a THPPP with intensity A on a nonempty

set A. The Counting Process of ¥ is the process (X;) where X; is the random

tehA

variable defined by

Xi(w) = Z ]l{TnE(O,t)}(w)

n>1
Definition 4.1.3. For any given time-homogeneous Poisson point process (THPPP)
U, = (T;Il)nzl and p € (0,1), the process Uy = <T7;Il2>n21 is called a p-thinning of
U, if

1. every arrival (point) that occurs in Wy also occurs in ¥ a.s.
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2. every arrival (point) that occurs in Wy also occurs in Wy with probability p

independently of Wy

We now give a result for TE between the counting processes of a THPPP and a

thinned version of said THPPP if history windows are the same.

Corollary 11.2. Suppose Y is the counting process of a time-homogeneous Poisson
point process ¥ with intensity A on [ty,7) and X is the counting process of a p -
thinning of ¥ for some p € (0,1). If r = s and X3, = Y}, a.s., then Vw € Q and all

realizations x/ of X/,

T
PTE L (w,ah) = log ()N D (al) + (1 - p) /t (e (t,w)) dt.
Furthermore,
s,T r (s)
5777}_9( L= Alog(p) (T — to) + (1 — p)Ep lEleX’Y [/t (/\X|X(t,w)) dt.H

Proof. Note that any p-thinning of an intensity A THPPP W is also a THPPP with
intensity pA, thus both X and Y are time-homogeneous Markov processes. From

Exercise 6.2.12 in [30], we have that V¢ € [ty, T),w € Q, 2’ € &,
v [|X, Y] (tw) = py [2f

Applying Theorem 11, we get that

X] (t,w) (4.13)

N (T o[z, ?7? (73, w) T
N}[zo ) (z to)

= Y loglpl+ (AA(S D(tw)) dt
=1
— log (p) NI (2T + / (AN (1, w)) dt
= log (p )N[tOT) (z, —i—/ X|X (t,w) p/\Xlx( )) dt

= log (VD) + (1 =) [ (W) .
(4.14)
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where we have used (4.13) to get the second to last equality. Note that
Ep [ND] = M (T = 1)
since X is a Poisson Process, thus
(s7) |T T
EPT{ 2 fom Mog(o) (T = 1)+ (1 = B ey, | [ (\ylt) ]
0
O

Remark 9. From Corollary 11.2, we obtain the TE rate in this case by applying the

definition for any ¢ € [to, T) and get

Ty x (t)
~Jim — (Al (p) (t+ At —t) + (1 — p)Ep |E HN(A(S) (t',w)) dt
_Ati(] At Og\p p)LEp | Epy x v ’ XX W )

. 1 t+AL &) )
= Aog(p) + (1 - p) lim —Er [Er,., /t (A (tw)) dt'| |-

(4.15)

4.2  APPLICATION: LAGGED POISSON POINT PROCESS

In the forthcoming, we provide an example of two processes which satisfy (2.46) for
some v > 0 in a particular case. In the following example, we consider TE from a
time-lagged version of the counting process of a given THPPP to itself, a case through

which we demonstrate the applicability of our results.

Example 6. Suppose [ty,7) C T C R, X = (X;),. is the counting process of a
THPPP with intensity A. Suppose further that € > 0 and Y = (V3),cp Y7 = Xipe, V2 >

—e. If X is the counting process with intensity A > 0 of a THPPP v := (T},) then

n>1?
Y is also a counting process of a THPPP with intensity A > 0, specifically that of
the point process ¢’ := (T, — €),,»,). Note that the state space of X; is the natural

numbers for any ¢ € [ty,T); a Polish space with discrete metrics.
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For any w € © and At > 0 we can calculate for any i =0,1,..., {%J — lt—OJ -1,

(i ia)) @ (g o)
Xz |a (m)m) (@) <bLL JAt—z‘At)

=P <XL£JAtiAt - XL%JAtf(iJrl)At - bL%JAtﬂ'At - XLATtJAt(iH)At(W))
(w)

P L%J At—iAt (XLAT,SJ At—iAt

= PL%J At—iAt <XLATtJAt—iAt

(4.16)
—AAt ()‘At)bL%J At_iAt_XL%J At—(i+1)At

(bLLJAt—ZAt - XL&JAt—(i—i—l)At(w))!
= pois (AAt? bL%JAt—iAt - XI_ATtJAt—(H-l)At(w)) )
where pois (z,n) = %, for x > 0 and integers n > 0.

Suppose that [tg — max (¢,s),T) C T and 0 < r < e. Then JAt* > 0 such that

r
0<JAr <e V=120 |1
J € V)] INT

Letting L = {AQ*J we get that

<X e | At —(i+k+1) A ) YLA:*JAt* (i+L+1) At (w)

PLL@} | At —iat (XLM* | At —ine

At*JAt* — i At* (XL JAt*—(’H—L)At*—}—e) (CU)()
_ pois ()\(6 — LA ); Xr_(ivp)atr+e(W) — beiAt*) DA iw
pois ()\ (L= L)A + €); Xr—(irny)ar+e(w) — Xr—(i11)ae- (W))

= fe,/\,w<At*7 /L.a bT—iAt*))

:]P’L

R | At il XLAIZ*JAt*—(i—H)At*’ XLM*

(4.17)
where pag i = pois ()\At*; br—intr — Xr—(i41)atr (w))
Let ayw; = Xr_(+nar(w) and c,; = Xr_(iyr)arte(w) and observe that for any
‘ T
z:0,1,...,b7j — [MJ —1,
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(w),(k,1) (w),(k)
KL (P X%, a0 PX&,@M)
€ w At*? .7 b
_ 3 forw(A,i,b) log Jerw(A#,1,D)
bGRange(XT_iAt*) pois <>‘At*7 b— XLAJ;*JAt*f('H»l)At* (w)>
€ w At*? .7 b
= S frw(AF D) log Jerw(AT,1,0)
au,<b<cy, pois (AAt*; b— XL%J At — (i1 1) At (w))
exw (At 1 a, +b
— Z ferw(At i, a, + b) log ferul 0y +b)
0<b<cy—aw POLS <)\At*; b+ (aw — X\_%JAV—(HI)At* (w)))

, pois (Ae — LAt"); ¢, — a, — b)
= €AW At*, , b I -
OSbSXQSaW f . ( b ) o pois ()‘ ((1 - L)At* + 6) 7 Cw — aw)

T i N e—tar e
N 0<b<cew—acw b € — LAt* e+ (1 — L)At

[AN* +log ((cw _ aw)g) — blog(\(e — LAtY)) — (¢, — ay,) log (1 + At)]
> Gar(d)

e — LAtr
e — LAt* e e — LAt e
[77 ((6 +(1— L)At*> ) N (6 +(1— L)At*> 0<b<coy—aw

e — LA\ (co — au)"
i (<e +(1- L)At*) ) Ogbg_% Caer(b) log ()\b(e - )\At*)b> ’

NN
where (ap(b) = (CW;““) (%) , for 0 < b < ¢, —ay,, n(r) = zlog(x), for x > 0

and z% denotes the b-th falling factorial of .
We suppose now that Yw € Q,3JA¢t, > 0 such that Xyjar, (w) — Xy(w) < 1,V €
[to, T'), that is, there is no more than one event in any interval of length At,. From

this, we have that Vw € Q and 0 < At < min {At,, At*},

(@), (kD) (@), (k)
KL (Pmy,i,m meAJ
At,i,b)
— Z fak,w(At’i,b) log . fe,Aw( 72)
aw,igbgew,i pOZS ()\At7 b XL T JAt 7,+1 At

B c— LAt N\ |\ (_c—LAt \*® y
lETE ) ) o () ( ) (im)
e— LAt \™ d, At d.)
+(<e—|—(1—L)At> )Oggdw(b)(e—LAt) 10g</\b( At)b>
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where e, ; € {ay;,a,;+ 1} and d,,; € {0, 1}.

For any + = 0,1, --- {%J — L%J —1,if d,; =0, then

(), (kd)
KL (IP iy

X|X,Y i,At

(w),(k) —
PX&,i,At) = AAt

and if d,,; = 1, then

(w), (k1) (w), (k)
KL <PX|w,i,At E”X&,i,m)

= \A¢ (W) a ((M))

A(AL)? —log(\)At 1
c+ (=LAt AW <e - L)At)

=: S(A, At).

Recall that

&)=L
)

(w) @)\ _ (w),(k,0) (w),(k)
KL (PAt H My, ) = : KL (Px?‘?,i,m Pxﬁ?,i,m

from the proof of Theorem 4 and let Q, A+ = Z dy -
Then Yw € Q,

-1
_ (w),(k,1)
= > KL <PX|§,‘7,@A¢

(w),(k)
PX|§,i,At>
— <L _ \‘ — Qw,At) )\At + Qw7AtS(A7 At)

— A ( J - ZJ) + Quac (SO\ AL) — AAY)

(&) L)) 5o

Since whenever 0 < r < €

i (|e] - &) 520 = -0 (- 2EE2),
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&)=L &)=L

KL H Pg‘)’y(kg_? A H IP’;)’;(?M is bounded in a sufficiently

=0 i=0
small neighborhood of 0. Note that this limit is independent of w. For illustra-
tion, Figure 4.1 shows the bound established in (6) as a function of At for specific

parameters.

I
L

2.x 10794 x 107 1% x 107198 x 107181 x 10°1°
Pets

Figure 4.1: KL bound for lagged PPP
y = q%J - {%J) S(\, At) plotted as a function of At with
r=05,e=1,A=0.2,T =2, and ty = 1. It should be noted that there is clear

numerical error as the function is not constant near 0.

For each At > 0, let Axy = {w € Q | Xiyar(w) — Xe(w) < 1,Vt € [to,T)} and Baty

be as in Corollary 5.2, that is,
Baiy={weQ| At € (0,at) = KL(PY || M{)) <~}

Fix v > (T —t) ()\ - M). We have now shown that for all At > 0, there exists

€E—T

0 < At < At such that Ay, C By .- Furthermore, since (Baty)a,, 18 @ decreasing
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collection of sets,
P(Aa) <P (Bg,) <P (Bav,) forall 0 < At < At. (4.19)
From properties of the Poisson point process,

P (Aat) =1 —o(At),

thus P (Aa;) — 1 as At L 0. Now due to (4.19), we have that P (Bas,) — 1 as At | 0,

which establishes the existence of processes that satisfy (2.46).
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CHAPTER 5

FUTURE DIRECTIONS

5.1 ALTERNATE DEFINITION OF EPT

Motivated by [55], we present the following alternate definition of EPT. This definition
defines EPT as a limsup of conditional mutual information over sub-partitions of the
interval [to, T"). This approach has practical relevance as implementing a non-uniform
partitioning of time has been used in [51] and [31]. We begin by defining sub-partitions

of an interval of the form [to, T).

Definition 5.1.1. A sub-partition P of an interval [to, T') C R is a set of real numbers
to,t1,...,t, such that

to<ti <---<t,<T.

Definition 5.1.2. Let Py, 1) be the set of sub-partitions of the interval [ty,7) C T
and let || P|| denote the mesh of a sub-partition P € Py, 1), defined by
|1P[| = max |ti — tia].
i>1
Forall P € Py, r),r,s > 0, such that (to,—max (r,s),T| C T, define the sub-partitioned
(s,r

expected pathwise transfer entropy of the sub-partition P, denoted 5737'3/%)( |,507

1Pl

EPTYIN |E= ZI(Xt YL X)) (5.1)

1)



Definition 5.1.3.

s,r . s,r),P
EPTE T = lin sup EPTYE|E
PePy, 1),lIP||I<At
[Pl (5.2)
= dmswp > 1(XfLVE XL,
ALL0 | B

PEPy, 1,||Pl|<At
Remark 10. The mutual information in 5.1 can be expressed as a supremum of
conditional mutual information between discrete random variables over partitions of
the sigma-algebra generated by the path spaces Q% and QF due to Wyner’s definition
of conditional mutual information presented in [55].
Specifically, suppose {A1,--- , A} and {By,-- -, B, } are finite partitions of the path

spaces Fy and Fy, respectively. Now define discrete random variables X.Y by
X(w) =1, fwe A and Y(w) = j, if w € B;. (5.3)
From Theorem 1.6.1 in [23] we have that

I(X;Y) = sup I(X;Y),

Px,Py
where Py and Py denote the set of all finite partitions of Q% and QF, respectively.
With this along with equation 2.6 a. in [55], we can deduce that for any P € Py, 1)

and Vi € [| P |], we have

ti_1? ti—1—S ti_1 ti—1—s

]’(Xti thi:r‘ | ti-1 )IP Sup I( ot Y/Zir xtie1 ).

Note that Xttjfl and f/tt_r are discrete random variables which are generally easier
to deal with than the RN-derivatives in the previous definition of pathwise transfer
entropy. This alternate definition of pathwise transfer entropy allows us to express
pathwise transfer entropy as a limit of discrete time transfer entropy as in the Theorem

5, but without having to satisfy the rather strict SPL conditions.

We prove the following proposition which establishes time-dilation invariance of

the EPT as defined in Definition 5.1.3.
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Proposition 1. Suppose ¢ is linear and monotone increasing. If Xd)(t) = X; and

;FTST gPT¢S7¢T ¢1

Proof. Mutual information is invariant to injective transformations, thus for any P €
Py ), we have

( 1Pl . , . llo(P)]] o(t) ot o(tit)
EPTYIR Iih= Z](th Y | th:ffs) Z I(X st Yot | Xio i s))’
where the partition ¢(P) of [¢(to), ¢(T)) is defined by

¢(P) ={o(t") [t" € P}.

From the continuity and monotonicity of ¢ we have that

{P| P € Pouoin} = {0(P) | P € Poir}

and so

(s,r) o (s,7),P T
EPTY x |t0 = }Efl EPTY x ’to
|| P||=n
PEP[tO T)

_ t; t;
= inf Zf(Xt Vi
[Pll=n !

PeP[tO,T)

B ) b(ti—
- %I;fl ZI( ti— 1)’ t*T) | X(¢> ti 11 s)) (5:4)

[lp(P)l|=n
S(P)EPg(t0),(T))

_ . #(ts) o(ti—1)
_ inf Z[( G Y X (5))
||¢>( )Il—n
¢>(P)€P[¢<to> #(T))

= EPTYC)

Y—>X

| XP )

t7,,1 S

‘¢(T)
é(to)’

where the second to last equality if from the linearity of ¢. O]

Question 2. Is this definition advantageous or even equivalent to Definition 2.187

We have mentioned some advantages of this definition earlier; however, they are

7



quite simplistic. There is a much richer collection of literature involving Wyner’s
definition, in some vicinity, of conditional mutual information than the approach we
used to define the EPT. Thus, it is likely that defining EPT as in Definition 5.2 makes
EPT easier to use and calculate. However, a rigorous exploration of this matter is

not performed here and is left as an open question.

Question 3. What other processes satisfy (2.31) or (2.46) other than the determin-

istically lagged counting process of a THPPP?

(@), (k1)

In Appendix A, we provide a calculation for KL (]P)X&f?,z‘, A

IP’;”)’YUZ)’M) where
Y is a time-lagged version of a Wiener process X. However, there is no calculation
of KL (PX;) HMX?) for these processes or for any other process other than that
presented in example 6. There is a wealth of transformations one could perform on
a process to yield another: thinning, superimposition, deterministic lagging, random
lagging, bump convolution, etc. Each of these transformations yields a new process
that is not independent of the original process; thus, there should be a nonzero TE.
Compound Poisson processes (CPP) are of particular relevance to the continuous-
time framework presented in this work and are widely used to model neural spike

trains, thus showing that either (2.31) or (2.46) hold for a transformed CPP (using

the aforementioned transformations) would be a fruitful discovery.

5.2 DIFFERENTIABILITY OF EPT AND ESTIMATORS

In Section 2.3, we provided sufficient conditions for continuity of PT and EPT in
time. However, there are no sufficient conditions for the existence of the limit in

Definition 3.1; thus, differentiability of these functions is still an open topic.

Question 4. Do there exist nontrivial sufficient conditions for the differentiability of

the EPT function?
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One of the main contributions of this thesis is a definition of the TE rate native to
continuous-time processes. However, our methodology does not present any practical

means of measuring it, only the theoretical formulation.
Question 5. Do there exist practical estimators of the EPT and the TFE rate?

The transfer entropy estimator presented in [28] is of practical utility for discrete-
time processes. Can it be generalized to appropriately measure TE using the measure
theoretical approach taken in this work? If so, what are its properties? There is a
wealth of questions one could propose pertaining to such an estimator, e.g., is this
estimator biased or asymptotically biased /unbiased? Is it an efficient estimator and
how is its speed performance? Does there exist an appropriate model class under
which an MLE for TE exists? How does this estimator compare with binning and
partitioning based estimators used in the literature referenced in Section 1.47

If there is no such estimator that can be used in a general setting, does there exist
one when the destination and source process are a particular type of continuous-time
stochastic process? Providing estimators for TE rate and EPT amongst a pair of non-
homogeneous PPPs, compound Poisson processes, or Brownian motions with various
effects appear to be the types of processes for which an estimator with appealing
properties would be of most interest as these processes are encountered or considered

in many applications in which causality in real-time data is held in high regard.
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APPENDIX A

A LAGGED WEINER PROCESS CALCULATION

Suppose € > 0 (non- random) and Y; = X, Vt > —e. If X is a Weiner process, then
Y is also a Weiner process and for fixed At > 0, we can calculate for any w € €2 and
any Borel set, the conditional probabilities for (2.11) and (2.12).

From incremental independence of the Poisson counting process, we have that

&) L)1 X | L |At—(i+1)At
A ]
11 (@DLLJAt—z‘At (XL%JAHN | XLAT:JAt—(i—i-k—&-l)At)(w)) (BL%JAH'N)

=0
LAe) L)1

- Ho ((memt—mt (XLA%JAt—iAt | XLATtJAt—(i—i—l)At)(w)) (BLA%JAt—iAt)

B LATtJﬁtAo’fjl 1 / (35 - thmp(iﬂ)m(w))z p

= RV R 2AL !

(A.1)
Let Bat; = BLA%JAt—iAt fore=0,1,..., {lJ — {%J — 1. If 0 < At < ¢, then

ALt
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where
At e — At

+ X[%jAtf(l#l)At (w)——,

Hint = XL%jAtf(z#l)AtJre(w) c

e
e— At
Tinr = <62> At,

and the last equality comes from the observation that if X is a SBM then for any

g < 11 <ty we have

to — 1 n th—to  (ta—t1)(t1 — to))

X Y Y N T ’
t1]| Xeg=2,Xty=y <t2 — 1o ty — toy la — 1o

Note that for any two Gaussian distributions, say p and ¢ with means p,, i, and

variances o0, 04, respectively, we get after some calculations that

2
+ (, — 1
KL(p || q) = log (Zq> 4 T Uty = pa)” _

» 202 2
Thus for any w € Q and At > 0, we can calculate for any i = 0,1, ..., {%J — {%J —1,
(w), (k1) (w), (k)
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and the TE at any time tAt as
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APPENDIX B

LAGGED POISSON CALCULATION

In Example 6, the source process is constructed as a time lagged version of the
destination process. In what follows, we regard TE as a function of said lag and
investigate its behavior, after applying a binning strategy, for different values of
history length windows.

Suppose that X and Y are as in Example 6 and € = s. Let n > 1 be an integer

and let

Xpar = H (|(nAt, (n+ DAL O ()54 )
where H denotes the heaviside function. It should be noted that these random
variables are Bernoulli random variables with a mean of 1 —e~*2*. We utilize the fact
that the value of these random variables is either 0 or 1 to calculate the probabilities
in (1.1) by calculating the appropriate probabilities (those that appear in (1.1)) for

all possible outcomes of these processes. For example, if 2At < s < 3At, then

P{Xna =1 N{Xp1ar =1} N{Xp0a: =0} N {Yoo1a: = 0 N {Y2a: = 0})
(B.1)
can be easily calculated using the incremental independence property of the Poisson
process as o® (1 — ) (1 — a%ﬁ), where a = e 2! and 3 = 1 — a.. The remaining 31
joint probabilities can be obtained similarly for this choice of k and [ and each of the
conditional probabilities in (1.1) can be obtained as a quotient of joint probabilities.
Upon the aforementioned calculations, we obtain finally that the joint and conditional

probabilities in the case of the lagged PPP with k = [ = 2 are polynomials in o and

(2,2)

B. For n > 1, Figure B.1 shows a graph of Tyj nio X a 85 @ function of s for a
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particular process intensity A and bin width At. Upon similar calculations, the joint
and conditional probabilities in the case that k = [ = 1 are also polynomials in o and

[ and T%Z XA is graphed as a function of s in Figure B.2, again with particular

values of A and At.
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Figure B.1: Lagged PPP calculation with k =1=2, A =2, At =0.2.
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Figure B.2: Lagged PPP calculation with k =1=1, A=1, At =1.

- . (2,2) (1,1)
The source code containing the calculation of Ty x5 and Ty O x , can be

found at https://github.com/edgarcde/transfer_entropy.
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