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ABSTRACT

We consider the computation of the adjacency characteristic polynomial of a uniform
hypergraph. Computing the aforementioned polynomial is intractable, in general;
however, we present two mechanisms for computing partial information about the
spectrum of a hypergraph as well as a methodology (and in particular, an algo-
rithm) for combining this information to determine complete information about said
spectrum. The first mechanism is a generalization of the Harary-Sachs Theorem for
hypergraphs which yields an explicit formula for each coefficient of the characteristic
polynomial of a hypergraph as a weighted sum over a special family of its subgraphs.
The second is a mechanism to obtain the eigenvalues of a hypergraph in terms of
certain induced subgraphs. We further provide an efficient and numerically stable
algorithm which combines this information, the set-spectrum of a hypergraph and
its leading coefficients, to determine the multi-set spectrum of the hypergraph. We
demonstrate our algorithm by computing the characteristic polynomial of numerous

hypergraphs which could not be computed using previous methods.
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CHAPTER 1

INTRODUCTION

Spectral graph theory is a well-studied topic which seeks to relate the structure of
a graph with its spectrum, and vice versa. Results from spectral graph theory have
found application in combinatorics, computer science, and the social sciences. Most
notably, in questions regarding the analysis of networks (a famous example being
Google’s PageRank algorithm). In recent years, there has been increasing interest
from both academics and practitioners to analyze non-binary interactions between
agents in a network. Such multi-relational data can be modeled with a hypergraph
using higher dimensional edges. It is not obvious a priori what definition of the
spectrum of a hypergraph correctly analogizes the spectrum of a graph. There have
been various approaches to establish such a definition and we summarize several of

these approaches below.

1. Matrices and linear spectral theory. A natural approach is to encode
the incidence structure of a hypergraph into a matrix and relate the eigenvalues
thereof back to the structure of the hypergraph. This approach has been widely
used in applied sciences (e.g., social networks, reaction and metabolic networks,
protein complex networks, etc. [16]). A benefit of this approach is that one
can immediately apply linear algebra to study hypergraphs, but considerable
loss of information about the structure may be incurred when shoehorning the

hypergraph into a two-dimensional array.



2. Hypermatrices and low-rank decompositions. One can define a hyper-
matrix to be a higher dimensional array which maintains desirable properties of
matrices. In particular, one might seek to analogize the property that the array
can be decomposed into rank one hypermatrices (i.e., outer products of vectors
with themselves) as in the classical Spectral Theorem from linear algebra. Im-
portant contributions to this approach include a generalization of the expander
mixing lemma [9] and the considerable literature on rank-1 decomposition of

tensors (e.g., [18])

3. Hypermatrices and polynomial maps. Similar to the previous approach
one considers the entries of a hypermatrix as coefficients of multilinear forms.
In the case when the underlying hypermatrix is symmetric (i.e., the entries
are invariant under permutation of the indices) these multilinear forms define
homogeneous polynomials. The study of symmetric tensors has led to a use-
ful definition of the spectrum of a hypergraph as the roots of a characteristic
polynomial which is the resultant of a certain polynomial system whose coeffi-
cients are drawn from the adjacency hypermatrix, as described in the following

section.

We address spectral hypergraph theory from the perspective of hypermatrices
and polynomial maps. While this approach is admittedly more complex than its two
predecessors, its merit is that it retains all information of the underlying system. The
cost of this faithful analysis is paid for in computational complexity: the characteristic
polynomial of a hypergraph is the resultant of a system of homogeneous multi-linear
equations. The resultant is an ubiquitous tool in mathematics and has been a concept
of intense study. Despite this, computing the resultant (and thus, the characteristic
polynomial of a hypergraph) is a NP-hard in general. In this dissertation we provide

a new approach for computing the characteristic polynomial of a hypergraph as well



as a new paradigm for analyzing multi-dimensional networks.

We begin by providing an analogue of the Harary-Sachs Theorem which yields an
explicit combinatorial formula for the codegree-d coefficient of a uniform hypergraph
which is a function of d and the hypergraph’s structure. This formula allows us
to compute partial information about the characteristic polynomial of a hypergraph
which is novel as computing the entire polynomial can be intractable. This motivates
a numerically stable algorithm which allows us to determine the multiplicity of each
eigenvalue given the set spectrum of a hypergraph and an appropriate number of
leading coefficients (i.e., an analogue of the Newton Identities). Finally, we prove a
remarkable property of the spectrum of a hypergraph: the eigenvalues of a hypergraph
can be written as a union of eigenvalues arising from its induced subgraphs. This
result is unique to spectral hypergraph theory as it is not true for graphs (c.f. Cauchy
Interlacing Theorem). We can make further use of this result by appealing to the
Lu-Man Method to determine the set spectrum of a hypergrpah. It is our hope that
this dissertation will provide researchers with new tools for analyzing the set and
multi-set spectrum of a hypergraph.

The paper is arranged as follows. In Chapter 1 we present the necessary back-
ground concerning the normalized adjacency spectrum of a uniform hypergraph. We
then prove an analogue of the Harary-Sachs Theorem in Chapter 2. Using this theo-
rem we provide an explicit combinatorial formula for low-codegree coefficients of the
charactersitic polynomial of a hypergraph in Chapter 3. In Chapter 4 we consider the
computation of the characteristic polynomial given its low-codegree coefficients. In
doing so we motivate the computation of the set spectrum of a hypergraph which we
present in Chapter 5. In Chapter 6 we provide several examples of this computation
as well as examples which highlight the current limits of this approach. We leave the

reader with open problems in Chapter 7.



CHAPTER 2

PRELIMINARIES

Here we present requisite background maintaining much of the notation of [12]. A
(cubical) hypermatriz A over a set S of dimension n and order k is a collection of
n* elements a;;, ; € S where i; € [n]. A hypermatrix is said to be symmetric if
entries with identical multisets of indices are the same. That is, A is symmetric

it aj iy, = Wi 1y (2)ier () for all permutations o of [k]. An order k dimension n

symmetric hypermatrix A uniquely defines a homogeneous degree k polynomial in n

variables (a.k.a. a “k-form”) by

n
FA(X) = Z Airig..i L3 Lig - - - Liy, -
11,8250 ,0 =1
If we write x®" for the order r dimension n hypermatrix with i,4,,...,7; entry

X1,%iy ... 2;, and z” for the vector with ¢-th entry z] then the above expression can

T

be written as

Ax®F1 = \xFT

where the multiplication denoted by concatenation is tensor contraction. Call A € C
an eigenvalue of A if there is a non-zero vector x € C", which we call an eigenvector,
satisfying
n
k—
Z Qjig.. iy LiyLig « « « Ljy, = )\.Tj 1.
12,8350y =1

Next we offer an important result from commutative algebra to proceed the definition

of the adjacency characteristic polynomial of a hypergraph.

Theorem 2.1. (The Resultant, [20]) Fix degrees dy,ds, . ..,d,. Fori € [n], consider

all monomials & (where « is itself a vector) of total degree d; in xy,...,x,. For



each such monomial, define a variable u; . Then there is a unique polynomial RES €

Z[{u; o} with the following three properties:

1. If Fy, ..., F, € Clxy,...,x,]| are homogeneous polynomials of degrees di, .. ., d,
respectively, then the polynomials have a non-trivial common root in C" ex-
actly when RES(FY, ..., F,) = 0. Here, RES(F}, ..., F,) is interpreted to mean

substituting the coefficient of ** in F; for the variable u;, in RES.
2. RES(x{', ... adn) = 1.
3. RES is irreducible, even in C[{u;}|.

Moreover, fori € [n], RES is homogeneous in the variable {u; o} with degree

I d

j€ln],i#i
Definition 2.2. ([30]) The symmetric hyperdeterminant of A, denoted det(.A) is

the resultant of the polynomials which comprise the coordinates of Az®*~1. Let )

be an indeterminate. The characteristic polynomial ¢4(A\) of a hypermatrix A is

dA(N) =det(\Z — A).

We consider the normalized adjacency matrix of a k-uniform hypergraph, H =
(V,E). We refer to such hypergraphs as k-graphs and we reserve the language of
graph for the case of k = 2. For a k-graph H = ([n], E) we denote the (normalized)

adjacency hypermatriz Az to be the order k£ dimension n hypermatrix with entries

1 1 {21722a72k3}€E(H>
a’il,’ig ..... i T 77 aNy
(k—1)! 0 : otherwise.

For simplicity, we denote ¢(H) = ¢p4,,(\) and write

t
Qb(?‘[) == Z Ci)\t_i
=0
where ¢t = n(k — 1)"~! by Theorem 2.1. Throughout, we make use of the notation
da(H) = ¢, for the codegree-d coefficient of ¢(H). We refer to o(H) = {r : ¢u(r) =

0} C C as the spectrum of H and each A € o(H) is an eigenvalue of H.



CHAPTER 3

THE HARARY-SACHS THEOREM FOR HYPERGRAPHS

An early, seminal result in spectral graph theory of Harary [23] (and later, more
explicitly, Sachs [33]) showed how to express the coefficients of a graph’s characteristic
polynomial as a certain weighted sum of the counts of various subgraphs of G (a

thorough treatment of the subject is given in [3], Chapter 7).

Theorem 3.1. (/23/,/33]) Let G be a labeled simple graph on n vertices. If H; denotes
the collection of i-vertex graphs whose components are edges or cycles, and ¢; denotes
the coefficient of X" in the characteristic polynomial of G, then
= Y (F) U2 C g
HeH,
where c¢(H) is the number of components of H, z(H) is the number of components
which are cycles, and [#H C G| denotes the number of (labeled) subgraphs of G which

are isomorphic to H.

The goal of this chapter is to provide an analogous result for the characteristic
polynomial of a hypergraph. The full result is given in Theorem 3.27, but to state it
here simply: fix k£ > 2 and let H; denote the set of k-valent (i.e., k divides the degree
of each vertex) k-uniform multi-hypergraphs on d edges. For a k-uniform hyper-

deg fd)

graph H the codegree-d coefficient (i.e., the coefficient of x of the characteristic

polynomial of the n-vertex hypergraph H can be written

ca= Yy, (—(k— 1)) Oy(#H CH)

HEHd



where ¢(H) is the number of components of H, Cy is a constant depending only on
H, and (#H C H) is the number of times H occurs (in a certain sense that is a
minor generalization of the subgraph relation) in H.

The quantity (#H C H) is straightforward to compute. However, computing the
associated coefficient of H, C'y, is more complicated. This notion of an associated
coefficient of a hypergraph first appeared in [12], where Cooper and Dutle provide a
combinatorial description of the codegree k and codegree k + 1 coefficient, denoted
¢, and ¢ respectively, for the normalized adjacency characteristic polynomial of a

k-uniform hypergraph.
Theorem 3.2. [12] Let H be a k-uniform hypergraph. Then
cr =~k (k= )" E(H)|

and

1 = —Cr(k — 1) "(# of simplices in H),
where Cy is some constant depending on k.

This idea was further studied by Shao, Qi, and Hu where the authors prove

(restating Theorem 4.1 of [35]),
ca=(k—1)"" % fpl|€D)|
DeD

where D is a certain large family of digraphs, fp is a function of D and &(D) is
the set of Euler circuits in D. The authors then use their formula to provide a
general description of Try(7") and Trs(7") for a general tensor 7. Our first few results
are similar to that of [35] (as described in more detail herein), and we use them to
provide an explicit combinatorial description of Hp and the resulting C'y which yields

a Harary-Sachs type formula for hypergraphs which is amenable to computation.



3.1 BACKGROUND

Our approach relies on the following trace formula for the hyperdeterminant of a
tensor. In [28], Morozov and Shakirov give a formula for calculating det(Z — A)
using Schur polynomials in the generalized traces of the order k, dimension n hy-
permatrix A. Let f : C* — C™ be a linear map and let I be the unity map,

T

I=(z1,79,...,0,)" = (21, 29,...,2,)". Famously,

8

logdet(I — f) =trlog(/ — f) =

The characteristic polynomial is defined as the resultant of a certain system of equa-
tions by definition, so calculating the characteristic polynomial requires computation
of the resultant. Moroz and Shakirov give a formula for calculating det(Z — A) using

Schur polynomials in the generalized traces of the order k, dimension n hypermatrix

A.

Definition 3.3. Define the d-th Schur polynomial Py € Z[ty,...,tq by Po = 1 and,
for d > 0,

Pult, .. ta Z > by b,

More compactly, one may define P; by

exp (Z tdzd> = Z Py(ty, ... tg)2"
d=1 d—1

Let f; denote the ith coordinate of Ax®*~!. Define A to be an auxiliary n x n
matrix with distinct variables A;; as entries. For each ¢, we define the differential

operator

A 0 0 0
fszz (814“781422778142”)

in the natural way. In [12], Cooper and Dutle use the aforementioned Morozov-

Shakirov formula to show that the d-th trace of Ag,

n A'di
Trg(An) = (k=1 Y (Hl Mtr(Ad<k—l>)) (3.1)



where tr(A%*=1) is the standard matrix trace (for a more detailed explanation, see
[12]). We prove our main theorem with the aid of the following reformulation of

Equation 3.1:
Trg(Ap) = (k= 1)" > Cu(#H CH).

HeHy

3.2 THE ASSOCIATED DIGRAPH OF AN OPERATOR

Recall the d-th trace of Ay from Equation 3.1,

Trg(Ag) = (k—1)" ! S —— UG
A=k 2 (H (dilh— >)

where tr(A%+=1) is the standard matrix operation. Let fy, 4, . 4, be an addend of
o fidi in Try(Apg). When the context is clear we suppress the subscript and simply

write f. Given @ = (i1, 92, . - . Gak—1)) let

Ay = A A (3.2)

im'QAiw's : id(k—l)—hid(k—nAid(k—n,il

and recall that
tr(A)y =34,

«

where the factors of A, are commutative. Adhering to the terminology of [12] we say
A, is k-valent if k divides the number of times ¢ occurs in a subscript of A,. We
utilize divisibility notation for monomials in tr(A9*~1)), e.g., using g|h to denote that

g occurs as a factor of the formal product h. We say that A, survives f if f Aq # 0.

Definition 3.4. For a differential operator fdl,dz,...,dn the associated digraph of f , de-

noted Dy, is the directed multigraph where there are d; distinguishable edges directed

(2]

di | A
from 7 to j given (W) | f and isolated vertices are ignored.
5]

We suppress the subscript and write D when f is understood. We recall the

following graph theoretic definitions according to [14].



Definition 3.5. A walk in a graph G is a non-empty alternating sequence
Vo€oV1€1 . .. EL_1VUk

of vertices and edges in G such that e; = {v;, v;41} for all ¢ < k. A walk is closed if
vg = vg. A closed walk in a graph is an Euler tour if it traverses every edge of the
graph exactly once. An Fuler circuit is an Euler tour up to cyclic permutation of its

edges, i.e., an Euler tour with no distinguished beginning.

We denote the set of Euler tours of a graph G which begin at the edge e € E(G)
by €.(G) and we denote the set of Euler circuits of G by €(G). Recall that a digraph
D has an Euler circuit if and only if deg®(v) = deg™ (v) for all v € V(D) and D is

weakly connected.

Definition 3.6. Let w = (v;)[™, be a sequence of (not necessarily distinct) vertices
of D. We say that w describes an FEuler tour in D if there exist distinct edges
€o, - - -,em—1 such that vgeqviey ...e,_1v,, is an Euler tour in D. Moreover we say

that such Euler tours are described by w.

Note that the use of Euler tour in the previous definition is well-founded as e is

distinguished as the first edge.

Lemma 3.7. Consider Try(H), ftr(Ad(kfl)) # 0 if and only if D is Eulerian. In
this case

fu(A"D) = |B(D)||€(D)]. (3.3)

Proof. Consider Tryq(H). Fix a term A, of tr(A%*~Y) and a differential operator f
of T, ﬁ-d". Suppose an # 0. Whence an # 0 the factors of f are in one-to-one
correspondence with the factors of A,. It follows that the edges of D are in one-to-one
correspondence with the factors of A,. Notice that for i € V(D), deg® (i) = deg™ (i)

by Equation 3.2. Further, D is strongly connected as the sequence of indices from

10



i to j (cyclically, if necessary) is a walk from vertex ¢ to vertex j. Therefore, D is
Eulerian.

Suppose now that D is Eulerian and let a = (v;);—o describe an Euler tour in D.
We claim that an is equal to the number of Euler tours in D described by a. Let
m(i, j) denote the number of edges from i to j in D. Notice that

9mig)

Aw= I A" and f= ]

i,jEV(D) i,jeV (D) 614’;7"]- ,
Clearly

fAa=TI mlij)"

1,J€V (D)

Moreover, a describes [1; jev(pym(i, j)! Euler tours in D by straightforward enumer-
ation. Observe that there are |E(D)||€(D)| Euler tours in D as we may distinguish

any edge from D as the first edge of an Euler circuit. Thus,

fr(At=Y) ZfA D)|[€(D)|

as every Euler tour is described by exactly one a. O]

We conclude this section with a remark about the evaluation of Equation 3.3.
Conveniently, |€(D)| can be computed using the BEST theorem, originally appearing

in [1] as a variation of a result of [38].

Theorem 3.8. (BEST Theorem) The number of Euler circuits in a connected Eule-
rian graph G is

€(G)] = 7(G) [] (deg(v) — 1)!

veV

where T(G) is the number of arborescences (i.e., the number of rooted subtrees of G

with a specified root).

For simplicity we abbreviate 7(f) = 7(D;). Combining the BEST theorem and

the observation that |E(D)| = d(k — 1) yields the following.

11



Corollary 3.9.
Fer(ATD) = d(k = 1)r(f) T] (deg(v) - 1)
veV (D)
As a final note, recall that 7(G) can be computed using the Matrix Tree Theorem,
which makes the computation of the right-hand side of the equality in Corollary 3.9

efficient.

Theorem 3.10. (Matriz Tree Theorem/Kirchhoff’s Theorem) For a given connected
graph G with n labeled wvertices, let A1, Aa,...\pn_1 be the nonzero eigenvalues of
L(G) = D(G) — A(G). Then

A A
- St te,

7(G)

3.2.1 EULER OPERATORS AND VEBLEN HYPERGRAPHS

In Lemma 3.7 we showed that the only differential operators f for which
fr(AM D) £ 0

are the operators whose associated digraphs are Eulerian. The question remains:
which f have an Eulerian associated digraph? We answer this question with the

following graph decoration.

Definition 3.11. We define the u-rooted directed star of a k-uniform edge e to be
Se(u) = (e, {uv : v € e,u # v}).

A rooting of a k-graph H is an ordering R = (S, (v1), Se,(v2), -+, Se,, (Um)) such
that E(H) = {e1,...,en} and v; < v;41. Given a rooting of ‘H we define the rooted

multi-digraph of R to be
DR = U Sei (U’L)

i=1

where the union sums edge multiplicities. We say that a rooting R is an Euler rooting

if Dg is Eulerian. We denote the mutli-set of rooted digraphs of H as S(H).

12



Note that two distinct rootings can yield the same rooted digraph. We suppress
the subscript Dr and write D when the context is clear. We further refer to D as a

rooted digraph of H for convenience.

Definition 3.12. Given a rooted digraph D € S(H), we define the rooted operator

of D to be
0
0Auw

fo="1I
uwveE(D)
Moreover, we denote

S(H) = {fp: D € R(H)}.

In the case when D is Eulerian we refer to fD as an Fuler operator.

The notation of fD is consistent with our usage of f whence
fo | H Ii
i=1
where d; is equal to the number of times vertex 7 is appears as a root of D. If f is
a rooted operator then it is understood that there exists a (not necessarily unique)

rooting R such that, with a slight abuse of notation, f = fDR. We call such a rooting

an underlying rooting of a differential operator.

Lemma 3.13. The associated digraph of an operator f is Fulerian if and only sz

is an Euler operator.

Remark 3.14. By Lemma 3.13 the only operators which have nonzero contribution
to Try(#H) are Euler operators. We denote R(H) C S(H) to be the multi-set of Euler
rooted digraphs of H. We further denote

R(H) = {fp: D € R(H)}.

Remark 3.15. One can deduce Theorem 4.1 of [35] from Lemma 3.13 by a change
of notation: our fD is their F', our set of Eulerian associated digraphs arising from

fr is their Eg,,_1(n), and our (D) is their W(E).

13



We now show that an Euler rooting is a rooting of a special type of hypergraph.
Definition 3.16. A Veblen hypergraph' is a k-uniform, k-valent multi-hypergraph.

Lemma 3.17. An Euler rooting R is a rooting of precisely one labeled Veblen hyper-

graph.

Proof. Suppose S = (5;)"; is a rooting of a connected k-graph H. Since Dy is

Eulerian we have for all j € V(H)
deg™(j) = (k= D{i:vi=j} = [{i:vi # j,j € es}| = deg™(j)-
Fix a vertex v € V(H). We compute

degy,(v) = degp(v) + degp(v)
=Ni:v=v}+|{i:v#0v,v€el
=iz v =0} +(k=DHi: v =0}
= k|{i : v; = v}
Observe that k | degy, (v); it follows that H is Veblen by definition. Now suppose
that Hy is a connected Veblen graph such that S is an Euler rooting of Hy. As

S is a rooting of Hy, E(Hy) = E(H) and since both hypergraphs are connected
V(Ho) = V(H). It follows that H is unique. O

We combine Lemmas 3.13 and 3.17 into the following Lemma.

Lemma 3.18. We have
fr(A™D) £ 0

if and only z’ff = fD s a rooted operator. Moreover, the underlying rooting off 18

necessarily an Euler rooting of precisely one connected, labeled Veblen hypergraph.

!The nomenclature is a reference to Oswald Veblen (1880-1960) who proved an extension of
Euler’s theorem in 1912. We present a brief note about Veblen’s namesake theorem at the conclusion
of this section.
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In the following section we use Lemma 3.18 to express the codegree-d coefficient of
a k-graph as a function of Veblen hypergraphs. Here we conclude with a note about

Veblen’s theorem.

Theorem 3.19. (Veblen’s theorem [39]) The set of edges of a finite graph can be

written as a union of disjoint simple cycles if and only if every vertex has even degree.

Unfortunately, Veblen’s theorem does not extend to higher uniformity: the set of
edges of a finite k-graph H can not always be written as a union of disjoint simple

k-regular k-graphs if and only if H is k-valent. Consider the Veblen 3-graph T which

consists of three bottomless tetrahedrons each sharing a common base. To be precise,

T = <{a> b.e, 1, 23}7}2 <<{a, béc’i}> Mab, C}>> '

A drawing of T is given in Figure 3.1. Since there are only three edges containing

2

Figure 3.1 The Veblen 3-graph T where edges are drawn as triangular faces.

i € [3] it must be the case that any partition into Veblen graphs places each edge
containing ¢ into the same class. Observe that for each ¢ the vertices a, b, and ¢ each

have degree 2. Therefore, the only 3-valent edge partition is the trivial one.

3.3 THE ASSOCIATED COEFFICIENT OF A VEBLEN HYPERGRAPH

We now turn our attention to computing the codegree-d coefficient of a k-graph H

via Equation 3.1. From Lemma 3.18 we know that the only operators which satisfy

15



f tr(AY*=1D) =£ 0 are rooted operators. Furthermore, as a differential operator of
Try(Ay,) is of degree d, the underlying Euler rooting of f is a rooting of precisely one
connected, labeled Veblen hypergraph with d edges. We equate Try(H) to a weighted
sum over Euler rootings of connected Veblen graphs with d edges which “appear” in

‘H. Consider the following generalization of the notion of subgraph.

Definition 3.20. For a labeled multi-hypergraph H, we call the simple k-graph
formed by removing duplicate edges of H the flattening of H and denote it H. We
say that H is an infragraph of H if H C H. Let Vy(H) denote the set of isomorphism

classes of connected, labeled Veblen infragraphs with d edges of H.

Definition 3.21. The associated coefficient of a connected Veblen hypergraph H is

™D
Cy = — .
" Deg([{) (HveV(D) deg (U)>

The associated coefficient of a (possibly disconnected) Veblen hypergraph is
CH = HCGH for H = U Gz
i=1 i=1
We present the associated coefficient of Veblen 3-graphs with six or fewer edges

in Table 3.3.

Definition 3.22. For a k-graph H and a Veblen k-graph H = ", G; we define

(#H CH) = mw Inwn JIHS CH: S =GYl.

In the case when H is connected this simplifies to

[Aut(H)|

G S M) = K|

HS CH:S=H}Y =|Aut(H)/Aut(H)|- {SCH:S5S=H}|.

Note that for H = ", Gy, (H C H) is not multiplicative over the components of

H as

- (S ) Aut()
LG =70 =T aw @

i=1

However, we have the following identity.

16



Table 3.1 The associated coefficient of Veblen 3-graphs with six or fewer edges.

E(H) Ch

0,1,2],0,1,2],]0, 1, 2] 3/8
[0,1,2],]0,1,3],[0,2,3], 1,2, 3] 21/8
[0,1,2],0,1,4],]0,3,4],[1,2,3], 2,3, 4] 51/16
[0,1,2],]0,3,4],[0,3,4],[1,2,3],[1,2,4] 27/16
0,1,2],10,1,2],[0,1,2],[0,1,2],[0,1,2],[0,1,2] | 3/16

0,1,2],[0,1,2],[0,1,2],[0,1,3],[0,1,3],[0,1,3] | 9/8
0,1,2],0,1,2],[0,1,2],[0,3,4],[0,3,4],[0,3,4] | 9/32
0,1,2],[0,1,2],[0,1,3],[0,2,4],[0,3,4],[0,3,4] | 99/32
[0,1,2L[o,1,3L[0,1,4L[0,2,3L[0,2,4L[0,3 4 | 213/16
[0,1,2],[0,1,3],[0,4,5],[1,4,5],[2,3,4],[2,3,5] | 69/16
[0,1,2],]0,1,3],[0,3,4], [1,3,5], [2, 4, 5L[2,4 5] | 63/32
0,1,2],]0,2,3],[0,3,4],[1,3,5],[1,4,5], [2,4,5] | 129/32
mjﬁﬂjalﬂLmJﬂﬂJl4ﬁLB¢LﬂJ345] 27/32
[0,1,2],[0,1,3],[0,2,3],[1,4,5],[2,4,5],[3,4,5] | 63/16
[0,1,2],0,1,3],[0,2,4],[1,3,5],[2,4,5],[3,4,5] | 117/32

Lemma 3.23. Let H = U, G; be a Veblen k-graph. If g denotes the number of
linear orderings of the components of H (where two components are indistinguishable

if they are isomorphic) then

(#H CH) = (#Gi € H).

SF
=

Il
—

' 3
Proof. Suppose there are t isomorphism classes of components of H with represen-
tatives Hy, Ho,... H;. Denote the number of components of H which are isomor-
phic to H; as p;. Fix an ordering of the components which are isomorphic to H;,
{G1,i,G2;,...,Gy; i }. The number of distinct linear orderings of the components of

H where G; and G; are indistinguishable when G, ; = G ; is

( )
1994
1y 2,y - .oy Ut

so that



Note that for a € Aut(H), there exists 0 € &,, such that a(G;;) = G,(),. In this
way, Aut(H) induces a permutation on the isomorphism classes of the components
of H (note that this map is well-defined since the components are labeled). Let
Y Aut(H) - S, x 6, X -+ x &, be such a map. Notice ker(¢) is the group of
automorphisms of H which maps each component to itself. Appealing to the First

Isomorphism Theorem we have

Aut(H ¢
A
T2 [Aut(Gy)| i)
The desired equality follows by substitution. O]

Remark 3.24. The equation in Lemma 3.23 implies that (#H C H) is multiplicative

over its components if and only if the components of H are pairwise non-isomorphic.

Let
A(d,n) = {(dy,....dy) - > di = d,d; > 0}

be the set of arrangements of d into n non-negative parts and further let A (d,n) C
A(d,n) be the set of arrangements of d into n positive parts. For a k-graph H and
a € AT(d,|E|) let R*(H) be the set of Euler rootings of all labeled, connected Veblen
infragraphs of H which have the property that vertex v; is the root of exactly d;
edges. (N.B. We take a € A (d,|F]) as it is necessary that d; > 0 for D € R*(H) to

be Eulerian.)

Remark 3.25. Let V;(H) denote the set of (possibly disconnected) Veblen infra-
graphs of H with d edges up to isomorphism. Further let V;(H) C V;(#H) denote the

set of connected Veblen infragraphs of H with d edges up to isomorphism.

We now present a formula for Try(#) as a weighted sum over its Veblen infra-

graphs.
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Lemma 3.26. For a k-graph H

Trg(H) = d(k —1)" Y Cu(#H CH).
HeVy(H)

Proof. For convenience let |E| = |E(#H)|. We equate

> Cul#HCH) = Y (( D (U))<#HQH>)
DEeR(H)

HEVy(H) HEV4(H) vev(p)) deg™

T el

a€AT(d,|E|) \DER*(H) HUEV(D) deg_ (U)

Recall

Applying Lemma 3.18 we have

£ r( Adk=1)
Trg(H) = (k-1 Y ( 3 {Dt(A )>.

a€A+(d,|E|) \DER*(H) e (di(k —1))!

By Corollary 3.9 ,

fotr(AYDy = d(k — )rp J]  (deg™(v) — 1)!
veV(Dg)

When D € R*(H) with a = (dy,...,d,), we have deg™ (v;) = d;(k — 1). By substitu-

tion we have

Trg(H) =d(k—1)" > ( > i )

wear@z)) \pere @) Hoev(p) deg™ (v)

=dk—-1)" Y Cy#HCH).
HeVy(H)
We are now prove a generalization of the Harary-Sachs formula for k-graphs.

Theorem 3.27. For a simple k-graph H,

M) = > (=(k—1)")FCy(#H CH).

HeV;(H)
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Proof. Fix a k-graph ‘H and d > 1. From [12] we have by Equation 3.1

bu(H) = P, (— Tri(H) — Try(H) — Trd(’H)>

1 ) 5 ey 1

where
d

totg -t
Py(ti,ta, ... ta)) = > > tditdy """ b

|
m=1 dy++dpm=d m:

Fix an 1 < m < d and an arrangement a = (dy,ds,...,d,,) € AT(d,m). By

Lemma 3.26,
— Trdi (H>

= —k=D" > Ce(#G CH).

GeVy, (H)

Let V*(H) denote the set of m-tuples of connected unlabeled Veblen infragraphs of

H whose i-th coordinate has d; edges for ¢ € [m], such that >, d; = d. We have

124D e [T Y CakG C )
i=1 d; i=1GeVa, (H)
= (=(k=1)")" > Cu [[(#Gi € H)
H=G1U---UGp, i=1

For m € N, let VJ*(H) be the set of unlabeled Veblen infragraphs of H with d

edges and m components. Appealing to Lemma 3.23 we may write

_ o (_Tn(H)  Teo(H)  Tra(H)
Oq = Py ( 1 5 ¥
s L = Tr (M)
mZ::1 d1+--§lm=d ml = d
d m
=Z( SUSSIDLED ML ”)
m=1 \a€A*(m,d) HeVe(H) :

I
M=~

Ch-1m S C (’;j ﬁ(#@g%))

HEVT(H) =1

3
I

= (—(k = 1)) UCy(#H CH).

Sy
m
5
2
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3.4 DEDUCING THE HARARY-SACHS THEOREM FOR GRAPHS

With Theorem 3.27 in hand we can express the codegree-d coefficient of the normal-
ized adjacency characteristic polynomial of a hypergraph as a weighted sum of Veblen
infragraphs with d edges. In the case when G is a 2-graph our theorem simplifies to
¢a(G) = > (1) Cy(#H C Q).
HeV:
Recall that the Harary-Sachs theorem (Theorem 3.1) expresses the codegree-d coeffi-
cient as a weighted sum over certain subgraphs on d vertices, whereas Theorem 3.27
expresses the same quantity as a weighted sum over certain subgraphs with d edges.
We now argue that these two sums are equal.

An elementary subgraph of a graph G, is a simple subgraph of G whose compo-
nents are edges or cycles (see [3] for further details). In keeping with their notation,
let A4(G) be the set of elementary subgraphs of G with d vertices. Notice that a con-
nected elementary graph is the flattening of a cycle (e.g., the flattening of a 2-cycle is
an edge). Recall that cycles (and disjoint unions of cycles) are the only two regular

non-empty graphs which have an equal number of vertices and edges. Indeed
Ai(G) C {H - H € Vi(G)}.

By straightforward computation we have that the associated coefficient of a 2-cycle
is 1 and the associated coefficient of a simple cycle (i.e., any cycle which is not a
2-cycle) is 2. Restricting our attention to Ay¢(G), we have by Theorem 3.27

> (F1)Cr(#H C G) = (1) (#H C G) (3-4)

HGAd(G)

where z(H) is the number of cycles in H. Note that Equation 3.4 is the conclusion
of the Harary-Sachs theorem. We deduce the Harary-Sachs theorem from Theorem

3.27 by showing that the summands of

$a(G) = Y (=) UWCy(#H C G)

HeV
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which do not arise from elementary graphs sum to zero. We make this statement

precise with the following.

Definition 3.28. For a multigraph G and an edge e € E(G), write m(e) = mg(e)
for the multiplicity of e in E(G). Let G be a connected, labeled Veblen graph with
distinguishable multi-edges. Given a multiset P of multigraphs whose multi-edges are
indistinguishable, each on the vertex set V(G), we write P = G if, for each e € E(G)
> mp(e) = mg(e).
PeP

Lemma 3.29.
1 :G is a 2-cycle
Z (_1)C(P)CP =9 2 :G is a simple cycle
PHG
0 : otherwise.

Remark 3.30. We refer to Veblen 2-graphs as Veblen graphs. An Fuler orientation
of a graph G is an orientation of the edges of GG such that the resulting digraph is

Eulerian.

We first provide a combinatorial formula for the associated coefficient of a Veblen

graph.

Lemma 3.31. Let G be a connected Veblen graph. We have

|€(G)]

Cy= 12N
¢ [ecre mie)!

Proof. Let G be a Veblen graph. Since G is Eulerian, we write deg(v) = 2d, for

convenience. Because deg™ (v) = d, for all D € R(G) we have

1
727’1).

Ce =
HveV(G) d DeR(Q)
By the BEST theorem (i.e, Theorem 3.8) we have

eo)
HvEV(G)(dU - 1>!

™D —
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Let Np(v) denote the out-neighborhood of v in D and let deg,(v,u) denote the

number of edges directed from v to u in D. We denote

d, d,!
<ND(U)> N [Tuens ) degp(v,u)!
which is the number of linear orderings of out-edges of v in an Euler orientation D.
Consider the equivalence relation ~pg) where R ~ R’ if and only if Dr = Dp.
Note that ~ identifies two Euler rootings if their associated digraphs are the same

Euler orientation. Let [R] denote the equivalence class of R under ~. Suppose

R(G) = U!_,[R;] and note

= 11 ()

as two rootings in [R] differ only in the ordering of the u-rooted stars for v € V(G).
Let O(G) = {Ds,...,D;}, where D; = Dg,, denote the Euler orientations of G. For

convenience, we write NN; for Np,. We equate

De%: e zzt; Rl = ; (TiveV(G) <Nf€”)>> |

Substitution and simplification yields

_ z; |€(D))]

1 eva) (HuENi(v) deg; (v, U)!)

Since deg;(u, v) + deg;(v, u) = m(uv) we have

m(uv) \ m(uwv)!
deg;(u,v))  deg;(u,v)! deg;(v, u)!
so that

[lecr@ m(e)! _ [leer@ m(e)!
[Toevie) Huevie) deg;(v,w)!  Tlucvevic degz u,v)! deg; (v, u)!
v)

- H (degl (u,v)

weE(G),u<v
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Then

oy €(D))
i=1 [lvev(e) (HueN,.(v) deg; (v, U)!)
[eerc mie)! < |€(D;)]

= 2.

HeGE(G) m(e)' i=1 HUGV(G) (HuGNi(v) degi<vv u)')

_ ; : mG(uv) |
— [eer@ m(e)! ; (uveEg),u@ (degi(u,v)>) |&(D;)]
|€(G)]

 een@ m(e)!

where the last equality follows from the observation that D; has indistinguishable

multi-edges. ]
We now prove Lemma 3.29.

Proof. Let G be a connected Veblen graph which is not a cycle. Further assume that
the multi-edges of GG are distinguishable. We aim to show

Z (—1)C(P)Cp - O

PG
By Lemma 3.31 we have for connected G,

|€(G)]

Cy= -1
¢ [ecre) m(e)!

Let P =!_, P be a disjoint union of Veblen graphs. We denote

<mc(€)> __mg(e)!

P(e) ) TIymp(e)!
and

o(P)| = H ()]
We equate

( 11 m(e)!) S (=1)PCp =3 (- Per) 11 (”;GS))

c€E(G) PHG PFG c€E(G)
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Notice that [€(P)|[lcepq) (";DCES)) counts the number of partitions of E(G) into edge-
disjoint Euler circuits of graphs on V(G) with unlabelled edges which are precisely
the elements of P.

We say that an Euler circuit is decomposable if it can be written as a union of (at
least) two edge disjoint Euler circuits, and indecomposable otherwise. The number of
decompositions of Euler circuits of G into exactly ¢ parts is

mg(e)
P (‘G(P” I (5S )) '

By Inclusion/Exclusion, the number of indecomposable Euler circuits of G is

me(e)
S Y (|e<P>| (" )) -
t=1 PG, ecE(G)
We assumed that G is a Veblen graph which is not a cycle. We have by Veblen’s
theorem (i.e., Theorem 3.19) that every Euler circuit in G is decomposable. It follows
that G has no indecomposable Euler circuits; that is to say,
me(e)
NS (!@i(P)! (" )) ~ o0,
t=1 PG, e€E(G)

from which the desired conclusion follows. O
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CHAPTER 4

Low-CODEGREE COEFFICIENTS

From the Harary-Sachs Theorem (i.e., Theorem 3.1) we know that for a 2-graph G,
if p(G) =3 c;z™ " then

co=1,00 =0,c0 = —|E(G)], and c5 = —2(# of triangles).

The goal of this chapter is to provide a similar description for the low-codegree coef-
ficients of a k-graph. We begin by providing such a description for the first k proper
coefficients of ¢(H). The following is a collection of results from [12] but we provide

a new proof via Theorem 3.27.

Lemma 4.1. For a k-graph H and d € [k — 1], ¢(H)q = 0. Moreover
Or(H) = —(k = 1)" kK" 2| B(H)].
Proof. Recall from Theorem 3.27 we have

ga(H) = Y (=(k—=1)")MCy(#H C H).
HeVi(H)

Notice that for d € [k—1], Vi = 0 so that ¢4(H) = 0. Further, notice that V;; = {E}

where F, is the k-uniform edge. By Lemma 4.2 we have that

}%<lgk) = {((17[k])’(2’[k])7""(kv[k]))}'

For R € R(Ey) we have Dg = K, so that L(Dg) = kIl — J,, whose multi-set spectrum
is {0, k,k, ..., k}. By Kirchoff’s Theorem we have 7p = k*~2 so that

kk72

o= G
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Substitution yields
cr = (=(k = )")Cp (#E, C H) = —(k = )" K" ?|E(H).
O

We begin by providing insight into the computation of Cy. Then we turn our
attention to an explicit formula for ¢y (7). In the final section we provide an explicit

combinatorial formula for the first six proper leading coefficients of a 3-graph.

4.1 COMPUTATIONAL NOTES

For an arbitrary Veblen k-graph we compute Cy by first determining a list of all
Euler rootings. Then for each Euler rooting we compute the corresponding summand
via Kirchoft’s Theorem. The difficulty in this computation is in determining the set
of all Euler rootings efficiently. The following lemma imposes a necessary condition

on rootings.

Lemma 4.2. Let H be a Veblen k-graph. Fizt € N and d such that tk < d < (t+1)k.

Let fdl,d2 ,,,,, a4, be a differential operator of Trq(H). If d; >t then
ftr(A%=Dy = 0.
In particular, if ftr(Ad(k‘l)) £ 0 then d; < L%J and this bound is sharp.

Proof. Consider Try(H) and fix a differential operator fdth d4,- Observe that for

D = D; we have deg} (i) = (k—1)d; and degp, (i) < d—d;. Without loss of generality,

suppose dy > t. Then
degp(1) <d—dy <d—(t+1)<(t+Dk—(t+1)=(t+1)(k—1) <degh(1).
By Euler’s theorem D does not have an Euler circuit. Appealing to Lemma 3.7,
ftr(Ad(kfl)) =0
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and the first statement follows.

we have by our first statement d; < t < |d/k]. To see that this bound is sharp, fix
t € Nand k > 2. Set d := kt and consider Try(H) where H = ([k], {d x [k]}) is the
k-uniform edge with multiplicity d. Choosing d; = t for each i € [k] yields precisely

one differential operator f as

Observe that D is the complete multi-digraph on k vertices where each pair of vertices
has ¢ edges oriented in both directions. By Euler’s theorem D has an Euler circuit.
Let « describe such a circuit. By our previous claim A, survives f SO f tr(A4F=1) =£ 0

as desired. O

Note that, for the classical Harary-Sachs Theorem, the number of elementary
graphs (explained in the next section) one needs to sum over for the codegree-d
coefficient is simply the number of partitions of d into positive parts. The number of

Veblen 3-graphs is exponentially larger.

Remark 4.3. Lemma 4.2 is most useful when d is close to k in value. In particular,

if d < 2k then d; = 1 for all 4.

Recall that V; and V; denote the number of connected and (possibly) disconnected

Veblen 3-graphs with d edges. We have computed
(WVal)g2y = (0,0,1,1,2,11, 26,122,781, ...)

and further

(Vi3 = (0,0,1,1,2,12,27,125,795, . ..)

see A320648 [36].
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4.2 THE CODEGREE-(k + 1) COEFFICIENT OF A k-GRAPH

e o 1)

be the k-uniform simplex. It was shown in [12] that the k-uniform simplex is the only

Fix k > 2 and let

connected Veblen hypergraph with k£ + 1 edges, up to isomorphism. Moreover, it was

shown for a k-graph H
¢k+1(K1§i)1) = —(k—1)""Cy(#H C H)

for some constant Cj depending only on k. The authors of [12] were able to show
that Cy = 2, C3 = 21, Cy = 588, C5 = 28230 via laborious use of resultants. In this
section we provide an explicit, efficient formula for C} and use it to compute Cigp.
To that end, we first describe the set of rootings of the k-uniform simplex.

For the remainder of this section let H denote the k-uniform simplex K ,gkﬂ).
Observe that the i-th coordinate polynomial of Axx®*~! can be written

=Y T1To ... Tpiq
oy ;T

for i € [k + 1]. Let Dgy1 be the set of derangements of [k + 1], i.e., permutations

without any fixed points. Recall that S, (u) is the u-rooted directed star of e.

Lemma 4.4. For 0 € Dy, define

k+1
Dy = | Sk foiiny (4)
=1

Then
R(H)={D,:0 € Dyi1}.

Proof. Let 0 € D1 and consider D,. We suppress the subscript and write D for

convenience. Note that D is Eulerian whence
degh(j) = (k=i vi=j} =k—1=[{i:v; #j,j € ei}| = degp())
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for all j € [k+1] as there are exactly k edges which contain j and o is a derangement.
Suppose D € R(H). As D is Eulerian we have by Lemma 4.2

k+1

D = |J Sprap g (9).
=1

In particular, {vy,..., 1} = [k + 1]. Observe that o = {(i,v;)}iF} € D4y is a

derangement. The conclusion follows from the fact that D = D, . O
This immediately implies the following.

Lemma 4.5. For the k-uniform simplex H,

To

Cy = — .
0E€ED 11 HUEV(DU) deg (U>

We now show that a summand in the aformentioned formula of C'y depends only

on the cycle type of the derangement.

Theorem 4.6. Let 0 € D1 with cycle decomposition cics . ..c, where cycle ¢; has

length ¢;. Then

1 L 2 £i+1
Cn = (k — 1)F1(k + 1) > H(k +(-1) )

0=c1C2...ctED 41 1=1

We first prove a technical lemma. The notation spec(M) denotes the ordinary

(multiset) spectrum of a matrix M.

Lemma 4.7. For o € S,41, spec(My — J) = (spec(M,) \ {1}) U {—n} where M, is

the permutation matrix associated with o.

Proof. Let o be a permutation of [n+ 1] with cycles ¢q, o, ..., ¢; of length Iy, 15, ... 1,

respectively. Recall that the spectrum of M, is given by

spec(M,) = LG G- 'Y
=1
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and note that the spectrum of M, depends only on the cycle type of . Without loss of

generality, suppose that the cycles of o are increasing (i.e., [1, 6], [¢1+ 1,6+ (4], ...).

Consider the following block partition

Bi —Joy ... —Js

Ty By ... —Jp
MO‘_ n+l —

—ng —JgZ Bt

where B; is the [; X [; square circulant matrix corresponding to ¢;,

-1 0 -1 ~1
~1 -1 0 ~1
B; =
~1 -1 -1 ... 0
0 -1 -1 ... —1

Let 5 > 0 and consider the eigenpair (CZZ_, x) of M,. We compute

(My — J)x = M,x —Jx=(lx—0=(/x

where Jx = 0 because the coordinates of x corresponding to C; are the complete set

of ¢;~th roots of unity.

We now show 1 € spec(M, — J) has a geometric multiplicity of £ — 1. Fix 1 <i <

t — 1 and consider x € C"! where

1 1 j € G
Xj = —gﬁl 1] €Cin
0 : otherwise.
For j € C; we have,
l;
(Mo — J)x); = —(li — 1) + ﬂ(@ﬂ) =1=x;,
i+
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for j € C;11 we have,

¢; ¢;
(M = J)x)j = —li+ —(lip1 — 1) = —— =x;,
lita liva
and for j ¢ C;, C;41 we have
l;
(Mo = J)x); = =i + 57— (liy1) = 0 =x;.
liya

Therefore, (1,x) is an eigenpair for 1 < i < t; moreover, these vectors are linearly
independent.

Finally, consider the all-ones vector 1 € C"*! where
(M, — J)1 = —nl
so (—n, 1) is an eigenpair of M, — J. We have shown
spec(M, — J) 2 (spec(M,) \ {1}) U{—n}

and the reverse inclusion follows from the observation that the multiplicities on the

right-hand side add up to (at least, and therefore exactly) n + 1. ]

We now prove Theorem 4.6.

Proof. Consider

Cu= Y To

OEDk+1 ev(p,) deg” (v)

Applying Lemma 4.2 (choosing d = k + 1) implies that each vertex of H is a root of
exactly one edge in an Euler rooting of H. It follows that, for all o € D1,

[T deg (v) = (k— 1"

UEV(DO‘)

Thus,
CH:¥ Z To-

— k+1
(k 1) * U€©k+1

Consider o = ¢q¢y . .. ¢; where cycle ¢; has length ¢;. Observe that
L(D,) =kl + M, —J.
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Since spec(kl + M, — J) = k + spec(M, — J) we have by Lemma 4.7 and Kirchoff’s

theorem
R L (K + (—1)+)
o k41
The desired equality follows by substitution. O]

Remark 4.8. It was shown in [12] that

Gy (H) = =Cy(k —1)"*
and by Theorem 3.27 we have

Or+1(H) = —Ch(k —1)"
In our notation, we can write Cy, = (k — 1)*Cj.

For ease of computation we consider C}, instead of C'y. As it is stated, Theorem
4.6 is slow to compute as |D,1| ~ n!/e. However, summing over all derangements
of [k + 1] is wasteful, as we have shown C}, is a function only of the cycle structure of

o. In fact,

IT (k% + (1))

i=1

is constant for derangements with the same cycle type. We present a reformulation

of Theorem 4.6 which has the advantage of considering a smaller search space.

Definition 4.9. Let P(n) be the set of partitions of n and let Psa(n) C P(n) be
the set of partitions of n into parts of size at least 2. For p € Pso(k + 1), let
Dii1(p) € Dpyq be the set of derangements whose cycle lengths agree with the
parts of p. Further, for a partition p € P(n) let V, : [n] — [0,n] be the map

Vo(i) = {i - pi = i}

We reformulate Theorem 4.6 (for Cy) as follows.
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Corollary 4.10.

1 : Di pit1
A I N G R (GRS

=(p1,...,pt) EP>o(k+1 i=1

where

(k+1)!

e = ) (e v 0)

Proof. 1t is sufficient to show

(k+1)!
(I p) (115 V601

for p=(p1,...,pt) € Pso(k+1). Let A : Spy1 — Dyy1(p) by

Dr1(p)| =

A(o) = (0(1),0(2),...,a(p)) o1 +1),...,0(p1 +p2)) ...

Note that A is surjective. Since a cycle of A(¢) can be written with any one of its p;
elements first and there are [[¥%) V,(i)! linear orderings of the cycles by non-increasing

length we have for § € D4

In particular, |A7!(4)| is constant for § € D1(p) so that

(Sreal = D 1AT()

0€Dp11(p)
which implies
(G
© =
| k+1(p)| ’Afl(é‘”

[]

Remark 4.11. Corollary 4.10 reduces the number of summands in the computation

of C} exponentially because

log | Po o) (m)] < log | P(n)] ~ /203,

but log |9,,+1| ~ nlogn.
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We have computed the first few values of Cj to be

Cs = 2092206

Cr7 = 220611384

Cs = 31373370936
Cy = 5785037767440

Cho = 1342136211324090

Choo = 343345241982479590844776717586346303452689609890358711139013913758
779957888170716788865639598053642953208929209278848309297069686374206
618031496101898485314300253248855334075609527915686375386625810970778
814182546067369319275314946445603388115577892354872286012782651661555
310652736903712206018668653541524263903668524799914172228056595466145
2080249009900

so that Cigg & 3.433...-10343, see A320653 [36]. Note that Cy = 2 gives the well-known

result that, for a graph G
¢3(G) = —2(# of triangles in G).
We conclude by presenting the asymptotics of Cj.
Theorem 4.12. C), ~ (k + 1)!k* s0 C), = exp(klog k(2 + o(1)).

Proof. As o is a derangement it follows that the length of each cycle is at least 2.

Notice

t
Dl -1 <Y (ka(—l)liﬂ)S|@k+1|<k3—1>i

o=c1c2...ct€ED 11 \1=1

which implies

> (f[ K (—U““) o e DI

U:CIC2~~~Ct€®k+1 =1 €
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Thus,

. Ck . |©k+1|]{7k+1 1
lim ——— = lim " — =
k—oo (k4 1)IkFHT  k—oo (K + 1)IEFT e
and we have Cj, ~ (k + 1)!kF+L. O

4.3 Low-CODEGREE COEFFICIENTS OF 3-GRAPHS

We provide an explicit formula for the first six proper leading coefficients of the
characteristic polynomial of a 3-graph. Let H be a simple 3-graph with n vertices.

We write (#H € H) = |{S CH :S = H)|. From [12] we have that ¢; = 0,cy = 0,
cg=—3-2"2(#ecH),
where e = K. §3) is the single-edge hypergraph and
e =21-2"3(#KP e H).

We use Theorem 3.27 to situation these results and further provide an analogous
description of ¢5 and ¢g. Clearly there are no Veblen 3-graphs with one or two edges
as each vertex must have degree at least three. It follows that ¢;,co = 0. There is
only one Veblen 3-graph with three edges, the single edge with multiplicity three. By

Theorem 3.27, then, we have
. 3
C3:—2 g(#GEH)

Similarly, [12] observed that the only Veblen 3-graph with four edges is the complete
graph, which implies
21
=2 (# K e ).

For the case of c5 we have

51 27
Cy = —om (16(# F571 € H) -+ E(# F572 c H))
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where I's; is the tight 5-cycle and I's- is the 3-pointed crown (given explicitly in

Figure 4.1). We further compute

2
g = 22 . 9 <<#€EH)> _9on (3(#6 eH)+ 2(#1}11 €M)+ :392(#F6,2 €H)

64 2
99 213 69 63
+§ 2(#F636H)+7(#F64 H)"’E(#FG,SGH)_I'*(#FG,GEH)
129 27 63 117
b (#Tor € M)+ o 2# Tas € H) + 2= (#Too € H) + oo (# To e’H))

where I'g; are provided in Figure 4.1.

Table 4.1 Some connected Veblen 3-graphs and corresponding values.

I ET) Cr | [Aut(L)|/[Aut(I)|
Tsq | (123)(125)(145)(234)(345) 51/16 1
Tso | (123)(145)(145)(234)(235) 27/16 1
ol (123)3(124)° 9/8 1
To. (123)%(145)° 9,/32 1
o3 (123)%(124)(135)(145)? 99/32 2
T | (123)(124)(125)(134)(135)(145) | 213/16 1
Tes | (123)(124)(156)(256)(345)(346) | 69,16 1
Lo (123)(124)(145)(246)3 63/32 1
Tor | (123)(134)(145)(246)(256) | 129/32 1
To.s (123)2(124)(356) (456)2 27/32 2
Teo | (123)(124)(134)(256)(356)(456) | 63/16 1
To10 | (123)(124)(135)(246)(356)(456) | 117/16 1
Ty, (123)%(145) 9,/32 2
Ty (123)3(145)3(246)3 9/8 1
To.4 (123)%(145)3(167)3 81/128 1
N (123)°(145) 9/32 2
Tz (123)5(145)° 27/64 1
T (123)5(145)3(167)3 81/128 3
Tioa (123)5(145)3(246)3 63/32 3
Tios (123)3(145)%(167)%(246)? 459/64 1
Tiog (123)3(145)3(246)3(356)° 255/16 1

Remark 4.13. The Fano Plane is a Veblen 3-graph with seven edges. The associated
coefficient of the Fano Plane is 87/16 = 5.4375.
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CHAPTER 5
STABLY COMPUTING THE MULTIPLICITY OF KNOWN

RooTs

Given a k-graph H we aim to compute ¢(#). Unfortunately, the resultant is known
to be NP-hard to compute [22]. An efficient method for computing the resultant, even
in special cases, would impact several fields of mathematics, perhaps nowhere more so
than computational algebraic geometry. Performing this computation directly using
built-in routines has proven to be intractable even for 3-uniform hypergraphs with few
vertices. Nonetheless, one can attempt to imitate classical approaches to computing
characteristic polynomials of ordinary graphs.

A notable example of this is the work of Harary [23] (and Sachs [33]) who showed
that the coefficients of ¢(G) can be expressed as a certain weighted sum of the counts
of subgraphs of GG. This formula allows one to compute many low codegree coefficients
— i.e., the coefficients of %% for k small and d = deg(¢y) — by a certain linear
combination of subgraph counts in . Alas, this computation becomes exponentially
harder as the codegree increases, making computation of the entire (often extremely
high degree) characteristic polynomial impossible for all but the simplest cases.

We could instead view the leading coefficients as the result of mixing minimal
polynomials of ¢(#H) according to their multiplicity. We make this problem precise

as follows.

Problem 5.1. Let K be a field of characteristic zero. Is it true that a monic poly-

nomial p € K|[xz] of degree n with exactly k distinct, known roots is determined by
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its k proper leading coefficients?

We answer Problem 5.1 via an algorithm which allows us to stably compute the
multiplicity of each root exactly. The algorithm is stable in the sense that if an eigen-
value is approximated by an e-disk, where € depends “reasonably” on the parameters
of the problem, the resulting disk approximating its multiplicity contains exactly one
integer. Furthermore, the computational complexity of the algorithm is quasi-linear
in nb where b = O(lne) and n is the number of roots. We address the problem of

computing o(H) in the following chapter.

5.1 DETERMINING THE MULTIPLICITIES OF KNOWN ROOTS

Given the set of roots of a polynomial without multiplicity and an appropriate num-
ber of leading coefficients, one can determine the multiplicity of its roots using the
Faddeev-LeVerrier algorithm, a matrix form of the Newton Identities. We analogize

this result as follows.

Theorem 5.2. Let p = Y1, c;z" " € K|z] be a monic polynomial with known degree
n, k + 1 distinct roots, ro = 0,7r1,79,...,7k, with multiplicity mqg, my, ma, ... My,

respectively. Then the multiplicities are uniquely determined by co = 1,¢q, ..., Ck.

Furthermore, p may be determined by fewer than k proper coefficients when K is

not algebraically closed.

Theorem 5.3. Let p= Y0, ciz" " € K|x] be a monic polynomial such that p(0) # 0.
Suppose p = [Ii_, ¢ for q¢; € Klx]. The multiplicity vector m = (my,...,my)7 is
uniquely determined by the t proper leading coefficients if and only if V € K™ s

non-singular where

Vig= >

r:q;(r)=0
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Remark 5.4. Observe that when ¢; = x — r; (i.e., p splits over K) Theorem 5.3

provides the same conclusion as Theorem 5.2.
We begin with a proof of Theorem 5.2.

Proof of Theorem 5.2. Fix such a monic polynomial p with distinct roots ro = 0, 71,

..., rg with respective multiplicities mg, mq, ..., mg. Ignoring ry for a moment, let
r=(ry,...,me)" and m = (my,...,my)T. We denote the Vandermonde matrix
1 1 1
1 T2 Tk
= 2 2 2
4 T T3 Tk
T’f_l 7’5‘1 rk_l

and consider

L To Tk
r2 r2 r?
17 i
% —
koook k
riorko ok

Let p € K" where
k
pi =) _1ym;
=1
then

Vom = p.

Notice that Vy = V diag(r) is non-singular as it is the product of two non-singular
matrices. We have then

m =V, 'p. (5.1)

We present a formula for p which is a function of only the leading k£ + 1 coefficients

of p.
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Let A be the diagonal matrix where r; occurs m; times and note
p(z) = det(zl — A).
By the Faddeev-LeVerrier algorithm (aka the Method of Faddeev [19]) we have for
j=1
:—ch] i tr(AY) ——chJ iPs.- (5.2)

Let ¢ = (c1,¢9,..., )T, A = —d1ag(1, 1/2,..., 1/k), and

co=1 0 ... 0
C1 Co ... 0

C =
Cr—1 Cr—2 ... (

By Equation 5.2, ¢ = ACp. Moreover, as A and C are invertible we have p =

(AC)"tc. Tt follows from Equation 5.1 that
= (ACVp) e (5.3)
Furthermore, mg=n — 1 - m. O

We briefly remark about the proof of Theorem 5.2. Problem 5.1 has a flavor of
polynomial interpolation: given k points, how many (univariate) polynomials of de-
gree n go through each of the k£ points? If n < k — 1 the polynomial is known to be
unique and is relatively expensive to compute (as any standard text in numerical anal-

ysis will attest). Our proof technique mimics this approach as the classical problem

of determining p = Y% ¢;z* V= which resembles k distinct points {(x;,y;)}% |,
can be solved by computing

Vic=y
where ¢ = {(cy_1,Cr_2,...,c0)T, V is as previously defined given r; = z;, and y =
(y1,...,yr)T. Suppose for a moment that each root is distinct so that

k

p(z) = H(:c —13).

i=1

41



Then c;, the codegree-j coefficient, is precisely the jth elementary symmetric polyno-
mial in the variables r,...,7;. In the case of repeated roots we have that c; can be
expressed using modified symmetric polynomials in the distinct roots where r; is re-
placed with (";L)rg . The expression for each coefficient via these modified symmetric
polynomials is given by Equation 5.2.

Note that if the roots of p are known, it is possible to determine p with fewer
coefficients than the number of distinct roots (e.g., when p is a non-linear minimal
polynomial). We modify Theorem 5.2 to include the case when some of the roots are

known to occur with the same multiplicity. We now prove Theorem 5.3.

Proof of Theorem 5.3. The proof follows similarly to that of Theorem 5.2. First

suppose that V is non-singular. Let m = (m,,...,m;)’ and
t
pi=, ( > “) m; = (Vm);
J=1 \r:q;(r)=0

so that if V is non-singular, m = V~!p. Let A be defined as in Theorem 5.2: the

diagonal matrix where the roots of ¢; occur m; times and note
p(z) = det(zl — A).

We have by the the Faddeev-LeVerrier algorithm, for 7 > 1

1 : 1J

Cj = — - Z Cj—z' tI'(Al) = —— Z Cj—ipi

J iz J izt

so that for ¢ = (cy,..., )T, A = —diag(1,1/2,...,1/t) we have
m = (ACV) e

If instead m is uniquely determined by the first ¢ proper coefficients then Vm =

(AC)~'c has exactly one solution, hence V is non-singular. O

As a non-example, consider the minimal polynomial of o = v/2, g, () = 22 —2 €

Z[zx] and suppose

p=q' =24 02" — 2d2* % 4 ... € Zx].
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Observe that we cannot determine d given ¢; = 0; moreover, this conclusion is un-

surprising, given the hypotheses from Theorem 5.3, since
V= [V2-v3=ect

is singular. However, by inspection we could determine d given ¢y = —2d and in fact
the matrix [v2° + (—v/2)?] = [4] € C is non-singular. Indeed we could determine

d with a simple change of variable: apply Theorem 5.3 to py = (y —2)¢ where y = 22

5.2 THE STABILITY OF COMPUTING MULTIPLICITIES

We now consider the feasibility of computing m over C. In general, the matrix Vj
in Theorem 5.2 may be poorly conditioned, so this calculation is often difficult to
carry out even for modest values of k. The goal of this section is to show that if
each root of a monic polynomial p(z) € Z[z| is approximated by a disk of radius at
most €, a “reasonable” precision, then the interval approximating m;, resulting from
a particular algorithm, contains exactly one integer. That is, we provide an algorithm
for exactly computing m via SageMath [10] with substantially improved numerical

stability over simply applying the Newton Identities.

Theorem 5.5. Let p(z) = Si_jcia'™" € Z[z] be a monic polynomial with distinct
nonzero toots ri,...,r, such that |ri| > |ra| > -+ > |r,| > 0. If each root is

approzimated by a disk of radius € such that

mar m n m n(l4o(1))
< =
° S 9Ty (MRc) (M&)

where
o M = max{max{|r; —r;|},1} and m = min{min{|r; —r;| : 7 # j},1}
e R =max{|r1|,1} and r = min{|r,|, 1}
o ¢ = max{max{|¢|},,1}.
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then the resulting disk approzimating m; = (ACVy)~'c; € Z contains exactly one

integer (i.e., the computation of m is exact).

Notice that MRe > 1 and MRec = 2 for 2™ — 1 when n is even. Roots of
unity occur frequently in the spectrum of hypergraphs; see Section 3. In particular,
k-cylinders — essentially k-colorable k-graphs — have a spectrum which is invariant
under multiplication by the kth roots of unity. Consider now p(x) = 2™ — 1. We have

m = /2 — 2cos(2*) so that

n+2

(2 —2cos(28)) 2
93n+7p5

€<

While £ may seem small, we are chiefly concerned with the number of bits of precision
needed to approximate each root. Indeed for 2" — 1 we need |Ine| = O(nlnn) bits

of precision by the small-angle approximation.

Remark 5.6. The bound on ¢ is “reasonable”, as the number of bits required to
approximate each root is proportional to the number of distinct roots of p and the
logarithms of the ratio of the smallest difference of the roots with the largest difference

of roots, the largest root, and the largest coefficient.

For the algorithm we describe below, the computational complexity of computing
m is quasi-linear in nb where b = O(In¢€) is the requisite number of bits of precision
given. More precisely, the complexity is the maximum of O(nblnnb) and O(n’) where
J is the best known exponent of matrix multiplication, currently [25] at § ~ 2.373
but widely believed to be 2 + o(1). As we will see, m can be written as a product
of n x n matrices and length n vectors populated by entries with O(nb) digits. The
complexity follows as the number of digits needed to approximate each entry in the
product of two such matrices/vectors is O(nb).

In practice, the difficulty of computing m as described in Theorem 5.2 is in com-

puting the inverse of the Vandermonde matrix, whose entries may vary widely in
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magnitude and which may be very poorly conditioned. The task of inverting Van-
dermonde matrices has been studied extensively. Eisenberg and Fedele [15] provide a
brief history of the topic as well results concerning the accuracy and effectiveness of
several known algorithms. However, these algorithms provide good approximations
for the entries of V!, whereas we seek to express them exactly as elements of the
field of algebraic complex numbers, since m is a vector of integers. Soto-Eguibar and

Moya-Cessa [37] showed that V! = AW L where A is the diagonal matrix

n 1 e
Hk:l:k7éi Ti—Tk = ']

0 LA,

A, =

2y

W is the lower triangular matrix

0 1>
Wi =
H’]:;L:j+17k;éi<ri — 1) : otherwise,

and L is the upper triangular matrix
0 1<
Lij=191 i=7
Li—l,j—l — Li—l,jri—l NS [2, n],j € [2,2 — 1]
Using this decomposition, it is possible to compute m exactly. To prove Theorem 5.5
we first provide an upper bound for the diameter of the disk approximating an entry of
A, W, and L, respectively; to do so, we extensively employ computations of Petkovi¢
and Petkovi¢ [29] found in Chapter 1.3. We present the necessary background here.
Let D(z,¢) be the open disk in the complex plane centered at z of radius €. For
A= D(a,r), B= D(b,ry) complex open disks, we have
1. A B=D(atb,r; +rs)
_ b T
2. 1/B =D (gptg i)

3. AB = D(ab, |a|ry + |b|ry 4 r172)
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In particular, for the special case of A™ we have
D(a,m)" = D(a", (la] = )" — [a]"). (5.4)
Moreover, given 0 < r; < 1 < |q
(la] =)™ = la[* <ri(2a])” (5.5)
since
= = o < 3= (3 )otll"* < mClal
Finally, let d(A) = 2r; denote the diam_eter of A and let
|A| = |a] +
be the absolute value of A. Then for u € C we have
1. d(A+ B) =d(A) + d(B)
2. d(uA) = |u|d(A)
3. d(AB) < |Bld(A) + |Ald(B)

For the remainder of this paper some numbers will be exact (e.g., rational num-
bers) while others will be approximated by a disk. The non-exact entries of a matrix
M € C™" will be referred to as disks; this will be clear from the problem formulation
or derived from the computations. With a slight abuse of notation we use d(}M; ;)
and |M; ;| to denote the diameter and absolute value of the disk approximating the

entry M, ;. Moreover, we write
d(M) = max{d(M,;) :i,j € [n]} and |M| = max{|M, ;| : i,j € [n]}.

In the case when the entry is exact, the diameter is zero and the absolute value (of

the disk) is simply the modulus.
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Theorem 5.7. Assume the notations of Theorem 5.3, let V' denote the Vandermonde
matriz from the proof of Theorem 5.2, and let V=1 = AWL by Soto-Equibar and

Moya-Cessa [37]. Then

2n+4 n
d<v—1) S 2 2” (MR> c
m m
and
M n
V7 <2n <R> :
m
Proof. Let

D; = D(r,¢)

denote the disk centered at r; with radius . By Equation 5.5 we have for s # ¢

d(A) <d ((Ds i Dt)n)
<2t (m2 _26(26)2) <m2 _m<2€)2>

22n+2

- mnt2 &

since € < m/4,
d(W) <d((Ds — Dy)") < 2" M"e,
and

d(L) < d(Dg) < (2R)"e.

We first consider d(AW). Observe that AW is upper triangular and each nonzero

entry of AW is a product of exactly one nonzero entry of A and W. In this way

22n+3 MA\™
AAW)ig) < Wigld(Bi) + [AigldWeg) < == () e

m2 \m
and

AW < 2 (M) |
m

We now determine d(AW L) by first computing

22n+4 (RM)n
— g.

A((AW)iLes) < |Lujld(AWig) + [AWinld(Lyg) < =5

m
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Hence

n 22ntdy (RM ) n

m

and

[]

In our computations we are concerned with V5 = V' - diag(r) where diag(r) =
diag(ry,...,r,) so that
Vot = diag(r) 'V L

The following Corollary is immediate from the observation that

d(diag(r) ™) <

SN

Corollary 5.8.

(V) <

22n+6n (MR> n
— £

m2r m

and

T m

2 RMN\"
it < 2 () .

We are now able to prove Theorem 5.5.

Proof of Theorem 5.5. Recall m = V; '\C~'A~'c as defined in the proof of Theorem
5.2. Fortunately, the remainder of the computations are straightforward as C~!, A=1,

and c have integer, and thus exact, entries. As
0 1<

Cij=11 =

Z?J

we have

d(VO_IC’_l) < n(nc”_l)

227’L+6n (MR)” 22n+6n3 (MRC)n
- |\ —— g = €

m2r m m2re m
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Further, since A~ = —diag(1,2,...,n) we have

22n—|—6 4 M n
AVFC AT < | —nla(vte) = S (R

m2re m

and, finally,

AV O A Ye) < ne - d(Vy O IATY
92n+67,5 (MRc)” 1
< €

m2r m

Thus each interval will contain at most one integer as desired.

49



CHAPTER 6

DETERMINING THE SET SPECTRUM OF A HYPERGRAPH

In the previous chapter we showed that the characteristic polynomial of a hypergraph
could be stably computed given its set spectrum and an appropriate number of leading
coefficients. We now consider the problem of determining the set spectrum of H. In
this chapter we summarize the Lu-Man Method which allows us to compute the
totally nonzero eigenvalues (defined below) of a hypergraph. We then prove that
the set spectrum of a hypergraph is contained in the union of the totally nonzero
eigenvalues of all of its subgraphs. We further provide a partial characterization of
precisely which of these eigenvalues extend to eigenvalues of the host hypergraph.
This methodology is novel to spectral hypergraph theory as the same statement is

not true for graphs (c.f. Cauchy Interlacing Theorem).

6.1 THE Lu-MAN METHOD

The Lu-Man Method was introduced in [27] to study the spectral radius of a hy-
pergraph and was further developed in [2], [40], etc. The method is based on the
concept of an “a-consistent labeling” which is an assignment of complex values to

every vertex-edge pair which satisfy certain conditions.

Definition 6.1. ([40]) A generalized weighted incidence matrix B of a hypergraph H
is a |V| x | E| matrix such that for any vertex v and any edge e, the entry B(v,e) =0

if v¢eand B(v,e) #0ifv € e.

Definition 6.2. ([40]) A hypergraph is called consistently generalized a-normal if
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there exists a generalized weighted incidence matrix B satisfying
1. Yepee Bv,e) =1, for any v € V(H)
2. Tlyee B(v,e) = a for any e € E(H)

3. for any cycle vpejviey ... vy (Vg = vp),

A totally nonzero eigenvalue of a hypergraph is a nonzero eigenvalue which cor-
responds to an eigenvector with all nonzero entries. We denote the set of all totally

nonzero eigenvalues of H as ot (H) C o(H).

Lemma 6.3. ([40]) Let H be a connected k-uniform hypergraph and X\ # 0. Then
A is a totally nonzero eigenvalue of H if and only if H is consistently generalized

a-normal with o = \7F.

As the totally nonzero eigenvalues of a hypergraph are roots of its characteristic
polynomial it is natural to define the a-polynomial of a hypergraph so that ot (H) =
{X : ay(A\) = 0}. When appropriate, we write a(#H) for simplicity. We refer to the
process of determining the a-polynomial of a hypergraph and all of its subgraphs via
a-consistent labelings as the Lu-Man Method.

Computing o(H) by way of ot(H) for H C H involves solving smaller multi-
linear systems than the one involved in computing (). Generally speaking, |o(H)|
is considerably smaller than the degree of ¢(#H). In practice, this approach has
yielded ¢(H) when other approaches of computing ¢(#) via the resultant have failed.
In general, using the Lu-Man Method to determine the set of all totally nonzero
eigenvalues of a hypergraph can be difficult as it involves determining a Grobner
basis a multi-linear system of (possibly non-homogeneous) equations with k|F| + 1

unknowns; however, this method has been fruitful in practice.
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We begin by providing a partial characterization of eigenvalues which are inherited
from subhypergraphs. This characterization allows us to fully describe the spectrum

of hypertrees. We conclude by providing a spectral characterization of power trees.

6.1.1 INHERITING EIGENVALUES FROM SUBGRAPHS

Recall that a vector is totally nonzero if each coordinate is nonzero and an eigenpair
(A, x) is totally nonzero if A # 0 and x is a totally nonzero vector. Given a vector
x € C" the support supp(x) is the set of all indices of nonzero coordinates of x. Let
x° denote the totally nonzero projection (by restriction) of x onto C/s"P™)|. For ease
of notation, we assume that the coordinate indices of vectors agree with the vertex
labeling of the hypergraph under consideration. We denote the induced subgraph of
HonUCV(H) by

H[U] = (U, {v1...vp € E(H) :v; € U})

and write H C H to mean H = H[U] for some U C V(H). We begin by proving that

an eigenpair of H can be projected onto its support.

Lemma 6.4. Let (\,x) be a nonzero eigenpair of the normalized adjacency matriz of

a k-uniform hypergraph H. Then (X, x°) is a totally nonzero eigenpair of H[supp(x)].

Proof. As (A, x) is an eigenpair of H,
n
k1
Z ajizi&“ikx@xig N (L’ik = /\Ij

192.92,..., 0 =1

for j € [n] by definition. Let m = |supp(x)| and suppose without loss of generality
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that supp(x) = [m]. For j € [m]| we have

= E Qjigis...ifLigLig « - - Liy,
Q0.0 ig=1
m

= Z Qjinis...ipy LigLiz « + + Liy -
12.92,...,i=1

Thus, (A, x°) is an eigenpair of H[m| by definition; moreover, (A, x°) is totally nonzero,

as each coordinate of x° is nonzero by construction. ]

It is not hard to see that if (A, x) is a nonzero eigenpair of H then \ is an eigenvalue
of H[supp(x)] € H, the subgraph of H induced by the support of x [8]. This implies
that the nonzero set spectrum of a hypergraph is contained in the union of the totally
nonzero eigenvalues of all of its subgraphs (c.f. Cauchy’s Interlacing Theorem). That

is for k > 2,

We now consider the inverse problem: when can we extend a totally nonzero eigenpair

of an induced subgraph of H to an eigenpair of H?

Definition 6.5. An induced subgraph H[U] C H is isolated if E(H[U U {v}]) =
E(H[U]) for all v € V(#H). Moreover, a hypergraph is insular if every connected

induced subgraph is isolated.

Intuitively, an isolated induced subgraph has the property that including any one

additional vertex to its vertex set does not induce additional edges.

Lemma 6.6. Suppose H = H[U] C H is an isolated induced subgraph, then for
(A, x) € oT(H) we have (A\,x') € o(H) where x|, = x, for v € V(H) and is zero

otherwise.
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Proof. Let H = H[U]. Recall that (A, x) must satisfy

_ k—1 e —
bi = )\SL‘Z - Z Ljy T jq Ljj_q = 0
{691,925 >Je—1YEE(H)

for i € V(H). Let i € U and note that for {7, j1,j2,...,Jk—1} ¢ E(H) there is some

t € [k — 1] such that j; ¢ U which implies x;, = 0. Indeed
TjyTjp -+ Tjyy = 0.

Whence (A, x°) € ot (H),

_ k—1
pi = Ari = > Tj\ gy - Ty
{6,31,52,,Jk—1YEE(H)
—_— kil . . DY . f—
- )‘xi - Z Ljy gy Ljp_1 = 0.

{iaj17j27“".jk71}€E(H)

Instead suppose i ¢ U. Note that any edge containing i is not an edge in H. Moreover,
as H is isolated in H, every edge {4, ji, J2, .- ., jk—1} ¢ F(H) has at least two vertices

not in U. Indeed, there exists a ¢ € [k — 1] such that z;, = 0. In particular,
Tjy gy - Ty, = 0
so that p; = 0. O

Observe that Lemma 6.6 yields a sufficient condition for extending totally nonzero
eigenvalues of subgraphs to eigenvalues of the ‘host’ hypergraph. We refer to totally
nonzero eigenpairs which have this property as extendable in H. We have shown
that all totally nonzero eigenvalues of an isolated subgraph are extendable; however,
the converse of this statement is not always true. Consider the 3-uniform simplex,
K. §4). We claim that the simplex inherits eigenvalues from the single-edge despite the
single-edge not being an isolated induced subgraph. In the case when a hypergraph
is insular, its spectrum is exactly the union of the totally nonzero eigenvalues of its
subgraphs.

The previous argument can be applied to an arbitrary induced subgraph of H[U]

if one can show that p; = 0 for i ¢ U. This yields the following.
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Corollary 6.7. A totally nonzero eigenpair of H[U] extends to an eigenpair of H if

and only if p; = 0 fori ¢ U as in the proof of Lemma 6.6.

Remark 6.8. Recall that Theorem 3.27 expresses ¢4(H) as a weighted sum of graph
statistics. It is natural to question if our approach to spectral hypergraph theory, via
hypermatrices and polynomial maps as discussed in the Introduction, is equivalent
to that of a linear spectral theory in some way. Corollary 6.7 suggests that these

two approaches are inherently different as demonstrated by this spectral inheritance

property.

In the following section we characterize the totally nonzero eigenvalues of a hy-

pertree.

6.2 SPECTRA OF HYPERTREES

The following beautiful result was shown in [40]: the set of roots of a certain matching
polynomial of a k-uniform hypertree (an acyclic k-uniform hypergraph) is a subset of

its homogeneous adjacency spectrum.

Theorem 6.9. (/40]) Let H be a k-tree. Then

a(H) = 3 (1) | M2k

1=0

where M, is the collection of all i-matchings of H.

We present the a-polynomials of 3-trees with six or fewer edges in Table 6.1 and
the number of 3-trees is given by A003081 [36]. We now show how to obtain all of the
eigenvalues of a hypertree, and use this description to give a spectral characterization
of “power” hypertrees (defined below). We extend Theorem 6.9, as follows, to describe

the spectrum of a hypertree, answering the main open question in [40].
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Lemma 6.10. A 3-graph H is insular if and only if it is a hypertree (i.e., H is
connected and every nontrivial walk vie; ...e, 1v; must have a repeated edge). In

particular,

o(H)={0yu | o"(H)

HCH

where the union is taken over all connected induced subgraphs, if and only if H is a

hypertree.

Proof. Let H be a hypertree and let U C V(H) such that H = H[U] is a subtree of
H. Suppose e = {u,v,w} € E(H) for u,v € U and w € U’. Note that a hypertree is
linear (i.e., two edges intersect in at most one vertex). It follows that e is the only
edge of H which contains both v and v. Since u,v € U and H is connected, there
exists a nontrivial walk from u, ey, vs,...,e;_1,v in H where all the edges are distinct.
Note that u,eq,vs,...,e;,1,v,e,u is a cycle in H, a contradiction. Indeed no such
e € E(H) exists so that H is isolated in H.

Let ‘H be an insular 3-graph. Note that H is linear, for if this were not the case the
hypergraph would contain an edge which was not isolated. Moreover, H is acyclic as
a linear 3-uniform hypercycle (a.k.a. a loose 3-cycle) is not insular as the path formed

by removing one vertex is not isolated. O]

6.2.1 SPECTRA OF POWER TREES

The following generalizes the definition of powers of a hypergraph from [24].

Definition 6.11. Let H be an r-graph for » > 2. For any k > r, the k™ power of

G, denoted H*, is a k-uniform hypergraph with edge set

E(H") = {eU {Ve1,- s Vep—r} e € E(G)},
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Table 6.1 The a-polynomial of all 3-trees with six or fewer edges.

— — —

+ + +
— | a1 | N | | Ny [ | 433x5sx24
_ HEERNARE EERERERRIRRN EEREIAE A
— ™ ) o | < 10 < |© I~ |00 - -
IR N I O I N IR U O 0 VI O 0 N U VT B ) T O B o o R D e o O R = I N
O s o e Y = T = T

S S
o + +
slas| R RD IR RIEIRI] a2zt 22 ERIE+%R]+]E%
" o [~ e o L PO, o 6666669x66666696966
8 |88 T T = O 1~ T I O O
& BlR| [&& ASIEICIREIE BB Pl B

(o]

oh Sl

& S
e Y N el e ey = e e N N e N = G R Y e N e R R (o)
167111111111187111111
NN N O U N N S R [\ B DS [\ B[\ B[ ol [l [l [ R B e [ B PN [N B [N B [ B [ R (= [\
1711199117.&.17171717171717171717M171717171717
T T S oS T = e [ e e [ o |00 [0 [ || < 10 [© |00 | |00
~| O - - ~|00 |00 o l— = = = = = = | [ — | [ — | — | — |—
S| SIS | | S| =R = 2 A = A A A =2 | = = = = =
S X A Al il Al s s sl pmernl DYy gy [Vl o vy el s per) R Vo N PN Vo P
ol PRl el el 7234776127)711111710777711
00 S |00 |6 || = | QLS T = || e [ = [ S S [ S| | | | | S| [ = |06 |06 |06 [0 ||
Lo e I P e B e e e L P e P PR Pl I K IS S PPl S o o )0
6767[[[[9077770707917[[[[1717171717[17[[[[[1717
— —l =l o oSl ol I e e P T Fo T R T Rl s S R 2o ) Y S I S e i =
5172779778717676767171787[1113[[[[[3[31111[[
P A AN R gl ) IS Y [N D | ) Y S Y O Y et Y e D A A ) e
el N S N 1o N 1= 1 P R Y KT Y KL K8 K s v~ O DA DY DAY vl el el e Il DAY |l DY RS A A Y =~ o
Gl el (Y= Y e Bl PN AR S Y N St Y I Y O PR S Sl A L P RS P B B o O Ao B Sl R e Kl B R
27[4747[[[[79999777871717171767676767671?6717171717178787
| HN B [ el LS N N I e M [ SN e S N [ N X=X [N N = A fnl A Ranl A B AL AL KM A KO A AL A RO A PR AL Pl sl
Uooauuraa5a5a5a678>8>8787676767 —— == e e = e e e e e e
OV | o| o<t < s Y e s Y P s Y AL AU A N PO N o NS PN Vo N N Vo NI N Y NI N o N N N N e )
Pl (o = | = = = 2 =2 == e S o Lo L o Lo L o Lo Lo Lo Lo o Lo | e LeS 1 e oS e eS| oo
UQ’QaH“HUra,b5555556a8aooa8a878;878a8a8a87876;676a6a6a676a
R R PR . (o FRCY B DR N DY DY Bl v S QNS By ) (S v [ iy S [ i e R e B I\ R [N R I R I R I R N R s
S e o o e e B S S B S S e et e e O
N N B A xS A Y ) A Y Y R Y R Y Y LYo L Yo Y Y Y R LY R LY N YR YR [T N TR TN T YR YR T YR YN [T YD
DHDH.&:&:&I&:&:&:&:&AJAT’AT’47474747474’4’47474747474’4’4747
NN |a A S e L L
Al A ) A Y B R A s Pyl P ol F ol Fl el Vo Yo PVl Pl F el F el IV Vo PVl Pl P ol el
NlN|N|N NN NN NN NS e e
R R R R R KB B R R e B R R R | A R

o7



and vertex set
V(HY =V(G) =V(G)U{i.;: e € E(G),j € [k—r]}.

In other words, one adds exactly enough new vertices (each of degree 1) to each
edge of H so that H* is k-uniform. Note that, if k¥ = r, then H* = H. Adhering
to this nomenclature we refer to a power of a 2-tree simply as a power tree. In this

section we prove the following characterization of power trees.

Theorem 6.12. Let H be a k-tree and let o(H) denote its (multiset) spectrum. Then

o(H) C R[(] if and only if H is a power tree, where (. is a principal k™ root of unity.
We recall the following Theorem from Cooper and Dutle.

Theorem 6.13. [12] The (multiset) spectrum of a k-cylinder is invariant under mul-

tiplication by any k™ root of unity.

One can show by straightforward induction that a k-tree is a k-cylinder, so its
spectrum is symmetric in the above sense. The following result, from [41], shows that
power trees have spectra which satisfy a much more stringent condition: they are

cyclotomic, in the sense that they belong to R[(].

Theorem 6.14. [{1] If A # 0 is an eigenvalue of any subgraph of G, then \*/* is an

eigenvalue of G* for k > 4.

We restate Theorem 6.14 with the additional assumption that the underlying
graph is a tree; the proof is easily obtained by applying Lemma 6.10 to the proof of

Theorem 6.14 appearing in [41].

Corollary 6.15. If A # 0 is an eigenvalue of any subgraph of a tree T, then \*/* is

an eigenvalue of T* for k > 3.

Note that Theorem 6.12 provides a converse to Corollary 6.15 in the case of power

trees. In particular, appealing to Lemma 6.10, Corollary 6.15, and the fact that the
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spectrum of a graph is real-valued, we have that the spectrum of a power tree is a
subset of R[(]. All that remains to be shown is that if a k-tree is not a power tree
then it has a root in C \ R[(]. To that end, we introduce the k-comb.

Let Comby, be the k-graph where
Comby, = ([B*], {[k]U{{i +tk:0<t<k—1}:ic[k]}}}.

We refer to Comby as the k-comb. By the definition of power tree, a non-power
tree H must contain an edge e incident to a family F consisting of at least three other
edges which are mutually disjoint. This edge e, together with F, form a connected
induced subgraph H' of H which is the k™ power of a t-comb for t = |F| > 3. It is

straightforward to see that
() = Aot () = AComb, (21),

since matchings in H' are simply &*® powers of matchings in Comby; therefore, roots
of a(H') are k™ roots of reals if and only if the roots of a(Comby) are t' roots of
reals. We presently show that the spectrum of the k-comb is not contained within

the k' cyclotomic extension of R, completing the proof of Theorem 6.12.
Lemma 6.16. There exists a root A of o(Comby,) for k > 3 such that A € C\ R[;].

Proof. Let ‘H be a k-comb where k£ > 3. By a simple counting argument,

a(H) = (f:(—l)Z(%) o/“‘i> — of!

i=0 ¢

where o = z¥. Appealing to the binomial theorem we have
a(H) = (1—a)* -t
Let f = a~!. Setting a(H) = 0 yields

(B—1* =5 (6.1)
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It is easy to see that (6.1) has precisely one solution when k& > 3 is odd and precisely
two solutions when it is even. In either case, as the number of solutions is strictly less

than k it follows that there must be a non-real solution and the claim follows. ]
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CHAPTER 7

COMPUTATIONAL NOTES AND EXAMPLES

We consider the problem of computing the characteristic polynomial of a uniform
hypergraph. For a k-graph on n vertices the characteristic polynomial is the resultant
of n homogeneous multi-linear polynomials of degree k —1. While there are numerous
methods for solving such a system, computers must be employed even for the simplest
of cases. In practice, built-in methods for solving such systems, via Sage [10] and
Macaulay2 [21] for example, have proven to be insufficient. This motivates the need

for a new approach which we now present by invoking our aforementioned results.

1. Determine S, the set of induced subgraphs of H up to isomorphism.

2. We say that H € S is a spectral candidate in H if there exists an H' C H
such that H' = H and H’ satisfies Corollary 6.7 (this includes the case when
it cannot be determined if H’ satisfies the Corollary). Let S C S be the set of

spectral candidates of H.

3. Compute a(H) for H € S" by way of the Lu-Man Method. The authors use Sage
[10] to create the system of equations and solve the system using Macaulay?2
[21] by computing the generators of the Grobner basis of the ideal generated by

the aforementioned equations.

4. Let {p;}:_; be the collection of minimal polynomials of «(H) for H € S’. Note
that 7™ ¢(H) = [I'_, pi"*. Furthermore, it may be the case that m; = 0 if p;

is a factor of a(H) for H € S” where Corollary 6.7 could not be verified.
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5. In the case when o(H) is symmetric by some principle root of unity make an
appropriate change of variable to simplify further computations. This symmetry

will be clear from the minimal polynomials.

6. Choose to apply Theorem 5.2 or Theorem 5.3. Generally speaking, Theorem 5.3
is more efficient in the case when there are few minimal polynomials of larger

degree.

7. Determine an appropriate number of leading coefficients of ¢(H) (with the
change of variable, if applicable) using Theorem 3.27. Note that the coefficients
can be computed more efficiently by taking the structure of the hypergraph into

account in order to reduce the search space of the Euler rootings.

8. Apply Theorem 5.2 (or 5.3) to compute the multiplicities of each root (or min-

imal polynomial, respectively).

We now demonstrate this algorithm by computing the characteristic polynomial

of the Hummingbird hypergraph and the Rowling hypergraph.

7.1 THE HUMMINGBIRD HYPERGRAPH
Consider the hummingbird hypergraph B = ([13], E') where
E={{1,2,3},{1,4,5},{1,6,7},{2.8,9}, {3,10, 11}, {3,12, 13} }.

We present a drawing of B in Figure 7.1 where the edges are drawn as shaded in

triangles. Note that
deg(¢(B)) = n(k — 1)"!' =13 .22 = 53248
and, since B is a hypertree (and thus a 3-cylinder), its spectrum is invariant under

multiplication by any third root of unity [12]. Appealing to Lemma 6.10 we have that
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Table 7.1 Subgraphs of B and their a-polynomial.

TCB a(T)
P1251 ZE3—1
PQZSQ I3—2

Sg CC3—3

{{1,2,3}.{1,4,5},{1,6,7},{2,8,9}} 28 — 423 12
{{1,2,3},{1,4,5},{2,8,9},{3,10, 11} | 2% —4a® + 32° — 1

B —{2,8,9} 2% —5x3 4+ 4
B—1{3,12,13} 2% — 52 + 52° — 2
B ¥ — 62° 4+ 82° — 4

S’ is the set of all subtrees of B, up to isomorphism. We compute the a-polynomials

of subtrees of B via the Lu-Man Method.

H(B) =2 (27 — 62° + 8% — 4)™ (2 — 58 + 5a® — 2)™
(2 = )™ (28 — 4 + 2)™ (2 — 420 4 32® — 1)

(2% — 32 + 1)™0 (2% — 3)"7 (2 — 2)™=.

With the intent of applying Theorem 5.2 to ¢(B) we consider the change of variable

y = 2% and observe that we need to determine cs,cg, ..., css as there are sixteen
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distinct nonzero cube roots. Appealing to Theorem 3.27 we compute

3 = —18432
s = 169843968

co = —1043209971456

¢ = 4804960103034624

c15 = —17702435302276375440

c15 = 54341319772238850901668

cy1 = —142960393819753656566577552

Coq = 329036832924106136747171871042

cor = —673063350744784559041302787109576

c30 = 1238925078774563882036470496247467682

c33 = —2072891735870949695930286542580991559916

c36 = 3178738418917825954994865036362341584776658

C39 = —4498896549573513724009044022281523093964642496

c1r = 5911636016042739623328802656744094043553245557890

c45 = —7249053168113446546908444934275696322928768819713512

cyg = 8332230937213678426258491158832963153453272812465162851

Using Theorem 5.5 we have M < 3,m > .14, R < 4.39,r > .38, and ¢ = ¢4g so that
each root of ¢(B) needs to be approximated to at most 3091 bits of precision. Using

SageMath [10], we obtain

(bB 21'20983(33'9 _ 61’6 + 8&73 _ 4)729(1,9 _ 51.6 + 51,3 _ 2)972
. <x3 o 1)1782(1'6 . 41’3 T 2)486(1,9 . 4236 + 3133 _ 1)324

. (IG - 31,3 4 1)216(]:3 . 3)54($3 . 2)119_
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In Figure 7.1 we provide a plot of ¢(B) drawn in the complex plane where a disk is
centered at each root and each disk’s area is proportional to the algebraic multiplicity

of the underlying root in ¢(B).

Q.. .
1k
o
o [ }
) e~ 0.5
<9
1 0.5 0.5 ‘ 1
[ ] ‘ -0.5
oc | ¢
c'. °

Figure 7.1 The hummingbird hypergraph and its spectrum.

7.2 THE FANO PLANE AND ITS SUBGRAPHS

We compute the characteristic polynomial of the Rowling Hypergraph, that is, the
Fano Plane with two edges removed. The characteristic polynomial of the Fano
Plane and the Fano Plane with one edge removed remain to be determined. In this
chapter we present our progress towards computing the characteristic polynomial of
the Fano Plane with one edge removed and then the Fano Plane with the intent of
demonstrating the current computational limits of this method. We encourage the
eager reader to improve upon them. Before we proceed, we present the first few

leading coefficients of the aforementioned hypergraphs in Table 7.2.

65



Table 7.2 Leading coefficients of the Fano plane and its subgraphs.

FP-2 FP-1 FP
o 1 1 1
c1 0 0 0
Co 0 0 0
C3 -240 -288 -336
C4 0 0 0
Cs 0 0 0
Cé 28320 40788 55524
cr 0 0 -696
cs 0 0 0
Co -2190860 -3788016 -6017746
10 0 0 220038
C11 0 0 0
C12 125012034 259553826 481293561
C13 0 0 -34237560
C14 0 0 -122004
c15 | -9612445168 | -13997317932 | -30303162330
Ci6 0 0 ?
C17 0 0 ?
c1s | 206518037092 | 618904026740 ?

7.2.1

Consider the Rowling hypergraph,!

THE FANO PLANE WITH Two EDGES REMOVED

R = ([7,{{1,2,3},{1,4,5},{1,6,7},{2,5,6},{3,5,7}}).

Note that R is the Fano Plane with two edges removed. A drawing of R is given
in Figure 7.2 where the edges are drawn as arcs and its multi-spectrum is drawn
such that each disk is centered on an eigenvalue of R and the area of each disk is

proportional to the multiplicity of the approximated root. We have

deg(p(R)) = n(k —1)"1 =7-2° = 448,

!The name was chosen for its resemblance to an important narrative device[32).
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There are four induced subgraphs of R, up to isomorphism, and we pick a represen-

tative of each class so that S = {H;}1 ;:
H1 - R[[g]] = Pl,HQ = R[5] = PQ, H3 - R[[?] \4],H4 - R

Again we have that H; and Hy are both isolated subgraphs of R so that by Lemma
6.6 their totally nonzero eigenvalues extend to R.
We claim that the totally nonzero eigenvalues of Hy and Hjs are not extendable
in R. Adhering to the language of Lemma 6.6 we set U = [5]. Consider R[U U {6}]
and observe
Ps = /\x% — T2X5 = —T2d5
since ¢ = 0 as 6 ¢ U. However, because 2,5 € U we have that pg # 0. By Corollary

6.7 the eigenvalues of Hy are not extendable to R. This argument can be generalized

to prove the following.

Lemma 7.1. If H is a k-graph and H[U] has the property that there exists v ¢ U such
that |E(H[U Uv))| — |[E(H[U])| =1 then the eigenvalues of H[U] are not extendable
in H.

Lemma 7.1 implies that the totally nonzero eigenvalues of H3 are not extendable
in R with the choice of v = 4.

Indeed, S" = {Hy, Hy} so that o(R) = o*(P) Uo"(R). We have previously
shown that a(P;) = 2® — 1 and we have by the Lu-Man Method that

a(R) = (z° — 132" 4 652° — 1472° + 1572° — 64)(2° — 2° 4 2)(2® — 172° + 64).

Notice that R is not a 3-cylinder; however, its spectrum, like that of 3-cylinders [12],
is invariant under multiplication by any third root of unity (see Lemma 3.11 of Fan,

et al. [17]). We have then that

P(R) =2 (2° — 1)™ (2" — 132" + 652° — 1472° + 1572° — 64)™

(2% — 2 2)me (28 — 1723 4 64)™.
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With the intent of applying Theorem 5.3 to the minimal polynomials of
a B (213),

we verify that
1 13 1 17

1 39 -3 161
1 103 -5 1649

1 87 1 17729

is non-singular. Indeed, we need to determine the first four proper leading coefficients

of 27™0/3¢p (2'/3), or equivalently cs, cg, cg, 12 of . We have

cg = —240
ce = 28320
cg = —2190860

c12 = 125012034.

By Theorem 5.5 we have M < 4.5, m > .69, R < 2.25, and » = 1 so that at most 252

digits of precision are required to approximate each root. We compute

pr =23 (2® — 1)¥ (2" — 132" + 6527 — 1472° + 1572° — 64)2

(2% — 2® 4+ 2)5(2® — 172° 4 64)°

7.2.2 THE FANO PLANE WITH ONE EDGE REMOVED

Let
F=([7,{{1,2,3},{1,6,7},{2,4,7},{2,5,6},{3,4,6},{3,5,7}}).

be the Fano Plane with one edge removed. There are four spectral candidates we

need to consider:
H, =F[38]]| =2 P,Hy, = F[{1,2,3,5,7}| = P,, Hy = F[[7] \ 4], Hy = F.
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Figure 7.2 The Rowling hypergraph and its spectrum.

Again we have that H; and H, are isolated subgraphs so that their totally nonzero
eigenvalues extend to F. Observe that Hy and Hs are not isolated subgraphs and
further the assumptions of Lemma 7.1 are not satisfied. Thus, we cannot conclude
whether or not the totally nonzero eigenvalues of Hy or Hz extend to F'. In this case,
we assume H, and Hj are spectral candidates of F' so that S’ = S. By the Lu-Man

Method we have
aHy) =2 — 1
o Hy) =2 — 2
a(Hs) =(2* — 8) (2% — 5% + 8)
o Hy) =(2% — 2)(2® — 18) (2% + 2% + 1)
(2% — 172° + 80)(z"* — 62" + 192° — 192° + 8).
Observe that a(H,) and «(H4) have a common root. We have then that
bp(x) =2™ (2 — 1)™ (2* — 2)™2(2* — 8)3 (2% — 5 + 8)™
(2® —18)™ (2% 4 2® 4+ 1) (25 — 172 4 80)™7
(2" — 627 +192° — 192% 4 8)™s.

In order to determine my, ..., mg we would apply Theorem 5.3 which requires
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knowing the first eight proper leading coefficients of z7™0/3¢p(x'/3). As shown above,
we know only the first six proper leading coefficients. Unfortunately, our current

routines are not able to compute the remaining two coefficients due to run time.

7.2.3 THE FANO PLANE

Consider the finite projective plane of order 2, or more affectionately, the Fano Plane
F=(7,{{1,2,3},{1,4,5},{1,6,7},{2,4,7},{2,5,6},{3,4,6},{3,5,7}}).
Once again, there are four spectral candidates of F,
H, = F[3]] = P, Hs = F[[5]] = Py, Hy = F[[7| \ 4], Hy = F.

In this case, we have been unable to compute a(F). We have attempted to use several
different built-in methods in Macaulay2, all of which failed due to run time. Once
one determines a(F) the task of determining the multiplicities remains. It is unclear
if we will be able to apply Theorem 5.3 or if we must use Theorem 5.2. If we apply
Theorem 5.2, the first fifteen coefficients are required before considering «(F)! This
means we will need to compute a number of coefficients equal to the degree of a/(F).
It appears that considerable work must be done in this direction. Not just in terms
of being able to compute a sufficient number of coefficients, but also in computing

the a-polynomial of an arbitrary hypergraph.

70



CHAPTER 8

OPEN PROBLEMS

We conclude by presenting open problems related to our work.

8.1 COSPECTRAL HYPERGRAPHS

Two graphs are cospectral, or isospectral, if they have the same multi-set spectrum
(i.e., they have the same characteristic polynomial). In 1973, Schwenk showed that
almost all trees have a cospectral mate [34]. Thirty years later, van Dam and Haemers
published a survey paper on graphs which are uniquely determined by their spectrum,
abbreviated DS [13]. In it, they suggest that it is conceivable that almost all graphs
are DS. In [4], Bu, Zhou, and Wei show that complete k-uniform hypergraphs are DS
(so the complete graph is DS for any uniformity). Determining which hypergraphs
are DS appears to be an interesting question and it is unclear a priori if this question
has a different fate than the graph case.

To demonstrate this, recall that the smallest pair of cospectral simple graphs is the
star on five vertices and the 4-cycle with an isolated vertex. We show that the power
graphs of these two graphs are no longer cospectral. Let S and C be the 3-graphs
formed by adding a unique vertex to each edge in S5 and Cy U {v}, respectively. We
will show that S and C are not cospectral despite their base graphs being so. From

the Lu-Man Method we have

AS) = a™ (2" = )™ (a® — 2)™ (2 — 3)™ (27 — 4)™
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where m; > 0 and further
¢(C) — mno(x3 _ 1)n1(x3 _ 2)n2 <x3 _ 4>n3

where n; > 0. Observe that ¢(S) and o(C) are not equal as sets. Indeed S and C are

not cospectral mates. This begs the question:
Question 8.1. What are the smallest cospectral k-graphs for k > 37

In order to answer this question, one would first determine two hypergraphs which
have the same set spectrum and then one would compute the characteristic polyno-
mial of each hypergraph, which is intractable in general. This motivates the following
variants of cospectral hypergraphs. Two hypergraphs are weakly cospectral if their
spectra are equal as sets. Moreover, if H; and H, are hypergraphs we say that H; is
subspectral to Hy if ¢(Hy) | ¢(Hs). Under these definitions we can restate a conjecture

of [8] as follows.

Conjecture 8.2. A hypertree is subspectral to any hypertree which contains it as a

subtree.

We conclude this section by presenting an example supporting this conjecture.

Consider the 3-uniform hypergraphs

Hi = ([9], {{1,2,3},{1,4,7},{2,5,8},{3,6,9}}) = Combs
Ho = ([11], {{1,2,3},{1,4,7},{3,6,9},{1,10,11}})

Hs = ([11], E(H1) U E(H,)).

Figure 8.1 gives a drawing of Hs (the striped subgraph is H;) and a plot of the roots

of ¢(Hs3), with a circle centered at each root in the complex plane whose area is
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proportional to the multiplicity of the root. We have computed
G(H1) = 27 (2° — 425 + 30% — 1)31 (25 — 32% + 1)3(2® — 2)¥(a® — 1)147
O(Ha) = 2% (2® — 423 + 2)81(2® — 323 + 1)%4(2® — 3)¥ (% — 2)%3 (23 — 1)
O(Hz) = 25707 (2% — 525 + 5a% — 2)243(2% — 425 + 323 — 1)102(58 — 4 4 2)16?
(25 — 323 + 1)135 (23 — 3)7 (25 — 2)180(y3 — 1488,

Note that H; and Hsy are subspectral to Hs.

\
° .t
X
L
‘ ¢ 0.5
L
‘ -0.5
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Figure 8.1 H3 and its spectrum.

8.2 MULTIPLICITY OF THE ZERO EIGENVALUE

A characterization of the multiplicity of the zero eigenvalue for the adjacency char-
acteristic polynomial of a graph remains open. For convenience let my denote the
multiplicity of the zero eigenvalue for a given polynomial. Notice that one can provide
an upper bound on my by showing that a particular coefficient of ¢(#) is non-zero.
Combining this idea with the Harary-Sachs Theorem gives the only known result in
this direction for the adjacency characteristic polynomial of a graph: if T is a (2-

uniform) tree then my is the size of the largest matching of 7. Note that the same
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statement for hypertrees cannot be true (consider Lemma 6.10); however, we know
that the spectrum of a hypertree can be written in terms of the matching polyno-
mials of all of its subtrees. Indeed, if one could characterize the multiplicities of the
matching polynomials of a given subtree of a hypertree one could answer the following

question.

Question 8.3. Express the multiplicity of the zero eigenvalue of a hypertree in terms

of the sizes of its matchings over all of its subtrees.

In our proof of Lemma 3.29 we showed that, for 2-graphs, the summands in ¢4(G)
arising from Veblen graphs which are not elementary graphs necessarily summed to
zero. We define the coefficient threshold of ¢p(H) as the least codegree at which the

coefficients of ¢(H) cancel thusly.

Definition 8.4. For an integer v > 0, the coefficient v-threshold of a k-graph H,

denoted Th,(H), is the least integer such that for d > Th,(H)

2 (= (k= )) ) Cu(#H S H) = 0.
HeV:(H)
Note that the contribution of H to the codegree-d coefficient of ¢(G) for H C G is
zero if d > Th,(H) where v = |[V(G)|. As an example, we show that the v-threshold

of the 3-uniform edge is 9 - 2°73.
Lemma 8.5. Let e be the 3-uniform edge. Then Thy(e) =9 -2°73 forv > 3.

Proof. For n > 0 define f,(t) : Zt — Q by f,(0) =1 and

L)y = Y (@) U)Cy(#H Ce),t > 0.
Hevgt(e)

Observe that f3(t) = ¢3:(e) by Theorem 3.27. We conclude by showing f,(t) =

(—1)t<3'2:73). Considering the characteristic polynomial of a single 3-uniform edge,

f3(0) =1, f3(1) = =3, f5(2) =3, fs(3) = =1, fs(4) =0
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and f5(t) = 0 for t > 4. Indeed f;5(t) = (—1)t<f) for all ¢. Suppose that for all n, up

to some fixed n, we have f,(t) = (—1)75(3'2:73) for all t. Consider f,1(t). We claim

fn+1 an fnt_.])

Recall that the associated coefficient is multiplicative over components. It follows

that

t

Z fn t — j) Z Z (_(Qn))c(H1)CH1 . (_(Qn))c(H2)CH2

=0 HEV;(e) \ H=H,UH;

HinH2=0
= > 2"(—(2" YD Cy = fria(t).
HEV: (e)

We have

=) )

where the first equality follows from the inductive hypothesis and the second equality
is given by the Chu-Vandermonde identity [6]. As Th,(e) = f,(t) we have that
Thy(e) =9-2"3 as f,(3-2"3) =41 fort=3-2"2and f,=0fort >3-2"2. [

Conjecture 8.6. If H C G are k-graphs, with k > 2 where |V(G)| = n then
Thy(H) < Thy(G).

This conjecture implies
mo < deg(¢(G)) — Thn(H).

Note that the restriction of k > 2 is necessary as the conjecture is not true for graphs.
For example, Cs C K6 and Th(Kgs) = 2 < Th(Cs) = 6. More generally, it would
help our understanding of the multiplicity of 0 to have a better understanding of

Th,(H), and so we ask:

Question 8.7. Show how to compute or estimate Th,(#) for various hypergraphs
H.
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8.3 COMPUTING THE a-POLYNOMIAL OF A HYPERGRAPH

The Lu-Man Method is quintessential to our algorithm for computing the character-
istic polynomial of a hypergraph. For this reason it is of great interest to the authors
to be able to compute the a-polynomial of a given hypergraph. At the present, the
authors have had mixed success in this direction. Recall that computing a(#) in-
volves solving a system of equations with k|E(H)| + 1 unknowns with a number of
equations equal to the sum of the sizes of the vertex set, edge set, and cycle basis.
In general, we have found that the a-polynomial of a hypergraph with a vertex (or
vertices) of degree 1 can be computed efficiently. For example, the a-polynomial of
a tree is its matching polynomial, but the a-polynomial of the Fano Plane remains

unknown.
Question 8.8. Show how to compute the a-polynomial of a hypergraph efficiently.

Another approach would be to characterize the a-polynomial of a certain family of
hypergraphs. A natural family to consider would be that of loose-cycles. We present
the a-polynomials of loose 3-cycles with 12 or fewer edges in Table 8.1. Notice that,

for the values given, oz(C’i(g)) | a(Cj(3)) given i | j.

Table 8.1 The a-polynomial of loose 3-cycles with 7 edges where y = 2.

i o(C)

3 (y—D(y—4)

4 (y—2)(y —4)

5 (y—4@* -3y+1)

6 (y—D(y—=3)y—4)

7 (y —4)(y° —by* + 6y — 1)

8 (y—=2)(y—4)(y* -4y +2)

9 (=D -4’ —6y>+9—1)

10 (y—4HW* -5y +5) @ —3y+1)

11 | (y —4)(y° — 9y* + 28y> — 35y + 15y — 1)
2] -—Dy-2y-3)y -4 -4y +1)
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Question 8.9. Characterize the a-polynomial of loose 3-cycles.

Aside from computing the a-polynomial of a hypergraph we would like a better
test for determining if H[U] C H is a spectral candidate of H. In particular, in the
case when |E(H)| — |E(H[U U {v}])| > 1. Such a test would permit the study of hy-
pergraphs with few eigenvalues. Famously, strongly regular graphs are characterized
by having few distinct eigenvalues. A natural question to ask is whether the power of
a strongly regular graph retains this property and an answer to this question would

serve as a basis for answering the following.

Question 8.10. Characterize k-graphs which have few distinct eigenvalues.

8.4 'THE SPECTRA OF A RANDOM HYPERGRAPH

A central topic in spectral graph theory is the spectra of random graphs. This
area addresses questions concerning quasirandomness, graph expansion, and mixing
time of Markov chains. The spectrum of an (Erdés-Rényi) random graph is well
understood; however, understanding the spectrum of a random hypergraph is a more
subtle matter. We present two approaches to understanding the spectrum of a random
hypergraph. We first address the problem given an analogue of the Weyl inequality,
then we address the problem from the perspective of quasirandom hypergraphs.
Consider for a moment the simpler boundary case of this question where each
edge is chosen with probability 1. Here, the resulting hypergraph is the complete
k-graph on n vertices, denoted K T(Lk). We could approximate the spectrum of K ,(Lk) by
comparing it to a suitable hypermatrix if we had an analogue of the Weyl inequality
(as stated below) for symmetric hypermatrices. Consider the normalized all-ones
order n dimension k hypermatrix, (k — 1)!71J* and observe that this hypermatrix
agrees with A(K*)) except for tuples of indices whose coordinates are not all distinct.

In [11], Cooper showed that there is an approximate bijection between the set of
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eigenvalues of K(®) and the set of eigenvalues of (k — 1)!='J* for the case of k = 2, 3.
More precisely, the set of eigenvalues L of K*) and the set of eigenvalues M of
(k — I)!17L* satisfy 6(L, M) = o(n*~!) where ¢ is the Minkowski distance, given
k = 2,3. The author has further conjectured the following analogue of the Weyl
inequality for hypergraphs, that is, if one can show that if two hypermatrices are
“close” then they will have spectra which are “close”. Such a result would imply that
the eigenvalues of K(*) and (k — 1)!71J* are asymptotically the same, because the
difference of the entries of the aforementioned hypermatrices have norm converging

to 0.

Conjecture 8.11. ([11]) Suppose A and B are hypermatrices so that ||A — Bl|| < ¢
for some norm ||-|| (or spectral radius) and € > 0. Then there is a bijection p between
the eigenvalues (with multiplicity) of A and B and a function f with lim._, f(e) =0

so that |X\ — p(A\)| < f(e) for each eigenvalue A.

We present another approach to determining the eigenvalues of a random k-graph,
by way of quasirandomness, which circumvents the need for a Weyl inequality. In-
tuitively, a hypergraph is quasirandom if it has the same number of copies of any
fixed subgraph as one would expect in a random hypergraph (where, in its simplest
form, each edge is taken with probability 1/2). This idea was first introduced for
graphs in [6] and was later extended to hypergraphs in [7]. In [7], Chung shows that
a hypergraph is quasirandom if it has approximately the expected number of even
partial octahedra (as described therein). One can restate this condition in terms of
the coefficients, and perhaps the spectrum itself, by appealing to Theorem 3.27 to
show that the linear combinations of subgraph counts appearing in the result are
indeed forcing families for quasirandomness (see [26]). We can address this problem

using the following definition.
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Definition 8.12. Let

G3(2) = (770, (2)) | smnse = D 2"
n=0

where D = deg(¢(H)). The characteristic power series of a random k-graph is

Pr(2) = Him Bppyj—n[$3(2)]-

The characteristic power series has a flavor of flag algebras (which should not come
as a surprise as flag algebras are integral to the study of extremal combinatorics). We
recommend [5] and [31] for readers interested in learning more about this topic. With
this in mind, we adhere to the notation of flag algebras and denote P(H) simply as

H and further write G™ to mean n disjoint copies of GG. For example,

5(2) =140+ (=Py) 2% + (=2C3) 2% + (P? — 20,)2*

+ (=205 + 2P, (C3)2° + (—2C5 + 20, Py + 4C5 — P3)2° + ...
1 3 1 175

-1 B L Ry V. Ry ST

FO=55 =¥ & Ter® T iesat T

—_

As an aside, we ask the following question:
Question 8.13. Find a closed formula for ¢3.

Famously, a forcing family of a graph is the edge and the 4-cycle so that, for ¢ (2),
if ¢} is ‘close’ to —1/2 and ¢j is ‘close’ to —1/4 then G is quasirandom. In particular,
this implies (or more appropriately, forces) the coefficients of ¢, to be ‘close’ to the
coefficients of ¢5. We have from [6] (and to some extent [26]) that the eigenvalues of
a quasirandom hypergraph are asymptotically equal to those of the random graph so
that the roots of ¢f, are asymptotically equal to ¢3. The goal then is to apply this
approach to ¢; for k > 3 (notice that the multi-set spectrum of the random k-graph

is precisely the roots of ¢}). We can do so by answering the following two questions.

Question 8.14. What are the forcing families of quasirandom hypergraphs?
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More specifically, what is a small forcing family for quasirandom 3-graphs? An
analogue of the graph case (i.e., edges and 4-cycles) is desirable. Such a result is
achievable using flag algebras, and further, ¢; could be computed explicitly using
flagmatic software for low-values of k. Finally, we need to guarantee that the roots

of ¢; behave as expected under this limits.

Question 8.15. If {H,};2, is a sequence of k-graphs so that ¢3, (2) — ¢j(z) then

does their spectrum similarly converge?

Recall that this question is true for the graph case as the limit object of the
sequence is the uniform graphon. The authors feel that a similar result would hold

for the hypergraphon but the details will need to be verified.
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