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 { }( ) 0H∇× ∇ ∇⋅ =
   

 (2.16) 

Letting, H∇⋅ = Γ
 

, a scalar quantity, Eq. (2.16) becomes 

 { }) 0∇× ∇Γ =
 

 (2.17) 

Eq. (2.17) represents the vector property that curl of any gradient field is zero. 

Thus, Γ  can be chosen arbitrarily without affecting the generality of the solution; this is 

called gauge invariance. This is similar to the gauge invariance used in solving the 

Maxwell’s equations in electrodynamics through the potential approach (see section 2.5 

of chapter 2 of ref. [13]). Owing to the uniqueness of the physical problem, any solution 

that satisfies the Navier-Lame equations be the unique solution to the problem, regardless 

of the value assumed by Γ . 

The selection of the gauge depends on the nature of the problem. The simplest gauge 

condition may be selected as 

 Γ = ∇⋅Η = 0
 

 (2.18) 

 However, the formula given in Eq.(2.18) is not the only possible form of the 

gauge condition; in fact, a multitude of alternative forms exist [13] as used in 

elastodynamics [10](pg. 465 )[14], and electrodynamics [15] [16] [17]. 

2.2.3 STRAIGHT CRESTED LAMB WAVES 

Lamb waves are a type of ultrasonic waves that are guided between two parallel 

free surfaces, such as the upper and lower surfaces of a plate. Lamb waves can exist in 

two basic types, symmetric and antisymmetric. Figure 2.3 shows the particle motion of 

symmetric and antisymmetric Lamb waves. The Lamb wave motion has asymptotic 

behavior at low frequency and high frequency. At low frequency, the symmetric mode 
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resembles axial waves, while the antisymmetric mode resembles flexural waves. At high 

frequency, both symmetric and antisymmetric wave approaches Rayleigh waves, because 

the particle motion is strong at the surfaces and decays rapidly across the thickness. The 

axial wave and flexural wave, by their nature, are only low frequency approximations of 

Lamb waves. The plate structure cannot really sustain pure axial and flexural motion at 

large frequency-thickness product values. 

 

Figure 2.3: Particle motion of Lamb wave modes: (a) symmetric mode and (b) 
antisymmetric mode [18]. 

The straight crested Lamb wave equations are derived under z-invariant 

assumptions using pressure wave and shear vertical wave (P+SV) waves in a plate. 

Through multiple reflections on the plate’s lower and upper surfaces, and through 

constructive and destructive interference, the pressure waves and shear vertical waves 

give rise to the Lamb–waves, which consist of a pattern of standing waves in the 

thickness y–direction (Lamb–wave modes) behaving like traveling waves in the x–

(a) 

Symmetric Lamb wave mode 

(b) 

Antisymmetric Lamb wave mode 
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Figure 2.11: (a) Electro-mechanical coupling between the PZT active sensor and the 
structure[29]; (b) EMIS spectrum[30]. 

In addition to traveling wave techniques, the EMIS is a standing guided wave 

SHM method. The continuous harmonic excitation of a transducer will excite the 

structure with guided waves, which will be reflected by structural boundaries and damage, 

forming standing waves between the wave source and the reflectors. This standing wave 

formation will result in local mechanical resonance, which will be shown in the electrical 

response through the electro-mechanical coupling. Figure 2.11a shows the electro-

mechanical coupling between the transducer and the structure. Figure 2.11b is a typical 

EMIS spectrum, showing that the damaged case spectrum deviates from the pristine case. 

2.4 PIEZOELECTRIC WAFER ACTIVE SENSORS 

Recently emerged piezoelectric wafer active sensors (PWAS) have the potential 

to improve the SHM technology significantly. PWAS are small, lightweight, inexpensive, 

and can be produced in different geometries. They are convenient enablers for generating 

and receiving guided waves. A PWAS mounted on the structure is shown in Figure 2.12.  

(a) (b) 
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Figure 2.12: Piezoelectric wafer active sensors (PWAS). 

They can be permanently bonded on host structures in large quantities and 

achieve real-time monitoring of the structural health status. They couple with the 

structure through in-plane motion and generate Lamb waves, which makes them suitable 

for inspection large areas of interest. 

2.4.1 PWAS PRINCIPLES AND OPERATION MODES 

Piezoelectric wafer active sensors (PWAS) couple the electrical and mechanical 

effects (mechanical strain, ijS , mechanical stress, klT , electrical field, kE , and electrical 

displacement, jD ). The piezoelectric constitutive equations in tensor notations can be 

written as 

 
E

ij ijkl kl kij k

T
j klj kl jk k

S s T d E

D d T Eε

= +

= +
 (2.33) 

where E
ijkls  is the mechanical compliance of the material measured at zero electric field 

( 0E = ), T
jkε  is the dielectric permittivity measured at zero mechanical stress ( 0T = ), and 

kljd  represents the piezoelectric coupling effect. PWAS utilize the 31d  coupling between 

in-plane strains, 1 2,S S  and transverse electric field 3E . 

PWAS transducers can be used as both transmitters and receivers. Their modes of 

operation are shown Figure 2.13. PWAS can serve several purposes[18]: (a) high-

PWAS 
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bandwidth strain sensors; (b) high-bandwidth wave exciters and receivers; (c) resonators; 

(d) embedded modal sensors with the electromechanical (E/M) impedance method. By 

application types, PWAS transducers can be used for (i) active sensing of far-field 

damage using pulse-echo, pitch-catch, and phased-array methods, (ii) active sensing of 

near field damage using high-frequency E/M impedance method and thickness gage 

mode, and (iii) passive sensing of damage-generating events through detection of low-

velocity impacts and acoustic emission at the tip of advancing cracks (Figure 2.13). The 

main advantage of PWAS over conventional ultrasonic probes is in their lightweight, low 

profile, and low cost. In spite of their small size, PWAS are able to replicate many of the 

functions performed by conventional ultrasonic probes. 

 

Figure 2.13: Schematic of PWAS application modes [18]. 

2.4.2 PWAS COUPLED GUIDED WAVES AND TUNING EFFECT 

Figure 2.14 shows the coupling between PWAS and the host structure, and 

illustrates how PWAS transducers generate Lamb waves. When an oscillatory electric 
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voltage at ultrasonic frequencies is applied on PWAS, due to the piezoelectric effect, a 

oscillatory strain is induced to the transducer. Since the structure constrains the motion of 

PWAS, the reacting force from the bonding layer will act as shear stress on the host 

structure and generate wave motion. 

 

Figure 2.14: Lamb wave generation using PWAS transducers[18]  

The Lamb wave amplitude excited by PWAS depends on the PWAS size, plate 

thickness, and excitation frequency. For a given PWAS and plate geometry, the 

amplitudes of Lamb modes changes with frequency. It was found that tuning possibility 

exists for generating single Lamb mode with PWAS transducers. The tuning effect is 

important because it overcomes the multimode difficulty for Lamb wave applications. 

The analytical expression on tuning effect was first developed by Giurgiutiu[31] as 

( ) ( )
( )

( ) ( )
( )

( )0
' '

, (sin ) (sin )
S A

S A

S A
i x t i x tS AS A

x S A
S A

N Nax t i a e a e
D D

x ω x ω

xx

xx texx 
µ xx

− − − −  = − + 
  
∑ ∑  (2.34) 

Figure 2.15 shows the tuning curve for 7 mm PWAS and 1.6 mm thick aluminum 

plate situation. It is apparent that the amplitudes of S0 and A0 Lamb modes excited by 

the PWAS transducer change with frequency. Around 300 kHz, A0 Lamb mode reaches 

 

h =
 2d

 

λ/2 

PWAS  ~ V(t) 

S0 Lamb mode A0 Lamb mode 
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the rejecting point where no A0 mode Lamb wave will be excited. This is a sweet spot for 

generating only S0 wave mode for structural inspection. 

 

Figure 2.15: (a) Strain Lamb wave tuning results from analytical solution; (b) 
Experimental results from PWAS response[31]. 

(a) (b) 
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CHAPTER 3  
SCATTERING OF GUIDED WAVES FROM RIVET HOLE WITH BUTTERFLY 

CRACKS 

Scattering of guided waves retain a central function in the development of structural 

health monitoring (SHM) systems. This study focuses on guided plate waves, i.e. Lamb 

waves, which are guided and propagate in thin wall structures. The modeling of Lamb 

waves is challenging, because Lamb waves propagate in structures with multi-mode 

dispersive characteristics. At a certain value of the plate thickness-frequency product, 

several Lamb modes may exist simultaneously, and their phase velocities vary with 

frequency [10][18]. When Lamb waves interact with damage, they will be transmitted, 

reflected, scattered and mode converted. This chapter presents the theory behind the 

guided wave scattering from the damage in the thin plate structures. 

 

3.1 DESCRIPTION OF THE SHM OF MULTIPLE-RIVET-HOLE LAP JOINT  

A multiple-rivet-hole lap joint with active transmitting-sensing sensors of an 

SHM system is illustrated in Figure 3.1. When electrical voltage is supplied to the 

piezoelectric transmitter (actuator), it generates mechanical excitation in the structure and 

produces Lamb waves that propagate in the structure. The Lamb waves interact with the 

damages that act as the secondary sources of guided waves. The scattered guided waves 

propagate in the structures and received by the piezoelectric sensor. Actuator dispatches 

Lamb waves to each of the rivet holes at a certain angle that can be calculated from the
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standoff distance (L) and pitch (P) of each rivet hole (Figure 3.1). The scattering 

phenomenon depends on the direction (θ ) of incident Lamb waves as well as the azimuth 

direction (Φ ) around the damage (the azimuth direction Φ  corresponds to the sensor 

placement direction). 

 

Figure 3.1: Illustration of the multiple-rivet-hole lap joint 

The secondary source (cracked rivet hole) is asymmetric for a certain angle of 

incident Lamb waves, hence, it acts as a non-axisymmetric secondary source of scattered 
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waves. The scattered waves contain scattered Lamb waves and SH waves Understanding 

the non-axisymmetric scattered waves around the damage provides the ability to better 

detect the emanating cracks in the rivet holes. The actuator and sensor installment as well 

as the excitation frequency depend on the non-axisymmetric behavior of the scattered 

guided waves. The design of proper transducer installation and selection of the center 

frequency of excitation enable capturing the better damage signature originating from the 

cracks of the rivet holes. 

Since no closed form solution exists for the non-axisymmetric scattered waves, a 

combined analytical and finite element modeling has been introduced in the present study. 

Exact closed form analytical formulation has been used for the propagation of Lamb 

waves from the actuator up to the damage in the structure. The interaction of the Lamb 

waves with the local damage is modeled using finite element analysis and the non-

axisymmetric behaviors of the scattered waves is captured through the wave damage 

interaction coefficients (WDICs) and scatter cubes. The concept of WDIC is discussed in 

Section 3.3. 

3.2 INTERACTIONS OF LAMB WAVES FROM MULTIPLE DIRECTIONS  

In order to solve the problem of multiple-rivet-hole splice joint, it is important to 

understand the scattering phenomenon of Lamb waves incident on the damage from 

multiple directions. Figure 3.2 shows that Lamb waves are incident on an arbitrary 

damage (rivet hole with cracks in the present study) from multiple directions. The 

incident direction of Lamb wave is denoted as θ . After hitting the damage the scattered 

waves are generated and directed azimuthally for each incident direction.  The azimuth 

direction is denoted as Φ  . The transmitter PWASs are located around the damage and 
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transmitting signals from various directions that simulate the Lamb wave incident from 

multiple directions.  The scattered coefficients for the scattered waves are to be recorded 

at different sensing angles (Φ ) around the sensing boundary for each transmitting angle 

(θ ). The scattered coefficient needs to be recorded for the frequencies of interest. The 

corresponding complex-valued WDICs can form a form a “scatter cube” as shown in 

Figure 3.2(b). The three dimensions of the “scatter cube” contain the WDICs for the 

variation of frequencies, angles of transmitting PWASs, and angles of sensors. These 

WDICs can describe complicated 3-D interaction between the interrogating waves and 

damage, i.e., scattering and mode conversion. Two scatter cubes are needed for analyzing 

the interaction of two Lamb wave modes (S0 and A0). 

 

Figure 3.2: (a) Azimuthally scattering of Lamb waves incident from multiple directions 
(b) “Scatter cube” of WDICs 

The representation in Figure 3.2a gives the building block of analyzing the 

problem as shown in Figure 3.1.  However, it does not consider the interactions of 

scattered waves among the adjacent rivet holes and with the edge of the riveted plates as 
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shown in Figure 3.1. The incorporation of these two effects would invite more 

complexities in the scattered waveform. These two effects are not considered in the 

present study and would be focus of a future study. 

3.3 CONCEPT OF WAVE DAMAGE INTERACTION COEFFICIENT (WDIC) 

Several researchers have studied the interaction between guided waves and 

damage analytically using normal-mode expansion and boundary-condition matching 

[32][33][34]. Damage interaction coefficients were derived to quantify the guided-wave 

transmission, reflection, mode conversion, and scatter at the damage site. Due to their 

mathematical complexity, these analytical solutions are restricted to simple damage 

geometries: notches, holes, or partial through holes. Wave damage interaction coefficient 

(WDIC) may describe the 3D interactions of the incoming waves and the scattered waves. 

To clarify the idea of WDIC, let us consider an incoming wave of displacement field 

( INu ) is striking an arbitrary damage at an incident angle θ  as shown in Figure 3.3. The 

damage located at the center of the segment generate scattered waves are in multiple 

azimuth directions Φ . The scattered displacement fields ( SCu ) are recorded at the sensing 

boundary located at radius r .  The incident displacement field coming towards the center 

of the damage and the scattered displacement field recorded at the sensing boundary 

follows a certain relation [35], i.e., 

 ( ) ( ) ( ) ( ) ( ) ( )φ φ ω,θ,Φ 1 φ ω,θ,Φω,θ,Φ ξ ω,θ,Φ
A B
IN SCi i iA B B

IN AB m SCu e C e H r u eAB− − −=  (3.1) 

where φ INi

INu e
Α

−Α  represents any incident mode A at the center of the damage; 

( ) ( )φ ω,θ,Φω,θ,Φ AB
i

AB
C e−  represents the amplitude ( )ω,θ,Φ

AB
C  and phase ( )φ ω,θ,ΦABie−  of WDIC; r  is 

the radius of sensing boundary; ( ) ( )1 ξ B

m
H r  is the Hankel function of 2-D scattered wave 
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field ( B ) propagates in outward direction with m = 1. AB
C  stands for the incident A wave 

mode to the scattered B wave mode that depends on the direction of incident Lamb wave, 

azimuthal direction of the damage and the circular frequency. On the right side 

( ) ( )φ ω,θ,Φω,θ,Φ
B
SCiB

SCu e−  represents the scattered displacement field along the sensing boundary 

of radius r . 

 

Figure 3.3: Extraction of WDIC from a damaged segment 

Upon rearrangement Equation (14) yields 

 ( ) ( ) ( )
( ) ( )

( )φ ω,θ,Φ φ ω,θ,Φ
1

ω,θ,Φ 1
ω,θ,Φ

ξ
AB AB

B
i iSC

AB A B
IN m

u
C e e

u H r
− − ∆=  (3.2) 

where, ( ) ( )φ ω,θ,Φ φ ω,θ,Φ φB A
SC INAB∆ = − . From Equation (15) the amplitude and 

phase may be separated as 

 ( ) ( )
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For instance, when incident symmetric Lamb wave mode (S0 mode) causes 

scattered S0 mode then both A and B corresponds to the parameters of S0 mode. When 

incident S0 mode causes scattered symmetric SH mode then A corresponds to the 

parameters of S0 mode but B corresponds to the SH wave mode. Similarly when incident 

A0 mode causes scattered symmetric A0 mode then A corresponds to the parameters of 

A0 mode and B corresponds to the A0 wave mode. 

3.4 SEPARATION OF SCATTTERED WAVE MODES 

The wave fields of the local damage model can be solved using finite element 

method (The detail will be discussed in Chapter 4) and the displacement wave fields can 

be obtained throughout the local damage model. To identify the scattered wave modes 

two sensing boundaries can be used: one on the top surface of the plate and the other on 

the bottom surface of the plate. The sensing boundary located on the top surface of the 

plate gives the radial and tangential displacement components at each sensing node 

denoted as T
ru and Tuθ . The sensing boundary located on the bottom surface of the plate 

gives the radial and tangential displacement components at each sensing node denoted as 

B
ru and Buθ   The radial and tangential displacement components of the top and bottom 

sensing nodes are used to selectively separate each wave mode, as follows: 

 0 00 0; ; ;  
2 2 2 2

S A

T B T BT B T B
SH SHS Ar r r r

SC SC SC SC
u u u uu u u uu u u uθ θ θ θ+ −+ −

= = = =  (3.5) 

It should be clearly noted that in this study we focused on the fundamental Lamb 

wave modes (S0 and A0) and fundamental shear horizontal mode (SH0). The frequency 

range of our analysis is below the cut off frequencies of the higher Lamb and SH wave 

modes. We denote fundamental 0SSH  mode as SH  mode. The extension of our approach 

to higher modes will be done in a future study. 
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3.5 ANALYTICAL DERIVATION OF WDIC FOR A SIMPLE CASE  

In this section we explain a simple case for better understanding of the concept of 

WDIC. We choose a simple pristine plate (Figure 3.4) to demonstrate the analytical 

WDIC. For the pristine plate it may be possible to derive the analytical expression of the 

WDIC.  

 

Figure 3.4: Equivalent source of a straight-crested Lamb wave 

Let us consider a plane wave front Lamb waves travel in the x+  direction in an 

infinite plate. It generates a uniform wave field all over the pristine plate. At any sensing 

circle (red) of radius r , the wave fields are shown in Figure 3.4a that can be replaced by 

an equivalent source in Figure 3.4b,c. The equivalent source (ES) can be considered as 

the superposition of the two circular crested Lamb and SH wave point sources located at 

origin O. The circular crested Lamb wave takes care of the radial component of the wave 

field as shown in Figure 3.4b and the circular crested SH wave takes care of the 

tangential component of the wave field as shown in Figure 3.4c. Thus we may write,  

 StarightLW CircularLW CircularSHψ ψ ψ= +  (3.6) 
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