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Correlation function formulation for the state selected total
reaction probability
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David J. Tannor
Department of Chemical Physics, Weizmann Institute of Science, Rehovot, 76100, Israel

(Received 17 November 1997; accepted 8 April 1998

A correlation function formulation for the state-selected total reaction probabNiRfE), is
suggested. A wave packet, correlating with a specific set of internal reactant quantum numbers,

is propagated forward in time until bifurcation is complete at which time the nonreactive portion of
the amplitude is discarded. The autocorrelation function of the remaining amplitude is then
computed and Fourier transformed to obtain a reactivity spectrum. Dividing by the corresponding
spectrum of the original, unfiltered, wave packet normalizes the reactivity spectrum, yielding the
total reaction probability from the internal state, The procedure requires negligible storage and
just one time-energy Fourier transform for each initial reactant state, independent of the number of
open channels of products. The method is illustrated numerically for the one-dimensional Eckart
barrier, using both quantum-mechanical and semiclassical propagation methods. Summing over
internal states of reactants gives the cumulative reaction probabilify). The relation to the trace
formula [W. H. Miller, S. D. Schwartz, J. W. Tromp, J. Chem. Phy9, 4889 (1983], N(E)
=1(27h)? tr(FS(H—E)F8(H—E)), is established, and a new variant of the trace formula is
presented. ©1998 American Institute of Physids$S0021-960628)01127-1

I. INTRODUCTION workers have suggested a variety of flux and complex ab-

sorbing potential formulations fax(E).8~2 Attempts have

Th? tlme-depel_wdent approach tc_) reactive scatte_rmg 'Been made to implement these formulations semi-classi-
appealing for a variety of reasons. It is conceptually SImIOIet:ally 14 but so far numerical calculations are limited to 1D.

reflecting the temporal sequence of approach of collisio . . ;
9 P q ) pp rkhang and Light have presented an alternative formulation
partners, rearrangement of constituent atoms, and the subsfg-

quent separation of products in the course of a chemical rcat—hr N(Ec)i mtterrfn§ tOf tralnst|t|;)n sta’;e wavefpactkets W?'tf]h z:lre
action. Moreover, it simplifies the formal theory of scatter- € products ot internal states and eigentunctions ot the Tiux

5,16 17,18 19-23
ing; the definition of incoming and outgoing states is mostoperatoﬁ Neuhauseet al.""and Zhanget al. have

naturally cast in terms of time dependent wave packets, an&)rmulated and implemented methods for calcylaNME),
since wave packets are square integrable, there is no need!tb three- and four-atom problems, using a time-dependent
extend beyond the normal Hilbert space of bound state quafi€active flux approach, andclde and Meyer have devel-
tum mechanic? Finally, the time-dependent approach to °P€d ﬁomplementary method which uses absorbing
reactive scattering in recent years has become a practicBPte”t'allsz- .
computational tool, as a result of advances in numerical N this paper we present a new formulation of the state
methods for wave packet propagation and because of variog&lected total reaction probability. A wave packet, correlat-
new expressions for the scattering amplittidend reaction ing with a specific set of internal reactant quantum numbers,
probability. a, is propagated forward in time until bifurcation is com-
The complete information about the scattering is con-Plete, at which time the nonreactive portion of the amplitude
tained in the scattering matrixs,(E). The square of an is discardedif there is more than one product arrangement
element of this matrix gives the probability to obtain prod- channel, the amplitude into all but one channel can be re-
ucts with the final set of internal quantum numbegsin the ~ moved by a similar procedureThe autocorrelation function
infinite future, starting with reactants in the initial set of of the remaining amplitude is then computed and Fourier
guantum numbersy, in the infinite past, at total enerdy. transformed to obtain a reactivity spectrum. Dividing by the
However, the complete state-to-state information is generallgorresponding spectrum of the original, unfiltered, wave
expensive to compute and for many purposes is much morgacket normalizes the reactivity spectrum, yielding the total
detailed than necessary. Accordingly, several formulationgeaction probability from the internal state, No projection
have been proposed for directly computing the cumulativeonto individual final states is required, and thus the storage
reaction probability,N(E)=2aB|Sﬁa(E)|2, or the state se- requirements are negligible—just one correlation function
lected total reaction probability,Na(E)=EB|SIB(,(E)|2, and a single time-energy Fourier transform for each initial
which may then be summed to yieMi(E). Miller and co- state. Moreover, the bifurcation of the wave packet is gener-

0021-9606/98/109(8)/3028/9/$15.00 3028 © 1998 American Institute of Physics
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ally complete vyell before the wave packgt has reached ths;a(E)é(E—E’)SBQ(E”)é(E’—E”)
asymptotic region of the potential, reducing the necessary
propagation time. The method is compatible with both = (yf clyrs e ) (Wp el s ). (2)
guantum-mechanical and semiclassical time propagation ) _
methods, as we illustrate here using the one-dimensionaPteégration oveiE” and summation over af of the product
Eckart barrier. Summing over internal states of reactant§hannel gives
gives the cumulative reaction probabilityf(E).
In Sec. Il A we derive the correlation function expres- E S"l;a(E)SBa(E”)ﬁ(E—E”)
sion for the N,(E), starting from the definition of the #

S-matrix. The derivation, and indeed the final formula, are

similar in the spirit to the correlation function formulation of :<¢Z,E|(E f dE' |5 e Y5 el |, )

individual S-matrix elements of Tannor and Weekdut P

many new pieces come into play here. In Sec. Il C we show :<¢;E| |5+| w; e (3

the relation of the new expression to the trace formula R

for N(E)=3(27#)? tr(FS(H—E)FS8(H—E)), of Miller, whereP* denotes the projection operator for products
Schwartz, and Tromf@> and present a new variant of the A

trace formula. In Sec. .III we |mplement the approach using p*=>" f |‘/’;§,E/><'J’;;,E'|dE'- (4)
both quantum-mechanical and semiclassieErman—KIuK B

propagation methods to compute transmission through they, ., ghout the paper the integration over energy goes from
one-dimensional Eckart barrier. A major surprise is the CONt=_ 5 1o E=. The lower limit of the integration over time

tras_,t between the high accuracy of th(_a sem_icla_ssical Propgs — _ o and the upper limit of the integration over time is
gation and the low accuracy of a classical criterion to defing _ , Henceforth, limits of the integration will be omitted.
the reactive portion of the initial wave packet. This loss of | o spirit of the derivation of Tannor and Weéksje

accuracydpant:e avo_ldled, _bult at cofnad;a.rablle expenseé c{%press the energy eigenfunction for a specific internal quan-
re-expanding the semiclassical wave function in a new set of 1, hmper and incoming momentunh;pZ’E}, in terms of

trajectorles after bifurcation is complete. Section IV is thean integral over the time evolution of a wave packef ),
conclusion.
(2mh) L

74(E)

The wave packef®!) is defined such that in the infinite
past it is localized in the asymptotic region of the reactants,
A. Derivation from the S-matrix definition and is given as a direct product of the eigenstate of the in-
}grnal Hamiltonian with quantum numbesisand an incom-
ing wave packet in the translational degree of freedom. The
éunction 1.(E) represents the energy expansion coefficients,
defined as|®,)=fdE»,(E)|#, ). Substituting Eg.(5)
dl:lto Eqg. (3) we have

Vo) = f dte” M@ HeMEL(5)

Il. CORRELATION FUNCTION FORMULATION FOR
N,(E) USING THE PROJECTION OPERATOR

Consider the scattering process of a reactive system wit
internal degrees of freedom. The Hamiltonidrgoverns the
dynamics of the system. It can be written as a sum of th
asymptotic Hamiltonian of reactaritsg or productsH% and
interaction potentials vanishing when the reactants and pro
ucts are far apart

2, Sip(E)Sp(E)SE-E")

— o _ g0
H=Ho+V,=H%+V,.

= (27h) 2 J dt<¢+|e(L/ﬁ)Hte—(L/h)Et|5+
There are two alternative sets of eigenstatesHof 7a(E) 7a(E") “
{voet and {¢ ¢}, which describe the reaction. Labeds
and B refer to the sets of internal quantum numbers, includ- X f dTe*U/ﬁ)HT|cp;>e(bfh>E”T
ing arrangement channels, for the reactants and products, re-
spectively. The wave functiony, ) correlates, i.e., is (27h)~?
equivalent in the asymptotic region, to the eigenstateig;f :W

of the same energy with internal quantum numbersimi-
larly, |¢g£> correlates with the eigenstate Id]% with inter-
nal quantum numberg. The two sets of eigenfunctions are
related to each other through tBematrix, Sg,, ,

+ dEYHEG —(dh)H +
xfdtf dr(®}|eMHtpte=(WhH7 p 1Y
Xe*(L/h)(Et*E"T). (6)

Sﬁa(E):<¢B,E'| ¢;,E>: Spa(E)S(E—E"). @) Since the projection operaté’r+ and the Hamiltonia
commute we can reverse their order in Ef). Changing
The reaction probability from the initial state with inter- variables ta *=t+ 7, t~=7—t and introducing the new pa-
nal quantum numbera to a specific final state of the reac- rametersE*=(E+E")/2 andE~=(E"—E)/2, Eq. (6) be-
tants with the internal quantum numbeg#ss proportional to  comes
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. , One can use the identitig®d" =1-Q* andQ*2=Q"* and
% Sip(E)Spa(E") S(E~E") Eqg. (15 to find the total reaction probability through the

nonreactive part of the wave functio@*®),
1 (2wh) 2

"2 75 (E) 7a(E") (2mh) 1

NJ(E)=1—- 1——7
. . «(5) | 7.(E)]?
xfdt*fdt*w;w*e*“’h)”‘ |

X f dt<é+q);r|e—(L/ﬁ)Ht|é+q,:>e(L/ﬁ)Et

Xe(t/h)(E*th*r)_ )
-1
Integration ovett™ gives 4r# 8(E”—E), and replacing the _1_ (27h) f dt<é+q)+|ef(blﬁ)Ht|(D+>e(L/h)Et
. _ 2 a 3 .
dummy variablet~ by t we get | 7a(E)

12)
> Spa(E)S},(E")S(E-E")
P We can proceed further by recalling thdt} (r,R)

(27h)~ 1 =0%(x:(r)xg(R)). Here, x,(r) is an eigenstate of the
:m internal degrees of freedong(R) is an arbitrary incoming
wave packet in the translational coordinate &2 is the

XJ dt<d>;||5+e‘(‘”")Htl@Z)e("h>5+t5(E—E”). ®) reactant Mder operator defined as

Integration of Eq(8) overE” gives Q%= lim el/MMHtg= (/WMo (13

t——o0
Ssa(E)|?=N,(E
% s B «(E) As shown in Ref. 3, the energy expansion coefficieptéE)

(2ah) L can be found through the Fourier transformgg¢R),
v ~

- dt(CD+| P+e*(L/fL)Ht|q)+>
| 7a(E)[? J « «

« @/mEL ) %(E):(|pa|)7l/2f dRgR)e(/MPaR (149

Equation(9) expressed\,(E) as the cross-correlation func-

. - - + + - -
tion of the reactive wave functio " &, with the unfiltered, press the absolute value of the energy expansion coefficients

. - B + .o B .
incoming wave functionb,, ; in practice either one of these_ in terms of the Fourier transform of the autocorrelation func-
wave functions can be propagated in time, or the propagatlogOn of |q>+>

al?

can be partitioned between the two. The correlation function
expression and the whole approach is closely related to the

wherep,=+v2m(E—E,). Alternatively, it is possible to ex-

. . 1
formulation for the S-matrix elements of Tannor and 2_ +la— (UB)HY § +\ a(/f)EL
formulat )Py | @il 0 e =
(2mh) L o ) ] e
Spa(E)= — dt(<1>ﬁ|e (L/h)Ht|(pC+v>e(L/ﬁ)Et, Expression(15) can be used even if the wave pack®f, ) is
75(E) 74,(E) in the interaction region and distorted from the separable

(10 product form, as long as the staterrelateswith a single set

where the wave packé® ;)= [dE7g(E)|#4 ) is such that ~ of internal quantum numbers, i.e., evolves into a state with a
in the infinite future it is localized in the asymptotic region of single set of internal reactant quantum numbers in the infinite
the products, and is given as a direct product ofgheigen-  past.
state of the internal Hamiltonian and an outgoing wave Combining Eqs(11) and(15) yields
packet in the translational degree of freedom.
fdt<|§,+q);|e—(uh)m||5+q)z>e(b/ﬁ)5t

fdt<(I):|e—(L/ﬁ,)Ht|(DZ>e(L/h)Et

No(E)= (16)

B. Alternative expressions for N, (E)

Using the properties of the projection operaor”=P*  This expression, Eq16), is the central result of this paper. It
andP** =P, we can rewrite Eq(9) in a symmetrized way expresses the state-selected total reaction probability as a ra-
(2mh) 1 A A tio of two spec.trg_, that of the reactive_ wave packet divided
N (E)=1——z | di(P*®]|e” W/MH P+ T)el/hIEL by that of the initial wave packet, which has both reactive
| 7a(E)| and nonreactive components. The latter spectrum normalizes
(12) the former, ensuring that the total reaction probability is be-
The right-hand side of Eqll) is manifestly real since it tween O to 1 and that the result at each energy is independent
involves the Fourier transform of the autocorrelation func-of the choice of energy distribution in the initial translational
tion, and for any autocorrelation functiofi(—t)=C*(t). wave packet.
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It is possible to construct the initial wave packdt ) P~ = lim eVMHth(g)e™ (WMHL (22)
by projecting an arbitrary wave packidt) onto the specific to—o
internal statea using Eq.(15) for the energy coefficients,

+ _ -z . e
[®,)=P,|®). The total reaction probability can then be which projects onto products in the infinite past. Its action on

written as the incoming wave packet is triviaﬁ,’*|<I>;>=0. A useful
o o relation between the projection and flux operators is
\ (E) fdt<P+Pa(D+|e7(L/ﬁ)Ht|P+Paq)+>e(L/h)Et
@ . +|a—(dE)HY B +\ a(t/h)EL _
Jd(P, D" e |P,d")e an f dte(;/h)HtFe—(L/h)Ht:f dtelvmHt ﬁi [H,h(s)]e(“/MHt

It is worth noting that all the expressions for the state :f dt(i elMHtp (g) g~ (Wi)Ht
selected total reaction probability can be reversed to treat the dt
case of a single well-defined internal state of products, =lim e(/MMHth(g)e=(WMHt
summed over all internal states of reactants. To do so, the tw
labelsa and 8 must be interchanged, the projection operator
must be redefined to project onto reactants as the final wave — lim e/MHth(s)e (/A
packet(which is separable into the outgoing wave packet in oo
the translational coordinate and internal eigensfaitef the —pt—p-. (23
product internal Hamiltonian as—) is propagated back in
time.

We now rearrange a part of E(L8) using Eq.(23),

C. Derivation of the trace formula from  N,(E) —
(27h)28(E—H)FS(E—H)

1. Preliminaries :f dte("ﬁ)(H*E)tEf greld(~H+E)7
The trace formula of Miller, Schwartz, and Trofg®
[
reads :f dt—J’ dte(t/h)Ht % [H,h(S)]
27h)?  — — —(UB)Ht o= (JR)(H—E)t™
N(E)=( ) tr(FS(E—H)F S(E—H)), (18) xe €

2

:f dt i {e(L/mch(S)e—(L/ﬁ)Ht}f dt—e~ (UM(H-EX”
with the flux operator defined via the commutator of the full dt

HamiltonianH and the Heaviside functioh(s), :( lim e(“MHth(g)e(/A)Ht
t—oo
=L P, P _ ~ lim e“/h)ch(s)e_“/h)Ht)27rﬁ5(E—H)
F—§<5(S)E+E5(S))—g[H,h(S)], (19 M

=2mh(PT—P7)S8(E—H). (29
with s being the reaction coordinate. The direction of the
reaction is such that= — oo corresponds to the reactants and
s=o corresponds to the products. The Heaviside function
defined as

In the intermediate steps of the derivation we made the sub-
Stitutiont™ = 7—t. Thus, Eg.(18) can be rewritten as

1 if s>0 - .
h(s)=1, :f 2<0 (20) N(E)=mh tr(FS(E—H)(P*—P7)), (25)

projects onto reactants. It is a part of one of the alternativéVhich is an interesting alternative expression for the cumu-

expressions of the projection operator for products lative reaction probability.
|5+: lim e(t/ﬁ)ch(S)e—(L/ﬁ)Ht. (21) . .
t—soo0 2. Getting the trace expression for N (E)

R We now return to the correlation function expression,
The operatoP™ projects onto the states that are on the prod-Eq. (11), and manipulate it into a form closely resembling
uct side in the infinite future. Another projection operator isEq. (25),
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27h) 1 - - — .
N“(E):%f (D[P e MBI E.  2mh S (g F(PT—P )|yl
(2mwh) "t - a —
:Wfdt@ﬂ(F”—P ) =27h >, (l//Z,ElE(fdte(L/ﬁ)HtFe_(L/h)Ht)|¢:,E> (32
Xe—(c/h)Ht(Is-%—_Is—)|q);->e(l./ﬁ)Et (26) .
—2enS, (uielF [ atem e |Flys o
(2wﬁ)1f N U —
— dt(d d e(L/ﬁ)HTFe—(L/h)HT _ i
| 7.(E)|? (Pl T =(2mh)22, (s elFO(H=E)F|yl ¢) (33
Xe—(blﬁ)Ht(ls-F_Is—)|(b+>e(L/ﬁ)Et 27)
: 2 1 + 1. =t
=(27h)22 5 (Ve elFOH-E)F|4 )
(2mh) "1t 3 “«
= f dt+f dT(CD:”e("/ﬁ)(H E)r _ _
| 74(E)| +(Yo el FS(H—E)F|y5 e)). (34)
XE(}':\)Jr_ﬁ)*)e*(tlh)(HfE)t+|(I);r> (28) Above we used Eq(23) once again. In Eq(34) we added
the term
=2mh (Y] el F(PT—P7)|y ). (29 (gt |FO(H—E)F|ye)
~ — + E _BEVElt *
We used the fact thafP*|<DZ)=O to obtain Eq.(26). Then (w“'El_F o(H E)_Fw”‘*E»
we used EQ(23), relating projection operators to the flux =<¢Z,E|F5(H—E)F|'//;E>a

operator, to get Eq(27). Substitutingt™ =t-+ 7, changing

variables of integration fromt(7) to (t*,7) and using the Which is the complex conjugate of the real express@®),

commutativity of the projection operator with the Hamil- divided by a factor of 2. Thus, we can rewrite Eg9) as

tonian we get Eq(28). Finally, the expression for the energy _ R .

eigenfunction was used to arrive at Hg9). N(E)= >, J dE'((¢, o [FS(E—H)(PT=P7)|y, o)
Summing overx for the cumulative reaction probability, “«

(W L IFSE—H)(PT =P )¢k )

N(E)=23 No(E)=2 2mh(y} el F(P* =P )|y ) — mhi tr(FS(E—H)(P*—P"))
. (2mh)> — —
P def<¢;E,|,:(p+_p—) = (FAE—H)F(E—H)), (35
, where, using Eq(25), we have finally arrived to the trace
X o(E-E )|¢;E’> (30) expression(19).
=27k >, JdE’((ﬂ:E, FS(E—H)
a ’ Il. NUMERICAL IMPLEMENTATION
X(P+— |5*)|,/,Z ) (31) A General considerations

The correlation function expressions, E@). and (11),
Integration over the enerdy’ is introduced to approach the formally require three time propagations:
trace form and the order d®?* and §(E—H) is changed
since they commute. Now Eq31) resembles Eq(25),
evaluated in the energy eigenfunction basis set, except that the products.

the setf{; ¢}, as defined by Eq5) is not complete. This set (2) Propagation back in time up to=0 to complete the
describes just the pure outgoing waves in the product chan- construction of thél5+d>+>

nell. There is another set ‘f the energy e-lgenfunct.{mﬁE}: (3) Calculation of the correlation function C(t)
which are orthogonal t§y, c} and describe pure incoming N L . .
waves in the product channel and are complex conjudates :<®a(o)|f ?a(t)); O: the autocorrelation function
time reversejl of the eigenfunctions{y ¢}. Functions Ca(t) =(PT @, (0)[PT® (1)) for t=[—o,].

{5 g} form the subspace where the operaor acts non-  In practice, some of the steps can be combined. The maximal
trivially, but P+|¢/’§,E>:0- We now add these terms to com- propagation timerl in the first step can be determined from
plete the trace evaluation in the complete set of the energthe approaching of the norm of the wave function in the
eigenfunctions. We can rewrite EQO) to make it explicity ~ product regionf5ds|® (s,t)|? to a constant valugs is a

real reaction coordinaje This happens before the wave packet

(1) Propagation of the wave packgb!) forward in time
into the infinite future followed by the projection onto
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FIG. 2. Transmission probabilityN(E) for the Eckart barrier,
V(x)=16 cosh?(1.3214), qbtained guantum-mechanically using Ef)

FIG. 1. Scattering on a one-dimensional barriey;att=0 an initial wave ~ Wwith one projection operatd? (short dashed ling using Eq.(11) with two
packet|®(0)) (shaded starts moving towards the barriésolid line on all projection operator®? (long dashed ling and analytical resuffsolid line).
panels; (b) at timet=T the wave packeft®(T)) (shadedlis split into two N(E) is plotted on a logarithmic scale.

parts: the reactive part is on the right side of the barrier and the nonreactive

part is on the left side(c) the nonreactive part of the wave packet is dis-

carded since the transport of the amplitude towards the product region is

stopped, I5|<I>(T)> (d) the reactive part of the wave packb%d)(T)) q)+(s,0):(2a/77)1/4 ex;{ —a(s— So)2+ L Po(S—So)
(shade¢| is propagated back in time from=T to t=0 and its autocorrela- h
tion (P®(T)|P®(T—t)) (long dashed I|ne—\Pt1>(T)>) or the correlation (36)

with the initial wave packetshort dashed I|n)e(d>(0)|P<I>(T t)) is com-

outed. with a=6, s5=3.5, pg==6 in the units ofAi=1, m=1. The

initial wave packet was propagated up to tifhe 6 with the
time stepdt=0.006 using the FFT methdd Then, <I> (s))

reaches the asymptotic region, while transitions between difas multiplied by the Heaviside functio(g(), P p(s.T)
ferent internal states of products can still be happening. The N(S)®7(s,T), and propagated back in time Ut 0. Al
projection onto the products consists of simply multiplying the same time, the functio@(T+t)=(®" (0)| @2 (1)), to

the wave function by the Heaviside functi@®0). The auto- use in Eq.(9), or the functionC(t) = ((IJP(T)|<I>P(T+t)> to
correlation function of the initial wave packet can be calcu-yse in Eq.(11), was calculated. The propagation tifievas
lated as part of the first step, if EQLS) is used for the energy determined by the desired resolution of the Fourier trans-
expansion coefficientg(E). However, the second step, the form. The total amplitude of the wave function in the product
propagation back td=0, is not necessary. One can startregion stopped changing for times greater thgn3, accord-
computing the autocorrelation function of the projected waveng to the criterion

function C,(t)=(P*® (T)|e” H|P*d 7 (T)). Propaga- . .

tion just forward or just backward in time will be sufficient f |<I)*(s,t+dt)|2ds—f |®*(s,1)|%ds
sinceC,(—t)=C3(t). Propagation back seems to be more 0 0

practical because it requires a smaller grid than the further 37
propagation forward. Moreover, using E@), one can The time of the projection need not be the same as the propa-
calculate the cross-correlation function of the projectedgation timeT; in principle, the projection can be performed
wave function and the initial wave packe€ (T+t)  att, and the correlation function computed by propagating
=(®(0)le”MH P+ (T)) for times t=[T,0]. This the wave function backwards in time frotg to t=0 and
correlation function C.(t) also satisfies the property forwards in time fromt, to time T, with the total time long

<1078,

C.(—t)=C% (1), since Egs(9) and(11) are equivalent. enough to obtain the desired resolutionNGE). The quan-
Figure 1 illustrates this procedure for a scattering on aum transmission probabilities are presented in Fig. 2. As one
barrier in one dimension. can see, a single wave packet gives a good description of the

dynamics from energies in the tunneling regime to those far

above the barrier energy.
B. Using the quantum-mechanical propagator

We applied Eqs(9) and (11) with operatorsl5+ and C. Using the semiclassical propagator of Herman and
P*2 for a one-dimensional test problem, the Eckart barrier Kluk
scattering. The parameters of the potentia¥/(s) Semiclassical wave packet propagation methods, pio-
=16 cosh?(1.1243%), correspond to the parameters for the neered by Hellef®?° are the natural companion to the time
hydrogen exchange reaction and the mass is unity. The initialependent approach to scattering. To calculate the correla-
wave packet has the Gaussian form tion function here we use semiclassical propagator of Her-
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man and Kluk(HK),3%3that has been rederived by K&y>*
and successfully applied to a number of problémé® The
HK propagator is a superposition of the contributions from
classical trajectoriein one dimensio)

Ksqs’,t;s,0)

dp;dg; ,
=JJ > Rapt" """ 9,(qr, P8G5 (01, Py 19),

(39)

Correlation function, Re{C(t)}

1/4
9,(0;,pt,S) = (%) exp( - % (s—ap?+ % pt(s—qt)>,
(39

0.0 0.5 1.0 15

1(opy 90 ey dqy ¢ dpy Time,t
qut= \/de sl t— ot 7=, (40 ) . ) .
2\9pi dq; R dp; Ay Iq; FIG. 3. Comparison of the autocorrelation functi6iit) of the projected
. wave function for the Eckart barrier used in E@1), obtained semiclassi-
andq, andp, are the coordinates and momenta at tinté &  cajly with the Herman—KIuk propagatéshort dashed line semiclassically

classical trajectory started with initial conditiogsandp; at  with the classical reactivity criteriorflong dashed line and quantum-
time zero. The sign in Eq40) has to be chosen such that mechanicallysolid line). The real part oC(t) is plotted.
Rgpt is @ continuous function of tim&. Sqpt is the classical

action,
¢ not adequately describe the semiclassical reactive wave func-
S(q,p.t)= J (Pe Gy —H(pyr 0y ,t7))dt . (41)  tion. We found that to obtain satisfactory accuracy we had to
0 re-expand the propagated-projected wave function at the
The integration goes over all initial valueg;(p;). In gen-  “infinite future” in a new set of trajectories and propagate it

eral, y is a parameter. Here we chose it to be dependent oRack in time, calculating the overlap with the initial reactant
the width of the wave functior(36) to be propagatedy wave function. The new set qf trajectories cover_ed a big
=2a. Thus, the correlation function is a sum over the tra-Section of the phase space, since the wave function at the

jectories infinite future is spread; the re-expansion weighting coeffi-
cients for every new trajectory were calculated once at
Cqt)= ff dsds®**(s',00K3(s’,t;5,00D *(s,0) =T. An alternative is to calculate the autocorrelation func-

tion shifted in time byT, in which case the initial set of
trajectories can be reused, but summation over two sets of
= 2 Cypt- trajectories needs to be performed at every time step to com-
ap pute C3{t). If we use the explicit expression for the semi-
It is natural, in the context of semiclassical propagation,classical propagator, E¢38), and a Gaussian for the initial
to try to replace the quantum projection operator procedurgvave function, Eq(36), we have
by a classical reactivity criterion, in which the contribution _ ST S
of reactive trajectories to the correlation function is kept, anaca%t)z“a P, (M[PTD,(T+D)
that of nonreactive trajectories is discarded, i.e.,
R :(ZWﬁ)iluvqu f(qi!piisOIpO)f(uiivi!qupT)
cl — + +clgy + —
CUO=(OTOPT 0" (1) =3 Coplyp: (42 ) .
) ) X f (utvvtvqupT)e St quT quTRUUtaqp0Ul}7
with 6,, defined as (44)
1 if g(q;,p;,t——>)<0 and g(q;,p;,t—x)>0
a0 if q(gi,pi,t——=)<0 and q(q;,p;,t—)<0’
43
For the one-dimensional case this criterion is equivalent to
keeping only trajectories started from the reactant side with |
momentum towards the barrier and with energy greater then + o7 (q— u)(p+v)).
the barrier top. We used this idea in Ef), for the same test
problem and parameters as described in Sec. ([BBussian In practice, this means that a set of trajectofies p;} sam-
wave packet in the Eckart potenfialUnfortunately, the pling the initial wave packe® (0) is propagated until time
agreement with the quantum results was p@eg. 3. It T, when the bifurcation of the wave packet is complete; at
turns out that the classical reactivity criterion is applicablethis point all the information about the trajectories at tifhe
only when the reactive and nonreactive trajectories becomis stored. Now the trajectoriesqgr,py} are relabeled as
spatially separated. For earlier times the interference betwedm; ,v;} and propagated further forward in time. Since in Eq.
trajectories is crucial and classically reactive trajectories dd44) we propagate both bra and ket up to tifhee have two

where

1
f(qap:UyU):E’XF< _% (q_u)Z_ 4h27 (p_v)Z
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quantum-mechanical propagation methods. We demonstrated
it on the scattering from the one-dimensional Eckart barrier,
using the quantum-mechanical propagator. We then imple-
mented the correlation function expression semiclassically,
using the Herman—Kluk propagator, and achieved results of
the same accuracy as with the Tannor—Weeks formulation
for the S-matrix reported earliet. However, we found that a
semiclassical criterion for the reactive wave function, keep-
ing only the contribution from classically reactive trajecto-
ries, cannot be substituted for the quantum projection opera-
tor on the wave function; we had to propagate the
semiclassical wave function until bifurcation was complete,
project in position space, and then propagate forwards to
Energy. E ' ' calculated the autocorrelation function. This procedure re-
quires calculating cross overlaps of a large number of Gaus-
sians at each time step, and is computationally expensive.
Alternatively, we found that the semiclassical method was
accurate if the reactive wave function was re-expanded in a
new set of classical trajectories after the projection step,
propagated backwards, and overlapped with the initial
summations over the séq, p}, one describing the stationary Gaussian incoming state; the re-expansion is done only once,
wave packetP(T), and the other over the sgi,v}, describ-  but again requires cross overlaps between a large number of
ing the further evolution ofP(T+t) in time. Due to the Gaussians. The number of overlaps is prohibitive in more
Heaviside functions, the nonzero contribution comes onlythan one dimension; for example, on the order of(A0F)?
from the reactive trajectories. At tim& the bifurcation is  for the hydrogen exchange reactibhFinally, we note that
already complete and there can be no interference betwejuantum mechanically or semiclassically, the method is not
reactive and nonreactive trajectories. Thus, we can write jusixpected to be efficient for problems with narrow reso-
Oqp O 6y, in EQ. (44) instead of their product. This is nances, which inherently involve long time propagation at
equivalent to the statement that after tifiethe property the transition state.
P*2=P" is fulfilled. Semiclassically, propagation forward
in time into the asymptotic region is convenient since there is
no concern about the gnd size and the propagation is S|mp|e%.] _Taonr,_Scattering Theory: The Quantum Theory of Nonrelativistic Col-
in the asymptotic region. Here we used 1000 classical trajec, 0" (Wiley, New York, 1972. e
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