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Bohmian dynamics on subspaces using linearized quantum force

Vitaly A. Rassolov and Sophya Garashchuk
Department of Chemistry & Biochemistry, University of South Carolina, Columbia, South Carolina 29208

(Received 16 December 2003; accepted 21 January)2004

In the de Broglie—Bohm formulation of quantum mechanics the time-dependentduien
equation is solved in terms of quantum trajectories evolving under the influence of quantum and
classical potentials. For a practical implementation that scales favorably with system size and is
accurate for semiclassical systems, we use approximate quantum potentials. Recently, we have
shown that optimization of the nonclassical component of the momentum operator in terms of fitting
functions leads to the energy-conserving approximate quantum potential. In particular, linear fitting
functions give the exact time evolution of a Gaussian wave packet in a locally quadratic potential
and can describe the dominant qguantum-mechanical effects in the semiclassical scattering problems
of nuclear dynamics. In this paper we formulate the Bohmian dynamics on subspaces and define the
energy-conserving approximate quantum potential in terms of optimized nonclassical momentum,
extended to include the domain boundary functions. This generalization allows a better description
of the non-Gaussian wave packets and general potentials in terms of simple fitting functions. The
optimization is performed independently for each domain and each dimension. For linear fitting
functions optimal parameters are expressed in terms of the first and second moments of the
trajectory distribution. Examples are given for one-dimensional anharmonic systems and for the
collinear hydrogen exchange reaction. 2004 American Institute of Physics.

[DOI: 10.1063/1.1669385

I. INTRODUCTION by the wave functiony, the quantum potential is defined as
Quantum-mechanical effects on the dynamics of nuclei h? V2y
are essential for a description of many chemical reactions. =7 ﬁ—| o

For large molecular systems, the exact methods of solving
the Schrdinger equation are unfeasible, because of their exBohmian trajectories can be a useful visualization %@sid
ponential scaling with system size, while the methods of mothe formalism has been adapted to nonadiabatic dynafiics,
lecular dynamics, based on classical mechanics and applphase-space  representations, and density  matrix
cable to high-dimensional systems, do not describe quantumpproacheg-*® Numerical implementation of the quantum
effects. Therefore, great effort went into the development ofrajectory formulation is hindered by the special features of
semiclassical time-dependent methods that would combinguantum trajectory dynamic§) quantum trajectories cannot
favorable scaling of classical trajectory methods with a de<cross and(ii) the quantum potential is, in general, singular
scription of the dominant quantum effects in the limit of when the density of the wave function vanishes. These prop-
large mass or smaft appropriate for a description of mol- erties lead to complicated and rapidly varying in time and
ecules. We find that the de Broglie—Bohm formulation of thespace quantum potentials and quantum forces, which are
Schralinger equation can serve as a very good starting pointery difficult to compute accurately. In recent years the quan-
for the development of semiclassical time-propagation methtum trajectory propagation method gained attention as an
ods. alternative way of solving the Schiimger equation. Several
Traditional semiclassical methods, such as the vampproaches based on a local interpolation of the wave func-
Vleck—Gutzwiller propagatdrand initial-value representa- tion density were suggest®d?°and some of them proved to
tion method<, ™ are based on the stationary phase approxibe efficient for model problems in many dimensions. Never-
mation to the Schidinger equation. They involve the purely theless, for general problems the accuracy of the quantum
classical time evolution of trajectories with the quantum ef-potential and consequently that of dynamics was found to
fects coming from summation over classical paths using theleteriorate with time or to become impractiéaf?
action and stability of classical trajectories. In contrast, inthe  This motivates us to focus on the Bohmian formulation
de Broglie—Bohm formulatiohthe Schidinger equation can as a basis fosemiclassicapropagation methods that use an
be solved in terms of quantum or Bohmian trajectoriesapproximate quantum potentighQP). As follows from the
evolving in time according to classical equations of motion,definition of the quantum potential, the classical limit in the
but under the influence of thguantumpotential in addition Bohmian formulation can be defined as the quantum poten-
to an external potential. For a particle of masgsiescribed tial being zero in the limit ofi—0 or m—oe. This implies a
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certain behavior and properties |@ff, such agiy{#0. When keep the fitting functions simple. The presence of spatial
the AQP is determined with high accuracy the formulationdomains is included in the definition of the quantum poten-
becomes equivalent to the full quantum mechanics. We artal, which makes this approa@nergy conserving/ith the
interested in the intermediate regime when the AQP isonclassical momentum linearized on domains, the optimi-
smooth enough for efficient and practical implementation inzation problem remains linear, as in the LQF, and is indepen-
many dimensions, and at the same time, it is accurate enougtent for each domain and each dimension. The introduction
to describe leading quantum effects in semiclassicabf domains improves the description for anharmonic poten-
systems? For example, fitting of the wave function density tials and non-Gaussian wave packets, as shown by studies of
in terms of a single Gaussian function determines an AQPhe reflection on the Eckart barrier, the description of the
which is exact for a Gaussian wave packet evolving in aground state of the Morse oscillator, the computation of
locally quadratic potential. This AQP also gives a good de-spectra for anharmonic and metastable wells, and studies of
scription of scattering on a barrier in one dimensid®  dynamics for the collinear fHsystem.
recently proposed trajectory derivative propagation method Sections Il A and Il B summarize the quantum trajectory
of Trahanet al?® effectively involves approximations for in- method and the globally defined energy-conserving AQP,
dividual trajectories: the quantum potential is determinedvhich are needed to define Bohmian dynamics and the
from auxiliary equations on the derivatives of the density andnergy-conserving AQP on spatial domaiec. 11 Q. Nu-
action function, and truncation of the infinite hierarchy of merical examples and a discussion are presented in Sec. ll.
equations at a finite levelsuch as second or third order Section IV concludes. The energy conservation and solution
leads to “approximate Bohmian trajectorie®” for linear fitting functions are given as Appendixes A and B.
Originally, we determined the AQP from the wave func-
tion density approximated in terms of fitting functioftbe
number of the fitting functions controls the accuracy and!l- THEORY
numerical cogt*® We found that the resulting AQP did not A. Quantum trajectory formalism

conserve energy in a closed system, because the low-density Consider a quantum-mechanical system Nedimen-

regions are “underweighted” in the global density fit, . | o : d by the Hamiltoria
whereas the quantum potential can be large in these region%'.qna artesian space, governed by the Hamiltorkan

> Bt —1p ; ; ;
Then we found that the nonclassical component of the mo= P M '?n/)Z*’Vj whereM is a diagonal matrix of masses,
mentum operator, proportional k¢|71€|¢|, might be a bet- {M,n}=m'". (Single superscript indexes are used to label

ter candidate for the development of approximations. Thi imensions; sub_script indexes are used to label trajectpries.
quantity is inherently linked to the quantum potential: the he time evolution of the density and the phase of a wave

optimized nonclassical momentum defines the energy]iunctlon (),

conserving AQP regardless of the quality of the representa- R . L R _

tion of || "1V |¢| (Ref. 27. We also showed that a simple w(x,t)zA(x,t)ex%ﬁS(x,t)), A D=Vp(x.1), (1)
linear approximation to the nonclassical momentum results = = . . -y
in a linear optimization problem, which makes this method\’_\’h":_h is a solution _Of the time-dependent Scmrrger_ equa-
cheap in many dimensions. The linearized nonclassical mgion in the Lagrangian frame of reference, are defined by
mentum generates a linear quantum fofic®F), which de- ds(x,t) p'M1p

scribes the quantum dynamics of a correlated Gaussian wave dt 2 -U, 2
packet in a locally quadratic potential exactly. The LQF de- R
scription is somewhat reminiscent of the thawed Gaussian dp(X,t)
method® and variational Gaussian wave packet dynarfiics, dt
e e e 8 s e amptudeh () and phasei) ar ea utions,

method, there is no assumption about the actual wave fun®=Mv=VS(x,t) ‘is the hydrodynamic, or “classical,”

1 . .
tion density. Therefore, the wave packet bifurcations are demomentunt U is a nonlocal time-dependent quantum po-

= —V.op(X,t). 3

scribable within this approach, as was shown by computind€ntial
the wave packet transmission probabilities for one- 22V™M _1€A(§,t)
dimensional scattering and for the collinear hydrogen ex- U:_7—A(>2 ) (4)
change reactiorf :
To go beyond the LQF within the framework of approxi- Expression(2) is the Hamilton—Jacobi equation for the

mating the nonclassical momentum, one may approach a fufilassical action of a trajectory in the presence of a classical
quantum-mechanical description by increasing the flexibilitypotential V- and a quantum potentidl. Equation(3) is a

of the fitting functions. If the fitting function can be repre- continuity equation for a normalizable wave function density.
sented in terms of a complete basis set, the description wil\tomic unitszi=1 will be used below.

be formally exact, though optimization with complicated fit-  In order to implement Eqg2) and (3), the initial wave
ting functions will be a nonlinear problem which signifi- function is represented in a set of trajectories with initial
cantly increases computational costs. In this paper weonditions{x;(0),p;(0)}. The initial momenta are defined by
present a different strategy of approximating the nonclassicahe initial phase of)(x,0), p;=VS(x;,0). A certain amount
momentum on subspaces domains which allows us to of density within a volume element® (X; ,t)=1'[5xi(”)(t)
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X (i=1,...N), or a certairweightcan be associated with the As we have shown earlié?,fJ evaluated at the optimal val-
ith trajectory. For a closed system the trajectory weight Uues ofs satisfies Eq(6) and, therefore, conserves the total

remains constant in the course of dynanfits: energy of a closed system regardless of the functional form
of g™,
Wi =p(X;,1)dO(X; ,t) = p(x;,00dO(x;,0). 5 The simplest physically meaningful choice, correspond-

L ) - - ) o ing to a Gaussian density, is to approximeif® with alinear
The initial density ofys(x,0), p(x,0), defines the initial value ¢, tion g™ for each spatial component. This functional

of the quantum potentiall, which affects the subsequent ;.\ tor g™ generates a quadratic approximate quantum

dlynarglcs (:f th? s;(/jstetmihCofnﬁerv_atlon of thte toﬁLenergytmn%otentialﬁ and a LQF. The optimal values of the parameters
closed system leads to the following property of the quantu , given by Eq.(10), are found analytically from the first and

potential: second moments of the trajectory distributi@ee Appendix
dE UL A A), res_ulting in an efficient propagation sche_me, _vvhich
E:f P p(x,1)d®(x,t)=0. (6) scales linearly with rgspect _to the pumber of trajectprles.
From the theoretical point of view, the assumption of a
linear nonclassical momentum is exact for a Gaussian wave
B. Global energy-conserving approximation of the packet evolving in time in a locally quadratic potential and it
nonclassical momentum can describe dominant quantum effects in semiclassical sys-

As follows from the definition(4), the quantum potential {€ms. In order to improve the description of non-Gaussian
depends on the curvature of the wave function amplitude?vave functions and general potentials, we have to increase
Local interpolation ofp(X,t), evaluation of the derivatives the flexibility of the fitting functionsg™. A more sophisti-
of p(%,t), and subsequent determination of the quantum poc@ted functional forn{up tog™™ being a linear combination
tential and quantum force become expensive and inherentf the functions forming a complete basiuld serve this
inaccurate for the low-density regions. Therefore, we lookPurPose. Alternatively, the nonclassical momentum can be
for a global approximation to the “nonclassical momentum” @PProximated with the fitting functions of restricted func-
F(i,t):p(i,t)*lﬁp(i,t) (Ref. 27, proportional to the dif- tional form on subspaces rather than on the full space, gen-

ference between the quantum-mechanical momentum oper§r@/izing Eqs.(8)—(11).
tor p and the classically defined, or hydrodynamic, momen-
tum p=VS (Ref. 31). Each spatial component ofX,t),
C. Approximation on subspaces or spatial domains

1 dp(Xt . . .
rM(x,t)= —— px.Y , (7) Let us divide the coordinate space into several subspaces

p(X,0)  ox™ or domains labeled=1,...L., each one defined by a “do-
main” function Q,(x): Q,(x)=0 for all x. For the sake of
clarity the presentation below is given for a one-dimensional
system; a generalization to many dimensions is outlined in
Appendix A. These subspaces may correspond to physically
significant regions such as reactants, products, and transition
I(”)=f [r™(x,t)—g™M(X,5)]%p(X,t)dO(X,t), (8) states in reactive dynamics, or they can be based on other
considerations, such as the shape of the wave functions and
which after trajectory discretization of the initial density features of the potentia¥. The domains are fixed in time

p(X,0), 1( can be rewritten as weighted sum over trajecto-and, in general, overlap in space. We choose the last domain
ries: with indexL to complement the rest of the domains to unity,

is approximated by a function of of the general form
gM(x,s) with K time-dependent parameters forming the
vectors. For each dimension we define a functional

M(x. & —-1—

9GS oz a2 @ QL (x0=1 |:§71 (%), (12)
so that the solution on the subspaces is equivalent to the

1" abbreviates a term that does not dependSofihe fact  solution on the full space.

that neitherp(X,t) nor its derivatives are involved is of cen- In order to solve the Schdinger on a subspace, the

tral importance for an efficient implementation algorithm, kinetic energy operatok has to be modified to include the

which in this case will be linear with respect to the numberinterface terms sinc€),(x) now enters the inner product.

of trajectories. The optimal values &fcan be found from The Hermitian form of the kinetic energy matrix element,

|<“>=|g‘>+2i wi(z

gradients ofl (W with respect to all components 6f <¢i|k|¢j>, is
V. (W=0. (10) if APT (X) dpj(x)
2m ax ax hidx

An approximate quantum potential in terms ofg(M(x,s) is
1 fﬂ . #? QX)) g

oi(x)dx.
(13

g™(x,8)%+2 (11)

99" (X,S)
&X(n) ’
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With this form ofK, for each domain the guantum potential As a practical implementation of the AQP defined on
U in Eq. (2) is replaced by its modified versidd, with the ~ subspaces, we will use the linear fitting functioggx,s)

additional interface term with different values of the parametegsfor each domain.
, ) ) With this choice, the optimal parametessare found by
U= 1 AT QT(x) AT (14 ~Means of linear algebra in terms of first and second moments
o2ml At Q%) Axt) ) of the trajectory distribution independently for each domain.

Equation(3) for the density on a domain is also modified: This solution is given in Appendix B,

dp(x,t) Q' (x) I1l. RESULTS AND DISCUSSION
at =—v’p(x,t)—mvp(x,t). (15

In the preceding section we have described a rigorous
Note thatp(x,t) and S(x,t) are still defined on the full W&y to define the quantum potential in terms of the approxi-
space, not on the domains. The summation of (£6) over mate nonclassical momentum optimized on domains. This

all domains weighted by, gives Eq.(3), since SQ,(x) Ergcedure gives an exact quantum potential if the fit of
—1 and3Q/(x)=0 for domain functions satisfying Eq. r(x,t) were perfect. In practical applications to semiclassical
(12). systems we want to keep the number of domains small and to

This formulation is formally equivalent to the Schro work with linear fitting functions. This leads to the issue of

dinger equation on the full space and offers no advantage ihe dqmain setup. An efficient choice of a limited number of
the quantum potential is determined exactly. But it enables ud0mains has to be based on some knowledge about the prob-

to define an approximate quantum potential on domains. WM at hand: we set up domains in the regions of strong

p'(X1)
p(x,t)

can approximate the nonclassical momentum on each d(_ga_nhar.monicity of the pote.ntial accessible.to the quantum t_ra—
main by minimizing a functional jectories representing a given wave function. Fpr the reactive
scattering problem we set up separate domains to represent

2 \? the reaction channels and transition state. The model systems

||=f —9|(X,S)) Q(x¥)p(x,)dx, (160 studied below are chosen for their relevance to problems of
. nuclear dynamics. In all examples the quantum-mechanical

wheres is a collection of the f|tt|ng pal’ameters. The contri- results used for Comparison were obtained using the Sp“t_

bution to the approximate QP from each domain is deterpperator method?

mined by Eq.(14):

A. Scattering on the Eckart barrier

'le —-— i{[g|(x,§)2+ 29/ (x,8)10(x) A standard one-dimensional test for semiclassical propa-
8m gation methods is the scattering of a wave packet on a bar-
+29,(x,8) Q! (X)}. 17) rier. The computation of the transition probabilities within

the frame work of quantum trajectories appears to be quite
The total quantum potential is a simple sum over domains:straightforward-"> while an accurate description of the re-
flected wave function presents a challenge. The reason for

U= 2 DI_ (18) this is that the reflected component of the wave function

=y interferes with the slow incoming component creating a
~ i R . “rippled” density profile. This caused instabilities in meth-
U should be evaluated at the optimal valuessahat mini-  ,qg hased on local density interpolation and derivative evalu-
mize Eq.(16) and for whichVl,=0. Then, the approximate ation, which initiated the development of more sophisticated
quantum potential defined on domains will rigorously con-trajectory approaches such as moving gids wave func-
serve energy in a closed system, as was the case with the fiibn transformation between representatithdie study
space approximation, Ed11). The derivation is given in  gcattering on the Eckart barriaf=D coshgx) 2, mimicking
Appendix A. _ the transition state of the 4ystem. The parameters of the

We do not have to solve E{LS) for the density, because potential areD = 16, z=1.3624 in scaled atomic units, where
once summed over the domains, it is equivalent to @f.  the reduced mass of the hydrogen molecule is set to 1. The
The latter can be solved for closed systems without approXigistance is measured in boln=1. The initial wave packet
mations apart from the trajectory discretization, as given ing centered to the left of the barrier:
Eq. (5). In our approach we use spatial domains to approxi- va ,
mate the nonclassical momentum and to define the AQP, ¥(X.0)=(2ao/m)""exf — ao(X—Xo)“+ tPo(X—Xo)].
while the wave function remains defined in the full space (19
according to Eq.(1). Within the quantum trajectory ap- The choice of initial parameters d&y=6, Xg=2, pp=3}
proach, it might be possible to describe the dynamics of undefines a wave packet with initial energy of about half the
bound systems on a subspace, rather than on full space, dgarrier height. Since we use E&) for the amount of density
cording to Egs.(14) and (15), since the effect of a given within a volume element and do not compute the density
trajectory, moving in the asymptotic region toward infinite  explicitly, we examine quantities that can be computed di-
on the rest of the trajectories, vanishes according to the daectly as a sum over trajectoridabeled by the indeK, such
main function. This intriguing possibility, however, is be- as the reaction probability of a wave packet,defined as
yond the scope of present paper. P=Ilim,_. Z;w;h(x;(t)) [h(x) is the Heaviside function
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1 are defined by setting;= —2.0,q,,1—9,=0.5, andB=5.0.
g Trajectories were propagated uptte 1.5 with an increment
of 0.0025. For the given wave packet the quantum value of
the transmission probability iB°M=0.151. WithU =0, the
classical value oP is zero, since the classical energy of each
trajectory is lower than the barrier height. The quantum po-
T tential gives a spread in energies to the quantum trajectories.
— The LQF is accurate while the quantum potential energy is
i converted into the classical kinetic energy. It gives a fairly
accurate value for the transmission probability BF9T
=0.141, even though the quantum force in this approxima-
tion goes to zero as the reflected and transmitted components
4 of the wave function separate. A comparison of the density
Coordinate, x overlapsC(t), which depend on the accuracy of the reflected
1.5 . | . | . wave function, are presented on Figb)l Using the six do-
‘ mains described above gives a more accut{ty compared
— QM (0.151) . to the LQF result, a€(t) rises and falls off arounti=1.1,
--- LQF (0.141) b) but the discrepancy at the maximum remains. The transmis-
1+ == L=6 (0.150) . sion probability in this calculation i®=0.150. Using more
\ o L1=20 (0.151) localized domains covering a larger subspace—19 Gaussian
domains defined byq;=—3.75,q,,+,—9,=0.25, 5=18.0
and a complimentary domain—gives an accurate description
of density overlaps anB=P%M. The number of trajectories
required to converg€(t) within 0.02 were 249 and 849 for
calculations with 6 and 20 domains, respectively.
2 Formally, there should be no restrictions on domain
0 - ' - L - functions in the limit of perfect fitting op Vp and infi-
nitely closely spaced trajectories. However, we find it useful
to impose certain requirements of the functional fornfef
FIG. 1. Scattering on the Eckart barrie).the domain set up: the potential These restrictions are mainly due to the density discretization
(scaled is shown with a dashed line; the sum of five Gaussian domainsin terms of trajectories and of the restricted form of fitting
gescr'.be.d In text, is represented with a dot-dashed line; the complimentary ., +tjons. Narrow, step-function-like domains have high de-
omain is shown with a thin solid line; the wavefunction denspy;at L. . . .
t=0.8, is shown with a thick solid line.)bThe density overlap{po|p;) rivatives at the domain bounda%- This makes interface
obtained exactlyf\QM) and using AQP defined on the full spa@eQF) and  contributions to the integrals, such as those of EBS) and
with six, L=6, and twentyL=20, domains. Numbers in parentheses show (Bg), inaccurate. Another point is that in the case of an ideal
:helwavepacket transmission probability for these four calculations, rESpeCﬁtting, the contributions to the quantum potential from adja-
ey cent domains cancel g, sinceQ| (do) =~ 1)(do) and
91(do) =9 +1)(do). This is not the case for linear fitting

The quality of the description of the reflected component ofunctions. Therefore, we choose domain functibhsn such
a wave packet is assessed from a time-dependent overlap &f Way that their derivatives in the interface regions are

0.8

0.6

0.4

0.2

Time, t

the initial densityp, with the evolving density; : smaller than the change in the fitting parameters, which also
gives better convergence of these parameters with respect to
C(t):<PO|pt>:Z l(x(1),0)|2w; . (20) the number of trajectories.
I

The domains are chosen as Gaussian functions,

@00 =exid - Bx—a)’l, @D A description of the long-time dynamics of general non-
placed before and inside the barrier region, where the densitinear bound systems in terms of quantum trajectories is nu-
is compressed as the wave packet encounters the barrier amgerically challenging, even with the wave function provided,
pt has a non-Gaussian shape. The centers of Gaussian dwecause in the quantum trajectory formulation the interfer-
mains form an equidistant grid. Their width is such that ad-ence is described by complicated density variations, as dis-
jacent(), have an overlap of about 0.55, which makes thecussed and illustrated in Ref. 34. Therefore, it is important to
sum of Gaussian domains a smooth function. The Gaussiamtionalize the applicability of the AQP for anharmonic sys-
domain functions are normalized so that their sum does ndems in the context of nuclear dynamics.
exceed 1. There is also a domain, given by Ed®), that At first, we apply the AQP approach to the Morse oscil-
compliments this sum to unity on the full space. As an illus-lator problem. The potentiaV describes a nonrotating ,H
tration, Fig. 1a) shows a sum of five Gaussian domains andmolecule,V=D{1—exd —z(x—xo) |}%. With m=1.15, the pa-
the complimentary domain, as well as the potential and birameters of the potential in scaled atomic units &e
furcating wave function density at0.8. Gaussian domains =160.0,r.,=1.40 bohr, andz=1.0. We apply the quantum

B. Anharmonic oscillators
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M ( 2 4
0 0.2 0.4 Time 0.6 0.8 1 Energy, E
1 T T T FIG. 3. Dynamics in the potential with quartic anharmonicity.Tae am-
\ plitude of the auto-correlation functiof(t), as a function of time obtained
B . with the LQF methodsolid line) and using two domain&lashed ling The
\ guantum result is shown with a dot-dashed lineThe energy spectrum of
0.5 v C(t), I(E). The LQF, the two-domain and the exact results are shown with
L \_ the solid line, dashed line and filled circles, respectively. The amplitude of
\ the spectra foE>2.0 is multiplied by a factor of 10.
ok .
\
I \\ \ 1 scribe the anharmonic regions of the potential better, we in-
0.5 \ \ ,' troduce two Gaussian domains, given by E2{l), centered
| ~ . . on the steep wall and at the bottom of the wej|:=0.9,
P Y -\ L ~T g,=1.4, andg; ,=6.0. The complementary domain covers
-10 : 0'5 : I ' 1'5 ' 5 the dissociation region of the potential. As can be seen from

Fig. 2, this reduces the amount of overenergetic
trajectories—x(t)) grows much slower compared to the
FIG. 2. Time-evolution of the Morse oscillator ground stabeTlae average LQF calculation, and the accuracy of the correlation function

position as a function of time obtained quantum-mechaniodhin solid : : : : :
line), using LOF on the full spaclash, and using threédot-dash and five is drastically improved. We still see the effect of the incorrect

(thick solid ling domains. b Real part of the auto-correlation function. The €NErgy diStribUti_On: the_ oscillations of the Phé}S@Qf) slow
legend is the same as in panél a down as a function of time, as more trajectories move toward

largex. The addition of another two Gaussian domains on the
dissociation side reduces this effect and gives an accurate
trajectory formalism to the propagation of the ground statedescription of(x(t)) and C(t) for about two and a half os-
#(x,0) and examine the average positior{t))==;w;x;(t) cillation periods. For this system the semiclassiCét) is
and a more sensitive quantity: the autocorrelation functionconverged within 0.001 with 99 trajectories.

Time

which for a real initial wave packet is The second example is the dynamics of a Gaussian wave
packet in the anharmonic potential studied in Ref. 35. The
C(28) = (¢* (%, U] (x,1)) = > w; exd 2¢S(x; ,1)]. potential is a harmonic oscillator perturbed by a quartic po-
i

tential: V=x%/2+0.0x*—1, m=1. The initial wave func-
(22 tion is a displaced Gaussian, given by E@9), with the

Within the quantum trajectory formalism, the description Valuesag=0.5,xo=1.0, andp,=0.0. We examine the auto-
of an eigenstate means that the quantum force exactly cagorrelation functionC(t) defined by Eq(22) and the spec-
cels the effect of the external potential and trajectories do ndfum of dampedC(t):
move, which is difficult to obtain with an approximate quan- T 5
tum force. From Fig. 2 we see that for the ground state the |(E):R€“’ C(t)e ELEtdt} (23
LQF works for short times: the anharmonicity of the poten- 0
tial leads to a large net force at the tails of the wave func-C(t) was obtained for nine oscillation period§<57.0) by
tions. For trajectories that start out on the steep side of thpropagating 399 trajectories with the time increment of 0.05,
potential the net force is large and they move toward largevhich gave a convergence [(t)| within 0.02. The damp-
values ofx. Even though the weight of these trajectories ising is introduced to reduce the artifact of the finite propaga-
small, this behavior leads to incorrect values of the LQFtion time. The value of the damping function atis 0.01.
parameters and “drains” energy from the remaining trajecto-The results of the LQF and of the two-domain calculations
ries. Figure 2a) shows the average position of the wave are shown in Fig. 3 in comparison to the exact quantum
packet for a few oscillation periodéx(t)) obtained with the result. From the spectrum, we can see that the initial wave
LQF method shifts toward the dissociation region \6f  packet, which is displaced relative to the bottom of the well,
whereas the exact value should stay as a constant. To deas components from the five lowest eigenstates of the po-
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tential. On this time scale the effect of anharmonicity is 1 T LI B LN B L
fairly small and linearization of the nonclassical momentum - .
works well. We obtain all of the recurrences @(t): the 08 a) _
maxima are described accurately, while the amplitude of the Y 4
minima shows deviations from the quantum result. The in- /1 J\=mimimimi e o .|
troduction of a single Gaussian domdip =0.0, 8,=2.5 s | 1
separating the bottom of the well from the high-energy re- A~ = L
gions of the potential largely removes this discrepancy in 04 %

C(t). The agreement of the corresponding spectra is excel S e 1
lent, with the two-domain calculation having less “noise.” 02— Dl - -
The energy spectrum fdE>2.0 was multiplied by a factor - .
of 10. The high accuracy of the semiclassical description is 0t 0I5 L1 i L1 1I5 e

due to the slow accumulation of the effect of anharmonicity
in this case. A two-peaked profile of the density develops
after about ten oscillation periods. Effectively, we obtain
C(t) from five oscillation periods during which the density
becomes non-Gaussian, but it still has a single maximum.
Thus the LQF works rather well. Interestingly, in the deriva-
tive propagation method calculation of Ref. 35 the effect of __
anharmonicity appears on a shorter time scale, resulting |rUJ
the reproduction of two recurrences @{t). =0z
In general, the description of the dynamics with the AQP
for bound anharmonic systems, dominated by interference
effects, will become impractical at long times. However, for
high-dimensional systems, this type of behavior is, normally,
guenched at short or intermediate times due to the decohel
ence of the wave function as, for example, was demonstrate: Energy, E
in Refs. 36—-39. An approximate quantum potential approach
might be accurate and efficient for these systems.

0.5 T T T T I T

FIG. 4. Dynamics in the metastable wel). Amount of the wavepacket in
the well as a function of time. The upper three curves describe the classical
(dot-dash, the AQP with 10 domaingdash and the quantungsolid line)
results for the wavepacket with the total energy equal to the barrier height,
C. Metastable potential well E.o:=V'. The lower three curves show the same quarithig same legend,

all lines are boliifor the wavepacket with the total energy Bf,=2V". b)
As an example of a combined bound- and open-systenhe quantum and the AQP spectra are shown with solid line and squares,
dynamics we consider a metastable well studied in Ref. 14espectively, for theE,,;=V" system, and with dashed line and circles for

with entangled trajectory molecular dynamics, combining thehe Ei=2V" system.

Bohmian formulation with the Wigner phase-space represen-

tation. The classical potential in scaled units with=1 is

V=Z(x*~x%), whereZ=200. HereV forms a well, sup- proximation to the nonclassical momentum on the full space
porting two metastable states. The energy of the barrier tops inaccurate. We find that the introduction of nine domains
located atx'=0.667, isV'=29.619. The potential of the reproduces the effect of density leaking out of the well. The
unbound region is set to a constarit'=—V' for X  domains are defined by Eq21) with parametersq,
>1.1184. We examine the time evolution of two wave pack-= —1.0, q,,;—,=0.25, and3=20.0. The Fourier trans-
ets, defined by Eq19) and initially centered on the repul- form of the autocorrelation function resolves the energy lev-
sive wall, with total energie€=2V" and E=V'. The  els. The spectra shown in Fig. 4 were computed from the
parameters of(x,0) are ap=10.0, pp=0.0 with qo  correlating functions obtained fdr=[0.0,2.0 and damped
=—0.4125 andyy= —0.2821 for the two values d,. by exp(y?) with y=2.3.

Figure 4 shows the amount of wave function density in  To summarize, our one-dimensional studies show that
the metastable well—the survival probabilityP(t)  generalization of the energy-conserving AQP method to mul-
=2, m<xtW; and the energy spectrum of the autocorrelationtiple spatial domains increases the applicability of the linear-
function. Convergence fdP(t) within 0.02 was achieved by ized nonclassical momentum approach. Using a few spatial
propagating 499 and 999 trajectories with a time step oflomains, we were able to reproduce accurately and effi-
0.0025 for the two values of the total energy, respectivelyciently a variety of quantum-mechanical effects on semiclas-
Classically (J=0), the energy of each trajectory remains sical wave packet dynamics, such as tunneling in open and
constant in the course of dynamics and all trajectories witlquasibound systems, the zero-point energy effect, and reso-
energies exceediny’ escape on a short time scalé ( lution of the energy levels. The method is exact for Gaussian
~0.25). Quantum mechanically, the density continues to eswvave packets in a locally quadratic potential and can repro-
cape from the well, as the energy of quantum trajectoriesluce the effects of the distortion of the Gaussian density on
undergoes certain redistribution. Since the system showthe dynamics.
strong quantum effects over an extended time, the linear ap- Nevertheless, an efficient description of bound systems



6822 J. Chem. Phys., Vol. 120, No. 15, 15 April 2004 V. A. Rassolov and S. Garashchuk

with complicated dynamics, such as long-time dynamics in @ransmission probabilityP(t), P(t) =2ipf0C\,Vi . where the
double well, typical for proton transfer reactions or surfaces,mmation goes over the trajectories in the product region
crossing problems, remains an outstanding challenge. An efy; \which arctar(r;(t)/R;(t)]> /6.

ficient description of the wave packet interference effect is g, optimization using domains, the reactant and product
essential for studies of these systems, whose behavior gogRannel are divided into two subspaces: the switching func-

beyond the semiclassical regime. Interference is accompgions hetween the reactant and product channels are
nied by the development of density nodes with small wave

function amplitude, which makes the transition to the classi- _1 arctafiz(¢—7/6)]
cal limit, U—0 asA—0, impossible. Our example with the Mheac™ 3 2 arctanizw/6) '
Eckart barrier shows that the development of an interference

pattern can be described by performing linearization of the :E+ arctafz(¢— 7/6) ]
nonclassical momentum on small domains, but it becomes P°% 2 2 arctanzz/6)
increasingly impractical for longer times. Except for the cas
of excited eigenstates, the quantum potential, quantum for

(25

®rhe slope parameter 8=10. In each channel three sub-

: k : C%paces are introduced in the same way as for the one-
and nonclassmgl moment'um have a:-lype Smglflamy a " gimensional Morse oscillator in this section. In the reactant
the node, and linear functions, even “modulated” by the OIO'channels there are two Gaussian domains in the vibrational

main functions, are inefficient in this situation. Addressing ; ;
' . L ._~coordinater, given by Eq.(21), centered at;=0.9 and
the problem of a practical description of the wave function_ g y Eq.2D O d2

=1.4, with the width parametg#=6.0, and a complimentar
nodes is needed to extend the applicability of the AQP to th W wiam p & P y

q . f bound ¢ dominated by interf omain. The reactant domains functions are multiplied by
ynamics of bound systems dominated by interierence € Treac- The product domains are symmetrical to the reactant

fects. In its present form, our approach is capable of an efﬁaomains with respect té=/6 and are multiplied by, ..
cient description of wave packet bifurcations, effects of dis—In addition. three two-dimensional Gaussian dom%ci)ns are
tort!on_ 01_‘ the Gaussian density on dynam!cs, andspecified in the transition state with appropriate modification
redistribution of energy between quantum trajectories, Whlcl’bf the reactant and product domains satisfying Etp)

are the main features of semiclassical dynamics. bringing the total number of domains th=9 Thé

transition-state domain functions are centered in the transi-
o . tion state around the minimum alorfy=7/6 atq;=2.1, Qg
D. Dynamics in the collinear H 5 system =2.6, andgg=3.1bohrs. The width parameter along the

The collinear hydrogen exchange reaction#HHgH;  transition state wag=>5.0 in both coordinates. The wave
—HaHg+Hc is a standard test in reaction dynamics andPackets were propagated up te=1.8 with step size of
presents a considerable challenge for semiclassical af-0025. Using 2453 trajectories per wave packet gave values
proaches' Recenﬂy, we have Computed the wave pack@[f P within 0.015 of the Converged result. The wave packet
transmission probabilities and studied the isotope effect foreaction probability as a function of energy is presented on
this system using the LQE. The system is described in the Fig. @, which also shows the classickl=0 and LQF
Jacobi coordinates of reactants where the kinetic energy &esults. Optimization on full space gives a qualitative agree-
diagonal. The Hamiltonian, coordinates, and potential surment with the quantum result. Optimization on the domains

face are the same as in Ref. 40. The initial wave packet i$ads to improved probabilities, which are now within 0.04
defined as of the quantum-mechanical values. For this system the main

5 deficiency of the LQF method was the same as in the Morse
_ = 112 _ 52 2 oscillator example: an appreciable amount of the total energy
()= "\ 7 (araz) "exid — ar(R=Rp)"~ az(r=ro) was carried away by the trajectories from the repulsive wall.
+1py(R=Ry)] (24) This was corrected by treating high regions of the potential
0 0/ surface within separate domains, which “uncouples” them
wherer is the vibrational coordinate of the diatomic, the from the low-energy regions, where most of the trajectories
distance between dHand H-, andR is the translational de- evolve.
gree of freedom—the distance betweenahd the diatomic. For a more detailed analysis of the method we examine
In the Jacobi coordinates of reactants the angle$#  the dynamics of the wave packet for which wave packet
=arctan(/R), is used to divide the potential energy surfacetransmission probability is large and the quantum trajectory
into the reactant region<Op=<m/6 and product region7/6  result is close to the quantum-mechanical calculatiog,
<¢<ml3. The surface is symmetric with respect iy = —7.5. The time-dependent transmission probability is plot-
=7/6. Values of the parameters in atomic unitsaled by ted on Fig. %b). SemiclassicaP(t) has a smaller value at
the reduced mass of the diatomit,/2=1) areRy=4.5, the maximum, showing that fewer trajectories entered the
ro=1.3,a;,=4.0,a,=9.73, andpy=[ — 15,—1]. The scaled transition-state region compared to the exact dynamics. To
unit of time is equal to 918 a.u. The initial positions for the examine the dynamics in the product channel, we have also
quantum trajectoriex(0)={R;,r;} are chosen on a rectan- computed the density overlap of the time-evolving density
gular grid with spacingslR=0.017 anddr=0.020. Trajec- with the fixed wave packet on the product side, symmetrical
tory with weights smaller than 16 are not included. The to {0), C(t)=(p(t)|pP°Y0)). The domain calculation
initial momenta arep(0)={p,,0}; the initial classical ac- agrees with the exact result qualitatively. The integral
tions areS;(0)=po(R,— Ry). We analyze the wave packet amount of transmitted density overlapping with?™
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1 I — values. The position of the spectrum peaks is converged
a) 0.6 - b) within its resolution. The number of trajectories is slightly
LN greater in comparison to the probability calculations, because
i the autocorrelation functio@(t) is a complex quantity. Our
semiclassical method reproduced one recurrence ()
S " aroundt=1.0 and does not reproduce low-amplitude recur-
\ 02 h rences at later times. The inset in the figure shows the exact
B \ L i and the semiclassical spectra 6{t), which agree quite
) i well.
0 04 08 12 0 05 I 15 2 In general, the agreement of the semiclassical descrip-
| E eV Time tion with the full quantum-mechanical result depends on the
E,eV c) level of detail one obtains. This is the case for scattering on
- 0 04 08 1.2 the Eckart barrier discussed in the beginning of this section:
the LQF gives an accurate description of the wave packet
transmission, while details of the reflected wave function
density are reproduced only with the introduction of a fairly
large number of spatial domains. For the collinegraylstem
L we do not reproduce quantitatively the details of the reactant
wave packet passing through the product channel, but we
0 : = == ' — describe shorter-time dynamics accurately and obtain very
Time good agreement for the wave packet transmission probabili-
ties and for the medium-resolution transition-state spectrum,
shsing the AQP optimized on domains.

Probability

|C(v)|

FIG. 5. Dynamics of the collineat; system. aThe wavepacket transmis-
sion probability as a function of the total energy of the wavepacket: quantu
(thick solid line, classicakthin solid line), LQF (thin dash and the domain
(thick dash results are shown.)bThe wavepacket transmission probability
as a function of time computed for the wavepacket wigk- 7.5. The quan-  |\V. CONCLUSIONS

tum and the domain results are shown with thick solid and dashed lines,

respectively. Thin solid and dashed lines mark the corresponding reactant/  In this paper we formulated the Bohmian dynamics on

product density overlaps) @he absolute value of the auto-correlation func- subspaces and defined the energy-conserving approximate

tion for the transition state wavepacket as a function of time. The quantum ¢ tential in t fth timized | ical
and the domain results are shown with the solid and dashed lines, respeg—uan Um potential In ierms of the optimized nonclassical mo-

tively. The insert shows the corresponding speétha semiclassical spec- mentump ™~ *Vp. The new strategy enables us to solve the
trum with triangles. optimization problem on the subspaces or spatial domains
instead of the full coordinate space. Consequently, we can
obtain a more accurate fitting of the nonclassical momentum
J C(t)dt, agrees very well with the exact result. The buildupusing simple fitting functions in the optimization. In particu-
of the semiclassicaC(t) is delayed, which might be the lar, optimization with linear fitting functions on domains is
reason for the double-peaked profile, while the exact resukolved separately for each domain and for each dimension by
has a smooth peak aroune-1.0. The domain calculation means of linear algebra. This is a generalization of the lin-
reproduces rather well the short-time dynamics, whichearized quantum force approximation we developed earlier.
largely determines the total wave packet reactivity. The deThe optimization is performed for all trajectories at once at
tails of the long-time dynamics, affected by the presence oévery time step, resulting in an efficient procedure that scales
resonances in the transition state and implying interferencevell with the number of dimensions. The scaling with re-
effects in the wave function, are not captured. This feature ispect to the number of trajectories lisear. The cost of
also manifested in the analysis of the transition-state waveropagating quantum trajectories with this type of AQP is
packet. We propagate a Gaussian wave packet, given by Egssentially the same as in classical mechanics. An additional
(24) located at=0 in the transition state and displaced from effort is to compute the first and second moments of the
its minimum. The initial parameters af®,=2.5,ro=1.3, trajectory distribution in each domain, which is a linear op-
a1=6.3,@,=6.3,py=0.0". Figure §c) shows its autocorre- eration with respect to the number of trajectories, and to
lation function fort=[0.0,2.0 and the corresponding energy invert the matrix of the size of the number of dimensions.
spectrum. Five two-dimensional Gaussian domains in th@he proposed AQP rigorously conserves energy in a closed
transition, whose centers form a grid along thre 77/6 direc-  system and describes the dynamics of a Gaussian wave
tion, q,={2.1,2.6,3.1,3.6,4}1bohrs, were used in this calcu- packet in a locally quadratic potential exactly. The classical
lation. The width parameter in the direction of the transitionand quantum limits are well defined.
state wasB=8.0. The width parameter for the domain func- Increased flexibility of the fitting functions results in
tions in the perpendicular direction was chosen to be smallemore accurate AQP, which expands the applicability of our
B=2.0, to make these functions more delocalized, since thapproach. In this paper we used the energy-conserving AQP
channel regions were described within a single domain eachio describe reflection from the barrier and dynamics in the
defined by7,eacand 7p0q- In this calculation we used 4281 anharmonic bound and quasibound one-dimensional sys-
trajectories, whose weights were greater than®0vhich  tems. The new method is a significant improvement over the
gave a spectrum with amplitudes within 7% of the convergedinearized quantum force approximation and is capable of
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describing the main features of semiclassical dynamics, sudntroduction of a multiplicative nonzero constant in front of
as tunneling, wave packet bifurcation, zero-point energy, anéach term of the sum in this expression does not change the
quantum potential energy redistribution effects. The descripeptimal values oﬁf“) , Which satisfy

tion of dynamics, dominated by the interference effects, such -

as the long-time dynamics of anharmonic bound systems, Vsl‘””lzo' (A3)
remains an outstanding challenge. This type of behavior is
beyond the semiclassical regime in a sense that the system
does not have a classical limit of vanishing quantum poten- 1 (gfn)()z,gfn>)2

Integrating Eq.(A1) by parts one arrives at

tial as#—0, due to the nodes in the density. Since bound 1, =1+ >, 5 ()

anharmonic potentials are encountered in nuclear dynamics, nom
this problem must be addressed. We believe that in order to dg(n)
describe interference effects in a practical way, one has to +

account for singularities in the density by explicitly includ- dx(™

ing the appropriate term, such as(x—xg) ! or its
X(

X,50V 0 (X) +g{"

> 2(n) dQl()_())

“smoothed” representation @ x— X,)/[¢(X—Xo)?+ 1], into X, )p()g 1)dO(X,1) (A4)
L dx(n) L 1 1

the definition of the fitting functioy. These functional forms
can be easily generalized to the multidimensional case. Op- "
timization with respect toxe andc will be a more compli- wherel, does not depend on the fitting parameters and the

cated(compared to the present methatbnlinear problem remaining term is proportional to the domain contribution
but optimization of the coefficient as well as that for the Nt© the average AQRU). We use this, along with Edp),

linear part ofg will remain linear, so that an efficient overall © Prove the energy conservation property. Substitutiob of
implementation might be developed. Studies of this issue ar@iVen by Eq.(A2) instead ofU into Eq. (6) gives

under way in our group. Application of the energy- oU dgm .

conserving AQP to the hydrogen exchange reaction shows f Wp(i,t)dﬁ)()?,t):}: TVS@(U}:O. (A5)
that in its present form, the method can correctly describe i
short- and medium-time dynamics, which is demonstrated by

very good agreement for the wave packet transmission profAPPENDIX B: OPTIMAL PARAMETERS OF THE
abilites and of a medium resolution spectrum for theLINEARIZED MOMENTUM ON SPATIAL DOMAINS

transition-state wave packet dynamics. The long-time dy-IN MANY DIMENSIONS

namics, dominated by the interference effects, is reproduced In the case of linear fitting functions E¢A4) can be

only qualitatively. Nevertheless, this method might be well,iiten as a matrix equation for each spatial domain. The
suited for studies of complex molecular systems in high di-4omain labell is omitted below. With index labeling di-
mensions, where long-time quantum effects are EﬁeCtive'%ensions a general linear functiagi™(x,5™) is repre-

quenched. sented as a scalar product of two vectors of length
(N+1)—a vector of space variables,
APPENDIX A: ENERGY-CONSERVING APPROXIMATE F=(Xy.Xp,... XN, DT, (B1)

QUANTUM POTENTIAL IN MANY DIMENSIONS
and a vector of parameters,

Equations(16) and(17) are generalized in a straightfor-
ward manner folN dimensions. For each domain defined by o . )
Q,(X) the functionall, includes summation over the dimen- Then g((x,s(M)=r-s". Organizing vectorss™ into a

S =(S1,5n:---Snn»Son) - (B2)

sionsn=1,...N, rectangular matridS of size NX(N+1),
- 2 —al g2  anN
S=(s'V,s'9,... "), (B3)
=S 1 1 ap(x,t)_g(em 7.67) ( | | | |
n om p(X,t)  gx(M Eg. (A3) can be rewritten as a linear matrix equation
X p(X,1)dO(X,1). (A1) M,S=—-My—M4, (B4)

The total approximate quantum potential includes a doubl@nd then solved foS. The dimension of the matrii,,
sum over the dimensions=1,...N and over the domains  M,=(rr"Q), is (N+1)x(N+1). Its elements are the first
=1,..L: and second moments of the trajectory distribution weighted

(M3 22 by the domain function:
~ 1 [g97(x5")
U=->

0(x)

n 8m™ 2 Mng rOrAO(x)dp(X,1)dO(X,t). (B5)

"

J’_
dx™

The key point is that minimization of E§A1) can be done
independently for each dimension and for each domain. The

X, S0, (%) + g™

> an) dQI(i)) (A2) The dimension of the matrid, is NX(N+1). Its diagonal

X,S
€ axm elements are

Mi()i:f Q(X)p(X,1)dO(X,t). (B6)
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Off-diagonal elements are zero. The mathik containing
the “interface” terms is of the same size ad,, M;
=(r(vQ)"). Its elements are

. dOxX) . R
Mllzf r<'>mp(x,t)d®(x,t). (B7)

In a numerical implementation the integrals in E¢B5)—
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