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ABSTRACT Massive multiple-input multiple-output (MIMO) is a potential candidate key technology for
the 5G of wireless communication systems. In research to date, different power loss and shadowing effects
on different antenna elements across the large arrays have been neglected. In this paper, based on an idealized
propagation model, a new large scale attenuation (LSA) model is proposed, by which the large scale losses
(path loss and shadowing effect) over the antenna array can be considered when establishing a massive
MIMO channel model. By using this model, the spectral efficiency (in terms of bits/s/Hz sum-rate) of the
maximum ratio combining (MRC) detector is derived for the uplink. The spectral efficiency performance
of the zero forcing (ZF) detector also can be derived in the same manner. It can be found that the sum-
rate performance (MRC and ZF) of our proposed channel model (assuming independent shadowing on all
elements of the array) exceeds that of the conventional model (where the LSA effect is not included). Based
upon our theoretical and simulation analysis, we have found that the spectral efficiency gap ismainly from the
mean value of different shadowing effects across different elements, and the different path losses experienced
by different antenna elements provide negligible contribution. This LSAmodel and the derived performance
results could be beneficial and informative for the research, design and evaluation of the next generation of
wireless communication system employing a massive MIMO configuration.

INDEX TERMS Massive MIMO, large scale attenuation, path loss, shadowing effect, sum-rate.

I. INTRODUCTION
Massive MIMO, or large-scale MIMO, is a recently proposed
technique for future wireless communication systems. It can
provide high data throughput and high power efficiency, and
improve the communication reliability with fairly simple
signal processing. By equipping each base-station (BS) with
an antenna array of a large number of (e.g., more than 100)
antenna elements, and each user terminal with one, or likely
no more than two antenna elements, channel coefficient
vectors can become asymptotically orthogonal(as the num-
ber of BS elements gets large). Under this condition, the
matched filter achieves nearly optimal performance at the BS.

Themultiuser interference is effectively canceled, and signal-
to-noise ratio (SNR) is dramatically enhanced [1].

In order to evaluate the performance of massive MIMO
systems, accurate channel models are vital. In [1] and [2], the
fading channel of a massive MIMO system is characterized
by multiplying two matrices HM×K and DK×K to obtain
GM×K = HD1/2, whereM is the number of antenna elements
at the BS, K is the number of users, H accounts for the
small scale fading gain (SSFG), and the diagonal matrix D
accounts for the large scale attenuation (LSA). Based on
this cascaded channel model, the transmission capacity, the
energy and spectral efficiency, the performance of pre-coding

VOLUME 5, 2017
2169-3536 
 2017 IEEE. Translations and content mining are permitted for academic research only.

Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

4285



L. Liu et al.: Analysis of an Upper Bound on the Effects of LSA on Uplink Transmission Performance for Massive MIMO Systems

methods are investigated in [1], [2] and [3]. In the so-called
‘‘favorable propagation condition’’ [1], [2] and [4], channel

coefficient vectors hi =
[
hi,1, hi,2, · · · , hi,M

]T and hj =[
hj,1, hj,2, · · · , hj,M

]T (hi,m is the ith user’s small scale fading
channel to BS element m) whose elements are independent
identically distributed (i.i.d.) zero-mean random variables
with unit variance, generate the small scale fading matrix H.
By using the strong law of large numbers (the number of
BS antenna elements grows indefinitely large), we obtain the
asymptotic result as GHG

M = D1/2HHH
M D1/2

≈ D (M � K ),
where (·)H denotes the Hermitian transpose operation. Under
this condition, the small scale fading effect is removed, and
the remaining term of the matrix product is the LSAmatrixD.
This means that a large number of antennas effectively could
only eliminate the small-scale fading, but the large scale
fading effect still remains. In [1] and [2], it was shown
that the LSA matrix D (including path loss and shadowing)
eventually determines the final sum-rate capacity expressions
of multiuser massive MIMO systems, for both the forward
link and the reverse link, and the optimal transmit power for
each user is determined by the LSA, not by the SSFG. This
effect can be termed the channel hardening phenomenon as
in [5] and [6]. The channel hardening effect can mitigate
the impact of small scale fading on the scheduling gain, and
thus subsequent performance investigation should focus on
the large scale fading.

In a practical massive MIMO antenna system, the size
of the antenna structure is substantially enlarged compared
with conventional compact multiple antenna systems, espe-
cially for the one-dimensional linear antenna array. The linear
antenna array is selected for investigation in this paper. For
a given number of antenna elements, the linear array has
the largest antenna size. We select this array shape because
the signals transmitted from different elements or imping-
ing upon different elements are more likely to experience
different power attenuation (path loss and shadowing) when
the array size is largest. We term this the LSA effect over
the antenna array. It can be observed that different power
attenuation values (due to different propagation distances)
and different shadowing values (due to different geometries
with respect to obstructions) can be incurred by different
antenna elements on the antenna array. This effect has also
been noted in [7]–[10]. However, in most of the literature,
the large-scale fading effect is ignored and simply assumed
constant for simplicity, i.e., in the neglected LSA caseD = IK
(IK is aK×K identity matrix), or the diagonal elements of the
squared LSA matrix D are assumed to be constant. By using
this simplified large scale model, the system performance
result will not be accurate.

To date, there has been an ever-increasing body of research
results for massive MIMO channels. In [8], received power
variation along the antenna array was actually observed.
In [10], a geometry based large scale fading model was first
proposed to characterize the power attenuation over a linear
antenna array. In [11], the time delay spread properties in

line-of-sight (LOS) and non line-of-sight (NLOS) massive
MIMO scenarios were studied. In [12], the fading behavior
and spatial correlation properties on large arrays in differ-
ent propagation environments were analyzed. In [13], the
achievable performance of two types of antenna arrays were
investigated based on realistic measurement data. In [14],
a composite channel model considering the large and small
scale fading was used to analyze the ergodic achievable rate
of a large uplink massiveMIMO system. However, few inves-
tigations have been done on large scale fading characteristics
over massive MIMO arrays, especially for the performance
analysis considering specifically the LSA effect.

The main contribution of this paper is to establish a refer-
ence large scale attention model, and investigate the uplink
transmission performance.
• Based on basic propagation principles, we establish a
new large scale attention (LSA) model that can serve as
a useful reference to describe the large scale fading over
the antenna array. In this LSAmodel, the power loss and
shadowing effects of each propagation ray are individ-
ually quantified. The final cascaded channel matrix is
generated by a Hadamard product of a LSA matrix and
a small scale fading matrix.

• By using the proposed LSA model, we show that the
channel hardening effect that yields a constant large
scale fading value in D is thus changed to the mean
value of the large scale fading coefficients (path loss
and shadowing) on individual antenna elements over
the antenna array. We derive closed-form expressions
of the sum-rate capacity for MRC under perfect and
imperfect channel estimation (or channel state informa-
tion (CSI)) conditions. In the same manner, results for
ZF and MMSE also can be obtained.

• From our investigation, it can be found that the sum-rate
performance (MRC and ZF) of our proposed channel
model is better than that of the conventional model
(where the LSA effect is not included). As for the LSA
model, the power loss difference caused by the physical
size of the antenna array is negligible, and the perfor-
mance gap arises from the mean value of the randomly
distributed shadowing samples on different antenna ele-
ments. Simulation results are provided to verify our
conclusions in this paper.

• Although we use the ideal case that independent (differ-
ent) random shadowing values occur on each individual
element on the antenna array, this assumption does not
represent a practical case (because the shadowing effects
from adjacent elements may be correlated), it provides
insight into the effects of LSA on capacity that are useful
to know.

The rest of the paper is organized as follows. Section II
describes the system and proposes an extended LSA matrix
which contains the large-scale fading over the antenna array.
In Section III, closed-form expressions of the sum-rate
capacity for MRC under perfect and imperfect channel esti-
mation conditions are derived, and then we analyze the
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FIGURE 1. A comparison of propagation environments. (a) The conventional propagation model, and (b) The LSA
model.

statistical characteristics between the large-scale fading effect
and deduce the transmission difference of our LSA model
and the conventional model in Section IV. The verifying
simulation results are present in Section V, and conclusions
are drawn in Section VI.

II. SYSTEM DESCRIPTIONS
In this paper, we consider the uplink transmission of a mul-
tiuser massiveMIMO system. The BS, equipped with a linear
array of M antennas, receives the signal from K single-
antenna users simultaneously. The conventional propagation
environment is illustrated in Figure 1 (a). This conventional
model can be found in [2].

The users transmit their data in the same narrowband time-
frequency resource. At the BS, the M × 1 received vector y
can be expressed as

y =
√
puGs+ n, (1)

where sK×1 is the vector of signals simultaneously trans-
mitted by K users, the average transmitted power of each
user is pu (Here we assume all users are perfectly power
controlled to have the same power at the BS), and n is a vector
of additive white, zero-mean Gaussian noise. The channel
matrix G characterizes the independent small scale fading,
path loss, and log-normal shadow fading. The coefficient gmk
in G can be written in a composite form as

gmk = hmk
√
βk , m = 1, 2, · · · ,M , (2)

where hmk is the small scale fading coefficient from the kth
user to the mth antenna of the BS,

√
βk models the power

attenuation and shadow fading, and the value of βk changes
very slowly with time. Then, we have

G = HD1/2, (3)

where H is the M × K matrix of small scale fading coeffi-
cients between the K users and the BS. Its ith column vector
hi =

[
hi,1, hi,2, · · · , hi,M

]T is composed of i.i.d. zero-mean
complex Gaussian random variables with unit variance. D is
a K × K diagonal matrix, where [D]kk = βk .

A. LARGE SCALE ATTENUATION CHANNEL MATRIX
Up to now, in most massive MIMO research, the large-
scale fading effect is ignored or simply assumed constant for
simplicity, i.e., D = IK (IK is a K × K unitary matrix),
or the large scale attenuation matrix D is a diagonal square
matrix of distance-dependent constants. However, in practice,
as observed from measurement results, we can see that when
the size of the antenna-array is large, especially for the one-
dimensional array, different large scale fading effects occur
over the antenna array [10]. To characterize the propaga-
tion more accurately, the large scale propagation properties
between the user and each antenna element should be consid-
ered separately. Theoretically, each element in a physically
large structure will receive the arriving signals with differ-
ent strengths. This variation can be attributed to different
propagation path lengths and the variation of geometry of
shadowing effects over the antenna array. The propagation
rays are as shown in Figure 1 (b).

Here, we use the common log-distancemodel to investigate
the signal variation between the specific user terminal and
BS antenna element, and the path loss (PL) in decibels is
determined by the transmission distance in meters r , the path
loss exponent n and the Gaussian distributed shadowing term
XdB with zero mean value and standard deviation of σ [15].
In this PL log-distance model, there is a reference dis-
tance r0 (r0 depends on the coverage area of a particular
cellular system, e.g., typically it is 1 m for small cells).
In [2], r0 denotes the minimum range from the BS of a user
terminal.

In the linear scale, the large scale fading coefficient is given
as1

PR (r)
PT

=
c0 · (r0)n

x · (r)n
or

x · c0 · (r0)n

(r)n
, (4)

1In [2] and [14], the large scale fading gain is expressed as pR (r)/pT =
c0x/(r/r0)n, in which the shadowing term is part of the numerator. This is
equivalent because the shadowing effect X is characterized as the zero mean
Gaussian variable. An addition or subtraction of zero-mean symmetrically
distributed X in the path loss model of (4) yields the same effect.
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where the lognormal shadowing value x = 10
X
10 , c0 =

10−
PL(r0)

10 is the mean path gain at reference distance r0. c0
is a constant value that also depends on the carrier frequency,
the antenna gain and the speed of light. Here we assume that
c0 can be perfectly compensated when planning the link
budget, and thus the distance-dependent large scale fading
coefficient ηmk between the kth user andmth antenna element
can be obtained

ηmk = xmk ·
(r0)n

(rmk)n
. (5)

When an M -element massive MIMO system serves K
users in the cell, and taking the large scale fading over the
antenna array into account, the squared LSAmatrixD (K×K )
changes into a tall shape matrix Ḋ (M × K ) as

Ḋ =


η11 η12 · · · η1K
η21 η22 · · · η2K
...

...
...

ηM1 ηM2 · · · ηMK

 = [ η1 η2 · · · ηK
]
,

(6)

where ηmk (1 ≤ m ≤ M , 1 ≤ k ≤ K ) is the LSA of the
mth antenna element on the array for the kth user, and the
column vector ηk in Ḋ describes the large scale fading of the
kth user. Then the cascaded fading matrix will be changed as

Ġ = H ◦
(
Ḋ
)1/2

, (7)

where ◦ is the Hadamard product. For two matrices,
A and B, A ◦ B is a matrix with elements given by
(A ◦ B)i,j = (A)i,j · (B)i,j. Compared with the conven-
tional model (D = IK ) and the simplified path loss
model (the diagonal element of D is (D)i = x/(ri)n

in [2] and [14], this novel reference LSA accounts for
the large scale fading over the antenna array as part
of the fading coefficients of the propagation channel.
It can provide a more accurate channel description for mas-
sive MIMO systems, especially for the one-dimensional lin-
ear antenna array.

B. INNER PRODUCT OF CHANNEL VECTORS
CONSIDERING THE LSA EFFECT
In the conventional model of (3), by using the law of large
numbers, we can obtain [1] and [2]

1
M
(gk)H (gl)

M→∞
−−−−→ E

[
(gk)H (gl)

]
=

{
0, k 6= l
βk , k = l.

(8)

When the propagation channel matrix accounts for the
LSA effect, for a certain user k , the LSA based propagation
vector ġk (the kth column in Ġ) can be expressed as

ġk = hk ◦
(
ηk
)1/2

=
[√
η1kh1k ,

√
η2kh2k , · · · ,

√
ηMkhMk

]T
. (9)

Then the inner product of LSA channel vectors is

(ġk)H (ġl) =



M∑
m=1

√
ηmkηml · h∗mk · hml, k 6= l

M∑
m=1

ηmk · |hmk |2, k = l.

(10)

By using the law of large numbers, we have

1
M
(ġk)H (ġl)

M→∞
−−−−→ E

[
(ġk)H (ġl)

]

=


E

[
M∑
m=1

√
ηmkηml · h∗mk · hml

]
= 0, k 6= l

E

[
M∑
m=1

ηmk · |hmk |2
]
=

1
M

M∑
m=1

ηmk , k = l.

(11)

According to (7) - (11), we can obtain eq.(13) on the top

of the next page, where ηk =
M∑
m=1

ηmk . Compared with the

conventional model, we can see that the main difference of

our proposed LSA model is the summation term 1
M

M∑
m=1

ηmk .

As for the kth user, if the large scale coefficients (path loss
and shadowing) over the antenna array are nearly the same,
then we can obtain βk = η1k = η2k = · · · ηMk . In this
case, the Euclidean norm of the LSA channel matrix, 1

M ĠH Ġ,
changes into the result of the conventional model as eq.(14)
on the top of the next page.

Meanwhile, the conventional model G = HD1/2 also can
be expressed using our LSA model formulation (we term
this the LSA based conventional model hereafter). Because
the large scale attenuation values on the antenna array in the
conventional model are the same, the LSA matrix Ḋ can be
expressed as

Ḋ =


η11 η12 · · · η1K
η21 η22 · · · η2K
...

...
...

ηM1 ηM2 · · · ηMK



=


β1 β2 · · · βK
β1 β2 · · · βK
...

...
...

β1 β2 · · · βK


M×K

, (15)

where elements in all rows of any column vectors in Ḋ are
equal, that is Ḋ (1 ≤ m ≤ M , 1 ≤ k ≤ K ).

III. ACHIEVABLE RATE PERFORMANCE ANALYSIS
CONSIDERING THE LSA EFFECT
In [2], the researchers derived results for the achievable rate
of the uplink, under perfect channel state information (CSI)
and imperfect CSI at the BS. These results are based on an
assumption that there is no LSA effect on the large scale
antenna array. In practice, the different LSA on different
antenna elements can substantially affect the final result.
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E
(
ĠH Ġ

)
M→∞
−−−−→

1
M

ĠH Ġ =



1
M

M∑
m=1

ηm1 0

. . .

0
1
M

M∑
m=1

ηmK


=

1
M

 η1 0
. . .

0 ηK

 = 1
M
η (13)

1
M

 η1 0
. . .

0 ηK


K×K

=
1
M



M∑
m=1

ηm1 0

. . .

0
M∑
m=1

ηmK


=

 β1 0
. . .

0 βK

 (14)

In this section, we extend the analytical results of the achiev-
able rate using the MRC linear detector considering the LSA
effect on the antenna array. We will show that there can be
a fairly large gap between the results from the conventional
model and the reference LSA model - specifically, there is
a substantial performance gain when using this LSA model.
Other linear detection techniques, e.g. ZF, MMSE, can be
assessed in a similar way.

A. ACHIEVABLE RATE (M → ∞) WITH PERFECT
CSI AT THE BS
Wefirst consider the casewhen the BS can obtain perfect CSI,
i.e. the BS can extract the channel matrix G (or Ġ) perfectly
using the pilots transmitted from the user. The linear detector
matrix AM×K depends on the channel condition. In a similar
manner as in [2], by using the linear detector, the received
signal is obtained by multiplying it with AH as follows

r = AHy, (16)

where the linear detector A = Ġ (A = G in [2]). Then the
received vector after using the linear detector is given by

r =
√
puAH Ġs+ AHn. (17)

For a given user k we have

rk =
√
puaHk ġksk +

√
pu

K∑
i=1,i6=k

aHi ġisi + aHk n, (18)

where ak and ġk are the kth columns of the matrices A and
Ġ, respectively. The noise plus interference term, which is the
sum of themultiuser interference and additive white Gaussian
noise (AWGN), is a random variable with zero mean and

variance of Pu
K∑
i=1

∣∣aHk ġi∣∣2 + ‖ak‖2 where we have assumed

the AWGN variance is unity. Here we assume all users are
perfectly power controlled to have the same power at the
BS. The same as in [2], we assume further that the channel
is ergodic so that each codeword spans a large (infinite)
number of realizations of the small scale fading factor of Ġ.

The codeword here is a sequence of the user transmitted
symbols. Then the ergodic achievable uplink rate of the kth
user can be expressed as following function of the signal to
interference and noise ratio (SINR) as

RP,k = E
{
log2 (1+ SINRk)

}
= E

log2
1+

pu
∣∣aHk ġk ∣∣2

pu
K∑

i=1,i 6=k

∣∣aHk ġi∣∣2 + ‖ak‖2

,
(19)

where the subscript ‘‘P’’ on ‘‘R’’ indicates perfect channel
estimation (‘‘IP’’ will mean the imperfect channel estima-
tion). With MRC, A = Ġ so we have ak = ġk . When
considering the LSA effect, the achievable uplink rate of the
kth user is

Rmrc
P,k = E

log2
1+

pu ‖ġk‖4

pu
K∑

i=1,i 6=k

∣∣ġHk ġi∣∣2 + ‖ġk‖2

.
(20)

Consequently, in a similar manner as in [2], with perfect
CSI, Rayleigh fading, and M ≥ 2, we also provide a lower
bound of the uplink achievable rate from the kth user forMRC
(counterpart to eq.(16) in [2]) as follows

R̃mrc
P,k =

log2
1+ pu(M − 1)ηk/M

pu
(∑K

i=1,i 6=k ηi/M
)
+1

 ≤ Rmrc
P,k ,

(21)

Here, we also consider the case that the transmit power of
each user is scaled withM according to pu =

Eu
M (Eu is fixed).

Then the lower bound on the ergodic achievable uplink rate
of the kth user when M is indefinitely large is

R̃mrc
P,k → log2 (1+ Euηk/M) , M →∞. (22)
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TABLE 1. Results of the achievable rate of the ZF detector for the kth user.

B. ACHIEVABLE RATE (M → ∞) WITH IMPERFECT
CSI AT THE BS
Here, we consider the case in which the channel estimation
is not perfect. The condition is the same as in Section III.B
in [2]. We assume that the orthogonal pilot sequences with
length of τ used by all K users can be represented by a
τ × K matrix √pp8, which satisfies 8H8 = IK , where

pp
1
= τpu. When considering the LSA effect, theM×τ faded

pilot signals that arrive at the BS can be expressed as

yp =
√
ppĠ8T

+ N, (23)

whereN is anM×τ AWGNmatrix with i.i.d. zero-mean and
unit variance complex Gaussian random variables.We use the
minimummean-square error (MMSE)method to estimate the
channel as

ˆ̇G =
1
√pp

yp8∗
(
R−1
Ġ
+88T

)−1
, (24)

whereK×K matrix RĠ = E
(
ĠH Ġ

)
=

1
M ηwhenM is large.

In a similar manner in [2], (24) can be written as

ˆ̇G =

(
Ġ+

1
√pp

W

)(
M
pp
η−1 + IK

)−1
=

(
Ġ+

1
√pp

W

)
D̄,

(25)

where W = N8∗ has i.i.d. complex Gaussian random
elements with zero-mean and unit variance, and D̄ =(
M
pp
η−1 + IK

)−1
. We denote ˆ̇gk as the kth column of ˆ̇G.

Denoting the channel estimation error E and we have

ˆ̇G = Ġ+ E . (26)

It is straightforward to show that the elements of the ith col-
umn of E are RVswith zeromeans and variances ppηk

M+ppηk
[16],

which will decrease the received signal to noise ratio (SNR)
at the BS. The signal vector after using the linear detector is

r̂ = ÂH
(
√
pu
ˆ̇Gs−
√
puEs+ n

)
, (27)

and the signal vector after using the linear detector of the kth
user

r̂k =
√
puâHk ˆ̇gksk +

√
pu

K∑
i=1,i 6=k

âHk ˆ̇gisi

−
√
pu

K∑
i=1

âHk εisi + âHk n, (28)

where â, ˆ̇gi and εi are the ith column of Â, ˆ̇G and E , respec-
tively. After some mathematical manipulations, the ergodic
achievable uplink rate of the kth user can be expressed as (29),
as shown at the bottom of the next page.

Again, in a manner similar to that in [2], with imperfect
CSI, Rayleigh fading, MRC processing, and for M ≥ 2, we
can derive the lower bound on the achievable uplink rate for
the kth user as (30), as shown at the bottom of the next page.

If the the transmit power per user is set to Eu√
M

andM grows
without bound, then we also can obtain

R̃mrcIP,k → log2
(
1+ τE2

uη
2
k/M

2
)
, M →∞. (31)

Here, we also provide the corresponding result expression
for the ZF detector, which could be be derived in an analogous
way. These results of MRC and ZF detectors are summarized
in TABLE I.

IV. STATISTICAL CHARACTERISTICS OF ηk
M AND βk

In previous sections, it was found that the main difference of
sum-rate values of the conventional model and LSA model is
embodied in ηk and βk . In this section, the statistic character-
istics of ηk and βk are investigated.

In our proposed LSA model, the large scale fading atten-
uation coefficient ηmk is determined by the propagation path
length and shadowing. In [1], [2], and [5], it was stated that
the massive MIMO system is able to harden the channel, i.e.
(hk)H (hk) = constant. After the channel hardening opera-
tion, the channel variations (small scale fading effect) are neg-
ligible over the frequency domain (or time delay domain) and
mainly depend on large-scale fading in the time domain(space
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FIGURE 2. βk and 1
M

M∑
m=1

ηmk in an M = 128 linear massive MIMO BS coverage area. (a). The wireless

coverage area of an M = 128 linear massive MIMO BS coverage area; (b). The results of βk and 1
M

M∑
m=1

ηmk ;

(c). The results of βk ; (d). The results of 1
M

M∑
m=1

ηmk .

domain), which typically varies 100-1000 times slower than
the small-scale fading. From the conventional point of view,
it was stated that the channel hardening effect means that the
channel becomes more and more deterministic as the num-
ber of antennas grows. The variance of the random channel
coefficient (small scale fading) tends to diminish with an
increase in the number of antenna elements M . However, if
we consider the LSA effect, some randomness still remains.
In (8), the channel hardening effect in the conventional model
means that the final hardening result is the large-scale channel
coefficient, whereas, according to (11), this final effect when
using the reference LSA model is the mean value of the sum
of the large-scale channel coefficients from the active antenna
elements over the antenna array. Here, we will consider two
random factors: the distance rmk causing individual power
attenuation, and the shadowing effect xmk on the kth user and
mth antenna element propagation link.

In this section, we set up a single cell, a cell with a radius
(from center to vertex) of 1000 meters, as the simulation
environment. The users are located uniformly in the cell and
we assume that no user is closer to the BS than r0 = 100
meters, as shown in Figure 2 (a). The path loss exponent is
n = 3.8.

A. NO SHADOWING AND USER IS NOMADIC
In the previous investigation, we found that the main differ-
ence between the conventional non-LSA model and the LSA
model is the difference between 1

M (gk)H (gl)
M→∞
−−−−→ βk

and 1
M (ġk)H (ġl)

M→∞
−−−−→

1
M

M∑
m=1

ηmk . We provide simulation

results for βk and 1
M

M∑
m=1

ηmk in an M = 128 linear massive

MIMO example. Here, we assume first there is no shadowing
effect, i.e. lognormal shadowing value x = 1. Figure 2 (b)-(d)
illustrates the simulation results. It is obvious that the values
of βk (transparent shape) are essentially the same as those

of 1
M

M∑
m=1

ηmk (colored shape), especially for the smaller link

distances, as shown in Figure 2 (b). In order to see clearly, the

fading results of βk and 1
M

M∑
m=1

ηmk are provided separately,

as shown in Figure 2 (c) and Figure 2 (d). From the separated
figures, we can see that if the shadowing effects are not
considered, the inner product results of channel vectors take
approximately the same values when considering the LSA
or not. Intuitively, we could guess that if the inner product
of channel vectors changes, that would be caused by the

Rmrc
IP,k = E

log2
1+

pu
∥∥∥ ˆ̇gk∥∥∥4

pu
K∑

i=1,i 6=k

∣∣∣ ˆ̇gHk ˆ̇gi∣∣∣2 + pu ∥∥∥ ˆ̇gk∥∥∥2 K∑
i=1

ηi
M+τpuηi

+

∥∥∥ ˆ̇gk∥∥∥2

 (29)

R̃mrc
IP,k = log2

(
1+

τpu (M − 1) η2k/M
2

(τpuηk/M + 1)
∑K

i=1,i 6=k (ηi/M)+ (τ + 1) ηk/M + 1/pu

)
≤ Rmrc

IP,k (30)
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TABLE 2. LSA coefficients under different conditions.

shadowing effect. In the following section, we verify this
hypothesis using the theoretical and simulation results.

B. INCLUSION OF SHADOWING
As for the shadowing effect on different antenna elements,
we consider that the shadowing values on each of the M
BS elements are independently distributed. It is easy but an
ideal case which would require very large physical antenna
size and element separation to be realistic. The correlated
shadowing effects on different elements are considered in our
future work. The use of this idealized reference model with
independent shadowing will be shown to provide a useful
bound to the practical correlated case.

We consider statistical properties of four parameters as
shown in Table II. We assume that the mean value and the
standard deviation of the shadowing effect (X ) are µ = 0 and
σ = 8 dB, respectively.
(1). Pure shadowing

Proposition : If xm are i.i.d, then E (βp) = E
(
ηp

M

)
=

exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]
.2

Figure 3 (a) plots the probability density function (PDF) of
βp and ηp

M (pure shadowing) associated with various values
of M . As shown, when M grows, the range that the PDF
spans becomes smaller and converges to the mean value

exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]
= 5.45 (µ = 0, σ = 8). We term

2If X ∼ N
(
µ, σ 2

)
, then the moments of x = 100.1X are given by

E
[
xk
]
= exp

[
k
ξ
µ+ 1

2

(
k
ξ

)2
σ 2
]
(ξ = 10/ln 10), and the mean and vari-

ance value are exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]
and exp

[
2µ+ σ 2

] [
exp

(
σ 2
)
− 1

]
,

respectively [17]. Because xm are i.i.d, we can easily obtain E
(
ηp

M

)
=

exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]

the number of antenna elements M the shadowing order.

Figure 3 (b) plots the PDFs of log2 (β
p) and log2

(
ηp

M

)
(pure

shadowing) associated with various values of M . The PDF
curves move right when M increases. After some mathe-
matical operation, we can obtain log2 (β

p) = log2 (x) =
log2 10
10 X , and hence, log2 (x) follows the Gaussian distri-

bution, as shown in Figure 3 (b). As for ηp

M =
1
M

M∑
m=1

xm,

this term also follows the log-normal distribution.3 Hence,
log2

(
ηp

M

)
is a variable following the Gaussian distribution,

and the mean value of log2
(
ηp

M

)
increases with the number

of antenna elements M , but not grows when M is extremely
large.

As shown in Figure 3 (b), the PDF shifts right and the
span becomes smaller when M grows. The values, βp and
ηp

M , have different PDF shapes, i.e., the PDF of βp spreads
more than the PDF of ηp

M with large M (see Figure 3 (a)).
We can see more possible values occur between the range (0,

exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]
). When taking log function log2 (·) on

these variables, the mean values will increase with M , and
take a larger value if the PDF span is smaller. Due to the
fact that the sum rate value is a function of βk and ηk in the
conventional model and LSA model, respectively, it can be
supposed that the mean value of the sum rate using the ideal
reference LSA model might be larger than that derived from
the conventional model.

Figure 4 plots the mean value of βp, η
p

M , log2 (β
p) and

log2
(
ηp

M

)
for different values of M . This figure supports

the previous Proposition and shows the mean values of βp

3It has been stated that a sum of log-normal random variables can be well
approximated by another log-normal random variable [18] and [19].
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FIGURE 3. PDF values of βp, η
p

M , log2
(
βp) and log2

(
ηp
M

)
for different values of M.

and ηp

M (blue lines) approximate exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]
=

5.45. Meanwhile, we compare the mean values of two simple
functions, E

(
log2 (β

p)
)
and E

(
log2

(
ηp

M

))
. It can be found

that E
(
log2

(
ηp

M

))
increases with the number of antenna

elements M , whereas, E
(
log2 (β

p)
)
remains constant. Since

(22) indicates that the sum rate growswithE
(
log2

(
ηp

M

))
, the

hypothesis that the achievable rate using the reference LSA
model may be larger than the value using the conventional
model is thus verified this case.

Importantly, it can be inferred that when the num-
ber of antenna elements M tends to infinity, the PDFs
of ηp

M will converge to a Dirac delta function located at

exp
[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
]
, as shown in Figure 3 (a). The same

as the PDF of η
p

M , it appears that the PDF of log2
(
ηp

M

)
also

converges to a Dirac delta function as M tends to infinity.
This means the mean value of log2

(
ηp

M

)
is reaching a limit

(maximum) value log2

(
exp

[
µ
ξ
+

1
2

(
1
ξ

)2
σ 2
])
= 2.4463

(µ = 0, σ = 8) whenM grows infinitely large, as shown the
red line in Figure 4.

(2). Composite shadowing

Figure 5 plots the mean values of βk ,
ηk
M ,

ηALSAk
M , log2 ( βk),

log2
( ηk
M

)
and log2

(
ηALSAk
M

)
with different number of

antenna elements M . We consider the geometrical effects
here. Similar conclusions results:

• The mean values of βk ,
ηk
M and

ηALSAk
M do not change with

M . Most importantly, we can see that the mean values

of ηkM and
ηALSAk
M are approximately the same, and mean

values of log2
( ηk
M

)
and log2

(
ηALSAk
M

)
approximate the

same.

FIGURE 4. Mean values of βp, η
p

M , log2
(
βp) and log2

(
ηp
M

)
versus M.

• The same as for the pure shadowing results, the mean
values of log2

( ηk
M

)
increase with the number of antenna

elements M (log2
( ηk
M

)
has a maximum value when M

is indefinitely large), whereas, the values of βk and ηk
M

remain the same. The reason for this could be attributed
to the non-linear property of the Log function log2 (·).
The mean value of the case considering the different
shadowing effect grows with the number of antenna
elements M .

(3). Effect of the standard deviation σ
Figure 6 provides the distributions of log2

(
ηp

M

)
for differ-

ent standard deviation σ whenM = 256. It can be found that
the PDF curves move right and spread more with σ . Based on
these results it is reasonable to suppose that the mean values
of log2

(
ηp

M

)
will increase with larger standard deviation.

By using our proposed LSA model, it can be assumed that
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FIGURE 5. Mean values of βk ,
ηk
M ,

ηALSA
k
M , log2

(
βk
)
, log2

(
ηk
M

)
and

log2

(
ηALSA
k
M

)
.

FIGURE 6. PDF of log2

(
ηp
M

)
for different standard deviation σ when

M = 256.

the sum-rate will increase if the propagation environment is
bad, i.e., if the shadow standard deviation is large.

From the above investigation, due to the fact that the sum
rate is a function of ηkM and βk in the reference LSA model
and the conventional model, respectively, we observe that

• The mean value of the sum rate value using the LSA
model is larger than the value using the conventional
model;

• From the channel hardening effect point of view, it is
implied that the shadowing combining brings the per-
formance benefit;

• The transmission performance will increase when the
shadowing effect becomes more severe.

These results will be verified in the following section.

V. NUMERICAL RESULTS
In this section, numerical results are presented to examine
the performance when considering the ideal reference LSA
effect. We again consider a hexagonal cell with a radius (from
center to vertex) of 1000 meters. The users are randomly
located in the cell and we assume that no user is closer to the
BS than r0 = 100 meters. We assume that there are K = 10
users, the coherence interval τ = 196, the transmit power
per terminal is pu = 10dB,4 and the propagation channel
parameters are σ = 8 dB, and n = 3.8. The simulation
parameters are the same as the simulation parameters in [2].

Figure 7 separately plots the simulated results and lower
bound results ((21) and (30)) of the achievable rate ofK = 10
users with different numbers of the BS antennas M , under
perfect and imperfect channel estimation conditions, respec-
tively. We can obtain the following conclusions:

(1). The spectral efficiency results using the LSA model
(both perfect CSI and imperfect CSI conditions) are larger
than the results simulated using the conventional model,
including MRC, ZF cases. The difference of the transmission
performance is substantially large, exceeding 15 bits/s/Hz
for M = 500. This is a huge performance gap. Hence,
the conventional model may underestimate the transmission
performance of a massive MIMO system if the LSA effect is
not considered.

(2). Due to the large separation distance between the user
and the antenna array (compared with the antenna size), we
also provide the results (ALSA model) in which there are no
path length differences among the propagation rays caused
by the antenna size. Since results do not change from the
reference LSAmodel, the large scale fading difference comes
only from the individual shadowing effects from different
antenna elements. These simulation results support our pre-
vious hypothesis. The performance improvement is from the
independent shadowing fading.

We also provide simulation results using the LSA based
conventional model which are in line with the results of the
conventional model, both under the perfect and imperfect
channel estimation conditions.

Figure 8 plots both the simulated and lower bound results
of the achievable rate of K = 10 users vs. different stan-
dard deviation of the shadowing effect σ , under perfect and
imperfect channel estimation condition. We set the number
of antenna elements M = 256. The main results are as
follows:

(1) The spectral efficiency increases with the standard
deviation of the shadowing effect σ , both for the conventional
model and ideal reference LSA model. Compared with the
conventional model, the sum rate values of the reference LSA
models increase more rapidly. The simulation results are in
line with the results provided in Figure 6, i.e., the mean values
of log2

(
ypLSA

)
increase with the standard deviation σ . We can

conclude that in the ideal reference LSA massive MIMO

4As mentioned in [2], pu has the interpretation of normalized transmit
SNR, and it is dimensionless.
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FIGURE 7. The spectral efficiency results v.s. the number of antenna elements. (a) The channel estimation is perfect. (b). The
channel estimation is not imperfect.

FIGURE 8. The spectral efficiency results v.s. shadowing standard deviation. (a) The channel estimation is perfect. (b). The channel
estimation is not imperfect.

propagation environment, a stronger shadowing effect can
improve the transmission efficiency.

(2) When the shadowing effect σ is the same, we can find
that the spectral efficiency value using the ideal reference
LSA model is larger than the value using the conventional
model.

Finally, the simulation results considering the power scal-
ing laws are provided. Figure 9 shows the spectral efficiency
on the uplink versus the number of BS antennas for pu =

Eu
M

and pu =
Eu√
M

with perfect and imperfect receiver CSI, and

with MRC and ZF processing, respectively. The same as
in [2], we choose Eu = 20 dB. As expected (Figure 9 (a)),
with pu =

Eu
M , when M increases, the spectral efficiency

in the conventional model approaches a constant value for
the case of perfect CSI, but decreases to 0 for the case of

imperfect CSI (the same as results provided in [2]), and the
spectral efficiency results in the ideal reference LSA model
have the similar tendencies. However, the results using the
ideal reference LSA model are larger than the counterpart
results using the conventional model. The transmission gaps
of perfect CSI and imperfect CSI cases tend toward 4.5 bps
and 1.5 bps, respectively. As for the pu =

Eu√
M

condition,

for the case of perfect CSI the spectral efficiency grows
without bound when M → ∞ (We can easily obtain the

achievable uplink rate R̃mrc
P,k

M→∞
−−−−→ log2

(
1+
√
MEuηk

)
for

the kth user when pu =
Eu√
M
), and with imperfect CSI, the

spectral efficiency converges to a nonzero limit asM →∞.
Results using the conventional model and ideal reference
LSA model also follow this tendency. Again, results from
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FIGURE 9. The average ergodic achievable rate of all the users with different number of BS antennas M considering the two different large scale
models.

the ideal reference LSA model are larger than the results
from the conventional model. Simulation results from our
proposed LSA model also confirm that we can scale down
the transmitted power of each user as Eu

M for the perfect CSI
case, and as Eu√

M
for the imperfect CSI case whenM is large.

VI. CONCLUSIONS
A massive MIMO system having a large number of antenna
elements is likely to be an emerging system that can signifi-
cantly improve the frequency and power efficiency of future
wireless systems. In the conventional channel model, the
spectral efficiency (in terms of bits/s/Hz sum-rate) is mainly
determined by the large scale fading characteristics of the
channel when the number of antenna elements is infinitely
large. However, previous research results largely neglect the
effects of large-scale fading, and this conventional model
does not consider the different power loss and shadowing
effects across the antenna array. When considering an ideal
reference LSA effect along the antenna array with indepen-
dent shadowing across elements, though it is not practical,
we can find the spectral efficiency results are larger than
the values derived from the conventional model. Using our
analytical method, the result of ZF receiver was obtained.
From the investigation, we found that

(1) The spectral efficiency results using the ideal reference
LSA model are substantially larger than the results simulated
using the conventional model, including MRC, ZF and the
result when we assume M is indefinitely large. In this paper,
the spectral efficiency results (in terms of bits/s/Hz sum-
rate) of the MRC under the perfect and imperfect channel
estimation conditions were derived.

(2) The power loss difference over the antenna array
caused by the propagation link has little effect on the spectral

efficiency result. The performance gap mainly derives from
the sum of the different shadowing samples from individual
antenna elements.

(3) The spectral efficiency values of the conventional and
ideal reference LSA model also increase with the standard
deviation of the shadowing. In the ideal reference LSA mas-
sive MIMO propagation environment, a strong shadowing
propagation environment can improve the transmission effi-
ciency.

These findings are informative to the design and evalu-
ation of the system performance using the massive MIMO
technique. Future work will consider more realistic correlated
shadowing across the array.
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