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AN ANALYSIS OF THE SEQUENCE X 2 =i:m Xp41 + Xn

JENSEN MEADE, DAVID DUNCAN, OGUL DUNCAN, PRASHANT SANSGIRY
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ABSTRACT. We analyze the sequence X0 = 2mX, g + X,, with Xy = Xy =141,
where i is the imaginary number and m is a real number. Plotting the sequence in
the complex plane for different values of m, we see interesting figures from the conic
sections. For values of m in the interval (—2,2) we show that the figures generated
are ellipses. We also provide analysis which prove that for certain values of m, the
sequence generated is periodic with even period.

1. INTRODUCTION AND NOTATION

The sequence 1, 1, 2, 3, 5, 8, 13, 21, . . . is the famous Fibonacci sequence which
has the same two starting values and a number in the sequence is generated by adding
the previous two consecutive ones [1], [2]. The sequence analyzed in this paper gets its
general idea from the Fibonacci sequence. We start with the same two numbers and
use a variation of the idea of generating the next number via modifying the addition of
previous two consecutive numbers. The sequence studied in this paper is of the form:

X1i=Xo=1+:
and
Xnjo=tmXpn+Xn

where: m is any real number, z is the imaginary number /—1, and = > 1. This sequence
has interesting properties that we present. Unlike the Fibonacei sequence which grows
without bound, this sequence has different behavior depending on the value assigned to
m.

2. THE SEQUENCE AND CONDITIONS ON m

To begin the analysis of our sequence, we first determine the conditions on m that
changes the behavior of the sequence. The recursive sequence is analyzed using concepts
from difference equations [3]. This is a second order, constant coefficient difference equa-
tion and its characteristic equation is

r° =dimr+1

Using the quadratic formula we solve the equation for r and get the two roots r1 in
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terms of m. These roots help determine the conditions we set on m.

m . 4 —m?
71,2=21,:t 2

We get the following three cases depending on the value of the expression 4 — m?2.
(i) 4 — m? = 0, results in repeated roots T1,2 = 5 ¢ that are purely imaginary
(i) 4 — m? > 0, results in two distinct complex roots

(iii) 4 — m? < 0, results in distinct purely imaginary roots.

3. PERIODICITY FOR —2 < m < 2

Since —2 < m < 2, the substitution m = 2sinf, for —§ < # < 7 retains the condition

on m and allows us to rewrite the roots as r12 = £ cosf + isinf. Thus
1 =cosf+isinfd and 7o = —cosf+ isind.
The general solution to the difference equation is of the form;
Xn=C1 71+ Cory
where 71 5 can also be written in the following form

T = et
ro = ei(™=6),

Substituting for 1, the general solution takes the form X, = C1&'™ 4 Cye™™9),
Theorem 3.1. Iff is a rational multiple of a revolution, then the sequence X, is periodic
and has an even period.

Proof. The sequence X, is periodic when X, 1 = X, for some integer k. The smallest
integer k that satisfies the condition is called the period of the sequence.

Xy = Cy 000 4 0, ilntk)(r—6)
Xpte =C1 einO eu;o Ol ein(ir—O) eik(ir—@)
So, X, 4k = Xn, when both of the equations e*® =1 and e*(™9 — 1 are satisfied.

From the first condition, k# = 2¢x and from the second, k(w — #) = 2j= for some
integers ¢ and j.
We can solve the first equation to find #. From the second equation we get
kr — kf = 2jmw
km = 2jm+ 2¢r

This shows that for the sequence to be periodic, k has to be even and that § = 2’%
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4. PLOTTING THE SEQUENCE IN THE COMPLEX PLANE

In this section the sequence X, of complex numbers are plotted on the complex plane
for various values of m in the interval (—2,2). In Figure 1, we chose m = 1.17 and
the number of values of the sequence drawn is 200. Notice that this sequence is not
periodic. Figure 1b) is the overlay of two ellipses. As we plot more and more points of
the sequence, the gaps on the ellipses shown in Figure 1b) gets smaller.

L .z

a) b)

Figure 1. The case where m = 1.17

In Figure 2, we pick £ = 1 and k = 20, resulting in m = 2sin %’5’ and the period is 20.
Just like the non periodic case, in Figure 2b we observe that the points of the sequence
are on two ellipses whose axes are perpendicular to each other. Notice here that 4 points
where the two ellipses intersect are repeated twice.

2
£
o [ o
[
o 1 c
< 3
° <
2 1 o i 2 z 2
5 e
© 1 e
[
e [ o
2 2
a) b)

Figure 2. The case where £ =1 and k = 20
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5. THE EQUATION OF THE ELLIPSE FOR m =1

Below we solve for an explicit representation of the two ellipse equations for the case
when X7 = X5 =1+ 1 and m = 1. The difference equation we solve here is:

Xn+2 =4 Xn+1 + X
Substituting X,, = r™, we get the characteristic equation

0=r2—ir—1.

V3 5x

This gives us the two roots 12 = 1 + - Thus we get, 1 = e'® and g = €'6.
Substituting the roots in the general equation, we get

jnw ;Snw
Xn==C1e'8 +Cre' &

Next, we solve for the coefficients C; and C, by writing the matrix equation and using
Cramer’s rule to solve them.

This results in the solution:

Substituting the coefficients, we get the expression for the sequence. This general form
is simplified and separated into real and imaginary parts as follows.

Xn= 73 € 73 e
V3+1 ™ ., . ™M V3-1 5n . . Bmn
— \/3 (mS'E—+2$]n*§‘)+—\7é—(mST+lsln—-6'—)

cos sin —_— 8N —
V3 V3 6 |7 va Met s e

To get the equations of the two ellipses, we consider the odd and even values of n
separately. First consider the real part of the sequence X,

V3 ™ 5mn 1 ™ 5mn
= (o ) (7o)

=lﬁ+lm%+ﬁ—l SLn:l : lﬁ+1 . TR VB =T 57m]
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Consider the case where n is even, then we can write n = 2k for some integer &

wk 5wk 1 wk 5wk
Re(sz)=(cos 3 + cos 3 )+\/§(cos 3 — cos 3 )

wk
3"
Now consider the imaginary part of the sequence X,

Im(X,) = % (sin%z + sin 5?) + % (sin% —sin 5%‘) .

Re(Xax) = 2cos

Substituting n = 2k

Im(Xo) = (sin —1;—1" + sin §§—k) 4 L (sin Esl—c — sin §1}3)

2 wk
Im(Xsp) = — sin —.
m( 2k) \/§ sin 3
22 2
The equation of an ellipse =2 + - o 1 can be parameterized as z = acosa and

y = bsina. The above calculations give us

k 2
Re(Xak) = 2cos% and Im(Xok) = 7z sin .
¢ 2 wk
Comparing the two, we get a =2, b= and a =

V3 3

since the real and imaginary parts yield the parametric form of the ellipse, when
written in standard form the equation becomes

2+ 37 =4

Similarly we derive the case for n odd, that is, n = 2k + 1 for some integer k.

2 wk

Re(Xok41) = ﬁ cos £}
k
Im(Xak41) = 2sin %

The real and imaginary parts of the odd computations yield the parametric form of the
other ellipse. When written in standard form the equation becomes

322 + 2 =4
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In Figure 3a is the ellipse when n is even and Figure 3b is the ellipse for odd n.
Figure 3c presents the sequence points and the two superimposed ellipses.

24
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Figure 3. The case where { = 1 and k = 6 a) n is even ; b) n is odd; ¢) n is
any integer

6. CONCLUSION AND FURTHER STUDY

We observed that for —2 < m < 2, the sequence is bounded. It is bounded and
periodic with an even period when m is of the form 2sin %. Also for —2 < m < 2 the
sequence values lie on two ellipses when plotted in the complex plane. Next step in our
research is to find the general equations of the ellipses for any m satisfying —2 < m < 2
and analyze the cases where m > 2 ,m =2, and m < —2.

REFERENCES

[1] S. Vajda, Fibonacci and Lucas Number, and the Golden Section, Ellis Horwood Limited, 1989.
[2] T. Koshy, Fibonacci and Lucas numbers with Applications, John Wiley & Sons, Inc., 2001.
[3] Saber N. Elaydi, An Introduction to Difference Equations, Springer-Verlag New York, Inc., 1999.

Journal of the South Carolina Academy of Science, [2023], 21(2) | 6



