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Estimation of Diffusion Coefficient of Lithium in Carbon
Using AC Impedance Technique

Qingzhi Guo,* Venkat R. Subramanian/* John W. Weidner,**
and R. E. White*** #

Center for Electrochemical Engineering, Department of Chemical Engineering, University of South Carolina,
Columbia, South Carolina 29208, USA

The validity of estimating the solid phase diffusion coefficidbg, of a lithium intercalation electrode from impedance measure-

ment by a modified electrochemical impedance spectros@®i® method is studied. A macroscopic porous electrode model and
concentrated electrolyte theory are used to simulate the synthetic impedance data. The modified EIS method is applied for
estimatingDs. The influence of parameters such as the exchange current density, radius of active material particle, solid phase
conductivity, porosity, volume fraction of inert material, and thickness of the porous carbon intercalation electrode, the solution
phase diffusion coefficient, and transference number, on the validDy ektimation, is evaluated. A simple dimensionless group

is developed to correlate all the results. It shows that the accurate estimatirefiuires large particle size, small electrode
thickness, large solution diffusion coefficient, and low active material loading. Finally, a “full model” method is developed for the
cases where the modified EIS method does not work well.

© 2002 The Electrochemical Society.DOI: 10.1149/1.1447224All rights reserved.
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The transport phenomena inside a battery have been attracting might be a problem. Furthermore, porous electrodes tend to make
lot of attention. Accurate measurement of parameters such as diffuthe reaction current nonuniformly distributed due to unmatched po-
sion coefficients in both the solution phase and the solid phase of &ential drop in both solution and solid phase caused by their different
battery can help in understanding what is occurring inside it andconductivity. Hence, the validity of the estimation Bf in the lab
ways to improve its performance. The extraction of solid phase dif-by the Yuet al. work is not guaranteed.
fusion coefficientDg, of an intercalation electrode in a lithium-ion Doyle et al’? investigated the possibility of estimating the pa-
battery from ac impedance measurement is of great interesttd us. rameterD, from the impedance response of a commercial lithium-
Basically, the impedance data from either the semi-infinite diffusionpolymer cell, which consists of a porous intercalation positive elec-
region or the transition region of the Nyquist plots are used to esti-trode LiTiS, and a lithium foil negative electrode. They showed that
mate this parameter. only when the true value of solid phase diffusion coefficient of an

Among the methods developed to estimBtgof a lithium-ion intercalation electrode is small enougle., less than 10* cn?/s
electrode, the Yiet al. modified electrochemical impedance spec- for the LiTiS, electrode in their work, they could get a relatively
troscopy(EIS) method seems to be very useful. It was an extension reliable estimation of this parameter from the impedance data of a
of the Hararet al. model of a metal hydride electrode for alkaline full commercial cell using the existing methods in the literature.
batteries. Both models are based on the assumption that there is nthey concluded that the low frequency spectrum needs to be domi-
solution diffusion limitation inside the working porous electrode nated by diffusion impedance in the solid phase if a valid estimation
pellet and each spherical active material particle behaves identicallpf Dy is desired. The value of 18% cn?/s of Dg of the LiTiS,
and has the same reaction current density on its surface. One advastectrode seems to be the threshold order of magnitude for such
tage of the Yuet al. model, compared to other approaches such asdomination in their case. Even though they were estimaligérom
traditional Warburg approach, potential intermittent titration tech- the impedance response of a full cell instead of a working electrode,
nique (PITT) and galvanostatic intermittent titration technique their result is still persuasive since the contribution to the total im-
(GITT), is that we are not required to know exactly the parameterspedance from the separator and counter electrode region combined
such as the steady-state lithium-ion concentratagn,surface con-  is negligible in the low frequency region, compared to that from the
centration,cg, of intercalation species lithium on the solid particle, working electrode. This is seen from Fig. 3 of their work. Unfortu-
open-circuit potentialOCP gradientd U/dx inside the porous elec- nately, they did not discuss in their work what we could do in order
trode, molar volumeyV,,, of the lithiated material, and effective to get a reliable estimation @ assuming the true value &fsto be
surface area per unit mass “A’ of the porous electr8déAnother ~ around 10%° cn/s or higher, the order of magnitude for lithium
advantage, compared to the traditional Warburg approach, is that thisntercalation electrode often referred in literature. In this communi-
impedance data with even lower frequency, which are supposed téation, our objective is to find out the experimental conditions under
be dominated even more likely by the solid phase diffusion, are usedvhich we can safely estimate tig, of lithium in a carbon electrode
for the estimation oDy. It is easy to realize this by the fact that the from ac impedance by using the modified EIS model ofettal®
traditional Warburg approach uses the impedance data with gradierftor the case where this mgthod is bad for the estimation, an alternate
or slope in the Nyquist plot equal te-1 and the modified EIS Method is provided and discussed. A Swagelok T-cell structure con-
method uses the data with gradient more negative thaus, which sisting of porous carbon mtercalat'lor) workl.ng electrode, one I|th|um
has even lower frequency. foil counter electrode, and one lithium foil reference electrode is

The Yu et al. model has limitation here. We have no assurance consideredFig. 1). This figure is similar to Fig. 1 in Ref. 6 except
that there is large difference between the values of solution phasi1at We treat the working electrode as the superposition of two con-
diffusion coefficient,D, and solid phase diffusion coefficieri,. tinua, one representing the solution and the other representing the

As a result, the ignorance of solution phase diffusion limitation solid matrix, .|nstead of as an agsembly of '.def‘“ca”y behaved
spherical particles. The procedure in our study is first, we solve the

model equations based on the macroscopic porous electrode theory
and concentrated electrolyte theory for the T-cell to generate syn-

¥ Electrochemical Society Student Member. thetic impedance data; then, we apply the modified EIS method to
** Electrochemical Society Active Member.
%+ Elactrochemical Society Fellow. extract the value oD, from these data. And then, we are able to
Z E-mail: white@engr.sc.edu evaluate the accuracy of estimation by comparing the estimated
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carbon particle  inert material porous electrode = - . = (<2 2 - =
separator To= (S48~ S8 Ta= (S;+ S Ts = (S8 + 5S)
[4]
and
reference electrode
Lithium Foil — o i : S = S5
Clurreu;?CZilector =0 25 s / -lithium foil 1
S=2¥ -5
S; = 2cothi¥) co(W)(1 — ¥Sg) — 2US; + S
S, = 2V cothW) cot( V) — Sq
current collector Swagelok ™ Three Electrode Cell S5 = coth(¥) — co(¥)
Sg = coth V) + cot(V)
Figure 1. Schematic graph of a T-cell consisting of a carbon porous elec- SI=2-95
trode. S, = cot(V)? + coth W) 5]
where

value of D¢ with the true parameter value we give as input in our
model equations for the impedance simulation. In this work, the v =R [ 6
effect of some parameters, such as the exchange current déegsity, TS 2_Ds (6]
solid phase conductivityy, thickness, active material particle size,
Rs, porosity e, and volume fraction of inert materia;ne (filler In our work, the gradient at each available impedance data point
plus conducting materiplof a porous carbon electrode, solution jn the transition region is calculated numerically by
phase diffusion coefficienD), and lithium-ion transference number,
t%, on the reliability of D4 estimation is studied. The impedance dZ _ Zin(@ + Aw) = Zip(0 — Aw) (7]
response of the working electrode in reference to a lithium foil ad- dZge Zpdo + Aw) — Zgdw — Aw)
jacent to the interface of the working electrode and separator is used
for the extraction oDj. This numerical calculation of the gradient works satisfactorily

According to Hararet al.’ the faradaic impedance of an elec- here, since we have as many as 100 points per decade of frequency
trode with the intercalation material particle of spherical shape isin our simulation. Next, we can either use a nonlinear parameter
written as estimation technique to get the estimatiorDaffrom the calculated

impedance gradient data or determine the valu® @it each avail-
MR, able data point and then obtdh, by substitution into expression 6
I of the frequency value at that point and the radius of solid particles.
Finally, the validity of the estimation oDy is evaluated by the
(1 - j)o, accuracy of estimation

s wR? [ D
coth(l + | — = (1 -
o| coth( i) 2D, ( i 2o

where mgs is the overpotential at the particle surfaéadius r Mathematical Model

= Ry, I'is the reactlgn current ,9” the surfageis the imaginary The model equations used in this pseudo-two-dimensional model
number,y~1, ando, is the modified Warburg prefactor expressed for the Swagelok T-cell, one-dimensional with respect to spatial di-
as rection x, and pseudo-second dimensional with respect to radial
direction inside each spherical particle, are similar to those used by
_0Jldcs y m 2] Doyle et al?
. adlome,  av(1l — e)F\2D, . Conservation of charge in the porous carbon electrode is given
y

where V is the volume of the working pellet electrodé,is the _ i, (P — Dy)
specific current per unit mass of active materialjs the mass of aFjn; = ax AT [9]
active material, andh is the surface area per unit volume of the

electrode. After sepgrating the impedance of expressipn 1 into th?\/ith the assumption that the double-layer capacitangis constant
real partZg. and the imaginary paé,,, one gets the gradient of the - 54 jndependent of the solution phase concentration and potEntial.
impedance curve in the transition region of the Nyquist pkse Equation 10 is used to account for the material balance in the

Z(w) =

+ A _ estimated value oD < 100% g
CeUracy= e value of D, ° (8]

1/2
[1] In this work, a carbon intercalation electrode with 50% state-of-
charge is considered.

Fig. 9 of Ref. § solution phase
dZim _ (SSs + SuSr — $186 + $86)Ts — 2T5(S4Ss + $S) a(ec) 9 ac i, ot
WZre  (S3S5 — SuSs + 15 + $,5) T4 — 2T5(54S5 + 50) st~ ax | ®Peay) T Eox T AIm(l )
[3] aCu i
ala (Dy — Dy)
where + F = ot [10]
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where the effective diffusion coefficierD, is related to the bulk

solution diffusion coefficientD, by expression 11 to account for

tortuosity of diffusion path inside the electrode

De = 9D [11]
Application of Ohm’s law in the solid phase and solution phase
yields
) Dy
I =iy = —oer— [12]
) P,  2kefRT dinf . o.dInc
2= T Ket Ty F dinc |1t
[13]

where the solid phase effective conductivity, and the solution
phase effective conductivity ., are related to bulk solid conduc-
tivity o and bulk solution conductivitx by expressions

oo = (1 — )% [14]
Kef = 1% [15]

to account for the actual path of the conducting speldes.

The electrode kinetics relationship is assumed to follow a simple
Butler-Volmer equation, Eq. 16. The electrochemical reaction on the

carbon particle surface is given elsewffere
ogF @
€Xx RT( 1
aF ®
- expg— RT( 1

In Eq. 16, the equilibrium potential), is fitted from the experi-
mental dat¥' by

ingF =g

q)z - U)}

- @ - V) ) [16]

U=

+10.0 exé —2000. e—)
[17]

C
- 016+ 1.32 ex;é —3.05
t

where the surface concentratiory of the active material carbon

particle is related to Eq. 18, which describes the solid phase diffu-
sion of Li in the spherical carbon particle, and its boundary condi-

tions 19 and 20

aCs d%cy 2 acg
—_— = —_— + —_——
at S( arz o oor (18]
dCg
DSa =0 at r=0 [19]
dCq .
Sar =jnf at r=Rg [20]
For the separator region, material balance leads to
a(ec) ] ac ip0t?
Fra &( eox) T F ox [21]

and Ohm’s law leads to the same form of equation as Eq. 13 except

that the solution phase current densityis equal to the total current
densityl, which does not change with

For the counter electrode, a similar form of Butler-Volmer equa-

A309
o F
—I =g ex RT(‘Dl - &, — Uy
aF 6(‘131 - q)z)
- ex;{—gT@l - @ = Uy ] + Cae— 5
[22]

The local equilibrium potential of the counter electrode is zero,
independent of the activity of Li or Li, in reference to a lithium foil
electrode

U.=0 [23]
After a similar mathematical treatment of the above equations to that
of the Doyleet al. work,*? finally we have the following equations

in the frequency domain

~ azélm ~ 0
£wCre = &Dgf ax2 + aJn,f,lm(]- - t+)
aCd| 0r% ~
+ T‘”t—[q)l,Re_ D el [24]
~ azéRe ~ 0
—E0Ciy = 8DeﬂW + ajnrrdl — t3)
aCy o ~ ~
- Tmt—[q)l,lm = Dyl [25]
. 92D, 4 -
aFjnfre = Ueﬁa—z + a""Cdl[q)llm CDZ,Im] [26]
92D, 1 -
aF]nfim = UeﬁTr — awCy[Prpe— Popd  [27]
E)2;1‘)1,Re az(T)z,Re 2keRT( 1 ‘o
Tl T T TRt T Fole  fog
0%t
X (1—t )7Re [28]
X
az‘ium azaj2,|m 2kefRT( 1 Lo
Oeft ™2 = TKeffT 502 = g ro
(o
2 [29]
9% CRe
—e0Cm = eDer— 7 [30]
~ ad CIm
ewCre = €Dgf—— I [31]
0o u ?Dype  2kegRT 1 flo 1 to)azéRe
et 9x? Folco  fap +ox?
[32]
0 _ 92Dy 2kegRT 1 ﬁ,( to)a%lm
Kefl ™ 5x2 F olce fap 1 9x?

[33]

where Eq. 24-29 are used for the porous electrode and Eq. 30-33 for
the separator Note th:ﬂ;f Re andjnf Jm that appeared in Eq. 24-27

tion to that of Eq. 16 is also assumed. Then, we have Eq. 22 for thare related toIJl Re,(bl ,m,¢>2 Re» and<I>2 m by Eqg. A-1 to A-8.

counter lithium foil electrode after the consideration of double layer

charging and discharging

The boundary conditions for the above Eq. 24-33 are tabulated in
Table 1.
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Table I. The boundary conditions for the governing equations in frequency domain. We set = 1 A/cm? in our work for convenience.

Boundary conditions

at TCre TCre at 1t0
ax x=0+ X=3 — X=3 + ax x=(8+39 —
Jc Jc Jc JT
_al'SDa_;(m =0 _815D - = _SlsD " —ei™D a;l(m =0
x=0+ X=3— x=3+ X=(3+8¢g) —
ad ad D4 rdyisisy. = 0
—(1 - 8)150_ a)l(,Re - —(1- 8)1.50_%3 -0 1,R4x (3+39)
x=0+ X=8+
ad ad D4 imlyisisy. = 0
—(1 - ‘9)1‘50.¢n =0 —(1- 8)1.50_& -0 1,Im‘x (3+59)
x x=0+ ax X=5+
ad ad ad iodF ~
_g15 a)2<,F<e -0 15 a)2<,Fee - —s§'5xa—)2('Re -I= %7 (D1 e~ Dol (5+59 -
x=0+ X=5— =5+
—Caco(Pyym — ‘I’z.|m)|x:(s+as>—
ad ad ad iodF ~ ~
_8145'(%1 =0 —«‘BI‘SK%1 = —el% —a)z('lm 0= RT ((I)llm q>2,|m)|x=(5+85)—
x=0+ X=5— =5+

+Cacw(Pyre — ‘Dz.RQ‘x:(mas)—

The real and imaginary parts of impedance of the working elec-evenly the thickness of the porous electrode as well as that of the
trode are given by separator region. In this work, dense node points are applied to the
~ ~ regions adjacent to the interfaces between the porous electrode and
Zpe = (Dl,REJx:O+ - q)l,ReJx:af separator and between the separator and counter electrode. To trans-
form the differential equations Eq. 24-33 to the algebraic ones, we
and approximate the derivatives of each dependent variable by using
~ ~ three-point finite difference method. Finally, the solution vedtas
Zin = Pyimlx=0+ — Primlx=s-— [34]  found by evaluating the residual vectbELTA

In this work, we treat the total perturbation currenhtas the input

perturbation signal with purely real unity value. DELTA = G(X,Y) (3]

Numerical Solution whereG(X,Y) is the governing equation vector in the residual form.

We use a numerical algebraic equation package of FORTRANY has the structure of

Crd 1], Cinl1], Pypll], i), Dordll, Poinlll,
Crdil, Cmlil, Pupdil, Punlil, Pordil, Pofil,
CrdN], T[N, ®1rdN], @1nfN], PopdN], Pyl N]
Y = | SrdN + 1], SN + 1], ®ordN + 1], By N + 1], [36]
Crd N + i], T[N + i], ®ordN + i], Py [N + i],
TrdM — 1], TuIM — 1], ®ppdM — 1], y M — 1]

TrdM], TpM], ®ypdM], @y M1, BordM], yM]]

called General Nonlinear Equation SolvEENES to solve the The impedance of the whole cell can be obtained by

above linear equations Eq. 24-33. This solver has the same calling

protocol as that of the differential equation solver called DASSL. As Zg, = <I>1 rd 1] — <D1 rdM] and Z, = d)l,m[l] <I>1,|m[M]

was already demonstrated in Fig. 11-14 of Ref. 14, a sharp profile of [37]
concentration and potential exists at the interfaces of the porous

electrode and separator, and the separator and lithium foil electrodeand the impedance of the porous electrode in reference to a lithium
In order to resolve the impedance response more appropriately ifoil electrode at the interface of the porous electrode and separator is
our work, especially in the high frequency limit, we discretize un- given by
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Table II. The values for all the parameters used in this model
under base conditions.

Parameter Carbon electrode Separator Li folil

D, (cn?/s) 3.9x 10710 1

D (cr?/s) 7.5% 1077 11

% 0.363 11

k (S/lcm 2.6x 1073 11

c; (mol/cn?) 0.02639 11

cs (mol/cn?) 0.0139867 11

€ 0.357 11

&5 0.724 11
Einert 0.172 1
Cgq (Flcn) 107 Assumed
Cac (Flcn?) 105  Assumed
iy (MA/Cn?) 0.11 11
ioc (MA/CITP) 1.26 9

o (Slcm 1.0 11
iy 0 Assumed
co (mol/cn?) 0.001 Assumed
Rs (cm) 0.00125 11

3 (cm) 0.01 11

ds (cm) 0.0052 11

T (K) 298.15 Assumed
Zpe= P1pdl] — ®ordN] and Zjy, = @y 1] = P5 [ N]

The base values of all the parameters used for the T-cell syste

Results and Discussion

[38]

A311

from the porous carbon electrode. One can realize this by looking at
the difference among the high frequency impedance loops simulated
by using different parameter values of the exchange current density

Reference of both the porous and counter electrodes.

Parameter estimation by the modified EIS methe@Given the
values of all the parameters, we are able to generate, by solving the
model equations Eq. 24-33, a set of simulated impedance data over
a wide range of frequency. The transition region of the Nyquist plot
of the simulated impedance data can be used tdgédtack by the
modified EIS method. We assume that the synthetic impedance data
generated by solving the model equations for the T-cell in this work
are “real” enough to represent the actual impedance behavior of
such cell in the lab. As a result, the validity of applying the modified
EIS method to the estimation &g in a carbon electrode can be
evaluated after comparing the estimated value with the true value of
D, that we put in our model equations.

To start with, we have to justify which section of the transition
region should be used for the estimationDnf with a desired accu-
racy. The accuracy of estimation &fs (for several different true
values of D¢ while keeping all the other parameters to their base
values from the impedance data in the transition region of Nyquist
plot with the gradient ranging from1.5 to —15 is given in Fig. 3
as a function of gradient. Maple’s fsolve is used here. We observe
that the accuracy is better when the gradient is more negative than
—4.0, compared to the region, from1.5 to —2.5, adopted by Yu
et al® However, data points with gradient more negative tha2.0
are likely to involve large error due to the round-of error caused by
small change of the real part of impedance. Therefore, the transition
region with gradient ranging from-4.0 to —12.0 is used in this
nyvork for the estimation oDs. We also find that it is feasible to get

under consideration are tabulated in Table II. A demonstration of the? reliable estimation ob by using the modified EIS method when
simulated impedance response of the full T-cell, as well as the conthe true value of this parameter is less than8.20*% cn’/s. One
tribution to the full cell impedance from each region, with base needs to know that assigning different base values other parameters,
parameter values put in the model equations described above is seHch as kinetics, from the ones in Table I might change the range of
in Fig. 2. The high frequency loop of the full cell impedance curve Vvalidity of D¢ estimation. Thus, a thorough investigation of the in-

is overlapped by two semicircles. The appearance of first impedanc@uence of all the other parameters relevant to the validity of the
maximum is caused by the relative combined domination of imped-estimation ofDg is needed. We expect to lead to an instructive
ance of the counter electrode and separator region. The second

maximum is caused by the relative domination of the impedance

50 T T T T
Full cell ;
---------- Carbon : _
———- Separator and counter = Siope=12.0
a0 | .
8 M _ =
§ ;
Q o Slope=4.0
= —
E Slope=2.5 f
N 20 |~ Solpe=1.5 —* .
10 [ .
0k .

40

Zg, (Q-cm?)

50

60

70 80

I 1 I 1 I I 1

—rmoooocoooooooo °© o © o ©° ‘e o

100%

++*§+ R L + + + + +
++++ B
&
o 80% I ++++ : The Gradient R : ]
[m) } : e Gradient Range
G N : 1 Used in This Work L :
c + : :
g +
© 60% [ * 1
N
£ : ;
G + - D=3.9E-08 cm’/s
e N v Dg=3.9E-09 cm?/s :
N +  D=3.9E-10 cm?s § i
[9) * o D.=3.9E-11 cm¥s :
g o D.=3.9E-12 cm?s
Q : :
2 Wwwwwvvvvvvvvvvvvvvvvvvvvvvav v v v
20% [ : g =

0%

10 12

Gradient (dZ,,/dZy,) in The Transition Region

Figure 3. The accuracy of estimation &g as a function of the impedance

Figure 2. Demonstration of the simulated impedance response of a T-cellgradient in the transition regiotall the other parameters keep their base
with base parameter values.

values.
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I | { I i 1 1
o D.,=3.9E-08 cm¥s o L g ]
1466 || - Di=3.9E-09 cmZs A 100.0% [~ B==r==r= SEEmT—— Siatinbiniinint kil -
o D.=3.9E-10 cm?/s
o D,=3.9E-11 cm?s
v Dg=3.9E-12 cm?s /
w
o U G -
b
o | =]
1.2E6 |- o2 5
T R £ 100% | 1
= o2 E
§ N / hf
= - Y—
- Qg DUDDDD g
€ 1086 [ o7t - 3
ona” o
Ao =3
$888EIEELIYEILITITTTFTFIITIITIIAY Boovooe90990000s Ml § 1.0% [~ N
o
o007 60 f — o D,=3.9E-08 am%s
DEDGDDDDDDDU\:DUC‘D 368 ----- D:=3.9E-09cm2/s
8.0E-7 58%° . -—-o-— D_=39e-10 cm2//s s
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6“8333333000 Dense node points | | | |7 s Dz=3.9E-12 om%s
556080000 are used here. "
l
| ! I ! ! 0.1% = ; ! I
0.001 0.01 0.1 1 10
0 20 40 60 80 100

Solid Phase Conductivity ¢ (S/m)
Distance away from The Current Colicctor (um)

Figure 5. The accuracy of estimation @ with different parameter values

Figure 4. Comparison of reaction current distributions on the surface of of the solid phase conductivitiall the other unmentioned parameters keep
carbon particle for different parameter valuesf (all the other unmen-  their base value

tioned parameters use their base values

Faigd?( 1 1
conclusion that helps us get a reliable estimatiorDgffrom real v2 = (a,+ ap) R—?I_(— —) [42]
impedance data collected in the lab. Keff  Oeff
A nonlinear parameter estimation technique called Gauss-
Newton method®!®is employed to geb back from the simulated In the above two expressions,andy? are ratios of the compet-

impedance response of the working electrode in the remaining par"d effects of the ohmic potential drop and slow electrode kinetics.
of this work. The algorithm of this technique for the modified EIS For large values of eithek or y?, the ohmic effect dominates, and
method involves the following steps: First, assume initial guessesas a result, the reaction distribution is nonuniform. For small values
for the parameter vectdr, which actually has only one elemedt, of both A and~?, the reaction distribution is more uniform. In our
in this case. Then, evaluate the Jacobian makdsom Eq. 3, 4, 5,  work, the importance of such parameters as the exchange current
and 6. Next, use Eq. 39 to obtain the correction parameter vAbtor ~ densityig, thicknessd and specific surface area per unit volume
of the porous electrode to the valid estimation of solid phase diffu-
Ab = (JT)"WT(Y* - Y) [39] sion coefficient is investigated. Since Newman'’s simple model does
not consider solution diffusion limitation, the effect of the solution
whereY* andY are the objective function vector with experimental diffusion coefficient on the validity of estimation & is also dis-
and estimated values, respectively. After this, a new estimate of th&uSsed in this paper. The superimposition of both solution phase

parameter vector is evaluated from Eq. 40 diffusion and solid phase diffusion is believed to be present in the
diffusion region of the impedance pltt.Besides, the influence of
p(M+1) = p(m) 4 A p(m) [40] the transference number of lithium ion is also considered. Because

the specific surface area is related to the radius of the active

wherem is the number of corrections done. The estimatiorDgf mater!al particleRs, the porositys, and volume fragtlon of inert
converges successfully to a value when the correction veor ~Material eine Of the porous electrode by expression 43 for the
becomes very small. spherlpal particle geometry, the changeaotan only be made by
As stated before, for the modified EIS method to work well, the changing one or some of the three parameRys ¢, and eiper.
surface of each spherical particle in the porous electrode shouldeparate discussion on each of these parameters is carried out in this
have uniform reaction current distribution. Figure 4 demonstratesWork
this, where a nonlinear reaction current inside the porous electrode
exists for the true value dd greater than 3.% 10 *° cn/s. The a=—(1-8— &pe) [43]
characteristics of a porous electrode tend to make this current non- Rs ne
uniformly distributed. In order to use safely the modified EIS
method, we need to make sure that the uniform reaction current Newman also pointed out that the reaction current in a porous
distribution on each particle surface is present. electrode is somewhat more uniform as the value of solid phase
Through a simplified porous electrode model, NewMaierived  effective conductivity and solution phase effective conductivity ap-
two dimensionless groups, the dimensionless current density Eq. 4@roach each other. By changing the solid phase conductijtgnd
and the dimensionless exchange current density Eq. 42, that couldolding the solution phase conductivity, constant, we can check
be used to judge the uniformity of the reaction current distribution the validity of D, estimation.
inside the porous electrode. Figure 5 shows that the change of solid phase conductivity

has no apparent effect on the estimation accuracy when
aFId [ 1 1)

- RT

[41] = 0.001 S/cmg o = ke in this case, by the modified EIS method
over the trueDg range under study here. Thus, the accuracy of

Keff O eff
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Figure 8. The accuracy of estimation & with different parameter values

Figure 6. The accuracy of estimation & with different parameter values  of electrode(all the other unmentioned parameters keep their base values

of the exchange current densill the other unmentioned parameters keep
their base value

estimation by the modified EIS method is insensitive to the relative
size of two conductivity parameters of both phases. 100.0% -
Figure 6 reveals approximately similar phenomena to the above e
one. The estimation by the modified EIS method is insensitive to the
magnitude of exchange current for the case studied here. This infor%
mation seems to be helpful since knowing the exact kinetics param-g
eter value is not required in order to get a valid estimatio gf
Figure 7 shows that, except for very small true valueB gf the
estimation accuracy tends to decrease as the radius of carbon pad
ticle decreases. We can explain this result by noting that the decreas2,
of particle size not only facilitate the diffusion of lithium inside the
solid particle(shorter diffusion pathbut also increases the surface
area of the electrode. All these lead to the increased reaction cape

stimati

0o D=3.9E-08 cmZ/s

—=— D,.=3.9E-09 cm?/s i B
—o— D,=3.96-10 cm?/s ;
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o
2 jo0% | N ! N N
g Figure 9. The accuracy of estimation & with different parameter values
S of the volume fraction of inert materighll the other parameters keep their
g base values
=4
(2]
w
S 10% [ .
8 bility on the particle surface, which has the similar effect to that of
3 ) having a larger exchange current densjtjn Newman'’s dimension-
< G crroe D,=3.9E-08 cmPls less group 42. On the oth_er h_and, bigger particle size favors im-
: —— D,=3.9E-09 cmzls proved accuracy of the estimation Df.
01% - ‘ -l The significance of the change of the porous electrode porosity to
-~ D=3.9E-12 cm?s the validity of D4 estimation is revealed in Fig. 8. For each curve,
which corresponds to a fixed true value Df, the estimation be-
. . . ' ' . comes better as the porosiyncreases. When porosity reaches such
00001 00003 00005 00007 00009 0.0011  0.0013

Radius of Carbon Particle (cm)

Figure 7. The accuracy of estimation dbg with different carbon particle
size (all the other unmentioned parameters keep their base yalues

a value that the summation of porosity and the volume fraction of
invert materiale;,o; approaches unity, the estimation is good even
for large true values oDg. The volume fraction of inert material
plays a similar role on the validity dd4 estimation, which is dem-
onstrated in Fig. 9. The above two results seem to be encouraging
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Figure 10. The accuracy of estimation @fs with different parameter values
of the electrode thicknedsall the other parameters keep their base values

since we might be able to get a good estimatiorDgfif we try to
make the summation of and g;,¢; approach 1. However, a small

Journal of The Electrochemical Society49 (3) A307-A318(2002

L | ——=- D¢=3.9E-09 cm%s

0o D=3.9E08 Cms | O

—o— D_=3.9E-10cm?s T
—o— D=3.9E-11 cm(/s
-—v—- Dg=3.9E-12 cm%/s

0.02 0.05 0.08

Thickness of The Porous Electrode (cm)

i
LT e — S A
e
7
o s
Y //
S o o
c
: T
£ T
= b
(2]
w ;
B 100% | =
> o -wome Dg=3.9E-08 cmZ/s
8 —— D,=3.9E-09 cm’/s
5 —o— Dg=3.9E-10 cmZ/s
g -—o-— D=3.9E-11 cm%/s
£ —— D,.=3.9E-12 cm%s s
R
1.0% l L | | ] |
0.0 02 0.4 06 0.8 1.0

Transference Number of Li*

Figure 12. The accuracy of estimation oDy with different values of
lithium-ion transference numbegrll the other parameters keep their base
values.

amount of loading of active material-carbon particles is required inM-. As we can see from Fig. 10, the accuracynf estimation
either case. The mechanical strength of the porous electrode coulticreases as decreases. Since large particle size favors a good
be a problem if we increase the porosity so much, and the inerstimation ofDs, as is already shown in Fig. 7, a further improve-
material could be not completely inert to lithium intercalation if we ment of estimation might be possible if we hold the particle size to
increase the volume fraction of this parameter. These things must béhe base value and decrease the electrode thickness to a very small
taken into account when we prepare electrode for impedance mealue, such as 5im. However, attention must be paid in this case
surement in the lab.

The effect of different electrode thickness on the accuracy ofaverage quantities might be inappropriate if the electrode thickness
estimation ofDy is studied by, first, changing the base value of iS Not large compared to the active material particfes.

carbon particle radius to @m. Then the validity of estimation d
is investigated for the electrode thicknéssanging from 10 to 1000
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10.0% [~

1.0% [~

Accuracy of Estimation of D

0.1% |~
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Figure 11. The accuracy of estimation &f with different parameter values
of the solution phase diffusion coefficiet! the other parameters keep their

base values
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to check if we can use safely the macroscopic model, since the local

The importance of the solution phase transport of lithium ion to
the porous electrode is shown in Fig. 11 and Fig. 12. When the
parameter value of solution phase diffusion coefficient is very large,
such as 7.5< 10°° cn¥/s, the accuracy obg estimation is good
for all the true values ofDg ranging from 3.9 107! to 3.9
X 108 cn/s. This is demonstrated in Fig. 11. When the value of
the solution phase diffusion coefficient decreases, valid estimation
of D exists only for very small true value of it. From this result, we
may suspect that the limited ability of solution phase transport is
responsible for the nonlinear reaction current distribution inside the
porous electrode and, as a consequence, the bad estimation of

Further evidence is given in Fig. 12, where the estimation accu-
racy for all the true values oD is high when the transference
number of lithium ion is close to 1. In this case, the solution phase
concentration of lithium ion is actually uniform inside the porous
electrode because the solution phase diffusion resistance is absent.
Under the condition where there is no solution phase transport limi-
tation, the estimation ob¢ seems to be always good.

To summarize the above results, let us consider a dimensionless
group 44, which can be understood as the ratio of two time constants
for solid phase diffusion and solution phase diffusion. The accuracy
of estimation as a function of this time constant ratio is plotted in
Fig. 13. As we can see, when the ratio of two time constants is
smaller than 0.001, the estimation is completely bad; when this ratio
is larger than 1.0, the estimation is very good. This dimensionless
group can help us evaluate the optimal experimental conditions in
the lab for a reliable estimation & from impedance spectrometry

ts  R%adD,

Te  0%eDgg

D RS el 44
- D_sgg(lfsfeinen) [44]
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Figure 13. The accuracy of estimation &f as a function of the ratio of two

time constantgreinterpretation of the resuits of Fig. 7, 8, 9, and.10 Figure 14. The sensitivity analysis of the impedance gradient in the transi-

tion region to the change of different parameter val(atisthe other unmen-
tioned parameters keep their base values

Unfortunately, the dimensionless group was seldom made larger
than 1.0 in literature. For example, in the work of ¥t al.® an ) ]
estimation ofD for graphite was extracted to be 1.¥2107° and the one discussed above is also used here t®gback except that
6.51% 101 c?nz/s for 0 and 30% state-of-charg8O0 at 25°C we have to resort to the numerical calculation for each element of

Since the particle size was quite small, arounddn®in diam, and the Jacobian matrix Eq. 46

the working electrode had the thickness of 9%, a rough value of dZ,, dZm
0.0006-0.001 of the dimensionless time constant ratio is calculated, (f) - (ﬁ)
assuming the solution phase diffusion coefficient to be 7.5 _ Re/ D raDg Re'Ds-ADg

X 1077 cmP/s, the porosity to be 0.4 and the volume fraction of Jin = 2AD, [46]
inert material to be 0.1. This reminds us that their estimation might

involve large error if all the assuming parameter values werewnereJ, , refers to theith element of the one-dimensional matrix.
appropriate. As another example, consider a LiTéGctrode dis- As is the case for the modified EIS method, we expect that some
cussed by Doylet al*? When the true value dDg is smaller than  of the parameters in the full model might not be important and
1 X 10 ¥ cn?/s in Table Il of their work, they had a reasonable would not require the exact knowledge of the their values. Thus, it is
estimation with the use of traditional Warburg approach. The dimen-important to determine the sensitivity of the model predictions to
sionless group for this value equals 1.0, which agrees with our resulthanges in the model parameters. If the model predictions are rela-
from the carbon electrode that a valid estimatiorDafis possible  tively insensitive to one or more of the parameters, then a fairly
under this condition. wide range of values for these insensitive parameters could be used
Since the modified EIS method cannot give us a reliable estimawithout significantly affecting the predictions of the model. The sen-
tion if the dimensionless group is much less than 1.0, a “full model” sitivity of the model predictions to changes in parameters is deter-
method is developed as a strategy to address such situation. mined here by monitoring the change in the gradient of the Nyquist
. L impedance curve. While holding all the other parameters constant,
Numerical parameter estimation by a full mogeBy full model 1o parameter of interest is perturbed slightly and the resulting

we mean we apply the same form of model equations Eq. 24-33, a h . d dient ina from.0 to—12.0 i ted
are also used for the generation of simulated impedance data, for tr\?vange N Impedance gradient ranging oM. 1o - 15 Noted.

L . . e can find the sensitivity coefficie ;, of that parameter b
estimation ofD4. This method is expected to work very well when Eq. 47, following the samg formula ggc%t,ed by Evgns and V}fhi{e
we know the values for all the other parameters exactly. However,
some parameters are very hard to be known with high accuracy, n
such as the exchange current density. Therefore, it is desired that we E
are still able to get a good estimation@f when the values of some SG = i=1
other parameters are not assigned correctly. As an analogy to the n|AP;|
modified EIS method, the gradient in the transition region is chosen
to be the objective function here. We can write the gradient of Ny-where
quist plot as an implicit function 45 of frequency and all the param-

oters A(dz,m> _ (dz.m) - (dZ|m)* g
'

«dZRe

= f(w,D4,D,i0,t2,3,...) [45] and

: - . N . AP = —— [49]
Basically, a similar nonlinear parameter estimation technique to P
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Table Ill. Comparison of estimation results of D¢ with 95% confidence intervals between the modified EIS method and the full model method
(all the other parameters are assigned their base valugs

True value ofDg Estimation ofD¢ by Estimation ofDg by

put in simulation full model method modified EIS method

3.9x 10 %®cmé/s (4.22+ 0.33) X 10 % cn?/s (9.00+ 0.04) X 100 cné/s

3.9x 10 % cné/s (3.80+ 0.13) X 10 % cné/s (9.02+ 0.03) X 10 cné/s

3.9x 107 cm?/s (3.90+ 0.01) X 10" cn?/s (3.60+ 0.01) X 107 cné/s

3.9x 10 % cné/s (3.90+ 0.01) X 10" cné/s (3.90+ 0.01) X 10" cné/s

3.9x 1072 cni/s (3.90+ 0.01) X 1072 cm™?s (3.90+ 0.01) X 1072 cné/s
whereP; and P} are the perturbed value and the reference value of dz,, Im
parameteii, respectively. §Z,,/dZzy); is the value of the imped- (dZR ) . = (dz . + 0.05 (50]

€/ j,with error Re/ |

ance gradient when using;, and (dZ|m/dZjo* is the value when

using P} . Finally, n is the number of data points over which the As was stated by Evans and Whifean estimate of a parameter

gradients are compared. has little meaning unless it is accompanied by some approximation
Figure 14 gives the sensitivity of the impedance gradient to all of the possible error it possesses. Therefore, a confidence interval is

the parameters that are important to the estimatiogfover a  needed to obtain together with the estimation. It can be calculated by

range of true values dDs. In this figure, all the other parameters the following expression

exceptDg and the parameter of interest are held at their base values. .

As is shown, when the true value bf; is very small,i.e. less than Pi=Pi+ taym),m-mSp [51]

3.9x 100 cn?/s, only the particle siz&®, and D, are important.

This agrees with the modified EIS method that has no requiremenivhereP; is the estimate of parameter, t(1-y/2),(n-m) IS the student

of knowing all the other parameter values excBpandDs. How- t-distribution at (1— y/2) X 100% confidence leveh is the num-

ever, when the true value &fis larger than 3.9< 10 '°cn/s, all  ber of observationsn is the number of parameterns,— m is the

the other parameters such as the exchange current depsylid degree of freedom, angp, is the estimate of the variance fé¥,

phase copductlvnyr_, poros!tye, v_olume fractlon of inert matt_erlal which is calculated from mean square enﬁ, by

einert; active material particle siz&, thicknessd and solution

phase diffusion coefficierD are also important and effect the im- Sp = \/(JTJ)’lsE [52]

pedance response. The impedance gradient becomes more insensi- '

tive to the _change of so_lid phase_ diffusion coefficibntas the true  \yhareJ is the Jacobian matrifsee Eq. 4)3andsé is calculated by
value of this becomes bigger. This warns us that an exact knowledge

of the values for all the possible parameters is needed for the esti- n dz dz 2
Im Im
mation of D for high true values oDg. It can also be seen from E [(dz ) - (dz ) j
Fig. 14 that the solid phase conductivity always plays an insignifi- o _ 171 Re/ obs Re pre (53]
cant role. n—m

The impedance data we collect in the lab usually involve error or
noise, the origin of which might not be clear. In this work, we also A comparison of the estimation results, between the full model
include some random noise to the synthetic impedance gradient datmethod and the modified EIS method, from the same synthetic im-
calculated from the simulation. A random error generator by Maplepedance data with noise is tabulated in Table IIl. All the other pa-
VI was used to produce a group of normally distributed erdgr,  rameters excefd, are assumed to be known exactly to us before we
with mean zero and variance ofiee, ~N (0, 1)]. This error is apply the full model method to the estimation. As we can see, the
added to the synthetic gradient data ranging freth0 to —12.0 by full model does give reasonable estimationsDoffor all the true

Table IV. Comparison of estimation results of D¢ with 95% confidence intervals between the modified EIS method and the full model method
assuming one of the parameter values is not known correctly before estimatiofall the other parameters are assigned their base valugs

True value ofD (cn?/s) Estimation of Estimation of Estimation of Estimation of
used in the impedance D, (cn?/s) if D, (cn?/s) if D, (cn?/s) if D, (cn?/s) if
simulation ¢ = 0.001 S/cm o = 0.01S/cm ip=1.1X 102 Alen? ip= 11X 10% A/cm?
3.9%x 1078 ¥2.71+ 0.46) X 10 (454+ 1.21)x 10 Not Converge (3.90+ 0.01) x 10
£(9.00+ 0.04) X 10°1° (9.00+ 0.04)x 1010 (9.00+ 0.04)x 10°1° (9.00+ 0.04) x 10°%°
3.9x 107 ¥3.42+ 0.21) X 107 (2.23+ 0.22) X 10 Not converge (1.03+ 0.32) x 10°%°
£(9.02+ 0.03) X 107%° (9.02+ 0.03) x 1071° (9.02+ 0.03) x 1071° (9.02+ 0.03) x 1071°
3.9x 1071 %3.80+ 0.12) X 1071° (3.88+ 0.09) X 10710 (4.03+ 0.01) X 107%° (3.80+ 0.01) x 1071°
b(3.61+ 0.01) x 10°*° (3.61+ 0.01) x 107 (3.61+ 0.01) x 107 (3.61+ 0.01) x 107
3.9x 107 ¥3.90+ 0.01) X 107 (3.90+ 0.01) X 107! (3.90+ 0.01) X 107! (3.90+ 0.01) X 107*
B(3.90+ 0.01) x 117 (3.90+ 0.01) X 107! (3.90+ 0.01) X 107! (3.90+ 0.01) x 107*
3.9x 107%2 ¥3.90+ 0.01) X 107%? (3.90+ 0.01) X 1072 (3.90+ 0.01) X 1072 (3.90+ 0.01) X 1072
B(3.90+ 0.01) X 107 (3.90+ 0.01) X 1072 (3.90+ 0.01) X 1072 (3.90+ 0.01) X 1072

@Estimation by the full model method.
b Estimation by the modified EIS method.
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values of this parameter, with the expected true value lying between

the confidence intervals. However, one should also notice that the We =

confidence intervals for larger true valuesdf are large compared

to those for smaller true values. This can be explained by that the
impedance gradient is not sensitive to the change of solid phase
diffusion coefficient at higher true values of them, compared with
other parameters, if we look at Fig. 14. A small noise might produce
much deviation from the expected estimation. When the true value
of D4 is smaller than 3.% 10 1% cn¥/s, both methods are equally
accurate because the impedance gradient is very sensitive to the
change of solid phase diffusion coefficient.

As explained before, we might expect that the full model method
does not require knowing exactly some of the parameters, such as
solid phase conductivity, exchange current density, etc. To check
this, we use the same synthetic impedance data as those used for the
case in Table Ill. Then we assume that one of the parameters, such
as the exchange current density and solid phase conductivity, is not
known correctly. After this, we find the estimation Df by assign-
ing different values of this parameter. The results are shown in Table a
IV. We observe that the two methods agree with each other when the A
expected true value @ is small,i.e, less than 3.9¢ 107*% cn/s
in this case. We also observe that inaccurate knowledge of the value@Re
for such parameters as the exchange current density and solid phase
conductivity leads to large estimation error if the true valu®gis Cim
large, where the solid phase diffusion is not the dominant process.
We can suspect from this that exactly knowing the values for all the CSZ
parameters discussed in this work is required if we want to use the

full model to get a reliable estimation @, from the impedance  Ca
response where the modified EIS method becomes bad. Cdl'jc
Deff

Conclusion 5

We conclude from above discussion that the validity of estimat- ft;
ing D¢ from the impedance response of a porous intercalation elec- |
trode by the modified EIS method is not assured if we have limited F+o
capability of transport of lithium ion of the solution phase in the
porous intercalation electrode. A dimensionless group, the ratio of |
time constant of solid phase diffusia and that of solution phase o
diffusion 7, is useful to evaluate the experimental conditions by 'oc
using this method for a reliable estimation bf; from a porous J'nzf
electrode. Big particle radius, small electrode thickness, large differ- *
ence of the true parameter value Bf and D, and small active M
material loading are conducive to a valid estimation of solid phase N
diffusion coefficient. R

For the case where the modified EIS method works poorly, a full s
model method is provided here. However, exactly knowing the val-
ues of all the other parameters is required in order to get a valid t2

estimation. t{_
U
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effective specific surface area of the porous electrode,'cm

effective surface area per unit mass of the electrodé/@m

concentration of lithium ion in the solution phase, molfem

concentration of lithium ion under open-circuit condition, molfcm

real part of the deviation concentration of lithium ion in the solution phase in
Laplace domain, mol/cfn

imaginary part of the deviation concentration of lithium ion in the solution phase
in Laplace domain, mol/cin

concentration of lithium on the solid carbon particle, moflcm

concentration of lithium in the solid carbon particle under open-circuit condition,
mol/cn?

double-layer capacitance of the porous electrode, £/cm

double-layer capacitance of the counter electrode, ¥/cm

diffusion coefficient of the bulk solution phase, k)

effective diffusion coefficient of the solution phag2,; = D X &% for the po-
rous electrode anB o = D X &2 for the separator, cPis

solid phase diffusion coefficient of lithium inside the carbon particle?/esm

mean activity coefficient of the lithium salt in the solution phase under open-
circuit condition

derivative of the mean activity coefficient of lithium salt in the solution phase
under open-circuit condition

Faraday's constant, 96487 C/mol

total current density applied to the T-cell, A/8m

exchange current density of carbon electrode, A/cm

exchange current density of the counter electrode, A/cm

current density in the solution phase, Akm

pore-wall flux across interface, mol/éns

specific current per unit mass of active material, A/g

total number of node points used for the T-cell

total number of node points used for the working electrode

gas constant, 8.3143J/mol K

radius of the carbon particle, cm

the sensitivity coefficient of the impedance gradient in the transition region to the
change of parameter i

transference number of lithium ion in the solution phase

transference number of anion in the solution phase

ambient temperature under study, 298.15 K

equilibrium potential of the carbon electrode at local concentration, V

molar volume of the lithiated material, éftmol

coordinate of the cell, cm

real component of the complex impedanfecn?

imaginary component of the complex impedan@egm?

Greek
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Appendix &
Einert
€s

K

a’sz) Keff

Ws| ~ - W, -
- WG)(‘bl,Re* Dyrd — Ws(q’um - [A-1]

g

O eff
Ts

Ws W, - -
o= o (‘I’llm Do) + W6(‘I’1,Re— DR

~du
o=
. Odc,

[A-2]

Te

where >,
_ig’RedU
5" RT dcg| _
Csf

R+ DRT —

Cs=Cs0

[A-3]

W,
Regy (W2 + W)
4 ®)

thickness of the working electrode, cm

thickness of the separator, cm

porosity of the porous electrode

volume fraction of inert material of the porous electrode

porosity of the separator

conductivity of the bulk solution phase, S/cm

effective conductivity of the solution phasees = k X &!® for the working
electrode, ancq; = k X st for the separator, S/cm

Bulk solid phase conductivity, S/cm

effective conductivity of the solid phase; = o X (1 — €)*®° Slem
time constant for solid phase diffusion of Li;s

time constant for solution phase diffusion offlis !

solid phase potential, V

51Re real part of the deviation of solid phase potential in Laplace domain, V
®, 1, imaginary part of the deviation of solid phase potential in Laplace domain, V

solution phase potential, V
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@2,% real part of the deviation of solution phase potential in Laplace domain, V

@, 1m imaginary part of the deviation of solution phase potential in Laplace domain, V

w angular frequency, rad/s

Subscripts

+ to the right of an interface
— to the left of an interface

Superscripts

T transpose of a matrix
—1 the inverse of a matrix
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