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Effect of Ohmic, Mass-Transfer, and Kinetic Resistances on
Linear-Sweep Voltammetry in a Cylindrical-Pore Electrode

John W. Weidner*™' and Peter S. Fedkiw**
Department of Chemical Engineering, North Carolina State University, Raleigh, NC 27695-7905

ABSTRACT

Extracting quantitative kinetic information from linear-sweep voltammograms (LLSV) on porous electrodes is more
difficult than on planar electrodes since the electrode surface is not uniformly accessible to the bulk supply of reactant or
the counterelectrode. We present here a means to account for the effect of ohmic, mass-transfer, and kinetic resistances on
LSV by modeling a pore in a porous matrix as a cylindrical-pore electrode, and solving the mass and charge conservation
equations in the context of this geometry for the simply redox reaction O + ne~ = R where both O and R are soluble spe-
cies. Both analytical and numerical techniques are used to solve the governing equations. The calculated peak currents
and potentials are correlated by simple-to-apply empirical formulas to the measurable parameters: sweep rate, concentra-
tion of the redox species, diffusion coefficient, conductivity of the electrolyte, and pore dimensions. Using the correla-
tions, a methodology is established for determining if the redox reaction kinetics are irreversible or reversible (Nernstian).
If the reaction is irreversible, it is shown how the standard rate constant and the transfer coefficient may be extracted from
linear-sweep voltammetry data, or if the reaction is reversible, how the number of electrons transferred may be deduced.

Electroanalytical techniques used to study reaction Kki-
netics on planar electrodes do not lend themselves to the
study of flooded porous electrodes. For example, hydrody-
namic methods fe.g., rotating disk electrodes (1)] are not
useful since the reaction surface is inside the porous ma-
trix, and therefore forced convection only affects the mate-
rial transport to the pore mouth but not within the matrix.
In contrast, linear-sweep voltammetry in which the elec-
trolyte is stagnant can be used to perform in situ reaction
kinetic studies on flooded porous electrodes. However, the
presently available mathematical methodologies that have
been developed to determine kinetic parameters using
LSV on a planar electrode (2-5) and in a thin-layer cell (6-8)
are not applicable for a pore except at large and small
sweep rates, respectively, and in the absence of apprecia-
ble ohmic resistance and axial diffusion. At high sweep
rates the diffusion layer is small relative to the pore diam-
eter, and when ohmic resistance is negligible the voltam-
mogram has the characteristics of LSV on a planar elec-
trode. For low sweep rates, radial concentration gradients
are small, and if the pore is deep, axial concentration gradi-
ents are negligible for the major fraction of the pore vol-
ume, and consequently, the pore behaves like a thin-layer
cell. However, at moderate sweep rates and/or in the pres-
ence of appreciable ohmic resistance and axial diffusion,
LSV cannot be characterized by these two limiting cases,
and the resulting voltammograms depend on the com-
bined effects of ohmic, mass-transfer, and kinetic resist-
ances.

The approach taken in this paper is to assume a porous
electrode is a collection of identical, noninterconnected
flooded cylindrical pores. Since all pores are equivalent in
this idealized electrode, the behavior of the complete elec-
trode will be the same as that predicted for a single pore.
(It is possible to predict the performance for several differ-
ent pore sizes and then combine the results based on a
given pore-size distribution, as suggested by Winsel (9) and
de Levie (10).) The reaction occurring is

O+ne =R [11

where O and R are soluble oxidized and reduced species,
respectively, and n is the number of electrons transferred.
Using this model, we solved the governing material and
charge conservation equations assuming Butler-Volmer
kinetics when the potential at the pore opening changes
linearly with time. The resulting voltammogram is shown
to be a function of six dimensionless parameters. Simple-
to-apply empirical correlations which relate the peak cur-
rents and potentials to these parameters (or a subset of
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rthem) are established from the calculated voltammo-

grams. Numerical solution of the coupled partial differen-
tial equations is computer intensive (on the order of one
CPU hour per simulation of a voltammogram on an IBM/
3090 when using a finite-element technique). Therefore, a
parametric evaluation of the general model was conducted
by introducing appropriate simplifications at various pa-
rameter limits, and only using a finite-element numerical
solution of the coupled conservations equations to bridge
the gap between the limiting cases.

The nonuniform current distribution problems associ-
ated with applying standard L.SV methodologies in study-
ing the kinetics of charge transfer at an electrode surface
are not confined to porous electrodes. Thin-layer cells or
novel analytical techniques like LSV in “holey electrodes”
(11) have the limitation that measurements need to be
taken in narrow sweep-rate regions where either planar-
electrode or thin-layer-cell behavior is observed and under
conditions in which ohmic resistance and axial diffusion
may be ignored. Although the impetus for our work is to
characterize LSV in a porous electrode, the results are ap-
plicable to cylindrical-pore electrochemical cells.

Mathematical Model

Assumptions.—A cylindrical pore of diameter d extends
from z = 0 to L. At the pore aperture (z = 0), the tube is ex-
posed to the bulk solution containing both oxidized spe-
cies O and reduced species R. The potential at the inlet of
the tube is potentiostatically controlied. The inner wall of
the tube is electroactive, and the closed end (z = L) is inac-
tive. Other assumptions are:

1. The solid phase is isopotential.

2. The reaction is a simple redox process with soluble
reactant and product.

3. No other processes limit or alter the rates of mass
transfer and charge transfer (i.e., no adsorption or desorp-
tion and no preceding or following chemical reactions).

4. The solution-phase potential is governed by Laplace’s
equation.

5. Diffusion is the dominant mass-transfer mechanism.

6. The diffusion coefficients for the two reacting species
are equal (9o = By = 9).

7. The reference electrode is placed at the pore aperture.

8. Nonfaradaic current is negligible.

9. The electrolyte in the reservoir is stagnant, and the
axial concentration gradient of the reacting species at the

. pore opening is proportional to the difference between the

bulk and aperture concentrations.

10. The potential is radially uniform at the pore
aperture.

Assumptions 1-5 are common to most models of porous
electrodes, although some, such as that of Grens and To-
bias (12, 13), include the effects of migration and variable
conductivity. Grens (14) addresses the importance of these
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and other assumptions for the prediction of steady-state
current density with a one-dimensional model.

The assumption of equal diffusivities (assumption 6)
eliminates the diffusion equation for one of the redox spe-
cies. In a previous study (5) we included the effect of differ-
ing diffusion coefficients in the calculations for LSV on a
planar electrode with reversible redox kinetics. For a ca-
thodic sweep when the diffusion coefficient of the reduced
species was 50% higher than that of the oxidized species (a
significant variation), the peak current was less than 2%
greater, and the peak potential 5/n mV (T = 298 K) more
negative than if the diffusion coefficients were equal. If the
kinetics are irreversible, the concentration distribution of
only the reactant is important, and assumption 6 has no ef-
fect on the voltammogram. Neglecting uncompensated re-
sistance (assumption 7) limits the usefulness of the results
if the potential drop between the reference electrode and
the pore aperture is appreciable since the sweep rate at the
pore opening would no longer be linear. However, uncom-
pensated resistance may be negligible even when ohmic
losses inside the pore are appreciable if the cross-sectional
area available for current flow is larger outside the pore
than inside and the distance from the reference electrode
to the pore mouth is small. Neglecting double-layer charg-
ing (assumption 8) places a lower limit on the reactant con-
centration since only the reaction current decreases with a
decreasing concentration, and an upper limit on the sweep
rate since the charging current is a stronger function of the
sweep rate than is the reaction current. The restrictions on
the reactant concentration and the sweep rate though are
of the same order of magnitude as those for LSV on a pla-
nar electrode (1).

Assumption 9 is an attempt to account for mass-transfer
resistance in the bulk electrolyte by conceptualizing the
pore aperture as an electroactive disk embedded on an in-
sulating plane. Using this same approximation, Bond et al.
(15) calculated the rate of diffusion of the reacting species
into a cylindrical pore in which the closed end was electro-
active and the walls were inactive. Assumptions 9 and 10
are invoked since a rigorous treatment which would elimi-
nate these two assumptions would require the simulta-
neous solution of the governing equations inside and out-
side the tube, a fairly intractable problem.

Governing equations.—The concentration of the oxi-
dized species is governed by the time-dependent, two-
dimensional diffusion equation which in dimensionless

form is
1 4 aCs
vl o
Y 9Y oY
where the dimensionless variables are defined in the nota-

tion section. The following boundary conditions refiect the
model assumptions

aCs _ 8°Co
ar 0Z?

+=0; Co=1 [2a]
acy /4
Z=0; °= (—) (C€5-1) [2b]
YA T
3Co
v ]
aCs
Y = 0; 9=9 [2d]
ay
aCa
Y=1 —2= eI [2e]
3y

where the dimensionless parameters are defined in
Table I, and I* is the dimensionless local reaction current
density, which is positive for a cathodic reaction. For reac-
tions in which the kinetics are governed by the Butler-Vol-
mer rate equation, I* is given by

. I:C;e""Ea’ B ( 1+ §§— §co) e(]—u)E,’;,:I (3]
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Table 1. Definition of the dimensionless parameters that govern LSV
in a cylindrical-pore electrode and physical interpretation. The first
three parameters have been used previously for LSV on a planar
electrode, where A and a are applicable for irreversible kinetics
(3, 4) and & is applicable for reversible kinetics (5).

Parameter Interpretation Definition
Mass-transfer resistance k°
A Kinetic resistance (nfvd)V?
o Cathodic transfer coefficient
£ Initial concentration ratio C8/Cg
Diffusion time d*nfv
’ Sweep time 49
o Ohmic resistance 2nPPFARL2C (v D)2
Mass-transfer resistance dk
Length 2L
Y Radius a

where Eq. [3] makes use of the assumption of equal diffu-
sivities for which the dimensionless concentration of the
oxidized and reduced species are related by the mass
balance

1+1/£=CyZ, Y, 7+ ChZ, Y, [4]

Laplace’s equation governs the difference between the
electrode and solution potential E which in dimensionless
form is

PE* 1 9 IE*
0=——+— —|Y— 5]
8Z* Y aY Y

with boundary conditions

Z=0; E*=In§¢—or [5a]l
Z=r; E_ 0 [5b]
Y aZ -

oE*
Y =0; =0 [5c]

Y

oE*

Y=1, — =(@I* [5d]

aY

Since each finite-element simulation of a voltammogram
takes on the order of one CPU hour on an IBM/3090, it is
desirable to make some simplifications. Figure 1 contains
a schematic of the simplifications made in this work which
decrease the number of parameters influencing the vol-
tammogram. For instance, the concentration ratio £ is not
applicable for irreversible kinetics, and the ratio of kinetic
to mass-transfer resistance A does not apply for reversible
kinetics. The length-to-radius ratio v is eliminated when
axial diffusion is negligible, regardless of whether or not
ohmic resistance is appreciable, and the ratio of ohmic
resistance to mass-transfer resistance @ is only applicable
when ochmic resistance is appreciable.

Correlations are obtained in the limit of irreversible and
reversible kinetics when axial diffusion is negligible.
When ohmic resistance is negligible, the peak currents and
potentials are correlated to A, a, and o for irreversible ki-
netics, and to ¢ and o for reversible kinetics. In the pres-
ence of appreciable ohmic resistance, the additional pa-
rameter O is incorporated into the correlations. Due to the
requisite computer time, the correlation for the case when
the kinetics are reversible and ohmic resistance is appre-
ciable is established at large &, for which the voltammo-
gram becomes independent of this parameter. Also pre-
sented are the criteria for which axial diffusion and ohmic
resistance may be ignored.

Negligible axial diffusion: With and without apprecia-
ble ohmic resistance.—The axial component of Eq. [2] may
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LSV in a Cylindrical-Pore Electrode
A’ a, E’ a” G, ’y

Irreversible Kinetics Reversible Kinetics

A a,0,0,7 £,0,0,7

Negligible Axial
Aa,0,0

60,9

Negligible Ohmic

Resistance

&0

Fig. 1. Schematic of the simplifications made in this work and the re-
sulting parameters that govern LSV in a cylindrical-pore electrode.
Correlations are obtained for the peak currents and potentials as a
function of the parameters which are boxed in the limit of irreversible
and reversible kinetics when axial diffusion is negligible. Due to the
requisite computer time, the correlation for the case when the kinetics
are reversible and ohmic resistance is appreciable is obtained at large £
for which the voltammogram becomes independent of this parameter.
Also presented in this work are the criteria for which axial diffusion and
chmic resistance may be ignored.

be eliminated when axial diffusion is negligible. The La-
place transform of the resulting equation is taken with re-
spect to 7, the resulting ordinary differential equation for
the transformed concentration is solved, the gradient of
the transformed concentration at the electrode surface is
related to the transformed reaction current, and finally the
convdlution property of Laplace transforms is applied to
invert back to the time domain resulting in

csa, T)-1—2\Ff [1+ S e T>]1*(T)dT [6]
nl 1

where \,; are the zeros of the first-order Bessel function
Jl()\nl) = 0

Equation [6] is valid regardless of the particular form of
the reaction rate equation since it relates the concentration
of O at the electrode surface to an, as yet, unspecified reac-
tion current. In order to generate a voltammogram, it is
necessary to determine the current at every point in the
sweep. As a step in calculating I*(r), the integral in Eq. [6] is
approximated numerically (2) as

T fad =1
f [1 + 3 e—%1<f—f'>] I*adr' ~ 'S, BI*qh - ph) [7)
0 p=0

nl=1

where h is the interval width such that r = gh and ' = ph.
The coefficient B, are determined by approximating the
unknown function I*(s') by a linear expression in the inter-
val between p and p — 1, integrating the left side of Eq. [7],
and solving for the coefficients. For p = 0 this procedure

results in
ho = [ l—e™ih—)\h
By=—-- 18]
2 nl=1 )\;tlh
and forpfromltoq -1
© @ x,nlh(p-—l) )\121 e
= 1—-etm 9
Zl Nk ( ) [9]

(Richardson extrapolation (16) was used to speed the con-
vergence of Eq.[8] and [9] and all other nonoscillating
series given in this paper.)

If ohmic resistance is negligible, the potential at the tube
wall E% is equal to that applied at the pore opening (E¥% =
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In £ — o71), but in the presence of appreciable ohmic resist-
ance, the two-dimensional form of Laplace’s equation for
the potential (Eqg. [5]) must be solved to obtain E%,. Winsel
(9) and Viner and Fedkiw (17) solved Eq. [5] to determine
E% as a function of axial position for an arbitrary time-
dependent potential variation at the pore opening. For a
linear potential ramp (—o7), the wall potential at any axial
position and time is

Eq‘;I(Z,T) = -
<2®) i Iy(Bw)

=1 Bn I(Bn)
where Iy(B,) and Ii(8,) are zero- and first-order modified
Bessel functions, respectively, and B, = (n — %)w/y. Equa-
tion [10] is valid regardless of the reaction rate equation.
Although Eq. [10]is a function of v, it can be shown that in
the limit of y — =, Eq. [10] is independent of . Further, the
results presented here which make use of Eq. [10] were in-
dependent of v for y = 10 within the accuracy of the solu-
tion methods employed. Therefore, in the limit of negligi-

ble axial diffusion the voltammogram is independent of v
for vy = 10.

sin B,Z f INZ', %) sin B,Z'dZ' [10]
0

Quasi-reversible kinetics.—Substituting Eq. [6] and [7] into
Eq. [3] and solving for the current gives

Tirev(qh)

g-1

A[(l - 2Ve S BI%edqh — ph)) (1+e™)—(1+ 1/g)eE6’v]
n=1

e + 2VoAB

o1 + &)
[11]

where the subscript “grev” indicates quasi-reversible kine-
tics. The voltammogram is obtained by stepping Eq.[11]
through time with E% = (In £ — o7) when ohmic resistance
is negligible, or coupling it with Eq. [10] in the presence of
appreciable ohmic resistance.

Irreversible kinetics.—When the kinetics are irreversible
Eqg. [3] reduces to

Iivey = ACEe ™ [12]

where the subscript “irrev” indicates irreversible kinetics.
Substituting Eq. [6] and [7] into Eq.[12] and solving for
Ifrev(gh) gives

g-1
1~-2 \/(_T E Bupikrrev (qh - p‘h)jl
a=1

|
Direqh) =
ah) B + 2 VoAB,

[13]

Reversible kinetics—For a reversible electrochemical reac-
tion, the surface concentrations of O and R are coupled
through the Nernst equation to the potential by

" a4+ £et¥
51,7 = m [14}

Substituting Eq. [6] and [7] into Eq. [14] and solving for the
current gives

£ - em

q-1
Ite(gh) = 2, Bulte(@h — ph)/B, [15]

26 VOBl + e™] &

where the subscript “rev” denotes reversible kinetics.

In order to assess the accuracy of the integral approxi-
mation given in Eq. [7], an alternative solution to the time
and radial-dependent diffusion equation can be generated
when the kinetics are reversible by solving the equation
for a unit step change in the potential at the tube wall and
using Duhamel’s superposition principle [18] to account
for the time-dependent boundary condition given by
Eq. [14]. The resulting expression is



J. Electrochem. Soc., Vol. 138, No. 9, September 1991 © The Electrochemical Society, Inc.

@ =21+9Vo >

T
nh=1 /0

exp [~[o7 + Aoz — )]
[1+ £exp (—ot)}

dr' [16]

where \,¢ are the zeros of the zero-order Bessel function
JO()\nD) = 0

Results and Discussion

As outlined in Fig. 1, correlations are obtained in the
limit of irreversible and reversible kinetics for the peak
currents and potentials as a function of the governing di-
mensionless parameters when axial diffusion is negligible.
Equations [13] and [15] are applied for irreversible and re-
versible kinetics, respectively, with E% = (In £ - o7) when
ohmic resistance is negligible or coupled with Eq.[10]
when it is appreciable. Equations [2] and [5] are solved si-
multaneously in parameter regions where the iterative
technique used to couple the analytical expressions does
not converge and to establish the criteria for neglecting
axial diffusion. Computational details and the computer
codes are available in the thesis upon which this work is
based (19).

Negligible ohmic resistance and axial diffusion.—
Irreversible kinetics.—When the kinetics are irreversible, it
was shown that on a planar electrode (2-4) and in a thin-
layer cell (7) the quantities (F;,irrev/\/&) and [aE% ey —
In(A/Ve)] are a function only of the product of the dimen-
sionless sweep rate and the transfer coefficient, ag. The
voltammogram for LSV in a cylindrical-pore eléctrode
when the Kkinetics are irreversible and ohmic resistance
and axial diffusion are negligible also depends only upon
ag if the voltammogram is plotted as shown in Fig. 2. The
voltammograms in Fig. 2 are at three values of ao and re-
sult from the application of Eq. [13] with E¥%, = (In £ — o7).

In order to illustrate the linear asymptote in the peak
current at small ao, the dimensionless peak values ob-
tained by applying Eg.[13] are plotted in Fig. 3 as a func-
tion of Vao. Only the simulation data up to Vao = 20 are
shown to emphasize the transition in the behavior of the
peak values between large and small ao. As co— », the
diffusion layer is small relative to the pore diameter, and
the peak values approach those obtained for .SV on a pla-
nar electrode [i.e., the peak current is proportional to the
square root of the sweep rate, and the peak potential shifts
30/mamV at T =298 K for every tenfold increase in the
sweep rate (2-4)]. The peak currents and potentials for LSV
on a planar electrode are listed in rows 1 and 2 of Table II
along with the lowest value of ao for which this limit rea-
sonably holds in a cylindrical-pore electrode. That is, the
peak currents for LSV on a planar electrode are within 5%
of those obtained in a cylindrical-pore electrode for
ao > 225, and the peak potentials are within 5/na mV
(T = 298 K) of each other for oo > 45.

As the sweep rate approaches zero (ao — 0), the radial
concentration gradients approach zero, and the voltammo-
grams have the characteristics of LSV in a thin-layer cell
[i.e., the peak current is proportional to the sweep rate, and
the peak potential shifts 59/na mV at T = 298 K for every
tenfold increase in the sweep rate (7)]. The peak currents
and potentials for LSV in a thin-layer cell are listed in rows
3 and 4 of Table II along with the highest value of ao for
which this limit holds in a cylindrical-pore electrode.

In order to correlate the peak values to ao over the entire
parameter range, the following empirical relationships,
motivated by the asymptotic trends seen in Fig. 3, were fit
to the peak currents and potentials obtained from Eq. [13]

I% irer(@0) = [I% iren(Planar)™ + I% ier(thin-layer)* ™ [17]
where m = —1.81, and
eXp aEj imev(0) = [(€Xp aE}imev(planar))™
+ (exp aE% ;e (thin-layer)y®}'™ [18]

where m = 2.05. The empirically determined m values
were found by least squares fit of the above equations to
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0.50

ao = 500
0.40
frren
Je
0.30
ar =25

0.20 +

0.10 ¢

0.00 +
200 150 100 50 O -30 -100 -150 -200

25.7 [aE},,,, — In(A/va)] (mV)

Fig. 2. lllustration of the effect of the product of the dimensionless
sweep rate and the transfer coefficient, ao, on the calculated cathodic
voltammograms for linear-sweep voltammetry in a cylindrical-pore
electrode. The simulations result from applying Eq. [13] with £% =
{In £ — o) for which the kinetics are irreversible, and ohmic resistance
and axial diffusion are negligible. At ao = 500, the peak current is ap-
proximately 3% less than that on a planar electrode and 1/no mV more
positive. At ag = 0.5, the voltammogram spproaches that obtained in
a thin-layer cell with the peak current approximately 3% lower and the
peak potential 0.5/n mV more positive. The potential, in mV, is for
T=298K.

the peak values for 250 different values of ao with ¢ rang-
ing from 107! to 10* and e ranging from 0.1 to 0.9. Equations
[17} and [18] are plotted on Fig. 3 as the solid lines and are
seen to fit the calculations well.

AoKi et al. (20) also used the peak values for LSV on a
planar electrode (3, 4) and in a thin-layer cell (6) as asymp-

0.60

3

§ 050 1

~
3 0.40

£
£ % 030

0.20 —equation 17
0.10
0.00 - bt

b
(=3
<

N
[}
25.7 [0} 1prey  In(A/V/@)] (mV)

ox
(=4

[ .-
[='=1

—equation 18

<

FTETTEP P R T

o
S

IS
=3

(=]
o
-
i==]
-
ot
X3
S

@&

Fig. 3. Calculated dimensionless peak currents and potentials for lin-
ear-sweep voltammetry in a cylindrical-pore electrode when the kinet-
ics are irreversible and ohmic resistance and axial diffusion are negligi-
ble. The symbols result from the use of Eq. [13] with EX = (In £ — o7)
and the solid lines are the correlations which were fit to the calcula-
tions. The dashed lines as a0 — < are the dimensionless peak currents
and potentials for LSV on a planar electrode (2-4), and those as
ao — 0 are for LSV in a thin-layer cell (7) (see Table |1). The potential
is for T = 298 K.

Downloaded 15 Jul 2011 to 129.252.106.25. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms _use.jsp



2518

J. Electrochem. Soc., Vol. 138, No. 9, September 1991 © The Electrochemical Society, Inc.

Table 11. Expressions for the peak current and potential on a planar electrode and in a thin-layer cell for irreversible kinetics. The aa limit
column indicates the value at which the peak currents are within 5% and the peak potentials within 5/na mV (T = 298 K) of the values
calculated for LSV in a cylindrical-pore electrode if ohmic resistance and axial diffusion are negligible.

Peak current or potential expression Reference ac Limit

I% sev(planar) = 0.4958 Va (2-4) ac > 225
1 A

E}ie(planar) = — { In (—) —0.780 (2-4) ao > 45
o \/&

I imev(thin-layer) = 0.184 « Vo n ag <1

1 A Vao
E% irev(thin-layer) = — [ In —) —In N ao < 12

Va 2

[s3

totic limits at large and small sweep rates, respectively, to
obtain two-parameter empirical fits of the peak currents
and potentials for LSV in a rectangular cell when the ki-
netics are reversible and ohmic resistance and axial diffu-
sion are negligible. Daruhazi et al. (21) confirmed experi-
mentally the transition between planar-electrode and
thin-layer-cell behavior from voltammograms generated in
arectangular cell.

Methodology to extract kinetic constants for an irreversible
reaction.—Equations [17) and [18] are made dimensional by
substituting in the planar-electrode and thin-layer-cell lim-
iting expressions from Table II along with the definitions
for o and I* (with the total current i = AI where A is the
electrode area, and the “/\” symbol indicates what would
be measured if ohmic resistance and axial diffusion were
negligible). The resulting dimensional peak-current equa-
tion shows that the transfer coefficient o can be estimated
from either the slope or intercept of a (v/ip)5! vs. v*9% plot.
(See first three rows of Table IT1.) After « is determined,
the standard rate constant k° can be estimated from either
the slope or intercept of a (ve*®5)2% pg. 1102 plot,

If all the data are close to the planar-electrode limit, the
intercept will be small relative to the slope times the ab-
scissa, and the kinetic constants obtained from the slope
should be a better estimate than those obtained from the
intercept. However, if the sweep rates are low such that
most of the data lie in the thin-layer-cell limit, the reverse
of that stated above will be true. For data in the transition
region between the two limits, an average of the estimation
from the slope and the intercept is recommended.

The utility of this procedure was evaluated by choosing
a set of values for all system variables, including « and k°,
using 30 simulation LSV data for which ¢ varied from 0.1
to 1000, and then calculating « and k° from the slope and
intercept of the appropriate plot. Table III lists the system
variables, the calculated kinetic parameters, and the abso-

lute percent deviation between the actual and calculated
values of a and k°. The majority of the data lie in the transi-
tion region between the planar-electrode and thin-layer-
cell limits, and as expected the slope and intercept give an
estimate of the kinetic parameters to within the same per-
cent deviation, with the average of the two usually result-
ing in an even more accurate estimate. The average of
a(slope) and a(intercept) was used along with the peak po-
tentials to determine k°. Although Table III indicates that «
and k° may be estimated to within the same percent devia-
tion, in practice the uncertainty in k° will probably be
greater since the experimental uncertainty in the peak po-
tentials is greater than that for the peak currents. The peak
potentials from the simulations were recorded to +1/na
mV (T = 298 K), which translates into an 8% error in the or-
dinate values given in Table III. From Fig. 2 we see that
graphically the uncertainty in the potential could be =5/ma
mV (T = 298 K), which is an uncertainty in the ordinate
value of 50%. Although this uncertainty is significant, the
error is of the same magnitude as that arising from LSV on
a planar electrode, and the resulting estimate of k° is usu-
ally sufficient.

Reversible kinetics.—When the kinetics are reversible, it
was shown that on a planar electrode I% ., and E% ., are in-
dependent of o (3-5) but do depend upon & (5). In a thin-
layer cell it was shown that I% ., is a linear function of Vo,
and E% ., is independent of o (6). Here we show how the
functional dependence of the peak value on ¢ given by
Hubbard and Anson (6) can be extended to include a ¢ de-
pendence. The voltammogram for LSV in a cylindrical-
pore electrode when the kinetics are reversible and chmic
resistance and axial diffusion are negligible also depends
only upon o and &.

In order to illustrate the linear asymptote in the peak
current which depends on ¢ the dimensionless peak
values obtained by applying Eq.[15] with E% = (In £ — o7)

Table 1. The suggested manner to plot LSV data from a cylindrical-pore electrode for an irreversible reaction in order to extract kinetic
constants. As an illustration, the agreement of simulation results with the empirical fit is presented assuming: n = 1,7 = 298 K, d = 0.02 cm,
L =0.3cm, C§ = 1073 mol/iem®, B = 1075 cm?¥s, k* = 1078 cm/s, and 0.25 mV/s < v =< 2.5 V/s. With this data, o ranges from 0.1 to 1000. The
“/\" symbol above the peak current and potential indicates what would be measured if ohmic resistance and axial diffusion were negligible. First
o was determined from the peak currents, and then the average of a(slope) and a(intercept) was used along with the peak
potentials to determine k°,

r\1381 N
Plot <-) vs. v (ve*Ep)25 pg, 102
p
0.458k° \ 205
Slope (1.56nFdLCS Vanfi) 18 ( )
© Veanfp
4k° \2.05
Intercept (0.289n2fFd2LCa) 18 < )
anfd
ke x 108 ke x 108
« a |%| « %] cm/s %] cm/s |%|
(Actual) (Slope) Dev. (Intercept) Dev. (slope) Dev. (intercept) Dev.
0.1 0.096 4 0.100 <1 1.02 2 1.00 <1
0.3 0.293 2 0.288 4 1.01 1 1.00 <1
0.5 0.475 5 0.516 3 1.01 1 0.97 3
0.7 0.667 5 0.716 2 1.03 3 0.95 5
0.9 0.861 4 0914 2 1.05 5 0.95 5

Downloaded 15 Jul 2011 to 129.252.106.25. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms _use.jsp



J. Electrochem. Soc., Vol. 138, No. 9, September 1991 © The Electrochemical Socisty, Inc.

are plotted in Fig. 4 as a function of Vo for three values of
£ Only a portion of the calculated results are shown in
order not to clutter the figure and to emphasize the transi-
tion in the behavior between large and small ¢. As with ir-
reversible kinetics, the peak values approach those ob-
tained for LSV on a planar electrode as o~ = (i.e., the
peak current is proportional to the square root of the
sweep rate, and the peak potential is sweep-rate independ-
ent). We previously developed correlations for the peak
currents and potentials as a function of & for LSV on a pla-
nar electrode (5) based upon the results of Matsuda and
Ayabe (3) and Nicholson and Shain (4), and these are listed
in rows 1 and 2 of Table IV. The first two elements of the
last column in this table show the lowest value of o for
which planar-electrode behavior reasonably holds for a cy-
lindrical-pore electrode; that is, the peak currents for LSV
on a planar electrode are within 5% of those obtained in a
cylindrical-pore electrode for ¢ > 300, and the peak poten-
tials are within 5/n mV (T = 298 K) for o > 40.

As the sweep rate approaches zero, the voltammograms
have the characteristics of LSV in a thin-layer cell (i.e., the
peak current is proportional to the sweep rate and the peak
potential is sweep-rate independent). Hubbard and Anson
(6) derived a current-potential relationship for LSV in a
thin-layer cell when only the oxidized species is initially
present (¢ = «) and the voltage is swept cathodically. They
found that the cathodic current density is given by

n4FVCvet”
I (thin-layer) = ————— 19
( yer) AL+ o F [19]

where V is the volume of the thin-layer cell. When the ini-
tial concentration of the reduced species is not negligibly
small, Eq. [19] remains valid except that C3 is replaced by
(C% + C%). Therefore, when C9 > Cg (£ > 1), the peak is the
formal potential (E% = 0) for all values of £&. However, when
Cy < Cg (£ < 1) the starting potential is negative with re-
spect to the formal potential and therefore the peak cur-
rent occurs at the start of the sweep (E% = In §) and the cur-
rent decays monotonically as the oxidized species is
reduced. The dimensionless peak values in the limit of
o — 0 are listed in rows 3 and 4 of Table IV.

0.70
0.60
§ 0.50
T 040 § |/
030 89,5
020 1
010 I
0.00

*

Fig. 4. Calculated dimensionless peak currents and potentials for lin-
ear-sweep voltammetry in a cylindrical-pore electrode when the kinet-
ics are reversible and ohmic resistance and axial diffusion are negligi-
ble. The symbols result from the use of Eq. [15] with E£% = (In £ — o7)
and the solid lines are the correlations which were fit to the calcula-
tions. The dashed lines as ¢ — = are the dimensionless peak currents
and potentials for LSV on a planar electrode (5), and those as o — 0
are for LSV in a thin-layer cell (6) (see Table IV). The potential is for
T =298 K.
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The highest value of ¢ for which thin-layer-cell behavior
is observed is a strong function of & For ¢ = 5, the peak cur-
rent obtained froim Eq. [15] is within 5% of I ..(thin-layer)
given in Table IV when o < 2, but for £ = 0.1, ¢ has to be
less than 0.1 for the two currents to be within 5%. A func-
tional dependence of the upper o limit on ¢ was obtained
by performing a two-parameter empirical fit shown in row
3 of Table IV. Hubbard and Anson (6) gave the upper limit
on ¢ as 0.14 for which thin-layer-cell behavior is observed
for the peak current to within 5% for £ = «. They arrived at
this sweep-rate limit by comparing the relative magni-
tudes of the various terms in the one-dimensional, trans-
ient-diffusion equation. This limit agrees with what we
found at small values of , but it is over-restrictive at large
£ That is, when the oxidized species concentration is ini-
tially dominant, the sweep rate can be over an order of
magnitude higher than that given by Hubbard and Anson
(6) and still have the cathodic peak current obtained from
Eq. [15] to be within 5% of that obtained for LSV in a thin-
layer cell.

The following empirical relationships, motivated by the
asymptotic trends seen in Fig. 4, were fit to the peak cur-
rents and potentials obtained from Eq. [15]

I% reu(0) = [I% seu(planar)™ + I% ..(thin-layer)™]¥™ [20]

where
€2.62
m = —0.565 [—— - 1.475 [21]
0.729 + §62
and
E3% rev(0) = [E% e(planar) — E% . (thin-layer)] I:—U——]
m+ao
+ E} e(thin-layer) [22]
where
g268
m = 5.07 [——— +2.13 [23]
1.98 + g288

The empirically determined m values from Eq. [21] and [23]
were found by least squares fit of Eq. [20] and [22], respec-
tively, to the dimensionless peak values for 51 values of o
ranging from 107! to 10* at each of 30 values of ¢ ranging
from 1073 to 10% The functional dependence of m on & was
obtained by using the empirically determined limiting m
values at large and small & and performing a two-
parameter least square fit.

The error in the simulated voltammogram arising from
the integral approximation given in Eq. [7] was assessed by
comparing the peak currents obtained from Eq.[15] to
those obtained from Eq.[16]. Although the peak current
from Eq. [16] may be obtained by generating an entire vol-
tammogram, a more convenient analytical procedure was
derived by differentiating Eq. [16] with respect to r and set-
ting the result equal to zero. The potential which satisfies
the resulting expression is the peak potential which, when
substituted into Eq.[16], specifies the peak current.
Newton’s method was used to solve the resulting non-
linear equation for the peak potential generated from this
procedure. For £ ranging from 1073 to 10° and o varying
from 107! to 10%, the peak currents calculated from the two
current-potential relationships agree to within 0.1% of
each other, verifying the integral approximation in Eq. [7].

Methodology to determine the number of electrons trans-
ferred for a reversible reaction.—After Eq. [20] is made di-
mensional, the result indicates that plotting (i,/v)™ vs. v-™?2
should yield a straight line with the slope or intercept
given in Table V used to determine n, the number of elec-
trons transferred. The “/\” symbol above the peak current
indicates what would be measured if ohmic resistance and
axial diffusion were negligible. The utility of this proce-
dure was evaluated by choosing a set of values for all sys-
tem variables, including n, using 30 simulation LSV data
for which o varied from 0.4 to 400, and then calculating n
from the slope and the intercept. Table V lists the system
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Table 1V, Expressions for the peak current and potential on o planar electrode and in a thin-layer cell for reversible kinetics. The o limit
indicates the value at which the peak currents are within 5% and the peak potentials within 5/n mV (T = 298 K) of the values calculated for
LSV in a cylindrical-pore electrode if ohmic resistance and axial diffusion are negligible.

Peak current or potential expression Ref. o Limit
£
I rev(planar) = 0.6103 — 0.164 (5) > 300
1.08 + ¢
2.35\ 119 0.84
E¥rev(planar) = — In [(«—»«) + 3.74] 5) o> 40
£
* ; 13
I} rev(thin-layer) = 6) o< exp | 3.91 —2.81
1+95HVe 0.59 + ¢
£=1  ——
8
Vo
=<
21 + %)
E% rer(thin-layer) = (6) <05

E=1; 0
£=1; In¢

variables, the calculated values of n, and the absolute per-
cent deviation between the actual and calculated values.
The majority of the data lie in the transition region be-
tween the planar-electrode and thin-layer-cell limits, and
as expected the slope and the intercept give an estimate of
n to within the same percent deviation. Due to the weak
functional dependence of the peak potential on the sweep
raté, the test for reversibility is best made by plotting the
peak potentials as shown in the lower ordinate of Fig. 4.

Appreciable ohmic resistance with negligible axial dif-
fusion.—Irreversible kinetics.—When ohmic resistance is
appreciable, the potential is axially dependent, and the
concentration and potential distributions must be deter-
mined simultaneously. The effect of ohmic resistance on
the voltammogram when the kinetics are irreversible and
axial diffusion is negligible was determined by simulta-
neously applying Eq.{10] and [13] with the pore divided
into N segments. The current and potential in each seg-
ment are average values which vary with the segment loca-
tion, and the coupled N current and N potential equations
were iteratively solved using the IMSL nonlinear equa-
tion-solver subroutine DNEQNJ (22). The Filon algorithm
(23) was used to perform the integration in Eq.[10], and a
binomial averaging algorithm (24) was used to sum the in-
finite series. The total current was obtained by summing

Table V. The suggested manner to plot LSV data from a cylindrical-
pore electrode for a reversible reaction in order to determine the
number of electrons transferred. As an illustration, the agreement of
simulation results with the empirical fit is presented assuming: n = 1,
T=298K d=0.02cm, L =03cm, C§= 1073 molcm®,

@ = 107° cm?¥s, and 0.25 mV/s < v =< 1 V/s. With this data, o ranges
from 0.4 to 400. The “/\" symbol above the peak current and
potential indicates what would be measured if ohmic resistance and
axial diffusion were negligible, and the empirical parameter m is
given in Eq. [21].

tp\m
Plot —| ws. vy ™2

v

Slope (3.14nFdLC3 VnfaI¥(planar)™
Intercept 0.196n%Fd2LCH(1 + &) ]m

£=1

£
=1 [ 0.785n2de2LCg]m
- 1+¢
n |%| n %

3 (Slope) Dev. (Intercept) Dev.

0.05 0.98 2 1.00 <1

1 0.98 2 0.96 4
20 0.99 1 0.99 1
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the individual segment currents at each time step.

In the limit of v— =, Eq. [10] is independent of y. Fur-
ther, for vy = 10 the peak current calculated by simulta-
neously applying Eq.[10] and [13] changed by less than
0.1% with vy. Therefore, when axial diffusion is negligible
the voltammogram is not a function of v for y = 10; conse-
quently, in the presence of appreciable ohmic resistance
the voltammogram is a function of A, «, o, and © (Fig. 1).
Further, because A does not influence the magnitude of
the peak current or the shape of the voltammogram but
only the position of the peak potential relative to the for-
mal potential, ohmic distortion can be quantified by exam-
ining the effect of ¢, g, and ® on the quantities (I* e,/ Vo)
and [oE% jyre, — In (A/Va)].

In the absence of ohmic resistance, the peak current and
potential are a function of the product as with planar-elec-
trode and thin-layer-cell behaviors occurring at large and
small ao, respectively (Fig. 3). The degree to which @ af-
fects the voltammogram in the limit of large and small ac
is seen in comparing Fig. 5 and 6. For approximately a 20%
decrease in the peak current relative to the case where
ohmic resistance is negligible (@ = 0), a © value of 20 when
ac = 500 (Fig. 5) is half that when ac = 0.5 (Fig. 6). Increas-
ing © by 2.5 from @ = 20 to 50 and © = 40 to 100 in Fig. 5
and 6, respectively, decreases the peak current in both
voltammograms by another 20%. Therefore, in the transi-
tion from planar-electrode to thin-layer-cell behavior, ®
must increase to obtain the same percent decrease in the
peak current. Although the percent decrease in the peak
currents of the middle voltammograms in Fig. 5 and 6 is
roughly equivalent, a 53/na mV (T = 298 K) shift in the
voltammogram from the ® = 0 curve is seen in Fig. 5 but
only an 18/na mV (T = 298 K) shift is seen in Fig. 6. There-
fore, the shift in the peak potential is less pronounced than
is the decrease in the peak current in moving from planar-
electrode to thin-layer-cell behavior.

The voltammograms plotted in Fig. 5 and 6 result from
simultaneously solving Eq. [2] and [5] using the IMSL fi-
nite-element solution PDE/PROTRAN (22) and then nu-
merically integrating the Butler-Volmer kinetic expres-
sion (Eq.[3]) along the pore wall using the IMSL
subroutine DQDAGS (22) at each time step. The reason
this solution procedure was used is that the nonlinear
equation solver failed to converge when ohmic resistance
was substantial (greater than a 10% decrease in the peak
current relative to the ® = 0 case). The finite-element solu-
tion, however, is a function of v since the axial component
of diffusion is included in Eq. [2]. In the next section we
will discuss the effect of axial diffusion on the vol-
tammogram and establish the criteria for which axial dif-
fusion may be ignored. Unless otherwise stated, v is large
enough that the voltammograms reported in this section
are independent of it.
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Fig. 5. {llustration of the effect of ohmic resistance on the calculated
cathodic linear-sweep voltammogram in a cylindrical-pore electrode as
the parameter O is varied. The simulations result from simultaneously
solving Eq. [2] and [5] using the finite-element numerical solution with
A=10"% a=05,£=10, ¢ = 1000, and y = 1000. Under these
conditions the kinetics are irreversible, planar-electrode behavior is ap-
proached, and axial diffusion is negligible.

The degree to which a affects the ohmic distortion ot the
voltammogram is seen in Fig. 7 for ao values at which pla-
nar-electrode behavior is approached. The dashed curves
in the figure are the voltammograms at @ = 0 which are
weak functions of a. However, the decrease in the peak
current and the shift in the peak potential in the presence
of ohmic resistance are strong functions of a. As expected,
ohmic distortion increases as a increases since the dimen-
sional current increases.

The voltammogram is more sensitive to « than it is to 0
as seen by comparing Fig. 5 and 7. The middle solid curves
in these two figures are identical (@ = 20 and o = 0.5), and
the effect of changing either ® or « is observed by noting
the percent decrease in the peak current and the shift in

0.140
0.120 Q=0

0.100
Ii.n-n © =40

Ja

0.080
0 =100
0.060
0.040

0.020

00T 10 50 ¢ 50 100 -150 -200
25.7 [a B}, — In(A/V3)] (mV)

Fig. 6. lllustration of the effect of ohmic resistance on the calculated
cathodic linear-sweep voltammogram in g cylindrical-pore electrode as
the parameter O is varied. The simulations result from simultaneously
solving Eq. [2] and [5] using the finite-element numerical solution with
A=10%a=05£=1.0,0=1, and y = 1000. Under these con-
ditions the kinetics are irreversible, thin-layer-cell behavior is ap-
proached, and axial diffusion is negligible.
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Fig. 7. lllustration of the effect of ohmic resistance on the calculated
cathodic linear-sweep voltammogram in a cylindrical-pore electrode as
the transfer coefficient o is varied. The solid curves result from simulta-
neously solving Eq. [2] and [5] using the finite-element numerical solu-
tion at ® = 20 and v = 1000, and the dashed curves result from
Eq. [13] for which ® = 0. All curves are for A = 104, £ = 1.0, and
o = 1000. Under these conditions the kinetics are irreversible, planar-
electrode behavior is approached, and axial diffusion is negligible.

the peak potential relative to these curves. Increasing @
from 20 to 50 (a 150% increase) or increasing o from 0.5 to
0.8 (a 60% increase) decreases both of the peak currents by
approximately 20% and shifts both potentials by about
55/na mV (T = 298 K).

A convenient way to quantify the effect of ohmic dis-
tortion is to report the quantities (I%e/Va) and
[aE% irev — In (A/o)] relative to the case when ohmic distor-
tion and axial diffusion are negligible. The resulting quan-
tities are the normalized peak current (ip/tp)imev, and the
shift in the peak potential «(E} — E¥)irey, where the “A”
symbol indicates the peak values that would be measured
if ohmic resistance and axial diffusion were negligible. By
systematically varying «, ¢, and @, it was observed from
the calculations that as ¢ — ®, (iy/i )iy and (E% — E¥)y.,
are proportional to «*?0, and as o — 0 both are propor-
tional to o’®Vo. An understanding of the functional de-
pendence of ohmic distortion on these parameters in the
planar-electrode and thin-layer-cell limits may be obtained
by examining the magnitude of the decrease in the poten-
tial driving force along the length of the pore. The local po-
tential driving force oE* decreases down the pore due to
the solution current. Therefore, the degree of ohmic distor-
tion should be approximately proportional to the product
of a times the characteristic potential drop given by the
product of the total current i and the ochmic resistance in
the pore R.. In the planar-electrode limit the decrease in
the. dimensionless. potential driving force can conse-
quently be written as

(mf @ x Rs)p]anar

— anf (andLC’%(anfv?b)”z x [24]

w(d/Z)ZK)

which is proportional to «*?@. In the thin-layer-cell limit
the same arguments result in

a'nf ('L X Rs)thin—layer

— anf (nsz‘rr(d/Z)ZLC"o(xv X [25]

)
Tl'(d/z)ZK
Whlch iS pI‘opoI‘tional to o () \/_0.
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Not only are these two limits observed at large and small
o, but the transition in the limiting functional dependence
of the peak current on a, ¢, and ® occurs over such a nar-
row ¢ range that a single plot of the simulated peak-cur-
rent data may be obtained by dividing the results into two
o reglons Through trial and error, it was found that (i,/

ey 18 proportlonal to «*20@ to within +2% for ac = 1.75,
and this ratio is proportional to ¢26 Vo to within the same
accuracy for ac = 1.75. Since by design (zp/zp)mv in these
two regions are equal at ao = 1.75, a plot of (iy/i,)irey as a
function of a single variable Xj.., is possible as shown in
Fig. 8.

In order to correlate (iy/i,)irev t0 o, o, and ©, an empirical,
three-parameter, least squares fit of the simulated peak
currents shown in the upper portion of Fig. 8 was used to
produce

(pfipdirrey = [(1.184 — 0.45 log X, ) ™0 + 117170 [26]

where X, is defined in Fig. 8. It was observed from the
calculations that the transition in the functional depend-
ence of a(E} — E¥)ir., on the governing parameters be-
tween the planar-electrode and thin-layer-cell limits oc-
curred over a wider ¢ range than was seen with (i/i,)ire-
To correlate the shift in the peak potential to the governing
parameters, an empirical, two-parameter, least squares fit
of the simulated peak potential results was used to
produce

(X(ET, - Eal;)i.rrev = CL}(grev [27]
where
[s103
a=-57 <————) -4 [28]
94 + ao
and

b =0.27 (—ﬁ“—) +0.58 [29]
8.7 + ac

are empirical parameters which were found by least
squares fit of Eq. [27] to a(E% ~ E%);ey for 20 values of Xiye,
at each of five values of as. The functional dependence of o
and b on ao was obtained by using the empirically known
a and b values at large and small ao, and performing a one-
parameter least squares fit. Equations [26] and [27] were
used to draw the solid lines in Fig. 8 and are seen to fit the
calculations well. In order not to clutter the graph, Fig. 8
contains only peak potentials at the four indicated values
of ac.

The variable X, reflects the trends seen in peak cur-
rents and potentials in Fig. 5-7. For instance, when o de-
creases from 500 (Fig. 5) to 0.5 (Fig. 6), Xy iS approxi-
mately constant at 7 by increasing © from 20 to 40. At a
constant X, the normalized peak current is constant,
but the shift in the peak potential from the @ = 0 case de-
crease with ao. In Fig. 5 and 7, the middle solid curves are
identical with o = 0.5, o = 1000, and @ = 20 corresponding
to a X;.v = 7. Increasing 0 to 50 (Fig. 6) or « to 0.8 (Fig. 7)
increases X, to approximately 18 or 14, respectively,
which corresponds to approximately a 35% decrease in the
peak currents and a 110/na mV (T = 298 K) shift in the
peak potentials for both voltammograms.

The “+” symbols representing the peak values in Fig. 8
are for o varying from 0.1 to 1000, © from 0.01 to 300, and «
from 0.1 to 0.9. The scatter in the symbols for a given X ey
is due mainly to the slight functional dependence of (i,/

iurer OD o for ac = 1.75. In this region, (zp/zp)lrrev goes
through a minimum at ao =10 for a given © with (mp/zp)lrrev
being within + 2% of that given Eq. [26]. Also, the peak cur-
rents and potentials are reported only for X, = 20, since
at that point the peak current has decreased 40% relative to
the case of no ohmic resistance, and the peak potential
shifted by as much as 130/na mV (T = 298 K) with the peak
spread over tens of mV. The voltammogram shown in
Fig. 5 for ® = 50 is approaching this upper limit, and simu-
lating and performing LSV beyond this point would be of
little practical use.
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Fig. 8. The effect of ohmic resistance on the peak current and poten-
tial for linear-sweep voltammetry in a cylindrical-pore electrode as a
function of X,,., (see figure for definition) when the kinetics are irrever-
sible and axial diffusion is negligible. The peak values are normalized
by the results when ohmic resistance and axial diffusion are negligible,
as indicated by the “/\" symbol. The “+* symbols result from either si-
multuneously applying Eq. [10] and [13] or from solving Eq. [2] and [5]
using the finite-element numerical solution. The solid lines are the cor-

relations that were fit to the peak values. The potential is for
T =298 K.

Methodology to extract kinetic constants for an irrever-
sible reaction.—The goal of this work is to construct a
method to extract kinetic constants from LSV measure-
ments in a cylindrical-pore electrode as a model of a po-
rous electrode. However, in order to plot the data as sug-
gested in Table III, conditions must be such that axial dif-
fusion may be ignored, and the effect of ochmic resist-
ance taken into account. Ideally, one would operate in a re-
gion where axial diffusion is insignificant, and the meas-
ured peak current i, would be divided by (iy/i,)irer (Eq. [26])
to obtain i,. Then a could be obtained from the average
value of the slope and the intercept of a (1/i )% ps. V9
plot. However, the use of Eq. [26] requires the knowledge
of a. Hence an iterative procedure is required in which an «
value is guessed, Eq. [26] is applied, and the data analyzed
via linear regression to determine a new « value from the
slope and intercept given in Table III. If o(guessed) #
a(calculated) (where a(calculated) is the average of « deter-
mined from the slope and the intercept) then the guess is
changed by setting a(guessed) = a(calculated), and the
process is repeated until a desired convergence is
achieved. Once the o value is determined, the standard
rate constant k° may be obtained from the slope or inter-
cept of a (veThime)205 ppg 102 plot constructed as suggested
in Table III in conjunction with Eq. [27].

The iterative procedure was tested by choosing a set of
system variables, simulating eight voltammograms by si-
multaneously solving Eq.[2] and [5] using the finite-
element numerical solution and applying the algorithm
suggested above to extract the kinetic constants from the
simulation resulfs. Figures 9 and 10 show the peak current
and potential results, respectively, plotted as suggested in
Table III before and after the results were adjusted to ac-
count for solution resistance. The average a calculated was
0.412 which is 3% higher than the actual value of 0.4, and k°
was 1.05 x 1078 cm/s which is 5.0% too high. For this simu-
lated data, X ., ranged from 2.1 to 47 and o ranged from
0.39 to 195, which is in the transition region between the
planar-electrode and thin-layer-cell limits. The slope and
intercept yielded comparable kinetic constants, and in
both cases the average of the two values resulted in the
best estimate. The scatter in k° is significant and in prac-

Downloaded 15 Jul 2011 to 129.252.106.25. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms _use.jsp



J. Electrochem. Soc., Vol. 138, No. 9, September 1991 © The Electrochemical Society, Inc.

tice the uncertainty in k° will probably be greater since the
experimental uncertainty in the peak potentials is greater
than the =1/na mV (T = 298 K) uncertainty in the simula-
tions. However, the error is of the same magnitude as that
arising from LSV on a planar electrode, and the resulting
estimate of k° is usually sufficient.

Reversible kinetics.—The effect of ohmic resistance on the
voltammogram when the kinetics are reversible was deter-
mined by simultaneously solving Eq. [2] and [5] using the
finite-element solution procedure and numerically inte-
grating the Butler-Volmer Kkinetic expression along the
tube wall. A value for A was chosen which met the criteria
for reversibility established by Matsuda and Ayabe (3) and
Hubbard and Anson (8) for LSV on a planar electrode and
in a thin-layer cell, respectively. A A value which ensures
reversibility when ohmic resistance is negligible is valid in
its presence since the effect of ochmic resistance is to de-
crease the local rate-of-change of the potential in the pore,
facilitating equilibrium conditions at the pore wall.

The finite-element solution was used because the non-
linear equation solver, which was used in conjunction with
Eq. [10] and [15], did not converge when ohmic distortion
caused the peak current to decrease by more than 2% from
that obtained when solution resistance is negligible. The
finite-element solution is a function of v since the axial
component of diffusion is included in Eq. [2]. In the next
section we discuss the effect of axial diffusion on the vol-
tammogram and establish the criteria for which axial dif-
fusion may be ignored. Unless otherwise stated, v is large
enough such that the voltammograms reported in this sec-
tion are independent of it; consequently, in the presence of
solution resistance, the voltammogram is a function of §, o,
and @ (Fig. 1).

Investigating the effect of £, o, and ® on the voltammo-
gram was computer intensive since only the finite-element
solution was used. Evaluating the effect of the initial con-
centration ratio £ on ohmic distortion was further compli-
cated because time and spatial resolution had to increase
as £ decreased, since the concentration and potential gradi-
ents became steeper. For this reason, only extensive simu-
lations were performed at £ = 100 for which the peak cur-
rent is less than 0.5% higher than at £ > «. The results may
be valid at lower values of £ since at £ = 20 the peak current

70 +———————————————t—
1 o 1
60 1 a | |%| dev. [
slope 0.383 4
intercept | 0.441 10 A4
50 average | 0.412 3

o 100 20 300
[ (mv /)]

Fig. 9. Calculated peak-current results for LSV in a cylindrical-pore
electrode obtained by simultaneously solving Eq. [2] and [5] (<) and
the results after they were adjusted to account for ohmic resistance
using Eq. [26] (O). The following parameters were used in the calcula-
tions: n=1, T=298K, d=0.02¢cm, L =0.3cm, C3 =107 mol/
em?, % = 10"3cm?s, k = 0.1 (- em)™!, o = 0.4, k° = 1078 cm/s, and
1 mV/s = v = 500 mV/s. The inset lists a and the absolute percent de-
vigtion from the actual value calculated from the slope and the inter-
cept of the solid line, and the average of these two values.
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Fig. 10. Calculated peak-potential results for LSV in a cylindrical-
pore electrode obtained by simultaneously solving Eq. [2] and [5] (<),
and the data after it was adjusted to account for ohmic resistance using
Eq. [27] (O). The same parameter set reported in the caption of Fig. 9
was used. The inset lists k° and the absolute percent deviation from the
actual value calculated from the slope and the intercept of the solid
line, and the average of these two values. The average « value of
0.412 calculated in Fig. 9 was used to plot these data.

is only 2% higher than that at the infinite £ limit, but results
must be used with caution at lower £ since at £ =5 and 1
the two peak currents differ by 7 and 20%, respectively.

By varying o and 0, it was observed from the finite-
element calculations that as ¢ — @, (ip/ip)e; and (E% — K%,
are proportionalto ®, andasoc— 0 they are proportlonal to
© Vo. Since the Nernst equation is applicable at the elec-
trode surface, an understanding of the functional depend-
ence of ohmic distortion at these two sweep-rate limits
may be obtained by examining the decrease in the poten-
tial along the length of the pore. The magnitude of the po-
tential decrease as planar-electrode and thin-layer-cell be-
havior are approached are given in Eq.[24] and [25],
respectively, but with the o dependence eliminated.

The transition in the functional dependence (i,/iy).. 00 &
and © between the two sweep-rate limits occurs over a nar-
row o range. Analogous to the case when the kinetics are
irreversible, a functional dependence of (ip/ip)rev onoand @
may be established by dividing the results into two o re-
gions. Through trial and error it was found that (i,/i,). is
proportional to ® for ¢ = 3.5, and proportional to ® Vv for
o = 3.5, both to within *3%. Since by design (2 /2,,)rev in
these two regions are equal at o = 3.5, a plot of (1plzp),ev asa
function of a single variable X,., is possible and shown in
Fig. 11.

In order to correlate (i,/iy)ev to o and ©, an empirical,
three-parameter, least squares fit of the simulated peak
currents was used to produce

(ipfip)rer = [(1.288 — 0.50 log X,.,)"™® + 1]7V70 [30]
where X, is defined in Fig. 11. It was observed that the
calculated dependence of (E} — E¥).., on the governing pa-
rameters between the planar-electrode and thin-layer-cell
limits occurs over a wider o range than was seen with (i,/
ip)ev- To correlate the shift in the peak potential to the gov-
erning parameters, an empirical, two-parameter least
squares fit of the simulated peak potentials was used to

produce
(E% - E aX®, [31]

Prev =

where

a=-32 (L> ~ 82 [32]
120 + o
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Fig. 11. The effect of ohmic resistance on the peak current and po-
tential for linear-sweep voltammetry in a cylindrical-pore electrode as
a function of X,., (see figure for definition) when the kinetics are re-
versible and axial diffusion is negligible. The peak values are normai-
ized by the results when ohmic resistance and axial diffusion are negli-
gible as indicated by the "/\" symbol. The “+" symbols result from
solving Eq. [2] and [5] using the finite-element numerical solution. The
solid lines are the correlations that were fit to the peak values. The dot-
ted lines are the correlations which were established for ohmic distor-
tion in a thin-layer cell (25). The potentials are for T = 298 K.

and

b=0.20 < > + 0.66 [33]

o
316 +c

are empirical parameters which were found by least
squares fit of Eq. [31] to (E% — E%).., for 15 values of X, at
each of eight values of ¢. The functional dependence of a
and b on o was obtained by using the empirically known a
and b values at large and small o, and performing a one-
parameter least squares fit. Equations [30] and [31] were
used to draw the solid lines in Fig. 11 and are seen to fit the
calculations well. In order not to clutter the graph, Fig. 11
contains only peak potentials at the three indicated values
of o.

The “+” symbols representing (iy?,), in Fig. 11 are for o
varying from 0.5 to 500 and © from 0.01 to 300. The scatter
in the calculated ordinates for a given X,., is due mainly to
the slight functional dependence of (i i), on ¢ for
¢ = 3.5. In this region, (i,/1,),., goes through a minimum at
o = 10 for a given © with (i,/1,),., being within +3% of that
given by Eq. [30]. Also, peak currents and potentials are re-
ported only for X,., = 20 since at that point the peak cur-
rent has decreased 40% relative to the case of no ohmic
resistance, and the peak potential shifted by as much as
145/n0 mV (T = 298 K) with the peak spread over tens of
mYV. Simulating and performing LSV beyond this point
would be of little practical use.

Also shown in Fig. 11 are the correlations we established
in a previous publication for ohmic distortion of LSV in a
thin-layer cell (25). Since Eq. [30] and [31] were shown to
hold for o as low as 0.5, they should be valid for thin-layer
cells. Hinman et al. (26) used a resistor-network model to
simulate LSV for reversible reaction kinetics in a thin-
layer cell to account for ohmic distortion by making two
assumptions in addition to the ones made in obtaining the
results shown in Fig. 11: (i) the concentration and potential
are radially uniform, and (i%) the rate at which the potential
changes with time is uniform throughout the cell as set by
the sweep rate. Using the same set of assumptions we ap-
plied a continuum model to the thin-layer cell (25), and
found that the normalized peak current was a function of a
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single variable which in the present nomenclature is © Va.
In order to plot the correlation from the thin-layer cell (25)
in Fig. 11, a change in variables needs to be made where
O Va/3.5 = X,,.

The correlation obtained for the thin-layer cell (25) and
Eq. [30] predict a precipitous drop in the peak current as
X, is increased past one, but the drop is steeper in the
present calculations. For example, at X,., = 10 the peak
current calculated from the thin-layer model (25) is 17%
higher than that calculated by numerically solving Eq. [2]
and [5]. The calculated radial concentration and potential
gradients were small for small o; consequently, the differ-
ence in the peak currents predicted by the two models
must result from assuming the sweep rate is uniform
throughout the pore. As indicated by Eq. [19], the local cur-
rent is not only a function of the axial-dependent potential,
but it is also directly proportional to the local rate of
change of the potential, d|E[/dt. Since d[El/dt de-
creases with distance into the pore, setting d|El/dt
everywhere equal to the sweep rate v overestimates the
current. Since the peak potential in a thin-layer cell in the
absence of ohmic resistance is independent of the sweep
rate, the good agreement between the two peak-potential
correlations at o = 0.5 is not surprising.

Criteria for neglecting axial diffusion.—The correlation
given in the previous section were obtained using peak
values in which axial diffusion was assumed negligible.
The degree to which axial diffusion affects the voltammo-
gram increases as o or y decrease, since the slower the
sweep or shorter the pore, the larger is the fraction of pore
volume that will be affected by material diffusing into the
pore. The influence of axial diffusion is also enhanced as &
increases, since the reaction becomes more nonuniform
and therefore the axial concentration gradients are
steeper. To illustrate these trends, (ip/ip)irrev and (Ef —
E%)ivey are plotted in Fig. 12 as a function of o for three
values of © and y when the Kinetics are irreversible. The
symbols result from simultaneously solving Eq. [2] and [5]
which includes the axial component of diffusion, and the
solid lines are the peak values obtained by simultaneously
applying Eq.[10] and [13] in which the axial component of
diffusion is not taken into account. No results are plotted
in’ Fig. 12 for © > 10 since the nonlinear equation solver
would not converge for o > 3.5.

When ohmic resistance is negligible (® = 0), axial diffu-
sion is only significant if material diffusing through the
pore mouth contributes appreciably to the current. We see
from the upper ordinate in Fig. 12 that at y = 10, the nor-
malized peak current is above unity at approximately
o = 50, but at v = 1000 additional current due to the axial
diffusion is not observed even at o = 1. The symbols and
lines do not exactly coincide at large o and vy, but the differ-
ence is less than 0.5% and is believed to be due to numeri-
cal inaccuracy. The dependence of the peak potential on v,
shown in the lower ordinate of Fig, 12, is less noticeable.
The differences between the symbols and the lines are due
to numerical inaccuracy since the discrepancy is approxi-
mately equal to the size of the potential step used in the
calculations (1/na mV at T = 298 K).

In the presence of ohmic resistance, axial diffusion is en-
hanced due to the nonuniform potential distribution. The
largest potential driving force occurs near the pore aper-
ture where the reactant is replenished, accentuating the
nonuniform current. From Fig. 12 we see that the contri-
bution of axial diffusion to the peak current increases as ®
increases for a given ¢ and v. For example, at o = 10 the
distance between the diamonds (y = 10) and the squares
(y = 100) increases as © increases. The minimum in the
peak current observed at o =10 and ® = 5 and 10 isreal and
not just a numerical anomaly since both solution pro-
cedures indicate the trend. The lack of smoothness in the
solid lines connecting the peak potentials at ® = 5 and 10,
and the minimum observed at o = 500 and ® = 5, is not be-
lieved to be real since the trends are within the size of the
potential step used in the calculation.

The extensive simulations required to determine a de-
tailed quantitative effect of y on the voltammograms
would be very computer intensive. Also, the results would
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Fig. 12. lllustration of the effect of axial diffusion on the peak cur-
rent and potential for linear-sweep voltammetry in a cylindrical-pore
electrode as a function o for three values of © and vy when the kinetics
are irreversible and o = 0.5. The peak values are normalized by the
case where ohmic resistance and axial diffusion are negligible as indi-
cated by the “/\" symbol. The symbols and solid lines result from simu-
lations with and without the axial component of diffusion included in
the calculations, respectively. The potential is for T = 298 K.

be affected by the boundary conditions on the concentra-
tion field at the pore aperture. For these two reasons, such
a parameter study was not conducted. However, simula-
tions were performed to establish a rule-of-thumb estimate
of when axial diffusion may be ignored for irreversible and
reversible kinetics. When the kinetics are irreversible and
ohmic resistance is negligible the peak currents calculated
with and without the axial component of diffusion agreed
to within 2% of each other as long as ac > 40/y. The above
criterion is valid in the presence of ohmic resistance for
Xirev = 1. For Xy = 7, the peak currents were independ-
ent of vy to within an error of 2% for ac > 120/y, and at X,
ev = 35 the above conditions were satisfied when
ao > 400/y. This latter criterion was established before the
limit on X, of 20 was set for which LSV is not recom-
mended since ohmic resistance grossly distorts the vol-
tammogram. However, since the criterion is only a guide-
line, it can serve as a lower limit on ac at a given v for
neglecting axial diffusion. The peak potential is less af-
fected by v over the parameter ranges studied here, and so
the limits established to prevent axial diffusion from af-
fecting the peak currents are adequate to ensure the peak
potentials are not influenced.

When the kinetics are reversible and ohmic resistance is
negligible, the peak currents were independent of y to
within an error of 2% as long as o > 40/y. The above criter-
ion is valid in the presence of ohmic resistance for X, = 1.
For X, = 20, the peak currents were independent of vy to
within an error of 2% for ¢ > 80/y, which serves as a lower
limit on o at a given v for neglecting axial diffusion. Again,
the limits established to prevent axial diffusion from af-
fecting the peak currents are adequate to ensure the peak
potentials are not influenced.

We may now comment on the effect vy may have had on
the kinetic parameters determined from Fig. 9 and 10. The
three lowest sweep rates on these figures: for which
ao = 0.16, 9.2, and 19.6 all correspond to Xy < 7. As a con-
servative bound, with v = 30, the sweep rate must be such
that ac > 120/30, which is met by the last two points. For
the other five sweep rates, X .., ranges from 7 to 12 requir-
ing the criterion ac > 400/30 to be satisfied. Since ac is
greater than 20 for the five highest sweep rates, all voltam-
mograms except the first are unaffected by axial diffusion.
The one exception occurs at the lowest sweep rate where
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the actual current is 10% higher than that given by Eq. [26].
However, the o determined from Fig. 9 is unaffected by the
error in this data point since the dimensional current at
this lowest sweep is small compared to the currents at the
higher sweep rates.

Summary

A pore in a porous matrix was modeled as a cylindrical-
pore electrode, and the mass and charge conservation
equations were solved in the context of this geometry
when the potential at the pore aperture was ramped lin-
early in time. Both analytic and numeric techniques were
used to solve the governing equations to account for the ef-
fects of ohmic, mass-transfer, and kinetic resistances. As
outlined in Fig. 1, the peak currents and potentials ob-
tained from the simulated voltammograms were corre-
lated to the governing dimensionless parameters when
axial diffusion was negligible. The correlations were used
to establish a methodology for determining if the redox re-
action kinetics are irreversible or reversible. If the reaction
is irreversible, the standard rate constant and the transfer
coefficient may be extracted from LSV data, and if the re-
action is reversible the number of electrons transferred
may be deduced. Also presented were the criteria for
which axial diffusion and ohmic resistance may be ig-
nored.

Table VI summarizes the correlations which were de-
veloped, the criteria for which the assumptions of negligi--
ble axial diffusion and/or chmic resistance are valid, and
the parameter range over which the correlations and cri-
teria were established. The criteria correspond to the pa-
rameter value at which the assumption affected the peak
current by less than 2%. Under these conditions, axial dif-
fusion affects the peak potential by less than l/na and
1m mV (T = 298 K) for the irreversible and reversible ki-
netics, respectively. However, ohmic resistance can shift
the peak as much as 10/na and 10/n mV (T = 298 K) in the
irreversible and reversible kinetic limits, respectively,
even though the peak current changes by only 2%. The
shift in the peak potential is accounted for by applying
either Eq. [27] or [31]. The methodology presented here to
extract kinetic information should not rely on data which
lie outside the parameter ranges given in Table VI. The re-
striction of y = 10 is not severe since the shorter the pore
the smaller is the value of X, and X,., (see Fig. 8 and 11
for the definitions), and the less is the resulting ohmic dis-
tortion. In the absence of ohmic resistance there is no re-
striction &n v as long as the criteria for neglecting axial dif-
fusion are met. The limits on X, and X,., were set at a
point at which ohmic distortion was so severe that LSV
would be of little practical use, and ¢ = 100 is in the region
in which the voltammogram becomes independent of this
parameter. Unless otherwise stated, the theoretical upper
and lower limit on a particular parameter is infinity and
zero, respectively. In practice the correlations could be-
come invalid if such factors as double-layer charging, mi-
gration, or side reactions become a factor, all of which
were not taken into consideration.
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LIST OF SYMBOLS
A electrode area, cm?
B, coefficient defined by Eq. [8]
B, coefficient defined by Eq. [9]

Co concentration of oxidized species, mol/cm?
Cr concentration of reduced species, mol/cm?
Y initial concentration of oxidized species, mol/cm3
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Table V1. A summary of the correlations which were developed in this work, criteria for which the assumptions are valid, and the parameter
range over which the correlations and criteria were established. Unless otherwise stated, the upper and lower limit on a particular parameter is
infinity and zero, respectively. X, and X,., are defined in Fig. 8 and 11, respectively, and the other dimensionless parameters are defined in

Table .
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Assume negligible Correlation equations: Correlation equations:
axial diffusion (but Peak current—17 and 26 Peak current—20 and 30
with ohmic resistance) Peak potential—18 and 27 Peak potential—22 and 31
Kirew = ao > K= >
Criteria for neglecting 1 40/ 1 40/y
axial diffusion 7 120/ 20 80/y
35 4007y
Valid vy=10 vy=10
parameter range Kirrev = 20 Xew =20
£=100
Assume negligible Correlation equations: Correlation equations:
axial diffusion and Peak current—17 Peak current—20
ohmic resistance Peak potential—18 Peak potential—22
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axial diffusion ao > 40/y o > 40/y
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tentials, V. 4. R. S. Nicholson and I. Shain, Anal. Chem., 36, 706
Eo’ formal potential, V. (1964).
Ee equilibrium potential, V g 5. J. W. Weidner and P. S. Fedkiw, ibid., 62, 875 (1990).
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E

! JIRT, V- , Chemistry,” Vol. 4, A.J. Bard, Editor, pp. 120-214,
}I;‘ Faraday’s constant, C/equiv Marcel Dekker, New York (1970).
i

i

w

interval width in integral approximation . A. Winsel, Z. Elektrochem., 66, 287 (1962). Translated by

total current, A J. Newman, February, 1973. Available as Document

total current when ohmic resistance and axial dif- No. UCRL-Trans-1495 from the National Technical
fusion are negligible, A Information Service, U.S. Department of Com-
I current density at electrode surface, A/cm? merce, Front Royal, Virginia.
I zero-order modified Bessel function 10. R. de Levie, “Advances in Electrochemistry and Elec-
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