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Mathematical Modeling of Cathodic Protection Using the 
Boundary Element Method with a Nonlinear Polarization Curve 

J.-F. Yan,* S. N. R. Pakalapati, T. V. Nguyen,** and R. E. White** 
Center for Electrochemical Engineering, Department of Chemical Engineering, Texas A&M University, 

College Station, Texas 77843-3122 

R. B. Griffin 
Department of Mechanical Engineering, Texas A&M University, College Station, Texas 77843-1292 

ABSTRACT 
The distributions of potential and current density around a eathodically protected pipeline in seawater were deter- 

mined using the boundary element technique. A nonlinear polarization curve for a low carbon steel in artificial sea water 
was obtained from de-potentiodynamic measurements and was fitted for use as the boundary condition on the pipe. The 
program was used to evaluate cases in which one or two aluminum sacrificial anodes are used to protect a low carbon steel 
pipe in seawater. The results show that the number of anodes, the sizes of the anodes, and the distance between the anodes 
and the cathode are of importance for cathodic protection. 

Cathodic protection (CP) is a technique to protect metal- 
lic structures against corrosion in an aqueous environment. 
As the protected structures become more complex, tradi- 
tional methods for designing CP systems become less reli- 
able. Consequently, mathematical methods are often used 
to calculate current and potential distributions on these 
complex structures. 

At steady-state conditions, Laplace's "equation 

V2r = 0 [1] 

is the governing equation for the potential distribution in 
an electrolyte with uniform concentration profile and con- 
stant specific conductivity (1). Analytical solutions for 
Eq. [1] are limited to simple geometrical systems and linear 
boundary conditions. However, since most practical elec- 
trochemical systems consist of geometrical arrangements 
that are complex and include complicated, nonlinear 
boundary conditions, numerical methods are used typi- 
cally to solve Eq. [ll and the associated boundary condi- 
tions to determine the desired potential and current density 
distributions. The numerical  methods that are used mostly 
are the finite-difference method (FDM) (2, 3) and the finite- 
element method (FEM) (4-7). 

These methods are satisfactory for systems with a finite 
domain, but  are more difficult to apply to systems that in- 
clude an unbounded domain, such as cathodic protection of 
pipelines and offshore structures. In addition, corrosion 
engineers are mainly interested in the distributions of po- 
tential and current density along the structure/electrolyte 
interface in an electrochemical system and not in the elec- 
trolyte solution. Fox' such problems, the boundary element 
method (BEM) seems the most appropriate. The BEM is a 
numerical technique that can be applied on unbounded 
systems and can be used to determine the potential and 
current density distributions along the electrodes without 
discretizing the electrolyte domain. 

Previous workers have used the BEM to simulate ca- 
thodic protection systems (8-19), galvanic corrosion 
(20, 21), electrop]ating (22), and electrochemical machin- 
ing (23). A good comparison between the BEM and the FEM 
for computer-aided design of cathodic protection systems 
is presented in Ref. (24). The available computer models for 
simulating potential and current distribution on cathodi- 
cally protected structures were reviewed in Ref. (25). 

The electrochemical reactions that occur on the cathode 
are described by a polarization curve, which is nonlinear in 
nature. The treatment of nonlinear  polarization curves was 
done by using either l inear interpolation (13-16) or itera- 
tion techniques (18-21). The types of polarization curves 
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used in earlier work were the Tafel equation (18-20) or a 
second order polynomial equation (21). Unfortunately, nei- 
ther of them includes the multiple electrochemical reac- 
tions and the mass transfer of oxygen needed to describe 
the polarization curve of steel in seawater. A polarization 
curve obtained from dc-potentiodynamie measurements 
for a low carbon steel specimen in s tagnant  seawater is 
used as the boundary condition for the cathode in this pa- 
per. This polarization curve includes effects due to mass 
transfer and electrochemical kinetics. 

Method of Solution 
The boundary element method.--As implied by its name, 

the BEM reduces Laplace's equation for the electrolyte do- 
main to a surface equation by the application of Green's 
theorem (26, 27). The structure surface is discretized into a 
number of surface elements, and Laplace's equation is 
transformed to a linear system of equations 

G Q  = H ~  [2] 

where G and H are the matrices of influence coefficients of 
the system geometry, and Q and ~p are the vectors of poten- 
tial gradient and potential on the boundaries of the system, 
respectively. The detailed derivation of Eq. [2] can be found 
elsewhere (26, 27). 

The condition at infinity (20) can be incorporated into 
Eq. [2] by adding a charge conservation equation 

f id~ = [3] 0 

This process yields an unknown potential at infinity, Cw, 
which is added to Eq. [2]. In an electrolyte with constant 
concentration and conductivity, the current density can be 
expressed by Ohm's law 

= -k  ~n ~ 

= -kq [4] 

where k is the conductivity ol' the electrolyte and n is the 
outward normal to the boundary ~. 

Three types of boundat.7 conditions are commonly used 
in corrosion systems 

r = ~" [5] 

i = i ~ [6] 

and 

i = f(r [7] 

where r and i ~ are fixed values of potential and current 
density, respectively, on the boundaries of the systems. It is 
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Fig. 1. Flow chart of the iteration algorithm in solving a cathodic 
protection problem using the BEM. 

thc non l inear  equa t ion  in Eq. [7] that  makes  the corrosion 
problems difficult  to solve analyt ical ly.  

The main  task in using the BEM to model  corrosion sys- 
tems is to solve a system of equat ions,  Eq. [2], associated 
wi th  the boundary  condit ions,  Eq. [5]-[7]. F igure  1 shows 
the flow chart  using the BEM to solve a ca thodic  pro tec t ion  
p rob lem wi th  Eq. [7] as a boundary  condi t ion  on the 
cathode surface  and Eq. [5] on the anode. 

The influence coefficients in G and I t  in Eq. [2] are set 
values  for a specific geometry.  If e i ther  r or i is known,  this 
l inear  system of equat ions  can be solved direct ly  by the 
Gauss ian  e l iminat ion  method (28). However ,  if  r and i are 
dependen t  on each other,  as in Eq. [7J, the N e w t o n - R a p h -  
son me thod  is used in the i te ra t ion  procedure.  

The solut ion procedure  starts  by ca lcula t ing  the 
influence coefficients in G and H matr ices  and by specify-  
ing the fixed potent ia l  of the sacrificial anodes, d)". Next ,  the 
i te ra t ion  s tar ts  f rom guessing the ini t ia l  values of potent ia l  
@~ ...... on the ca thode  (in vector  q~) and i ~ ..... on thc anode (in 
vector  Q) in Eq. [2]. The potent ia l  g rad ien t  on the electrode,  
q ,  is then ca lcula ted  direct ly  f rom Eq. [4] and [7]. An error  
vec tor  F is defined as 

F = G Q  - H e  [8] 

Since in the m - t h  i te ra t ion  all values  are known,  the er ror  
vector  F can be de te rmined  by Eq. [8]. If all  the  absolute  
errors  are not  smal ler  than  an a l lowable  value,  e, the m + 
1-th es t imate  of $ on the ca thode  and m + 1-th es t imate  of 
i on the anode are ca lcula ted  by the fo l lowing equat ions  

r = r + Ar j = node on ca thode  [9] 

and 

i~ "§ = ij ~ + Aij" j = node on anode [10] 

where  A{~I" and Aii"' are the increment  of (~ and i in the m + 
1-th i te ra t ion  for node j. The Ar ~ and Ai~" are  de te rmined  by 
solving the fo l lowing system of equat ions  by the Gaussian 
e l imina t ion  me thod  (28) 

J 5  = - F  [11]  

where  J is the Jaeob ian  of Eq. [8] and F is the error  veetor  
ob ta ined  f rom Eq. [8]. The i t e ra ture  procedure  is r epea ted  
unt i l  all  errors  in vector  F become sufficiently small. 

It  is wor th  no t ing  that  the values  used in the above com- 
puta t ions  are taken  only f rom the boundar ies  of the  s truc-  
ture. Once Eq. [2] is solved, all the  values  of po ten t ia l  and 
cur ren t  densi ty  on the boundar ies  are known.  

P o l a r i z a t i o n  c u r v e . - -  T h e  corrosion of steel s t ructures  in 
seawater  is due to the ox ida t ion  react ion of i ron 

Fe -9 Fe 2' + 2e [12] 

oxygen  reduct ion  

O~ + 2H.,O + 4e- --9 4 OH- [13] 

and hydrogen evolut ion  

2H.,O + 2e -9 H~ + 2 OH [14] 

The theoret ical  current  densit ies due to the ind iv idual  re-  
act ion in Eq. [12]-[14] can be descr ibed by the fol lowing 
re la t ions  (29) 

/,, = e ~l~-~''~'t' [15] 

and 

i~_, = e 'lr [17] 

where/~,, i~, and i,. represent  the current  densi ty  genera ted  
by iron oxidat ion,  oxygen reduct ion,  and hydrogen evolu-  
tion, respect ively.  In the above cquat ions,  iE. is the diffusion 
l imit ing current  density, b is the Tafel  constant,  and r is a 
constant  combining  the open-c i rcu i t  potent ia l  (E'9 and the 
exchange  current  densi ty  (i,,) for  the ac t iva t ion  polar iza t ion  
of an e lec t ron t ransfer  reac t ion  

r = E" - s b  In i~, [18] 

where  s = 1 for anodic react ions and s = -1  for ca thodic  
reactions.  The total  current  densi ty  for the overal l  react ion 
can be obta ined  by summing  the current  densit ies due to 
the ind iv idual  react ion as fol lows 

i = io - i~, - i,, [19] 

If i at  d i f ferent  values of r can be obta ined  th rough  exper i -  
ments,  the paramete rs  in Eq. [15]-[17] could be acquired by 
the mc thod  of curve fitting. 

Experiment 
The low carbon steel specimens we:re machined  as 6 mm 

in outer  d iamete r  by 9.5 mm long cylinders fo l lowed by 
progress ive  pol ish ing wi th  SiC paper.  This was fo l lowed by 
mi ld  pol ish ing wi th  abras ive  paper ,  u l t rasonic  c leaning  in 
a di lute  acetone solution, and air  drying. Af te r  a t t ach ing  to 
the sample  holder,  the specimen was r insed wi th  deionized 
wa te r  and dr ied  in air. 

The e lect rolyte  was prepared  by dissolving art if icial  sea- 
wa te r  powder  (Aquar ium System, Ohio) in deionized wa-  
ter. The solut ion was then  hea ted  and s t i r red magnet ica l ly  
for 12 h and cooled down to the tes t ing tempera ture .  

The e lect rochemical  exper iments  were  per fo rmed  in a 
s tandard  corrosion cell. A potent ios ta t  (PARC Model  273) 
was used to control the potent ia l  by the aid of compute r  
sof tware  (PARC, M342C) in a personal  compute r  (IBM/ 
PS2, Model 30). The polar iza t ion  curve  was obta ined by the 
appl ica t ion  of dc -po ten t iodynamic  technique.  The scan 
rate  used was 0.5 mV/s. 

Results and Discussion 
A compute r  program (29) was used to de te rmine  the 

parameters  ~* and b in each reaction,  and iT. in oxygen 
reduc t ion  f rom the exper imenta l  data. The resul t  for  low 
carbon steel in art if icial  seawate r  is shown in Fig. 2 and has 
the fol lowing form 

i = e {~+l;ff3 ffl)/2.J -- + et,l~+521 6)/23.[7 - e Ar [ 2 0 ]  
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Fig. 2. Total current density and partial current densities due to the 
individual reaction during the polarization of a low carbon steel in 
artificial seawater. 

with r and i having units of mV and pA/cm 2, respectively. 
The three terms on the right side of Eq. [20] are attributed 
to iron oxidation, oxygen reduction, and hydrogen evolu- 
tion, respectively. Since the form of the polarization curve 
does not change for different ocean environments, the Ja- 
cobian (J) in Eq. [II] need not be altered. The information 
needed to calculate the polarization curve at different con- 
ditions are (~* and b for each reaction, and i L for oxygen 
reduction. 

The BEM discussed above is used to model a cathodic 
protection system consisting of a low carbon steel pipe (di- 
ameter = 60 era) in seawater (an ini:inite environment) hav- 
ing a conductivity of 4.79 x 10 -5 kgl -~ cm -I (30). As shown in 
Fig. 3, the aluminum alloy, with fixed potential of 
-1055 mV (vs. SCE), is used as the sacrificial anode to sup- 
press iron dissolution and hence cathodically protect the 
pipe from corrosion. The geometry of the anode and its 
placement relative to the cathode are shown in Fig. 3. 

One anode.--Figure 4 shows the potential distribution 
around the pipe when a single anode as shown in Fig. 3a at 
a distance of I0 cm is used. Due to the geometrical symme- 
try, only one-half, i.e., 0-180 ~ is represented in the figures. 
Steel is protected from corrosion if its potential with refer- 
ence to SCE is below -850 mV (31). It can therefore be seen 

8 a 
b [----7 < Anode  b [ : ~  ( Anode  

§  §  

@ @ 
:d 

b [----7 �9 A n o d e  
a 

(a)  One a n o d e  (b) Two a n o d e s  

Fig. 3. Schematic of the cathodic protection system of a low carbon 
steel pipe (diameter = 60 cm) in seawater. 
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a. 

-910.0  /// 

945  O 

-980.0 
O.O 30.0  80 .0  90.0  120.0 150.0 180.0 

Degrees  

Fig. 4. Potential dislHbution around the pipe with one anode (refer 
to Fig. 3a) at a distance d = 10 cm. 

that the pipe surface is unprotected from corrosion except 
for regions close to the anode. Furthermore, if only one 
anode was used, it would have to be quite large to be able 
to bring the potential on the entire pipe surface to below 
the protective level. 

Two anodes.--In order to avoid excessive anode mate- 
rial, two anodes may be used, placed at 0 ~ and 180 ~ as 
shown in Fig. 3b. The regions on the pipe surface most 
susceptible to corrosion (more positive potential) are those 
away from the anodes, i.e., around 90 ~ and 270 ~ A potential 
less than -850 mV (vs. SCE) at these regions would guaran- 
tee that the entire pipe surface is protected. However, the 
potential  here is dependent on factors such as anode size 
and shape, its location with reference to the pipe, conduc- 
tivity, etc. The variation of this potential (i.e., at 90 ~ and 
270 ~ with distance of separation " d "  (Fig. 5) indicates a 
characteristic value at which the potentials at the two 
points is a minimum. 

--?80.0 , , , ,  , , , , l ~ , , , i , J J , l ~ , , , ( J , J ,  

- 800 .0  

v -820 .0  

- 8 4 0 . 0  

- 8 8 0 , 0  

-880 .0  

A n o d e  D i m e n s i o n  
.-. a = O . S c m , b = O , 5 e m  
- -  a = I c m ,  b = l c m  
-- a = 2 c m ,  b = I c m  
- - -  P r o t e c t i v e  p o t e n t i a l  

":""..... 

'".... ... ...... \~~'~"'~:~"~'"~:~"~:~" ..... ~ ' ~ ' " ~  ...... 

i i i l l l l l l l l t l l l r f l l l l l l r l l l ~  

0.0 0.05 0.1 0.15 0.2 0.Z5 0.3 
D i s t a n c e  o f  s e p e r a t i o n  (m) 

Fig. 5. Variation of potential (maximum) corresponding to 90 and 
270 degrees on pipe (refer to Fig. 3b), with distance "d." 
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Fig. 6. Potential distribution around the pipe with two anodes (refer 
to Fig. 3b), each of size 1 cm • 1 cm (a = 1 am, b = 1 am). 

When the two anodes are placed 1 cm away from the 
pipe, the regions around 90 ~ and 270 ~ are above the protec- 
tive potential of -850 mV (vs. SCE) (Fig. 6). The potential 
distributions around the pipe with anodes being placed at 
14 cm and 30 cm are also shown in the figure. Figure 7 
shows the corresponding current density distribution 
around the pipe. 

Recently, more attention has been paid to the problems 
with t ime-dependent polarization curves (17, 32-34), espe- 
cially in the ocean environment. The high pH value caused 
by the increase of OH- ion during cathodic protection is 
favorable for the formation of some inorganic layers, such 
as CaCO3 and Mg(OH)2 on the surface of protected struc- 
tures. Such calcareous deposits have good resistance to 
oxygen diffusion, and the current density required for ca- 
thodic protection can be reduced. As a result, the polariza- 
tion curve will change after a period of service time. There- 
fore, for the long-term design of corrosion systems, the 

O.O i,L,l~ll,llllJIL]llJ~,l,li,IltJl, 

-80.0 

u. - 1 6 0 . 0  ! 
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~ -320.0 ! 
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/ -- 1 4  e m  
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I 
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D e g r e e s  

Fig. 7. Current density around the pipe with two anodes (refer to 
Fig. 3b), each of size 1 cm • 1 cm (a = 1 am, b = I am). 

t ime-dependent effects on the polarization curve have to be 
considered. 

Conclusions 
This BEM program developed for this work, which is 

available upon request from R. E. White, can be used to 
solve the two-dimensional Laplace's equation with nonlin-  
ear boundary conditions. A polarization curve, based on 
electrochemical principles, is obtained from experimental 
data and is used as the boundary conditions on the cathode 
surface. The results show that the number of anodes, the 
sizes of the anodes, and the distance between the anodes 
and the cathode are of importance liar cathodic protection. 
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LIST OF SYMBOLS 
b Tafet constant, mV 
E ~ open-circuit potential, mV 
i current density, gA/cm 2 
i~ current density due to iron oxidation, gA/cm ~ 
id current density due to oxygen reduction, gA/cm 2 
iv2 current density due to water reduction, ~A/cm 2 
io exchange current density, gA/cm 2 
i g .... guessed current density on t:he anode, pA/cm 2 
iL limiting current density of oxygen reduction, ~A/cm 2 
i~ '~ current density in m- th  iteration associated with 

node j ,  gA/cm ~ 
i~ +1 current density in m + 1-th iteration associated with 

node j, gA/cm ~ 
Ai~ increment of current density in m- th  iteration asso- 

ciated with node j, gA/cm 2 
k conductivity of seawater, kD. -1 c m  1 
m number of iteration 
n outward normal to the boundary z, cm 
N number of nodes on boundary 
q potential gradient in normal direction, mV/cm 
s sign in Eq. [18] 

Greek symbols 
allowable error in iteration 
length of boundary, cm 

r potential, mV 
0~ potential in m- th  iteration associated with node j, 

mV 
0~ *lJ potential in m + 1-th iteration associated with node j,  

mV 
A0~ increment of potential in m- th  iteration associated 

with node j, mV 
0 ~ set potential on the anode, mV 
0" constant combining open-circuit potential and ex- 

change current density, mV 
0~ potential at infinity, mV 
0 g  . . . .  guessed potential on the cat:bode, mV 

Vectors and matrices 
13 matrix of influence coefficients of system geometry 
II matrix of influence coefficients of system geometry 
J Jacobian of the system of e~uations 
Q vector of q, [ql, qa, �9 �9 �9 , %]~ 
F vector of error in iteration procedure 
5 increment vector in iteration procedure 
�9 vector of % [01, 02 .... , 0~, r 
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Point of Zero Net Adsorbed Charge of Gallium Arsenide 
Roland Schlesinger and Peter Johannes Janietz 

Institute of Physical and Theoretical Chemistry, Humboldt University, Berlin 0-1080, Germany 

ABSTRACT 

For powdered GaAs the point of zero net charge at the inner  Helmholtz plane has been determined to be about 5.9. To 
account for the discrepancy between this cxperimcntal value and a theoretical one based upon a relation between the 
electron affinity and the flatband potential of GaAs, interface states and dipole contributions to the potential difference 
across the semiconductor/electrolyte interface have been invoked. By reinvestigating the dependence of the flatband 
potential  on redox couples added to the solution, convincing interface state densities have been found, which indeed bring 
the theoz~ in accordance with experiment. The gap states have been ascribed mainly to the atomic disorder at the oxide- 
covered semiconductor surface. 

Except for Ref. (1), it is generally accepted (2-6) that the 
fiatband potentials (V~.~) for n-GaAs electrodes show a nor- 
mal Nernstian response with respect to pH variation. This 
behavior has been attributed to a protonation-deprotona- 
lion equilibrium at a hydroxide layer on the semiconductor 
surface or to specific adsorption of H § and OH ions at oxi- 
dic surface sites (7). This implies that a unique pH value, 
called the point of zero zeta potential (PZZP) by Butler and 
Ginley (8), exists where the net charge located at the inner  
Helmholtz plane is zero. 

Though the PZZP of numerous oxidic and nonoxidic 
semiconductors, including GaP (9), have been evaluated in 
the past, up to now no experimental value for GaAs has 
been reported. 

Horowitz et al. (5) using an equation derived by Butler 
and Ginley (8), which relates the electron affinity (EA) of 
the semiconductor to V~R at PZZP, attempted to determine 
the PZZP for GaAs theoretically. Unfortunately, these au- 
thors did not consider that at PZZP a potential drop across 
the oxidic surface layer and the He]mholtz layer due to the 

existence of interface dipoles and of charged interface 
states may occur. In the present authors' opinion, it is at the 
least not justified to neglect the excess charge left in elec- 
tronic surface states at VFB, which must be compensated by 
an ionic counter charge in the electrolyte. 

In this paper we report the experimental determination 
of the point of zero net charge at the inner Helmholtz plane 
(PZC) for GaAs and demonstrate the correct use of the But- 
ler-Ginley equation in relating VL..B at PZC to EA. In order 
to deduce the interface state density affecting this relation, 
the dependence of VI~ on redox couples added to the elec- 
trolyte has been reinvestigated. 

Experimental 
(100)-orienled n-GaAs single-crystal wafers doped with 

Te (6 x 101; cm -:~) were used throughout this study. Before 
use in electrochemical investigations, the samples were 
subjected to the following treatments. After a degreasing 
procedure the chemomechanically polished [ront faces 
were treated in an ultrasonic 1:1 NH3-tI20 bath for remov- 
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