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Parameter Sensitivity and Optimization Predictions of a 
Hydrogen/Oxygen Alkaline Fuel Cell Model 

Michael C. Kimble*" and Ralph E. White* 
Department  of  Chemical Engineering, Texas A&M University, College Station, Texas 77843-3122 

ABSTRACT 

A mathematical model is used to predict parameter sensitivities and optimal design parameters for a hydrogen/ 
oxygen alkaline fuel cell. A sensitivity analysis of the various transport and electrode kinetic parameters indicates which 
parameters have the most influence on the predicted current density and over which range of potentials these parameters 
affect the fuel-cell performance the most. This information can be used to decide which parameters should be optimized 
or determined more accurately through further modeling or experimental studies. The effect of various design parameters 
on the limiting current density are investigated to determine if optimal values e/~ist for the parameters. The optimal elec- 
trode thicknesses for the anode and cathode reaction layers and the gas- and liquid-phase porosity in the cathode reaction 
layer are determined by maximizing the power density. These parameter sensitivities and optimal design parameters can 
help in the development of better three-phase electrodes and separators for the alkaline fuel cell. 

In  designing high-performance alkaline fuel cells, there 
are various attributes that can significantly influence the 
system. Such attributes might be the gas- and liquid-phase 
porosities, reaction layer and separator thicknesses, or the 
number  of gas-liquid sites in the three-phase electrodes. 
One way to investigate the relative importance of these pa- 
rameters is to use a mathematical model that describes the 
chemical, electrochemical, and physical processes occur- 
ring in the fuel cell. Typically, models of single, three- 
phase electrodes are used in determining polarization 
losses and optimal design parameters (1, 2). However, 
these models do not consider any interactions between the 
anode, cathode, and separator which can significantly alter 
the performance of the system as well as alter the optimal 
values for certain parameters. A previously developed 
mathematical model of the alkaline fuel cell (3) is used to 
analyze the effects of some of the more influential parame- 
ters on the predicted current density. A sensitivity analysis 
is performed on various parameters to determine which 
parameters are the most influential in increasing or de- 
creasing the current density. This information can indicate 
the direction one should take in order to design better fuel 
cells. The results of the sensitivity analysis can also sug- 
gest which parameters should be obtained with more ac- 
curacy through further modeling studies or through ex- 
perimentation. 

To achieve high performance in the alkaline fuel cell, 
various design parameters can be optimized so that the 
fuel cell will deliver the maximum attainable power den- 
sity. The important  design parameters in the alkaline fuel 
cell are the thicknesses of the anode and cathode diffusion 
and reaction layers (LD, LR), separator thickness (Ls), elec- 
trode conductivity (~), gas and liquid phase porosities (e g, 
el), gas-liquid interfacial surface area (ag), and the liquid- 
solid interfacial surface area (al). By using the detailed 
model of the alkaline fuel cell, these parameters are inves- 
tigated in order to determine if an optimal value exists for 
each parameter. In  order to unders tand better the effects 
of the design parameters on the fuel-cell performance, a 
summary of the phenomenological equations that de- 
scribe the alkaline fuel cell will be presented next. The 
sensitivity of the model predictions to various parameters 
will then be examined, followed by the determination of 
the optimal design parameters to maximize the alkaline 
fuel cell's power density. 

Phenomenologicai Equations 
The reactions occurring in the alkaline fuel cell are the 

reduction of oxygen at the cathode 

Cathode 

O2 + 2H200) + 4e- --> 4 OH- [1] 

* Electrochemical Society Active Member. 
Present address: Los Alamos National Laboratory, Advanced 

Engineering Technology, Los Alamos, NM 87545. 

and the oxidation of hydrogen at the anode 

Anode 

H2 + 2 OH- ~ 2H20~) + 2e- 

so that the overall reaction is the production of water. 

Total 

[2] 

1 
H'2 + - 02 ~ H=Oa) [3] 

Z 

A macrohomogeneous model that predicts the cell per- 
formance based on these reactions was developed by Kim- 
ble and White (3). Gas-phase diffusional resistances were 
accounted for by calculating partial pressure drops for the 
hydrogen, oxygen, and water vapor in the gaseous pores. 
Liquid-phase diffusional resistances were considered by 
accounting for the concentration distributions of the dis- 
solved oxygen and hydrogen in the electrolyte. Ohmic re- 
sistances were accounted for by calculating the potential 
drops in the solid and solution phases. Ionic resistances 
were considered by calculating the concentration distribu- 
tions of the ionic species. A schematic of the alkaline fuel 
cell is shown in Fig. 1, which shows the various regions 
that are considered in the model. The phenomena occur- 
ring in the anode and cathode gas-diffusion layers, anode 
and cathode reaction layers, and the separator region are 
described by the steady-state form of the equation of conti- 
nui ty in a porous media 

V. Ni = RiP + R~ (i = 02, H2, H20, +, - ,  o) [4] 

where the flux, N~, is expressed by the Stefan-Maxwell 
equation for gas-phase transport 

2 RT  
Vyi = ~ ~ (yiNj - yjNi) (i, j = 02 or H2, H20) [5] 

and by the ionic flux expression for solution phase 
transport 

Ni = - ~ V C t  - z~uirciv~b + Civ  m ( i  = 02 ,  H2, + ,  - ,  o) [6] 

Note that Eq. [5] and [6] contain effective diffusivities, ~i, 
which are related to the free-stream diffusivities by a po- 
rosity and tortuosity factor 

eDi 
~ i  -- [7] 

T 

The gas-dissolution rate, R•, can be approximated by 

[8] 
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Fig. 1. Schematic of an alkaline fuel cell. 

where it is assumed that equil ibrium is established at the 
gas-liquid interface. Note that this rate expression follows 
the thin-film theory for gas dissolution where ~ is the diffu- 
sion-layer thickness and a g is the interfacial surface area 
between the gas- and liquid-phases in the electrode. The 
electrochemical reaction rate, R~, in Eq. [4] is given by 

s ia~ i  
R~ = - [9] 

n F  

where the local current density, i, is expressed by the But- 
ler-Volmer electrochemical rate expression 

�9 . a a n F  ,:,o[, (r 
�9 _ a c n F  

(C--~i/q' exp ( ~  ~) - [I. \ ~ /  [10] 

The overpotential, ~, in Eq. [10] is given by 

n = E - d~ - U~f [11] 

where the solid potential, E, is described by Ohm's law 

I 
VE = - - [12] 

{Y 

Equations [4]-[12] represent the basic phenomenological 
equations necessary to describe the behavior in the vari- 
ous regions of the alkaline fuel cell. It should be noted that 
these equations are solved numerically by setting the cell 
potential, Eel,, and calculating the cell current density, I, or 

the power density, P (=IEcou). The model parameters asso- 
ciated with these equations are shown in Table I. Other 
supporting parameter values such as diffusivities and 
Henry's law constants that are not shown in Table I can be 
found in the original model development (3). 

Sensit ivi ty Analysis 
In order to determine the relative importance of the 

transport, kinetic, and structural parameters on the fuel 
cell's performance, a sensitivity analysis can be applied. 
The sensitivity analysis can indicate which parameters 
have the largest influence on the predicted current density 
and, also, over which range of cell potentials the parame- 
ters have the most influence. Additionally, the sensitivity 
analysis can indicate which parameters are capable of 
being estimated when the model is used in conjunction 
with experimental  data and a parameter estimation tech- 
nique. That is, if a small perturbation in a parameter does 
not significantly change the predicted current  density, 
then that parameter could assume a large range of values, 
all of which will give the same performance. The sensitiv- 
ity coefficient can be defined as the difference in the base- 
case current density from the predicted current density for 
a small dimensionless perturbation in a parameter j, while 
holding all other parameters constant 

OI I - I* 

0 In  Oj Oj - 0 T 
%* 

- -  (A/cm 2) [13] 

where 0j* and I* are the base-case parameter value and cur- 
rent density, respectively. Hence, large sensitivity coeffi- 
cients indicate that the parameter of interest significantly 
influences the current density. Large sensitivity coeffi- 
cients may also indicate which parameters should be ob- 
tained with more accuracy through further modeling or 
experimental studies. That is, if the value for a parameter 
is not accurately known and the parameter has a large sen- 
sitivity coefficient, then that parameter value should be as- 
certained with more accuracy to gain confidence in the 
model predictions. 

All sensitivity coefficients calculated for this work were 
accomplished by increasing the parameter of interest by 
5% over the base-case value (shown in Table I) and calcu- 
lating the resulting change in the current density from the 
base-case current density. This was performed over the po- 
tential ranges of (0.8-0.85 V), (0.85-0.93 V), and (0.93-1.1 V) 
representative of the concentration, ohmic, and activation 
polarization regions, respectively, for the conditions of the 
fuel-cell simulation. By investigating the sensitivity coef- 
ficients in these three potential regions, the effects of the 
parameters on the current density can be investigated 
under  conditions of the various forms of polarization 
where the fuel cell may actually operate. It should be 

Table I. Base-case parameter values for the alkaline-fuel-cell simulation. 

Structural parameters: 
Anode and cathode diffusion-layer thicknesses (L~, L~) 
Anode and cathode reaction-layer thicknesses (L~, L~) 
Separator thickness (Ls) 

Porosities: 
Anode and cathode diffusion-layer gas-phase porosities (e~.a, e~.r 
Anode and cathode reaction-layer gas-phase porosities (e~,, eL c) 
Anode and cathode reaction-layer liquid-phase porosities (e~.~,' e~,r 
Separator porosity (es) 

Electrode kinetic parameters: 
Anodic and cathodic exchange transfer currents (ig. ala, i ~ a~) 
Anodic and cathodic diffusional film areas (a~/5, ,  a~/5r 
Anodic transfer coefficient for hydrogen oxidation (a~2n.) 
Cathodic transfer coefficient for oxygen reduction (a~2nr 
Anode and cathode electrode conductivities (or% cr r 
Hydrogen gas reaction order (PH2) 
Oxygen gas reaction order (qo2) 

Operating conditions: 
Initial electrolyte concentration (C~) 
Temperature (T) 
Anode and cathode inlet pressures (P", W) 

0.025 cm 
0.005 cm 
0.005 cm 

0.70 
0.05 
0.65 
0.80 

0.60 A/cm 3 
5 • 108 cm -2 
1.5 
1.5 
5.0 S/cm 
1.0 
0.5 

7N 
80~ 
4.1 atm 
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Fig. 2. Sensitivity of the model predictions to cathode parameters for 
the concentration (I), ohmic (11), and activation (111) polarization re- 
gions. 

noted that since these three forms of polarization do not  
act independent ly of one another, it should not be con- 
cluded that the predicted current densities are a result of a 
single form of polarization. The sensitivity coefficients for 
various parameters are shown in Fig. 2 and 3 for parame- 
ters specific to the cathode and anode, respectively. As 
shown in the activation and ohmic regions, the model pre- 
dictions are most sensitive to the transfer coefficients, liq- 
uid-phase specific surface area, and the reactant-gas reac- 
t ion orders. Since the model predictions are extremely 
sensitive to the transfer coefficients as governed by the ex- 
ponential  terms in the Butler-Volmer expression, Eq. [10], 
small perturbations in the transfer coefficients can signifi- 
cantly affect the predicted current density. Unfortunately, 
obtaining accurate values for the transfer coefficients is 
difficult since they vary too much depending on the tem- 
perature, cell potential, and electrocatalyst. Parameter es- 
t imation techniques could be used to fit the model to reli- 
able experimental  data by predicting the values for the 
transfer coefficients. This may necessitate a reformulation 
of the Butler-Volmer expression as shown by Evans and 
White (4) to avoid numerical  difficulties in the parameter 
estimation method. 

2 . 5  . . . .  i . . . .  ~ . . . .  

I II HI 

2 . 0  

1 , 5  

0 . 5  

o.0 0.9 l.o t.l 
Eoe u (v) 

Fig. 3. Sensitivity of the model predictions to anode parameters for 
the concentration (I), ohmic (il), and activation (111) polarization re- 
gions. 

The model predictions show little sensitivity to small 
perturbations in the conductivities of the cathode and 
anode diffusion regions as shown in Fig. 2 and 3, respec- 
tively. The dependence of the model predictions on the 
conductivities in the reaction layers was even less pro- 
nounced than in the diffusion layers. The relative insensi- 
tivity of the model predictions to the ratio of a~/~a over the 
entire range of cell potentials indicates that the dissolution 
of hydrogen gas into the electrolyte is not rate limiting. 
The most influential parameter in the concentration polar- 
ization region is ag/~c which governs how much oxygen gas 
dissolves into the electrolyte through Eq. [8]. Note that the 
liquid-phase diffusivity and the concentration difference, 
Ho2Po2 - Co2, govern how fast oxygen dissolves into the 
electrolyte. Clearly, increasing the solubility of oxygen in 
KOH or increasing the diffusivity of oxygen in the electro- 
lyte will increase the rate of oxygen dissolution. 

The effects of fuel cell thickness on the predicted per- 
formance are shown in Fig. 4 where the model predictions 
are most  sensitive to the cathode reaction-layer thickness 
followed by the anode reaction-layer and separator thick- 
ness. The anode and cathode gas-diffusion-layer thick- 
nesses are shown to have little effect on the model pre- 
dictions. It is also apparent in Fig. 4 that the limiting 
current density can be increased by increasing the cathode 
reaction-layer thickness or by decreasing the separator 
thickness. However, as will be shown later, increasing the 
cathode reaction-layer thickness too much can degrade 
the performance. 

The effects of porosity on the model predictions are 
shown in Fig. 5, where e~, c has the largest influence on the 
model predictions followed by eg~, es, and eRa. Increasing 
the gas-phase porosities in the diffusion layers and in the 
anode reaction layer showed no change in the model pre- 
dictions. 

Current  Density Opt imizat ion  
The previous analysis on the sensitivity coefficients 

showed that small perturbations in design parameters 
could yield significant improvements in the current den- 
sity. However, the sensitivity analysis does not allow a 
quantitative prediction on what values the design parame- 
ters should have in order to provide the best performance. 
By using the mathematical model of the alkaline fuel cell, 
various design parameters can be optimized so that the 
system achieves the maximum attainable power density. 
From Fig. 4, it can be seen that the anode and cathode re- 
action-layer thicknesses and the separator thickness have 
the most effect on the performance. Calculating the limit- 

1 .5  

1 . 0  

,< 
v 

0 . 5  

0 . 0  

LS 

I II Ill 

- 0 . 5  i ~ , i P i ~ ~ ~ I i ~ ~ i 

0 . 80  0 .90  1 .00  1AO 

Ece u (v) 

Fig. 4. Sensitivity of the model predictions to changes in fuel-cell 
thickness for the concentration (I), ohmic (11), and activation (111) po- 
larization regions. 
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Fig. 5. Sensitivity of the model predictions to changes in porosity for 
the concentration (I), ohmic (11), and activation (111) polarization re- 
gions. 

ing current  densi ty  for these parameters  as they are varied 
individual ly over a 20 to 300 ~m range with the others set 
equal to their  base-case values (Table I) gives the results 
shown in Fig. 6. As shown in Fig. 6, a max imum occurs in 
the l imit ing current  densi ty  for L~ at about  40 ~m and for 
L~ at about  225 ~m. The separator  thickness  does not  show 
a m ax imum in the  l imit ing current  densi ty  indicat ing that  
its thickness  should be as small  as possible.  Kenjo and Ka- 
watsu (5) measured  a flat l imiting-current  densi ty of about  
1.5 A/cm 2 corresponding to a react ion layer thickness  of 
100 to 276 ~m for an oxygen electrode. Al though different 
operat ing condit ions were used, the  location of the optimal 
thickness  range in Fig. 6 for / .~  is similar to that  obtained 
by  Kenjo and Kawatsu  (5). I t  has commonly  been thought  
that  increasing the reaction-layer thickness  should in- 
crease the  l imit ing current  densi ty  since more reaction 
sites are present  in the electrode. However,  according to 
our model,  the reason for the decrease in the l imiting cur- 
rent  densi ty  beyond an opt imal  thickness  is due to a lower- 
ing of the oxygen gas solubil i ty and l iquid-phase diffu- 

3 . 5 ,  . . . .  i . . . . . . . .  ~ . . . .  , . . . .  ~ . . . .  

3 . 0  

2 . 5  

~ "  2 . 0  

1 . 5  

1.0  

0 .5  

. /  

/ 

/ 
/ :  

/ 

/ 

r 

- - L  R 

- - L  S 

c 
..... L R 

50 100 150 200  250  300 

L (.m) 
Fig. 6. Effects of the separotor ond reaction-layer.thicknesses on the 

limiting current density. 
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Fig. 7. Sensitivity of the model predictions to changes in diffusivity 
and solubility for the concentration (I), ohmic (11), and activation (111) 
polarization regions. 

sivity, not  to gas-phase diffusionat resistances as 
suggested by  Kenjo and Kawatsu (5) and by  Bjornbom (6). 
When the cathode react ion layer is increased, more hy- 
droxide  ions are produced  in the cathode as given by  the 
oxygen reduct ion reaction, Eq. [1]. According to experi- 
mental  observations,  this increase in the KOH concentra- 
t ion decreases the  solubil i ty of oxygen in KOH (7, 8) and 
ffecreases the diffusivity of dissolved oxygen in KOH (8, 9). 
A sensit ivity analysis of these parameters  is shown in 
Fig. 7 along with the sensit ivity of the  oxygen gas-phase 
diffusivity and the ionic diffusivity. Clearly, the sensit ivity 
of the model  predict ions to the oxygen gas-phase diffu- 
sivity, D~,  and  the ionic diffusivity, DON-, is insignificant 
in comparison to the  oxygen solubil i ty (given in the form 
of a Henry 's  law constant,  Ho2) and the l iquid-phase diffu- 
sivity, D~o2. Hence, the performance of the fuel cell can be 
i m p r o v e d  by  increasing the cathode reaction-layer thick- 
ness up to a certain critical thickness which upon further 
increasing the thickness  causes a performance degrada- 
t ion due to a lower gas solubil i ty and a lower l iquid-phase 
diffusivity. 

The sensit ivity analysis for the porosi ty parameters,  
Fig. 5, show that  the  concentrat ion and ohmic polarization 
regions are significantly influenced by  the various poro- 
sities. To investigate the opt imal  values for these poro- 
sities, the  l imit ing current  densi ty  was calculated for dif- 
ferent parameter  settings for the l iquid-phase porosities. 
These results  are shown in Fig. 8. Note that  the anode and 
cathode reaction layers were assumed to have a total po- 
rosity of 0.7, causing a constraint  for the gas and l iquid 
phase  porosit ies 

0.7 = ~ + ~ [14] 

As shown in Fig. 8, increasing e~, a does not  cause any no- 
t iceable difference in the predicted l imiting-current  den- 
sity. However,  in the cathode a dramatic increase in the 
l imiting current  densi ty  occurs up  to an opt imal  porosi ty 
of about  0.695, where a rapid  decline in the l imiting current  
densi ty  occurs upon  further increasing the porosity. Since 
the model  treats the  gas-phase t ranspor t  as occurring by 
molecular  diffusion and convection, only a small fraction 
of the total electrode porosi ty  is needed for the gas phase. 
As the gas-phase porosi ty  approaches  a small value (e.g., 
0.005), the effective gas-phase diffusivity becomes even 
smaller  through Eq. [7] result ing in mass-transfer limita- 
t ions for the  gas-phase transport .  Increasing the separator  
porosi ty increases the l imit ing current  densi ty more rap- 
idly at lower porosit ies than at higher  porosities. Since the 
separator  porosi ty  was assumed to be  0.8, further increas- 
ing the  porosi ty  will result  in a sl ight  increase of  
30 mA/cm z at the l imit ing current  density. Unfortunately,  a 
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Fig. 9. Effects of the gas-liquid and liquid-solid interfacial surface 
areas. 

maximum does not occur in the limiting current density 
for the separator porosity, preventing an optimal porosity 
from being recognized. Note that other criteria could be 
considered in determining an optimal separator porosity 
in addition to an ext remum in the current density such as 
the separator bubble  pressure, mechanical strength of the 
separator, or lifetime, but  this is beyond the scope of this 
work. 

The sensitivity analysis showed that the quantities a ]. i ~ 
and ag/8 have an effect on the fuel-cell performance since 
they affect the liquid-solid electrochemical reaction, RT, 
and the liquid-gas dissolution reaction, R~. It should be 
noted that the product of a ] and i ~ always occur together in 
the model equations as well as the ratio of a g to 8. This is 
unfortunate since it prevents the interfacial surface areas, 
exchange current densities, and the diffusion layer thick- 
nesses from being individually identified. Hence, the pa- 
rameter combinations, a ~- i ~ and ag/8, were varied and the 
current density was calculated by the model as shown in 
Fig. 9. Note that the performance curve for the parameter 
combination a~- i ~ is similar to that obtained for ale �9 ic ~ and, 
thus, is not shown in Fig. 9. It should also be noted that 
a a] �9 i~  acl. ze'e affect only the kinetics of the electrochemi - 
cal reactions and not  the limiting current density as shown 
earlier [(3) Fig. 7]. For this reason, calculating the limiting 
current density for changes in a 1. i ~ is meaningless since 
this parameter combination does not influence the limit- 
ing current density as does the ag/~ parameter combina- 
tion. To determine the effects of a ]. i ~ on the fuel-cell per- 
formance, the current density was predicted in the 

] '~ ranging kinetically controlled region at 0.9 V for a c . ~  
from about 0.0 to 0.50 A/cm 3 as shown in Fig. 9. The pre- 
dicted current density at 0.9 V shows a sharp increase for 

] i ~ in the range of 0.0 to 0.1 A/cm a followed by a gradual a c �9 

increase in the current density as a]~ �9 i~ is further in- 
creased. This result suggests that increases in a~.l i ~ over a 
certain critical value, approximately 0.4 A/cm ~ in Fig. 9, 
will contribute only a marginal improvement  to the cur- 
rent density, indicating that some other phenomena may 
be limiting the performance of the system. 

The limiting current density at 0.75 V was predicted by 
the model for tim anode and cathode parameter combina- 
tions, ag/5, over the range of 0.0 to 5.0 • 109 cm -2 as shown 
in Fig. 9. Increasing a~/Sa beyond 2.0 • 108 cm -~ does not 
improve the current density at all. Although increasing 
this parameter combinat ion increases the dissolution rate, 
R~, of hydrogen gas into the electrolyte as governed by 
Eq. [8], the dissolution rate for oxygen is still limiting the 
current density. This is verified by the performance curve 
for aeJSr where increasing this parameter combination 

causes an increase in the current density. Since the diffu- 
sion-layer thickness, 8, may be diffficult, if not impossible, 
to control, increasing a~/Se by designing three-phase elec- 
trodes with large interfacial gas-liquid surface areas will 
allow more gas to dissolve into the electrolyte to react. 

To achieve optimal performance in the fuel cell, the 
more influential parameters of the model can be used to 
maximize the predicted current density or power density. 
It should be noted that other criteria than a maximum cur- 
rent density could be used in formulating an objective 
function. For example, Newman (10) optimizes an acid fuel 
cell by considering the average current density and the 
utilization of hydrogen based on capital, power, and fuel 
costs. Since the main objectives of this work are to in- 
crease the max imum attainable power density, economic 
factors are not considered. To maximize the power den- 
sity, an objective function can be defined as 

max P(0) = Eeen" I(0, Er [15] 

where 0 represents a vector of unknown parameters 0j and 
Eceu is itself an unknown  cell potential. Since the model 
calculates the total cell current density for a given cell po- 
tential, the cell potential is included in the objective func- 
tion so that it may be optimized along with the unknown 
design parameters 0. The optimal design parameters and 
cell potential can be selected such that the power density 
as given by Eq. [15] is at a maximum. 

The results of the sensitivity analysis shown in Fig. 2 to 5 
and the single parameter optimal studies shown in Fig. 6 
to 9 indicate which parameters can be optimized in 
Eq. [15]. The anode and cathode reaction layer thicknesses 
and the liquid-phase porosity in the cathode reaction layer 
are the only parameters that caused an extremum in the 
predicted current density. All other parameters investi- 
gated here monotonically increased the current density as 
the parameters were lowered (e.g., Ls) or increased (e.g., 
a g, a ~, ~s). Note that the transfer coefficients could be in- 
cluded in the optimization procedure since they have a 
strong effect on the current  density as shown in Fig. 2 and 
3. Additionally, the reactant-gas reaction orders, qo2, and 
PH2 could also be included in the optimization procedure. 
However, since the transfer coefficients and reaction or- 
ders are dependent  upon the operating conditions rather 
than on structural conditions such as thickness and poros- 
ity, the transfer coefficients and reaction orders were not 
considered in the optimization procedure. 

The IMSL routine BCONF (11) was used to maximize 
Eq. [15] by using a quasi-Newton method to determine L~t, 
L~, e~.r and Ecru. The optimized values are shown in 
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Table II. Optimal parameter values for maximizing the power density. 

Starting values Optimized values 

L ~  = 0 . 0 0 5  c m  L ~  = 0 . 0 1 6 2 7  c m  
L~ = 0.005 cm L~ = 0.02234 c m  
c~ ,  c = 0 . 6 5  ~ c = 0.674 
Eceu = 0.75 V gcen = 0.803 V 

Table II along with their starting values. The optimal cath- 
ode reaction-layer thickness in Table II corresponds to 
about the same optimal value as shown in Fig. 6, whereas a 
large difference results for the optimal anode reaction- 
layer thickness. Since increasing L~ above 55 ~m did not 
improve the current density as shown in Fig. 6, L~ was 
scaled over a thickness range of 50 to 300 ~m using the op- 
timal values in Table II for L~, e t Ece. to investigate 

R , C ,  

whether L~ is indeed at an optimal value. The resulting 
performance curve verified that the optimal anode reac- 
tion-layer thickness shown in Table II does cause an extre- 
mum in the power density. Using the optimal parameter 
values other then EaCh, the performance of the fuel cell was 
predicted by the model over the potential range of 0.7 to 
1.1 V as shown in Fig. 10 in comparison to the base-case 
performance. As can be seen, a significant improvement in 
the max imum attainable power density has been achieved 
just  by optimizing the cell potential and three design pa- 
rameters. 

Summary 
A sensitivity analysis of an alkaline fuel-cell model indi- 

cates that many parameters can significantly influence the 
performance of the system, especially in the ohmic and 
concentration polarization regions. In  particular, parame- 
ters specific to the oxygen electrode such as the reaction- 
layer thickness, liquid-phase porosity, gas-liquid interfa- 
cial surface area, and the cathodic transfer coefficient have 
been found to influence significantly the performance. The 
effect of various design parameters on the limiting current 
density have been investigated to determine if optimal 
values exist for the parameters. The model has shown that 
the anode and cathode reaction layer thicknesses, the liq- 
uid-phase porosity in the cathode reaction region, and the 
cell potential can be optimized to give the maximum at- 
tainable power density. The optimal reaction-layer thick- 
nesses are shown to be a compromise among the number  
of reaction sites, the solubility of the reactant gases, and 
the liquid-phase diffusivity of the dissolved reactant gases. 
A small fraction of the total porosity in the cathode reac- 
tion region is needed in the gas phase to sustain a high gas- 
phase diffusion rate while maintaining a large diffusion 

2 . 8  . . . .  i . . . .  t ' ' ' ' I . . . .  [ . . . .  I . . . .  

- -  Optimal 
...... case I 

2.4 

2.0 

~ ,  1 . 2  

0 . 8  

0 . 4  

0 . 0  . . . .  + ' 

0 . 6  0 . 7  0 . 8  0.9 1 . 0  1 . 1  1 . 2  

E u (v)  

Fig. 10. Optimal and base-case power density performance for the 
alkaline fuel cell. 

rate in the liquid phase. The model predictions indicate 
that the largest improvement  in the fuel cell performance 
will be recognized by increasing the gas-liquid interfaciai 
surface area in the cathode followed by increasing the elec- 
trocatalytic activity or liquid-solid interfacial surface area 
and decreasing the separator thickness from the base-case 
conditions. 
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LIST OF SYMBOLS 
a g interfacial surface area between gas and liquid 

phases, cm2/cm 3 
a ~ interfacial surface area between liquid and solid 

phases, cm2/cm 3 
Ci concentration of species i, mol/cm 3 
Di free stream diffusivity of species i, cm2/s 
~ i  effective diffusivity of species i, cm2/s 
E electrode potential, V 
F Faraday's constant, 96,487 C/mol 
Hi Henry's constant for species i, moY(cm~-atm) 
I total cell current density, A/cm 2 
I| l imiting current density, A/cm 2 
i local current density, A/cm 2 
i ~ exchange current density, A/cm 2 
L thickness, cm 
n number  of electrons transferred 
Ni flux of species i, moY(cm2-s) 
o solvent (water) 
P power density, W/cm 2 
Pi anodic reaction order for species i 
Pi pressure of species i, atm 
qi cathodic reaction order for species i 
R gas constant, 8.314 J/(mol-K) or 82.057 cm3atm/ 

(mol-K) 
R~ electrochemical reaction rate, mol/(cm3-s) 
R p transport rate across phase boundary, moY(cm3-s) 
si stoichiometric coefficient of species i 
T temperature, K 
U~f reference potential, V 
ui mobility of species i, mol-cm2/(J-s) 
Yi vapor-phase mole fraction of species i 
z spatial coordinate, cm 
zi charge number  of species i 

Greek 
~a anodic transfer coefficient 
ac cathodic transfer coefficient 
8 diffusion layer thickness, cm 
�9 porosity 

overpotential, V 
tortuosity 

~b solution-phase potential, V 
0j parameter j 

Superscripts and subscripts 
a anode 
c cathode 
D diffusion layer 
e electrolyte 
.g gas phase 
1 specms i 
j species j 
1 liquid phase 
R reaction layer 
r reference condition 
S separator layer 
+ cation (K § 
- anion (OH-) 
* base-case value 
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Thermodynamic Analysis of Electrochemical Cells Based on a 
Balance Matrix Theory 

Markku J. Lampinen and Jari Vuorisalo 
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ABSTRACT 

The aim of our research has been to investigate the equilibrium state of electrochemical systems: half cells, fuel cells, 
and secondary and primary batteries. The analysis presented here is based on the use of a balance matrix theory. The same 
type of idea has already been used in computer programs for chemical systems, but  here it is extended to electrochemical 
systems. A discharge equation is introduced, with the aid of which the electrochemical cells can be studied at various de- 
grees of discharge. A simple model for electrostatic energy is presented, which enables us also to calculate the charges of 
the electrodes in the equil ibrium state�9 The advantage of the approach presented here and the motivation for the analysis 
is that it is easily applicable to computational purposes, even to complicated systems with many phases and also with irre- 
versible constraints. A brief summary of a computer program based on this theory is presented, and the use of the pro- 
gram is illustrated by some examples�9 

The older methods for equil ibrium computation made 
use of equil ibrium constants and the Nernst equation for 
the cell voltage�9 As soon as several species appear in the 
system, the calculation of equil ibrium compositions be- 
comes quite complicated, and the complexity is strongly 
dependent  on the number  of condensed phases present. In  
electrochemical systems some of the phases are charged, 
which makes the problem different compared to chemical 
systems. In  this paper the method of the total free energy 
minimization, first described by White et al. (1) for gas- 
phase equilibria, is extended to electrochemical systems 
containing several charged phases. The present method, 
which is applicable to all equil ibrium problems of electro- 
chemical cells, makes no distinction among the constit- 
uent  species, e.g., the electrons transferred to and from the 
electrodes are treated like any other constituents of the 
system�9 The approach constitutes, for example, a useful 
computational aid to study the discharge behavior and the 
stability of batteries. 

The electrochemical cell, a thermodynamic system, con- 
sists of the electrodes, the gas phases, and the electrolyte 
surrounding the electrodes�9 The electrolyte may be in the 
liquid or solid state. There may also be solid phases in the 
electrolyte, e.g., some solidified salts. The thermodynamic 
state of the system can be expressed by the vector (T, p, nl, 
� 9  nq), where T is the temperature of the system, p its 
pressure, and q is the number  of different species�9 The 
molar amounts  of different species in the system are de- 
noted by nj, j = 1 . . . . .  q (e.g., nl = n[H+(aq)], n2 = n[H20(l)], 
n~ = n[H20(g)] . . . .  etc.). 

When transformations (chemical and electrochemical re- 
actions, phase transformations) occur in the system, the 
consequence is that the amounts  of species nj change. The 
changes in the amounts  of the species are constrained by 
atom balances, by charge balance, and possibly by some 
additional constraints, which can all conveniently be ex- 
pressed mathematically by means of the balance matrix 
A = [a~] 

q 

a~n j=b i  i = l  . . . .  s [1] 
j = l  

where bis are the element, charge, and possibly other 
amounts which are constants for the closed system (e.g�9 

1 �9 n[H+(aq)] + 2.  n[H20(l)] + 2.  n[H20(g)] + . . .  = b[H], the 
amount  of hydrogen element in the closed system)�9 s is the 
number  of balance quantities�9 In  addition to the element 
and charge balances, an important  constraint for a total 
electrochemical cell is Faraday's law, which can also be ex- 
pressed by Eq. [1] as we shall show below. Some irrever- 
sible processes can also be expressed by additional con- 
stralnts in the form of Eq. [1], as we shall demonstrate by 
an example in this paper. 

When the electric circuit of the electrochemical cell is 
open, the only outwardly directed work is the expansion 
work, and then, at constant pressure and temperature, the 
mi n i mum value of the total Gibbs energy gives the stable 
equil ibrium state of the system 

G(T, p, n, . . . . .  nq) = min! [2] 

The mathematical  problem of determining the stable 
equil ibrium state of the system is to find the molar 
amounts  (nl . . . . .  nq) which satisfy the constraints [1] and 
give the min imum value for the total Gibbs energy G, i.e., 
it is a solution of Eq. [2]. The list of species (j = 1 . . . .  , q) to 
be considered must  be chosen in advance, and the equilib- 
r ium composition is then found for this set of species by 
using Eq. [1] and [2]. 

The purpose of this work is to solve Eq. [2] with Eq. [1] 
for electrochemical systems and to study the conse- 
quences. First, the balance matrices are developed for half 
cells and then for total cells with two or more electrodes�9 
After this, the minimization problem [2] is solved, the cell 
potential is defined, and some illustrations of the use of the 
theory are presented. 

The objectives of this paper are as follows: 
1. To describe the basics of the thermodynamics of elec- 

trochemical cells with the aid of a balance matrix�9 The ap- 
proach given here differs from the conventional treatment 
in that we nowhere use reaction equations; the informa- 
tion included in chemical and electrochemical reactions is 
given here in the form of a ~balance matrix. For chemical 
systems this approach is already widely used and accepted 
[see, e.g., White et al. (1), Eriksson (2-4), Smith and Missen 
(5)]. Here we extend it to electrochemical systems. The im- 
portant concept introduced here is a discharge equation, 
which is basically the same as the classical Faraday's law, 
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