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AN ELLAM SCHEME FOR MULTIDIMENSIONAL
ADVECTION-REACTION EQUATIONS AND
ITS OPTIMAL-ORDER ERROR ESTIMATE*

HONG WANG!, XIQUAN SHI{, AND RICHARD E. EWINGS

Abstract. We present an Eulerian-Lagrangian localized adjoint method (ELLAM) scheme
for initial-boundary value problems for advection-reaction partial differential equations in multiple
space dimensions. The derived numerical scheme is not subject to the Courant—Friedrichs—Lewy
condition and generates accurate numerical solutions even if large time steps are used. Moreover,
the scheme naturally incorporates boundary conditions into its formulation without any artificial
outflow boundary conditions needed, and it conserves mass. An optimal-order error estimate is
proved for the scheme. Numerical experiments are performed to verify the theoretical estimate.
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1. Introduction. Advection-dominated reactive transport partial differential
equations (PDEs) arise in petroleum reservoir simulation, subsurface contaminant
transport, and many other applications and often present serious numerical difficul-
ties [2, 13]. Space-centered finite difference or finite element methods tend to gen-
erate numerical solutions with severe nonphysical oscillations. Upstream weighting
techniques are commonly used in industrial applications to stabilize the numerical ap-
proximations in most large-scale simulators. However, they produce excessive artificial
numerical dispersion, which is of the order of the grid spacing size, and potentially
spurious effects related to the orientation of the grid [13, 21].

Many specialized schemes have been developed to overcome the difficulties men-
tioned. Most such methods are based on upstream weighting techniques. The optimal
test function methods [1, 5] minimize the spatial error and yield an upstream bias in
the resulting schemes. The streamline diffusion finite element method [3, 19] adds a
numerical diffusion only in the direction of streamlines with no crosswind diffusion
introduced. The high resolution methods are well suited for the solution of nonlinear
hyperbolic conservation laws and resolve shock discontinuities in the solutions without
excessive smearing or spurious oscillations [7, 8, 17, 24, 25, 26]. Because of the hyper-
bolic nature of advective transport, many characteristic methods have been developed
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to solve advection-dominated PDEs [12, 16, 22, 23, 27]. Traditional forward track-
ing or particle tracking methods [16] advance the grids or the mass associated with
the nodes following the characteristics and greatly reduce temporal errors. However,
these methods often distort the evolving grids severely or redistribute the mass to the
nodes in the future time steps in an ad hoc manner. Other characteristic methods,
such as the modified method of characteristics (MMOC) [12], follow the flow by track-
ing the characteristics backward from a fixed grid at the current time step and, hence,
avoid the grid distortion or mass redistribution problems. These methods symmetrize
and stabilize the governing equations, greatly reduce temporal errors, thus allowing
for large time steps in a simulation without the loss of accuracy, and eliminate the
excessive numerical dispersion and grid orientation effects [13]. However, many char-
acteristic methods fail to conserve mass, which is of great concern in virtually all
applications.

The difficulties encountered by numerical methods for advection-reaction PDEs
are also reflected in their suboptimal-order convergence rates. The linear Galerkin fi-
nite element method and upstream weighting method were proven to have a
suboptimal-order convergence rate of O(h + At) in L? (where h and At are the
sizes of the spatial grids and time steps, respectively) [18]. Despite that characteristic
methods have greatly improved accuracy and efficiency, they considerably increase
the complexities in their theoretical analyses. The best available estimate for the
MMOC (with approximating spaces of piecewise polynomials of degree at most m
on a general finite element mesh) for multidimensional linear advection PDEs is only
of a suboptimal order O(h™ + At) in L?, which was proven in [10] under a periodic
assumption. It is only in the context of a one-dimensional, constant-coefficient advec-
tion equation with periodic data that an optimal-order convergence rate of O(h?+ At)
in L? was proven for the corresponding MMOC under a fairly restrictive assumption
that At = O(h?) [9].

The Eulerian-Lagrangian localized adjoint method (ELLAM) was originally pre-
sented in [4] for the solution of one-dimensional, constant-coefficient advection-diffusion
PDEs. The ELLAM framework provides a mass-conservative, characteristic solution
procedure, and overcomes the principal shortcoming of many characteristic methods
while maintaining their numerical advantages. We previously developed an ELLAM
scheme for advection-reaction PDEs, which generates a well-conditioned, symmetric
and positive-definite coefficient matrix and can be solved efficiently by, for example,
the conjugate gradient method in an optimal-order number of iterations without any
preconditioning needed. The numerical experiments showed that the ELLAM scheme
often outperforms many widely used and well-received methods [28, 29]. Furthermore,
in contrast to many previous methods that either impose a periodicity assumption on
the advection-reaction PDEs or require that an artificial outflow boundary condition
be supplemented, the ELLAM scheme naturally incorporates inflow boundary condi-
tions into its formulation without any artificial outflow boundary conditions needed,
and it conserves mass.

The theoretical analysis for ELLAM schemes introduces further difficulties to the
already fairly complicated analyses of characteristic methods. These issues include si-
multaneous a priori estimates for unknowns in interior and at outflow boundaries, and
those due to the special treatment of the inflow boundary for mass conservation. Pre-
viously, the authors derived an optimal-order error estimate for the ELLAM scheme
for the initial-boundary value problems for one-dimensional advection-reaction PDEs
[14, 15], without requiring the periodic assumption or the restriction that At = O(h?).
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In this paper we derive an optimal order error estimate for the ELLAM scheme for the
initial-boundary value problems of multidimensional, advection-reaction PDEs. Be-
cause the techniques used in analyzing the one-dimensional ELLAM scheme depend
on the Sobolev embedding theorem that the Sobolev space H!(2) — C(f) (the space
of all continuous functions) which is true only in one space dimension, the analyses in
[14, 15] would not carry over to multidimensional problems. In this paper we utilize
the blending or Boolean interpolation [11, 20] and adopt a different approach to derive
the error estimate. Then we perform numerical experiments to verify the theoretically
proven convergence rates.

The rest of the paper is organized as follows. In section 2, we present an ELLAM
scheme. In section 3, we introduce some preliminary notions and blending interpo-
lation estimates. In section 4, we derive the main result, an optimal-order L? error
estimate. In sections 5-8, we prove some lemmas used in section 4. In section 9, we
perform numerical experiments to verify the theoretical estimates.

2. An ELLAM formulation. We consider the following initial-boundary value
problem for the advection-reaction PDE

ut(x,t) + V- (vu(x,t)) + R(x, t)u = f(x, t), (x, t) € Qx(0, T]a
(2.1) u(x,t) = gx,t), x € S,
u(x,0) = wup(x), x €

where Q = (a,b) x (c,d) is a rectangular domain with the boundary T := 9Q.
v(x,t) := (Vi(x,t), Va(x,t)) is a velocity field, R(x,t) is a first-order reaction coeffi-
cient, f(x,t) is a given function describing source terms, and u(x,t) is the unknown
function representing the solute concentration of a dissolved substance. S is the
space-time inflow boundary defined by

S .= {(x,t) €T x [0,T] | v(x,t) - n(z) < o}
with n(x) being the unit outward normal. g(x,t) and ug(x) are the prescribed inflow

boundary and initial conditions, respectively.

2.1. Characteristic tracking and partitions of the domain. Let N be a
positive integer. We define a partition of the time interval [0,T] by

T
t" :=nAt, n=0,1,...,N, with At:= N

Multiplying the governing PDE in (2.1) by space-time test functions w(x,t) that are
continuous and piecewise smooth, vanish outside the space-time strip Q x (", "],
and are discontinuous in time at time ¢", we obtain a space-time weak formulation

tn+1

/u(x,t"“)w(x,t"“)dx—{—/
Q t

tnt !
22  _ /
t gntl

:/Qu(x,t")w(x,ti)dx—{—/tn /Qf(x,t)w(x,t)dxdt,

/ v - n(x) u(x,t)w(x, t)dsdt
T

1
/ u(x, t) (wt +v-Vw-— Rw) (x,t)dxdt
Q
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where w(x,t%) := lim;_» w(x,t), which takes into account the fact that w(z,t) is
discontinuous in time at time t", and

D ={(x,t) € T x [t*,t"*1] | v(x ) (z) < 0},
(2.3) N ={(x, 1) € T x [, 671 | v(x,t) -n(z) = 0},
S ={(x,t) € T x [t*,t"*1] | v(x, ) n(z) > 0}.

In the ELLAM framework, we choose the test functions w to satisfy the adjoint
equation of the governing PDE in (2.1)

(2.4) wy +v-Vw - Rw =0.

Equation (2.4) implies that the test functions w should vary exponentially along the
characteristics defined by the ordinary differential equation

dx

v(x,80).

Because one cannot solve (2.5) exactly in practice, one has to use numerical means.
For simplicity, we use an Euler quadrature to approximate the characteristics. For
any x € (), we define an approximate characteristic r(6;x,¢"*!) emanating backward
from x at time t"*! by

(2.6) r(0;x, ") = x — v(x, t"TH ("~ 0), 0 € [t*(x), ",

where t*(x) is the time instant when r(6; x, t"!) backtracks to the boundary I' during
the time period [t",¢"*1], and t*(x) := t™ otherwise.

For any (x,t) € 57(10) we define an approximate characteristic r(f; x,t) extending
backward from (x,t) by

(2.7) r(f;x,t) :=x - v(x,t)(t —0), 0¢€[t*(x,1)t],

where t*(x, t) is the time instant when r(6;x,t) backtracks to the boundary I' during
the time period [t", ], and t*(x, t) := t™ otherwise. To accurately measure the effect of
the reaction and source terms on a particle traveling from the previous time ¢" or the
inflow boundary S,(ll) to the current time ¢"*1 or the outflow boundary S,(lo) , we define
location-dependent time steps At(D)(x) = "1 — t*(x) and At(O)(x,t) :=t — t*(x,t).

Instead of defining the test functions w to be exponential along the characteris-
tics determined by (2.5), we define the test functions w to be exponential along the
approximate characteristics defined by (2.6) and (2.7)

(28) w(r(e; X, aao) = W()—(,E)B‘R(i’f)(t__o),

where 6 € [t*(x),t" "] for (%,f) = (x,t"!) with x € Q and 6 € [t*(x,t),1] for
(%,1) = (x,t) € Sp O).

2.2. A reference equation. We now evaluate the second term on the right-
hand side of (2.2). To avoid confusion we replace the dummy variables x and ¢ in this
term by y and 6, and we reserve x and ¢ for use in Q at time ¢"*! or at the space-time

outflow boundary S . We define

QON9) ={x€Q | Iye[ht"t!], such that (s.t.) r(y;x,0) € r'},

2.9
(2:9) QD) ={xeQ | Iy, e S with v € [t 0], s.t. x = r(6;y,7)}.
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Namely, Q(©)(0) C Q is the set of points that will flow out of Q during the time period
[0,t"1] and QD) () C Q is the set of points that flowed into {2 during the time period
[t™, 6].

For any y € Q\Q(©)(f), there exists an x € Q such that y = r(f;x,t"1).
Similarly, for any y € Q(9)(8), there exists a pair (x,t) € 59 such that y =r(0;x,t).

Hence
A
o) = [

/ / r(6;x,t),0) w(r(8;x,t),0) drdf.
tn Q(0>(0)

Enforcing the backward Euler quadrature at ¢"*! to the first term yields

t"+1

/ f(y,6)u(y, 8) dydd

t+1

/ f(x(0;x,t"1),0) w(r(d;x,t™*1),0) drdd
2\ (6)

/ fr(0;x,t" 1), 0) w(r(8;x,t" 1), 0) drdf
Q\Q<f>(9)
t'n 1

tn+1
/ / r(0;x,t"11),0) w(r(;x,t"),0) detI(0;x,t"')dfdx
t*

/t"
(x) -

— / f X, e w(x’ tn+1) [/( e~ R(x, gLy (gt - da] dx + El(f, )
Q t*(x)

B / W (e, ") £, " w(x, 7 dx + By (f,w),
Q

(2.11)

where detJ(6;x,t" 1) := det(%}’—fjﬂ) is the Jacobian determinant of the transfor-
mation from r to x. U(D(x, t7+1) 1= (1—e~ROE"THALD () R(x 1) if R(x, t7+1) #
0 and (D (x,t"*+1) := At)(x) otherwise. E;(f,w) is defined by

tn+1

Ex( / / (0 %,674),0) det(6:x, 1) — [(x,1"*)]
()
xw(X, t"“) —REGMTHE0) oy

The second term on the right-hand side of (2.10) is written as
/ / £(6; %, 1), 6) w(x(8; %, ), 0) drdo
tn Q<O>(9

/ / £(0: %, 1), 0)w(r(0: %, £), 0)detI (6: x, £)v(x, {) - n(x)d0dS
2 13 S(O) t*(x,t)

(2.12)

tn+l

—-/ v(x,t) - n(x)f(x,t)w(x,t) l/t e_R(x*t)(t‘o)dO} dS + Ex(f,w)
s t*(x,t)

= [ o v(x,t) - nx) T (x,t)f(x,t) w(x,t) dS + Ea(f, w),
Sn

where U@ (x,1) := (1 — e—R<x DAL (x0) I R(x,t) if R(x,t) # 0 and T@(x,t) :=
AtO)(x,t) otherwise. Ey(f,w) is defined by

(2.14) /5<o>/t( o v(x,t) - n(x )[f(r(f);X,t),G) detJ (6;x,t)
—flx, t)] x w(x, t)e” FxOE=0dgds.
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Substituting (2.10), (2.11), and (2.13) for the second term on the right-hand side
of (2.2) and incorporating the inflow boundary condition in (2.1) into (2.2), we obtain
a weak formulation for the governing PDE in (2.1):

/u(x,tn+1)w(x, tn+1)dx+/ v(x,t) - n(x) u(x, t)w(x,t)dS
Q S£0)

= [ttt e+ [ B0 7 e,
(2.15) o

+/;(o) v(x,1) - n(x)¥® (x,1) f(x,t) w(x,t) dS

——/ v(x,t) -n(x) g(x,t)w(x,t)dS + E(w)
s

with
E(w) = E1 f w +E2(f, )

(2.16) /t"“

3. A numerical scheme. We define a uniform rectangular partition on 2

. . . b—a

T®: z;:=a-+ilAzx, 1=1,2,...,I, with Azx:= ,
(2.17) al
TY: y;j:=a+jlAy, j=1,2,...,J, with Ay:=

/ u(x,t)(wy + v - Vw — Rw)(x, t)dxdt.

—-c
J

Let h = [(Az)? + (Ay)?]'/? be the diameter of the partition; we assume that the
partition is quasi-uniform, i.e.,

h

<— <
S min{az, Ay} = M < Foe

Without loss of generality, we assume that Vi(x,t) and V2(x,t) are positive on the
space-time boundary I" x [0, T]. In this case, the spatial inflow and outflow boundaries
D and T are independent of time, and the S and S'©) defined in (2.3) are
reduced to

) ={(a,y) |y € le.d]} U{(z,c) | z € [a,b]}, S =D x [gr, g0+,

(2.18) '@ ={(by) |y €le,d}U{(z,d) |z € a,b]}, S = TO x [t tn+1).

Notice that during the time period [t",¢"*1], the number of spatial degrees of
freedom crossing the outflow boundary S7(10) is essentially the Courant number in the
normal direction. To preserve the information, we should refine in time at the outflow
boundary 5’7(10) with the same number of degrees of freedom. Let

{lVl(x,t)lAt |V2(X,t)|At}

©) ._
Cr\%) max An , Ay

(x,t)es(

be the Courant number with [C7(9)] being its integer part. We define a local refine-
ment in time at the space-time outflow boundary S,(IO) by

(219)  T': tpp =t —kAty, k=0,1,...,IC, withAtfzz%,
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with IC = [C7(?)]+1. The combination of the local refinement (2.19) with the spatial
partition (2.17) forms a partition on the space-time boundary 589,

Let ¢(x) be any piecewise-bilinear function defined on §2 with the partition
T* x TY, and let ¢(x,t) be any piecewise-bilinear function on the space-time out-
flow boundary 59 with the partition 7% x T or 7¥ x T*. Then the expression (2.8)

leads to the following definitions of the test functions w(x,t) in the space-time strip
Q x [t

w(r(0;x, 171, 0) = p(x)e RO THET=0) g ¢ [t*(x), 1], x € Q,
w(r(0;x,1),0) = d(x,t)e" REDE=0) g e [t*(x,1),1], (x, 1) € S,

where t*(x) and t*(x,t) are defined below (2.7).
With the known solution u(x, ™) on § at time ¢™ and the inflow boundary condi-

tion on SS, the weak formulation (2.15) solves for u(x," ™) on © at time t"*! and

(0)

u(x,t) on the space-time outﬂow boundary S~/ with no equations being imposed on

D at time t"*! or on S\ at time t" [4]. However, to conserve mass, all the test
functions in the numerical scheme should sum to one on Q at time t"*! and on the
space-time outflow boundary Sn . Therefore, we add the basis functions at the nodes
on S',(‘LO) at t™ to those at their neighboring nodes on S7(10) at t, rc—1, leading to the
modified nodal basis functions ¢; ;x and ¢;;x. To maintain the stability and coerciv-
ity of the ELLAM scheme, we use these modified basis functions for both trial and test
functions. Similarly, we add the basis functions of the test functions at the nodes on

(D) with t = "+ to those at their neighboring nodes on § at time 1. For exam-
ple, at the nodes x1; (j = 1,2,...,J) the basis functions b1,5(x) := ¢, (%) + p1,;(x)
are constant in z direction on the interval [zg,z1]. At all other nodes that are not
adjacent to a node on Sﬁl) at t"*1 the functions ¢A$,] = ¢, ;. One can easily see that
the test functions t(x,t) defined this way sum to one on Q at time t"*! and on the
space-time outflow boundary S,(lo). However, to have second-order accuracy in space,
we cannot use q@,] (x) as the same basis functions for the trial functions in (2.20).
Instead, we use the standard bilinear functions ¢; ;(x) on Q at time t"*! for the trial
functions. In summary, the trlal functlons are defined on Q at time t"*! and on the
space-time outflow boundary Sn , which have the following expressions under the
assumption (2.18):

J I
U(xatn+1) = ZZU(Xi,]a ¢z,] +Zg X;,0,t ¢z 0( )
=1 i=1
{] —
+Zg(x0,jatn+l)¢’0,j(x)7 x €€},
(2.20) ]7i1 IC-1
Uk, t) = Y Urjtk)dr,k(xt)
j=0 k=0
1 IC-1 )
+ Z U(xi,Jv tn,k)cz)i,J,k(x’ t)a (X, t) € 57(7,0)7
i=0 k=0
where x;; = (z;,9;).

i,j(x) (0 <@ < I,0<j < J) are the nodal basis func-
tions satisfying ¢’U(le) = 6;y 6jm, where 6;; = 1if i = j and O otherwise.
b15k(x,t) (0 < j < J) and ¢; 5x(x,t) (0 < i < I) are the nodal basis functions



ELLAM SCHEME FOR ADVECTION-REACTION EQUATIONS 1853

satisfying ér,;k(X11,tn,m) = 851 Ok,m and s k(X105 tnm) = i1 Okm- brik = D15k
and Gigk = bi gk for k=0,1,...,IC — 2, and ¢1 ;101 = br1j10-1 + b1,.10 and
big1c-1 = big1c—1 + dig1cC-

Incorporating the trial and test functions into (2.15) and dropping the error term
on the right-hand side, we obtain the following ELLAM scheme:

/U AR t"“)dx—i—/(o)v‘nU(x,t)zb(x,t)dS
Sn
(2.21) = [ U(x,t")w(x, t")dx+/\11(1>(x,t"+1)f( (T D (x, t" ) dx
Q

+/2Wm&@vmf&ﬂﬂ&ﬂﬁ—/ v -ng(x,t) b(x,t)dS,
5 s\

where U(x,0) has the same form as (2.20) and is defined to be the L? projection of
ug(x) given in (2.1).

It is easy to see that the ELLAM scheme (2.21) generates a regularly struc-
tured, well-conditioned, symmetric, and positive-definite coefficient matrix. Hence,
the resulting algebraic system can be solved efficiently by, for example, the conjugate
gradient method in an optimal order number of iterations without any precondition-
ing needed. Moreover, in contrast to many previous methods which either impose
a periodicity assumption on the advection-reaction PDE in (2.1) or require that an
artificial outflow boundary condition be supplemented, the ELLAM scheme (2.21)
naturally incorporates the inflow boundary condition in (2.1) into its formulation and
yields a mass-conservative scheme without any artificial outflow boundary conditions
needed. Furthermore, by a judicious choice of the test functions that appear in the
weak form (2.2), the relative importance of the advection and reaction components in
the governing PDE in (2.1) is directly incorporated into the ELLAM scheme (2.21).
We refer readers to [28, 29] for more detailed information on the implementational
issues of the ELLAM scheme.

3. Preliminaries and blending interpolation.

3.1. Preliminary notions. Let LP(f2), 1 < p < 400, be the standard normed
spaces of pth power Lebesgue integrable functions. Then we define the Sobolev spaces

Wm,p(Q) = {'U(X) W

i+-J
T@,Y) ¢ o), 0§i+j§m}

with the norms

i+j p
[ollwme) =14 |ositszm! 7TV e
0"*vu(x, y)
0<i+j<m ozoyl Lo ()

In particular, we let H™(Q) = W™2(Q) and H°(Q) = L?(2). In addition, for
1 <p, g < 4o we define the normed spaces

Lq(tl, t2; Wm’p(Q))
={w(xt) | w(,t): (tr,t2) — W™P(Q), JJw(-,t)lwmo(e) € L9(t1,22) }



1854 HONG WANG, XIQUAN SHI, AND RICHARD E. EWING

with the norms

w STWm, = w ‘,t m,p ’ 1 S ) S +m’
(3.1) I "L"(tl,th ?()) ”" ¢ 0)llw n(n) La(ty,t2) b q
lwllzooo,rizziy = max lMlw(-t")llzz)-

Let p(z) € Cla, b], the space of continuous functions on [a,b], and 7% be a par-
tition on [a,b] given in (2.17). We define II* to be an interpolation operator from
Cla, b] to the space of piecewise-linear functions on [a, b] with the partition 77:

@)@, = e @) +pE)ee), 1<isT,
with

(1) _Ti—Z 2 et |

¢i (.’E) O A.’L‘ L] ¢t (‘1:) . A.’I: ’

Similarly, for any q(z,y) € C(Q), the space of continuous functions on {, we

define IT! to be an interpolation operator from C (Q) to Qn(R), the space of piecewise-
bilinear functions on  with the partition 7% x TY defined in (2.17):

z € [zi—,zi], 1<i<I

(g)(z,y)|o = (*T¥g)(z,y) = (I'TI°g)(z,y)
%,
2
=Y q@ir-2 Yrm-2)8 (@y), 1<i<I 155,
l,m=1
where

S (z,y) =0 (@)8\M (), (2.y) € Dy = [mim1, 2] X [yj-1, 5],
1<lm<2, 1<i<I, 1<j<J.

It is well known that the following estimates hold [6]:
(32) Mg - gllwmr@y < M E*™|gllw2r@y Vg € HYQ), m=0,1,
lallwme@ < M A~ llgllam) Vg € Qu(@), m=0,1.

Although the estimate in (3.2) is of optimal-order, it is not refined enough. We
need a more refined expansion in our analysis. For example, it is well known that in
the one-dimensional case, the following error expansions hold:

Ti am
=/ Ki(m)(a;a:)——-ﬁy—)—da, 1<i<I,
[ei-1,24] Ti1 d™a -

m =1,2,

a3 EPE @)

where the Kernels Ki(l)(a; z) and K,-(2) (o;z) are defined by

e R il .
(3.4) KMwz) = %) Az 0 Slmonal
. i ’ (2) T — T;-1
¢i (1;) = _—A—;-i'—, a € [wy .’Bi],
and
oM (z) (a—zisy) = (z: — 2)(e “wi_l), @ € [zi1, 2],

(3.8) K?(052) = __Ap
) o ¢$2)($) (wi - a) = (2? x’“Ali(xz a)

Equation (3.3) holds for p € H™(a,b) with m =1 or 2.

, Q€ [.’L‘, :ci].
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3.2. Blending interpolation. To derive an analogous expansion for the er-
ror of bilinear interpolation (IT'q)(x,y) — ¢(z,y), we utilize the blending or Boolean
interpolation (ITBq)(x,y) [11, 20] defined by

(ITq) (=, y)' = (II° + [I¥ — TI°11%q) (2, )
—Z[ A(@i1-2,1)8(2) + a(, v541-2)8 (v)]
- Z (Tisie2 Yiam—2)b O (2,y), 1<i<I 1<j< U

I,m=1

Using (3.3), we obtain the following error expansions for the blending interpolant:

(%) @,y) - a(z,y)|. =~ — DI ~ Da(z,y)|_
z5 i3 . 7

=—(IY -1) / Ki(l)(a; z)—a—q(a y)da
(36) v; = Ti-1 9ot

__ / K™ (o, B2, ) 44, B)daxdB,

Yj—1 Y Ti-1 ﬂ
1<i<I, 1<j<J 1<Ilm<2,

with
(3.7) K™ (e Biz,y) = KD (s2) K™ (By).

Equation (3.6) holds for ¢ € H*+™(Q) with 1 < I,m < 2.
Using (3.3), we obtain an expansion for (IT' — I18)q(z, y):

(I - HB)q(w,y)lﬁi’j
_ [Hy(H” - 1) + IT*(I1¥ — I)] Q(%y)'—

i,

T yj
=1 [ kP (@ie)na(an)da+ 17 [ KD (Bi)ass(z, 6)d8
x Y

i—1 -1

Ti Yj
sy = EP@oMiat [1 KOG 5

Yji-1

/ K“’)(a 2)daala, y)da + / K® (8:4)qs5(, B)dB
11— y

j—1

e 2,1)
w7 ] KEV@8im auasla Sdads
{b]l 1’1, 1
+f [ P se (e f)dads, 1i<L 15550
Using (3.6) and (3.8), we obtain an error expansion for (II! — I)q:
(I - Dae,y)| . = ('~ TB)q(z,y)|_ + (1B - Dg(z,y)|_
Qi,j Qi‘,j Qi,j

T (2) Yj (2)
= Ki ; T)qaa (@, y)do + K;7(B;y)aps(z, B)dB

Yj—1
P

9%q

K(m3 m)

/ (2,8:,9) g = (00 B)dd,
lngI 1<3<J, m=1,2.

(3.9)
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3.3. Notations. To derive an optimal-order error estimate for the global trun-
cation errors

e(x,t?) :=U(x,t") —u(x,t"), x€Q, n=20,1,...,N,
e(x,t) =Uxt) —uxt), xt)es, n=01,..,N-1,

we introduce the following auxiliary functions in light of the definition of the trial
functions U in (2.20):

J I
HIU(X,tn) = ZZ’U;(X;',J, ¢1,](x +Eg(x10, ¢10( )

j=1
(310) . —-1IC-1
Mu(x,t) = U(XT,55 k) D15,k (X, T)
7=0 k=0
I IC-1 )
+y U(Xi, 7, tn k)03, 0,k (X, 1),
i=0 k=0

(x,t ES,(EO), n=0,1,...,N—1.

Then we can decompose the global truncation errors e(x, t*) for x € Q and e(x, t)
(0) .
for (x,t) € Sp”’ as follows:

e(x,t") = &(x,t") —n(x,t"), x € Q, n=20,1,...,N,
e(x,t) =¢£&(x,t) —n(x,t), (x,t) € s n=0,1,...,N—1,
with
E(X, tn) = U(X, tn) - HIU(X, tn)v £(X, t) = U(X,t) - HI’U,(X, t)a
(311) "I(X, tn) = HI’U,(X, tn) - U(X, tn)a "I(X, t) = HI'U,(X, t) - u(xa t)7
xeQ, n=0,1,...,N, (x,t)ES’,(lO), n=0,1,...,N—1.

Notice that the error estimates for (x,t") and n(x, t) are known from (3.2), (3.3),
and (3.9). Our main objective is to derive an optimal-order error estimate for £(x, ™)
and £(x,t). From definitions (2.20) and (3.10), we obtain the following expressions
for £(x,t™) and £(x,t):

Extm) =3

™M~

€(xi;,t")i;(x), x€ Q, n=0,1,...,N,
=1i=1
-1 R

E(X1,j,tnk)P1,5,k(X, 1)
0 k=0

1c-1 )
> EXi g tn k)i sk (X, ),
k

=0

(S
,'_. —
~

1

£x,t) =

g

<.
Il

+
-

Il
<)

1

(x,t) €S, n=0,1,...,N-1.
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We also introduce the following notation for x € Q and n = 0,1,..., N:
R J I
é(X,tn :—225(’(2]7 ¢’Lj +Z§(xz 1,t ¢10 )
(3.12) =1t
+ ) €0k, 7)o, (%) + E(x1,1, ") bo,0()-
=1

The following expressions, which come from (3.11)—(3.12), will be used frequently
in our theoretical analysis:

§(x t") =n(x,t") =0, xeIl'D 0<n<N,
(x t") = &(z1, y,t"), (z,y) € la,z1] % [y1,d], n=10,1,...,N,
(313) &(x " ) = f(l‘, ylvtn)! (il?,y) € [zlab] X [Ca yl]y n=0,1,...,N,
t") = &(z1,y1,t"), (z,y) € [a,21] X [e,31], n=0,1,...,N,
( t) =€(X,tn1o-1), X€TO te[t" thrc-1], 0<n<N -1

We use € to denote an arbitrarily small positive number and M to denote a generic
positive constant, which may assume different values at different places.

4. Main results. In this section, we derive an optimal-order L? error estimate
for the ELLAM scheme (2.21). Subtracting (2.21) from (2.15) we obtain

/ e(x, t"1)é(x, t"“)dx-f—/ v(x,t) - n(x) e(x,t)é(x,t) dS
Q 0)

Sn
/e(xt )E(x, th)dx — E(£).
Q

Then the error equation above is rewritten in terms of £ and 7 as follows:

[ e e, et yax+ [y vx:8)- 00 (x, )
Q s
@) = [ et tmixr [ e ex

— [ n(x, t"HE(x, 1) dx — /(O) v(x,t) - n(x)n(x, t)E(x, t)dS — E(£).
Q Sn
Using (3.13) we rewrite the first term on the right-hand side of (4.1) as

§(x tn+1)é X tn+1)dx

Q/ / £2(x, 1) dx+/ / E(x, t" ) (xy, y,t"t1)dx

(4.2) / K / E(x, t")E(z, y1, £ )dx + / / E(x, t" e (1, y1, £ )dx

Il d
/ 62(x £+ ) 4 2 / (21, y,t")dy
Y1 1?1 2

K2

Ay/ §2zy t'n.+l)d +A$ 1152( tn+1).
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We now turn to the right-hand side of (4.1). The first term is decomposed as

/ E(y, té(y,tm)dy
/ E(y, t)E(y, th)dy + / E(y, t")E(y, th)dy
Q\Q(O) (tn)

- g(x ’ tn)é(xa tn+1) detJ( )X, t"+1)e-R(x,t"+l)Atdx
Q\Q) (gn+1)

+ [ o €@ tMEW, t)dy
Q‘n

(4.3)

- / £, 7)€k, 7+ (et (¢ x, ¢+ e RO A 1) i
Q\Q( (gn+1)

+ E(x,tME(x, t"H)dx + £y, t")E(y, t)dy,
Q\Q(I)(tn+1) Q;O)

where Q()(#) and Q(9)(6) are defined in (2.9).
The first and third terms on the right-hand side of (4.3) are bounded by

/ £(x*, tM)E(x, 1Y) (detJ(t";x, grtlye=ROo™ AL _ 1) dx
Q\Q(D (gn+1)

E(y, t™)E(y, ti)dy)

@
1 1
< Z 2 n 2
<3 Q;o)ﬁ (v, t})dy + 5 (0)5 (y,t")dy
+MAt £(x*, t")€(x, 1) ‘dx
Q\Q) (¢n+1)

MA
< LA /S o V00 00,00 + 5 [ €,y

+MAt§(x, t™ 1)“1,2(9) + MAE(x,t")[|72(q)-

However, the estimate for the second term on the right-hand side of (4.3) is very
delicate and is derived in Lemma 1 in section 5. We present only the result here:

/ E(x", t™)E(x, t" 1 )dx
Q\Q) (¢n+1)

< 1/ £2(x, ") dx + 1/ €2(x, t")dx
2 Ja, 2 (n\n<°>(tn>>n([z1 )% [y1,d])

(4T / K® (21, )6 (21,9, " )dy + =2 / K®(@,y1)€%(z, g1, "+ )do

Az Y (z1,d) b* (byx)
+— & (zlay’tn)dy+ _—/ § ((l) yl’tn)d

4 1
+A_zA_yK(3) AxAyg (x1.1,t")

(x1,1) K@ (x1,1)€% (1,1, 8" +
+MAL|E(x, ") ]|F2 () + MALIEX, 1) [|72(q)»

where

K®(x) := (1 - K(5)(x))2, KG)(x) = min { l/ﬂ_xg;l)m_t |
(4.5) \
K@(x) := (1 — K®(x ))2, K©)(x) = mm{ M(_ZJJA_t}.
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(46) z*(z,y) =z —Vi(z,y, t"THAL,  y*(z,y) =y — Va(z,y, V)AL,
b*(b,y1) =b-Vi(by,t" AL, d*(z1,d) :=d - Va(z,d,t" )AL,
Q= (Q\QD (1
Qy := (Q\QD g+
Q5 = (Q\Q) (gr+1
Qq = (A\QDO 1)) N ([z1,b] ¥ [y1,d)).

([a’ .'171] X [yla d])a

N
N ([a, z1] x [¢,31]),
(4.7) ",

Combining (4.3)—(4.4), we have bounded the first term on the right-hand side of
(4.1). As with (4.3), we rewrite the second term on the right-hand side of (4.1) as

/Q n(y, t")é(y, t7)dy

= / n(y,t")E(y, t )dy + / n(y, t")é(y, t7)dy
Q\QO) (tn) Q@

(48) = n(x*, t")E(x, ") (detJ(t";x, 1) ROxt™ At _ 1) dx
Q\Q() (tn+1)

+ n(x*, t")E(x, t" ) dx
Q\QD (tn+1)
+ / ) v(x,t) - n(x)n(x*(x,t),t")é(x, t)e'R(x’t)(t—t")dS.

s

The first term on the right-hand side of (4.8) is bounded by
/ n(x*, t")E(x, t"+1) (detJ(t”;x, t"“)e"R("’t"H)At - 1) dx
Q\QU) (gn+1)

< mat |
Q\Q) (tn+1)

< MAtn(x, t™) | L2@) 1Ex, )|l 20
< MAE(x, ") 12 () + MAE A* [u(x, t7)[[32(q)-

n(x*, ) (x, "+ )|dx

The second term on the right-hand side of (4.8) and the third term on the right-
hand side of (4.1) are combined in the error analysis. When Cr > 1, where

Cr .= max {

[Vi(x,t)|At |Va(x, t)lAt}
(x,£) €% [0,T] ’ ’

Az Ay

h < MAt. These two terms are bounded by

/ n(x", )€k, ) dx - / n(x, £ E(x, £ )dx
Q\QU) (gn+1) Q

< / n(x*, t™)é(x, " 1)dx +' / n(x,t"“)é(x,t"“)dx'
Q\QU) (tn+1) Q

< MIE(x,t™ )| L2 (q) (llﬂ(x, ") L2 + IIn(x, t")||L2(n))
< MA2||E(x, )| 2 () lull Lo (0,752 ()
< MAH|E(x, t"4) |72y + M (A)?||ullF oo 0,7; 52 (02))-

(4.9)
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When Cr < 1, we decompose these two terms as follows:

/ n(x*, t7)E(x, 7+ )dx — / n(x, £ E(x, 7Y dx
Q\QU) (gn+1) Q

tn+1

o /Q\Q(I)(tnﬂ) /t"
(4.10) [

- n(x, t"F1)E(x, " )dx
Q) (gn+1)

- [ [, %) = e, 1) €, £+ )dx.
Q\Q(I) (tn+l)

e (X, t)dt] £(x,t"t1)dx

The first term on the right-hand side of (4.10) is bounded by

tn+1

Franio
l“n-Q-l
<ol
Q\Q (tn+1) | Jen

< MALE(x, ™)1 2(0) + MImel 22 0n tnt1.22(0))
< MAH|EX, ") 220y + MA*[[uel| T2 (in gnsr, 512 (02))-

(X, t)dt} £(x,t"+)dx

1/2
nZ(x,t) dt} lﬁ(x tmth) ldx

However, the remaining two terms on the right-hand side of (4.10) are more diffi-
cult to bound. The techniques in the previous analyses for MMOC [10, 12] lead only
to a suboptimal-order error estimate that does not reflect the strength of the ELLAM
scheme. To derive an optimal-order error estimate, we develop new techniques to an-
alyze these terms and present the detailed analyses in Lemmas 2 and 3 in sections 6
and 7; there we obtain

[t s [ [, £7) — ", £7)] o, £+
Q) (gn+1) Q\Q) (gn+1)

<e /(o) V- n§2(x, t)dS + e1AzAy [K(5) (x1,1) + K(G)(xl 1)] 52(x1 L, ")
Sn

+61Aw/ KO (zy,y)¢ (wl,y,t"“)dy+€1Ay/ K® (z,y1)&%(z,y1, t" " )dz
Y1
MAHE ™) L + MAL [1 + (A7 fulx, ) s,

where e = 0 for Cr > 1 (recall (4.9)).
The third term on the right-hand side of (4.8) is bounded by

I / v - nn(x*(x, 1), t")E(x, t)e'R("’t)(t't")dSl
5@

1/2
=M [/ o ¥ PE t)ds] [/ o VRO (), t")dS]
S"O S"O

(4.11) < 52/ v -né?(x,t)dS + M/ n%(x,t™)dx
s QO (¢n)

< 52/ v - né?(x,t)dS + M(At)3||u(x, t")llfp(g)
5

1/2

FAMAE [h4 " (At)2] e, £) 1
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where A = 1 if Cr < 1 and 0 otherwise. At the last step we have used (6.2), which
will appear in section 6.

Recalling (3.10), TMu(x,t) = u(x, tn,10-1) for x € 'O and t € [t™, tn,10-1]-
When Cr > 1, h < M At. Hence,

2 2 2 2 2
S 70088 < M+ (47 (sl g, + Tl )

< MO (Jlusl2, geon, + Ial2, 00, )

where u; is the tangential derivative of u on I" and Aty is defined in (2.19).
When Cr < 1, tn -1 = t"*1. So, Mu(x, t) = u(x, t"+!) for (x,t) € S. Thus,

tn+1 2
/ n%(x,t)dS < MAt/ n%(x, " )ds + M L/ g (X, G)dO} ds
50 r© s | Je
)

< At hY|ugs)|? + M(At

2
Lo(0,T;L2(55)) el 000y

Combining the two preceding estimates, we bound the fourth term on the right-
hand side of (4.1):

/s<°> v(x,t) - n(x)n(x,t)E(x, t)dS‘

<[ i montixas] [ [ oo moge as]

412) <o, [ vxt) nx)ExAS+ M | (x,t)dS
§(O i

1/2

< 52/ v(x,t) - n(x)E2(x,t)dS + AM At h4||u||2Loo(0 T,H3())
5@ ik

n

M(At)? [||u||2Lz(tn,tn+l;H2(n)) + ”ut”i?(t",t"“;Hl(ﬂ))]’

where A = 1 if Cr < 1 and 0 otherwise. At the last step we have used the trace
theorem in the Sobolev spaces

(4.13) llu(s )2y < Mllul, )| (q)-

The last term on the right-hand side of (4.1) is estimated in Lemma. 4 in section 8.
We obtain

'E(é)l <e3 /S(O) v - n&l(x, t)dS+53/ £2(x, t")dx

QD (tr+1)N([z1,b]% [y1,d])

d
+53A~T/ K(s)(zl,y)£2(mlay> tn+1)dy
Y1

b
(414) +esAy / K©) (@, 0)€ (2, yo, ") da
+ EgACL'AyK(S) (Xl’l)K(e’) (X1’1)§2(X1’1, tn+1) + MAt|l£(X, tn+1)”%2(g)

+ MAt||E(x, t)”iz(s;")) + M(A)?|[ul o0 (0. 1,11 (02))

+ M(At)? [||f||iz(tn,tn+1;L2(Q)) + ”f‘r'”iz(t",t"“;LZ(Q)):l?

where f; is the derivative of f along the (approximate) characteristics.
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Incorporating (4.2)-(4.4), (4. 8)-(4 12), and (4.14) into (4.1), we obtain
/ / €2(x, " 1ydx + AT (1,9, 8" )dy
Y

n

+%/ €2(z,y1, t")dr + é%A—q{"(xl,l,t"“) +/(o)v-n§2(x,t)d5'
) S

1 d b 1 d b
<1 / / (x, " )dx + / / £2(x, t")dx
2 Y1 Y1 2 Y1 YT

sy

n

K(s) (xlyl)K(‘i) (xl,l) + 8€1K(5) (xl,l) + 861K(6)(x1,1)

+8e3 KO (x;, 1)K(6)(X1 1)] €2 (x4, 1,tn+1)

Az
A0+ 5 [ oty + 5L [ €,

n

+-Af-/ [K(3)(w1, y) +4(e1 +e3)K® ’(wl,y)]€2($1 y,t"1)dy
Yy

A
(415) +71'q/ [K(4)($,y1)+4(€1 +Es)K(s)(x,yl)]f2($,y1,t"+1)d93
4.15 z1

+ (% + MAt+1 +262 + e3) /S o V001) RO )48
+MALJE(x, )17, g0, + MALER, ™) 1Z2¢) + MALIE, ™)1 2(q)
+MAt [h4 + (A2l o 0,120y + M(AD?[[uel|2m emtr;01 )
+MBA el 2 (gn gns1,m2(0)) + AM AL [h4 + (At)2] l[el13 0,732
+M(At)? [||f||2L2(tn,tn+l;L2(n)) + IIfT“%?(t",t"“;Lz(Q))] )

where we have used the fact that

£(x, t")dx+/ £2(x,t")dx

Q\Q(O)(t"))ﬁ([ml b]x[yx,d})

/m / e tn)dx—'-/-(zl d)/ €60 t) dx+/b'(b,‘yl)/yl €8x, tM)dx

/ / 52 x)tn dx+ — 52(331,?!, tn)dy"' e 52(:17’ yhtn)dz
Y d*(z1,d) 4 b* (b,y1)

Q@

In (4.15) we choose €; = €2 = €3 = 1/24. By the definitions of K® (x)-K©® (x)
in (4.5), we have the following estimates:

K®) (x) +4(e1 + 53)K(5) (x)

< [1- kO] +KOx) =1- KO [1- KO <1,

K<4>( )+ 4(e1 + 63)K(6) (x)

< h1 - K® (®)] + * + k©® (x) =1- K®(x) [1 - K(“)(x)] <1,
K®(x)K® (x) + 861 KO (x) + 81K ©® (x) + 8e3 K®) (%) K (x)

< [1- kO] [1 - KO + KO )+ KO() + KO KO (x)]
—1- §K(f’) [1 - KO )] - SK®(x) [1- K9] <1.
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Canceling the corresponding terms in (4.15) and then multiplying both sides by
2, we obtain

/ / 52 X tn+1 dx+ A / 62(m1’y,t’n+l)dy+ / 52 iE yl,tn+1)d{[
N

AzAy 2
+T

0 )+ 5 [, vo ) nGogx )

1 et AzA Az [
< 5/ / {2(x,t")dx+ :il y§2(x1,1,t")+7 52(m1,y,t")dy
Y1 1

Y1

b
+.A_y / 62(:[, y1,t")dx + MAt /(0) v(x,t) - n(x)§2(x, t)dS
Sn

+MAtlE(x, t)]3 + MAHIE(x, ") | L) + MALE, ") ][F2q

LQ(S(O))

+MA 1+ (A0l e 0 sz + MO [t B sy
+Mh4”'ut”:2,2(tn,t"+1;H2(Q)) + )\MAt [h4 + (At)2] ”u||2L°°(0,T,H3(Q))

MO [z e en g2y + 1o Baom g o))

Summing the preceding equation over n, we obtain

tn+1

et Vs +3 [ [ vot) neoeds

/ / € (x, t")dx A2 52(:v1,y,t"“)dy+ / & (z,y1,t")dz
3%

tn+1
=)+ ]

n+1

< MAEY €%, t5) 122y + MAL / o VOR1): n(x)&%(x,t)dS
k=0 Sn

/ v(x, 1) - n(x)E3(x, t)dS
1)

+M [h4 + (At) ]”u|lL°°(0,T;H2(Q)) + M(At)2”ut”%"’(O,T;Hl(Q))
M e 32 07,20y + MM (B + (A0 ]2 07,115

M(At)? [Hf”iz(o,r;m(n)) + “f7”%2(0,T;L2(Q)):I :

Taking At sufficiently small such that M At < 1/2 and applying Gronwall’s in-
equality to the previous equation, we obtain the following estimate:

”5”1‘,00(0,7";1,2(9)) + ”§||L2(0,T;L2(F(O)))
< M[hz + At] [||U||L°°(0,T;H2(Q)) + >\||U||L°°(0,T;H3(Q))]
+M A ut||L2 0,710 () + MB | uel| 120,712 (2))

+MAt[”f”L2(O,T;L2(Q)) + ||fr||L2(0,T;L2(Q))],

(4.16)
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where the discrete norm | + || ;e (o 1, 2(q)) is defined in (3.1). A=1if Cr <1 and 0
otherwise.
Combining (4.16) with the estimate (3.2), we have proven the main theorem.
THEOREM 1. Let u(x,t) be the exact solution of (2.1) satisfying u € L*°(0,T;
H3(Q)) and uy € L?(0,T; H?%(Q)), and let U(x,t") be the numerical solution given by
the ELLAM scheme (2.21). Then the following optimal-order L? error estimate holds:

U - U||Loo(o,T;L2 oyt U - u||L2(0,T;L2(r<0)))
< M[1® + &) [l oo, msmacey) + el =0y
+M Atug|| 20,711 () + MP ||| L2(0,1: 52 ()
+MAt[||f||L2(o,T;L2(Q)) + "fr”L?(O,T;L?(Q))]y

(4.17)

where A =1 if Cr < 1 and 0 otherwise.

REMARK 1. For simplicity of presentation, we have derived an optimal-order L?
error estimate (4.17) for the ELLAM scheme (2.21) in two space dimensions. Notice
that a similar error expansion to (3.6) for the blending or Boolean interpolation holds
for higher space dimensions. The error estimate (4.17) holds for the ELLAM scheme
defined in higher space dimensions.

5. Proof of Lemma 1. The use of the nonconventional test functions w in the
ELLAM scheme (2.21) requires a very tight estimate (5.1) to bound the second term
on the right-hand side of (4.3), which is proved in Lemma 1 below.

LEMMA 1. Let ¢ and £ be defined in (3.11)-(3.12). Then the following estimate
holds for the second term on the right-hand side of (4.3):

/ £(x*, t7)E(x, " )dx
Q\QU) (gn+1)

<3 az(x, ") dx + - / €2 (x,t")dx
2 2 (Q\Q(m(t"))n((zl,b]x(yl,d])
A
(51) + 4“” KO @1, 1)6 e, )y + B / K@ (2,91)6(@,1,¢")do
Y1
Az (¢ (@1d) Ay [ G1)
+_4ai Ez(xlayvtn)dy+ 4y gz(xyylatn)dz
Y1 T

A:z:Ay I KO (1) KW (x1,1)€% (1,1, 87 + AmAy

+MAt||§(X, " 122 () + MALJE(x, t") ||L2(Q)y

——2€%(x1,1,t")

where K©®) (x) and K*)(x) are defined in (4.5).
Proof. We prove this lemma by considering two different cases.
Case 1. Cr < 1. In this case, the curves a(y) and ¢é(z) defined by

ri(t™;a(y), y, t"+) a(y) — Vi(a(y), y, " At,
= ("2, 8(), t") = &(x) - Va(z, &(z), t") At

(5.2)

fall in the regions [a,z1] X [¢,d] and [a, b] X [c, y1], respectively, where

r(6;x,t"tY) = (r1(8;3,y,t"*1), r2(6; 7, y, t1)).
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Hence, the domain Q\Q()(¢"+1) is decomposed as
(5.3) AQD ™) = QU U U,

with ; through Q4 being defined in (4.7).
Moreover, the K®)(x) and K¥(x) defined in (4.5) are now reduced to

Vi(x, tm At ? Va(x, "1 At
(3) (1= 1\Ry (4) =(1- 2\R, .
KO = (1- BELDA - g - (1 Bl o
In this section we also frequently use the following relations:
Vl(xv Y, tn+1)At - Vl (mlvyv tn+1)At = O(h At)7 T € [a‘vzlla Y€ [C, d]a

%(:l),y,tn+l)At - Vl(xlyylytn+1)At = O(h At)a T € [aaxl]a NS [C, yl]y
a(y) —a— Vi(z,y, t"1) At = O(h At)

or, equivalently,
K®(z,y) — K®(z,,9) = O(At), z € [a,z1), y € [ed],
K®(z,y) — K®(z1,51) = O(At), z € [a,21]), y € [c, 1)
We split the left-hand side of (5.1) based on the decomposition (5.3):
/ E(x*, t™)E(x, t™1)dx
O\ (tn+1)
(5.4) =/ E(x* )€z, y, " ) dx 4+ [ €(x*, t7)E(x1,1, " )dx
1

Q2

+ |6 tME(zy, X+ [ E(x", 7)€ (x, £ dx.
Qa 94

Applying the first equality in (3.13) to £(z*,y*,t™), we bound the first term on
the right-hand side of (5.4) by

£(x*, )€ (21,3, £ ) dx

d

(23
T l’* —a
w Az

5(1171,% tn+l)§(zl7y*atn) [[ dx] dy

n
¢ Az (3) n+1 * qn

(w)s/-TK(mw+MMQka¢ Je(or, ", )| dy
n

Az [¢ Az [¢
<= | K@@yt dy + — / K® (21,9)E (21, y",t")dy
Y1 Y1

+MALE, ") F2(q) + MALE(X, t7)]|72(q),

where in the first “<” sign of (5.5), we have used the fact

/zl 27"—adx_/zl [x—Vl(z,y,t"“)At—aJ I

ay) AT a(y) Az
_ / - [m —Vileny, At —a | O(At)] dz
a(y) Az
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(&(y) —a-—- ‘/l(xlvyy tn+1)At)2

AT + MAt h

< %K@)(wlyy) -
Az 3)

At the second “<” sign, we have used the equivalence between the discrete and con-
tinuous L2 norms. Namely, there are two positive constants M, and M3 such that

. I d
(5.6)  Ma|l€(x, ") |32(q) < ZAz/ (i, y, " )dy < Ms|€(x, ™) 1320
—~""J,

1=

The second term on the right-hand side of (5.5) is rewritten as

Az [¢ *
L[ KO0y iy
Y1
Az 4 (@1,d)+0(AtAT)
= [K(3) (@1,2) + (’)(At)] €2(z1, 2, t")dz
4 Sy (x1.1)+0(AtAT)
Az d*(z1,d)

4 K(s) (-'L'ly y)gz(mlv Y, tn)dy + MAt“&(xy tn)“iz(g)

y*(x1,1)
Az [N
(57) S —4-/ [K(3)(X1‘1) + O(h At)] 62(X171,tn)
y*(x1,1)
Az [4@d)

+T K(3) (a“la y)éz(wl 'Y, tn)dy + MAt”é(") tn)llsz(Q)
n

Az A 3/2
= - ?2 yK(s)(xl,l)[l — (K(4)(xl,l)) ]Ez(le’tn)

Ag (4 (@d)
1

Combining (5.5) and (5.7) yields an upper bound for the first term on the right-
hand side of (5.4):

(y—o)?
mwzd

K(a) (xla y)§2(x17 Y, tn)dy + MAt“E(X, tn)nsz(Q)
n

E(X*v tn)E(.’L‘l, Y, tn+1)dx
1

Az [¢ Az (¢ @0
< T K(S)(zl7y)£2(zlvya tn+l)dy+ T/ K(3)(z1,y)§2(ml,y,tn)dy

N n

AzA 3/2
(58) + 55 KOG [1 = (K9 a) ™ [€6aun ")
+MAL|E(x, ") F2 () + MALIEX, 1) ||72(q)-
By symmetry the third term on the right-hand side of (5.4) is bounded by

Q3

b b* (b,y1)
A
<2 [ KO u e+ 5L [ K@ e, e
Ty 1

AzA 3/2
(5.9) +%K(4)(XI,I)[1 - (K(3)(x1,1)) ]fz(xl,l,t")
+MALEx, ") 320y + MALIEX, ) [|72(0)-
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Let
(5.10) Gm :=mind(y) and &y, := miné(x).
The second term on the right-hand side of (5.4) is bounded similarly to (5.5):

/Q £(x", t")E (1.1, " )dx

T m* —a 1 * - c
< 'f(xl,lytn+l)€(xl,l7tn)| [/ Az dx] [/ yAy dy}
Qm Cm

AzA
(5.1) < 22K 0, K@ (e, |6k, e (xu, 87)|
FMALE(x, ) 1220y + MALE(x, t7)]F2(q)
Az A
< —8—yK(3)(X1,1)K(4)(x1,1)[fz(xl,l,tnﬂ) +52(x1,1,tn)]

+MALE(x, ") 132 () + MALER, 1) |[72(q)-
We now estimate the last term on the right-hand side of (5.4) and obtain

E(x*, t™)E(x, 1" )dx
Q

(5.12) f"’(x,t"+1 dx + = f &2 (x*, t")dx

E(x, t" dx + - / £2(x*,t") detJ~1(t™; x, t"+1)dx*
£2(x t"'“)d }j_%‘_t/ £2 x, t")dx,

where Q is the image of Q4 under the transformation (2.6) with 0 = ¢t™:

£2(x,t™)dx = / £2(x, t")dx

(Q\Q©) (™ )N([z1,b] % [y1,d])

Q

Q4

@

d*(z1,d) T
(5.13) + / [ / £2(x, t“)dx] d
1 z*(z1,y)+O(AtAz)
()} T
+ / / £2(x, t")dz} dy
y*(x1,1) |Jz*(21,9)+O(AtAT)

b* (b,y1) Y1
+ / / &2(x,t")dy| dz.
z y*(z,51)+0O(AtAT)

We use (3.13) and (5.6) to bound the second term on the right-hand side of (5.13):

d‘(zl,d) T
/ / £2(x,t")ds | dy
n z*(z1,y)+O(AtAx)
[ e |1 Eo o
T1,y,t" / dr + O(At h)| dy
Y1 z*(z1,y) (Az)?

A d* (zl d)
T [ - (K960) | vty + MAER )y

n
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Likewise, the last term on the right-hand side of (5.13) is bounded by

b*(b,y1) Y1
/ / €(x, ")dy | do
1 y* (z,y1)+O(AtAz)

A b* (b,y1) 3/2
< '3_y [1 - (K‘4)(x, yl)) ]52(w,y1,t")dw + MAE(x, ")z ()

Z1

The third term on the right-hand side of (5.13) is controlled by

Y1 T1
[ € (x, 1")dz | dy
y*(x1,1) z*(z1,y)+O(AtAz)
Y1 T1
y*(x1,1) [Vz*(x1,1)
T (z _ a)2 /y1 (y _ C)z
5.14 = €3 (x1,t" / dx dy
( ) ( bt ) z*(x1,1) (A'T)2 y*(x1,1) (Ay)2
+MALE(x, ™) (|72 (0
AxA 3/2
y[ (K(3) X1,1 ) ] [1 - (K(4)(X1,1)) }gz(xl,l,tn)
+MAtl|€(x ™) Z2(0)-
Combining (5.12)—(5.14), we bound the last term on the right-hand side of (5.4) by

E(x*, t)E(x, t"H)dx

Qy
< 1 £2(x, t")dx + 1/ £2(x,t™)dx
2 Ja, 2 Ji@\© ) (e b} x [v1.d)
AzA 3/2 3/2
(5.15) +=224 1 - (K@) " | [1- (KW 6an) | 6atm)
A d*(:z:l,d) 3/2
+—6£ [1 - (K‘3)(x1,y)) ]éz(wl,y, t")dy
Y1
A b" (b,y1) 3/2 .
+ (1= (KD (@y0) " €@, t7)de + MAHIER, )32 ).
1

Combining (5.4), (5.8), (5.9), (5.11), and (5.15), we obtain the estimate

/ £(x", t)E(x, " )dx
Q\Q() (tr+1)

51 gz(x,t"+1)dx+1/
2 Ja, 2 Q\n<°><t">>m<[z1 b)x [y1.d))

£2(x, t")dx

+Af K® (21,9)¢* o1,y " )dy + / K@ (2,91)€ (@, 1,¢")de

Y1
AzA n n
+—8gK(3)(x1,1)K(4)(x1,1)§2(x1,1,t 1) + MAt|E(x, t +1)”L2(Q)

A.’E d*(zl,d) 2 3/2
+5 /y {K (e19)+ 3 [1- (K91 y) ]}é(ml,y,t )dy
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Ay [ ev) (@) 2 @ 3/2 ) .
1/, {K (z,51) + 5[1 - (K (a:,yl)) ]}5 (z,91,t")dz

AzA 9 32
+—8 Y {K(B)(XI,I)K(‘D(XI,I) + gK(3)(X1)1) [1 _ (K(4)(x1,1)) ]

(5.16) +% [1 - (K‘3)(x1,1))3/2] [1 - (K (4)(xl,1))3/2]

9 3/2
+ gK(4)(X1,1) [1 - (K(3)(x1,1)) }}52(X1,1,t") + MAt||¢(x, tn)”zLZ(Q)

<5 [ @eeriaxe; [ £(x, t")dx
2 Ja, 2 Ji@\@) t)n(fe1 ) x [v1.d))
d b
[ KO € ey + [ KD @) e, e
Y1 1
A.’E d*(z1,d) A b*(b,y1)
+'4_ 52($1,y,tn)dy+ 'Ty/ 52(x7ylatn)dm
Y1 z1
AzA AzA n
+——8—yK(3)(X1,1)K(4)(X1,1)€2(X1,1,t"“) + ——gﬂg(xl,l,t )
+MALE(x, 1) (122 () + MAE, 1) ][72(0),
where we have used the facts
a + 2(1-e¥%) <1 Va € [0,1],
af + 2a(1-8%2)+28(1-0a%?)+4(1-a%?) (1-p%2)
= [a+2(1-a¥)][B+2(1-p%?)] <1 Va, B € [0,1)].

Case 2. Cr > 1. If Vi(x,t) and V,(x,t) are constant, then Cr > 1 implies that
Q1, Q2, and Q3 in the decomposition (5.3) are empty sets § and Q\Q) (t7+1) falls
into the region [z1,b] X [y1,d]. Namely,

(5.17) QD () C [1,b] X [y1,d], and Q= = Q3 = 0.

Nevertheless, (5.17) is not necessarily true when V;(x,t) and V,(x,t) are variables,
because a(y) and ¢(z) defined by (5.2) can fall in any one of [a,z1] X [y1,d], [a,z1] X
[, 1], [x1,b] X [e, 1], or [z1,b] X [y1,d] for different z and y.

Here we first assume (5.17) in deriving an estimate and then extend the estimate
to a general case. Under the assumption (5.17), (5.13) is now reduced to

/ £2(x, t")dx
@

Y1 1
c1s) = e+ [ [7 e ay
(\QO) (£))N([z1,b]  [y1,d]) ¢ a
d*(z1,d) z1 b (b,y1) y1
+/ [ 52(x, t")dx] dy+/ [ £2(x, t")dy] dzx.
Y1 a T c

1

The last two terms on the right-hand side of (5.18) are bounded by

d*(z1,d 1 b (b,y1) Y1
/ [ / £(x, t")dw] dy + / [ £(x, t")dy] de
Y1 a x c
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1 (r —a)?

d* (z1,d) )
- [ e | [ E ] a

28

b* (ba) v () — o2
o[ e | [ Yo ] 4o

z1

A:E d* (Il ,d) A b* (bvyl)
= 3 / 52($1,y,tn)dy+ 3y/ 52(2,y1,tn)d.’l?.
Y1 Z1

The second term on the right-hand side of (5.18) is bounded by

[ I ]

T )2 1 AV
(519) = €2(x11,t") [ / (”(”Am‘)’l de ' (’(’Ayg dy}=A“;Ays2(x1,l,t").

Therefore, (5.4) and (5.18)—(5.19) yield

/ £(x*, £Y)E(x, ) dx
Q\Q(I) (t"+1)

1+ MAt

£ (x,t")dx +
. 2

£2(x, t")dx
€

1 1
(5.20) << | E(x,t"dx + = / £2(x, t")dx
2 Ja, 2 J@\2© em))n((e1,b)x [y1,d])

Az (¢ (=1.d) A b* (byy1)
+ 6 62($’1,y,tn)dy+ y/ 52(x,y1,t")dz
Y1

Aa: n n
+== ye2(x1 L) + MALE(x, )| 22(qy-

When Cr > 1 and (5.17) is not valid, the upper bound for the left-hand side of
(5.1) will be a combination of (5.16) and (5.20). Namely, if a(y) or &(z) falls in {21, b] x
[y1,d] locally, then (5.20) holds. Otherwise, (5.16) holds but with a modification on
the limits of the integrals in the third, fourth, and seventh terms on the right-hand
side of (5.16). Combining all the cases leads to the estimate presented in (5.1). o

6. Proof of Lemma 2. Notice that standard techniques only lead to the follow-
ing suboptimal-order estimate for the second term on the right-hand side of (4.10):

/ ( tn+l)£( tn+l)dx
QU (gn+1)

< MYEE ™) | L2 @@ enrryy 0G4 ) | L2 enyy

< MB2|E(x, ") || L2 (o gnr 1)) 16, ) | 2 (@ nt1y)

< MAt||€(x, tn+l)"2Lz(Q(1)(t"+1)) + M[h4 + (At)’a’] lu(x, tn+1)||%vz,oo(ﬂ).

To prove an optimal-order estimate for the scheme (2.21), we need one extra At in
the second term on the right-hand side of the above estimate. However, we cannot
use the estimate

Ilg(x» tn+1)”%2(9(1)(tn+l)) S MAt“f(X, tn+l)”%m(ﬂ(l)(tn+l))a
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since the right-hand side is out of control. Hence, we have to prove the following
superconvergence estimates.

LEMMA 2. The following estimates hold for u(x,t) € L=(0,T; H3(2)):

/ n(x, t"+1)é(x, tn+1)dx
Q(I)(tn+1)

< €A$/ K® (a1, y)€2($1,y,t"+l)dy+sAy/ KO (z,y1)(z,y1,t")dz
Y1

(6.1)  +eAzdy[KO (x1) + KO (x1,1)A0] €11, ™) + MALIECK, ™) 22

+MAt [h‘*+(At)2]||u(x,t"+1)||§,a(m for Cr<1,

/ n%(x,t")dx
QO (¢n)
(62) < M(AO[ux, ")} () + AMAL [+ (A2 [lu(x, ) 3 ),

where A =1 if Cr < 1 and 0 otherwise.
Proof. Using the an, and ¢, in (5.10), we write the left-hand side of (6.1) as

Lo et ),
(I)(tn+1)
Yj a(y
/ / n(x, )¢ (21, g, ™ )dx
j=2
y1  pa(y)
(63) + / / (%, e (e 1, £+ )dx

+Z/

i=2 Y Ti-1

é(z) Cm
/ / tn+1 (Xl 1, tn+1 dX+/ / tn+1 £(x11 t"“)dx
QAm

Using (3.9) with m = 2, we rewrite the first term on the right-hand side of (6.3)

/ tn+ £($7 ylatn+1)dx

as

Joorvi paw)
S e e

j=2vYi-1
J

/yJ'
n yj

]:2 J—

a(y) Y 1
/ g(zl,y,t"“){ / / K2 (0, 52, y)uaap(a, B, ") dads

yj-1 Ja

z1 Yj
(6.4) +/ Kl(z)(a;x)uaa(a,y,t"“)da+/ KJ(-z)(B;y)ugg(a:,ﬁ,t"“)dﬁ}d:cdy.

Yji-1
From definitions (3.4), (3.5), and (3.7), we have the following upper bounds:

(2,1) . re)
Kiyj (azf’xyy) S ACE, (‘Tvy) € Qi,jy
(6.5) K2 By < Ay ¥y € lyi-1,y5),
KP(a;z) < MAL, ¢ € [6,a@), v € [omd)
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Using (5.6), we bound the first term on the right-hand side of (6.4) b;

J oy paly) Vi [T o0
S [0 [ t@ne | [T KE @080 uuans(o, 8,17 dads | dady
j=27¥i-17a yj-1 Ja
J vj a(y) vj z1
SZA:C/ / ’E(xl,y,t"“)'/ /
j=2 Yj-1Ja Yj-1Ja
&(z1,y,t") {dy [/
Yi

j—1

Uaas (@, B, t"‘“)'dadﬁ] dedy

1/2
Yi T1
< MAt h2 / / uiaﬁ(aa ﬁa tn+l)dadﬁ]

J Yi-

P 1/2
yJ
< MAt R Y [ E(zy,y, t"! dy] [/ / udap(, ﬂ,t"“)dadﬂ]
Yj—-1va

Yj—1
< MAt|jE(x, tn+1)”%2(9 + MAt h4l|u( ,tn+1)||H3(Q)-
(6.6)

J ooy i) z1
SO e[ K (03 0)uan(,3, )| dady

j=2"YYi-1
Joorvi pay) 1
/ \E(fcl,y,t"“)‘ U
j=2 Yj-1Ja a

67)  <MAtS /
J
<C(an?y /

5 'ﬁ(arl,y,t"“)' [/ 'uaa(a,y,tn“)‘da] dy
=y

< MALE, )220 + C(AO* lulx, ") [Er2()-

Yoa(@:, t”“)\da] drdy

In (6.5), K; (2 )(ﬁ, y) is bounded by Ay instead of At. Therefore, the technique
in deriving (6. 7) cannot be used to bound the third term on the right-hand side of
(6.4). We treat this term in a different way. Note that ugg(z, 8,t"*!) € H'(a,b). By
Sobolev’s embedding theorem, ugg(z, 3,¢"+!) is continuous with respect to = € [a, b).
Thus, there exists an Z € [a, b] such that

1 b
(68) Uﬁﬂ(i,,@, tn+1) = b_——c;/ Uﬁﬁ(a,,@, tn+1)da7
and

upp(z, B, t"“)' =

T
Ugﬁ(a':,ﬂ,t""'l)—l—/ uapp(, B, 1" )da
P

1 b b
(6.9) S — / ’ugg(a,ﬁ, t"'“)lda + / ’Uaﬁﬂ(a, B, t"'H)’da.
Therefore, the third term on the right-hand side of (6.4) is bounded by

Yj a(y)

s(xl,y,t"“){ K (8; y)uaa(x,ﬂ,t"“)dﬂ}dxdy

Yj-1

Yji—1

SMAyZ [ [ e [ I luaﬁ(x,ﬁ,t"“){dﬂ] dedy

j=2YYi-1 Yj-1
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i
< MAt Ay Z { /
Yji-1
3
(6.10) / /
Yji-1Ja
/.

d
<elAz | KO(zy,y)%(z1,y,t" 1 )dy
Y1

+ MO Fagy + MAE B lu(x, ™) B

Vi(@w),u )| [g(@n,y )|y

usa(ar B H|dads+ [ asster . t"“)ldadﬂ] }
Yi-1va

< MAY(Ay)?

1/2
‘/l(zla tn+1) + O Az '62(1:1’ Y, tn+1)dy:l “u(x, tn+1)”H3(Q)

where we have used the fact that for Cr < 1, the K)(x) and K (x) in (4.5) are
reduced to

[Va(x, t"+1)|At

[Va(x, t"t1)| At
Az )

5)(x) =
KO(x) 5

KO (x) =

As in the estimate of (6.4), we use (3.9) to bound the second term on the right-
hand side of (6.3):

v1 pa(y)
/ / n(xa tn+1)§(x1,latn+1)dx

1 pa(y) 1 pTL
= ety 1, ) / ’ / ’ [ / ’ / KZD (0, 8; 2, y)uaas(as B, ) dads

(6.11) / K® (0; 2)uaq(e, y, ") da + / K®(8;y)ugs(z, B, t"*l)dﬂ} dzdy
a(y)
'f Xl 1,tn+1 [A.’I)

+/ MAtugo(a,y, t"1) 'da+/ Ay'ugg(w B,t"t1h) 'dﬂ] dzdy
<& AzK® (x1,1)€3(x1,1, t" ) + MAt|€(x, " 320
+MAt [h“ + (At) ]||u(x ") 2y

Y Y1

uaag a, B, 1" ldadﬂ

where we have used (5.6) and (6.9).

Combining (6.4), (6.6), (6.7), (6.10), and (6.11) yields an upper bound for the
first two terms on the right-hand side of (6.3). The remaining terms can be bounded
similarly. Thus, we have proven (6.1).

We now turn to (6.2) and first prove it for Cr < 1. We rewrite this term as

d b b pd
(6.12) / nz(x,t")dxz/ / nz(x,t”)dzdy+/ / n?(x, t")dydz.
Q(O) (tn) c Jb*(by) a Jd*(z,d)
Using (6.5) and the fact

KEP(a;2) < MAL, € [b*(by),b, y€led,
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we bound the first term on the right-hand side of (6.1) b

d b
/ / 7% (x, t")dzdy
b‘(b,y)
b Yj @ 1)
/ o3 / KD (0, 652, 3)toap(0 B, ™) dad
yj—1 Jb*(by) Y; Tro1

j—1

(2) n+1 v
+ K7 (05 )ugala, y, t"" " )da +

Tr-1 Yj—1

< MZ / At (Az)3Ay / / b ulap(a, Bt ) dodp

Yj-1 Yj—1JZTr-1

2
K (8;y)ugs(z, B, t"“)dﬁ} dzdy

b Yj b
+ (At)? A:v/ u? (o, y,t" ) da + At(Ay)3/ [/ ufw(a, B,t"*)da
Tr-1 Yj—1 a

b 2
+/ Ugﬁﬁ(a,ﬁ,tnﬂ)da] dﬁ} dzdy

< MAt [h“ + (A flu(x, ™) 13 ()

where we have used (6.9) in estimating the ugg term.
When Cr > 1, h < M At. Hence, we have

/Q(O>(t )n2(x’ t")dx < MA*|[u(x, t)|[32(q) < M(A8)*lu(x, 1) [F2(0)-

By symmetry, we can also obtain the same upper bound for the second term on the
right-hand side of (6.12). Thus, we have proven (6.2). 0

7. Proof of Lemma 3. Standard techniques only generate the suboptimal-order
estimate

/ [106,17) — n(act, 7)) 6 7+
Q\Q(I) (tn+l)

< MAHIE(x,t™*)||F2iq) + MAL B2 [lu(x,t™ )l q),

which then leads to a suboptimal-order estimate of the scheme (2.21) and does not
reflect the strength of the ELLAM scheme. In this section we prove the following
superconvergence estimate.

LEMMA 3. If Cr < 1, the following estimate holds for u(x,t) € L°°(0,T; H3(Q)):

/ [t £%) = ", £7)] o, £+

Q\Q) (gnt+1)

< 5/(0) V- n€2(x, t)dS + 8AmAy[K(5)(X1,1) + K(G)(xl,l)] 62(X1,1,tn+1)
Sn

b
K(S)(zla y)&z(zl, Y, tn+1)dy + €Ay/ K(G)(ma y1)§2(93, Y1, tn+1)d‘t

x1

(7.1) +eAz /d

Y1

+MALEG, ™) 22y + MAE [hE+ (A2 ulx, ) sy,
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where K©®)(x) and K®)(x) are defined in (4.5).
Proof. The left-hand side of (7.1) can be rewritten

/ [0, %) = n(ac 17)] (o, )
Q\Q) (En+1)
(7.2) = / [n(a:, Yt — n(x*,t")]é(x, "ty dx
Q\QUD (gn+1)
+/ [n(x, t") — n(z, y*, t")] £(x,t" ) dx.
Q\Q(l)(tn-i—l)

We substitute the following expression into the second term on the right-hand
side of (7.2):

n(z,y*,t") —n(z*, y*,t") = /01 %n(z* +0(z — *),y", t")do
= /01 ne(z* + 0(z — =*),y*, ") (z — z*)db.
Then we integrate the resulting term by parts with respect to z:
/Q\Q(I)(tn+1) [n(m, v ") =@,y t")]é(z, b, ") dady

1 r
= -—/ / n(q;*-i—o(:];_m*),y*,tn) (a:—z*)z]ﬁ(a:,y,t”“)dzdyde
0 Ja\Q(rn+1)t

1 )
(7.3) —/ / ny(z* +0(z — z*),y",t") yy(z — :1:*)] £(z,y, t" ) dxdydd
o Ja\Q(n+1)

1 -
— / / n(z* +0(z — z*),y*,t") (z — :v*)] £ (z,y, ") dzdydd
0 Q\Q(l)(tn+l) L
1 pd
[0 o+ 0= ),07, %) (6= 87)]ebut™ )y
o Jeaw)

1 d
_ /0 /c [n(a +6(a(y) — a),y*,t") (@ — a)]g(ml’ v, £ ) dydd,

where in the last term we have used the second and fourth equalities in (3.13).
Using (4.6) and the fact that

(z — %) = Viz(z,y,t" T AL, yh = —Vou(z,y,t" 1) At

the first and second terms on the right-hand side of (7.3) are bounded by

1
/ / [1(a” +6(z ~ %), 4",t") (@~ 2°). ) é(a,y, 1™ dadyds
0 Q\QU) (gn+1)

1
e - [ [ [n(e" + 00— 2,57, v3(z - )| é(a,y, ") dmdylh
o Jaagn+1)

< MAt €%, t" )| 120y (lln(x, t")|l2 ) + Atllne(x, t")||L2(Q))
< MAE|E(x, ") || T2 () + MAE (h* + (A)%R?) |lu(x, ™) |32 (qy-
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For Cr < 1, ty 1c—1 = t"*1. The last equality in (3.13) gives £(x,t) = £(x, t"11)
for t € [t",¢"+1]. The fourth term on the right-hand side of (7.3) is bounded by

1 d
/0 /5@) ["’(b* +0(b—b*),y",t") (b— b*)]g(b, v, ") dydd

1 d
= At / / Db + 06— b%), 5", ) Vi(b,y, e F)E(b, g, " )dydo
o Jaw)

d
— At / n(b,y",£%) Vi(b,y, £)E(b, g, ) dyd8

(®)
1 pd
bl

d 1/2
/ W (ba Y, tn+1 )§2(ba Y, tn+l )dy:| [“"I(b» Y, tn) ”Lz(c,d)

b
/ n:(2, 4", t")dZ} Vi (b, y, " )E(b, y, ") dydd
b*+6(b—b*)

< MAt

(A8 02 (3,8 (e |

t"+1

Se/
t’n

A8 B2l ) B |

d
[ v €68 + MA[H ulb 1)

tn+1

Se/
tn

where, at the last step, we have used the trace theorem (4.13).

Since Vi (a(y),y,t"+') — Vi(z1,y,t" 1) = O(Az), we can bound the last term on
the right-hand side of (7.3) similarly. Noting that V;(a(y),y,t"*?) — Vi(z1,y, t" 1) =
O(Az), we have

d
/ v €(x,1)dS + Mt + (80?) fulx, %) s

1 pd
/O / ["(a +0(a(y) —a),y",t") (a - a)]&(zl, y, t"*1)dydo

d 1 patb(a(y)—a)
/ n(a,y*,t") + / / N(z,y", t")dzd0
¢ 0 a

Vit %) + (Vi@@),u, ™) = Vilan, g, ™) )| 6o,y 7+ )y

= At

d
<elAx / KO (zy,)€2(z1,y, "V )dy + eATAYK ) (x1.1)€2(x1,1, ")
Y

1

FMA €66 ™) By + MAL[R (0,4, ") Bragey + At ") 2y |

d
<eAz | KONz, y)e (21, y, " )dy + eAzAYK®) (x1,1)€ (x1,1, ")

Y1

+MAL |Gk, ™) By + MAL B+ (86)%) fu(x, ) e ay,

where at the first “<” sign we have used (5.6) and at the second “<” sign we have
used the trace theorem (4.13).
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The second and fourth equalities in (3.13) imply & (z,y,t"*1) =0 for = € [a,z1].
Hence,

1 ~
/ / [n(w* +0(z — z*),y*,t") (z — x*)] Ex(x, ") dxdl
o Ja\agn+r)
1 b pd
= At/ / / n(z* + 0(z — z*),y*, t") Vi(x, " 1)é(x, t" 1) dxd
0 Ty E(a:)
b pd
= At/ / Vi(x, 1" TE, (x, e ) [n(x, t™)
T 5(:E)
1 1 d
(75) [ [ Fnte+0 =00 — )y - ). e7)v08] ax
o Jo
b pd
= At/ / Vi(x, "D (x, ") n(x, t7) dx
x [+
' b pé(z)
—At/ / Vi(x, 1" (x, ") n(x, t7)dx
Ty [+

1 1 ,b d
n+1 n+1
+At/0 / / [ TG )
(A= 0)@" —2) no(a + (1= 0)(@" — 2), y + 9y — y),2")

W = y) (e + (1= )"~ 2),y + (" — ), t")] dxdyds.

Using the inverse inequality in (3.2), we bound the third term on the right-hand
side of (7.5) by

1 1 pb pd
At/ / / Vl(x, tn+1)§z(x, tn+1)
0 JOo Jz; Jé(z)

(1= 0)@" ~ 2) ez + (1= 0)(z" — 2),y + 1" —2).17)

" = 9) @+ (1= 0@ — ),y + (" —y),t")|dxdyds)
< M(A1)? h || (%, ™) || L2 lu(x, )| 20
< MO [l66x, ™) [Fay + MAD? lu(x, )z gy,

Recalling the first equality in (3.13), we have £, (z, ¢, #"*!) = 0. Using the inverse
inequality in (3.2) and the fact that At < M Az for Cr < 1, we bound the second
term on the right-hand side of (7.5) by

b pé(z)
At/ / n(x,t") Vai(x, t"t)é (x, t" ) dx
T JcC

b o) 2 1 (¥ —¢)? 2
< MAt / / & (z,yr, t"F )Wdyda: lIn(x, t™)ll 2
Ty (&

b 1/2
< M(At)*2(Ay)~ A2 [/ & (, yl,t"“)dﬂv} llu(x, t™) 2 ()
1
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< M(A)? [IE(x, ™) L2 llulx, t™) a2
< MAE (€%, ™) 132 () + M (AL |u(x, ™) F2q)-
We sum the first term on the right-hand side of (7.5) by parts and obtain

b d
At / / Vi (6, 7 ) (x, £7)€x (x, £7+1) dx
Ty JC
At <
-n/
=2

At b d
. / / Vax, 7 (o, M) (b, 1, €71 dix
Az R

T d
/ Vl (x7 t"“)’l(xv tn) [E(wia Y, tn+1) - g(xi—lv Y, tn+1)} dx

i-1

At [*2 ¢ n+1 n n+1
(0) 3 [ [ Vit nee e et dx
Ty c

_a ;V_j/d/m [V (x + Az, y,t"1) — Vi (x t"‘“)dz]
Az ~Jo Jor, 1 X2 1I\Ay
ﬂ(X, tn) g(x’i,yv tn+l) dx
I-1 .4 pz;
=) L
A "7$+A$,y,tn —ﬂX,t"
R ). [ [ ) = n(x,t)]

Vi(z + Az,y, t" (@i, y, ") dx.
Using (5.6), we bound the third term on the right-hand side of (7.6) by

I-1 d Ti
—‘A% > / / (Vi + Az,y, t741) = Vo, 1) (o, )8 i, y, 7+ )
j=2YC YZTi-1

I-1 .d pz;
(17) < MAtY / /
1=2v¢ YTi-1
< MAt €, ") L2y In(%, ™)@
< MAE |€(x, ™) [32(q) + MAE R* [lu(x,")|[32(0)-
Introducing ¥(z,y,t) by

n(x, %) €(oi,y, ™) |dx

Az
P(z,y,t) = u(z + Az, y,t) —u(z,y,t) = / uq(a + z,y,t)da,
0

we have
77(1" + A.’l}, Y, tn) - 71(93, Y, tn)
= (]:[l - I)U(.’l} + A.’L‘, Y, tn) - (HI - I)’U,((E, Y, tn) = (HI - I)w(wa Y, tn)'

We combine the preceding estimate with (3.2) to obtain

I-1 .d pz; 2
>, / / [n(w+Aw,y,t")—n(x,t")] dx
i=1v¢ Tt

-1

(7.8) =§J:I}: / N / N [(HI—I)w(x,t")

j=1i=1YYi-1Y%i-1

2
]dx

= (" = Dy (x, ") 1320y < MA* 906 t")Fr2() < MBS Jlu(x, )3 (q)-

fzim1,2i) % [y5-1,95]
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Using (7.8), we bound the last term on the right-hand side of (7.6) by

I-1 d rz;
A_;i Z/ / [77(3: + Az, y, t") _ n(x, t")] V1(.7: + Az,y, tn+1)§(wi,y, tn+l)dx
1=2YC¢ YTi-1

1/2
MAt 2
[E / [ [te+ ) - ntepen)] dxdy} J€6<, ") 2y

< MAtthf(x, tn+1)||L2(Q)||U(X, ") 12 (@)
< MAH|E(x, ") 122 () + MAE R |u(x, ") | F(q),
where at the first “<” sign, we have used (5.6).
For Cr < 1, the last equality in (3.13) implies £(x, t) = £(x, t" ™) for t € [t™, ¢"+1).
Hence, we bound the first term on the right-hand side of (7.6) by

At

b d
o | vieer nte e, u e ax

1/2
MAt 4 rb . "
< —]]n(x t" )“Lz([zl 1,b] x[c,d)) [/ / Vl(b,y,t +1)§2(b,y,t +1)dX:|

c Tr—1

1/2
/ v - né?(x, t)dS]

/ v ng2(x, £)dS + MAL B [[u(x, t") %55,

tn+1

1/2
(gA;?/z h? “'U'(X t")“Hz([a:I 1,0 x[c,d]) [/

tn+l
<[
tn

where at the last step we have used (6.9).
Similarly, the second term on the right-hand side of (7.6) is bounded by

At (7 ¢
o [ v (e dx
Ty c

MAt n ¢ n+1 2 n+1 s
(79) < Elln(x,t M z2((e1,29) x [e,d) Aﬂv/ ‘Vl(":la%t )‘5 (z1,y,t" " )dy

M(At)1/?

J 1/2
< Wh2 (6, ™) 2 (21 ,22) x e, At/c “G(ﬁl,y»t)lg(wl,y,t)dy}

d
< EA-T/ K®(z1,y)6%(1,y, t)dy + MAth* |[u(x,t™) (%),
c

where at the last step we have used (6.9) again.

Combining (7.3)—(7.9), we have bounded the first term on the right-hand side of
(7.2). By symmetry, we can bound the second term on the right-hand side of (7.2) in
the same way. Thus, we have proven Lemma 3. O

8. Proof of Lemma 4. In this section we derive an optimal-order estimate for
the local truncation error term E(§) defined by (2.16).
LEMMA 4. Assume u(x,t) € L>(0,T; H(Q)). Then the following estimate holds:

IE(E)’ < e/s(o) v-n £3(x, t)dS+s/Q £(x, t")dx

O +1)N([1,8] % [y1,4d])



1880 HONG WANG, XIQUAN SHI, AND RICHARD E. EWING

d b
+5Am/ KO (21, 9)E%(zy,y, " ) dy + eAy/ KO® (z,9,)€2(z, 4y, t" " )dz
Y1 T

1

+eATAYK®) (x1,1) K@ (x1,1)€3(x1,1, ™) + MAL||€(x, " )|Z2(q)
+MALE(x, )13, 250y T M (A)*||ullF oo (0,7, (02

M2 [ aem emss sy + 1 lBaen enon o)

where K®)(x) and K(©)(x) are defined in (4.5) and f, is the derivative of f along the
(approzimate) characteristics.

Proof. From (2.13), (2.14), and (2.16), the last term on the right-hand side of
(4.1) is rewritten as

t"+1

E@) = / /t [£(6(8:,£747),0) detd (65, %) — £, t+)] e, ™)

T
¢
(8.1) + / / v-n [f(r(e; x,t),0) detJ(6;x,t) — f(x, t)] £(x,t)
SO Ji=(x,t)
x e R0 494
tn+1
[ [us0)eo.0) +v(3.6) - VE(y,6) - R(y,6)E(3.6) v,
tm
where we have used y and 6 as the dummy variables in the last integral and reserve
x and t for variables in ) at time t"*! or the space-time outflow boundary 5.
The first term on the right-hand side of (8.1) is bounded by

tn+1

r(6; %, £"+1), 8) detd(8; x, t"+1) — f(x, t"+1)]é(x, $n+1)

t* (X)

e‘R("""H)(t"H‘e)dexl

tn+1

<M / / |detJ(0;x,t"+1)—1|' f(r(e;x,t"+1),o)é(x,tn+1)'dodx
t* (x)

+M//
t*(x)

< M(At)*? [llfllL?(tn,an;L?(n)) + llfr||L2(tn,tn+1;L2(n))] €%, ") || 2(e)

< MALE(x, ") ||Z2 () + C(AL)? [“f”%z(t",t"“"l;Lz(Q)) + “f‘r“%z(t",t""'l;Lz(Q))_ .

tn+1

/ ( (73 %, "), v)dy

|g t"“)[ dfdx

The second term on the right-hand side of (8.1) is bounded similarly:

t
/ / v-n [ f(r(6;x,1),0) detI(0;x,t) — f(x, t)]{(x, t)e~ RO(¢=9) 4o
S Jx(x,t)

< MAt||E(x, )||L2(5<0>) +C(At)? [“f“%,‘z(t",t"“;L'z(Q)) + “f‘r“%?(t",t"*'l;L?(Q))]‘

At first glance, the last term on the right-hand side of (8.1) does not seem to
contain any convergence factors. Nevertheless, the fact that the test functions w
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defined by (2.8) satisfy the adjoint equation (2.4) approximately implies convergence
rates. To see this, recall that the test functions satisfy

€o(r(6;%,t™*1),8) + v(x,t"*1) - Va(r(6;x,¢™+1), 0)
(8.2) —R(x, t" Hw(r(8; x,t"11),0) =0, 6 € [t*(x),t""!], x€Q,

&o(r(6;x,t),0) + v(x,t) - Vw(r(4;x,t),0)

—R(x, t)w(r(;x,t),60) =0, 6 €t"t], (x,t)eS9.

Hence, the last term on the right-hand side of (8.1) is rewritten as

tn+1

l

| 450 [é0(5.6)+ v(3.0) - VE(y.) - Ry 0)(y.0) ayas

/ u(r(6; x, "+1), 9) [éo +v-VE—R é] (¢(6; x, t"*1), 9) drdd
Q\Q(8)

tn+l

sm+/
tn
tn+1

=,
.

.
tn+1

/t oo [R(x, t) — R(r(6;x,1), 0)] (u g) (r(6;x, ), 6)drdd.

tn

/ u(r(8; %, 1), 6) [gg +v-VE—R g] (r(6;x,),8) drdf
()

/ v (x,t" 1) — v(r(6; x,t"1), (u V{) (6;x,t™1), B)drdd
Q\Q(6)

o)
wHLm xﬂ—vmexﬂM @vg (6;x,t),8)drdd

tn+1

/g o) [R(x, t"*1) — R(r(8; %, tn+1),e)] (u g) (c(8; x, t"*1), §)drdf

The last two terms on the right-hand side of (8.3) are bounded by

J.

tn+1

/Q\n(o) [R(x, t"+t1) — R(r(8; x, t"‘“),o)] (u f) (r(6; x, t"+1), 6)drdf
t"+1

i /9(9) (%,1) = R(r(8: x,1), 8)] (u ) x(6:x,1), 6)drdd

1/2
v-n £3(x, t)dS] }

(84) < MAt {(At)l/zllﬁ(x, " ) |La(q) + U

5
lull L2(tn tn+1;02(02))
< [, venE0nds + MAER ) Ba
Sn
+M(A)?||ullZ2(pn gns1,2(q2))-

Since we cannot hide the term MAt[|VE(x,t"+1)|32q,), we treat the first and
second terms on the right-hand side of (8.3) in a different way. We obtain

.

t"+l

/Q\Q(O) [V(x, t"*1) — v(r(6; x, tn+1),o)] . (u vé) (£(8; x, t™+1), 8)drdd
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[

tn+1

. /Q\Q(e) . [v(x t"t) — v(r(6; x,t"1), 9)} (u é) (r(8; x, t"*1), §)drdd

(8.5)+ /t .
).
<,
-/
/.

The first through fourth terms on the right-hand side of the previous equation
are bounded as in (8.4):

/ / (x,t"t1) — v(r(6;x,t™11),
tn Q\Q(o)

gntl

tn+1

/Q " [v(x, t) — v(r(6;x, t),o)] : (u vg) (r(8; x, t), 6)drdf

/Q(o) S|Vl t) = v(r(6;x, ), 0)] (U 5) (r(6;x,t),0)drdd

/ v (x, 1) — v(r(8; x, "), (Vu g) (6;x,¢™+1), 0)drdd
Q\Q(0)

o)
/Q(e) v(x,t) — v(r(8;x,1), 0)] (Vu {) (6; x,t), 0)drdf
¢ / v(x ") — v(r(6; x, t"+1)’9)] -n(u é) (r(6; x, **1), 6)dsdf
a(N\Q(9))

tn+l

/8(0(0)) [v(x, t) — v(r(6;x,t), 0)] .n(u {) (r(8;x,1),8)dsdf.

tn+1

.
.
.

S 3 /S(O) v'n {2(Xy t)dS + MAtllg(xa tn+1)”i2(ﬂ) + M(At)2llu'|%2(tn,tn+1;H1(Q)).

( ) (r(6; x,t"1),8)drdd

)]
/me)v’ [v(x,8) = v(x(6:%,0),0)] (u €) (x(65;%, 8), )drd8

/ (x, 1) — v(r(8; x, £"+1), (Vu g) (£(6; x, ¢™+1), 6)drdd
n\n(e)

gntt

o)
/0(9) [v(x,t) —v(r(6;x, t),0)] . (Vu é) (r(9;x,t),0)drdd

Notice that the two integrals on 9(Q\Q()) — S$ and a(Q(8)) — 5% cancel each
other out. We bound the last two terms on the right-hand side of (8.5) by

tn+l

/ v(x t"t1) — v(r(6;x,t" 1), )] -n(u é) (r(6;x,t™*1), 8)dsdd
B(\Q(6))

tn+l

tn

[’9(9(9)) (x,t) — v(r(8;x,t), 0)] ( )(r(@;x, t),0)dsdo

tn

< MAt /S m‘u(x, £) §(x+,t+)’d5'+ MAt /S (O)lu(x,t) £(x, t)ldS

= 5/ v-n &(x,1)dS + e/ €2(x, t"*1)dx
5

QD (gn+1)
(8:6)  +M(A)?||ull} oo 0,111 o)
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< E/ v-n £%(x,t)dS + 5/ € (x, ™ )dx
50 QU (tn+1)N([z1,b] % [y1,d))

d b
+elz / K®(z1,y)€%(z1,9,t"")dy + ey / KO(z,1)e%(z,y1,t"H )d
Ty

n
+eATAYK® (x11) KO (x1,1)6% (x1,1, ™) + MALIE(x, £ (|20

+M (A2 ullf oo 0,7, 1 0

Combining (8.1)—(8.6), we have proven Lemma 4. o

9. Numerical experiments. In this section we perform numerical experiments
to verify the theoretically proven optimal-order L? convergence rates. The test exam-
ple is the transport of a two-dimensional rotating Gaussian pulse. The spatial domain
is Q = (-0.5,0.5) x (—0.5,0.5), the rotating field is imposed as Vi(z,y) = —4y, and
Va(z,y) = 4z. The reaction coefficient is R = 0.4 cos(2t). The time interval is
[0,T) = [0,7/2], which is the time period required for one complete rotation. The
initial condition uo(z,y) is given by

(9-1) uo(z,y) := exp (— (@—ze)’+(y - .%)2) ’

202

where z., y., and o are the centered and standard deviations, respectively. The
corresponding analytical solution for (2.1) with f = 0 is given by

@z + (T ye)?
202

(9.2) u(z,y,t) = exp ( -0.2 sin(2t)) ,
where Z = z cos(4t) + ysin(4t) and § = —z sin(4t) + y cos(4t).

In the numerical experiments, the data are chosen as follows: z, = —0.25, y. = 0,
o = 0.0447, which gives 262 = 0.0040. This problem provides an example for a homo-
geneous two-dimensional reactive transport equation with a variable velocity field and
a known analytical solution. This example has been widely used to test for numerical
artifacts of different schemes, such as numerical stability and numerical dispersion,
spurious oscillations, and phase errors. Our previous results (28, 29] showed that
the ELLAM scheme yields accurate numerical solutions even though large time steps
are used. Moreover, the numerical solutions are free of numerical diffusion, spurious
oscillation, and phase errors.

In this section we use a linear regression to fit the convergence rates and the
associated constants in the error estimates

(9.3) lU(x,T) - u(x,T)||r) < Mah®™ + Mﬁ(At)ﬂ, p=12.

We perform two kinds of computations. The first tests the spatial convergence
rate of the ELLAM scheme (2.21), where we fix a small time step At and compute
the constant M, and the rate o with respect to h; the other tests the temporal
convergence rate, where we choose a small grid size h and calculate the constant Mg
and the rate # with respect to At. The results are presented in Tables 9.1 and 9.2,
fitting the pairs (M,, o) and (Mg, B), respectively. For simplicity in these tables
we present only the errors ||U(x,T) — u(x,T)| 1»(q) instead of the uniform-in-time
error |U(x,T) = u(x, T)l| g0 (0,710 (q2))> SinCe the latter is expected to be reached by
|U(x,T) — u(x,T)||»() at the final time ¢t = T'. The results show that the ELLAM
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TaBLE 9.1
Convergence rates in space, test for Mo and a.

At | Az=Ay | [UGT) —ux,T)lL2@) | UG T)—ulx DliLiq
/60 1/40 4.4422 x 1073 7.3693 x 104
/60 1/48 2.6739 x 1073 4.5730 x 104
/60 1/56 1.8331 x 1073 3.2512 x 1074
/60 1/64 1.2876 x 1073 2.4048 x 104

My =69.12, a=2.62 o =4.57, a=2.37
TABLE 9.2

Convergence rates in time, test for Mg and 3.

At | Az =Ay | UG T) —u(x, T2y | IUG,T) —ulx,DliLie)
/28 1/64 2.1875 x 10~2 4.1510 x 103
/32 1/64 1.8225 x 1072 3.6232 x 1073
/36 1/64 1.7047 x 10~2 3.2190 x 10~3
/40 1/64 1.4469 x 1072 2.8931 x 1073

Mg =0.85, 8=1.10 Mg =0.12, 8 =1.01

scheme (2.21) possesses second-order accuracy in space and first-order accuracy in
time as predicted by Theorem 1 in section 4. Moreover, we notice that in the numerical
experiments Mg is much smaller than M,. This reflects the fact that the solutions
of (2.1) are not smooth in space but are much smoother along characteristics, and it
justifies the use of the Lagrangian coordinates in the ELLAM schemes.
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