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AN OPTIMAL-ORDER ERROR ESTIMATE FOR AN ELLAM
SCHEME FOR TWO-DIMENSIONAL LINEAR
ADVECTION-DIFFUSION EQUATIONS*

HONG WANGH

Abstract. An Eulerian-Lagrangian localized adjoint method (ELLAM) is presented and an-
alyzed for two-dimensional linear advection-diffusion partial differential equations (PDEs). An
optimal-order error estimate in the L2 norm and a superconvergence estimate in a discrete H1!
norm are derived. Numerical experiments are performed to verify the theoretical estimates.
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1. Introduction. Advection-diffusion partial differential equations (PDEs) de-
scribe miscible displacement flow processes in petroleum reservoir simulation, sub-
surface contaminant transport and remediation, disposal of nuclear waste in under-
ground repositories, and many other applications [3, 13, 22]. These equations are
characterized by a nondissipative (hyperbolic) advective transport component and
a dissipative (parabolic) diffusive component, and are coupled to other equations
(e.g., pressure equations in hydrosciences/petroleum industry) in applications. Their
solutions typically have moving steep fronts that need to be resolved accurately. Stan-
dard finite difference or Galerkin finite element methods tend to yield numerical so-
lutions with severe nonphysical oscillations. The classical upwind finite difference
method greatly reduces these oscillations but introduces excessive numerical disper-
sion. Extensive research has been carried out to develop numerical methods that
can overcome these difficulties and allow accurate numerical solutions with reason-
able computational effort. Most Eulerian methods have been based on upstream
weighting techniques. The optimal test function methods [2, 7] attempt to mini-
mize the error in approximating spatial derivatives and yield an upstream bias in
the resulting schemes. The methods in [4, 33] attempt to reduce the overall trun-
cation error by using a nonzero spatial error to cancel the temporal error. The
streamline diffusion finite element method adds a numerical diffusion only in the
direction of streamlines with no cross-wind diffusion introduced [5, 17, 18]. High
resolution methods, such as the total variation diminishing methods and the essen-
tially nonoscillatory methods, are well suited for nonlinear hyperbolic conservation
laws and resolve shock discontinuities in the solutions without excessive smearing or
spurious oscillations [9, 10, 12, 15, 24, 25, 27]. By utilizing the hyperbolic transport
behavior of advection-diffusion PDEs, characteristic methods discretize the tempo-
ral and advective terms through a characteristic tracking to significantly reduce the
truncation errors [19, 20, 21, 28]. Traditional forward or particle tracking methods
advance the grids following the characteristics and greatly reduce temporal errors.
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However, these methods often severely distort the evolving grids and greatly compli-
cate the solution procedures. The modified method of characteristics (MMOC) [11]
follows the flow by tracking the characteristics backward from a fixed grid at the
current time step and avoids the grid distortion problems present in forward track-
ing methods. Moreover, the MMOC symmetrizes and stabilizes the governing PDEs,
greatly reduces temporal truncation errors and allows for large time steps in a sim-
ulation without loss of accuracy, and eliminates the excessive numerical dispersion
and grid orientation effects present in many Eulerian methods [13, 14]. However,
many characteristic methods fail to conserve mass and have difficulties in treating
general flux boundary conditions when a characteristic intersects the boundary of the
domain.

The Eulerian—-Lagrangian localized adjoint method (ELLAM) was presented in [6,
16] for solving one-dimensional (constant-coefficient) advection-diffusion PDEs. The
ELLAM formalism provides a general characteristic solution procedure for advection-
dominated PDEs and a consistent framework for treating general boundary condi-
tions and maintaining mass conservation. Thus, the ELLAM methodology overcomes
the principal shortcomings of many characteristic methods while maintaining their
numerical advantages. We previously conducted numerical experiments in [30, 31],
which showed that the ELLAM methods often outperform many well received and
widely used methods. A different but related method to the ELLAM is the char-
acteristic mixed finite element method [1, 34], which uses piecewise-constant space-
time test functions. As with the standard mixed finite element method, a coupled
system results for both the concentration and the diffusive flux. The theoretically
proven error estimate is O(h%) for grid size h, which is suboptimal by a factor
O(h3).

ELLAM methods introduce further difficulties and complexities to the already
complicated analyses of characteristic methods. When a characteristic intersects the
boundary of the domain, the uniform time step used in the MMOC artificially in-
creases the time period of the physical diffusion and thus introduces numerical diffu-
sion into its formulation. Nevertheless, this uniform time step guarantees a uniform
coercivity of the MMOC scheme on the Sobolev space H!(f2), which is essential in
its theoretical analysis [11]. In contrast, the ELLAM schemes introduce spatially de-
pendent time steps to accurately measure the time period of physical diffusion and
yield time step degeneracies near boundaries. Consequently, the techniques used in
the analyses for MMOC can no longer be applied. We previously overcame these
difficulties and derived optimal-order L? convergence and superconvergence estimates
for the ELLAM schemes for one-dimensional advection-diffusion PDEs [29, 32]. But
these analyses are based on a generalized Sobolev inequality that we proved, which in
turn depends on the Sobolev embedding theorem H'(Q) < C(f2) that is true only in
one space dimension. Hence, the analyses would not carry over to multidimensional
problems. In this paper we adopt a different approach to derive an optimal-order
L? error estimate and a superconvergence estimate for the ELLAM schemes for two-
dimensional advection-diffusion PDEs.

This paper is organized as follows. In section 2 we present an ELLAM scheme.
Section 3 cites known results that are used in this paper. In section 4 we prove
an optimal-order L? error estimate and a superconvergence estimate for the derived
ELLAM scheme. In section 5 and section 6 we prove auxiliary lemmas used in the
proof in section 4. In section 7 we carry out numerical experiments to verify the
theoretical error estimates.



1340 HONG WANG

2. An ELLAM scheme. We consider the follbwing linear advection-diffusion
PDE

(2.1) ¢+ V- (v(x,t)c — D(x,t)Vc) = f(x,t), x=(z,y) €Q, te€|0,T].

Here Q = (z¥, 27) x (y¥, y?) is a two-dimensional rectangular domain with the bound-
ary I' == 0Q. ¢, = %, Ve = (%,g—;). v(x,t) = (VO (x,t), V@ (x,t)) is a fluid
velocity field, D(x,t) is a diffusion coefficient, f(x,t) is a given function, and c¢(x, t)
is the solute concentration of a dissolved substance. Let T'/) and T'(©) be the inflow
and outflow boundaries identified by

r:={xxel, v-v<0},

2.2
22) .= {x|xeT, v-v >0},

with v(x) being the unit outward normal. The ELLAM scheme presented in this
article can treat any boundary conditions [6, 23, 31]. We previously derived optimal-
order error estimates for a family of ELLAM schemes for one-dimensional advection-
diffusion PDEs with all combinations of inflow and outflow Dirichlet, Neumann, and
flux boundary conditions [29, 32]. For simplicity of exposition, we consider the fol-
lowing initial and boundary conditions:

(ve—=DVe)-v =gD(x,t), xeTD  telo,T],
(2.3) c=g9(x,t), xeT©  telo,T),
c(x,0) = co(x), x € (,
where % = Ve v, gD (x,t), g (x,t), and co(x) are prescribed functions.

2.1. Characteristic tracking and test functions. Let I, J, and N be positive
integers. We define a uniform space-time partition on Qx [0, 7] = (2%, z%) x (y*, y®) x
[0, 7] by

R _ L
zi =zF+idz, i=0,1,...,1, Az:= f”—I‘”—
R _,L
(24) y; =yl+jAy, i=0,1,...,J Ay::y Jy ,
T
t, = nAt, n=0,1,...,N, At::N.
The partition is assumed to be quasi-uniform
(2.5) 0 < h:= max{Az, Ay} < Momin{Az, Ay}.

Let ¢;;(x) (0 <i <1, 0<j<J) be the standard piecewise-bilinear basis functions
associated with the node x;; = (z;,y;) (i.e, ¢;;(xk,;) = 6;%6;,;, where 6, = 1 if
i =k or 0 otherwise). Let

(2.6) Sn(2) = span{q&i,j} bi,jlr) = O}.

{0<i<I, 0<5<T} ﬂ{

In the ELLAM framework [6, 23, 31] the test functions w are chosen to satisfy
the adjoint equation of the hyperbolic part of (2.1)

2.7) wy+v-Vw=0.
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This implies that the test functions w should be constant along the characteristics
defined by the ordinary differential equation

dy _
2.8 t).
Because (2.8) does not have closed-form analytical solutions in general, we track the
characteristics approximately by the FEuler method. For any x € Q we define an
approximate characteristic y = r(6;x,t,) emanating backward from x at time ¢, by

(2.9) r(0;x,t,) :=x — v(x,t,)(tn, — ), 0 € [t*(x),tn),

where t*(x) := t,—1 if r(6;x,t,) does not backtrack to the boundary I' for § €
[tn—1,tn], Or t*(X) € [tn—1,tn] is the time instant when r(f;x,t,) intersects the
boundary T' (i.e., r(t*(x);x,t,) € I') otherwise. For any (x,t) € T(©) x [t,_1,t,],
the approximate characteristic y = r(6;x,t) extending from (x,t) is given by

(2.10) r(0;x,t) :==x — v(x,t)(t — 6), 6 € [t*(x,t),1],

where t*(x,t) = tn,—1 if r(0;x,t) does not backtrack to the boundary I' for 6 €
[tn—1,t], or t*(x,t) € [tn—1,1] is the time instant when r(6; x, t) intersects the boundary
T (ie., r(t*(x,t);x,t) € T') otherwise.

To accurately measure the effect of physical diffusion on a particle traveling from
Q at time t,,_1 or the inflow boundary to 2 at the current time t,, in addition to the
time step At defined in (2.4) we define a spatially dependent time step

(2.11) AH(x) = t,, — t*(x).

For any function ¢(x) € Sy, we define w(x, t) to satisfy the homogeneous Dirichlet
boundary condition at the outflow boundary and to be a constant extension of (%)
into the space-time strip  x [t,_1,t,] along the approximate characteristics

w(r(0;x,t,),0) = w(x,t,), 6€ [t (x),tn),x€Q,
(2.12) w(r(0;x,t),0) =w(x,t), 0¢€[t*(x,1),t],
w(x,t) :=0, (x,t) € TO) x [t _1,tn].

Multiplying (2.1) by any of such test functions we obtain a space-time weak formula-
tion for (2.1)

/ e(x, ty)w(x, ty )dx-l—/tn /Vw DVc¢)(z,0) dzdf

tn—1

/ttn /vc—DVc (x,t) - v(x)w(x,t) dsdt

(2.13) -
/ / c(z,0) (wg + v - Vw)(z, ) dzdd
tn—1
tn
=/ (xtnl)w(,nldx-l-/ /fz0 Yw(z,6) dzdb,
Q tn 1
where w(x,t} ;) := limt_,tJr_1 w(x,t) to take into account the fact that w(x,t) is

discontinuous in time at time t,_1.
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2.2. Evaluation of the source and the diffusion terms. We interchange

the order of integration in the second (source) term on the right-hand side of (2.13)
and apply the Euler quadrature to the temporal integral at time t¢,,, yielding

/tt /Qf (v, 0)w(y,0) dydd

tn
2.14 — . .
(2.14) /Q /t*(x) FE(0; %, £), O)w(x, t2)|3(8: %, tn)|d0dx
= / AL(X) f (X, tn)w(x, tn)dx + E1(f,w),
Q
where
(2.15) |J(0;x,t,)] = ?f—(%—:L") =140(t, —6)

is the Jacobian of the transformation from x to r(6;x,t,), and E;(f,w) is the trun-
cation error defined by

El(fa w)

(2.16) ::/Q{/t:x)[f(r(g;x,tn),9)|J(0;x,tn)|—f(x,tn)]de} w(x, tn)dx.

We similarly evaluate the second (diffusion) term on the left-hand side of (2.13)
to get

/t ’ /va(y, 6) - (DVe)(y, ) dydo
(217) = ‘/Q :L ) V’UJ(I‘(@, X, tn), 9) . (DVC)(r(O’ X, tn), g)lJ(e, X, tn)|d9dx

= /QAt(x)D(x, tn)Vw(x, t,) - Ve(x,t,) dx + Ex(D, ¢, w),

where Eq(D,c,w) is the truncation error term given by

Ey(D, c,w) == /Q { /t *:x) [(vw - DVE)(r(8; %, tn), )| (8; %, t)|
(2.18)

—(Vw- DVo)(x, tn)]de} dx.

2.3. An ELLAM scheme. Substituting (2.14) and (2.17) into (2.13) and in-
corporating the boundary conditions (2.3), we obtain a reference equation for (2.1)
with the boundary conditions (2.3)

/c(x,tn)w(x,tn)dx—l—/At(x)D(x,tn)Vw(x,tn)-Vc(x,tn)dx
Q Q
(2.19) :/Qc(x,tn_l)w(x,t:_l)dx+/nAt(x)f(x,tn)w(x,tn)dx

tn
_ / / 9D (x,t) w(x, t)dsdt + E(D, f,c,w),
tn_1 JID)
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where E(D, f,c,w) is the truncation error defined by

E(D,f,tc, w)
(220) . _ / / o(2,0) (wo + - Vw)(z, 0) dzdf + Br(f,w) — Ea(D, ¢, w),
Q

tn—1

with By (f,w) and E5(D, ¢, w) being given by (2.16) and (2.18), respectively.

With the solution ¢(x, t,—1) on Q at time t,_; and the boundary conditions (2.3),
the reference equation (2.19) determines the unknown solution ¢(x,t,) for x € Q at
time t,. We define the trial functions C'(x, ¢,) to be of the form

Clxtn) = Y Clrigta)bis(x)+ D 9 (xig,ta)di;(x),
(221) x4, EQ\['(O) x;,;E€0(O)
xeQ, n=0,1,...,N

After we define the trial and test functions, we now present an ELLAM scheme
based on the reference equation (2.19): Find solution C, which is of the form (2.21)
for x € ) at time t,, such that

/C(x,tn)w(x,tn)dx—l—/At(x)D(x,tn)Vw(x,tn)~VC(x,tn)dx
Q Q

(229) = /Q Cx, b1 w(x, £ )dx + /Q AH(R) F(x, ) (x, tn)dx

tn
—/ / gD (x,t) w(x,t)dsdt
tn—1 INCY)

holds for any test functions defined in section 2.1.

Remark 2.1. The ELLAM scheme (2.22) symmetrizes the governing PDE (2.1),
and generates a symmetric and positive-definite, sparse coefficient matrix with an im-
proved condition number of order O(1+ Dh%t). Second, the ELLAM scheme eliminates
the majority of the temporal errors, and allows large time steps to be used without
loss of accuracy. Third, the ELLAM scheme naturally incorporates the boundary
conditions (2.3) into its formulation. We refer interested readers to [31] for details
on implementational issues. Finally, our earlier numerical experiments showed that
the ELLAM scheme often outperforms many well received and widely used numerical
methods [30, 31].

3. Preliminaries. In this section, we present preliminaries that are needed for
the theoretical analysis in this paper.

3.1. Notions. Let L?(Q), 1 < p < 400, be the standard normed spaces of pth
power Lebesgue integrable functions. Then we define the Sobolev spaces

Oiu(x,y)

(3.1) W™P(Q) := {v(x) riay)

ean,ogi+jsm}

with the (semi-) norms
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1
o tiv(z,y) ||P »
[ 2 _?55% } , 1<p< oo,
vllwme@) = 0<it+j<m L ()
O (z,y)
(32 0<i+‘<m‘ Ta‘xzé 7 ) p = +o0,
- A0
(1 J , 3
||U||1-“11(Q) = ZZ‘Vv(xi_%’j_%) B2l
=1 =1
where x;_ 1i-%°= (xi—%ayj—%), with Ty =T + %a_c and Y1 = n %ﬂ' In

particular, we let H™(Q) := W™2(Q), H(Q) := L*(Q), and WP (Q) = LP(Q).
In addition, for 1 < p, ¢ < +o0o we define the normed spaces
Lq(tl,tg; Wm’p(Q)) =
(3.3)
{wie) | w0 () — WPQ), ()l € Lt t2) |

‘with the norms

lwll e tawm@y = [, 8)lwms o] 1<p, 4 < +oo,

La( tl,t2)

q

l[wll = [Z (-, ”me @ At } , 1< g<+oo,
(3.4) La0,7swm2(Q))

o Jiax, lw(-, tn) llwm.e (), q = oo,
1
N I J 2
sy = | 303 D[Vt s te)| 28ty )
~|n=0i=1j=1

We also make the following assumptions on (2.1):

Assumption (A):
(i) D(x,t), f(x,t) € WH®(Q x (0,T)) and v(x,t) € (WH>(Q x (0,T)))2.
(ii) There exist positive constants D, and Diy,qe, such that

(3.5) 0 < Dpin < D(%,t) < Dipar < +00 V(x,t) € Q x [0,T).

(iii) The solution c(x,t) € L®(0,T; W?>(£)) and c:(x,t) € L2(0,T; H*(Q)).

3.2. Auxiliary functions. For any ¢ € [0, 7], we introduce the Ritz projection
Ic(x, t) of ¢(x,t), which is of the form (2.21), such that [26]

(3.6) /Q D(x,t)V¢(x) - V(IIe(x,t) — e(x,t)) dx =0  Vo(x) € Sn().

It is well known that the following estimates hold for k£ = 0,1 [8, 35]:

[TIe(- ) — c(, )l ax (o) <M RFF e, ) m2 e,
B.7)  N@e(,t) — e, ))ellar@y < M B2F (lle, )l mz@) + et a2@)),
[Te(-,t) = (- )llwrooi) < M B2F[In AP [l 8)[lwze ),
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Vol <Mh V|2, Nllre) < Mh ¢l
IVlle) < Mh gl — Vo(x) € Su(€).

Then we introduce the following notations:

e(x,t,) =C(x,t,) — c(X,tn), n(x, t) := Ie(x,t) — e(x, t),

3.9
3.9) E(x,tn) = C(x,tn) — e(x,tn), x€Q, n=0,1,...,N.

Using the fact that £(x,t,) € Sp(Q), we have

I
xtn) ZZﬁxw, wzJXt) er)
7=0 =0
3.10 el
( ) (r(9 X, t ZZ{ Xz,_y, wz] (e;xatn)’e)’

7=0 i=0
0 € [t*(%),tn), x€Q.

In this paper we use ¢ to denote an arbitrary small number and M to denote a
generic constant, which may have different values at different places.

4. Error estimates. Because the physically relevant spatially dependent time
step At(x) defined in (2.11) degenerates near the boundary, the techniques used in the
analyses for MMOC and other characteristic methods no longer apply since they rely
heavily on a uniform H(2) coercivity of their formulations [11]. We previously proved
an optimal-order L? error estimate and a superconvergence estimate for the ELLAM
schemes for one-dimensional advection-diffusion PDEs [29, 32]. These analyses are
based on a generalized Sobolev inequality that we derived, which in turn depends
on the Sobolev embedding theorem H!(Q2) — C(Q) that is true only in one space
dimension. Hence, the analyses would not carry over to multidimensional problems.
In this section, we adopt a different approach to derive an optimal order error estimate
for the ELLAM scheme (2.22).

Subtracting (2.22) from (2.19) and choosing the test function w = £ in the result-
ing equation, we obtain the following relation:

/Qe(x,tn)f(x,tn)dx+/QAt(x)D(x,tn)Vf(x,tn)-Ve(x,tn)dx
(4.1)

= [ ebtan)éx b1 ix — B(D, fe.6).

We decompose the global truncation error e = C' — ¢ as the sum e = £ + 7, in
which the error estimates for 1 are given in (3.7). Therefore, we only need to derive
an estimate for £. Hence, we rewrite (4.1) in terms of ¢ and 7

/ €2(x, t)dx + / AH(X)D(x, t)[VE(x, £n)|2dx
Q Q

w2 - /Q E(X, tno1)E(x, tF ) dx + /Q (X, tr—1)E(x, th_;) dx

—/ (X, tn)&(X,tn) dx —/ At(x) D(x,t,)VE(X, t,) - Vn(x,t,) dx
Q Q
—E(D,f,c,{).



1346 HONG WANG

The terms on the left-hand side of (4.2) are in a desired form; we estimate those
on its right-hand side. For any 6 € [t,,—1, ], let
QOYG) ={yeQ|3(x,t) €T x [0, 1], such that (s.t.) y =r(6;x,1)},

“3) QD@ ={xecQ|3Iy,7) €T X [tn_1,0], st.y=r(y;x,0)}

be the sets of points that will flow out of the domain Q during the time period [6, t,,)
or that flew into Q during the time period [t,_1,6]. For any x € Q\Q©)(¢,_;) or
x € QO)(t,_1), we define X € Q\QD(¢t,,) or (%,) € T(O) x [t,,_1,t,] by
X =r(tp_1;%,t,) =% —v(X, t,)At vx € N\QO)(t,_1)

with x € Q\QU(t,),
X=r(tp_1;%,1) =%-v(&ED)E-tr1) VxeQOO(t, ;)

with  (%,7) € T©O) X [t,_1,ta].

(4.4)

By (2.12), we bound the first term on the right-hand side of (4.2) by

lAg(xa tn-—l)g(xv t;*z——l) dx
L[ 2 L[ oo ot
< 3 Q{ (x,tn_l)dx+§ Qf (%, _1)dx
= 1/ (X, tp_1)dx + 1/ (X, tn) [J(tn1;%,t,)| dX
2 Jo 2 Ja\e ()

< 1/ fz(X,tn—l)dX-l--l——l_—Mﬂ/ E2(x,t,)dx,
2 Jq 2 g

(4.5)

where at the last “<” sign, the dummy variables X is replaced by x.
We turn to the second and third terms on the right-hand side of (4.2). Let

[V (x,t)|At V@ (x,t)|At
Ax ’ Ay '

(4.6) Cr:=

T (x,0)eQx[0,T]

Case 1. Cr > p with 0 < p < 1, which implies

M
4. <z M @) At < )
(4.7) < (x,t)glggm,]{w (%01, [V (x,6)[} At < MAt

Using the estimate (4.5) and the fact (4.7), we have

[ttt tadax [ nttoon)ett s
Q Q
(4.8) < In(x, ta)llz2 @ 1€ ta)ll L2y + 17(%, tao1) 2@ 1€ 61 [ 22 )
< MP?(|E(x, tn) | L2y llell Lo 0,732 (0)
< MAtE(x, tn)”%z(n) + M(At)3“c”%oo(o,T;HZ(Q))'

Case 2. Cr < p for some 0 < p < 1. This case requires much more attention.
We rewrite the second and third terms on the right-hand side of (4.2)
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/ (%, tn)E(%, ) dx — / 0% b )E G £ )dx
Q Q

_ / 1%, t)E (%, tn)dx + / (%, )€ (X, tn)dx
O\QUO) (1) QO (2, 1)
- / 7% b )€, ta)dx — / 0%t 1)E( P
Q\Q(O)(tn—l) Q(O>(tn——1)

(4.9)
B /Q\mo)(t ~1) [n(x, tn) = (X, t"“l)]g(x’ bn)dx

_/ n(x, tn—1) [{(i, tn) — &(x, tn)] dx
Q\Q(O)(tn—l)
+ / n(x, tn)E(x, tn)dx.

QO (ty,_1)

Here we used the fact that for x € QO (t,_1), (%,1) € TO) x [t,_1,t,]). Hence,
&(%,t) = 0. So, the last term on the right-hand side of first equality vanishes.
The first term on the right-hand side of (4.9) is bounded by

/Q\Q(O)(tn_l) [n(x, tn) —n(x, tn—l)]f(X, tn)dx

tn
/ [/ ne(x,t) dt} E(x,tn)dx
Q\QO) (1) |Vtns

1
< M(AD2IE(x, tn) 2@y 1Ml L2 6y tas22(02))
< MAHE, tn)llZ2 0y + Mh* el Te, s m2@)-

(4.10) =

Let z = x 4 6(X — x) and note that

ox

v(4.11) ~|=1+0(a0).

We bound the second term on the right-hand side of (4.9) as follows:

/ 10, 1) [605 ) — 603, )
Q\QO) (t,_1)

1
/ n(x,tn-1) [/ 4 (x+6(x— x))d&] dx
Q\Q(O) (tn_1) o df

/ﬂ\ﬂ<°><tn_1) (%, tn-1) [/01 VE(x+0(% — x))dé)} (% — x)dx

(4.12)

1
2

< MAt||n(x, ta-1) 2 () {/
O\QO) (t,—1)

/0 [VE(x +0(x — x))|2d6dx}

1
2

< MAE R oG tor)lmrce [ / |V§(z)|2dz]

< eA|VE(x, ta)F2i) + MAL el Zoo 0,712 -
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We need to hide the first term on the right-hand side of (4.12) by the second term
on the left-hand side of (4.2). In other words, we need the following estimate:

(4.13) A VE(x, tn) 720y < M /Q At(x) D(x,t,)|VE(X, t,)|? dx.

Because a (nonphysical) uniform time step At is used in the MMOC formulation,
a straightforward inequality, which is similar to (4.13) but with At(x) replaced by
At, was used in the analysis for the MMOC [11]. Due to the degenerate time step
At(x) in the ELLAM formulation, the estimate (4.13) might not be true in general.
Nevertheless, recall that we are bounding (4.12) under the condition that Cr < p < 1.
In Lemma 5.1 in section 5, we prove that there exist 0 < p < 1 and M; = M;(p),
such that estimate (4.13) holds for Cr < p. Under this assumption, we have

/ (X, th—1) [é(i, tn) — &(%, tn)] dx
NQUO) (1)

@i o /ﬂ At(x) D, )| VEQ, ta)[* dx+ MAT (160, ta)l[F2(y

+MAt bt ||C||2Loo(0,T;H2(Q))'

We are left with the last term on the right-hand side of (4.9). For x € Q) (¢,,_;),
there exists an X € T'(©) such that dist(x,%) = dist(x,T(©)) = O(At). The third
equation in (2.12) implies £(X,t,) = 0. As in the estimate (4.12), we bound the last
term on the right-hand side of (4.9) by

/ N(X, tn—1)8(X, tn)dx
QO (tn_1)

_ \_ / 1% 1) [6(8 1) — €%, 1) | dx
QO (tn_1)

(4.15)

1 d )
/Q(O)(tn_l)n(x,tn—Q [/0 Eé(xjte(x_x))dg] dx

< s/ﬂ At(x) D(%,tn)|VEX, 1) [* dx + MAE [[E(x, )72 (0

+MAL h* [|cl|F oo (0.7, 12 (0
Combining the estimates (4.8)—(4.10), (4.12), (4.14), and (4.15), we obtain the

~ following estimate for the second and third terms on the right-hand side of (4.2) that
holds independent of the size of Cr:

l/ n(xvtn)£<xvtn)dx_/n(xvtn—l)g(xvt:—l)dx

Q Q

(4.16) / AH(X) DX, 1) [VEGK, )P dx+ MAHE )20
Q

+M AL + (Al oo 0,020 T M et 321y tmsm20))-
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The estimate for the fourth term on the right-hand side of (4.2) requires extra
attention and is long. We present its proof in Lemma 6.3:

[ 860 D 1) V1) T ) s
(4.17) < e/ AX) D%, 1) [VE(x, ) 2 + MAIEGE, £) 2200

+M At[h4 + (Al F o0 (0,1, w2.00 (52)) -

Finally, we turn to the last term on the right-hand side of (4.2). Using (2.16),
(2.18), and (2.20), we write this term as

E(D, f,c,£)

= _/ [/tn [f(x tn) — f(r(@;x,tn),0)|J(0;x,tn)|]d0} £(x, tn)dx
¢ (x)

(4.18) / / VE(x,tn) - (DVe)(x,tn)
()
—VE(r(0;x,tn),0) - (DVe)(x(0;x, tn), 6)|I (0 x, tn)|]d0dx
[ [ c0) (€o+v- Ve (a6) dads.

Using (2.15) and (2.16), we bound the first term by

o [/t*: ) [f(x, tn) — f(r(6;%,1,),0)|3(6;x, tn)|] dO} £(x, tp)dx

/ { I [f(x,m—f<r(0;x,tn>,e>]d0}£<x,tn)dx
Q | Jtr(x)

/Q { " (’)(tn—O)f(r(e;x,tn),O)dO}£(x,tn)dx

(%)

<

(4.19) .

daf |?
Ol 20, eniz2 (@)
+MAL|E(X, tn)l| 72 (q)-

< M(At)? [ + ||f||2L2(tn_1,tn;L2(ﬂ))]

Utilizing the relationship

VE(r(0;%,t0),0) = Vie&(r(05x%,1),0) = Vié(x,tn)
(4.20) = 5(79?_2{?%:)%‘5("’ tn) =J710;%,tn) VR€(X, tr)

= (14 (tn — 0))VxE(x,t) Vx€Q,
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we bound the second term on the right-hand side of (4.18) by

V§ X,t,) - (DVe)(x,t,)

t*(x)
— VER(8 %, tn), 6) - (DVO)(x(6 %, ta), 0)|(8; . t) | dbdx

/ VEx,t,) [/t( : DVc)( (v; %, tn),fy)d'yde} dx

(4.21)

/ VE(x, tn) [/t*( )(DVc)(r(O; X, tn),H)(’)(At(x))dO] dx

<e / At(x) D, tn)|VEE, t,)|? dx
Q

del?

7 + ||C||%2(tn_1,tn;H1(Q)):l :

marr |4

L2(tp_1,tn; HL())

At first glance, the only potential convergence factor in the last term on the right-
hand side of (4.18) is the outside integral from t,_; to t,. This factor will disappear
as one sums the estimate for all the time levels later. Nevertheless, because the test
functions w are constant along the approximate characteristics (2.9), they satisfy a
first-order approximation to (2.8). Using (3.10), we have

o(r(6:x,tn),0) + v(x,tn) - VE(r(6;%,10),0) =0,

422) 0 € [t*(x),tn], x€ Q.

Using (4.22), we bound the first term in a similar manner to (2.14) by

/f,t_ /gc<z’9) (€0 +v - VE)(z,0) dzdd

r(0;x,t,),0) (€ +v-VE)(r(0;x,t,),0)|I(0;x,t,)| dfdx

t* (x)

//t(x) r(0;%,tn), 8) (o (r(6;x, ), 6)

+v(x,tn) - VE(r(6;%,10),0)) |I(0;x,t,)| dodx

= v(r(6;x,tn),0)) - (VE)(r(0; %, tn), 0)

t*(X)

x |J(8;x,t,)| dfdx
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v(e(; %, tn), 7)dy| - (eVE)(r(6;%,t0),0)
t*(x) [/ ]

x |J(0;x,t,)| dfdx

(4.23) < s/QAt(x) D(x,t,)|VE(x,t,)]? dx + M(At)z”C||2L2(tn_1,tn;L2(Q))-

Incorporating the estimates (4.19), (4.21), and (4.23) into (4.18), we obtain the
following estimate for the last term on the right-hand side of (5.2):

E(D,f,c,ﬁ) < SAAt(X) D(X’tn)lV€(x) tn)|2 dX+MAt“£(X, tn)”%ﬂ(&))

dc 2
(4.24) M(At)? { ) l’thl(Q))""||C“L2(tn_1,tn;H1(9))
+11£13- 1t L2(02
HdO L2(bn_1,tn;L2(9) (tn—2,En LA(E))

Substituting the estimates (4.5), (4.16), (4.17), and (4.24) for the corresponding
terms in (4.2), we come up with the following estimates:

/ £(x,ty) dx+/ At(x) D(x,t,)|VE(x, tn)|? dx
Q Q

< Lté\/;ré_t- ‘/952()(, tn)dX+5[)At(x) D(X, tn)|v€(x’ tn)|2 dx

1 2 4 2 2
(4.25) +§/Q€ (%, tn-1)dx + M At[h + (A1) ] el Zoo 0,mw20 (@)

dc

FMB* el Taq, a2y + M (AL [d@

Lz(tn lytn,Hl(Q))

F N 1Z 200y tmsz2 ()

+|IC||L2(tn LtnsHL(Q)) T H
L2(tn lytn;L2(Q))

Taking € = —, summing the inequality (4.25) from n =1 to n = N; (N7 < N),
canceling the correspondmg terms, and multiplying both sides by 2 5, we obtain

Ny
[ ectm) dxt Y | At) D) Ve, 1) dx

n=0

dc
do

< MAtZ 160, tn) |72 () + M(AL)? {
L2(0,T;HL())

(4.26) =0

+ llell7e 0,701 () + “ 20 + |If||%2(O,T;L2(Q)):|

L2(0,T;L2(R2))

+M [* + (A2] el o rwreomayy + MA* et Beoiz,tro ey
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Choosing At to satisfy MAt < % and using Gronwall’s inequality, we have

2

N
€0l 2o (0,7, £2(02)) + [Z /Q At(x) D(x,tn)|VE(X, tn)|? dx}
n=0

dc

4.27 <
(4.27) MAt “ 0

el |4
Lo (0,T;W2:2°(Q)) 49

L2(0,T;H(£2)) L2(0,T;L%(Q2))

+ fllz20,m;22(0))

+ MR* [|IC”L°°(0,T;W2:°°(Q)) + ||Ct||L2(0,T;H2(Q))]c

The combination of (4.27) and (3.7) yields the main result of this paper.
THEOREM 4.1. Under Assumption (A), the following optimal-order L? error
estimate holds:

C - C||£oo(o,T;L2(n))

de
do

+ oo W 2,00 +
L (0,T;W (£2)) 40

(a.98) SMA [

L2(0,T;H(52)) L2(0,T;L2(Q2))

+ ||f||L2(0,T;L2(Q)):| + Mn? {HCHL“(O,T;W?-“’(Q)) + ||Ct||L2(o,T;H2(n))] .

Furthermore, the superconvergence estimate holds if c € L>°(0,T; H3(Q))
1C = cll goo 0,781 (29)

dc

<
|

+ lel |4
Lo (0,T;W?2:>(Q)) do

L2(0,T;H(Q)) L2(0,T;L2(Q))

(4.29)
+“f”L2(0,T;L2(Q))] + Mh? [HC||L°°(0,T;W2»°(Q)) + lleell 220,512 (02))

+||CI|L°°(0,T;H3(Q))] .

5. Proof of the estimate (4.13). In this section, we prove the estimate (4.13)
which is used repeatedly in the analyses of this paper.

LEMMA 5.1. Suppose the coefficient D(x,t) in (2.1) satisfies Assumption (A).
Then there exist positive constants 0 < p < 1 and M; = M;(p) such that

(5.1) AE|VE, t)][ 22y < My /Q A#(x) D(x, tn)|VE(x, tn)]? dx

holds for Cr < p with Cr being defined in (4.6).

Proof. Without loss of generality, we assume that the left and the bottom sides
of the domain ) are the inflow boundary while the right and the top sides are the
outflow boundary

) —{ ,7) ‘x ol vy e [y, y®] or y=yt vz € 2L, mR]}
(5.2)
r© ={ |x—xRVy€[y ] or y=yRVx€[xL,xR]}-
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Using the fact that At(x) = At on (zo + CrAt,z1) X (yo + CrAt,y;), for Cr <
p < 1 we rewrite the second term on the left-hand side of (4.2) as follows

| AO0DGx, )V P2 Din ST, ) 5 150100

YJ Z1
+ Dimin At(x) |VE(x,t0)|? dx
(5.3) A
+ Dinin At(x) |VE(x,t,)|? dx
Yo xo
Y1 I
+ Dmin At(x) |VE(x,t,)]? dx.

Yo 1

) is constant in x on the interval [zo,z1], we bound the second

Because &;(z,y, tn
term on the right-hand side of (5.3) from below by

yJ 1 yJ 1
[7 [ stgemmas = [ [ At(a:,wdx] €2(z,y,t)dy
Y1

Zo

Y1 Zo
Ys Z1
(5.0 > [ avae] wptnay
Y1 zo+CrAz

YyJ Z1
—-onat [ [y t)dsdy
Y1 Zo

) is linear in z on the interval [zo, 1] and that any linear

Note that & (z,y,tn
function ¢(z) has the following equivalent norms:

63 GH(Pe ) < [ e < 5 (P + o),

we have the estimate

/:J / . AH(X)E7 (x, tn)dx

T1
— At / / €2(z,y, tn)dady
y
yj- zo+CrAz
/ (£(2,9) — tn1)€2(2, Y, tn) dady
Y1

/ gy Z0,Y,t )+€ (a7lay7 ))dy
Y1

—
o
(=2
=
cﬁl'—‘

Y
—CrAtAx/ max ﬁ (z,y,tn)dy

- w€fzo,1] Y

> (3-Cr)aese [ (€ w0y tn) + Eorv,t)dy

>12C*Ayglg512 dzd
_(g‘_ 7') t/yl /mo gy(x7y7tn)xy'

Combining the estimates (5.4) and (5.7), we obtain a lower bound for the second

term on the right-hand side of (5.3) for 0 < Cr < p < ¢

YJ T1 1
(5'7)/ / At(x) |VE(x, tn)[?dx > (g - 2p>AtI|V§(x, tn) 122 (w000 ) % (w1 00)) -
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By symmetry, the same estimate holds for the last term on the right-hand side of
(53)for0<Cr<p<i

T Y1 1
658) [ [t 1980 1) P 2 (5 20) AV o) s xtsnin
1 0
The &, part in the third term on the right-hand side of (5.3) is rewritten
Y1 1 5
| argion ) ax

Ab(x)EX (%, t5) dx
(59) /z0+CTA:c Yo
Y1 zo+CrAz
+ / { / At(z, y)dx] £2(x,y, tn)dy.
Yo T

0

The first term on the right-hand side is bounded in a similar manner to the
estimate (5.6) but with the role of z and y reversed, yielding

/ " AR (x, t)dx

(5.10) 0+Criz Jyo

1
2 (g - 2P) At“fm(x, tn)”%2((zo+CrAm,a:1)X(yo,yl))‘

For (z,y) € [%o,z0 + CrAz] X [yo + CrAy,y1], the characteristic r(8;z,y,t,) =
(rM(8;2,y,t,), r?(0;,y,t,)) defined by (2.9) will either stay in Q at time t,_; or
backtrack to the boundary x = z¢ during the time period [t,—1,t,]. For (z,y) €
[0, z0 + CrAz] X [yo,yo + CrAy], r(0;z,y,t,) may stay inside  at time ¢, or
backtrack to the boundary z = zy or y = yo during the time period [t,-1,t,]. For
y € [yo + CrAt, yg], let Z(y) be defined by

z =1W(tn_1;2(y),y,tn) = E(y) — VO (Z(y),y, tn) At

(5.11)
Yy € [yo + CrAt, ys).

We use (6.4) in section 6 to rewrite the second term on the right-hand side of (5.9)

Y1 zo+Criz
/ / At(z,y)dz| E(z,y,ta)dy
Yo Zo

yo+Criy zo+CriAz
=[N G e - s | €ty
Yo z

0

Y1 Zo(y) _
n / / L ‘;L(l()’)(ét)](x 20) 4o
Yo+Cray |Jao (oY), ¥, tn)

zo+CriAz
+/ Atd:c]ﬁ (x,y,tn)dy.

Zo(y)

(5.12)
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Zo(y) [1+ O(AD)](z — o) zo+Criz
— dx +/ Atdzx
/a:o VO (&o(y),y,tn) &

o(y)
(1 — MAt)(Fo(y) — x0)? n / Toorae Atdz

(5 13) = 2V(1)(:Z'0(y),y’ tn) Zo(y)

. B Fo(y) zo+CrAz

— (I_M/ d:c+/ Atdz

2 z0 Zo(y)

_ z0+CrAz
> (1__]\/‘;_&2&/ Atdx.
Zo

We use the inverse inequality (3.8) on [z, z1] X [yo,¥1] to bound a part of the
first term on the right-hand side of (5.12) by

yo+CrAy zo+Criz )
[ € - i ety
Yo x

0

(5.14)
< p2AtA:cAy||£m (X, tn) ” %00 ((zo,z0+CrAz)x (yo,y1))

< M2P2At“€w(xa tn)“%2((000,001)><(yo,y1))'

Combining the estimates (5.9) through (5.14), we have
Y1 T1
[ st dx
Yo To
.1 1—- MAt
(5.15) > (mln{g — 2p, ——2———} - M2P2) A€ (%, tn) 72 ((0,21)  (wor1)

1
> gAtHfac(X, tn )12 (w020 % (50 ,91))

for p satisfying 2p + Map? < %. By symmetry, under the same constraint we have

Y1 T1 1
610 [ [ A0 t) dx 2 ZAHE ) By
Yo JZo

Incorporating the estimates (5.7), (5.8), (5.15), and (5.16) into (5.3), we prove
the estimate (5.1).

6. Proof of the estimate (4.17). In this section, we derive the estimate (4.17)
in Lemma 6.3 which gives an upper bound for the fourth term on the right-hand side
of (4.2). This proof is based on Lemmas 6.1 and 6.2.

LEMMA 6.1. Let V(x,t), &, t*(z), At(x), and Cz be one-dimensional analogues
of v(x,t), X, t*(x), At(x), and Cr defined by

T = 1(tp_1;%,tn) =& — V(& tn_1)At,
Zo =rt*(x);z,tn) =z —V(z,t*(z))At(z) Vz € [zo,Z0],
61  At(z) =t, - t*(),
_ Zo— %o
Cz =

with t*(x) = tn—1 for any x € [Zo,x1]. Let Ic = [Cz] be the smallest integer that
is larger than or equal to Cx, and ¥(z) be any piecewise-linear function defined on
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[0, z1] with the spatial partition in (2.4). Then, we have the estimates

/xo (t"(2) = tn-1) () de

(6.2)

1
2

Zo
< MAt {/ At(m)wg(x)dx} + M(At)% %122 (20,21) if Cx <1,
Zo

(Sl

(6.3) / " (@) — tar) ha(o) e < 21D [ / " At(x)¢g(x)de it Oz > 1.

0 (Az)3
Proof. We first notice that the following relations hold for any x € [xo, Zo]:
_ T — Xo =0 T — Xo _ T — X9
M) = e = Vo)t Ter e~ Vo)
_ - (x — z0)[V(Zo, tn) — V(z,t*(x))]
(6.4) V(Zo,tn) V(:I),t*(:l)))V(f)o,tn)
T—z
= Vo O]
- % + O(At (z — z0)),
t*(z) — tn-1
= At — At(x)
_ Lo — %o T — %o (x = 20)[V(Z0, tn) — V(z, t*(2))]
09 = T T Ve o

i‘o—x
=——— +O(At (x — z9)).
V(antn) ( ( 0))
Let z; 1+ (i=1,2,...,I) be defined by

Ti_1+x; Ax
(66) xi_% = —1—2—1' =T;—1 + '7

We first prove the lemma for Cz < 1, i.e., the estimate (6.2). Using the inverse
inequalities (3.8) and (6.4) and (6.5), we bound the left-hand side of (6.2) by

/%(t*(x) = tn-1)|Ye(2)|de

O Lfo [%% + O(At (z — xo))] dx
~[watoy)| [E= 22 1 o(an?)

/x [% + O((At)2)} da

0

= "»[’m(xz—%)

(6.7)

= [ [atta) + 020 jalo)lan

Zo

1
2

To s
< MAt l:/ At(x)d)z(fc)dx + M(At)§ ”"vb”L?(avo,a:l)'
zo
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Thus, we prove the estimate (6.2). We now turn to the estimate (6.3). In this
case, Cx > 1. We bound the left-hand side of (6.3) from above as follows:

/ZO (t"(2) = tn—1)¢u(2)|dz

0

= "»[’m(xlc—%) /xo (t"(z) — tp-1)dz
Ic—1 e
+ Z Vol / (#*(2) — tn_1)dz
o R L AT d
69 TZ;%@%)AH[Wm¢)+< C“fm]x
< xyof(;zI:)l 1/)x($1c_l) { 2$Ic L MA (Cco +2$1c—1 —fco)]
Ic—1

i—1
an Z lwx T2

At(1+ MAt ey
< % |:( Zo _xIc——l) "/)z xIc——— Z Ax ¢m % :|
_ At(1+MAY)

e A|%mm

(At)Z(1+ MAY)
< z xg,%0)"
= Vi(Zo, tn) Wellzateoo

[ Zo —z;_1) + MAt(z;_y — iBo)]

On the other hand, we bound the right-hand side of (6.3) from below by

o
| sty
o Ic—1 Fo
= Z %2;(5'71‘—% / At(z)dz + 2 (Tre-1) At(z)dx
1=1 Te—1 . . . Tlc—1
>(1—-MAt 2 (2,1 / —— 0z
_( );¢ ( é) . V<x0’ n)
%o T — Ig
+(1 - MA¢ '(ﬁiZEC_L ——dz
(6.9) ( Welre-y) wre—y V(%o tn)

1 — MAHA Ic—1
Z(VW%Z% ;3 )(x;_3 — To)

=1
+(1 — MA)(Z0 — Tre—1 )¢i(f’31c—§) <a70+xjc_1 —330)

V(fﬁo,t ) 2
1- MAtH)Az [&
( 2V 550 n)x Z ¢z i‘—)Ax+¢ (xIc——)(xO — Zfc-1 ):|
_ (1-MAH)Az

ZV( Zo, n) ”wx”L?(xvaO)

Combining the estimates (6.8) and (6.9), we prove (6.3).
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LEMMA 6.2. Under the assumptions of Lemma 6.1, the estimate (6.20) holds for
any piecewise-linear function ¥(x) defined on [xo, x| with the partition (2.4)

[ @ - @t

(6.10) 7o . ,
M(At) [ [Pmexile2) TR

<SS [T staayl

2 5
+ M(A)2 |9l L2 (20,50)-
Proof. Using (6.5), we bound the left-hand side of (6.10) for Cz <1

/%(t*(ﬂf) — tn-1)[¢(2)|dz

< [0 @ =) e 2T + e 522 do
1 Zo
(6.11) : Wio/mo (@0 — ) [|¢(xo)|(:c1 — ) + (1) (z - xo)] da
+M(At)2/ |9(z)|dz

Zo

. -
= —éxﬁ(x%f‘?i) {"”‘”0” e T 0)] M | ie)lds
< M(A82 [y (z0) + ¥2(20)]” + MO 952 o0 ,50)-

Using (6.4), we bound the right-hand side of (6.10) from below

/wz At(x)? (x)dz

S 1— MAt
N V(io,tn)(AfE
+

= /jo At(z)p? (x)dz + /:1 Atp? (x)dzx + /:2 Atp? (z)dz
B /jo (z — z0) [111(980)(331 —z) +Y(z1)(z — :co)]

2

dz
(1 - MAYH)AL

(Az)?
(1— MAt)At [
+ (Az)? /ac1 [7/’(5'71)(332 — )+ Y(z2)(x — xl)]
(612) (1 MAfACAE
N 12

2
dz

Axl [7/’(330)(551 —z) +(z1)(z — xo)]

2
dz

[¢2 (z0)(4 — 6Cz + 4Cx* — Cx®)
+p(w0)(21)(4 — 4Cz? + 2023) + ¥?(21)(4 — C:c3)]
, (1= MAYACAL

T [V @) + Yl + ()]
o (1= MAt)AzAL

24

{1/)2(330)[1 +(1 - Cz)(1+ (1 - Cz)(4 - 3C2))]
+9*(@1)(6 + 8Ca? — 6Ca*)] |

> (1- Mit)A:cAt [1/12(300) . ¢2(331)],
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where we used the fact that Az/(V(Zo,t,)At) = 1/Cz at the second equality and
the simple inequality

2
(6.13) ab < = 47

repeatedly at the second “>” sign, and the fact that Cz < 1.

The combination of the estimates (6.11) and (6.12) deduces the estimate (6.10)
in the context of Cz < 1. We now turn to the case Cx > 1. Using (6.5), we rewrite
the left-hand side of (6.10) as

/mo(t*(fv) = tn1)|9p(z)|dz

0—121/ xo {W)(a?z 1)| Ty ()| Bt ] d
(6.14) oo
... Vx(xo——) WP |¢<xfc>|x—f—x“——l] do

+ zo O((z — zo)At) |9 (z)|dz.

Zo
The first term on the right-hand side is bounded by

Ic—-1

Z / . OI’ i [lzp(x, 1)|xiA;“’+|¢(xi)|m—‘A”ﬁm’i] da
- e X [lwm (g4 )

() ( )2]

20 & 3
ST{;O_QE—SZ(O_%I Ti-1 +¢($z)] :
VI =1

(6.15)

G

The second term on the right-hand side of (6.14) has an upper bound

Ic—1

- _1?7 {lwx,c_gl R

V(Zo,tn 2Az 3Az
T — 3
(6.16) +|T/)($Ic)|(x—062—:_—l)—}
< 2V(f§0,tn) [W(l’lc—ﬂl(io - xlc—l)z + |Y(zre)|(Zo — 371‘:—1)2]

V2Az (%o — T1e—1)
- 2V(£20, tn)

The third term on the right-hand side of (6.14) is controlled by

[1/12(1%—1) + ¢2($1c)] ;

(6.17) < M(AE)3 9]l 12 (ao 0)-

[ ot - solu@)as
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Combining the estimates (6.14) through (6.17), we obtain an upper bound for the
left-hand side of (6.10) in the case of Cz > 1 as follows:

[ ¢@ -t
(6.18) VoA & ) 20
< 3V (oLt )Z(l’o =z 1) [ (zi—1) + Y% (24)]

i=1
+M (A2 ][] 12 2 50)-

We are now in a position to bound the right-hand side of (6.10) from below in
the context of Cz > 1. Using (6.4), we have

‘/mk At(z)y?(x)dx
_ / " At(e)e? (@)de + / " At (2)da

1-Mar [ & |
(6.19) ZWam,—{Z/ (@ = 20) [t (wi1) (i — @)

-H/J(mz)(x — mi_l)]zdx

4 / " @ = o) (@remt) @10 — 3) + P(@10) (@ — xfc_l)]zdx}

Ic—1

+_(Aéxt B / [(wre-1)(@1e = 2) + Y(2re)(@ = 21e-1)da.

The first term on the right-hand side is bounded from below

l—MAt Ic—1 i
TP 2 . (e 6 =) e - )

9 Ic—1
-4 Izﬂféz?if;) > [(41' = 3)9*(@i-1) + (20 — Dp(i—1)b(xs)

(6.20) +(41 — 1)¢2(a:z~)]

O S vty

i=1

1— MAY(Az)?2 &1, ,
3 24V(§:0355n) ) > [w (@i1) + ¢ (a:i)],

i=1

where we used the simple inequality (6.13) again.

Let a = (Z9 — z1c—1)/Az, we evaluate the second and the third terms on the
right-hand side of (6.19), respectively,
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V—(%;—M)—(AAtT) /:0 (z — o) [W(T1e—1) (1 — T) + Y (T1)(T — T1e—1)]Pda
— T 2
(621) . mﬂxf(i?iA) D [1are1 ~ (1 - ) + 30— )* ~ 3y2(ere1)

+[12(Ic — 1)a? — 8(Ic — 2)a® — 6a* W (zre—1)(x1c)

+[4(Ic - 1)a® + 3a4]1/12(xfc)]2,

_(—AA_;)—Q_ v/i:[c[w(xIc—l)(xIc - x) + ¢(fc1c)(x - xlc—l)]de
= A:;At [(1 — a)3¢2(:c1c—1) +(1- 302 + 20!3)%11(931':—1)7»[’(5”16)
(6.22) +(1 - a3)¢2(fvzc)]
= ﬁ%ﬁm ~1+a)[(1 - )% (zre-1)

+(1- 302 + 20%)p(are-1)(ore) + (1 - @* W (aro)|,

where at the second equality we used the relation V(Zg, t,)At/Az = Cz = (Ic—1)+a«
to make the right-hand side of (6.22) consistent with that of (6.21).

The combination of (6.21) and (6.22) yields the following lower bound for the
second and third terms on the right-hand side of (6.19):

v—(ifz% / <x ) W(@rea) (@1e — ) + P(@re) (@ — Tror) Pl
+(Ai;); / (@ rer)(@1e — ©) + (@1 (@ — wrer)Pde
_ 2
P

(6.23) +(4(Ie = 1+ @) - 40° + 204 ) (@101 (1)

+(4Te—1+0) - a4) zp?(:c,c)]

G AT

+2(Ic —l+a+a®— O£4>1/12($Ic)]

S (- MAt)Ic(Ax)?
- 12V (%o, tp)

[V2@re1) + 92 (1))
Combining the estimates (6.19), (6.20), and (6.23), we obtain

MAt)(Az)? fe 2
. 24V(x0,(n)) Z [¥?(xi-1) + 9* ()]

(6.24) / " At (@) (2)de >



1362 HONG WANG

Using the estimates (6.18), (6.24), and the fact Ic < 2Cr for Cr > 1, we have

/ " (@) — taon)(2)lde

AzA Ic
v(af) t ZW(% D)+ 92 (@a)]E + MO ]2 ao,0)

1
2

MAzA 5
(6.25) < V(Txtt) [IC Z[¢2(xi—1) +¢2($i)]] + M(A)? [¥]| £2(z0,0)
o i=1

| /\

1

2

1 3 Ic
< M [Z[W(xi_n + w%mﬂ MO ]| oo 0
2 (xO,tn) i=1

MM (Az) [ / At(xw(x)dx] C M) 1o 0

Thus, we finish the proof of (6.10) for the case of Cz > 1.

LEMMA 6.3. Under Assumption (A), the following estimate holds for the fourth
term on the right-hand side of (4.2):

/At(x D(x,t,)VE(X,tn) - Vn(x,t,) dx
(6.26) < s/ A4(x)D(X, t)| VE(x, tn) [Pdx + MALE(x, )32

+MAt[h4 + (A1) llel oo 0, 7592.00 () -

Proof. Using (3.6) and the fact that At(x) = At — (t*(x) — t,—1) in which
(t*(x) — to1) = 0 for x € Q\QU(¢,), we rewrite the fourth term on the right-hand
side of (4.2) as follows:

/QAt(x) D(x,t,)VE(X,t,) - Vn(x,t,) dx

= At/Q D(x,t,)VE(X,tn) - Vn(x,ty,) dx
(6.27)
- / (£(%) = tn1) D(%, ta) VE(X, tn) - V(x, £n) dx
Q

- / (£(%) — ta_1) DX, ta) VE(X, ta) - VN(, ta) dx
QD (t,)

Without loss of generality, we assume again that the inflow and the outflow bound-
aries are given by (5.2). Let Ic¢ = [Cr] (i.e., the smallest integer that is larger than
or equal to Cr). Let X9 = (Z¢, 7o) be defined by (4.4), which will backtrack to the
point xo = (zo, Yo) at time t,_;. We decompose this term as the sum of the following
terms:
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/ (£(%) — ta_1) D(X, ta) VE(X, t) - V(x, 1) dx
QD (ty,)

v Zo(y)
= /y / (00— tnt) DO ) VE ) - V6 tn) dx

(6.28) do(z) o
[ 60~ tas) Dl ) Ve )] [V, 80)]

+

)

zr  pio(z)
/~ / (t*(x) = tno1) D(x,tn)VE(X,t,) - VN(x,t,) dx

Yo

where Zo(y) is defined in (5.11) and go(z) is defined by symmetry.
We now estimate the first term on the right-hand side of (6.28)

ys  rZo(y)
[ / (£ (%) = tn_1) D(%, t) VE(X, t) - V(X £n) dx

[¢]

ys Zo(y)
(6.29) = /~ / (t*(x) — tn=1) D(x,tn)Ez (X, tn)Nz(X, tp) dx

v Eo(y)
+/y: /ﬂ; (t (X) - tn—l) D(X, tn)é‘y(xa tn)’ﬂy(X, tn) dx.

0

Using the last estimate in (3.7) with £k = 1, we bound the first term on the
right-hand side of (6.29) by

ys  rEo(y)
/ / (t* (X) - tn—l) D(X, tn)gw(xa tn)naz (x, tn) dx
Yo Zo

ys  rZo(y)
(6:30) < M{a(x, tn) | 10 / / (£°(%) = ta-1) o (2, g )| dady
Yo x

o

ys  pEo(y)
< Mblel oy [ [ (€6 = taor)lalev.to)ldody
Yo xo

Since &(z,y,t,) is a piecewise-linear function of z for any fixed y, we can use
Lemma 6.1 to bound the inner integral on the right-hand side of (6.30). If Z4(y) < z1,
the estimate (6.2) in Lemma 6.1 applies, leading to the estimate

Zo(y)
h||0||L°°(0,T;W2,°°(Q))/ (" (x) = tn-1)|ée(z,y, tn)|d

Zo

[N

Zo(y)
< MAt b [|ef|pee o,7;w2.0(02)) {/ At(x)€2(x, tn)dx]
Zo
(6.31) . Fo(v) 3
+M(ADE / €2(x, t,)dz
Zo

Zo(y)

Zo(y)
<e / ’ At(x)E2(x, tp)dz + MAt / E2(x,tp)dz

Zo Zo

+M(AL)? B2 )10 (0 1m0 (02))-
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For Zo(y) > 1, we apply the estimate (6.3) in Lemma 6.1 and the assumption
(2.5) to generate the following upper bound:

Zo(y)
hllell oo (0;75w2. 0 (2)) / (" (x) = tn-1)léa(z,y, tn) de

Zo
Zo(y) 2

At(x)E2(x, tn)dx}

[¢]

(6.32) M(AL)F B2 el oo 0,752, () [/

Zo(y)
< 8/ AH(X)EZ (%, tn)dz + M(AL)® b [|e]|F oo 0,120 (0 -

Zo

Combining the estimates (6.30)—(6.32), we come up with the following upper
bound for the first term on the right-hand side of (6.29):

ys  rZo(y)
/ / (£ (%) — tuor) D%, tn)€o (%, ) (%, t) dx
Yo Zo

(6.33) e / AH(x)D(X, tn)E3 (%, tn)dx + MAL|E(x, tn)|32(q
Q

+M AR + (A1)?)]|el oo (0,72, ()
Since £(z,y, tn) is a piecewise-bilinear function of z and y, &, (z, y, ) is a piecewise-

linear function of z for any fixed y. Thus, we can apply Lemma 6.2 to bound the
second term on the right-hand side of (6.29) by

ys  pEo(y)
L7 [ @60 = tams) Dexyta)y oy ) dx

Yo Zo

ys  pZo(y)
< Mny (%, ta) | 2o o) / / (£(%) — tn_1)|Ey (2, 9, ta) | ddy

vy 900(?!)
< Mbelo o [ [ 00 tna)lyte vt ldady

(6.34) . }
M) RE el g o rawae () [ / AHE (x, b )dx]

M (A)2 ||| Lo (0,152 ) €%, t) | L2 (52)
< e/ At(X) D (X, tn )5 (X, tn)dx + MAH|E(X, tn)]| 720
Q
M (A8 el F oo o,0w2.00 (02))-

Using the estimates (6.33) and (6.34), we obtain the following upper bound for
the first term on the right-hand side of (6.28):

g rZo(y)
/ ’ / (%) — 1) D%, £) VE(K, £0) - V(% £) dx
Yo Jzo

(6.35) <e /Q AH(X) DX, tn)| VE (X, tn)Pdx + MALERK, t) 320

+M Ath* + (A)?]|el| oo 0,1 w200 (02))-
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By symmetry, the same estimate holds for the last term on the right-hand side of
(6.28). We now turn to the second term on its right-hand side. We use the estimate
(3.7) and the inverse estimate (3.8) to derive an upper bound for this term

go(z) pZo

/ €60~ tamt) Do, )96, )] (910, 8)]
Yo o ~

/ |VE(x,tn)| dx

Jo(z)
< MAt||n(x, tn)llwlxw(ﬂ)/
Y

0

(6.36) 5 Go(z) ro ) 2
< MOP Helorwemy | [ [ IVeGt)P dx
Yo To

< M(A)? (el Lo (0,75 2.00 ) 1€ (%, )| L2 ()
< MALE, tn)l| 720y + M (A)*||c]F oo 0,1w200 ()

Thus, combining (6.27) and (6.28), (6.35), and (6.36), we prove the lemma.

7. Numerical experiments. In this section we present numerical experiments
to verify the theoretically proven optimal-order L? convergence rates. The example
considered is the transport of a two-dimensional rotating Gaussian pulse. The spatial
domain is © = (—0.5,0.5) x (—0.5,0.5), the rotating field is imposed as V1) (z,y) =
—4y, and V@ (z,y) = 4z. The time interval is [0,7] = [0,7/2], which is the time
period required for one complete rotation. The initial condition co(z,y) is given by

(7.1) co(@,) = exp (_ (z — xc)z;(y — yc)Q) ,

where z., y., and o are the centered and standard deviations, respectively. The
corresponding analytical solution for (2.1) with R = 1, a constant diffusion coefficient
D, and f =0 is given by

20? (@ —2c)? + (7 — ye)?
.2 )= —— _
(7.2) Wz vt = 5y eXp( 207 + 4Dt ’

where Z = x cos(4t) + ysin(4t) and § = —x sin(4t) + y cos(4t).

In the numerical experiments, the data are chosen as follows: D = 1074, z, =
—0.25, y. = 0, 0 = 0.0447 which gives 202 = 0.0040. This problem provides an exam-
ple for a homogeneous two-dimensional advection-diffusion equation with a variable
velocity field and a known analytical solution. This example has been used widely to
test for numerical artifacts of different schemes, such as numerical stability and nu-
merical dispersion, spurious oscillations, and phase errors. Our previous work [30, 31]
showed that the ELLAM scheme yields accurate numerical solutions that are free of
numerical diffusion, spurious oscillation, and phase errors, even though large time
steps are used. It also showed that the ELLAM scheme often outperforms many well
received and widely used numerical methods.

In this section we use a linear regression to fit the convergence rates and the
associated constants in the error estimates

(7.3) |C(x,T) — e(x,T)||z2() < Mah® + Mg(At)P.

‘We perform two kinds of computations. The first tests the spatial convergence rate
of the ELLAM scheme, where we fix a small time step At and compute the constant
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time

RN

y-axis .
X=a

):(l”

TABLE 7.1
Convergence rates in space, test for My and a.

h At IC(x,T) — c(x, T)llL2(q)
/120 | 1/16 3.567925 x 10~2
/120 | 1/32 9.562615 x 10~3
/120 | 1/48 3.594445 x 10—3
/120 | 1/64 1.991497 x 10~3

M, =12.4041, o = 2.0957

M, and the rate o with respect to h; the other tests the temporal convergence rate,
where we choose a small grid size h and calculate the constant Mg and the rate 8
with respect to At. The results are presented in Tables 7.1 and 7.2, fitting the pairs
(Mg, a) and (Mg, B), respectively. They show that the ELLAM scheme possesses
second-order accuracy in space and first-order accuracy in time as predicted by the
theorem in section 3. Moreover we notice that the numerical experiments Mp is much
smaller than M,. This reflects the fact that the solutions of the equation (2.1) are
not smooth in space but are much smoother along characteristics, and justifies the
use of the Lagrangian coordinates in the ELLAM schemes (see Figure 7.1).
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TABLE 7.2
Convergence rates in time, test for Mg and (.

At h 1CG,T) — e(x, T)llr2(e)

/20 | 1/64 1.407027 x 10~2
7/40 | 1/64 7.387595 x 1073
/60 | 1/64 4.262668 x 103
/80 | 1/64 2.964727 x 1073

Mg =0.1181, §=1.1253
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