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Estimation of Electrode Kinetic Parameters of the Lithium/ 
Thionyl Chloride Cell Using a Mathematical Model 

T. I. Evans 1 and R. E. White*  

Department of Chemical Engineering, Texas A&M University, College Station, Texas 77843 

A B S T R A C T  

A one-d imens iona l  ma themat i ca l  mode l  for the  l i th ium/ th ionyl  chlor ide  pr imary  cell  is used  in con junc t ion  wi th  a pa- 
r amete r  es t imat ion  technique ,  in order  to es t imate  the  e lec t rode  kinet ic  pa ramete rs  of  this e lec t rochemica l  system. The  
e lec t rode  kinet ic  parameters  inc lude  the  anodic  t ransfer  coeff icient  and exchange  cur ren t  dens i ty  of  the  l i th ium oxida-  
tion, ~,,~ and io.~.~ef; the  ca thodic  t ransfer  coefficient  and the  effect ive e x c h a n g e  cur ren t  dens i ty  of the  th ionyl  chlor ide  re- 
duct ion,  c%4 and a~ and a morpho logy  parameter ,  ~. The  pa ramete r  es t imat ion  is pe r fo rmed  on s imula ted  data  first in 
order  to gain conf idence  in the  method.  Data  repor ted  in the  l i terature for a high-rate  d ischarge  of  an expe r imen ta l  lith- 
ium/ th iony l  chlor ide  cell  is used  for an analysis. 

This  w o r k  is part  of  an ongoing  effort  to character ize  the  
l i th ium/ th ionyl  chlor ide  (Li/SOCla) cell  in order  to under-  
s tand bet ter  the  physical  sys tem and improve  its safety 
and per formance .  The  Li/SOC12 cell  is an a t t ract ive  pri- 
mary  energy  source  because  of  its h igh  energy  dens i ty  
(1, 2). A descr ip t ion  of  the  Li/SOC12 cell  a long wi th  the  
safety hazards  it exhibi ts  is d iscussed  e l sewhere  (2). 

A detai led ma thema t i ca l  mode l  of  this bat tery  has been  
p resen ted  (3). The  mode l  is used  here  in con junc t ion  wi th  a 
pa rame te r  es t imat ion  t echn ique  in order  to es tabl ish a 
means  to es t imate  the  e lec t rode  kinet ic  parameters ,  which  
aid in descr ib ing  the  physical  system. The  a s sumpt ions  
and govern ing  equa t ions  used  in the  m o d e l  are g iven  else- 
whe re  (3). A descr ip t ion  of  the  mode l  parameters ,  the  sen- 
s i t ivi ty of  the  mode l  predic t ions  to changes  in these  pa- 
rameters ,  and es t imates  of  these  parameters ,  based on 
avai lable  expe r imen ta l  data  (4), are p resen ted  next .  

Model Parameters 
The  mode l  (3) inc ludes  several  reactions:  the  ox ida t ion  

of  l i th ium at the  anode  

Li  --~ Li  + + e- 

the  r educ t ion  of  SOC12 at the  ca thode  

2SOC12 + 4e- --~ 4C1- + SO2 + S 

and the  prec ip i ta t ion  of  LiC1 on the  pore  surfaces of  the  
ca thode  dur ing  d ischarge  by the  fol lowing react ion 

Li  + + C1- ~- LiCl(s) 

i k = io,k,re f ~ k ~ /  e x p  k ~  nk) 
i,ref/ 

- r ] / - - /  exp  j [53 

whe re  

~k = ~P, - ~o - Uk.,ef [6] 

In  Eq. [6], ~lk is the  potent ia l  dr iv ing force for e lec t rochemi-  
cal react ion k. The  e lec t rode  kinet ic  parameters  io.k.ref, %.k, 
and ac.k are the  exchange  current  density,  anodic  t ransfer  
coefficient,  and ca thodic  t ransfer  coeff icient  for react ion k, 
respect ively .  These  e lec t rode  kinet ic  pa ramete rs  charac-  
ter ize the  e lec t rochemica l  react ion via Eq.  [5] and are the  
parameters  that  are  sought  in this  work. Note  that  the  
t ransfer  coefficients  for a g iven  react ion s u m  to the  total  
n u m b e r  of  e lect rons  invo lved  in that  react ion 

O~a,k ~- Otc,k = nk [7] 

[1] Hence ,  only  one of  the  t ransfer  coefficients  need  be  esti- 
ma ted  and the  r ema in ing  one can be  obta ined  f rom Eq. [7]. 

Equa t ion  [5] mus t  be modif ied  s l ight ly in order  to de- 
scr ibe  the  rate of  react ion [4] in the  porous  carbon  cathode.  

[2] The  rate of  react ion [4] mus t  be expressed  per  uni t  v o l u m e  
of  porous  electrode.  This change  is accompl i shed  by pre- 
mul t ip ly ing  Eq. [5] by the avai lable act ive surface area per  
uni t  v o l u m e  of electrode,  a. The  var iable  a changes  as the  
LiC1 precip i ta tes  on the  pore  walls, accord ing  to react ion 

[3] [4], and can be descr ibed  by  (8, 9) 

Due  to the  low solubi l i ty  of  LiC1 in the SOC12 + LiA1C14 
m i x  (5), react ion [3] is a s sumed  to occur  comple te ly  and in- 
s tantaneously .  Thus,  react ions [2] and [3] can be  c o m b i n e d  
to yield one  overal l  react ion represen t ing  the  processes  oc- 
cur r ing  wi th in  the  porous  ca thode  (3) 

4Li + + 4e- + 2SOC12 -~ 4LiC1 + SO2 + S [4] 

Four  species  are inc luded  in the  model :  Li  +, A1C14 , SOC12, 
and LiC1. 

The  e lec t rochemica l  react ion rates, ik, depend  upon  the  
local concent ra t ions  of  the  chemica l  species ,  the  potent ia l  
d r iv ing  force for reaction,  and the  tempera ture .  The  But-  
le r -Volmer  polarizat ion equa t ion  for a flat plate e lec t rode  
(6, 7) is used  in the  m o d e l  (3) 

*Electrochemical Society Active Member. 
1present address: E. I. du Pont de Nemours & Co., Marshall Lab- 

oratory, Philadelphia, PA 19146. 

[ 1 a = a  ~ 1 - \  e ~ / J [8] 

where  ~ is an exper imen ta l ly  de t e rmined  pa ramete r  used  
to descr ibe  the  morpho logy  of  the  precipi tate .  In  wr i t ing  
Eq.  [8] it  is a s sumed  tha t  all the  LiC1 p roduced  f rom reac- 
t ion [4] precipi ta tes  ins tan taneous ly  and passivates  the  sur- 
face it covers.  Large  values  of  ~ indicate  need le - shaped  de- 
posi ts  whereas  small  va lues  represen t  flat deposi ts  (9). 
P remul t ip ly ing  Eq. [5] by Eq. [8~yields the  fo l lowing equa-  
t ion for the  rate of  react ion [4] per  uni t  v o l u m e  of porous  
e lec t rode  

(o~ ( o_, ?, \ -V-/j  ,o,,.,o, [7 e x p  
, C ,,ro, J k - - E r - -  ] 
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The effective exchange current density for reaction [4] is 
the product a~ In all, nine electrode kinetic parame- 
ters, i o , I , r e f ,  a a + l ,  ( ~ e , 1 ,  a~ ~  0 4 c , 4 ,  q + , l ,  q + , 4 ,  a n d  q o , 4 ,  a n d  
one  m o r p h o l o g y  p a r a m e t e r ,  6, are  u s e d  (3); two  of  the  
t r a n s f e r  coeff ic ients ,  ac.1 a n d  %.4, are  no t  i n d e p e n d e n t  
q u a n t i t i e s  b e c a u s e  t h e y  can  be  ca lcu la ted  f rom ~.1 a n d  ac.4 
via  Eq. [7]. 

Severa l  p a r a m e t e r s  are  u sed  in  t he  m o d e l  (3) to de sc r ibe  
t he  spec ies  t r anspo r t .  T he  d i f fus ion  coeff icient ,  D, is u s e d  
to cha rac t e r i ze  t he  d i f fus ion  of  t he  sal t  (LiA1C14) in t he  sol- 
v e n t  (SOC12) due  to c o n c e n t r a t i o n  g r a d i e n t s  in  t he  cell. In  
t he  m o d e l  (3), t he  d i f fus ion  coeff ic ient  is ca l cu la t ed  u s i n g  
t he  fo l lowing  e x p r e s s i o n  

D = 136 exp  (Bs/T) [10] 

w h e r e  ~ a n d  ~ are  cons t an t s .  T he  t r a n s f e r e n c e  n u m b e r  of  
c h a r g e d  spec ies  i, t~ m, is u sed  to de sc r ibe  t he  m i g r a t i o n  of  
spec ies  i in  t he  cell due  to t he  e lect r ic  field. Two c h a r g e d  
spec ies  are  c o n s i d e r e d  in t he  mode l ,  Li  + a n d  A1C14 ; the re -  
fore two  t r a n s f e r e n c e  n u m b e r s  are used ,  t+ m a n d  t m. Only  
one  t r a n s f e r e n c e  n u m b e r  is i n d e p e n d e n t  b e c a u s e  t h e y  
m u s t  s u m  to one  

t+ m + t +  m= 1 [11] 

W h e n  no  c o n c e n t r a t i o n  g r a d i e n t s  exist ,  t he  t r a n s f e r e n c e  
n u m b e r  of  a pa r t i cu l a r  species  r e p r e s e n t s  t he  f rac t ion  of  
t he  c u r r e n t  ca r r i ed  b y  t h a t  spec ies  (10). W h e n  c o n c e n t r a -  
t i on  g r a d i e n t s  do  exist ,  howeve r ,  t he  t r a n s f e r e n c e  n u m b e r  
loses  th i s  phys i ca l  i n t e r p r e t a t i o n  b u t  can  be  t h o u g h t  of  as a 
w e i g h t i n g  fac to r  w h i c h  d e t e r m i n e s  t he  i m p o r t a n c e  of  t he  
m i g r a t i o n  t e r m  in t he  flux expres s ion .  

In  o rde r  to u se  t he  m o d e l  (3) to p r ed i c t  cell  p e r f o r m a n c e  
for  Various cell  des igns ,  i nves t i ga t e  scale-up,  a n d  op t imize  
a Li/SOCla cell, e s t ima te s  of t h e  e l ec t rode  k ine t i c  p a r a m e -  
te rs  are needed .  G i v e n  e x p e r i m e n t a l  da ta  for a pa r t i cu la r  
Li/SOC12 cell  or half-cell ,  a l ong  w i t h  t he  c o m p l e t e  cell  
spec i f ica t ions ,  it s h o u l d  b e  poss ib l e  to use  a p a r a m e t e r  es- 
t i m a t i o n  t e c h n i q u e  to o b t a i n  t h e s e  e l ec t rode  k ine t i c  pa- 
r ame te r s .  A sens i t iv i ty  ana lys i s  is c o n d u c t e d  first to deter -  
m i n e  t he  re la t ive  i m p o r t a n c e  of e ach  p a r a m e t e r ,  fo l lowed 
b y  p a r a m e t e r  e s t i m a t i o n  u s i n g  s i m u l a t e d  da ta  to ga in  con-  
f idence  in t he  p rocedure ,  a n d  f inal ly a n  e x p e r i m e n t a l  dis- 
c h a r g e  cu rve  is u s e d  to f ind t he  SOC12 e lec t rode  k ine t i c  pa-  
r ame te r s .  

Sensitivity Analysis 
I t  is i m p o r t a n t  to d e t e r m i n e  t he  sens i t iv i ty  of  t he  m o d e l  

p r e d i c t i o n s  to c h a n g e s  in t he  e l ec t rode  k ine t i c  pa r ame te r s .  
I f  t h e  m o d e l  p r e d i c t i o n s  are re la t ive ly  i n sens i t i ve  to one  or 
m o r e  of  t he  p a r a m e t e r s  t h e n  a fair ly w ide  r a n g e  of va lues  
for  t h e s e  i n sens i t i ve  p a r a m e t e r s  cou ld  b e  u s e d  w i t h o u t  sig- 
n i f i can t ly  a f fec t ing  t h e  p r e d i c t i o n s  of t he  mode l .  S u c h  pa- 
r a m e t e r s  n e e d  to be  iden t i f i ed  so t h a t  t h e y  can  be  dis- 
c a r d e d  f rom the  p a r a m e t e r  e s t i m a t i o n  p rocedure .  Also,  it 
is o f t en  t h e  ease  t h a t  t he  m o r e  p a r a m e t e r s  t h a t  fire esti- 
ma ted ,  t he  m o r e  u n c e r t a i n  are t he  e s t ima te s  due  to in te rac-  
t ion  b e t w e e n  t he  pa r am e t e r s ,  poo r  seal ing,  a n d  r o u n d - o f f  
e r ro r  (11). In  a d d i t i o n  to t he  iden t i f i ca t ion  of i n sens i t i ve  pa- 
r ame te r s ,  t h e  o p e r a t i n g  c o n d i t i o n s  or s i t ua t ions  u n d e r  
w h i c h  t he  sens i t iv i ty  to g iven  p a r a m e t e r s  is a m a x i m u m  
can  b e  d e t e r m i n e d .  

The  sens i t iv i ty  of  t he  m o d e l  p r e d i c t i o n s  to c h a n g e s  in 
p a r a m e t e r s  is d e t e r m i n e d  he re  b y  m o n i t o r i n g  t he  c h a n g e  
in  cell  vol tage.  Whi le  h o l d i n g  all o the r  p a r a m e t e r s  con-  
s tant ,  t h e  p a r a m e t e r  of  i n t e r e s t  is p e r t u r b e d  s l ight ly  a n d  
t he  r e s u l t i n g  c h a n g e  in  cell  vo l tage  is no ted .  A sens i t iv i ty  
coeff ic ient  is ca l cu la t ed  as fol lows 

w h e r e  

~nj :  l IZXE(t+)I 
SCi - [12] 

n IAPJI 

AECtj) = E(tj) E*(tj) [13] 

Pi - P* i  
GPi - - -  [14] 

P*i 

Pi  a n d  P*~ are the  p e r t u r b e d  va lue  of e l ec t rode  k ine t i c  pa- 
r a m e t e r  i a n d  t he  r e fe rence  va lue  of p a r a m e t e r  i, respec-  
t ively.  E(tj) is the  va lue  of t he  cell  vo l tage  at  t i m e  tj w h e n  
u s i n g  P~, a n d  E*(tj) is t he  va lue  of t he  cell  vo l t age  at  t i m e  tj 
w h e n  u s i n g  P*i. In  Eq. [12], n is t he  n u m b e r  of  t i m e s  over  
w h i c h  t he  vo l t ages  are c o m p a r e d .  

M a n y  fac tors  c o m e  in to  p lay  w h e n  ca l cu la t ing  the  sensi-  
t iv i ty  coeff ic ients .  The  in f luence  of  a pa r t i cu l a r  p a r a m e t e r  
on  cell vo l tage  var ies  d e p e n d i n g  on  t he  d i s c h a r g e  rate,  
d e p t h  of  d i scharge ,  a n d  t e m p e r a t u r e .  Fo r  example ,  t he  ex- 
c h a n g e  c u r r e n t  dens i t ies ,  io,t,ref a n d  o , ~  s t rong ly  influ- 
ence  t he  in i t ia l  d rop  in cell vo l tage  f rom the  open -c i r cu i t  
p o t e n t i a l  (12). On t he  o the r  h a n d ,  t he  p o w e r s  on  t he  con-  
c e n t r a t i o n  t e rms ,  q+.+, q+.4, a n d  %,4, h a v e  m o r e  in f luence  
la te r  in  t h e  d i s cha rge  w h e n  c o n c e n t r a t i o n s  c h a n g e  m o r e  
d ras t i ca l ly  due  to local ized r e a c t a n t  dep le t ion .  Therefore ,  
t h e  va lue  of n in  Eq. [12] is c h o s e n  so t h a t  a p p r o x i m a t e l y  
80% of  t he  d i s cha rge  is i n c l u d e d  in t he  analysis .  

T h e  re su l t s  of  t he  sens i t iv i ty  ana lys i s  are s h o w n  in  Fig. 1 
a n d  2. F igu re  1 shows  t he  sens i t iv i ty  of  the  cell vo l tage  to 
t h e  e l ec t rode  k ine t i c  p a r a m e t e r s  d e s c r i b i n g  the  l i t h i u m  
ox ida t ion ,  r e ac t i on  [1], ove r  a r a n g e  of  d i s c h a r g e  rates .  Fig- 
u re  2 is a n  ana logous  p lo t  for r eac t ion  [4]. The  m o s t  influ- 
en t ia l  p a r a m e t e r  by  far is t he  l i t h i u m  o x i d a t i o n  t r ans f e r  co- 
eff ic ient  C~a, 1. This  is to be  e x p e c t e d  b e c a u s e  ~a,1 is in  the  
e x p o n e n t i a l  po r t i on  of  Eq. [5]. The  l i t h i u m  o x i d a t i o n  ex- 
c h a n g e  c u r r e n t  dens i ty ,  ioj,ref, a n d  SOC12 r e d u c t i o n  t r a n s f e r  
coeff ic ient ,  at.4, are nex t ,  fo l lowed by  t he  e f fec t ive  SOC12 
e x c h a n g e  c u r r e n t  dens i ty ,  a~ a n d  the  m o r p h o l o g y  pa- 
r ame te r ,  {. The  e l ec t rode  k ine t i c  p a r a m e t e r s  d e s c r i b i n g  t he  
SOC12 r e d u c t i o n  d i sp lay  less i n f luence  t h a n  t h o s e  descr ib -  
ing  the  l i t h i u m  oxida t ion .  This  cou ld  be  due  to t he  fact  t h a t  
t he  l i t h i u m  ox ida t i on  occurs  at  t he  sur face  of a f lat-plate  
e l ec t rode  (a b o u n d a r y  c o n d i t i o n  in t he  mode l )  w h e r e a s  t he  
SOC12 r e d u c t i o n  occurs  t h r o u g h o u t  the  p o r o u s  s t r u c t u r e  of  
t he  c a t h o d e  (a p s e u d o h o m o g e n e o u s  reg ion  in t he  model) .  
The  overa l l  i n f luence  of t h e  SOC12 r e d u c t i o n  e l ec t rode  ki- 
ne t i c  p a r a m e t e r s  is, in  effect,  d e c r e a s e d  b e c a u s e  t he  
c h a n g e  in  vo l tage  is d i s t r i b u t e d  over  t he  t h i c k n e s s  of t he  
c a t h o d e  as o p p o s e d  to the  c h a n g e  occu r r i ng  all a t  one  
point .  T h e  e x p o n e n t s  on  t he  p o w e r  t e rms ,  q+,l, q+ .4, a n d  qo+4, 
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Fig. 1. Sensitivity of the predicted cel~ voltage to changes in the 
electrode kinetic parameters characterizing the lithium oxidation reac- 
tion [1]. 
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Fig. 2. Sensitivity of the predicted cell voltage to changes in the 
electrode kinetic parameters characterizing the SOCI2 reduction, reac- 
tion [4]. 
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Fig. 3. Sensitivity of the predicted cell voltage ta changes in the 

transport parameters characterizing migration (t+ m) and diffusion (~6) 
of the electrolyte. 

s h o w  little i n f luence  at t he  d i s c h a r g e  ra tes  i nves t iga t ed .  
T h e y  are d i s c a r d e d  f rom m o s t  of  t he  p a r a m e t e r  e s t i m a t i o n  
w o r k  p r e s e n t e d  nex t ;  t h e y  are set  to t he  c o r r e s p o n d i n g  
s t o i ch io m e t r i c  v a lu e  as is o f ten  done .  

T h e  sens i t i v i t y  of  m o d e l  p r ed i c t i ons  to c h a n g e s  in two  of  
t h e  t r a n s p o r t  p a r a m e t e r s ,  ti" and  ~6, was  briefly inves t i -  
ga t ed  as s h o w n  in Fig. 3. At  h i g h  c u r r e n t  dens i t i es ,  t he  
t r a n s f e r e n c e  n u m b e r  s h o w s  s u b s t a n t i a l  i n f l uence  a n d  t he  
e f fec t s  o f  d i f fu s io n  b e c o m e  i m p o r t a n t .  Howeve r ,  t he  sens i -  
t iv i ty  to t h e s e  p a r a m e t e r s  is r e d u c e d  as t h e  c u r r e n t  is re- 
d u c e d  b e c a u s e  t h e  e l e c t r o c h e m i c a l  r eac t ion  ra tes  b e c o m e  
cont ro l l ing .  Th i s  r e su l t  s u g g e s t s  t ha t  a p a r a m e t e r  e s t ima -  
t ion  p r o c e d u r e  a i m e d  at  f ind ing  the  e l ec t rode  k ine t ic  pa- 
r a m e t e r s  s h o u l d  be  p e r f o r m e d  w i th  low-ra te  da ta  so t h a t  
spec i e s  t r a n s p o r t  will no t  in te r fe re  w i th  t he  a c c u r a c y  o f  t he  
e s t i m a t e s .  

P a r a m e t e r  Es t imat ion  
K l i n e d i n s t  a n d  D o m e n i c o n i  (4) i n v e s t i g a t e d  t he  pe r fo rm-  

a n c e  of  a s ing le  Li/SOC12 cell w i th  v a r i o u s  c a r b o n  e lec t rode  
t h i c k n e s s e s  a n d  o p e ra t ed  over  va r i ous  d i s c h a r g e  rates .  
T he i r  e x p e r i m e n t a l  t e s t  cell h a s  s o m e  f ea tu r e s  w h i c h  m a k e  
it a t t r ac t ive  for o b t a i n i n g  e x p e r i m e n t a l  cell vo l t age s  for 
c o m p a r i s o n  w i th  the  m o d e l  p r e d i c t i o n s  here .  T h e  s ing le  
cell, c o r r e s p o n d i n g  to t he  s ing le  cell m o d e l  (3), is im-  
m e r s e d  in e x c e s s  e lec t ro ly te  a n d  h e n c e  t h e  cell t e m p e r a -  
t u r e  r e m a i n s  nea r ly  c o n s t a n t  t h r o u g h o u t  t he  d i scha rge .  
T h e  e lec t ro ly te  is i n t r o d u c e d  into t he  tes t  cell sho r t ly  be- 
fore  t h e  b e g i n n i n g  of  t he  tes t  ( a p p r o x i m a t e l y  10 ra in  be- 
fore), s u g g e s t i n g  t h a t  li t t le or no  s e c o n d a r y  LiC1 fi lm is 
p r e s e n t  on  t h e  Li e lec t rode .  Also,  the  anode ,  separa tor ,  a n d  
c a t h o d e  are  p r e s s e d  t o g e t h e r  w i th  a w e i g h t  so t ha t  no  res- 
e rvoi r  ex i s t s  b e t w e e n  t he  s epa ra to r  a n d  ca thode .  

T h e  cell m o d e l  (3) was  c h a n g e d  to s i m u l a t e  th i s  t e s t  cell 
for  t h e  p a r a m e t e r  e s t ima t ion .  T h e  film a n d  rese rvo i r  re- 
g ions  we re  e l i m i n a t e d  f rom the  m o d e l  by  se t t i ng  t he  f i lm 
po ros i ty  eq u a l  to t h e  s epa ra to r  poros i ty ,  r e m o v i n g  t h e  res-  
e rvo i r  ca l cu la t ions  f rom the  mode l ,  a n d  m o d i f y i n g  s l igh t ly  
t h e  b o u n d a r y  c o n d i t i o n s  a t  t he  r e s e rvo i r / po rous  e l ec t rode  
in te r face  to be t h o s e  for t h e  s e p a r a t o r / p o r o u s  e lec t rode  in- 
terface.  T h e  m o d e l  i n p u t s  for s i m u l a t i n g  the  t e s t  cell of  
K l i n e d i n s t  a n d  D o m e n i c o n i  are  l i s ted  in Tab le  I. 

Ini t ial ly,  s i m u l a t e d  da ta  for bo th  a 1 m A / c m  2 a n d  a 
31 m A / c m  2 d i s c h a r g e  w e re  u s e d  for t he  p a r a m e t e r  e s t ima-  
t ion  in  o rder  to ga in  c on f ide nc e  in t he  p r o c e d u r e  a n d  g u i d e  
f u t u r e  e x p e r i m e n t a t i o n .  E x p e r i m e n t a l  da ta  for a 
31 m A / c m  2 d i s c h a r g e  were  u s e d  to e s t i m a t e  t h e  SOC12 re- 
d u c t i o n  e lec t rode  k ine t ic  p a r a m e t e r s  for  th i s  h igh - r a t e  dis-  
charge .  

Reformulation of  the Butler-Volmer equation.--To re- 
d u c e  t h e  in t e rac t ion  b e t w e e n  p a r a m e t e r s  in  t he  leas t  
s q u a r e s  p rocedure ,  it is s o m e t i m e s  n e c e s s a r y  to r e f o r m u -  
la te  t he  m o d e l  e qua t i ons .  P a r a m e t e r  i n t e r a c t i on  is e v i d e n t  
w h e n  sma l l  c h a n g e s  in t he  p a r a m e t e r s  p r o d u c e  s imi la r  
c h a n g e s  in  t he  ob jec t ive  func t ion .  I n t e r a c t i on  of ten  occu r s  

Table I. Model inputs used to simulate a 1 mA/cm 2 discharge of an 
experimental test cell (4) 

Numerical parameters: 
Total number of node points 
Maximum time step (Atmax) 

Physical properties and initial conditions: 
Cell temperature (T) 
Initial electrolyte concentration (q,~O 
Reference electrolyte concentration (c~f) 
Transference number (t+% 
All other values as in Tables I and II of Ref. (3). 

Cell dimensions: 
Thickness of cathode (Spe) 
Initial porosity of cathode (e ~ 
Thickness of separator (Ss) 
Porosity of separator (es) 
Thickness of reservoir (Sr) 
Thickness of film (Sf) 

Lithium oxidation electro-kinetic parameters: 
i oA, re f  

Cta.l 
~e.1 ( -  1 - c%.D 
q+.l 

SOC12 reduction electro-kinetic parameters: 
aOio,4.ref 
ctc.4 

~a.4 ( -  2 - ar 

q + , 4  

q o A  

= 2 1  

= 2000s 

= 25oc 
= 1.8M 
= 1.8M 
= 0.9 

= 0.05 cm 
= 0.845 
= 0.0127 cm 
= 0.7 
= 0 c m  

= 0 c m  

= 0.002 mA/cm 2 
= 0.5 
= 0.5 
= 1.0 

= 0.005 mA/cm 3 
= 1.0 
= 1.0 
= 0.05 
= 1.0 
= 0.5 
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w h e n  t h e  p a r a m e t e r s  a p p e a r  as a p r o d u c t  s o m e w h e r e  in 
t h e  g o v e r n i n g  equa t ion .  I n t e r a c t i o n  can  be  r e d u c e d  i f  t he  
e q u a t i o n  is r e w r i t t e n  so t h a t  t h e  p a r a m e t e r s  a p p e a r  in  sep- 
a ra te  t e rms .  

As  s h o w n  in Eq. [9], t he  e l ec t rode  k ine t i c  p a r a m e t e r s  in  
t h e  B u t l e r - V o l m e r  e q u a t i o n  a p p e a r  in  p r o d u c t  t e r m s  as op- 
p o s e d  to s epa ra t e  t e rms .  T he  B u t l e r - V o l m e r  e q u a t i o n  can  
b e  r e a r r a n g e d  by  first  t a k i n g  the  n a t u r a l  l o g a r i t h m  a n d  
t h e n  t a k i n g  t he  e x p o n e n t  of t he  va r ious  t e r m s  (12). Fo r  t he  
p a r a m e t e r  e s t i m a t i o n  u s e d  here ,  Eq. [9] is w r i t t e n  as 
fo l lows 

j - e x p  Lfl + f~] - exp  [fi + f3 + f4 + fs] - exp  [fi + f2 + f6] 

+ exp  [fll + f3 + f4 + f~ + f6] [15] 

w h e r e  

f i  = in  (a~ [16] 

O~a 4F 
f2 = ~ ((I)1 -- (])2 -- U4,ref) [17] /~,/1 

A 

f3 = q+,4 i n  [18]  

f4 = qo.4 in [19] 

c%,4]F 
-- - -  ((I)l -- (I)2 -- U4,ref) [20] 

RT 

(~ o __ C) 
f6 = ~ In ~ s  [21] 

E q u a t i o n  [5] for  r eac t i on  [1] is r e w r i t t e n  in a s imi la r  fashion .  
As  a r e su l t  of  th i s  r e fo rmula t ion ,  t he  p a r a m e t e r s  u s e d  in 
t he  p a r a m e t e r  e s t i m a t i o n  p r o c e d u r e  are  In (a~ ~c,4, ~, 
%,I, a n d  in (io,l,ref). 

Introduction of  noise into s imulated data . - - In  orde r  to 
t e s t  t h e  abi l i ty  of  t he  p a r a m e t e r  e s t i m a t i o n  p r o c e d u r e  to 
p r e d i c t  t he  m o d e l  p a r a m e t e r s  w i t h i n  r e a s o n a b l e  accuracy ,  
r a n d o m  no i se  was  a d d e d  to the  s i m u l a t e d  data.  A r a n d o m  
n u m b e r  g e n e r a t o r  f rom t he  I M S L  l ib ra ry  (13) was  u s e d  to 
g e n e r a t e  a n o r m a l l y  d i s t r i b u t e d  n u m b e r ,  ~, w i t h  m e a n  zero 
a n d  v a r i a n c e  one  (i.e., ~N(0,1)). T he  no i se  was  a d d e d  to t h e  
p r e d i c t e d  va lue  of  t he  cell  p o t e n t i a l  a t  t i m e  tj, E(tj), as 
fol lows 

E(tj)with noi~ = E(t~) + r [22] 

w h e r e  Z is t he  ave rage  level  of  no i se  p r e s u m a b l y  i n h e r e n t  
in  t h e  m e a s u r e m e n t  of  t he  cell  vol tage.  T h r e e  levels  of  Z 
we re  i n v e s t i g a t e d  here ,  0.5 mV,  1 mV,  a n d  2 mV.  I t  is real- 
is t ic  to  a s s u m e  t h a t  t he  e x p e r i m e n t a l  m e a s u r e m e n t s  of  t he  
cel l  vo l t age  w o u l d  be  accu ra t e  to w i t h i n  2.0 inV. 

Calculation of  confidence intervals for  parameter  esti- 
mates . - -An  e s t i m a t e  of  a p a r a m e t e r  ha s  l i t t le  m e a n i n g  un-  
less  i t  is a c c o m p a n i e d  by  s o m e  a p p r o x i m a t i o n  of  t he  possi-  
b le  e r ro r  i t  possesses .  Here,  c o n f i d e n c e  in te rva l s  for  t he  
p a r a m e t e r  e s t i m a t e s  c an  b e  e s t i m a t e d  b y  u s i n g  t he  follow- 
ing  f o r m u l a  (14) 

Pi = Pi +- t(1-~/2),(n-m) Spi [23]  

In  Eq.  [23], Pi is t he  e s t ima te  of  Pi; t(1-~/21,(, ,~ is t he  t-distr i-  
b u t i o n  at  t he  ( 1 -  ~/2) • 100 p e r c e n t  c o n f i d e n c e  level;  
(n - m) is t h e  deg rees  of  f r eedom;  n is t he  n u m b e r  of  ob- 
s e rva t ions ;  m is t he  n u m b e r  of  p a r a m e t e r s  e s t ima ted ;  a n d  
sp~ is t he  e s t i m a t e  of  t he  v a r i a n c e  of  Pi w h i c h  is ca l cu la t ed  
f rom the  s u m  of  s q u a r e s  of  t he  error ,  SE 2, as fol lows 

Sp i = ~ 2  [24]  

In  Eq. [24], Cii is a n  e l e m e n t  of  t he  m a t r i x  (jTj)-I [i.e., in- 
ve r se  of  t he  a p p r o x i m a t e  Hess ian ,  see  a p p e n d i x  B in Ref. 
(15)]. The  e s t i m a t e  of  t he  v a r i a n c e  in  t he  error ,  SE 2, is calcu-  

l a t ed  f rom the  s u m  of  s q u a r e s  of  t he  r e s idua l  e r ro rs  (SSR) 
as fol lows 

SSR E~j:I (E(tj)ob~ - E( t j )p r j  2 
SE 2 -- [25] 

n - - m  n - m  

Parameter  est imation using high-rate s imulated d a t a . -  
T h e  u se  of  h igh - ra t e  (e.g., 30 m A / c m  2) d i s c h a r g e  da ta  for 
p a r a m e t e r  e s t i m a t i o n  s eems  to offer  severa l  advan tages .  
H igh- ra t e  d i s cha rges  occu r  ove r  a re la t ive ly  smal l  t i m e  as 
o p p o s e d  to low-rate  d i s cha rges  (e.g., a b o u t  l h  for  a 30 
m A / c m  2 d i s c h a r g e  as o p p o s e d  to a p p r o x i m a t e l y  50h for a 1 
m A / c m  2 d i s c h a r g e  of  a Li/SOC12 cell). This  m e a n s  less t i m e  
in t h e  lab and,  pe rhaps ,  less c o m p u t e r  t i m e  to s imu la t e  the  
d i scharge .  Often,  t h e  s h a p e s  of vo l t age - t ime  c u r v e s  for 
h igh - ra t e  d i s cha rges  are  m u c h  m o r e  c u r v e d  t h a n  t he  rela- 
t ive ly  flat vo l t age - t ime  cu rves  for low-rate  d i s cha rges  t h u s  
of fe r ing  m o r e  i n f o r m a t i o n  for t he  p a r a m e t e r  e s t ima t ion .  

Here ,  howeve r ,  t he  use  of  h igh - ra t e  da ta  e x h i b i t e d  sev- 
eral  d i s advan t ages .  First ,  t h e  in f luence  of  spec ies  t r a n s p o r t  
b e c o m e s  i m p o r t a n t  a t  t he  h i g h e r  d i s c h a r g e  rates .  For  ex- 
ample ,  a t  100 m A / c m  2 the  sens i t iv i ty  coefficient ,  as calcu-  
l a t ed  u s i n g  Eq.  [12], for  t he  t r a n s f e r e n c e  n u m b e r  is 0.3, 
w h i c h  is s e c o n d  only  to t he  sens i t iv i ty  coeff ic ient  of  aa.4, 
0.53. Due  to t he  u n c e r t a i n t y  in  t he  t r a n s f e r e n c e  n u m b e r  
a n d  t he  lack of  da ta  for t he  d i f fus ion  coeff ic ient  [see ap- 
p e n d i x  A in  Ref. (15)] it is be s t  to s tay c lear  of  t h o s e  opera t -  
ing  r eg ions  w h e r e  spec ies  t r a n s p o r t  is a con t ro l l i ng  a spec t  
of  t he  cell d i scharge .  Second ly ,  a t  h i g h  ra tes  m u c h  in te rac -  
t ion  ex is t s  b e t w e e n  t he  e l ec t rode  k ine t i c  pa rame te r s .  Th i s  
i n t e r a c t i o n  can  be  s een  in  Fig. 4, w h i c h  is a p lo t  of  t he  t ime-  
d e p e n d e n t  sens i t iv i ty  coeff ic ients  [i.e., t h e  e l e m e n t s  of  t he  
J a c o b i a n  mat r ix ,  as s h o w n  in a p p e n d i x  B in  Ref. (15)] for  a 
31 m A / c m  2 s i m u l a t e d  d i scharge .  T h e s e  sens i t iv i ty  coeffi- 
c i en t s  are  ca lcu la ted  u s i n g  Eq. [12] e x c e p t  t h a t  t he  pe r tu r -  
b a t i o n  in  each  p a r a m e t e r ,  APi, is no t  sca led  by  P*i as in  Eq. 
[14] b u t  is ca lcu la ted  as fol lows 

A P i  = P i  -- P * i  [26] 

Note  t h a t  t h r e e  of  t he  five pa rame te r s ,  in  (a~ %,1, a n d  
In (ioj,ref) , i n f luence  the  cell vo l tage  in  t h e  s a m e  fashion .  

2 . 5  . . . .  , . . . .  , . . . .  , . . . .  , . . . .  

<3 

2.0 

1.5 

1.0 

0.5 

0.0 

~c,4 

......................... ln(io, l ,re r) 

l n ( ae io ,4 .~a )  

. . . .  I i i i i I i i t i I ; i ; ; I . . . .  

0.0 0.1 0.2 0.3 0.4 0.5 
t ( h r )  

Fig. 4.  T i m e - d e p e n d e n t  s ens i t i v i ty  coefficients for o 31 mA/cm 2 s im- 
u l a t e d  discharge evaluated a t  t he  exact values of t h e  e l e c t r o d e  k ine t i c  
p a r a m e t e r s .  Parallel lines i n d i c a t e  p a r a m e t e r  in t e rac t ion .  
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This s imilar  inf luence (i.e., interact ion)  is s h o w n  by  the  
th ree  s t ra ight  parallel  l ines (14) in the  figure. Thus,  only 
one  of  these  th ree  pa rame te r s  can be  d e t e r m i n e d  inde-  
penden t ly .  Note  also tha t  the  two l i th ium ox ida t ion  param-  
e ters  canno t  be indiv idual ly  ob ta ined  at h igh  rates.  

A n o t h e r  indica t ion  of  th is  in te rac t ion  is the  cond i t ion  
n u m b e r  of  the  a p p r o x i m a t e  Hess ian  (11) (see a p p e n d i x  B 
in Ref. 15). The cond i t ion  n u m b e r  of a ma t r ix  is the  ratio of  
its l a rges t  e igenva lue  to its smal les t  e igenvalue .  A mat r ix  is 
cal led i l l -condi t ioned w h e n  its cond i t ion  n u m b e r  is large. 
The larger the  cond i t ion  number ,  the  more  subs tan t ia l  the  
change  in the  solut ion even  wi th  very  small  changes  in the  
data. In  essence ,  a large cond i t ion  n u m b e r  he re  m e a n s  tha t  
a un ique  set  of  e lec t rode  kinet ic  pa r ame te r s  is m o r e  diffi- 
cul t  to find; m a n y  sets  will r educe  the  objec t ive  func t ion  to 
near ly  the  s ame  value. The cond i t ion  n u m b e r  for the  ap- 
p r o x i m a t e  Hess ian  here  was  on the  order  of  1 • 10 TM. The  
reason  for this  i l l -condi t ioning could be the  fact  tha t  t rans-  
por t  b e c o m e s  more  i m p o r t a n t  at h ighe r  rates  w h i c h  serves  
to dec rease  the  inf luence  of  changes  in the  e lec t rode  ki- 
net ic  pa r ame te r s  on cell pe r fo rmance .  

T h o u g h  in te rac t ion  b e t w e e n  s o m e  of  the  pa rame te r s  ex- 
ists  at h igh  rates,  several  a t t ract ive  fea tures  can be  noted .  
I f  the  l i th ium oxida t ion  pai~ameters, io,1,,-ef and  aa,~, are 
k n o w n  a p r i o r i  via i n d e p e n d e n t  means ,  t h e n  the  SOC12 
e lec t rode  kinet ic  pa r ame te r s  can be  d e t e r m i n e d  us ing  
h igh-ra te  data. This abil i ty is s h o w n  in Table II w h e r e  
In (a~ ~.4, and  ~ are e s t ima ted  f rom s imula ted  
31 m A / c m  2 data  wi th  0.5 m V  a d d e d  r a n d o m  noise.  This 
abil i ty is i m p o r t a n t  because  the  SOC12 e lec t rode  k inet ic  
p a r a m e t e r s  will p robab ly  change  wi th  d i scha rge  rate due  
to changes  in the  act ive surface  area in the  porous  e lec-  
t rode  as d i scha rge  proceeds .  In  addi t ion,  the  sens i t iv i ty  of 
t he  p red ic t ed  cell vol tage to changes  in ~ s e e m s  to be 
grea ter  at h igh  ra tes  t han  at low rates t hus  enab l ing  be t t e r  
e s t ima tes  of  ~. This can be seen  by  c o m p a r i n g  the  sizes of  
t he  conf idence  in tervals  for ~ he re  wi th  t hose  in t he  n e x t  
sect ion.  

P a r a m e t e r  e s t i m a t i o n  u s i n g  l o w - r a t e  s i m u l a t e d  d a t a . -  
P a r a m e t e r  e s t ima t ion  on low-rate  data (e.g., 1 m A / c m  2) 
r emed ie s  s o m e  of  the  p r o b l e m s  e n c o u n t e r e d  wi th  the  
h igh-ra te  data. The in te rac t ion  b e t w e e n  pa rame te r s  is de- 
c r e a s e d . F i g u r e  5 is a plot  of  the  sens i t iv i ty  coeff ic ients  vs. 
t ime  for the  1 mA/cm 2 s imula ted  discharge .  The curves  
have  d i f fer ing  s lopes  and  shapes ,  as o p p o s e d  to t hose  for 
the  h igh-ra te  case as s h o w n  in Fig. 4, ind ica t ing  tha t  the  
var ious  pa rame te r s  affect  cell vol tage  d i f fe rent ly  and  
h e n c e  can be d e t e r m i n e d  i ndependen t l y .  Note  tha t  t hese  
coeff ic ients  are ca lcula ted  us ing  the  k n o w n  values  of  the  
e lec t rode  kinet ic  parameters .  Table  III lists the  cond i t ion  
n u m b e r s  for the  a p p r o x i m a t e  Hess ians  for var ious  combi-  
na t ions  of  the  pa ramete r s ;  the  var ious  c o m b i n a t i o n s  are in- 
d ica ted  by case. The cond i t ion  n u m b e r s  for cases  A and  E 
are low, sugges t ing  tha t  pa r ame te r  e s t ima t ions  for e i ther  
of t hese  cases  ough t  to be s t r a igh t fo rward  and  the  confi- 
d e n c e  in tervals  on the  p a r a m e t e r  e s t ima tes  smal l  (11). 

Table II. Estimated values of the SOCI2 reduction electrode kinetic 
parameters using high rate (31 mA/cm 2) simulated data with added 

noise 

Actual values*: a~ = 0.0441 A/cm 3 
~c,4 = 0.6846 

= 0.05 

Z (mV) Starting values Estimated values 
(95% confidence, ~/= 0.05} 

0.5 In (a~ 5.423 -3.073 -+ 0.0609 
( +0.00291) 

(a~ = 0.00441) 0.0463 --0.00274 

C~c,4 0.171 0.681 -+ 0.0361 
= 0.01 0.0487 +- 0.01356 
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Fig. 5. Time-dependent sensitivity coefficients for a 1 mA/cm 2 simu- 
lated discharge evaluated at the exact values of the electrode kinetic 
parameters. 

Here,  the  t e rm s t r a igh t fo rward  p a r a m e t e r  e s t ima t ion  
m e a n s  tha t  t he  search  p ro ceed s  to t he  so lu t ion  g iven a va- 
r iety of  initial guesses  tha t  can  be "far"  f rom the  correc t  so- 
lution.  More difficult  p a r a m e t e r  e s t ima t ion  runs  involve 
mul t ip le  initial guesses  in order  to m a k e  sure  the  es t imates  
o b t a i n ed  wi th  a par t icular  initial guess  are not  t hose  at a 
local m i n i m u m .  A c o m p a r i s o n  of  cases  A and  B s h o w s  tha t  
e s t ima tes  for all th ree  SOC12 e lec t rode  k inet ic  p a r a m e t e r s  
will  be  more  difficult  to obta in  t han  es t imates  for In 
(a~ and c~,4 alone. Case G shows  tha t  the  eight-  
p a r a m e t e r  p ro b l em is e x t r e m e l y  i l l -condi t ioned,  m e a n i n g  
m u c h  in te rac t ion  b e t w e e n  pa rame te r s  and  very  large con- 
f idence  in tervals  on the  pa rame te r  es t imates .  Therefore ,  
q+.l, q§ and  qo,4 are omi t t ed  f rom the  fol lowing p a r a m e t e r  
e s t ima t ion  work  and  are set  to the i r  s to ich iomet r ic  values  
as in Table  I. 

The  s imula ted  data  for the  1 m A / c m  2 d i scha rge  invest i -  
ga ted  here,  wi th  a d d e d  noise,  are s h o w n  in Fig. 6. The 
m o d e l  i npu t s  are l is ted in Table I. The data  in Fig. 6 spans  
a p p r o x i m a t e l y  50% of the  d ischarge .  A l though  p red i c t ed  
d i s cha rge  t imes  are m u c h  longer  for low-ra te  t han  for high-  
rate cases,  the  solut ion t imes  for low-rate  cases  may  actu- 
ally be  smal le r  t han  those  for h igh-ra te  cases.  So lu t ion  
t imes  d e p e n d  u p o n  the  n u m b e r  of  spatial  nodes ,  the  size of  
t he  t ime  s teps,  and  the  n u m b e r  of  i te ra t ions  (at each  t ime) 
to converge  u p o n  the  solution.  At low rates,  changes  in the  
d e p e n d e n t  var iables  (electrolyte concen t ra t ion ,  current ,  

Table III. Condition numbers for the approximate Hessians of the 
least squares objective function for the ] mA/cm 2 simulated 

discharge. Large condition numbers indicate parameter interaction 

*The lithium oxidation electro-kinetic parameters were held fixed 
here at the following values: 

io.l.~ef = 1.58 • 10 ~ 
Cta, 1 = 0.18 

Condition 
Case Approximate Hessian of number 

A In (a~ and ~c.4 5.62 • 102 
B In (a~ C%.4, and ~ 1.18 • 105 
C In (a~ c%a , ~, and CCa, 1 1.14 • 106 
D In (a~ ~c.4, ~, cr and In (io.l.ref) 6.16 • 107 
E ~a.1 and In (io.l.ra) 4.30 • 101 
F In (a~ ~e,4, ~.1, and In (io.l.Tef) 1.03 • 106 
G In (a~ c~c.4, ~, c~.,, in (io,,,rer), q+,,, 

q§ and qo.4 2.45 x 10 ~2 
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Fig. 6. A simulated 1 mA/cm 2 discharge of a / i /SOCI2  cell with three 
levels of added random noise. 

a n d  po ten t i a l )  in  s p a c e  a n d  t i m e  o c c u r  m u c h  less  r a p i d l y  
t h a n  at  h i g h  ra tes .  T h e r e f o r e ,  f e w e r  n o d e  p o i n t s  a n d  l a rge r  
t i m e  s t e p s  c a n  be  u s e d  at  l o w  ra te  t h a n  at  h i g h  ra te  to m a i n -  
t a in  t h r e e - d i g i t  a c c u r a c y ,  F o r  e x a m p l e ,  81 n o d e s  a n d  a 
m a x i m u m  t i m e  s t e p  o f  37.5s w e r e  u s e d  to m a i n t a i n  th ree -  
d ig i t  a c c u r a c y  for  t h e  31 m A / c m  2 d i s c h a r g e  r e s u l t s  re- 
p o r t e d  earl ier .  Here ,  for  t h e  1 m A / c m  2 d i s c h a r g e ,  21 n o d e s  
a n d  a m a x i m u m  t i m e  s t ep  o f  2000s w e r e  suff ic ient .  T h i s  re- 
su l t  e l i m i n a t e s  t h e  a d v a n t a g e s  o f  u s i n g  h i g h - r a t e  da ta  to re- 
d u c e  s o l u t i o n  t ime;  t he  on ly  d i s a d v a n t a g e  to u s i n g  low-  
ra te  da t a  is t h e  l e n g t h  o f  t i m e  it t a k e s  to col lec t  t h e  expe r i -  
m e n t a l  data.  

T h e  r e s u l t s  o f  t h e  p a r a m e t e r  e s t i m a t i o n  r u n s  a re  s h o w n  
in  T a b l e  IV-VI I .  As  e x p e c t e d ,  t he  r u n s  fo r  c a se s  A a n d  E 
w e r e  s t r a i g h t f o r w a r d  w i t h  n a r r o w  c o n f i d e n c e  i n t e r v a l s  fo r  
t h e  p a r a m e t e r  e s t i m a t e s .  As  s h o w n  in T a b l e  I V  a n d  V, t h e  
ini t ial  g u e s s e s  are  at  d i f f e r en t  e x t r e m e s  a n d  u p  to t w o  or- 
d e r s  o f  m a g n i t u d e  a w a y  f r o m  the  t r u e  so lu t ion .  N o t i ce  h o w  

Table IV. Estimated values of the lithium oxidation electrode kinetic 
parameters using simulated 1 mA/cm 2 data with added noise 

io.l.~ef = 0.002 A/era 2 
Actual values: a~.i = 0.5 (Case E) 

Z (mV) Starting values Estimated values 
(95% confidence, ~ = 0.05) 

0.5 In (io.Lro0 = -8.517 -6.223 -+ 0.062 
+1.27 • 10-4~ 

(io, Lr~r = 2.0 X 10 -4) 0.00198 --1.19 • 10 -4 ] 

~.l = 0.15 0.508 --+ 0.072 

1.0 In (io.,.r~f) = -8.517 -6.144 + 0.105 
+2.375 x 10 -4 

(io.,.~r = 2.0 • 10 4) 0.002145 -2.139 x 10 4 ] 

~.~ = 0.15 0.432 _+ 0.126 

1.0 In (io.~.~,f)- -10.82 -6.144 +_ 0.100 
+2.256 • 10 -4 

(io.l.ref = 2 .0  X 10 5) 0 . 0 0 2 1 4 6  2 .042  X 10 4 ] 

~.1 - 0.85 0.432 _+ 0.118 

2.0 In ( i o a . r ~ O  - -8.517 -6.263 - 0.211 

+4.476 x 10 4 
(io.l,ref = 2 .0  • 10 4) 0 . 0 0 1 9 0 6  - -3 .625  X 10 -4 ] 

~,.~ = 0.15 0.5337 + 0.248 

Table V. Estimated values of the exchange current density and 
transfer coefficient of the SOCI2 reduction reaction using simulated 

1 mA/cm 2 data with added noise 

Actual values: a~ = 0.005 A/cm 3 (Case A) 
~.4 = 1.0 

Z (mV) Starting values Estimated values 
(95% confidence, ~ = 0.05) 

0.5 In (a~io.4.~0 - -2.996 -5.293 + 0.0732 

+3.82 • 10 4 
(a~ = 0.05) 0.00503 -3.55 • 10 ~4 ] 

~c.4 = 0.25 0.9981 -+ 0.0212 

0.5 In ( a ~  = -9.903 -5.293 -+ 0.0732 

(a~  = 5.0 • 10 -5) ( 0 . 0 0 5 0 3  

t 

+3.82 • 10 4 

3.55 • 10 4] 

acA = 1.75 0.9981 + 0.0212 

1.0 In (a~ = 0.6931 --5.239 +-- 0.123 

[0.0053 +6.948 • 1 0  - 4  (a~ O.5) \ -6.144 x 10 4] 

ar = 0.25 0.9842 _+ 0.0357 

2.0 In (a~ = --9.903 --5.212 --+ 0.234 
( +0.00144 

(a~ = 5.0 X 10 5) 0.00545 -0.00114 ] 

~cA -- 1.75 0.9727 --+ 0.0677 

Table VI.  Estimated values of the SOCI2 reduction electrode kinetic 
parameters using simulated 1 mA/cm 2 data with added noise 

Actual values: a ~  = 0.005 A/cm 3 (Case B) 
%.4 = 1.0 

= 0.05 

Z (mV) Starting values Estimated values 
(95% confidence, -/= 0.05) 

0.5 In (a~ -7.601 -5.289 -+ 0.129 
+6.95 x 10 4~ 

(a~ = 5.0 • 10 4) 0.00505 -6.11 x 10 4 ] 

a~.4 - 0.25 1.001 + 0.075 
= 0.01 0.0494 -+ 0.0184 

1.0 In (a~162 --9.903 --5.257 + 0.189 
+1.085 X 10 5 

(a~ = 5.0 x 10 5) 0.00521 _ 8.98 x 10 4 ] 

ar = 1.75 0.9707 -+ 0.1238 
- 0.01 0.0535 -+ 0.0313 

t h e  c o n f i d e n c e  i n t e r v a l s  i n c r e a s e  as t h e  n o i s e  level  in- 
c r ea se s ,  w h i c h  is to  be  e x p e c t e d .  Case  E m a y  be  u s e f u l  
w h e n  e s t i m a t e s  of  t h e  SOC12 e l e c t r o d e  k ine t i c  p a r a m e t e r s  
h a v e  b e e n  o b t a i n e d  i n d e p e n d e n t l y .  S imi la r ly ,  c a se  A m a y  
b e  n e e d e d  w h e n  e s t i m a t e s  o f  t he  l i t h i u m  o x i d a t i o n  elec- 
t r o d e  k ine t i c  p a r a m e t e r s  are  ava i lab le  a n d  an  e s t i m a t e  o f  
is k n o w n  f r o m  i n d e p e n d e n t  s tud ies .  Tab l e  VI  l is ts  p a r a m e -  
t e r  e s t i m a t i o n  r u n s  for  case  B, all t h r e e  SOC12 r e d u c t i o n  
e l e c t r o d e  k ine t i c  p a r a m e t e r s .  Th i s  case,  as  s h o w n  in t he  
p r e v i o u s  sec t ion ,  can  b e  u s e d  to d e t e r m i n e  b o t h  l ow- ra t e  
a n d  h i g h - r a t e  v a l u e s  o f  a~ ~c,4, a n d  ~ w h e n  e s t i m a t e s  o f  
aa,1 a n d  in (io,~,rer) a re  k n o w n .  No t i ce  t h e  i n c r e a s e  in  t h e  size 
o f  t h e  c o n f i d e n c e  i n t e r v a l s  f r o m  Tab le  V to Tab l e  VI.  T h e  
e s t i m a t i o n  o f  t h e  a d d i t i o n a l  p a r a m e t e r ,  ~, a d d s  g r e a t e r  u n -  
c e r t a i n t y  to t h e  p a r a m e t e r  e s t i m a t e s ,  as  e x p e c t e d .  Also ,  
j u d g i n g  f r o m  t h e  la rge  i n c r e a s e  in c o n d i t i o n  n u m b e r  f r o m  
case  A to case  B in Tab l e  I I I ,  s o m e  i n t e r a c t i o n  b e t w e e n  
t h e s e  p a r a m e t e r s  is ev iden t .  

T a b l e  V I I  l ists  p a r a m e t e r  e s t i m a t i o n  r u n s  fo r  ca se  D. T h e  
abi l i ty  to  e s t i m a t e  all five e l e c t r o d e  k ine t i c  p a r a m e t e r s  at  
once ,  as  in case  D, is a t t rac t ive .  S i m u l t a n e o u s  e s t i m a t i o n  
o f  all p a r a m e t e r s  in t h e  m o d e l  u s u a l l y  p r o v i d e s  p a r a m e t e r  
e s t i m a t e s  p o s s e s s i n g  s u p e r i o r  p r e d i c t i v e  capabi l i ty .  Of ten ,  
i n d e p e n d e n t l y  d e t e r m i n e d  p a r a m e t e r  e s t i m a t e s  do  n o t  
p r e d i c t  t h e  b e h a v i o r  o f  t h e  en t i r e  u n i t  v e r y  well .  F o r  e x a m -  
ple,  i n d e p e n d e n t  e s t i m a t e s  o f  t h e  l i t h i u m  o x i d a t i o n  pa-  
r a m e t e r s  a n d  SOC12 r e d u c t i o n  p a r a m e t e r s  m a y  n o t  be  use -  
fu l  fo r  p r e d i c t i n g  t h e  b e h a v i o r  o f  t he  Li/SOC12 cell. T h e s e  
i n d e p e n d e n t  e s t i m a t e s  m i g h t  be  o b t a i n e d  f r o m  r o t a t i n g  
d i s k  e l e c t r o d e  e x p e r i m e n t s  a n d  a c o r r e s p o n d i n g  m a t h e -  
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Table VII. Estimated values of all five electrode kinetic parameters 
describing the Li/SOC]2 cell using simulated 1 mA/cm 2 data with 

added noise 

Actual values: a~ = 0.005 A/cm 3 (Case D) 
a~.4 = 1.0 

= 0.05 
io,l,re f = 0.002 A/em 2 
C~a, 1 -- 0 . 5  

Z (mV) Starting values Estimated values 
(95% confidence, ~/= 0.05) 

0.0 In (a~ = 7.601 -5.298 
(a~ = (5.0 x 10 -4) (5.0 x 10 3) 

ac.4 = 0.5 1.00 
= 0.025 0.05 

In (io.Lr~O = -8.517 6.215 
(ioj.ref- 2.0 • 10 -4) (2.0 X 10 3) 

aa ,  1 -- 0.25 0.5 

SSR - 1.0 x 10 -L8 

0.5 In (a~ = -7.601 -5.031 + 2.078 
( +0.0457) 

(a~ = 5 . 0  • 1 0  -4)  0 . 0 0 6 5 3  - 0 . 0 0 5 7 1  

ar = 0.5 1.00 -+ 0.253 
- 0.025 0.0656 + 0.0678 

In (io.~.,~O = 8.517 -6.523 + 1.292 
( +0.00388 

(io.l.ref = 2.0 X 10 -4) 0 .00147 0.00107 ] 

~,.1 - 0,25 0.374 -+ 1.80 

SSR = 1.067 • 10 -'~ 

m a t i c a l  mode l .  In  Tab le  VII, no t e  t ha t  for t h e  da ta  w i th  
a d d e d  0.5 m V  noise ,  the  c o n f i d e n c e  in t e rva l s  on  ce r ta in  pa- 
r a m e t e r  e s t i m a t e s  are u n a c c e p t a b l y  large. Th i s  u n c e r t a i n t y  
in t h e  p r e d i c t i o n s  is d u e  to p a r a m e t e r  i n t e r ac t i on  (note  t he  
re la t ive ly  large  c o n d i t i o n  n u m b e r  in Tab le  III) e v e n  at  th i s  
low ra te  of  d i scha rge .  T h e  five p a r a m e t e r s  can  be  o b t a i n e d  
w i th  no  noise ,  as s h o w n  in  Tab le  VII, b u t  it is un rea l i s t i c  to 
e x p e c t  ex ac t  m e a s u r e m e n t s  and  t he  m o d e l  to be  an  e xa c t  
d e s c r i p t i o n  o f  t h e  p hys i ca l  s y s t e m .  It m a y  be  u s e f u l  to ob- 
t a in  all five p a r a m e t e r s  s i m u l t a n e o u s l y ,  e v e n  t h o u g h  t he  
c o n f i d e n c e  in t e rva l s  are large, b e c a u s e  t h e  e s t i m a t e s  
s h o u l d  still p ro v id e  an  exce l l en t  fit of  t h e  m o d e l  pre-  
d i c t ions  to t h e  e x p e r i m e n t a l  da ta  (not ice t he  sma l l  S S R  in 
Tab le  VII). T h e  p a r a m e t e r  e s t i m a t i o n  r u n s  for cases  B a n d  
D were  no t  s t r a igh t fo rward .  Cer ta in  ini t ial  g u e s s e s  of  t he  
p a r a m e t e r s  d e t o u r e d  t he  s e a r c h  a l g o r i t h m  to local min i -  
m u m s .  For  e x a m p l e ,  for t he  case  D runs ,  the  ini t ial  g u e s s e s  
of  t h e  e x c h a n g e  c u r r e n t  dens i t i e s  n e e d e d  to be  w i t h i n  an  
o rde r  of  m a g n i t u d e  a n d  the  t r an s f e r  coeff ic ient  g u e s s e s  
n e e d e d  to be  w i th in  a b o u t  ha l f  of  the i r  t r ue  v a l u e  in o rder  
to r e a c h  c o n v e r g e n c e .  T h e  a l g o r i t h m  cou ld  no t  e s c a p e  
t h e s e  local  m i n i m u m s  w i th in  a r e a s o n a b l e  n u m b e r  o f  i tera- 
t i ons  (e.g., 60 i terat ions) .  

A n  a l t e rna t ive  to p r ed i c t i ng  all five p a r a m e t e r s  s imu l t a -  
n e o u s l y  w o u l d  be  to ob ta in  e s t i m a t e s  for s o m e  of  t he  Pa- 
r a m e t e r s  i n d e p e n d e n t l y  (for e x a m p l e ,  t he  l i t h i u m  oxida-  
t i on  pa rame te r s ) ,  a n d  t h e n  u se  t h e s e  e s t i m a t e s  in the  cell 
m o d e l  to ob ta in  t h e  r e m a i n i n g  p a r a m e t e r s  ( the SOC12 re- 
d u c t i o n  pa rame te r s ) ,  u s i n g  da ta  f r om the  en t i r e  cell. In  ad- 
di t ion,  s e p a r a t e  da ta  for e ach  e lec t rode  in t he  Li/SOC12 cell 
cou ld  be  ob ta ined .  For  e x a m p l e ,  t he  l i t h i u m  e lec t rode  po- 
t en t ia l  cou ld  be  m e a s u r e d  in a Li/SOC12 cell by  p l ac ing  a 
r e f e r e n c e  e l ec t rode  nea r  t he  su r f ace  of t he  l i t h i u m  elec- 
t rode.  T h e  l i t h i u m  e lec t rode  w o u l d  be  t he  w o r k i n g  elec- 
t rode,  a s e c o n d  l i t h i u m  e lec t rode  (with h i g h  i m p e d a n c e )  
p l aced  n e a r  t h e  su r f ace  of  the  w o r k i n g  e lec t rode  w o u l d  act  
as t h e  r e f e r en ce  e lec t rode ,  a n d  t he  p o r o u s  c a r b o n  c a t h o d e  
w o u l d  be  t h e  coun te r e l ee t rode .  T h e  po ten t i a l  of  t he  lith- 
i u m  e lec t rode ,  as it c h a n g e s  wi th  t ime ,  cou ld  t h e n  be  m e a s -  
u r e d  re la t ive  to t h e  r e f e r ence  e lec t rode .  P r e d i c t i o n s  of  t he  
Li e l ec t rode  po ten t i a l  cou ld  be  o b t a i n e d  f rom a m o d e l  of  
t he  w o r k i n g  e l ec t ro de / r e f e r ence  e lec t rode  s y s t e m ,  cons i s t -  
ing  of  e q u a t i o n s  p r e s e n t e d  earl ier  for t h e  en t i r e  Li/SOC12 
cell. T h e s e  p r e d i c t i o n s  cou ld  t h e n  be c o m p a r e d  w i t h  t he  
e x p e r i m e n t a l  v a l u e s  to ob ta in  e s t i m a t e s  o f  t he  e lec t rode  
k ine t ic  p a r a m e t e r s  of  t he  l i t h i u m  elec t rode .  

P a r a m e t e r  e s t ima t ion  us ing  ava i lab le  e x p e r i m e n t a l  
d a t a . - - T h e  a n a l y s e s  u s i n g  s i m u l a t e d  da ta  in t he  p r e v i o u s  
s e c t i o n s  h a v e  s h o w n  the  n e e d  to col lect  low-rate  da ta  f r o m  

a wel l  de f ined  e x p e r i m e n t a l  cell. U n f o r t u n a t e l y ,  no s u c h  
e x p e r i m e n t a l  da ta  is c u r r e n t l y  avai lable .  V a r ious  exper i -  
m e n t a l  vo l t age - t ime  c u r v e s  ha ve  b e e n  r e po r t e d  (16-19), b u t  
it is dif f icul t  to u s e  th i s  da ta  d u e  to t h e  lack  of cell speci-  
f ica t ions  g ive n  (e.g., p o r o u s  e lec t rode  po ros i t y  a n d  th ick-  
ne s s ,  ini t ia l  e lec t ro ly te  c onc e n t r a t i on ,  t e m p e r a t u r e s ,  a n d  
s e p a r a t o r  po ros i ty  a n d  th i ckness ) .  In  addi t ion ,  large  differ-  
e n c e s  e x i s t  in  the  e x p e r i m e n t a l  da ta  w h i c h  c a n  be  at t r ib-  
u t e d  to t he  d i f fe ren t  e l ec t rode  mate r i a l s ,  ini t ial  e lec t ro ly te  
c o n c e n t r a t i o n s ,  ope ra t i ng  cond i t ions ,  a nd  cell d i m e n s i o n s  
used .  

U s i n g  da ta  f r om K l i n e d i n s t  (20), for  a 31 m A / c m  2 dis- 
c h a r g e  of  an  e x p e r i m e n t a l  cell (4), e s t i m a t e s  of  the  SOClz 
r e d u c t i o n  e lec t rode  k ine t ic  p a r a m e t e r s  were  ob ta ined .  The  
l i t h i u m  o x i d a t i o n  e l ec t rode  k ine t i c  p a r a m e t e r s  w e re  arbi- 
t rar i ly  set  to t he  v a l u e s  l i s ted  in Tab le  I of  Ref.  3 (io.l.~er 
= 0.5 m A / c m  2 a n d  %,, = 0.25). T h e s e  va lue s  are well  w i t h i n  
r a n g e s  c o m m o n l y  u s e d  in t he  l i t e ra tu re  for e l e c t roc hemi -  
cal reac t ions .  Ini t ial ly,  a b y - h a n d  trial  a n d  error  s e a r c h  was  
c o n d u c t e d  to f ind e l ec t rode  k ine t ic  p a r a m e t e r s  g iv ing  
m o d e l  p r e d i c t i ons  c lose  to t he  e x p e r i m e n t a l  resu l t s .  It  was  
h o p e d  t h a t  t h i s  s e a r c h  w o u l d  p rov ide  ini t ial  g u e s s e s  in t he  
v ic in i ty  of  the i r  ac tua l  va lue s  to aid in  t he  p a r a m e t e r  esti-  
ma t i on .  Tw o  se t s  of  init ial  g u e s s e s  were  tr ied,  as s h o w n  in 
Tab le  VIII  as R u n  no. 1 a n d  R u n  no. 2, a n d  t he  s a m e  final 
p a r a m e t e r  v a l u e s  were  o b t a i n e d  to w i th in  t he  c o n f i d e n c e  
limits shown. The values are listed in Table VIII and the 
predicted voltage curve, obtained using the estimates from 
Run no. l, is superimposed on the experimental data in 
Fig. 7. Note that the confidence intervals for a~ and 
in Run no. 1 and Run no. 2 are large relative to the esti- 
mated values of the parameters. To reduce the uncertainty 
in  t he  e s t i m a t e  of  a~ ~ was  se t  to a va lue  of  0.02 (a 
v a l u e  b e t w e e n  t he  e s t i m a t e s  of  ~ in  R u n  no. 1 a n d  R u n  no. 
2) for R u n  no. 3. Th i s  p r o c e d u r e  ( e s t ima t i ng  all t h r e e  SOC12 
e lec t rode  k ine t ic  p a r a m e t e r s ,  s e t t i ng  ~ to a n  ave rage  value ,  
a n d  t h e n  e s t i m a t i n g  a~ a n d  ~o,4) g ives  e s t i m a t e s  of  
a~ a n d  ~r wi th  r e a s o n a b l e  c on f ide nc e  in te rva l s  a nd  an  
e s t i m a t e  of  ~ in  t he  v ic in i ty  of  i ts b e s t  value .  

Not ice  in Fig. 7 t h a t  t he  first e x p e r i m e n t a l  da ta  po in t  
u s e d  oc c u r s  s o m e  t ime  af ter  t he  b e g i n n i n g  of  t he  dis- 
charge .  Th i s  is b e c a u s e  t he  b e g i n n i n g  b e h a v i o r s  of  exper i -  
m e n t a l  d i s c h a r g e  c u r v e s  are ve ry  di f ferent .  S o m e  e x h i b i t  a 
ve ry  s u d d e n  a n d  large  ini t ial  d e c r e a s e  fo l lowed by  a t i m e  
of  vo l t age  recovery ,  k n o w n  as the  vo l t age -de l ay  p h e n o m -  
ena.  O the r s  s h o w  a s t e a d y  decrease ,  w i th  a n  ini t ial  large  
dec rease ,  as t he  m o d e l  p r e d i c t i ons  do. T h e  vo l t age -de lay  
p h e n o m e n o n  in  Li/SOC12 cells has  b e e n  s t u d i e d  by  Dey  
(21) a n d  ha s  b e e n  a s s o c i a t e d  wi th  t he  LiC1 film. S low volt-  
age  r e c ove ry  is a s soc i a t e d  wi th  s low m e c h a n i c a l  dis- 
r u p t i o n  o f  t he  film. T h e  m o d e l  doe s  no t  a c c o u n t  for  th i s  
vo l t age -de l ay  p h e n o m e n a  a n d  t he r e fo r e  ini t ial  e x p e r i m e n -  
tal da ta  were  e x c l u d e d  f r o m  t h e  p a r a m e t e r  e s t ima t ion .  

Table VIII.  Estimated values of the SOCI2 reduction electrode kinetic 
parameters of the Li/SOCI2 cell using available experimental data at 

31 mA/cm 2 

Estimated Values 
SSR Starting Values (95% confidence, y = 0.05) 

Run no. 1 (Case B) 
0.95 x 10 -4 ha (8%,.4.~0 = -3.0 -1.51 -+ 5.78 

(a~ = 0 . 0 5 )  0 . 2 2 1  - 0 . 2 2  

ar 0.5 0.657 + 0.134 
= 0.05 0.0112 -+ 0.0724 

Run no. 2 (Case B) 
0.96 x 10 4 In (a"io.4seO = -7.601 -2.3 -+ 1.95 

0.95 x 10 4 

+0.604 ) 
(a~ = 5.0 x 10 -4) 0.100 -0.086 

ar = 1.5 0.64 -+ 0.139 
- 0.1 0.028 -+ 0.0736 

Run no. 3 (Case E) 
In (a"i~.4.ref) = --3.0 --2.00 +-- 0.655 

(a~ = 0 . 0 5 )  0 . 1 3 5  - 0 . 0 6 5  

~c.4 - 0.5 0.646 -+ 0.094 
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Fig. 7. A comparison of model predictions to experimental data at 
31 mA/cm 2. Electrode kinetic parameters are as shown in Table VIII ,  
Run no. 1. 

Conclusions 
The  sensi t ivi ty  analysis and paramete r  es t imat ion  per- 

fo rmed  here  for the  mode l  p resen ted  by Evans  et al. (3) 
yield several  conclusions.  The  test  cell of Kl ined ins t  and 
D o m e n i c o n i  (4) offers a cons tan t  t empera tu re  environ-  
ment ,  a single cell (as opposed  to a stack), e l imina t ion  of  
film and reservoi r  regions,  and wel l -def ined th icknesses  of  
the  cell componen t s .  Low-rate  data should  be  used  to ob- 
tain es t imates  of  the  e lec t rode  kinet ic  parameters  so that  
in terac t ion  be tween  parameters  is small. Low-rate  data  is 
jus t  as eff icient  to use in the  pa ramete r  es t imat ion  proce-  
dure  as is high-rate  data  because  the  n u m b e r  of  nodes  can 
be  decreased  and the t ime  step increased  so that  the  solu- 
t ion t imes  are comparable .  Also, at low rates the effects  of  
species  t ranspor t  are minimal .  Once  es t imates  of  the lith- 
ium oxida t ion  parameters  are available,  the  e lec t rode  ki- 
net ic  parameters  descr ib ing  the  SOC12 reduc t ion  on the  
porous  carbon  e lec t rode  can be de t e rmined  even  for high 
d i scharge  rates. These  parameters  will  change  wi th  elec- 
t ro lyte  composi t ion ,  type  of  carbon used for the  electrode,  
and tempera ture .  

Manuscr ip t  submi t t ed  Sept.  23, 1988; revised manu-  
scr ipt  r ece ived  Feb. 22, 1989. 
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L I S T  OF S Y M B O L S  
a specific e lec t roaet ive  surface area of  the  porous  

electrode,  m 
a ~ initial va lue  of a, m-  
c~ concen t ra t ion  of  species i, mol /m a 
cm~t initial concent ra t ion  of  electrolyte,  mol /m 3 
el.re f reference  concent ra t ion  of  species i, mo l /m 3 
Ci~ diagonal  e l emen t  of  app rox ima te  Hess ian  
D diffusion coeff icient  of  the b inary  electrolyte,  m2/s 
E cell  voltage,  V 
F Faraday ' s  constant ,  96,487 C/mol of  e lect rons  
ik current  dens i ty  due  to e lec t rochemica l  react ion k, 

A/m 2 
i ,  d i scharge  current  density,  A/m 2 
i,,.k.r~r exchange  current  dens i ty  of  e lec t rochemica l  reac- 

t ion k at Cref, A/m 2 

J 
n 

n k  

m 

Pi ,k  
Pi 

Pi 
qi,k 
R 
SE 

SP i 
$1 
SCi 
SSR 
T 
tj 
A t r n a x  
ti w 
U k , r e f  

Z 

Greek  

(~a,k 
C~c,k 

~6 

E 
(i ~ 

~lk 

Oo 
O, 
Ol 
~2 

cur ren t  t ransferred be tween  phases,  A/m 3 
n u m b e r  of  data  points  
n u m b e r  of  e lect rons  t ransferred in the  electro- 
chemica l  react ion k 
n u m b e r  of parameters  
anodic  react ion order  of species i in react ion k 
paramete r  i 
reference  va lue  of  pa ramete r  i 
es t imate  of  P~ 
cathodic  react ion order  of species i in react ion k 
universa l  gas law constant ,  8.314 J /mol -K 
es t imate  of  the  var iance  of  the  res idual  error  
es t imate  of the  var iance  in the  es t imate  of  P~ 
th ickness  of  region 1, m 
sensi t ivi ty  coeff icient  for pa ramete r  i 
sum of squares  of the  res idual  error  
cell  t empera ture ,  K 
t ime  j, sec 
m a x i m u m  t ime  step, sec 
t ransference  n u m b e r  of  species i 
open-ci rcui t  potent ia l  of  react ion k based on the  
reference  concentra t ions ,  V 
average level  of  noise, V 

Symbols  
anodic  t ransfer  coeff icient  for react ion k 
ca thodic  t ransfer  coefficient  for react ion k 
t ranspor t  parameter ,  K 
t ranspor t  parameter ,  cm2/s 
a f ract ion of the  normal  d is t r ibut ion  
porosi ty  of  porous  mater ia l  
initial porosi ty  of the  porous  e lec t rode  
overpotent ia l  for react ion k at e lec t rode  surface  
((I)s - -  <~J)o --  Vk,ref) ,  V 
morpho logy  paramete r  
solut ion potential ,  V 
solut ion potent ia l  at e lec t rode  surface, V 
e lec t rode  potential ,  V 
potent ia l  of  the  solid phase,  V 
solut ion potent ia l  V 
normal ly  d is t r ibuted  r a n d o m  n u m b e r  
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