
University of South Carolina University of South Carolina 

Scholar Commons Scholar Commons 

Faculty Publications Chemical Engineering, Department of 

1987 

A Mathematical Model of a Lead-Acid Cell: Discharge, Rest, and A Mathematical Model of a Lead-Acid Cell: Discharge, Rest, and 

Charge Charge 

Hiram Gu 

T. V. Nguyen 

Ralph E. White 
University of South Carolina - Columbia, white@cec.sc.edu 

Follow this and additional works at: https://scholarcommons.sc.edu/eche_facpub 

 Part of the Chemical Engineering Commons 

Publication Info Publication Info 
Journal of the Electrochemical Society, 1987, pages 2953-2960. 
© The Electrochemical Society, Inc. 1987. All rights reserved. Except as provided under U.S. copyright law, 
this work may not be reproduced, resold, distributed, or modified without the express permission of The 
Electrochemical Society (ECS). The archival version of this work was published in the Journal of the 
Electrochemical Society. 
http://www.electrochem.org/ 
DOI: 10.1149/1.2100322 
http://dx.doi.org/10.1149/1.2100322 

This Article is brought to you by the Chemical Engineering, Department of at Scholar Commons. It has been 
accepted for inclusion in Faculty Publications by an authorized administrator of Scholar Commons. For more 
information, please contact digres@mailbox.sc.edu. 

https://scholarcommons.sc.edu/
https://scholarcommons.sc.edu/eche_facpub
https://scholarcommons.sc.edu/eche
https://scholarcommons.sc.edu/eche_facpub?utm_source=scholarcommons.sc.edu%2Feche_facpub%2F32&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/240?utm_source=scholarcommons.sc.edu%2Feche_facpub%2F32&utm_medium=PDF&utm_campaign=PDFCoverPages
http://dx.doi.org/10.1149/1.2100322
mailto:digres@mailbox.sc.edu


Vol. 134, No. 12 E F F I C I E N T  V A N A D I U M  R E D O X  F L O W  C E L L  2953 

The i n d e p e n d e n t  sizing of the redox sys tem's  power 
and storage capacity makes it par t icular ly attractive for 
long term electricity storage in remote areas where solar 
arrays or wind  generators  have been  instal led.  An at- 
t ract ive feature of the v a n a d i u m  redox bat tery  is that  
s ince there is no solut ion con tamina t ion  due to cross- 
mixing ,  after the original  capital  inves tment ,  there 
would  be negl igible  r u n n i n g  and ma in t enance  costs. 
Since the cell can be completely discharged without  any 
deterioration in performance, it would be ideally suited 
for large scale energy storage in load level ing applica- 
tions. 

A larger scale five-cell bat tery un i t  is cur rent ly  u nde r  
construct ion so that the system performance can be fur- 
ther tested before scaling up to a 1 kW unit.  
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A Mathematical Model of a Lead-Acid Cell 

Discharge, Rest, and Charge 
Hiram Gu* and T. V. Nguyen, **'1 

Electrochemistry Department, General Motors Research Laboratories, Warren, Michigan 48090-9055 

R. E. White* 

Department of Chemical Engineering, Texas A&M University, College Station, Texas 77843-3122 

ABSTRACT 

A mathematical model of a lead-acid cell is presented which includes the modeling of porous electrodes and various 
physical phenomena in detail. The model is used to study the dynamic behavior of the acid concentration, the porosity o f  
the electrodes, and the state of charge of the cell during discharge, rest, and charge. The dependence of the performance of 
the cell on electrode thicknesses and operating temperature is also investigated. 

The lead-acid system is used in the largest  n u m b e r  of 
secondary  bat ter ies  manufac tu red  in the world. The 
most  important  market  remains the car battery for start- 
ing, l ighting,  and igni t ion,  with approximate ly  50 • 106 
uni t s  sold per year in the U.S.A. (1). Other appl icat ions  
are in emergency  power supplies,  load-leveling, and 
more recently for ins t ruments ,  radio, and other electrical 
apparatus.  The design and improvemen t  of these 
batteries are mostly done by trial-and-error. 

This  t radi t ional  approach, which consis ts  of experi- 
menta l  cell bui ld-ups and extensive testing, is costly and 
t ime consuming .  Fur thermore ,  resul ts  from such tests 
provide  only global  in format ion  and do not  provide in- 
sight into the governing phenomena.  It is advantageous 
to develop a mathematical  model of the cell which would 
allow one to gain a better unders tand ing  of the cause and 
effect re la t ionships  and the p h e n o m e n a  involved,  and 
suggest directions for improvements .  

Complement ing  experimental  testing with mathemat-  
ical model ing is a cost effective approach to the develop- 
m e n t  and design of batteries.  Test ing is still needed  to 
verify predictions of the model and to uncover  physical 
p h e n o m e n a  that  may not  have been inc luded  in the 
model.  But  with the help of this mathemat ica l  tool, ex- 

*Electrochemical Society Active Member. 
**:Electrochemical Society Student Member. 
~Present address: Department of Chemical Engineering, Texas 

A&M University, College Station, Texas 77843-3122. 

tens ive  exper imenta l  tes t ing is no longer  needed.  Great  
savings in material, labor, and t ime can be realized in the 
development  of a new battery. 

The first use of mathemat ica l  models  to describe the 
behavior  of the lead-acid system was applied to the po- 
rous posit ive electrode (PbO2) by Stein (2, 3) and Euler  
(4), with further improvements  made by Simonsson (5-7), 
Micka and Rousar (8), Gidaspow and Baker (9), and oth- 
ers. A good review of the deve lopment  in the theory of 
flooded porous electrodes prior to 1975 has been  pro- 
vided by Newman and Tiedemann (10). Recently, Tiede- 
m a n n  and Newman (11) and Sunu  (12) applied Newman 's  
theory to the deve lopment  of a.complete cell model  de- 
scr ib ing  the discharge behavior  of the lead-acid bat tery 
system. However, a model for predict ing the cell behav- 
ior dur ing  charge and rest, as well as the effects of cy- 
cling, is not available. To assist designers and engineers 
in the fur ther  deve lopment  of the lead-acid bat ter ies  
with improved  per formance  and cycle life, a detai led 
mathematical  model of a lead-acid cell is presented that 
can be used to predict  the dynamic  behavior  of the cell 
not  only dur ing  discharge, bu t  also dur ing  charge, rest, 
and cycling. 

Model Development 
A schemat ic  for the lead-acid cell is shown in Fig. 1. 

The cell consis ts  of the following boundar ies  and  re- 
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Region 1, positive electrode.-- 

poros i t y  v a r i a t i o n - -  

Oe 1 [ MWebso4 
Ot 2F PPbSO4 

O h m ' s  law in s o l u t i o n - -  

MWebo2 I Oi~ 
PPb02 ] 0X 

0 [6] 

is Od)~ RT 0 in (cf) 
- - +  - -  ( 1 -  2 t ~  - -  - 0  [ 7 ]  

eexlK 0x F 0x 

O h m ' s  law in s o l i d - -  

i2 exml a~l _ I = 0 [8] -- {[ O'Pb02 0X 

ma te r i a l  b a l a n c e - -  

OC Fig. 1. One-dimensional macro-homogeneous model of a lead-acid cell 6 - -  

gions :  a l ead  g r id  c u r r e n t  c o l l e c t o r  at  x = 0, w h i c h  is at 
t h e  c e n t e r  o f  t h e  p o s i t i v e  e l e c t r o d e ,  t h e  p o s i t i v e  (PbO2) 
e l e c t r o d e  ( r eg ion  1), t he  p o s i t i v e  e l e c t r o d e / r e s e r v o i r  in- 
t e r f ace ,  t he  r e s e r v o i r  ( reg ion  2), t he  r e s e r v o i r / s e p a r a t o r  
in te r face ,  t he  separa to r  ( region 3), t he  s epa ra to r /nega t ive  
e l e c t r o d e  i n t e r f ace ,  t he  n e g a t i v e  (Pb) e l e c t r o d e  ( reg ion  
4), and  t h e  c e n t e r  of  t h e  n e g a t i v e  e l e c t r o d e  w h e r e  an- 
o the r  gr id  is located.  Deta i ls  of  the  g e o m e t r y  are  i gno red  
and  the  who le  cel l  is r ega rded  as a h o m o g e n e o u s  macro-  
s cop ic  en t i ty  w i th  d i s t r i bu t ed  quan t i t i e s  in t h e  d i r ec t i on  
p e r p e n d i c u l a r  to t he  grid. An  e x t e n s i v e  d i s cus s ion  o f  av- 
e r a g e  q u a n t i t i e s  u s e d  in t h e  d e v e l . o p m e n t  of  t h e  m o d e l  
has  b e e n  g iven  by D u n n i n g  (13) and  T r a i n h a m  (14). Addi -  
t iona l ly ,  i s o t h e r m a l  c o n d i t i o n s  are  a s s u m e d  here .  T h e  
e l ec t ro ly t e  is c o n c e n t r a t e d  H2SO4 w h i c h  is  c o n s i d e r e d  to 
be  a b i n a r y  e l e c t r o l y t e  t ha t  d i s s o c i a t e s  in to  H + and  
HSO4- in H~O. 

The  e l ec t rode  reac t ions  d u r i n g  d i s cha rge  a r e  

PbO2(s) + HSO4 + 3H + + 2e- 

and  

Pbls) + H S O (  

d i scha rge  
) PbSO4(~) + 2H20 

(pos i t ive  e lec t rode)  

d i s cha rge  
) PbSO4(~) + 2e- + H + 

(nega t ive  e lec t rode)  

T h e r e  are  f ive e x p l i c i t  u n k n o w n s  in t h e  m o d e l :  ac id  
c o n c e n t r a t i o n  (c), e l e c t r o d e  p o r o s i t y  (6), supe r f i c i a l  cur-  
r e n t  d e n s i t y  in t he  e l e c t r o l y t e  (i2), p o t e n t i a l  in t h e  so l id  
phase  (qbl), and  po ten t i a l  in the  e l ec t ro ly t e  ((b2). The  gov-  
e r n i n g  e q u a t i o n s  and b o u n d a r y  cond i t i ons  are  p r e s e n t e d  
next .  

Center of the positive electrode, x = O.-- 

Oc 
- 0 [ 1 ]  

ox 

o6 
- 0 [ 2 ]  

Ox 

i2 = 0 [3] 

(bl = 0 [4] 

O62 
= 0 [5] 

OX 

E q u a t i o n s  [1], [2], and  [5] a re  in a c c o r d a n c e  w i t h  t h e  as- 
s u m p t i o n  o f  s y m m e t r y .  E q u a t i o n  [3] s t a tes  that ,  at  t he  
c e n t e r  of  t he  p o s i t i v e  e l e c t r o d e ,  all  t h e  c u r r e n t  is in t h e  
c u r r e n t  co l l ec to r  and  none  is in t he  e lec t ro ly te .  In  Eq.  [4], 
as  a c o n v e n i e n t  cho ice ,  t h e  so l id  p h a s e  po t en t i a l ,  d)l, is 
d e s i gna t ed  to be  0 V at th is  boundary .  Wi thou t  th is  refer-  
e n c e  potent ia l ,  a pa r t i cu la r  so lu t ion  canno t  be  ob ta ined .  

1F( wPbso4  WPbo2) 
PPbS04 0t 2F PPb02 

(3 2t~ + 2V ] i2 ac O ( Oc ) - -  - -  o - -  E exl D 
Ox Ox Ox 

- . ~ �9 ( 1 - c Y o ) + ~  ox  

e l e c t r o d e  k i n e t i c s - - f o r  d i scha rge  and res t  

~ -- 6ol 
0i2 ama• ~ C~-e~ erna• Co1 0X 

[ R T  (~)1 - ~D2 -- 

 P-l} o e x p  [ ~ -  (q), - r - = 

and  for cha rge  

0i2 * ( C  t Y I (  ~ - -~o1  )~1 e . . . .  - -E  

- -OX -- amaxll~ \ C-~ef ] 6maxl -- 6ol ~maxl -- ~ol 

w h e r e  

[9] 

[10a] 

exp  [ c~IF Uebo~)] - 
t RT (~1-  ~b2- 

[ -CtelF "'  Upb02)] } 0 exp  [ ~  (r - r - = [lOb] 

Upb02 ~ Upbo20-  Upb 8 [11] 

E q u a t i o n  [6] d e s c r i b e s  t h e  c h a n g e  in  p o r o s i t y  w i t h  t i m e  
d u e  to t he  c o n v e r s i o n  of  t h e  ac t i ve  m a t e r i a l  in t h e  e lec-  
t r ode  reac t ion .  E q u a t i o n  [7] is a modi f i ed  O h m ' s  law for  
t h e  e l e c t r o l y t e  w h i c h  s ta tes  t ha t  t h e  c u r r e n t  in t he  elec-  
t r o l y t e  is d r i v e n  by  the  e l ec t r i c  p o t e n t i a l  and  c h e m i c a l  
po ten t i a l  gradients .  E q u a t i o n  [8] is O h m ' s  law app l i ed  to 
t h e  so l id  m a t r i x .  E q u a t i o n  [9] s ta tes  t h a t  t h e  e l e c t r o l y t e  
c o n c e n t r a t i o n  at any  p o i n t  in  space  c h a n g e s  w i t h  t i m e  
b e c a u s e  of  t he  e l e c t r o d e  r eac t i on ,  d i f fus ion ,  and  mig ra -  
t ion .  E q u a t i o n s  [10a] and  [10b] are  k i n e t i c  e x p r e s s i o n s  
for t he  e l ec t rode  react ion .  E q u a t i o n  [10b] i nc ludes  a fac- 
tor  to a c c o u n t  for the  d e p l e t i o n  of  lead  su l fa te  as lead  di- 
o x i d e  is be ing  fo rmed .  Fo r  conven i ence ,  the  d e p e n d e n c e  
of  t h e  o v e r p o t e n t i a l  on  t h e  ac id  c o n c e n t r a t i o n  is neg-  
l ec t ed ,  and  a c o n c e n t r a t i o n  i n d e p e n d e n t  l ead  e l e c t r o d e  
is u s e d  as a r e f e r e n c e  e l e c t r o d e  in Eq.  [10a], [10b], and  
[11]. 

Interface between region 1 and 2.-- 

~C r e g i o n  OC r e g i o n  

e . . . .  [ 1 2 ]  
~X ~ aX 2 

0e 1 ( MWebso4 M W p b o z ) O i Z = o [ 1 3 ]  
Ot 2F PPbS04 '. PPbO2 0X 
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i2 = I [14] e = %p [25] 

~r i2 = I [26] o~ = 0 [15] 
Ox ~ $~ = 0 [27] 

~ext 0520x ~g~o~ I - 0520x ~egio, 2 [16] 

Equa t ions  [12] and [16] satisfy the r equ i r emen t  that  the 
flux of a species i, Ni, and the superficial current  density, 
i2, are con t inuous  across the interface. In  other words, 
N i , r e g i o n  1 = Ni,region 2 and i2 ,regio n 1 = i2 , region 2; with i = +, - ,  or 
o. But  since [Ref. (15)] 

V | =  ~--~ CiviY i [17] 
i 

and 

N i = civ i [18] 

with Vi assumed constant,  the requi rement  that the flux 
of species i is con t inuous  implies  that  the vo lume aver- 
age velocity is also continuous,  i.e., v~" = vs ' .  

Equa t ion  [13] describes the porosi ty var ia t ion with 
t ime  and Eq. [14] states that  all the cur ren t  at the inter-  
face is in the electrolyte phase. Final ly,  Eq. [15] states 
that  the electrode solid phase potential  gradient is equal 
to zero at the interface because the electrode solid phase 
ends there. 

R e g i o n  2, r e s e r v o i r . -  

p o r o s i t y -  

Ohm's  law in so lu t ion--  

i~ 0r R T  + - -  
K 0x  F 

solid phase potent ia l - -  

= 1 [19] 

In (c3O 
- -  (1 - 2t~ - 0 [20]  

0x 

~, = 0 [21] 

material  ba lance- -  

0C 1 [( MWpbso 4 MWpbo2 ) 

Ot 2F PPbSO4 PPbO2 

2 t~  0c _ D 9-cc = 0  (3 
o J OX OX 2 

current  in so lu t ion--  

[22] 

i~ = I [23] 

Equa t ion  [19] states that  the reservoir  is filled with 
electrolyte.  Equa t ion  [20] is Ohm's  law applied to the 
electrolyte  wr i t ten  with respect  to Pb  reference elec- 
trode. The electrode solid phase potent ia l  is zero (Eq. 
[21]) because there is no electrode solid phase in the res- 
ervoir. Equat ion [22] is the material balance for the elec- 
trolyte in the reservoir. Finally, Eq. [23] states that all the 
appl ied  cur ren t  is flowing through the solut ion phase 
since there is no electrode solid phase in the reservoir. 

I n t e r f a c e  b e t w e e n  r e g i o n  2 a n d  r e g i o n  3 . - -  

0c 

region .C~u.~. region 
D -- CV2 g = D~sep exa - -  C V 3  I 

OX z 3 

where 

[24] 

V2 m 

1 1( MWpbso4 MWpbo2 

2 F  PPDSO4 PPbO2 
- (3 - 2t~ + 2VolI 

1 [( MWpbso4 
v3" = 2F PPbSO4 

MWpb ) + ( 1 -  PPb 2t~ I 

[0 (~2 R T  0 In  (cf)  ] 
Ox F (1 - 2t~ 0x r~g~on 

=[e~opex30~)2 R T  01n(cf) ] [28] 
0--x-- - e~Ptx~ F (1 - 2t~ 0 ~  ~gio~ 3 

Equat ion [24] satisfies the condit ion that the fluxes of the 
species are continuous.  As shown by the expressions for 
v2" and v3" below Eq. [24], v2" is not  equal  to v3". v2" is 
equal to Vl" as stated earlier and v3" is equal to v4" which 
is the vo lume average veloci ty due to migra t ion  and 
changes in the structure of the lead electrode (i.e., region 
4). The implicit  requirement  that v2" = v3" is not  met here. 
This incons i s t ency  would be removed in a two-dimen-  
sional model which included the fact that the level of the 
acid changes dur ing  charge and discharge. Previous  
workers (11, 16, 17) have avoided this problem by assum- 
ing that  the reservoir  is well mixed  and, consequent ly ,  
separates the convective flows out of (or into) the porous 
electrodes. Since the magni tudes  of the volume average 
velocit ies are typical ly small, this incons i s t ency  is ig- 
nored in the model presented here. 

Equa t ion  [25] sets the porosi ty at this interface to be 
that of the separator porosity, which is a constant  value. 
Equa t ion  [26] indicates  that  the superficial  cur ren t  den- 
sity in the solution is equal to the applied current  density 
since no charge transfer reaction occurs in either the res- 
ervoir  or the separator.  Equat ion  [27] sets the electrode 
solid phase potent ia l  to zero since there is no electrode 
here. Equa t ion  [28] satisfies the condi t ion  that  the cur- 
r en t  is con t inuous  across the interface. Unl ike  Eq. [16] 
where the terms with the concentrat ion gradients cancel 
according to Eq. [12], the concentrat ion gradient  terms in 
Eq. [28] do not cancel because they are not  equal  accord- 
ing to Eq. [24]. 

R e g i o n  3, s e p a r a t o r . - -  

p o r o s i t y - -  

e = esep [29] 

Ohm's  l a w i n  solu t ion--  

i2 a$2 R T  
- - +  - -  - -  ( 1 - -  2t~ - -  

~sep ex3 K 0X F 
0 in (cf) 

- 0 [30] 
Ox 

solid phase potent ia l - -  

material ba lance- -  

~, = 0 [31] 

1 [( wpbso4 Mwpb) oc + - -  

esep O~ 2F PPbSO4 {OPt) 

- 2 t ~  1 I ac ~a D 02c + (1 0x - ~ '  ~ = 0  

current  in so lu t ion--  

[32] 

i~ = I [33] 

Equa t ion  [32] is the mater ial  balance for the electrolyte 
in  the separator.  The second term in  the equa t ion  is v3" 
(Oc/Ox), where v3" is equal  to that  at the interface of re- 
gions 3 and 4. The porosity of the separator is fixed (Eq. 
[29]), and the cur ren t  densi ty  in the solut ion is equal  to 
the applied current  density (Eq. [33]). The electrode solid 
phase potent ia l  again is set to zero because  there is no 
e l ec t rodehe re  (Eq. [31]). Final ly,  Eq. [30] is Ohm's  law 
applied to the solution phase in the separator. 

I n t e r f a c e  b e t w e e n  r e g i o n  3 a n d  r e g i o n  4 . - -  

~!isepeX 3 OC ~ ~ex4 C ~  
OX region 3 O Z  region 4 

[34] 
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O e + 1 ( MWpb)  0i2 0 [35 ] _  = 
Ot 2F PPbSO4 PPb c]X 

i2 = I [36] 

00010x ~g~on 4 = 0 [37] 

esepeX3 0(~2 eex4 0~)2 region 
OX reg[o, 3 : OX 4 [38] 

T h e  e q u a t i o n s  for  th is  i n t e r f a c e  w e r e  e s t a b l i s h e d  w i t h  
t h e  s a m e  r e a s o n i n g  t h a t  was  u s e d  for  t h e  i n t e r f a c e  be-  
t w e e n  reg ion  1 and reg ion  2. 

Region 4, nega t i ve  e l e c t r o d e . -  

poros i ty  v a r i a t i o n - -  

0 :  + 1 ( . MWpb ) 0i2 0 [39 
Ot 2F pvbso4 pw 0x 

O h m ' s  law in s o l u t i o n - -  

i2 or R T  0 In (cJ) 
- - + - -  ( 1 - 2 t ~  [40] 

eex4K 0 X  F 0 X  

O h m ' s  l aw in s o l i d - -  

04, 
ig - I ~ e x m g o ' p b -  - -  I = 0 [ 4 1 ]  

Ox 

mate r i a l  b a l a n c e - -  

1 [( wPbso4 M pb) oc + 
Ot 2 F -  PPuso4 PPb 

+(1-2t~ OxO (e ex4D oxOC ) 

t - 2t~ ) Oig = 0 
- (1 - C~re)-oX [421 ~ f  

e l e c t r o d e  k i n e t i c s - -  

for d i s c h a r g e  and  res t  

0 ~ -  - -  amax4? '~ \ ere f ] emax4 - -  ~io4 / 

{ exp  [ r R T  (~b,-  r exp  kl[ -aOgFRT (~)l -- (~2)]} = 0 

[43a] 

and  for cha rge  

(ct,  ( ;(  0 X  amaxg? '~  . . . . . . . .  
\ ref / ~max4 --  ~o4 ~max4 - -  ~o4 

[43b] 

Equations [39] t h r o u g h  [43] are  coun t e rpa r t s  of  the  equa-  
t ions  e s t ab l i shed  for the  pos i t ive  e lec t rode .  The  concep-  
tua l  r e f e r e n c e  e l e c t r o d e  u s e d  to m e a s u r e  t h e  p o t e n t i a l  
d i f f e r ence  is a l ead  e lec t rode ,  t he  s a m e  k ind  as the  nega-  
t i ve  e l ec t rode .  

Center  o f  the n e g a t i v e  electrode,  x = / . - - E q u a t i o n s  [1], 
[2], [3], [51, and  [43a1 or  [43b] app ly .  S i n c e  the  e l e c t r o d e  
sol id  phase  po ten t i a l  was set  to zero at t he  o the r  bound-  
ary (x = 0), a k ine t i c  e x p r e s s i o n  is u sed  to ca lcu la te  4, at 
th is  boundary .  

Numerical Procedure 
T h e  g o v e r n i n g  e q u a t i o n s  w e r e  pu t  in to  f in i te  d i f fer-  

e n c e  fo rms  and  so lved  us ing  the  n u m e r i c a l  t e c h n i q u e  of  
N e w m a n  (18, 19). T h e  cel l  was  d i v i d e d  in to  N J  n o d e  

po in t s  w i th  J = 1 des igna t ed  to be  the  cen t e r  of  the  posi-  
t ive  e l ec t rode  and J = N J  to be  the  cen te r  of  t he  n e g a t i v e  
e l e c t r o d e .  E a c h  r e g i o n  was  e v e n l y  d iv ided ,  b u t  n o d e  
po in t  spac ings  w e r e  d i f fe ren t  b e t w e e n  regions.  

The  f ini te  d i f fe rence  a p p r o x i m a t i o n s  of  t he  de r iva t ives  
for an in t e rna l  m e s h  po in t  can  be  wr i t t en  as 

02C~(J) Ck(J + 1) + Ck(J - 1) - 2Ck(J) 
[44] 

Ox g ( ax)  g 

aCk(J) Ck(J + 1) - C~(J - 1) 

ox 2(5x) 

and  for a b o u n d a r y  n o d e  

0Ck(J) --Ck(J + 2) + 4Ck(J + 1) - 3Ck(J) 

[45] 

[46] 
ox 2(AX) 

OCk(J) Ck(J - 2) - 4Ck(J - 1) + 3Ck(J) 
[47] 

Ox 2(hx) 

w h e r e  hx  deno t e s  the  d i s t ance  b e t w e e n  n o d e  po in t s  and 
Ck(J) r e p r e s e n t s  the  k th u n k n o w n  at n o d e  J. 

The  accu racy  of  t he  f ini te  d i f fe rence  a p p r o x i m a t i o n s  of  
t h e  a b o v e  d e r i v a t i v e s  is (hx) 2. E q u a t i o n  [46], in t h e  for- 
w a r d  d i f f e rence  form,  is u s e d  at J = 1; and Eq.  [47], in the  
b a c k w a r d  d i f fe rence  form,  is used  at J = NJ.  for t he  in ter-  
na l  b o u n d a r i e s ,  Eq.  [46] is u s e d  on  t h e  h i g h e r  r e g i o n  
n u m b e r  s ide  and  Eq.  [47] is u s e d  on  t h e  l o w e r  r e g i o n  
n u m b e r  side.  F o r  e x a m p l e ,  Eq.  [24] w r i t t e n  in t h e  f in i te  
d i f f e r ence  fo rm is 

CI(J - 2) - 4C,(J - 1) + 3CI(J) 
D - C,(J)v2" 

2(hx2) 

-C , ( J  + 2) + 4C~(J + i) - 3C,(J) 
= Desep ex3 - CI(J)v3" 

2(Axe) 

[48] 

w h e r e  t h e  e l e c t r o l y t e  c o n c e n t r a t i o n  c is w r i t t e n  as " u n -  
k n o w n  1". The  subsc r ip t  on  Ax re fers  to the  r eg ion  n u m -  
ber.  We no te  tha t  five n o d e  po in t s  are  n e e d e d  to de sc r ibe  
t h e  c o n t i n u i t y  o f  t h e  f lux at an  i n t e r n a l  b o u n d a r y  to 
m a i n t a i n  (5x)  2 a c c u r a c y .  N e w m a n ' s  B A N D ( J )  can  be  
u s e d  for  on ly  t h r e e  n o d e  p o i n t s  (18, 19). C o n s e q u e n t l y ,  
s i nce  up  to f ive n o d e  p o i n t s  a re  u s e d  at an  i n t e r n a l  
b o u n d a r y ,  a m o d i f i e d  v e r s i o n  o f  N e w m a n ' s  s u b r o u t i n e ,  
c a l l ed  P e n t a d i a g o n a l  B A N D ( J )  (20, 21), was  u s e d  in- 
stead.  As the  n a m e  impl ies ,  th is  s u b r o u t i n e  a l lows up  to 
f ive n o d e  po in t s  to be  used  at any  pos i t ion .  

F o r  t he  t i m e  der iva t ive ,  imp l i c i t  s t epp ing  was  u s e d  

OCk(J) Ck(J) - CKk(J) 
[49] 

ot At 

w h e r e  CKk(J) r e fe r s  to t h e  v a l u e  at  t h e  p r e v i o u s  t i m e  
step,  t - At. In i t ia l  d i s t r ibu t ions  of  va r i ab les  can be  deter -  
m i n e d  by  t ak ing  a smal l  t i m e  step (10-4s, e.g.). 

Results and Discussion 
I n  th is  sec t ion ,  we  e x a m i n e  s o m e  s i m u l a t e d  r e su l t s  

and  the i r  impl ica t ions .  The  p a r a m e t e r s  u s e d  in the  calcu-  
l a t i ons  are  g i v e n  in Tab l e  I. P a r a m e t e r s  n o t  r e f e r e n c e d  
are  a r b i t r a r y  b u t  r e a s o n a b l e  q u a n t i t i e s .  T h e  s a m e  ex-  
c h a n g e  c u r r e n t  d e n s i t i e s  w e r e  a s s i g n e d  to t h e  p o s i t i v e  
and  n e g a t i v e  e l e c t r o d e s .  T h e s e  v a l u e s  w e r e  c h o s e n  so 
t h a t  t he  c a l c u l a t e d  ce l l  v o l t a g e s  ag ree  w e l l  w i t h  mea-  
su red  ones.  

Ef fec t  o f  t e m p e r a t u r e  on d i s c h a r g e . - - T h e  s i m u l a t e d  
d i s c h a r g e  b e h a v i o r  at 25 ~ and  -18~  u n d e r  a c o n s t a n t  
cu r r en t  dens i t y  of  340 m A / c m  ~ is p r e s e n t e d  first. The  dis- 
c h a r g e  c u t o f f  was  c h o s e n  to be  1.55V. T h e  t e m p e r a t u r e  
d e p e n d e n c e  of  t he  k i n e t i c  e x p r e s s i o n  is e x p l i c i t l y  ex-  
p r e s s e d  in t h e  e x p o n e n t i a l  t e rms .  I m p l i c i t l y ,  t h e  ex-  
c h a n g e  cu r r en t  dens i ty  in the  k ine t i c  e x p r e s s i o n  is also a 
s t r o n g  f u n c t i o n  of  t e m p e r a t u r e .  As  m e n t i o n e d  ea r l i e r ,  
t h e  e x c h a n g e  c u r r e n t  d e n s i t y  was  a d j u s t e d  for  t h e  two  
t e m p e r a t u r e s  so tha t  t he  ca l cu l a t ed  cel l  v o l t a g e s  a g r e e d  
re la t ive ly  wel l  w i th  e x p e r i m e n t a l  obse rva t ions .  
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Table I. Parameters used in the calculations 

Acid concentra t ion 

Transference  n u m b e r  
Partial  molar  vo lume  of acid 

Acid diffusion coefficient 

Acid conduct ivi ty  

N u m b e r  of node  points  
Half  th ickness  of  plate 
M a x i m u m  plate porosi ty 
M a x i m u m  charge 
M a x i m u m  specific surface area 
E x c h a n g e  cur ren t  dens i ty  

0tal 
0tel 

Lead  dioxide conduct ivi ty  
ex l  
e x m  1 

N u m b e r  of node  points  
Th ickness  of  reservoir  

N u m b e r  of node  points  
Th ickness  of  separator  
Porosi ty  
ex3 

N u m b e r  of node  points  
Half  th ickness  of  plate 
M a x i m u m  plate porosi ty 
M a x i m u m  charge 
M a x i m u m  specific surface area 
Exchange  cur rent  dens i ty  

C/a4 
~e4 
~4 
~4 
Lead  conduct ivi ty  
ex4 
exm4 

Electrolyte 
4.9 x 1O ~ mol /cm ~ 

(1.280 sp  gr) 
0.72 [Ref. (13), p. 78] 
45 cm~/mol [Ref. (11), 

p. 68] 
3.02 • 10 '~ cm=/s at 25~ 

[Ref. (16)] 
0.79 S/cm at 25~ 

[Ref. (11), p. 74] 

Posi t ive electrode 
21 
0.06 or 0.03 cm 
0.53 or 0.65 
5660 or 4615 C/cm a 
100 cm=/cm ~ 
1.0 x 10 -~ A/cm ~ at 25~ 
2.0 x I0 ~ A/cm ~ at - 18~ 
0.5 
0.5 
1.5 
1.0 
80 S/cm 
1.5 
0.5 

Reservoir  
14 
0.055 cm 

Separator  
6 
0.014 cm 
0.73 
3.53 

Negative electrode 
21 
0.06 or 0.03 cm 
0.53 or 0.65 
5660 or 4615 C/cm ~ 
100 cm=/cm = 
1.0 x 10 -= A/cm = at 25~ 
2.0 x 10 -.~ A/cm = at -18~ 
0.5 
0.5 
1.5 
1.0 
4.8 x 10 4 S/era 
1.5 
0.5 

T h e  e l e c t r o l y t e  c o n d u c t i v i t y  a n d  d i f f u s i o n  c o e f f i c i e n t  
a r e  a l s o  q u i t e  t e m p e r a t u r e  d e p e n d e n t .  T h e y  w e r e  c a l c u -  
t a t e d  u s i n g  t h e  f o l l o w i n g  e q u a t i o n s  

( 1 8 0 1  1 8 0 1 )  
= K~.~ e x p  " 298.15 T [50] 

( 2 1 7 4  2 1 7 4 )  
D = D~.~ e x p  - 298.15 T [51] 

w h e r e  K a n d  D a r e  t h e  c o n d u c t i v i t y  a n d  t h e  d i f f u s i o n  

2.2 
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Fig. 2. Discharge cell voltage curves. 340 mA/cm ~ 
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Fig. 3. Profiles of acid concentration during a discharge at 340 
mA/cmh The regions from left to right are: positive electrode, reser- 
voir, separator, and negative electrode. X = 1.0 is for I = 0.19 cm. 

c o e f f i c i e n t  o f  1.280 s p  g r  H2SO4 a t  t h e  a b s o l u t e  t e m p e r a -  
t u r e ,  T; a n d  K2~ a n d  D~.~ a r e  t h e  c o n d u c t i v i t y  a n d  t h e  d i f f u -  
s i o n  c o e f f i c i e n t  a t  25~ T h e  c o n d u c t i v i t y  o f  t h e  P b  o r  
P b O ~  m a t r i x  h a s  a w e a k  t e m p e r a t u r e  d e p e n d e n c e  a n d  is  
a s s u m e d  c o n s t a n t .  

C e l l  v o l t a g e  p r o f i l e s  d u r i n g  d i s c h a r g e  a r e  g i v e n  i n  
F ig .  2. T h e  t i m e  t o  t h e  v o l t a g e  c u t o f f  a t  25~ is  106s a n d  a t  
- 1 8 ~  is  32s .  A c i d  c o n c e n t r a t i o n  p r o f i l e s  (F ig .  3) s h o w  
t h a t  t h e  e n d  o f  d i s c h a r g e  a t  25~ is  c a u s e d  b y  a c i d  d e p l e -  
t i o n  i n  t h e  p o s i t i v e  e l e c t r o d e .  A t  - 1 8 ~  o h m i c  a n d  k i -  
n e t i c  e f f e c t s  o v e r r i d e  t h e  e f f e c t  o f  a c i d  d e p l e t i o n  to  c a u s e  
t h e  e a r l i e r  d i s c h a r g e  c u t o f f .  T h e  e l e c t r o d e  c a p a c i t y  p r o -  
f i l e s  (F ig .  4) i n d i c a t e  t h a t  f o r  b o t h  c a s e s ,  t h e  e l e c t r o d e s  
a r e  n o t  v e r y  w e l l  u t i l i z e d .  
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Fig. 4. Profiles of electrode capacity during a discharge at 340 
mA/cmh The regions from left to right are: positive electrode, reser- 
voir, separator, and negative electrode. X = 1.0 is for I = 0.19 cm. 
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Fig. 5. Charge cell voltage curves. 20 mA/cm ~ 

Effect of temperature on charge.--Charge b e h a v i o r  was  
s i m u l a t e d  at  25 ~ a n d  -18~ u n d e r  a c o n s t a n t  cha rge  cur-  
r e n t  d e n s i t y  of  20 m A / c m  ~ a n d  a v o l t a g e  c u t o f f  o f  2.5V. 
T h e  s i m u l a t i o n s  w e r e  b a s e d  on  a p r e v i o u s  d i s c h a r g e  at  
-18~ and  340 m A / c m  ~ to a c u t o f f  o f  1.55V, and  a res t  pe-  
r iod  of  l h  at  -18~ 

F i g u r e  5 s h o w s  the  cell  vo l tage  prof i les  d u r i n g  ch a rg e  
at t h e  two  t e m p e r a t u r e s .  By  c h a r g i n g  t h e  cell  at 25~ we  
can  p u t a b o u t  223% m o r e  cha rge  in to  t h e  cell. At  -18~ 
c o n s t a n t  c u r r e n t  c h a r g i n g  is ine f f ic ien t  b e c a u s e  of  a pen-  
a l ty  of  m o r e  t h a n  0.1V at  t h e  v e r y  b e g i n n i n g  o f  t h e  
charge .  

The  c o n c e n t r a t i o n  prof i les  for the  two  cases  are s h o w n  
in  Fig .  6. N o t e  t h a t  t h e  c o n c e n t r a t i o n  of  t h e  e l e c t r o l y t e  
has  n o t  to ta l ly  r e l axed  at t he  e n d  of  t he  l h  rest .  This  is an 
i n d i c a t i o n  o f  t h e  s l u g g i s h  d i f f u s i o n  of  t h e  s p e c i e s  w h e n  
t h e  o p e r a t i n g  t e m p e r a t u r e  is low. The  cha rge  prof i les  in 
Fig.  7 s h o w  t h e  n o n u n i f o r m  d i s t r i b u t i o n  of  cha rge  ac ros s  
t h e  e l ec t rodes .  

We s h o u l d  m e n t i o n  tha t  in p rac t ice ,  t h e  lead-ac id  bat-  
t e ry  is c h a r g e d  u n d e r  a c o n s t a n t  po t en t i a l  w i t h  a c u r r e n t  
l imi t .  Th i s  c h a r g i n g  c o n d i t i o n  can  a lso  be  s i m u l a t e d  by  
t h e  p r e s e n t  m o d e l  by  i t e r a t i n g  on  t h e  a p p l i e d  c h a r g i n g  
cu r r en t .  
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Fig. 6. Profiles of acid concentration during o charge at 20 mA/cm ~. 
The regions from left to right are: positive electrode, reservoir, separa- 
tor, and negative electrode. X = 1.0 is for I = 0.19 cm. 
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Fig. 7, Profiles of electrode capacity during a charge at 20 mA/cm 2. 
The regions from left to right are: positive electrode, reservoir, separa- 
tor, and negative electrode. X = 1.0 is for I = 0.19 cm. 

Effect of electrode thickness.--The s i m u l a t i o n s  re- 
p o r t e d  so far  h a v e  b e e n  for  0.12 c m  t h i c k  e l e c t r o d e s .  
Nex t ,  t h e  e f fec t s  o f  u s i n g  e i the r  a 0.06 cm t h i c k  pos i t ive  
or a 0.06 c m  th i ck  n eg a t i v e  will  be  e x a m i n e d .  As s h o w n  
in Fig. 8, a t h i n  pos i t i ve  e l e c t r o d e  has  a g rea t e r  e f fec t  on  
the  cell  vol tage .  The  d i s c h a r g e  t i m e  to 1.55V for: (a) two  
t h i c k  e l ec t rodes ,  (b) one  th i ck  pos i t ive  and  one  th in  neg-  
at ive,  a n d  (c) one  t h i n  pos i t ive  a n d  one  th i ck  n eg a t i v e  are  
32, 22, a n d  17s, r e spec t ive ly .  

T h e  s a m e  k i n e t i c  p a r a m e t e r s  w e r e  u s e d  for  t h e  pos i -  
t ive  and  n eg a t i v e  e l e c t r o d e s  in  t he  s imu la t ions .  The  only  
d i f f e r e n c e s  b e t w e e n  t h e  two  e l e c t r o d e s  are  t h e  so l id  
p h a s e  c o n d u c t i v i t y  a n d  the  e l e c t r o d e  reac t ion .  The  sol id  
p h a s e  c o n d u c t i v i t y  does  n o t  have  m u c h  in f luence  on the  
e l e c t r o d e  b e h a v i o r  w h e n  an  e l e c t r o d e  is th in .  Co nse -  
q u e n t l y ,  t h e r e  is no  o b s e r v a b l e  d i f f e r e n c e  b e t w e e n  case  
b a n d  case  c init ial ly.  With t ime ,  h o w e v e r ,  case  c s h o w s  a 
s t e e p e r  d r o p  in cell  vol tage .  This  is b e c a u s e  the  a m o u n t  
o f  e l e c t r o l y t e  s u p p l y  is i m p o r t a n t  to t h e  p o s i t i v e  e lec-  
t r o d e  reac t ion .  A t h i n n e r  pos i t ive  e l e c t r o d e  c o n t a i n s  less  
ac id  in  i ts  po re s .  A t h i n  p o s i t i v e  e l e c t r o d e  wil l  p o l a r i z e  
m o r e  q u i c k l y  t h a n  a t h i n  n e g a t i v e  e l e c t r o d e  d u e  to t h e  

t 6 5  - 

g 
0 
> 

155 
C) 

(c) (b) (4 

1.50 
0 1~) 2'0 5'0 40 

TIME ( s ) 

Fig. 8. Discharge cell voltage curves for (a) two thick electrodes, (b) 
one thick positive and one thin negative, and (c) one thin positive and 
one thick negative. 340 mA/cm 2 and -18~  
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Fig. 9. Profiles of electrolyte concentration during a discharge. 340  
mA/cm ~ and - 1 8 ~  X = 1.0 is for I = 0.16 cm. 

d e p l e t i o n  of  t h e  ac id  s u p p l y .  T h e  e l e c t r o l y t e  c o n c e n t r a -  
t i o n  p rof i l es  for  case  b a n d  case  c a re  s h o w n  in  Fig. 9. 

Effect  o f  poros i ty . - -The  s i m u l a t i o n s  h a v e  b e e n  b a s e d  
so fa r  o n  b o t h  e l e c t r o d e s  h a v i n g  a n  i n i t i a l  p o r o s i t y  o f  
0.53. Nex t ,  t h e  e f fec t  of  h a v i n g  a l a r g e r  in i t i a l  p o r o s i t y  of  
0.65, o n e  e l e c t r o d e  a t  a t i m e  wil l  b e  e x a m i n e d .  T h e  elec- 
t r o d e s  a r e  0.12 c m  t h i c k .  T h e  d i s c h a r g e  ce l l  v o l t a g e  
c u r v e s  a re  s h o w n  in  Fig. 10 for  (a) b o t h  e l e c t r o d e s  h a v i n g  
a n  in i t i a l  p o r o s i t y  of  0.53, (b) a p o r o s i t y  of  0.53 in  t h e  posi -  
t i ve  e l e c t r o d e  a n d  a p o r o s i t y  of  0.65 in  t h e  n e g a t i v e  elec-  
t rode ,  a n d  (c) a p o r o s i t y  of  0.65 in  t h e  p o s i t i v e  e l e c t r o d e  
a n d  a p o r o s i t y  of  0.53 in  t h e  n e g a t i v e  e l ec t rode .  I n c r e a s -  
i n g  t h e  p o r o s i t y  of  e i t h e r  e l e c t r o d e  i n c r e a s e s  t h e  dis-  
c h a r g e  t ime .  T h e  p o r o s i t y  of  t h e  p o s i t i v e  e l e c t r o d e ,  how-  
ever ,  h a s  a g r e a t e r  e f fec t  on  t h e  d i s c h a r g e  b e h a v i o r .  T h i s  
is a g a i n  r e l a t e d  to t h e  ac id  a v a i l a b i l i t y  n e a r  t h e  r e a c t i o n  
s i t e s  i n s i d e  t h e  p o s i t i v e  e l ec t rode .  

C o n c l u s i o n s  
A m a t h e m a t i c a l  m o d e l  of  a l e ad -ac id  cel l  h a s  b e e n  pre-  

s e n t e d .  T h i s  m o d e l  p r e d i c t s  p ro f i l e s  of  a c i d  c o n c e n t r a -  
t ion ,  o v e r p o t e n t i a l ,  po ros i ty ,  r e a c t i o n  ra te ,  a n d  e l e c t r o d e  
c a p a c i t y  as  f u n c t i o n s  o f  t i m e  a n d  t e m p e r a t u r e .  Cel l  be-  
h a v i o r  d u r i n g  d i s c h a r g e ,  res t ,  a n d  c h a r g e  c a n  b e  s i m u -  
l a t ed .  

T h e  m o d e l  c a n  b e  u s e d  to e v a l u a t e  t h e  e f fec t s  of  elec-  
t r o d e  p o r o s i t y ,  e l e c t r o d e  t h i c k n e s s ,  v a r i o u s  s e p a r a t o r s ,  
ac id  r e s e r v o i r  v o l u m e ,  a n d  o p e r a t i n g  t e m p e r a t u r e  o n  t h e  
p e r f o r m a n c e  of  t h e  cel l  (vol tage ,  power ,  a n d  co ld  c r a n k -  
i ng  a m p e r a g e ) .  W i t h  r e a s o n a b l y  a s s u m e d  p a r a m e t e r s ,  
u n d e r  c o n s t a n t  c u r r e n t  c h a r g e  or d i s c h a r g e  c o n d i t i o n s ,  i t  
is c o n c l u d e d  tha t :  

1. D i s c h a r g e  a t  r o o m  t e m p e r a t u r e  to  a cel l  v o l t a g e  cut -  
o f f  o f  1.55V is l i m i t e d  b y  t h e  ac id  in  t h e  p o s i t i v e  e lec-  
t rode .  H o w e v e r ,  a t  a low t e m p e r a t u r e  s u c h  as -18~ t h e  
s l o w  k i n e t i c s ,  d i f f u s i o n ,  a n d  h i g h  o h m i c  l o s s e s  a re  
e n o u g h  to d r i v e  t h e  cel l  v o l t a g e  to t h e  c u t o f f  e v e n  b e f o r e  
ac id  d e p l e t i o n  se t s  in. 

2. C h a r g e  a t  a low t e m p e r a t u r e  is i ne f f i c i en t  b e c a u s e  of  
t h e  s a m e  f ac to r s  l i m i t i n g  a low t e m p e r a t u r e  d i s c h a r g e .  A 
v o l t a g e  p r e m i u m  of  0.1V is n e e d e d  in  o r d e r  to  o v e r c o m e  
t h e  v a r i o u s  losses  a t  t h e  o n s e t  of  a 20 m A / c m  2 cha rge .  

3. I t  is b e t t e r  to  s t o r e  t h e  e l e c t r o l y t e  in  t h e  p o r e s  of  t h e  
p o s i t i v e  e l e c t r o d e  i n s t e a d  of  in  a n  e x t e r n a l  r e se rvo i r .  F o r  
a d i s c h a r g e  a t  - 1 8 ~  u n d e r  a c u r r e n t  d e n s i t y  o f  340 
m A / c m  2, t h e  d i s c h a r g e  t i m e  to 1.55V is i n c r e a s e d  b y  l l s  

1.65 

> 1.60 - 
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_d 
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Fig. 10. Discharge cell voltage profiles for (a) both electrodes 0.53 
initial porosity, (b) positive 0 .53 and negative 0.65,  and (c) positive 
0.65 and negative 0.53. 340 mA/cm 2 and - 18~ 

w h e n  a p o s i t i v e  e l e c t r o d e  w i t h  0.53 in i t i a l  p o r o s i t y  is re- 
p l a c e d  b y  o n e  w i t h  0.65 in i t i a l  po ros i ty .  

4. A n e g a t i v e  e l e c t r o d e  w i t h  0.65 i n i t i a l  p o r o s i t y  in-  
s t e a d  of  0.53 also i m p r o v e s  t h e  d i s c h a r g e  t i m e  b y  7s. Th i s  
i m p r o v e m e n t  is d u e  m a i n l y  to  a r e d u c t i o n  in  o h m i c  
lo s se s  in  t h e  e l e c t r o d e  pores .  

5. A t h i n  e l e c t r o d e  i n c r e a s e s  t h e  p o l a r i z a t i o n  of  a ce l l  
b e c a u s e  a h i g h e r  c u r r e n t  d e n s i t y  is r ea l i zed  d u e  to t h e  re- 
d u c t i o n  in  t h e  r e a c t i o n  s u r f a c e  area.  A t h i n  p o s i t i v e  elec-  
t r o d e  is p o l a r i z e d  e v e n  f a s t e r  b e c a u s e  o f  t h e  r e d u c e d  
v o l u m e  of  ac id  in  t h e  e l ec t rode .  
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L I S T  OF S Y M B O L S  
amaxl m a x i m u m  spec i f i c  a c t i v e  s u r f a c e  a r e a  in  

r e g i o n  1, cm2/cm 3 
a m a x 4  m a x i m u m  spec i f i c  a c t i v e  s u r f a c e  a r e a  in  

r e g i o n  4, cm2/cm 3 
c c o n c e n t r a t i o n  of  t h e  b i n a r y  e l e c t r o l y t e ,  

m o l / c m  3 
c~ c o n c e n t r a t i o n  of  spec i e s  i, m o l / c m  3 
Cref r e f e r e n c e  c o n c e n t r a t i o n  of  t h e  b i n a r y  

e l ec t ro ly t e ,  m o l / c m  3 
D d i f f u s i o n  coe f f i c i en t  of  t h e  b i n a r y  e l ec t ro -  

lyte ,  cm2/s 
e x l ,  e x t o l  e x p o n e n t s  o n  p o r o s i t y  in  r e g i o n  1 
ex3  e x p o n e n t  on  p o r o s i t y  in  r e g i o n  3 
ex4,  e x m 4  e x p o n e n t s  o n  p o r o s i t y  in  r e g i o n  4 
f m e a n  m o l a r  a c t i v i t y  coe f f i c i en t  
F F a r a d a y ' s  c o n s t a n t ,  96,487 C/mol  
i,,.ref e x c h a n g e  c u r r e n t  d e n s i t y  a t  Crer for  t h e  

p o s i t i v e  e l ec t rode ,  A / c m  2 
Zo4.ref e x c h a n g e  c u r r e n t  d e n s i t y  a t  Cref for  t h e  

n e g a t i v e  e l ec t rode ,  A / c m  2 
i2 supe r f i c i a l  c u r r e n t  d e n s i t y  in  t h e  s o l u t i o n  

b a s e d  on  p r o j e c t e d  e l e c t r o d e  area,  A / c m  2 
I t o t a l  a p p l i e d  c u r r e n t  d e n s i t y  b a s e d  o n  

p r o j e c t e d  e l e c t r o d e  area ,  A / c m  2 
j r e a c t i o n  c u r r e n t  p e r  u n i t  v o l u m e  of  e lec-  

t rode ,  A / c m  3 
1 d i s t a n c e  b e t w e e n  p o s i t i v e  a n d  n e g a t i v e  

e l e c t r o d e  c u r r e n t  co l l ec to r s ,  c m  
MWi m o l e c u l a r  w e i g h t  of  s p e c i e s  i (i = PbSO4,  

PbO2, Pb) ,  g /mol  
n n u m b e r  o f  e l e c t r o n s  i n v o l v e d  in  e l e c t r o d e  

r e a c t i o n  
Ni f lux of  spec i e s  i, mol ,  mol /cm2-s  
R u n i v e r s a l  gas  c o n s t a n t ,  8.3143 J / m o l - K  
t t ime ,  s 
t~ t r a n s f e r e n c e  n u m b e r  of  H + w i t h  r e s p e c t  to  

t h e  s o l v e n t  v e l o c i t y  
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T absolute temperature,  K 
Upb ~ Upbo2 e s tandard  electrode potent ia ls  referred to 

the hydrogen electrode 
Upbo2  res t -potent ia l  difference be tween  PbO2 

and Pb electrodes 
vi velocity of species i, cm/s 
v = volume-average velocity, cm/s 
vl =, v2 =, v3 =, v4=volume-average velocity in regions 1, 2, 3, 

and 4, cm/s 
Vi partial molar volume of species i, cm3/mol 
x dis tance from the center  of the posit ive 

electrode, cm 
X the ratio of x to the total cell th ickness  

(half electrodes) 

Greek letters 
(lal~ (Xcl 

~1, ~/4 

6 

601, 604 

6sep 
6maxl~ 6max4 

~1, ~4 

K 

Pi 

Er i 

Subscripts  
e 

o 
+ 

anodic and cathodic t ransfer  coefficients. 
for the positive electrode 
anodic  and cathodic t ransfer  coefficients 
for the negative electrode 
exponents  for the concen t ra t ion  depen- 
dence of the exchange current  density 
porosity 
porosities at zero charge for the posit ive 
and negative electrodes 
porosity of the separator 
porosities at fully charged state of the pos- 
itive and negative electrodes 
exponents  for the charge dependence  of 
the specific active surface area 
electrolyte conductivity,  S/cm 
density of species i (i = PbSO4, PbO~, Pb), 
g/cm 3 
conduct iv i ty  of the electrode solid phase 
(i = Pb, PbO2), S/cm 
potential  in the electrode matrix, V 
potential  in the solution, V 

electrolyte 
solvent 
cation 
anion 
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Electrochemical Behavior of Some Lead Alloys 
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Department of Metallurgy and Materials Engineering, Anambra State University of Technology, P. M. B. O1660, 
Enugu, Nigeria 

ABSTRACT 

A series of lead alloy specimens comprising binary Pb-Li, Pb-Sn, Pb-Sb, and quinary Pb-(A1, Mg, Sn, Li) alloys were 
electrochemically tested. The corrosion cell was set up in 30% H2SO4, using a mercury-mercurous sulfate reference elec- 
trode. The passivity subsequently attained by the respective alloys depended primarily upon the presence of a noncon- 
ducting PbSO4 film, the morphology (solubility, porosity, and strength of adhesion) of which depended, to a great extent, 
upon the nature and concentration of the various alloying elements. The influence of tin and antimony were clearly domi- 
nant  and they played contrasting roles during actual passivation. Corrosion was associated with the preferential attack of 
the grain boundary  regions since segregation of alloying elements at the grain boundaries  provided the metal with a 
built-in electrochemical cell. Homogeneous or single-phase alloys corroded uniformly and recorded similar behavior to 
pure lead while the richer alloys suffered severe intergranular  corrosion and were anomalous.  The above findings were 
conveniently supported with both scanning electron microscopy and electron probe microanalysis and implications in the 
lead-acid battery technology were effectively discussed. 

The e lect rochemical  behavior  of lead in sulfuric acid 
had been  extensively  s tudied (1-12, 18, 23, 26-31, 40-45). 
When lead is polarized in sulfuric acid solution in the po- 
tential  range between hydrogen and oxygen evolution, a 
n u m b e r  of electrochemical reactions occur (see Table I), 
two of which represent  the charge and discharge reac- 
t ions of the lead acid battery, namely 

d 
Pb  + SO42- ~ PbSO4 + 2e (E ~ = -0.356V) 

C 

PbO2 + SO42- + 4H + 

d 
+ 2e ~ PbSO4 + 2H20 (E ~ = 1.685V) 

C 

The passivity subsequent ly  attained apparently resulted 
from the presence  of a v i r tual ly  insoluble  and noncon-  
duct ing lead sulfate film on the electrode surface. It had 
been  claimed that  in te rmedia te  compounds  (basic sul- 
fates, lead monoxide ,  etc.) t ended  to form unde rnea th  
the lead sulfate film and that oxygen evolution occurred 
after conversion of the lead sulfate to a polymorphic lead 
dioxide film (2, 6-8, 18, 41, 43). The e lect rochemical  be- 
havior of lead in sulfuric acid has obvious implicat ion in 
the lead-acid battery, the performance of which depends,  
to a great extent, upon the type of lead alloy employed as 
a grid. Al though the grid metal  does not  par t ic ipate  di- 
rectly in pr imary  charge and discharge processes,  it of- 
ten limits the life and utility of the battery. Corrosion and 
disintegrat ion of the positive grid is the prime reason for 
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