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Va anode potential, V
v, average velocity of the electrode, cm/s
V. cathode potential, V

U, velocity component of the electrolyte in the
x-direction, cm/s

w width of the electrode, cm

x axial coordinate, cm

Y radial coordinate, cm

A charge number of species i

Greek

o aspect ratio, S/L

By dimensionless residence time

Axr  axial step size, cmy

14 dimensionless axial coordinate (x/L)

n dimensionless axial coordinate (y/S)

6 dimensionless concentration of species i (¢/C;ref)

..« dimensionless average concentration of species i

dimensionless feed concentration of species i

6,, dimensionless concentration of species i at the elec-
trode surface

1ave the ratio of average current density for reaction j to
the average limiting current density (in;ave/tim,ave)

& dimensionless formulation of the electrode gap

) solution potential, V
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A Mathematical Model for a Parallel Plate Electrochemical

Reactor, CSTR, and Associated Recirculation System

T. V. Nguyen,* C. W. Walton,* and R. E. White**
Department of Chemical Engineering, Texas A&M University, College Station, Texas 77843

ABSTRACT

A mathematical model is presented for a system comprised of a parallel plate electrochemical reactor (PPER) and a
continuous, stirred-tank reactor (CSTR) under both total and partial recycle. The model is used to predict the time de-
pendent behavior of the electrowinning of copper from an aqueous, hydrochloric acid solution. The model includes
many important aspects of a PPER/CSTR system which have been neglected previously. These aspects are the kinetics
of electrode reactions, the electroneutrality condition, three mass transfer processes for ionic species in the electrolyte
(diffusion, ionic migration, and convection) and the electrode gap in the PPER, and the inclusion of a true CSTR in the

recycle stream.

Parallel plate electrochemical reactors have been used
in many industrial electrochemical processes: chlor-alkali
production, metal extraction and refining, and electro-
organic synthesis, as well as in batteries and fuel cells (1,
2). In some of these processes, the system consists of a
parallel plate electrochemical reactor (PPER), a continu-
ous, stirred-tank reactor (CSTR), and an associated recir-
culation system, as shown in Fig. 1 and 2. The CSTR
plays a very important role in some electrochemical pro-
cesses in which the electrochemical reactor is used
mainly to generate the necessary reactants that produce
the final product through homogeneous chemical reac-
tions in the CSTR. An example of such a process is the
electrogeneration of hypochlorite and chlorate (3-8).
There have been several models developed for a PPER in
total recycle with a well-mixed reservoir in which the
PPER was treated as a plug flow reactor (9, 10) or a plug
flow reactor with axial diffusion (11). No model for a
batch PPER system was found which includes in the
PPER the effects of the separation of the electrodes, ap-
plied cell potential, ionic migration, and the kinetics of
the electrode reactions, and in the well-mixed reservoir,
the capability of handling chemical reactions.

Pickett (9, 12) presented simple approximate models in
which the electrochemical reactor is considered to be an
ideal plug flow reactor operating at limiting current con-

*Electrochemical Society Student Member.
#*Electrochemical Society Active Member.

ditions for a single reaction. To obtain his analytical solu-
tions, Pickett decoupled the governing equations for the
PPER from those of the reservoir by assuming that the
residence time in the reservoir is large enough to ignore
the time dependence of the outlet concentration of the
reservoir (which, of course, is the same as the feed con-
centration to the electrochemical reactor). Thus, his mod-
els are applicable only to a process with a very large resi-
dence time in the reservoir. Mustoe and Wragg (11)
presented an approximate model similar to those of
Pickett, but extended the transport equation for the

CSTR
Fig. 1. Schematic of a batch PPER/CSTR or reservoir system
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Fig. 2. Schematic of a PPER/CSTR or reservoir system with partial
recycle.

PPER to include the effects of axial diffusion. Unfortu-
nately, Mustoe and Wragg’s model is also restricted to
large residence times in the reservoir. Walker and Wragg
(10) published a more rigorous model for a batch PPER
system in which the PPER was treated as a plug flow re-
actor or a perfectly mixed reactor, both operating under
total recirculation with a perfectly mixed reservoir. Each
model was solved analytically without decoupling the
system of equations. However, these authors assumed
that only one electrode reaction occurs and that it occurs
under convective mass transfer control. Unfortunately,
their model is limited because it neglects the effects of
the electrode gap, applied cell potential, and ionic
migration.

It is important to recognize that the modeling of a batch
PPER system, with or without a chemical reaction
occurring in the associated recirculation tank, should in-
clude important features which have not been included in
models presented previously. These features are the elec-
trode gap, the kinetics of the electrode reactions that oc-
cur on each electrode and in many cases, multiple elec-
trode reactions at one electrode (13), homogeneous
reactions (14), and the applied cell potential (or set aver-
age current density). These features are, or could be, in-
cluded in the model presented here. Also, in this model a
chemical reaction is included in the well-mixed reservoir,
as shown below. (Unfortunately, some authors have
referred to a well-mixed reservoir as a CSTR, even
though no chemical reactions occur there in their
models).

In order to gain a better understanding of the dynamic
behavior of this PPER/CSTR system, a detailed mathe-
matical model is presented here and applied to the elec-
trowinning of copper from an aqueous, hydrochloric acid
solution, which could alternatively be considered to be
the regeneration of a copper leachant (CuCl*). The electro-
chemical reactions that are assumed to occur are

CuCly2- = CuCl” + 2Cl~ + e~ (anode) [1]
CuCl - + e~ = Cu + 3Cl- (cathode) [2]

During the actual operation of the copper electrowinning
process, reaction [1] would proceed from left to right at
the anode and from right to left at the cathode; however,
for simplicity and for ease of comparison to other simpler
models, the complexity of reaction [1] occurring in re-
verse at the cathode is ignored but could be included eas-
ily (13). The model is developed first for a batch system
consisting of a parallel plate electrochemical reactor, a
well-mixed reservoir, and a recirculation system (see Fig.
1), and then extended later to include an inlet and outlet
stream to treat partial recycle cases (Fig. 2). Finally, the
capability of handling a CSTR (i.e., including a simultane-
ous chemical reaction in the well-mixed reservoir) is dem-
onstrated by including the following copper-leaching re-
action in the CSTR

CSTR 1131

CuCI' + Cu + 5C1- — 2CuClg- (CSTR) 3]

Note that reaction [3] would also proceed at the cathode
of an actual electrowinning process with no separator, but
this complexity is also ignored here for simplicity.

Model Development

The batch PPER/CSTR model is developed by ex-
tending the time-dependent parallel plate electrochemical
reactor model by Nguyen et al. (15) to include a well-
mixed reservoir and associated recirculation system. This
model is then expanded to include partial recycle-and a
simultaneous chemical reaction occurring in the well-
mixed reservoir (i.e., CSTR).

The following assumptions
PPER/CSTR system
. Isothermal operation.

. Gas generation effects are ignored.

. Newtonian electrolyte.

. Constant physical and transport properties.
Nernst-Einstein equation (u, = D/RT) applies.

. Dilute solution theory (16) applies.

. Well-developed laminar flow in the PPER.

. Electrode reactions follow Butler-Volmer kinetic ex-
pressions.

9. No heterogeneous or homogeneous chemical reac-
tions occur in the PPER.

10. The time delays of the fluid moving in the pipes
from the PPER to the CSTR and from the CSTR to the
PPER are assumed to be negligible.

11. The CSTR is operating at the same temperature as
the PPER.

If needed, the model could be modified to include a
chemical reaction occurring in the PPER [as done by
Mader (14)] and the time delays of the fluid moving in the
pipes between the PPER and the CSTR (by treating the
volume of the pipes as part of the CSTR or by treating the
pipes as tubular reactors). The governing equations for
the concentration of species ¢ and the potential in the so-
lution (®) in the PPER are reviewed first, followed by the
equation for the concentration of species i in the reser-
voir. Finally, a discussion of how these equations are cou-
pled is presented.

apply to the batch

N N

Paragllel plate electrochemical reactor (PPER).—The
material balance equation for species i in the PPER, with
no homogeneous reactions (assumption 9), is given by

acy

== VN [4]

where N is defined by dilute solution theory (16) to be

Ny = -D\¥V¢, - zuFc,V® + uc; [5]
For fully developed laminar flow, the velocity distribu-
tion u is given by

o y y2>
U, = 6uavg ( S SQ [6}
and

Uy =0 [7]
and the Nernst-Einstein relation for the mobility of spe-
cies i gives

T (8]
‘" RT
Substitution of Eq. [5][8] into Eq. [4] gives
ac ac, 20
i=Di[ ¢, 6clJ
at axt oy
zDF [ 2P ac; oD 3P a¢; acb]
+——t— —t— t — —
RT dx? dx dx dy* 0y 9y
_ ¥ o y2] de;
6uavg [S 5 g {g]
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The governing equation for the potential, ®, is the elec-
troneutrality equation

N oze=0 [10]

Using the dimensionless variables

x
== 11
(=1 [11]
Y
=2 12
=g [12]
6 = — [13]
Ci,ref
to rewrite Eq. [9] and [10] in dimensionless form gives
Sz 96, [ , 06, azei}
— = +
D, ot o
zF [_( LR 48; a@) 2@
+ =5t — t = [
RT ar L AL an?
aava¢} Dy 36,
+——| —3Pea—(n — ) — 14
n o ea Di(n ) 5 [14]
where
S
= 15
a= [15]
28Uy
= 16
e B, [16]
and
2 Zici,refﬁi = 0 [17]

Equation [14] and [17] are Eq. [I-1] and [I-2], respectively,
in Table I, which gives the complete set of model equa-
tions for the batch PPER/reservoir system. Equations
[1-3] through [I-6] are the same equations used at the an-
ode and cathode in Ref. (13). Equation [I-3] and [I-5] were
obtained by relating the molar flux of species i to the
electrode to the rate of electrochemical reaction of species
i occurring at the electrode. Equation [I-4] and [I-6] are the
electroneutrality condition in dimensionless form. The
sign conventions that positive current leaves the anode
and enters the solution and that negative current leaves
the solution and enters the cathode have been used as be-
fore (13, 15). These equations are written in general for
multiple electrode reactions (17) and additional details of
their derivation can be found in Ref. (13)-(15), (17), and
(19).

In contrast to the boundary conditions at the elec-
trodes, the boundary conditions in the axial direction (Eq.
[1-7] and [I-10)) include partial derivatives with respect to
time. This is because the conditions at the inlet ({ = 0) and
outlet ({ = 1) of the PPER are formulated to include the
fact that the electrode reactions occur at » = 0 and n = 1,
which cause the concentrations at the inlet and outlet
planes of the reactor to change with time. Equation [I-7]
was obtained by writing the following dimensional mate-
rial balance equation

e
at

aNJ'i
ox

N
o =10 ay N

(18]

xr =20 €ro=0

and approximating the term 0N ,/éx evaluated at x = 0 as
follows
=
N xi

(:)N.l'i _
T Ax

e - NJ'i

zr =10

]

o =0

J. Electrochem. Soc.. ELECTROCHEMICAL SCIENCE AND TECHNOLOGY

June 1986

Since the flux of each species i prior to entering the reac-
tqr (Notlo=—ae) 1S equal to 4, se.q (@8SSUMIng no migration or
diffusion in the insulator entrance region), Eq. [19] can be
written as
1
L)

oN
ax Ax r=o0

- uxci,feed(t):l [20]
=0
Substituting Eq. [20] into Eq. [18] yields a time-
dependent, two-dimensional boundary condition for the
inlet of the reactor

g
= N,ri

el
Ax

ot

dN
9y

- uJ-Ci,feed(t):l -

=0 =0 r =0

[21]
where N,; and N, are the x-component and y-component
of the flux equation, respectively

_ acy ziF L
N, =-D, s RT Dyc, ey + Uy [22]
acy zF el
N, = -D,— — — Dij¢;, —
vl 1 3y RT 1iCy 9 [23]

This boundary condition, Eq. [21], accounts for mass
transfer in the axial direction across the entrance bound-
ary (x = 0), as well as mass transfer in the normal direc-
tion (y) from one electrode to another. Substituting Eq.
f22] and [23] into Eq. [21] and putting the resultant equa-
tion in dimensionless form yields

4 aﬂi _ o 301 _ DR » [01 - Gi,feed(t)]
TRV 3Pex D, (n—7) YA
326 2 ad 2P 39, a®
Rl kA Yt ——‘——} [24]
an? RT | A¢ a¢ an? an dn

where 8, :.q4(t) is the time-dependent concentration of spe-
cies i in the feed stream. Consideration of Eq. [24] shows
that it reduces to the inlet conditions used by White et al.
(13) when ¢y e is a constant, « is small, 46,/6t = 0, and N;
=0.

A boundary condition for the outlet of the reactor can
be derived similarly by starting with a material balance
on species i at x = L which results in the dimensionless
equation

St 86, of 96, . 340,
D, at AL 3L anm?
—at 4P LR a6, 9o
i[_ﬁ.gi.d_+ i___T+_L_] [25]
RTl AL ag an’ an dn

The balance is based on the assumption that there is no
axial diffusion and migration involved beyond x = L.
This condition, which is often referred to as the “closed-
end” boundary condition (18), is satisfied if the reactor
empties into a well-mixed tank, for example. Additional
discussion of the inlet and outlet boundary conditions is
given by Nguyen (19) and Nguyen et al. (15).

Batch PPER/well-mixed reservoir system.—The gov-
erning equation used here for species i in a constant vol-
ume, unsteady-state reservoir is

de; Uy
e = T [Ci,avg(ta xr = L) -

dt 74 € seea(t)] [26]

where V is the volume of the reservoir, v, is the volumet-
ric flow rate through the system, and ¢, s.q(t) is always the
inlet concentration to the PPER (which is also the outlet
concentration of the reservoir for total recycle, since it
has been assumed that no time lags exist). Similarly, it
has been assumed that no time lag exists between the
outlet of the PPER and the inlet of the reservoir so that
Ciave(t, * = L) represents the average concentration of spe-
cies i at both the outlet of the PPER and the inlet of the
reservoir. The volumetric flow rate through the well-
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mixed reservoir (v;) is equal to the volumetric flow rate
through the PPER so that

Ur = UyyeSW [27]

where W is the width of the PPER. Equation [26] can be
written in dimensionless form as

V0

v dt = [Bravelt, £ = 1) = Oireea(t)] [28]

where (15)

Oiawelt, L= 1) = 6[ (m — 796t m, { = Ddm  [29]

Thus, the complete model for the batch PPER/well-
mixed reservoir system consists of the equations for the
PPER model and the equations for the reservoir, as
shown in Table 1. It is worth noting that Eg. [I-11] in
Table I (or Eq. {29] above) could be substituted into Eg.
[1-8] (or Eq. [28)), thereby eliminating any explicit depen-
dence on 6, ,..(t, { = 1). This would show ~.iore clearly the
coupling between the equations for the PPER and the
reservoir. However, for convenience, 6,...(t, { = 1) can be
treated explicitly as a dependent variable, as was done
here.

PPER/reservoir system with partial recycle.—The above
model for a batch PPER/reservoir systerm can be ex-
tended to include inlet and outlet streams to treat the
start-up and steady state with partial recycle case, as
shown in Fig. 2. This can be done by modifying the
boundary condition used at the inlet of the PPER (Eq.
[I-7] in Table I) o account for the fact that the feed stream
to the PPER is made up of the mixture of the outlet
stream from the reservoir and the fresh feed stream as
follows

(30]

0 _ Uzei,ou( of reservuir(t) + Ulgi,fresh feed
\ feeal?)
(v, + vy)

where v, and v, are the volumetric flow rates of the
fresh feed stream and the recycled stream from the reser-
voir, respectively. It is important to point out that in this
work the total volumetric flow rate (v; = v, + »,) through
the PPER/reservoir system is held constant and the
recycle ratio (vyv,) is varied without changing the total
volumetric flow rate. Replacing the term 8, .4 in Eq. [I-7]
of Table 1 with Eq. [30] yields a boundary condition for
the inlet of the PPER for this case

S? a6,

D, ot 3Peq

Dx (g~ )
D, A

[6 _ < Uzai.aul of x'eservoir(t) + Dlei,fresh feed )]
i

(v, + vy)
o 08, 80, zF [ at  od
+——+ 0 —
A; oL  am* RT LA ' g

+ 6,

P 00, o
+ — —} [31]

an* dn dn

Notice that the term 8 pe reed 15 €qual to one when the
fresh feed concentrations are the same as the reference or
initial concentrations, as done here.

Next, the material balance equation for the well-mixed
reservoir (Eq. [1-8] in Table I) is modified to account for
the fact that the outlet stream from the reservoir is no
longer fed directly to the PPER, but combines with the
fresh feed stream to make up the inlet stream for the
PPER. Thus, the material balance equation for the reser-
voir becomes

\4 deifoul of reservoir
Vr dt

= [Oi.avg(tg {= D~ ei,uul of reser\'oir(t)]

[32]

CSTR 1133

Table I. Governing equations, boundary, and initial conditions
for the batch PPER/reservoir system

For0<mn<landO<{<landt>0
(governing equations for the PPER)

S 89, De 20, a6, %,
— —=-3Pea — (- n) ~F+ o —+ —
D, ot D, oL o o
zF s 08, 9 P 99, 0@
+ —-—-[a: (6.[ —_—F ——) + 6, — + «»-«] [1-1]
RT o oL ol on*  om ém
2 2iCiref; = 0 [I-2]

Forn=0and 0 ={=1(anode)andt >0
susiol.rer

aF
Do, mF oi = |: Va - ‘Doa -U re; :|
5 DicyemF {H (0 exp RT ( sret)

-, F
—J] @y exp [ e
i RT

Vi = @0 = Uy}

36, zF 9
=t — 1-3]
an RT an

> 2(Ciredy = 0 (1-4]
i

Forn=1and 0 = {=1(cathode)and t > 0

SljSicher { aajF
St (1 e[ 2 5, — 0, - 0]
i DicpeiiF H @ P RT ¢ bet)

_ H (8D exp [ cal V.-, -U )]}
; i RT c ot sret,

36, 2F :L)
- —-——6—  [15]

> ZCipeis = 0 [1-6]

Fort=0and 0<mn<1(nletyandt >0

S 20, Dy [6; = Biseealt)] a, 98
——=3Pex —— (- W) —— 7+ -
D, ot D, AL AL oL
06, zF [ o od P 98, ad
- R
an? RT AL ag dn*  .dn on
V dgiicod
= [Hi,:n'u tL=1 - Gi.fced(t)] [1-8]
vy di
2 ZiC ety = 0 [1-9]
For{=1and 0 < n <1 (outlet)and t> 0
St oo, a9 L ¥
D, at AL 8L o
ziF [ —a? 0 il 0 3P 36, Id ] L10
_ —— + f—  — — -
RT L az oy am  anm an [I-10]
v
bandtd = 1) = 6] (n ~ WL = D [1-11]
> ZCiretty = 0 [1-12]
1
For0=m=1and 0 = {=1fort =0 (initial conditions)
0 =1 B feea = 1 E ZiCieil; = 0
E ZiCi et foeq = 0 Oaw =1 =1 {1-13]
& No initial condition is needed
(arbitrarily set equal to 0.0V) {I-14]

The total number of unknowns for the PPER/reservoir
system with partial recycle remains the same as in the
batch PPER and reservoir model; but the unknown 6; geq
is replaced by ol,out of reservolr.

Batch PPERI/CSTR system.—The batch PPER/reservoir
model developed above can be extended to include the
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following copper-leaching reaction in the well-mixed res-
ervoir, which is now referred to as a CSTR

CuCl* + Cu + 5Cl- - 2CuCl2- [33]

This chemical reaction is assumed to be irreversible and
pseudo-homogeneous. That is, even though copper is
usually present as a solid either in the form of copper
sheets or circuit boards placed in the CSTR to be leached,
it is assumed here that the copper exists as particles sus-
pended in the solution, and consequently the CSTR reac-
tion can be treated as a single phase mixture, so that the
reaction rate expression can be written as a pseudo-first-
order reaction rate. The material balance equation for the
CSTR can be written in dimensionless form as follows

1 doi,feed
vy dt

RCSTR,i,feed [34]

\%
= [Oi,avg(ty C = 1) - ei,feed(t)] + —
Uy

Ci ret

J. Electrochem. Soc.: ELECTROCHEMICAL SCIENCE AND TECHNOLOGY
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where Regrp,i s T€Presents the production rate of species i
in the CSTR due to homogeneous or pseudo-homoge-
neous reactions. The subscript feed is used to emphasize
that the production rate is based on the outlet concentra-
tion of the CSTR (which is the concentration in the CSTR
since it is well mixed), which is also the feed to the PPER
when there is total recycle. According to the stoichiome-
try of the reaction shown in Eq. [33), the production rates
of each species can be written in terms of CuCI*

Resrrocucte seed = — kCeucrr teed [35]
RCSTK,C]—,I‘eed = SRcgrrcuct feed = ~OKCoycrt feed [36]
RCSTR.CUCI;;'-—,feed = ‘2Rcsm,Cucl+,feed = 2kCCuc1+,feeu [37]
Reginarseed = 0 [38]

where k is the reaction rate constant and Rigruu-ees Das
been included for completeness. Replacing the reaction

Table II. Implementation of the [AD-Newman technique for the batch PPER/reservoir system

First half-time step (implicit in axial ({) direction)

(1] [1] 7 = 0 (anode)
[2] [‘3] [4] 0 < n <1 (channel)
[1] - 1] 7 = 1 (cathode)

C=0————@=1

0% =6, 0%ae = Oave Bitees = Oieea and @* =& [II-1]

S (0F - 6) Dy 6% — 0% rea(t)) o 0%
— ———= -3Pea —(np — W) —— -+ ——
D, A2 p, () AL AL oL
a6, 2z 2 Jo* *2P 06, b
+——‘+—£[ S e Bi‘T+——] (I-2]
in? RT L Ag i an? am 0
\% (0*1 teed — Bieed)
— = [l = 1) — e
o A2 (6% avell feed)
ao*l.avg 0 % 0
-, =Y, ZiCh,re =
a losg<1, O<q<l, t>0 E,“ i
S? (6* — 6) D LA 320* %6y
DO speq DR (g oy 2, O
D, At/2 D, a¢ ag an?
2F aP* e 9d* #d 096, oD
NLLE P ) ogl0 00 )
RT oy ar oL am?  am am
aml,avl _ 0
g 0=¢<l, O0<n<l, t>0
a0"1,reed =90 [11—3]
i1 0=g¢<l1 0<9n<l, t>0
Ezicl,refai* =0
S0 - 6) _ ot 90
D, At/2 AL 9
220 —at ap* a#d 99, oD
+——'+£[ < g +0i—+—-] [11-4]
an? RT AL [:74 an? 9m om
0% ave = 6/(*) - 7%, m, L = Ddn
awi.{eed !
=0 ZiC),ref * = 0
214 0<y=1, 0<gy<1, t>0 z,: 4

Second half-time step (implicit in normal (%) direction)

[Sl] 5] [5] 7 = 0 (anode)
[(j,] . o0 [83 I I [9l] 0 < m < 1 (channel)
{71 7] 7] 7 = 1 (anode)

=0——@C=1

SljSiaJ.ce( { y [ Uta]F ]
%P —_— V.fl - q)ua** - Ujvl"t’
7 DicemiF H( e RT ( !

. —QCJF
~ [T 6 exp [ (V. — ®,,** - Uj.rer)”
i R
0** zF Pk
= + [ [11-5]
an RT
0% ave = Fraver 0 0ea = 0% feeas
Ezici,reroi** =0
S (6** — 6;* D, 0%, — 0%, teea(t o 00*;
ST ~3Pea —(n — 1) L_—‘d(l)_Jr el
D, At/2 D, AL AL 3¢
320, z 2 Jd* FEr tad A 9 **
+ +_’Ii[ Y g L2y g + } [11.6]
an? RT ¢ Af L an’ an
V(0% feed — 0% 1000
- = - = 0**iavg =1 - 0**i fee
vr At/2 [0 saw& = 1) sect]

0%, v = 0%, ... (calculated at { = 1)
-cbtained from previous iteration in this half-time step
DiCicesdi™ = 0
81351y ret

aF
Beren L0 exm [ T 0022~ 0
1 1Ctret’t) i

- [T exp [ o2 . - 0 = U0

a0%* zF *
= - + By#* [11-7]
an RT
O** v = 0o P ieed = 0 tecas
Ezici.retoi** =0
i
SO0 ~ 8% D, 96,* 3°0;* 96,**
— ———————= -3Pea (m— %) + o _
Dy At/2 Dy [il4 lg an?

2 eQ*  9g* ad* QrHx  aGxk Hpxx
o { o (0\* + ) g + ]
RT aL* 8L oL an? om  om

[11-8]
0 ave = P*ave 0 ireea = 0% teeas
Ezici,refai** =0
i
Sz (ei** _ 63*) o 5‘9;* . 6291**
D,  At/2 AL & an?
—ol il o Qe 3G¥*  gdrkx
2 [ 9 + g +— ]
RT AL L an? an an
1
0 e = 8 [ (0 = 190 €, 7,0 = D [11-9]
0

kK = g%
0 i.feed ™ 4 i.feeds

Ezici.refai** =0
1
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term, Regrpiceed, i Eq. [34] for each species involved with
its appropriate definition (Eq. [35][38]) completes the
model development of the batch PPER/CSTR system
with a simultaneous chemical reaction.

Solution Technique

The set of parabolic differential equations in Table I
can be solved using a humerical method referred to as the
IAD-Newman technique (15, 19-21). The method provides
a means of solving simultaneously the entire system of
equations in Table I by solving for values at an intermedi-
ate pseudo-time step. The implementation of the IAD-
Newman technique requires two difference equations for
each differential equation which are used in turn over
successive half-time steps. During the first half-time
step, the first equation is implicit in one direction (¢, the
axial direction) and during the second half-time step the
second equation is implicit in the other direction (7, the
normal direction). Table II gives a full implementation of
the solution method for the PPER/reservoir system, and
the Appendix gives a detailed description of the tech-
nique, as used here.

Fixed and Variable Parameters

Values for the dependent variables (8, teea, 05, Fiavell = 1),
and ®) can be obtained by using the IAD-Newman tech-
nique to solve the equations presented in Table I once
values have been set for the parameters of the system. For
simplicity, most of the parameters for the models pre-
sented here have been fixed and are presented in Table
III. The remaining parameters that have been treated
here as variables are: E,, V, v)/v,, and k. Since E_. is fixed,
the variation of E, results in the variation of the cell

Table I1l. Values for fixed parameters used in the model

Kinetic and thermodynamic

Reaction 10% ;e U U
(7) (Ajcmi)a 2] Ay ;s (V)h (V)C
1 1.0 0.5 0.5 1 0.438 0
2 1.0 0.5 0.5 1 0.233 0.1144
T = 298.15 K
Reaction1 (j = 1) Reaction 2 j = 2)
Component
@) Sy Dy g Sy Pi Qs
H ¢ 0 0 ¢ 0 0
Cl- -2 0 2 3 3 0
CuClz2-¢ 1 1 0 -1 0 1
CuCl -1 0 1 0 0 0
Wavg = 3.6 X 102 cmy/s
E.=0V S=0lcm W=10cm L=10cm
s
at = — =0.01
L
287U 5,
Peat = ——— =10
DgL
Transport and reference concentrations
Component 10° D, 10° €, e
() z; {cm?/s) (moVem?)
H 1 9.312 1.00
Cl- -1 2.032 0.10
CuClg~ -2 0.720 0.50
CuCl* 1 0.720 0.10

2 Chosen arbitrarily.

b See Ref. (11) and (16) of White et al. (13).

¢ The open current potential of reaction j at the reference concen-
trations relative to reaction 1.

9 Designated as the limiting reactant.

¢ Included for convenience.
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potential
Ecell = Ea - Ec [39]

The variation of V with u,,, S, and W fixed can be repre-
sented conveniently as the residence time in the reservoir
or CSTR

— [40]
T USW
For the PPER/reservoir system with partial recycle, an
additional independent variable is the recycle ratio

R U2
recycle ratio = — [41]

U
For the batch PPER/CSTR system, an additional inde-
pendent variable is the homogeneous chemical reaction
rate constant, k. To study the effects of each of these inde-
pendent variables on the system, each variable is changed
while the other independent variables are held at fixed

values.

Results and Discussion

Various case studies have been selected to illustrate the
use of the models presented here. The variation of the
feed concentration of CuCly*~ to the PPER with time, for
three residence times in the well-mixed reservoir, is
shown in Fig. 3. Also shown in Fig. 3 are the predictions
obtained from the models given by Pickett (9) and by
Walker and Wragg (10). The predictions based on
Pickett’s model were obtained from this equation

OCucl;;Z~,feed,p(t)
t 24 2/3
= exp {— 7(1 — exp [L2.33 (—_ReScSW> D} [42]

where Re = v,,.2S/v, Sc = v/Dy, 7 = V/v,, and A are the
Reynolds number, the Schmidt number, the residence

11 T T T T T T T T T

1.0 7 = 14000 s
A O e et —rm—r—
I N,
e\ Tl 7 = 2800 s
‘\‘ ~~~~~~~
0.9 b e
\
\
.
0.8 - i
¥ 0T - g
¢
=
i
3]
3
L ol 4
0.5 | §
0.4 L J
0.8
0.2 . H 1 1 1 I i L 1 1
6.0 1.0 20 30 40 60 6.0 7.0 80 0.0 10.0 11.0

t, min

Fig. 3. The effect of residence time on the concentration of
CuCl>— leaving the well-mixed reservoir with E.; = 0.4V: -
Pickett (9), . . . Walker and Wragg (10}, and this modet.
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time in the well-mixed reservoir, and the electrode area
(both electrodes are included in this study since CuCly2-
reacts on both the anode and the cathode) of the electro-
chemical reactor, respectively. After substitution of varia-
bles, Eq. [42] can be written in dimensionless form as

t P ~23
P Y L]

[43]
The predictions in Fig. 3, based on Walker and Wragg’s
model (10), were obtained by modifying their equation for
a packed bed, as presented and discussed by Nguyen (16).
The predictions of the three models agree for very large
residence times, but disagree significantly for relatively
small values of r. As pointed out by Walker and Wragg
(10), Pickett’s model predicts values for €c,c,2— s that are
too low because of his assumption of limiting current
conditions. Similarly, Walker and Wragg’s model predicts
values for cyci,2- rea that are too small because of their as-
sumption that the PPER is. an ideal plug flow reactor.

Further consideration of the predicted results in Fig. 3
reveals that, at 7 = 280s, a time lag exists according to the
model presented here, but not from the mogdels presented
by Pickett (9) and Walker and Wragg (10). The reason for
this is due to the initial conditions used in their models.
That is, the initial conditions used in this work assumes
that fort =< 0 the concentration of each species i in the re-
actor is equal to its initial feed concentration, which does
not change until the potential is applied to the cell for t >
0. On the other hand, Pickett (9) and Walker and Wragg
(10) assumed that for t < 0 a “pre-reacted” steady-state
concentration distribution exists in the electrochemical
reactor.

Another important feature of the model presented here
{not offered in previous models) is the capability to pre-
dict the effect of applied cell potential, E,,;, on the sys-
tem. The effect of applied potential on the dynamic be-
havior of the feed concentration of CuCL?~ to the PPER
is. shown in Fig. 4. As expected, increasing the driving
force (E..,) decreases the concentration more rapidly.

An’ additional independent variable of interest is the
recycle ratio (v,/v,). Figure 5 shows the effect v,/v, has on

1.1 T T T T T T

5" feed

9CuCl

a.‘ e | 1 | P 1 1. I L -
0.0 1.0 20 $0 40 60 6.0 7.0 8.0 9.0 10.0 110
t, min

Fig. 4. The effect of cell potential on the concentration of CuCh*~
leaving the well-mixed reservoir with 7 = 280s.
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& ]
&
&,
<
¢
e
£
H d
o
K]
W
5
3 -
0
>
1

05 (1) vp/uy = 01 g Eé% -
(2) VZ/Vl = 0.6 3)
L {3} Batch mode
0.4 L L 1 I A 1 A PR A

0.6 10 20 30 40 60 60 7.0 80 905 100 1.0
t, min

Fig. 5. The effect of recycle ratio on the concentration of CuCl;*
leaving the CSTR with £, = 0.4V and 7 = 280s.

the dimensionless concentration of CuCly*~ leaving the
reservolr. Note that as the recycle ratio becomes large,
Bcuctzz—out of reservorr aPPToaches batch mode, as expected.
The concentration -of CuClg2~ leaving the reservoir, as
shown in Fig. 5, will eventually reach a steady-state value;
however, due to the limited computer time available, the
model was solved for only the first 10 min of elapsed
time from startup. The reaction rate in the PPER, on the
other hand, can be seen to reach a constant value, as
shown in Fig. 6 for a recycle ratio of v,/v, = 0.1.

0.513 ey . SR .

0.012

0.011

a.010 |

0,009

0.008

2

0.007

0.008
L

lavg,anodes 4’cm

6.008

0.004

0.003

0.002 |- -

0.001 L L L L L P i [N
0.0 1.0 20 30 40 50 60 70 8.0 8.0
t, min
Fig. 6. The effect of recycle ratio on the overage current density,
Favg with Ecey = 0.4V and 7 = 280s.

1.0 1.0
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1.1 T e ; - l

(leaving the CSTR)

6Cu01§‘ Jeed

0.4 . 1 L I ol 1 Ao | L
8.6 1.0 2.0 a0 40 5.0 8.0 7.0 8.0 2.0 1.0 N
t, min

Fig. 7. The effect of simultaneous chemical reaction on the concen-
tration of CuCl,>~ leaving the CSTR with £ .;; = 0.4V and 7 = 280s.

Finally, the effect of the chemical leaching reaction (Eq.
[33] on Ocycie— seea in the PPER/CSTR system is shown in
Fig. 7 for various values of the chemical reaction rate con-
stant, k. As expected, increasing the reaction rate con-
stant k increases the rate of the leaching reaction in the
CSTR which thereby yields a large value of 8¢yciy2 - eca 8t @
particular time.

Summary

The models presented here may serve as useful design
tools for simulating the behavior of a parallel plate elec-
trochemical reactor operating together with a CSTR un-
der various recirculation modes, particularly during
start-up conditions. Also, it may be possible to use the
models with experimental data and a parameter estima-
tion technique to determine some of the kinetic or trans-
port parameter values for a system of interest.

Manuscript submitted May 16, 1985; revised manuscript
received Dec. 20, 1985.

APPENDIX
Application of the [AD-Newman Technique

The models presented here for a PPER, reservoir, and
associated recirculation system consists of 3i + 1 un-
knowns (8, 8; reea(t), 6;.4vet, L = 1), and D). (Again, it is possi-
ble to remove the explicit dependence of the system of
equations on 0, ,,.(t, { = 1) by substituting Eq. [I-11] into
[1I-8] of Table 1. However, this was not done here for the
sake of clarity.) Values for these unknowns can be ob-
tained by solving the equations in Table II once values
for the parameters are set. Two i of these unknowns,
0 reea(t) and 6, ,,.(t, { = 1), depend on time (t) only, and i + 1
of these unknowns, 6; and ®, depend on time and the spa-
tial coordinates » and {. The equations that govern the
values for these unknowns are coupled, as shown in
Table I, which requires that all of the equations be solved
simultaneously. To use the IAD-Newman technique (15,
19-21) to do this, Newman’s unknown constant approach
(22-24) for the variables 6, g.4(t) and 6,,..(t, { = 1) can be
used. This unknown constant approach consists of
utilizing an extra equation to insure that when calculating
in the axial (¢) direction the value of 6; ,,.(t, { = 1) depends
only on time. The equation in dimensionless form is as
follows

CSTR 1137

agkl,avg
ag

Similarly, the unknown constant approach can be ap-
plied t0 0, .q(t) (the concentration at the entrance to the
PPER). That is

-0 [A-1]

0={<1,0<M<LL> 0

ae*l,feed
4

Table II illustrates the implementation of the IAD-
Newman technique to the complete set of governing
equations shown in Table I. Consideration of the grid
equations in Table II shows that during the first implicit
half'time step (implicit in the { direction) the unknowns
along the electrodes (grid Eq. [II-1]) are set equal to their
values at the beginning of the time step G.e., 6, = 8, 8, ., =
Oiaver Lteed = Oy peear and @* = @). The unknowns 6, and &*
are treated as shown because the boundary conditions for
the electrodes contain derivatives in the n direction only
and are satisfied in the next half-time step (implicit in the
n direction, grid Eq. [1I-5] and [II-7]). The reason for set-
ting 6 . and 6* .., equal to their previously determined
full-time step values is that these unknowns are impor-
tant only in the bulk of the solution and not at the elec-
trodes. In the bulk of the solution, all of these variables
are treated as unknowns, as shown in grid Eq. [II-2], [1I-3],
and [II-4] in Table II.

During the second half-time step which is implicit in
the normal () direction, the unknowns ¥ ave and % g
are not needed along the electrodes and are therefore set
equal to 6* ., and 6 ., as shown in grid Eq. [II-5]. Also,
note that the same thing is done with these unknowns in
the bulk of the solution G.e., set ¢**,.. = 6 .. in grid Eq.
[II—B] and %% ,.q = 0% 4. in grid Eq. [II-8] and {II-9]). This
is done because Eq. [A-1] and [A-2] are explicit in the ¢ di-
rection only.

Additionally, inspection of grid Eq. [II-6] shows that the
unknowns &%, .. (calculated at { = 1) cannot be deter-
mined until grid Eq. [II-5]{11-9]-{II-7] are solved. There
are two ways to handle this case. One way is to set the un-
knowns ¢*, .. (calculated at { = 1) to some reasonable, but
arbitrary, values, solve the system of equations for all ¢{,
and once the unknowns ¢+, .., at { = 1 are known, substi-
tute them back into grid Eq. [11-6] and solve the grid Eq.
(1I-5}{11-6}-{I1-7] again. This is done repetitively within the
second half-time step, until no change occurs in Fex, L =
1). This step requires only two iterations here. An
alterngte way to handle this situation would be to solve
the grid Eq. [II-5}{II-9]{I1-7] first and then solve the grid
Eq. {II-5]-{1I-8}{II-7] at each ¢, and then finally the grid
Eq. [1I-5}II-6]{II-7]. This alternate approach would be
expected to be more efficient, but was not tested.

LIST OF SYMBOLS

=0 [A-2]

0<{=1,0<7<1,>0

A electrode area of electrochemical reactor, cm?

¢ concentration of species i, mol/cm?

¢, concentration of species i at the electrode surface,
mol/em?

CLeea COncentration of species i in the feed stream to the
PPER, mol/cm3

¢t Treference concentration of species i (set equal to the
initial feed stream concentrations to the PPER, ie.,
at t = 0), mol/cm?

D diffusion coefficient of species i, cm¥s

Dy  diffusion coefficient of limiting reactant, cm?¥s

E, anode potential, V

E, cathode potential, V

E. cell potential (E, — E.), V

F Faraday’s constant, 96,487 C/mol

i, average current density, A/em?

ing normal component of current density due to reac-
tion j, A/cm?

it €Xchange current density of reaction j at reference
concentrations, A/cm?

k homogeneous chemical reaction rate constant, s—!

L electrode length, cm

n; number of electrons involved in reaction j

N; flux vector of species i, mol/em?-s

N,; flux of species i in the x-direction, mol/cm?-s

N,, normal component of the flux (y-direction) of spe-
cies i, mol/cm?-s

Dij anodic reaction order of species i in reaction j

Pe  Peclet number (= 2Su,,./Dg)

Pe, 2S%u../DiL, dimensionless

Qy cathodic reaction order of species i in reaction j
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R gas law constant, 8.314 J/mol-K

Restri feed production rate of species i in the CSTR
based on the outlet concentration of the CSTR
(Cy,eea)s MoOl/cmd-s

Sy stoichiometric coefficient of species i in reaction j

S electrode gap, cm

t time, s

T temperature, K

" velocity vector in the PPER, env/s

U average velocity of the electrolyte, cm/s

Uy ionic mobility of species i (= D;/RT, Eq. [8))

U, velocity of the electrolyte in the x-direction, cm/s

u, velocity of the electrolyte in the y-direction, cmy/s

U;.s open-circuit potential of reaction j at reference con-
ditions, V

Vg electrolyte flow rate in the system, cm¥s

vy volumetric flow rate of fresh feed stream, cm?s

v, volumetric flow rate of recycled stream, cm?/s

v volume of the well-mixed reservoir or CSTR, ¢cm?
w electrode width, cm

x axial coordinate, cm

Y normal coordinate, cm

2 charge number of species i

Greek Symbols
a S/L, dimensionless
a,  anodic transfer coefficient for reaction j
a,;  cathodic transfer coefficient for reaction j
At time step size, s

{ dimensionless axial coordinate (x/L)

n dimensionless normal coordinate (y/S) .

6, dimensionless concentration of species i €yCiep

B .ea dimensionless concentration of species i entering
the PPER

6;... dimensionless average concentration of species i

Oiave(t, £ = 1) dimensionless average concentration of
species i leaving the PPER

B10ut of reservolr dimensionless concentration of species i
leaving the reservoir

Bcucigz-reea,r  Value obtained from Pickett’s model (9),
Eq.[21]

v kinematic viscosity, cm?¥s

2o solvent density, kg/cm?

T residence time in the reservoir/CSTR, s
solution potential, V
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®,, solution potential at the anode, V
d, solution potential at the cathode, V
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Piezoelectric Response to Surface Stress Change
of Platinum Electrode

Masahiro Seo, Takamitsu Makino, and Norio Sato*

Faculty of Engineering, Hokkaido University, Kita-13 Jo, Nishi-8 Chome, Kita-ku, Sapporo 060, Japan

ABSTRACT

The piezoelectric detection has been proved sensitive to surface stress change of platinum foil electrodes in sulfate
solutions of various pH values and sodium hydroxide solution. Electrocapillary-like curves were successfully obtained
from the measured piezoelectric signals as a function of potential. The potential of electrocapillary maximum decreases
linearly with pH at the rate of —40 mV/pH. The potential of electrocapillary minimum found in the anodic potential scan
was 0.35V more positive than the equilibrium potential of PtO/Pt system. It appears that the electrocapillary maximum
is connected with a reconstruction or place exchange step of the oxygenated platinum surface corresponding to PtO

monolayer.

The measurement of surface stress of solid electrodes,
if possible, provides important information concerning
the solid/electrolyte interface such as adsorption, poten-
tial of zero charge (pzc), electric double layer, and film
formation. The technique for surface stress measurement
of solid electrodes, however, encounters difficulties com-
pared with that for liquid metal electrodes. Several meth-
ods have been employed in literature which are ribbon-
extension (1-3), thin film-deflection (4, 5), contact angle
(6, 7T, and piezoelectric detection (8-15). The piezo-

* Flectrochemical Society Active Member.

electric measurement of surface stress of solid electrodes
was first developed by Gokhshiein (8-10) and further im-
proved by Malpas et al. (11, 12) who employed a simpli-
fied electrode for piezoelectric measurement. This tech-
nique is highly sensitive to a small change in surface
stress and is capable of detecting the derivative of surface
stress with electrode potential.

In this study, the piezoelectric detection of surface
stress of platinum foil electrodes in sodium sulfate and
hydroxide solutions has been conducted to obtain further
information on the interfacial properties of solid elec-
trodes.
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