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A correlation function formulation for the state-selectk totd reaction probability, N,(E), is
suggestedA wave packef correlatirg with a specift sd of internd reactah quantum numbers a,
is propagatd forward in time until bifurcation is complet at which time the nonreactie portion of
the amplituck is discarded The autocorrelatia function of the remainirg amplituce is then
comput@ and Fourig transforme to obtan a reactivity spectrum Dividing by the corresponding
spectrun of the original, unfiltered wave packe normalizes the reactivity spectrum yielding the
totd reaction probability from the internd state,«. The procedure requires negligible storage and
just one time-energ Fouriea transfom for ead initial reactam state independenof the numbe of
open channes of products The methal is illustrated numericaly for the one-dimensionaEckart
barrier, using both quantum-mechanitaard semiclassidapropagatio methods Summirg over
internd states of reactars gives the cumulative reaction probability, N(E). The relation to the trace
formula [W. H. Miller, S. D. Schwartz J. W. Tromp, J. Chem Phys 79, 488 (1983], N(E)
=1(27h)? tr(F5(H—E)F8(H—E)), is establishedand a new variart of the trace formula is
presented © 1998 American Institute of Physics [S0021-960608)01127-1

I. INTRODUCTION

The time-dependenapproab to reactive scatterig is
appealig for a variety of reasonslt is conceptuall simple,
reflectirg the tempora sequene of approat of collision
partners rearrangemerof constitueh atoms and the subse-
quen separatia of producs in the cours of a chemicé re-
action Moreover it simplifies the formd theowy of scatter-
ing; the definition of incoming and outgoirg states is most
naturally cag in terms of time dependenhwave packetsand,
sinee wave packes are squae integrable ther is no neel to
exterd beyord the normd Hilbert spae of bourd stae quan-
tum mechanic$:? Finally, the time-dependenapproab to
reactive scatterilg in recert years has becong a practical
computationh tool, as a resut of advance in numerical
method for wave packe propagatio and becaue of various
new expressioa for the scatterig amplitudé~’ ard reaction
probability.

The complet information abou the scatterirg is con-
tained in the scatterig matrix, Sg,(E). The squae of an
elemen of this matrix gives the probability to obtan prod-
ucts with the final se of internd quantum numbersg, in the
infinite future starting with reactars in the initial se of
guantum numbers,a, in the infinite past, at total enerdy.
However the complee state-to-stainformation is generally
expensie to compue ard for mary purposs is much more
detailad than necessaryAccordingly, severa formulations
hawe bea propose for directy computirg the cumulative
reaction probability, N(E) =3, 4 Sg.(E)|?, or the stae se-
lectad totd reactin probability, N,(E)=ZX s|Ss.(E)|?,
which may then be summael to yield N(E). Miller ard co-
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workers hawe suggeste a variety of flux and complex ab-
sorbirg potentid formulatiors for N(E).%22 Attemps have
been mace to implemen thee formulatiors semi-classi-
cally,!* but so far numericé calculatiors are limited to 1D.
Zharg and Light hawe presentd an alternative formulation
for N(E) in terms of transition stae wave packes which are
the producs of internd states and eigenfunctios of the flux
operatort>'® Neuhauseet al.'”*®and Zharg et al.® have
formulated and implementé method for calculatirg N, (E),
in three and four-atan problems using a time-dependent
reactive flux approach and Jackle and Meyer hawe devel-
opad a complementar metha which uses absorbing
potentials®*

In this pape we presen a new formulation of the state
selecte totd reaction probability. A wave packet correlat-
ing with a specift sa of internd reactah quantum numbers,
a, is propagatd forward in time until bifurcation is com-
plete at which time the nonreactie portion of the amplitude
is discardd (if ther is more than one produd arrangement
channel the amplituce into all but one channé can be re-
moved by a similar procedurg The autocorrelatia function
of the remaining amplituce is then computel and Fourier
transforme to obtan a reactivity spectrum Dividing by the
correspondig spectrun of the original, unfiltered wave
packé normalizes the reactivity spectrum yielding the total
reaction probability from the internd state,«. No projection
onto individud final states is required ard thus the storage
requiremerd are negligible—jus one correlation function
ard a single time-energ Fourig transfom for ead initial
state Moreover the bifurcation of the wave packe is gener-
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ally complet well before the wave packe has reache the

asymptott region of the potentia) reducirg the necessary
propagatio time. The methal is compatibé with both

guantum-mechanitaand semiclassida time propagation
methods as we illustrate her using the one-dimensional
Eckat barrier Summirg over internd states of reactants
gives the cumulative reaction probability, N(E).

In Sec Il A we derive the correlation function expres-
sion for the N,(E), startig from the definition of the
S-matrix. The derivation and indee the final formula are
similar in the spirit to the correlation function formulation of
individud S-matrix elemens of Tanna and Weeks® but
mary new pieces cone into play here In Sec Il C we show
the relation of the new expressia to the trace formula
for N(E)=3(27%)? tr(FS(H—E)F8(H—E)), of Miller,
Schwartz and Tromp?® and presen a new variart of the
trace formula In Sec Il we implemen the approab using
both quantum-mechanitand semiclassida(Herma—KIluk)
propagatio method to compue transmissia through the
one-dimensiorlaEckat barrier A maja surprig is the con-
trag betwea the high accurag of the semiclassidapropa-
gation and the low accurag of a classicé criterion to define
the reactiwe portion of the initial wave packet This loss of
accurag can be avoided but at consideral®# expense by
re-expandig the semiclassidawave function in anew se of
trajectories after bifurcation is complete Sectio IV is the
conclusion.

II. CORRELATION FUNCTION FORMULATION FOR
N,(E) USING THE PROJECTION OPERATOR

A. Derivatio n from the S-matrix definition

Conside the scatterimg proces of a reactive system with
internd degres of freedom The Hamiltonian H goverrs the
dynamic of the system It can be written as a sun of the
asymptott Hamiltonian of reactars Hg or product H% and
interactian potentiak vanishirg when the reactarg and prod-
ucts are far apart

— o _ g0
H=Ho+V,=H%+V,.

There are two alternatie ses of eigenstate of H,
{¢o g} and {5 e}, which descrite the reaction Labels &

and g refer to the sets of internal quantum numbers, includ-

ing arrangemeinchannelsfor the reactand and products re-
spectively The wawe function |4, ) correlates i.e, is
equivaleth in the asymptott region to the eigensta of Hg

of the sane energ with internd quantum numbersa. Simi-
larly, |¢g£> correlates with the eigenstat of H% with inter-
nd quantun numbersB. The two sets of eigenfunctions are
related to eat othe throudh the S-matrix, Sg,, ,

Spal E)=(trg /| £) = Spal E) S(E—E"). (1)
The reaction probability from the initial stae with inter-

nd gquantum numbersa to a specific final state of the reac-

tants with the internd quantum numbersg is proportional to
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Sha(E)S(E—E')Sg,(E")8(E'—E")
:<¢ZE| ¢;,Er><¢;,|§f|w:£">- 2

Integration over E’ and summatio over all 8 of the product
channé gives

% Sho(E)Sgl(E")S(E—E")

~wiel 3 [ o e e |l0ie

=(YaelP ¥ e (3)
wher P* denots the projectian operato for products
P =S [ e ldE" @

Throughot the pape the integratior over enery goes from
E=0 to E=. The lower limit of the integration over time
ist=—o0 ard the uppe limit of the integration over time is
t=+o0. Henceforth limits of the integratian will be omitted.
In the spirit of the derivatim of Tanna and Weeks® we
expres the energy eigenfunctia for a specift internd quan-
tum numbera and incoming momentun1u//;E>, in terms of
an integrd over the time evolution of a wave packe |® ),

(2mh) L
74(E)

The wave packe |®}) is definal sud that in the infinite

pag it is localized in the asymptott region of the reactants,
ard is given as adired produd of the eigenstat of the in-

ternd Hamiltonian with quantum numbersa and an incom-
ing wave packe in the translationhdegre of freedom The

function ,(E) represergthe enery expansio coefficients,
defina as |®,)=[dE7,(E)|¢, ). Substitutig Eq (5)

into Eq. (3) we have

f dte*(t/h)Hth);:>e(L/h)Et. (5)

|¢;,E>:

% S%5(E)Spa(E") S(E—E")

(27Tﬁ)72 J ~
_ dt(P | e(hHtg— (UhEtH+
B e ) 9Kl

X f dTef(L/ﬁ)HTl(Djr)e(L/h)E"T

_ (2wh)?
~ 75(E) 74(E")

detf dT(q);r|e(L/ﬁ)Ht|5+e—<L/ﬁ)HT|(D;r>

X e*(L/h)(Etf E”T). (6)

Since the projection operate P* ard the Hamiltonian H
commue we can rever® their orde in Eq. (6). Changing
variablestot™ =t+ 7, t~=7—t and introducing the new pa-
rametes E*=(E+E")/2 and E”=(E"—E)/2, Eq. (6) be-
comes

Copyright ©2001. All Rights Reserved.



3030 J. Chem. Phys., Vol. 109, No. 8, 22 August 1998

% S’ 4(E)Spa(E") S(E—E")

1 (2@h)?
2 7, (E)no(E")
xf dt*f dt (¢} |PTe MHT gy
Xe(t/h)(E*th*r)_ 7

Integration over t* gives 47 S(E”—
dumny variabe t™ by t we get

E), and replacing the

% Spa(E)Sh(E") S(E—E")

_(2am)7t
 E(E)na(E")

xJ dy(@ [ [Pre (MR @ HyeME S E—E"), (8)

Integration of Eq. (8) over E” gives

% |S5a(E)|2=N,(E)

2
_T (E)|2 Jdt<<D+|P+e (L/h)Ht|q)+>

Xe(L/ﬁ)Et_ (9)

Equatio (9) expresseN,(E) as the cross-correlatio func-
tion of the reactive wave function P*® ! with the unfiltered,
incoming wave function ®_ ; in practie eithe one of these
wave functions can be propagatd in time, or the propagation
can be partitional betwee the two. The correlatian function
expressia and the whole approab is closel relatal to the
formulation for the S-matrix elemens of Tanna and
Weeks3*

(2mh) 1

%6a(B) = B ()

dt(@[;'e—(a/h)Ht|q):;>e(L/ﬁ)Et
(10

where the wave packe |® ;)= [dE7g(E)| 5 ) issud that
in the infinite future it islocalized in the asymptott region of
the products ard is given as adired produd of the 8 eigen-
stae of the internd Hamiltonian and an outgoirg wave
packe in the translationh degres of freedom.

B. Alternativ e expression s for N, (E)
Using the properties of the projectian operato P 2= P~
and P** =P, we can rewrite Eq. (9) in a symmetrizel way

1

a(E)_ (| E))| dt<P+q)Z|e—(L/ﬁ)Ht|P+q);>e(nlﬁ)Et
(11
The right-hard side of Eq. (11) is manifesty red since it
involves the Fourig transfom of the autocorrelatio func-
tion, and for any autocorrelatia function C(—t)=C*(t).

S. Garashchuk and D. Tannor

Ore can use the identities P*=1-Q" ard Q*2=Q* and
Eqg. (15) to find the totd reactio probabiliy through the
nonreactie pat of the wave function |Q*® ),

N (Eyoq_ (2T
N PYCIE

X f dt<é+q);r|e—(L/ﬁ)Ht|é+q,:>e(L/ﬁ)Et

—-1
:1_%fdt<é+q);|e(L/ﬁ)Ht|(I):;>e(L/h)Et

12

We can procee further by recalling tha ®}(r,R)
=0%(x(r)xg(R)). Here, x,(r) is an eigenstat of the
internd degres of freedom g(R) is an arbitray incoming

wave packe in the translationh coordinae ard Q¢ is the
reactah Méller operato definal as
Qi: lim e(L/h)Hte—(L/h)HOt (13)

t——o

Asshownin Ref 3, the enery expansio coefficientszn,(E)
can be found throudh the Fouriea transfom of g(R),

N(E)=(|pa]) " f dRg(R)e(/MPaR, (14)

wher p,=+v2m(E—E,). Alternatively, it is possibé to ex-
pres the absolué value of the energy expansio coefficients
in terms of the Fouriea transfom of the autocorrelatio func-
tion of |®)),

1
|7]a(E)|2:mfdt<q)ct|e*(L/ﬁ)Ht|q);>e(L/h)Et (15)

Expressio (15) can be usel even if the wave packe | @) is
in the interaction region and distorted from the separable
produd form, as long as the stat correlates with a single set
of internd quantum numbersi.e., evolves into astae with a
single s& of internd reactamquantum numbesin the infinite
past.

Combinirg Egs (11) and (15) yields

fdt<|5+q);|e—(uh)m||5+q)z>e(b/ﬁ)5t
—(dh Th
Jd{® e TI@ ) el

N (E)= (16)

This expressionEg. (16), isthe centra resut of this paper It
expressgthe state-selectktotd reaction probability as ara-
tio of two spectratha of the reactive wave packe divided
by tha of the initial wave packet which has both reactive
ard nonreactie componentsThe latter spectrun normalizes
the former, ensurirgy tha the totd reaction probability is be-
tween Oto 1 and that the resut at eat enery isindependent
of the choice of energ distribution in the initial translational
wave packet.

Copyright ©2001. All Rights Reserved.
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It is possibe to construt the initial wave packe | )
by projectirg an arbitray wave packe |®) onto the specific
internd state @ using Eq.(15) for the energy coefficients,
|® )y=P,|®). The totd reactio probabiliy can then be
written as

fdt(ﬁ’* |5a<I>+|e’“’ﬁ)Ht| p+ ﬁ)a(l)+>e(L/h)Et
fdt<|§,acp+|e—(uh)Ht| |5aq)+>e(L/ﬁ)Et

No(E)=
17

It is worth noting tha all the expressios for the state
selecte totd reactian probability can be reversd to tred the
cage of a singke well-definal internd state of products,
summea ove all internd states of reactantsTo do so, the

S. Garashchuk and D. Tannor 3031

}5— = lim e(t/h)ch(S)e—(t/h)Ht,

t——x

(22

which project onto producs in the infinite past Its actian on
the incoming wave packe is trivial, P~|®)=0. A useful
relation betwea the projection ard flux operatos is

f dte(;/h)HtEe—(L/h)Ht:f dte(b/h)Htﬁi[H’h(s)]e—(nlh)Ht

:f dt(%e(L/ﬁ)ch(s)e(L/h)Ht

= lim e(L/ﬁ)ch(S)e*(L/ﬁ)Ht

t—oo

labelsa and 8 must be interchanged, the projection operator

mug be redefinel to projed onto reactars as the final wave
packe (which is separal# into the outgoirg wave packe in
the translationh coordinae ard internd eigenstateB of the
produd internd Hamiltonian ast— o) is propagatd bad in
time.

C. Derivatio n of the trace formul a from N,(E)

1. Preliminaries

The trace formula of Miller, Schwartz and Tromp?>28
reads

(27h)2

5 tr(FS(E—H)F 8(E—H)),

N(E)=

(18)

with the flux operato definal via the commutato of the full
Hamiltonian H and the Heavisice function h(s),

(19

__1< P P )_L
F=35|8(s) —+—8(s) | == [H.h(s)],

with s beirng the reaction coordinate The direction of the
reaction is suc that s= — oo correspondto the reactant and
s=o correspond to the products The Heavisice function,
definel as

1 if s>0

h($)=10 if s<0

(20

projeck onto reactantslit is a patt of one of the alternative
expression of the projecticn operate for products

|5+ = lim e(t/ﬁ)ch(S)e—(L/ﬁ)Ht.

t—oo

(21)

The operato p* projecs onto the states that are on the prod-
uct side in the infinite future Anothe projectian operato is

— lim e(L/ﬁ)ch(S)ef(L/ﬁ)Ht

t——x

=P*—P". (23)

We now rearrang apat of Eq. (18) usirg Eq. (23),

(27h)28(E—H)FS(E—H)

:f dte(uh)(H—E)tEf dredm(—H+E)r

:f dt—f dte“/h)H‘%[H,h(s)]

w @~ (UM Htg—(Uh)(H-E)t~

:f dt dg {e(L/ﬁ)ch(S)e*(L/ﬁ)Ht}J’ dtfei(”ﬁ)(H*E)t*
t

:( lim e(L/h)ch(S)e—(L/h)Ht

t—o

— lim e(L/h)ch(S)e_(L/h)Ht)27Tﬁ S(E—H)

t——

—27h(P*—P ) S(E—H). (24)

In the intermedia¢ stefs of the derivatian we mack the sub-
stitution t™ = 7—t. Thus, Eq.(18) can be rewritten as

N(E)=m# tr(FS(E—H)(PT—P)), (25)

which is an interestimg alternative expressia for the cumu-
lative reactian probability.

2. Getting the trace expression for N

(E)

We now retum to the correlation function expression,
Eqg (11), ard manipulag it into a form closey resembling
Eq (29),

Copyright ©2001. All Rights Reserved.
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(2mh) "t

No(E)= EXG) di(D H[Pre  (WMHIP* | Fygl/hEt

(ZWﬁ)lf A oA
=—— [ d{®|(PT—P"~
o ) APl (PT=PT)
Xe—(c/h)Ht(Is-%—_Is—)|q);->e(l./ﬁ)Et (26)
:M f dt<¢,+|(fdTe(L/ﬁ)HrEe—(L/h)HT
[ 7a(E)[? .
X e (WMHY(PT _p=)|F)elhEl 27)
=(27Th)1fdt+fd7_<q)+|e(blﬁ)(HE)f
| 74(E)[? «
XF(P*—P )e WhH-E|pt) (28)
=2mh{y el F(P* = P7)| g ). (29

We usel the fact that P~ |®)=0 to obtan Eq. (26). Then
we usel Eq. (23), relating projection operatos to the flux

operator to get Eq. (27). Substitutig t™ =t-+ 7, changing
variables of integration from (t,7) to (t*,7) and using the

commutativiy of the projecticn operato with the Hamil-

tonian we get Eq. (28). Finally, the expressia for the energy

eigenfunctio was usal to arrive at Eq. (29).

Summirg over « for the cumulative reaction probability,

N(E)=3 No(E)=3 2ah(P e[ F(PT =P )|yt )

=2mh Y, f dE'(¢. o [F(PT—P7)

X S(E—E")|i, ¢1) (30
=27h > J dE'(y, ¢, [FS(E—H)
X(P* =Pyl ). (3D)

Integration over the energy E’ is introducel to approab the

trace form ard the orde of P* and S(E—H) is changed

sinee they commute Now Eg. (31) resembls Eq. (25),

evaluaté in the energy eigenfunctio bast set excep that
the set {y,, ¢}, asdefined by Eq. (5) is not complete This set
describs just the pure outgoirg waves in the produd chan-
nel Ther is anothe se of the enery eigenfunctios {7, ¢}

which are orthogoné to {l//Z,E} and descrile pure incoming
waves in the produ¢ channéand are complex conjugats (or

time reversedl of the eigenfunctios {zﬁ;El. Functions
{y7 g} form the subspae where the operato P~ act non-
trivially, but P*|y; £)=0. We now add thes terms to com-
plete the trace evaluation in the complet s& of the energy
eigenfunctionsWe can rewrite Eq. (30) to make it explicitly

real

S. Garashchuk and D. Tannor
2mh 2 (el F(PT=P )|yl )
=2mh <¢Z,EH f dte“””“fe‘“’““t)Iwz,E> (32

=2’y ] [ areeeEy g

=(271)2Y, (7 el FS(H—E)F| ¢l g) (33)
1 _ _
=(2mh)°2 5 (YeelFAH-EFlyge)
+(y  FS(H—E)F[ g% o). (34)

Above we usa Eq. (23) once again In Eq. (34) we added
the term

(% |FS(H—E)F| g% &)
= (¢ [FO(H=E)F |y e))*
= (! [FO(H=E)F| gl ),

which is the complex conjugat of the red expressia (33),
divided by a facta of 2. Thus we can rewrite Eq. (29) as

N(E)=mh X JdE'(<w;E,|F(5<E—H)<ﬁ>*—ﬁ*)lwl,E»

(W L IFSE—H)(PT =P )¢k )
— 1k t(FS(E—H)(P*—P~))

(2mh)?  — _
=5 t(FS(E~H)FS(E~H)),

(39

where using Eqg. (25), we haw finally arrived to the trace
expressia (18).

I1l. NUMERICAL IMPLEMENTATION
A. General considerations

The correlation function expressionsEqs (9) ard (11),
formally require three time propagations:

(1) Propagatia of the wave packe |®) forward in time
into the infinite future followed by the projectian onto
the products.

(2) Propagatia bad in time up to t=0 to complee the
constructio of the |[PT® ).

(3) Calculation of the correlation function C(t)
=(®(0)[P*® (1)), or the autocorrelatia function
Ca(t)=(PT D (0)|PF® (1)) for t=[—o,].

In practice sone of the stegs can be combined The maximal

propagatio time T in the first stgp can be determiné from
the approachig of the nom of the wave function in the
produd region [5ds|® (s,t)|? to a constan value (s is a
reaction coordinatg. This happes befor the wave packet

Copyright ©2001. All Rights Reserved.
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a) t=0

c) t=T

reactants

products

0.0 20.0
reaction coordinate, s

FIG. 1. Scatterig on aone-dimensiorlabarrier, (a) at t=0 an initial wave
packe |®(0)) (shaded stars moving towards the barrig (solid line on all

panels; (b) at time t=T the wave packe |®(T)) (shadedlis split into two

parts the reactive patt is on the right side of the barrie and the nonreactive
pat is on the left side (c) the nonreactie pat of the wave packe is dis-

cardel since the transpot of the amplituce towards the produd region is

stopped P|®(T)); (d) the reactie pat of the wave packe |P®(T))

(shadedlis propagatd bad in time from t=T to t=0 and its autocorrela-
tion (f’(D(T)|f><I>(T—t)) (long dashé line —\ﬁ’@(T)}) or the correlation
with the initial wave packe (shot dashe line) (®(0)|PP(T—t)) is com-

puted.

reachs the asymptott region while transitiors betwee dif-
ferert internd states of producs can still be happeningThe
projectian onto the producs consiss of simply multiplying
the wave function by the Heavisid function (20). The auto-
correlation function of the initial wave packe can be calcu-
lated as patt of the first step if Eq. (15) is usel for the energy

expansio coefficientsyn(E). However, the second step, the

propagatio badk to t=0, is not necessaryOne can start
computirg the autocorrelatia function of the projectel wave
function C,(t)=(P*®’(T)|e” /WHP*d ¥ (T)). Propaga-
tion just forward or just backwad in time will be sufficient
sine C,(—t)=C3(t). Propagatia badk seens to be more
practica becaus it requires a smalle grid than the further
propagatioa forward Moreover using Eg. (9), one can
calculae the cross-correlatio function of the projected
wawve function ard the initial wave packe C(T+t)
=(d(0)|e” MHY P+ ¥ (T)) for times t=[T,0]. This
correlation function C.(t) also satisfies the property
C.(—t)=C% (1), sinee Egs (9) and (11) are equivalent.

Figure lillustrates this procedue for a scatterig on a
barrie in one dimension.

B. Using the quantum-mechanica | propagator

_ We applied Eqgs (9) and (11) with operatos P* and
P*2 for a one-dimensionated problem the Eckat barrier
scattering. The parameters of the potential, V(s)
=16 cosh %(1.1243), correspod to the parametes for the
hydrogen exchang reaction and the mas is unity. The initial
wave packe has the Gaussia form
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FIG. 2. Transmission probability N(E) for the Eckart barrier,
V(x)=16 cosh %(1.3214), obtainal quantum-mechanicailusing Eq. (9)
with one projectian operato P (shot dashé line), using Eq. (11) with two
projectian operatos p2 (long dashé line), and analytica resut (solid line).
N(E) is plotted on alogarithmr scale.

d " (s,0)=(2alm)Y ex;{ —a(s—sp)’+ % po(s—so))
(36)

with a=6, s5=3.5, py=6 in the units of =1, m=1. The
initial wave packe was propagatd up to time T=6 with the
time step dt=0.006 using the FFT method?” Then @ (s, t)

was multiplied by the Heavisice function (20), @g(s,T)

=h(s)® " (s,T), ard propagatd bad in time until t=0. At

the same time, the function C(T+t)=<(1)+(0)|d>g(t)>, to
usein Eq. (9), or the function C(t)=<<b§(T)|<I>§(T+t)) to
usein Eqg. (11), was calculated The propagatio time T was
determine by the desirel resolution of the Fouria trans-
form. The totd amplituce of the wave function in the product
region stoppel changirg for times greate then t,= 3, accord-
ing to the criterion

<1078,
(37

The time of the projectian neal not be the sane as the propa-
gation time T; in principle the projectian can be performed
a ty and the correlation function computel by propagating
the wawe function backward in time from ty to t=0 and
forwards in time from t, to time T, with the totd time long

enoud to obtai the desira resolution in N(E). The quan-
tum transmissia probabilities are presentd in Fig. 2. Asone
can see a single wave packe gives agoad descriptian of the

dynamic from energia in the tunnelirg reginme to tho far

abo\e the barrig energy.

f |<I)*(s,t+dt)|2ds—f |®*(s,t)|%ds
0 0

C. Using the semiclassica | propagato r of Herman and
Kluk

Semiclassidawave packé propagatio methods pio-
neerel by Heller?®?° are the naturd companim to the time
dependenapproab to scattering To calculat the correla-

tion function here we use semiclassidapropagato of Her-
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man and Kluk (HK),3%3'that has been rederivel by Kay®2=>4
and successfull applied to a numbe of problems®° The
HK propagato is a superpositia of the contributiors from
classica trajectories (in one dimension,

Ksqs’,t;s,0)

dp;dg; ,
=JJ > Rap€ 5" g,(qr,pe.8) 85 (01, Py 19),

(39)

1/4
9,(0;,pt,S) = (%) exp( - % (s—ap?+ % pt(s—qt)>,
(39

1/dp: d9; vy dq; L Jp;
qut—\/de<z(a—m+a—m‘m—m+ﬁ—ya—q))' 40

and g; ard p; are the coordinate and momena at timet of a
classichtrajectoy startel with initial conditiors g; ard p; at
time zera The sign in Eq. (40) has to be chos@ suc that
Rypt IS @ continuos function of time 3 S, is the classical
action,

t
S<q.p,t>=JO(pvqt,—H<ptr Qo )t 1)

The integration goes over all initial values (q;,p;). In gen-
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FIG. 3. Comparisa of the autocorrelatia function C(t) of the projected
wave function for the Eckat barrig used in Eq. (11), obtainel semiclassi-
cally with the Hermar—Kluk propagato (shot dashé line), semiclassically
with the classich reactiviy criterion (long dashe line) and quantum-
mechanicall (solid line). The red patt of C(t) is plotted.

not adequatel descrile the semiclassidareactive wave func-
tion. We found tha to obtain satisfactoy accurag we had to
re-expad the propagated-projecte wave function at the
“infinit e future” in anew sd of trajectories and propagag it

eral, y is a parameter. Here we chose it to be dependent ohak in time, calculatirg the overlg with the initial reactant

the width of the wawe function (36) to be propagated,y
=2a. Thus the correlation function is asum over the tra-
jectories

Csc(t)sz dsdsdt*(s’,00K34(s’,t;5,00d " (s,0)

=2 Cypt-
qp

It is natural in the contex of semiclassidapropagation,
to try to repla® the quantum projectian operato procedure
by a classich reactivity criterion, in which the contribution
of reactie trajectories to the correlation function is kept, and
tha of nonreactie trajectories is discardedi.e.,

CC'<t>=<d>+<0>|ﬁ’+°'<b+<t>>=q2p CaptOap (42)

with 6, defined as

1if q(ql ' Pi 't—>—oo)<0 ard Q(ql ' Pi !t_>oc)>0

a0 if q(gi,pi,t——=)<0 ard q(q;,p;,t—=)<0
(43

For the one-dimensionacas this criterion is equivalet to
keepirg only trajectories startel from the reactan side with
momentun towards the barrie and with energy greate then
the barrig top. We usdl thisideain Eq. (9), for the sane test
problem and parametes as describe in Sec 111 B (Gaussian
wave packe in the Eckat potentia). Unfortunately the
agreemenwith the quantun resuls was poa (Fig. 3). It
turns out tha the classicé reactivity criterion is applicable
only when the reactive ard nonreactie trajectories become
spatially separated-or earlie times the interferene between
trajectories is crucid and classicaly reactiwe trajectories do

wawve function The new sé of trajectories coveral a big
section of the pha® space since the wave function at the
infinite future is spread the re-expansio weighting coeffi-
cients for evely new trajectoy were calculatel once at t
=T. An alternatie is to calculae the autocorrelatia func-
tion shifted in time by T, in which ca% the initial se& of
trajectories can be reused but summatim over two ses of
trajectories need to be performel at evel time step to com-
pute C5{t). If we use the explicit expressia for the semi-
classich propagator Eq. (38), ard a Gaussia for the initial
wave function, Eq. (36), we have

CIO=(P ()P (T+1))
:(ZWﬁ)iluvqu f(ql ' Pi 1SOIpO)f(ui WU !qupT)

X f* (ut Ut 1qT ’ pT)e(L/h)(Suvlisqu)Ra‘PTRuutGQPGUU 1
(44)
where

1
f(qap:UyU):E’XF< _% (q_u)Z_ 4h27 (p_v)Z

I
+%(q—u)(P+v))-

In practice this mears tha a se of trajectories {qg; ,p;} sam-
pling the initial wave packe @ (0) is propagatd until time
T, when the bifurcation of the wave packe is complete at
this point all the information abou the trajectories at time T
is stored Now the trajectoris {q;,p;} are relabel@ as
{u; ,v;} ard propagatd further forward in time. Since in Eq.
(44) we propagat both braand ket up to time T we hawe two
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FIG. 4. Transmissia probabiliy N(E) for the Eckat barrier, obtained
semiclassicayl using Eq. (9) with one projection operateo P (shott dashed
line), using Eq. (11) with two projectian operatos p2 (long dashé line),

and the analytica resut (solid line).

summatios over the se {q, p}, one describiry the stationary
wave packe ®(T), and the othe over the se {u,v}, describ-
ing the further evolution of ®(T+t) in time. Due to the

Heavisice functions the nonzeo contributim comes only

from the reactiwe trajectories At time T the bifurcation is

alreagy complee ard there can be no interferene between
reactive and nonreactie trajectories Thus we can write just

Ogp O 6y, in Eq. (44) insteal of their product This is

equivalet to the statementha after time T the property
P*2=pP* is fulfilled. Semiclassically propagatia forward

in time into the asymptott region is conveniensince thereis

no concen abou the grid size and the propagatio is simpler
in the asymptott region Here we usel 1000 classichtrajec-

tories equaly space in position q and distributed in mo-

mentum p as p?=2V,+ p3 with equaly space p,. The

semiclassidacorrelation function is shown in Fig. 3. The

semiclassidatransmissia probability is shown in Fig. 4 and

compare with the analyticd result The two semiclassical
(HK) calculatiors are abou of the sarre accuracygiving the

corre¢ generapicture but underestimatig tunnelirg and de-

viating slightly from unity in the high energ region.

IV. CONCLUSIONS

In this pape we derived a correlation function expres-
sion for the initial-state-select totd reactive probability,
N,(E), which contairs a projection operato for products.
We showeal how this formula, summel over initial states,
gives the well-known trace formula of Miller et al. for the
cumulatiwe reactian probability. Our approab has the advan-
tage of negligible storage ard just a single Fourie transform,
which is importart in mary dimensionsThis approab does
not require calculation of the produd eigenstatesmoreover,
the propagatio time may be significanty shorte than that
required for the calculation of state-to-sta S-matrix ele-
mens sine it is nat necessarto propagat all the way to the
produd asymptott region Thisis especialy importart if the
potentid is long range or if the numbe of produd channels
is significantly greate than the numbe of reactahchannels.
The metha can be implemente quite efficiently with
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guantum-mechanit@ropagatio methodsWe demonstrated
it on the scatterig from the one-dimensiorlaEckat barrier,
using the quantum-mechanitgropagator We then imple-
mentel the correlation function expressia semiclassically,
using the Herman—Kluk propagatorand achievel resuls of
the same accurag as with the Tanna—Weelks formulation
for the S-matrix reportel earlier> However we found tha a
semiclassidacriterion for the reactive wawve function keep-
ing only the contributian from classicaly reactiwe trajecto-
ries cannd be substitute for the quantum projectian opera-
tor on the wawve function we had to propaga¢ the
semiclassidawave function until bifurcation was complete,
projed in position space and then propagag¢ forwards to
calculatel the autocorrelatia function This procedue re-
quires calculatirg cross overlags of a large numbe of Gaus-
siars at eat time step ard is computationalf expensive.
Alternatively, we found tha the semiclassidamethal was
accurag if the reactive wawve function was re-expandd in a
new sd of classich trajectories after the projection step,
propagatd backwards and overlappée with the initial
Gaussia incoming state the re-expansio is dore only once,
but agah requires cross overlags betwea alarge numbe of
GaussiansThe numbe of overlags is prohibitive in more
than one dimension for example on the order of (10°—10°)?
for the hydrogen exchang reaction® Finally, we note that
quantun mechanicalf or semiclassicallythe methal is not
expectd to be efficiert for problens with narrov reso-
nances which inherent} involve long time propagatio at
the transitian state.
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