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Simple Models for Diaphragm-Type Chlorine~Caustic Cells 
I. Dynamic Behavior 

John Van Zee*  

Department of Chemical Engineering, University of South Carolina, Columbia, South Carolina 29208 

R. E. Whi te*  and A. T. Watson 

Department of Chemical Engineering, Texas A&M University, College Station, Texas 77843 

ABSTRACT 

A simple model of the dynamic behavior of a diaphragm-type chlorine/caustic cell is presented. The model is based 
upon measurable diaphragm properties and the mass transfer of hydroxyl ion through the diaphragm. The anolyte is 
modeled simply as a region in which the OH-  ion concentration is fixed, the diaphragm is modeled as a plug-flow reac- 
tor with an electrochemical reaction occurring at the catholyte/diaphragm interface where the cathode is placed, and the 
catholyte is modeled as a completely stirred flow reactor. Analytical integration of the governing equations for these 
models yields two mathematical expressions: one for the concentration distribution of hydroxyl ion within the dia- 
phragm and one for the effluent concentration. Both of these expressions are functions of time, independent  operating 
variables, diaphragm properties, and physical constants. They are used to show how the concentration distribution of 
OH-  within the diaphragm and the cell effluent change when subjected to a step change in the current density. Also 
presented is a numerical method of solution for the model equations to predict the required change of the cell head sub- 
ject  to an arbitrary t ime-dependent change in the current density at a fixed cell effluent concentration. 

Diaphragm-type cells are used extensively in the 
United States to produce chlorine and caustic (1). The di- 
aphragm is the key to efficient cell operation, because 
the diaphragm properties affect the voltage loss, the yield, 
and the effluent caustic concentration. Recently (2, 3, 4), 
measurable diaphragm properties have been proposed 
and used to predict the performance of these cells under 
steady-state conditions. A simple model ~ of the cell is pre- 
sented here to predict  the effect of these diaphragm prop- 
erties on the dynamic behavior of the caustic yield. 

The t ime-dependent  or dynamic behavior of dia- 
phragm-type cells is of interest during start-up and in sit- 
uations where a differential cost structure for electricity 
provides an opportunity to reduce the cost of production 
by operating the cells accordingly. This may mean a high 
production rate during the night and a low production 
rate during the day, for example. The model presented in 
this paper can be used to predict the changes in the 
operating conditions (e.g., current density and differential 
head) which would be required to maintain a fixed caus- 
tic effluent concentration or a fixed caustic yield. 

In a diaphragm-type chlorine/caustic cell (see Fig. 1), 
hydroxyl ions are produced at the cathode according to 
the following electrochemical reaction 

H20 + e -  -~ OH-  + 1/2 H2 [1] 

The buoyancy of the hydrogen gas causes stirring in the 
catholyte and this compartment is consequently assumed 
to be completely mixed. A similar statement could be 
made concerning the anolyte and the chlorine gas gener- 
ated at the anode. This is, however, not necessary here 
since the anolyte is modeled simply as a region in which 
the OH-  ion concentration is fixed at a known value that 
depends on the fixed anolyte pH. As shown in Fig. 1, a 
differential head forces anolyte to percolate through the 
diaphragm from the anolyte to the catholyte. This perco- 
lation rate decreases the loss of OH-  ions from the 
catholyte to the anolyte due to diffusion and migration. 
However, this percolation rate should not be too large be- 
cause the catholyte OH-  concentration decreases as the 
percolation rate increases which leads to a larger steam 
requirement if the cell effluent is to be concentrated to 50 
weight percent NaOH. Increasing the current density in- 
creases the OH-  ion concentration in the catholyte but 
also increases the voltage drop through the diaphragm 
and hence increases the loss of OH-  ions due to migra- 

*Electrochemical Society Active Member. 
~The phrase "simple model" is used here to mean a model 

with a linear potential gradient through the diaphragm. 

tion. Also, the diaphragm characteristics affect the loss of 
OH-  ions due to diffusion, migration, and percolation ve- 
locity. The t ime-dependent  behavior of the caustic yield 
depends upon these losses of OH-  ions from the catho- 
lyte, the volume of the catholyte, and other operating var- 
iables and parameters, as discussed below. 

Literature 
In a recently reported experiment  (2), two measurable 

quantities were used to characterize the diaphragm in a 
metal-anode C12/NaOH electrolyzer when the velocity was 
specified (3, 4). These two properties are the MacMullin 
number, N., and the diaphragm thickness, L. The Mac- 
Mullin number  is defined (2-6) in terms of readily mea- 
surable quantities and can be thought of  as the ratio of 
the diaphragm tortuosity and porosity 
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The ratio P.]Po represents the resistivity of an electrolyte- 
saturated porous medium to that of the pure electrolyte. 
This ratio denoted here as Nm, has been referred to by 
others as the formation factor (7) and the labyrinth factor 
(8). Other diaphragm properties have also been proposed 
(9-15), but none of these is measurable directly, even 
though they have been shown to be equivalent to the 
product NML (3, 4, 16). 

Simple steady-state models of the diaphragm-type cell 
for chlor-alkali cells have been presented and reviewed 
recently (3, 4). More complete models have also been pre- 
sented (5, 17). One of these models (5) was used to analyze 
steady-state phenomena, including the assumption of a 
reaction plane for dissolved chlorine species in the dia- 
phragm; however, only the essence of the model was pre- 
sented for proprietary reasons. The other model (17) used 
numerical integration to analyze the distribution of Na § 
C]-, and OH-, and a nonlinear potential gradient in the 
diaphragm, but diaphragm properties were not included 
in the model. 

Time-dependent models of a diaphragm-type electroly- 
zer have also been presented (17-22). Some of these mod- 
els (18-20) are based on an empirical expression for the 
caustic yield, whereas Filatov et al. (21) based their model 
on the assumption that the anolyte and catholyte are com- 
pletely stirred flow reactors (CSFR). They connected the 
CSFR material balances for the anolyte and catholyte 
with an analytical steady-state expression for the 
diaphragm/catholyte concentration that does not include 
diaphragm properties. Other models (22, 17) include 
simultaneously the catholyte chamber and the diaphragm 
but, again, neglect diaphragm properties. These investiga- 
tors (22, 17) used numerical integration of the time- 
dependent, dilute solution convective diffusion equations 
for their models. Unfortunately, the results were limited 
for one of the models (22) because the numerical integra- 
tion did not converge for steep gradients in the concentra- 
tion. In the other model, the concentrations of Na +, CI-, 
and OH- were included together with a nonlinear poten- 
tial gradient through the diaphragm. However, again the 
authors (17) did not include diaphragm properties in their 
work but instead claim that the diaphragms used in their 
comparison with data were very inhomogeneous. 

Model 
The model will be presented by first reviewing the 

t ime-dependent material balance equation and the flux 
equation for species i in a porous medium followed by 
presenting the assumptions of the model and the develop- 
ment  of the equations. 

A t ime-dependent material balance equation for a 
charged species within a porous region has been formu- 
lated in terms of average quantities (23-25). For the case of 
no electrochemical or homogeneous reactions, the mate- 
rial balance equation for species i can be written (24) as 
follows 

O(~c~) 
- -  - V - _ N ~  [3 ]  

ot 

where 

~ i  v Ci 
- -  = - (Di,o + Da) V c l -  z~u~Fc~VCP + - -  [4] 

E 

In Eq. [4], v is the superficial velocity (i.e., the volumet- 
ric fl0w rate entering the diaphragm divided by the pro- 
jected diaphragm area, Aa) and v / � 9  is the velocity in the 
pores. Also, according to Newman and Tiedemann (24), 
the ionic diffusion coefficient, D~.o, the axial dispersion 
coefficient, D~, and the ionic mobility u~ in Eq. [4] are all 
corrected for the tortuosity of the pores, r, but not for the 
porosity, e. 

The assumptions of the model presented here are: (i) 
only the OH-  ion is important, and it exists only in the di- 
aphragm and catholyte; (ii) dilute solution theory (26) 
applies, and the cell is isothermal; (iii) only the spatial co- 
ordinate through the diaphragm in the direction of flow 

is important; (iv) the diaphragm porosity, MacMullin 
number,  permeability, and thickness are constant with 
time; (v) the dispersion coefficient, Da, is negligible and  
the effective diffusion coefficients in the porous dia- 
phragm can be written in terms of the measurable prop- 
erty Nm as follows 

Di. e = eDLo = Di / (T / e  ) = Di/N M [5] 

(vi) the current density through the diaphragm is simply 
related to the potential gradient through the diaphragm 
by an effective average specific conductivity (3) as fol- 
lows 

- r  d0p 
i - - -  [6] 

NM dx 

(vii) the percolation velocity through the diaphragm is 
related to the differential head, h, according to Darcy's 
law, with an average viscosity for the solution within the 
diaphragm and a pressure drop through the diaphragm 
given by pgh where p is the density of the anolyte as fol- 
lows (16) 

P pgh 
v - [ 7 ]  

L 

(viii) water vapor loss from the anolyte and catholyte is 
negligible, so that the velocity of the feed to the cell and 
the velocity of the effluent are equal; (ix) the gas genera- 
tion provides sufficient mixing so that the catholyte is a 
completely mixed flow reactor; (x) hydroxyl ions do not 
participate in any homogeneous reactions. 

With these assumptions, the unsteady-state material 
balance for the hydroxyl ion (i = 1) in the diaphragm (Eq. 
[3]) for one spatial coordinate can be written 

3C 1 o N ,  
[8 ]  

~t ~x 

The flux expression for Eq. [8] can be obtained from Eq. 
[4] by using the Nernst-Einstein expression for the ionic 
mobility (26), so that Eq. [4] becomes 

__N' = _ D,o + D~ ~c, z,FD,,oc, Oc~ F--VCl [9]  

e " ax R T  dx �9 

which, with assumptions (v)-(vii), becomes 

D, Oc, + ( zlFD,i Ppgh ~ cl [10] 
Nt N~ Ox \ ~ + IzL ] 

Thus, the governing partial differential equation for the 
hydroxyl ion concentration within the diaphragm can be 
written as 

oc, D, o'2c, / z , F D , i  Ppgh~ Oc~ 
Ot - N ~ � 9  Ox 2 ~ + ~L �9  ] ~ [11] 

An appropriate set of initial and boundary conditions is 

a r t  = 0 c,(x, t) = c,(x, O) = c,*(x) [12] 

f o r t  > O a t x  = O c,(x, t) = c,(0, t) = E [13] 

Ppgh i 
f o r t > 0 a t x =  L N,(L, t) = ~ c,(L, t) - 

[ 1 4 ]  

where E is equal to the square root of the inverse of the 
equilibrium constant for the reaction between H + and 
OH-, which is assumed to occur at the anolyte face of the 
diaphragm and where N,(L, t) is given by Eq. [10], evalu- 
ated at x = L. 

Equations [11]-[14] can be simplified by defining the 
following dimensionless variables 
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and  

x where  
- [15] 

L 

c~(x, t) 
O1(~, t) - - -  [16] 

CF 

where cr is the concen t ra t ion  of NaC1 in  the br ine  feed to 
the cell. Subs t i tu t ion  of Eq. [15] and  [16] into Eq. [11] 
yields 

where  

001 ~201 001 
y - -  - - -  A~ - -  [17] 

Ot a~ 2 O~ 

and  

eNM Le 
[18] T -  D1 

-FiNML pgh PNM 
A ~ -  - -  + - -  [19] 

RT~ I~D~ 

Also, subs t i tu t ion  of Eq. [15] and  [16] into Eq. [12]-[14] 
yields the fol lowing d imens ionless  ini t ia l  and  b o u n d a r y  
condi t ions  

at t = 0 0,(~:, t) = 0~(~, O) - - -  
C~*(X) 

CF 
- 6 ~ ( ~ )  [ 2 0 ]  

E 
for t >  0 at ~ = 0 0,(~, t) = 0I(0, t) = = EP 

CF 

f o r t > 0 a t r  1 

where  

[21] 

001 = - H[O~(1, t) - S] [22] 

-Fi*NML pgh*PNM 
AI* - RTK + [26] ~zD~ 

subject  to the b o u n d a r y  condi t ions  

at ~ = 0 c~*(0) = E [27] 

and  

dc,*l • Fi•NM L i*NML 
at ~ = 1 -----:--4 - c~*(L) + [28] 

d(  I ~-1 RTK DIF 

In tegra t ion  of Eq. [25] with Eq. [27] and  [28] yields an  
express ion  for c~* and  the dimensiordess  O H -  concentra-  
t ion  0~(~) at t = 0 

where  

E 
0,(~) = + G, [exp (A,*~) - 1] [29] 

CF 

i*NML Fi*NMLE 

D~FcF RTKc F 
G~ = pgh*PN.~ Fi*Nz~L [30] 

/zD1 exp (A~*) RTK 

The govern ing  partial  differential  equa t ion  for O~(~, t), 
Eq. [17], can be integrated analyt ical ly  subject  to Eq. 
[20]-[22] by  us ing  the  t ransformat ion  suggested by Bast ian 
and  Lapidus  (27, 28) as shown in the Appendix .  The re- 
sul t ing express ion  for the d imens ion less  concent ra t ion  of 
O H -  ion  in  the d iaphragm can be wri t ten  as follows 

0~(~, t) = EP 

FiNML 
H -  R T ~  [23] 

and  where  
RTK 

B - - -  [24] 
F2D,CF 

As shown in  Eq. [20], c~*(x) or 61(~) corresponds  to a 
steady-state solut ion of the s imple  steady-state model,  
which  is a resul t  of a previously  set cur ren t  dens i ty  (i*) and  

[ A~ Az"-t 1 + G.,[exp (A~) - 1] + exp 2 4y 

{ ~ FN sin (h~~) exp ( --hN"-t l } 
x=o \ T I 

[31] 

HB - HEP 
G2 = [32] 

pghPNM 
- -  exp (A0 - H 

/zD1 

FN -- 
4h N 

(2hN -- sin 2hN) 
[ 4 

(AI * - _~ )2  + h~ 2 

and  head (h*). Thus,  c~*(x) is a k n o w n  quant i ty  that  
depends  only  on posi t ion wi th in  the d iaphragm and  not  
on  time. This  concen t ra t ion  d i s t r ibu t ion  results  from the 
solution of the steady-state material balance equation (3, 4) 

_ _  _ dc~* d~cl* A~* = 0 [25] 
d~ 2 d~ 

< +)}  
A(-' 

- -  + kN=' 4 

_ G={hN + [ +  sin XN-AI____~ 24 hN COS h N ] +  hN 2 exp ( ~ }  t [33] 

and  where  the eigenvalues,  >,N, are the roots of 

~ cot hN + ( H  + + )  = 0  [34] 

Next, cons ider  the uns teady-s ta te  mater ial  balance for 
the O H -  ions in  the  catholyte,  which,  with assumpt ions  
(viii)-(x), can be wri t ten  as follows 
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_ _  VAd dc,.afdt - VAdv~ c,(L, t) - ~ c,.~rf [35] 

w h e r e  v is g iven  by  Eq. [7] and  Vr is t he  v o l u m e  of  t he  
ca tholy te .  Reca l l  tha t ,  a c c o r d i n g  to a s s u m p t i o n  (ix), t he  
ca tho ly te  is a c o m p l e t e l y  m i x e d  flow reactor ,  w h i c h  
m e a n s  t h a t  t h e  e f f luen t  c o n c e n t r a t i o n  C,.eff is t he  s a m e  as 
the  ca tho ly t e  c o n c e n t r a t i o n ,  a n d  t he  in le t  c o n c e n t r a t i o n  
to the  ca tho ly t e  c o m p a r t m e n t ,  c,(L, t), is typ ica l ly  differ- 
en t  f rom c,.af d u r i n g  t r ans ien t s .  A n  a p p r o p r i a t e  in i t ia l  
c o n d i t i o n  for t he  ca tho ly te  c o n c e n t r a t i o n  is i ts  va lue  at  
s t eady  s ta te  be fo re  a t r a n s i e n t  

a t  t = 0 c,.af = c~*(L) [36] 

E q u a t i o n  [35] c an  be  i n t e g r a t e d  ana ly t ica l ly  by  u s i n g  Eq. 
[31] to o b t a i n  a n  e x p r e s s i o n  for  c,(L, t) (i.e., c F O(1, t)). T h a t  
is 

c,.~, I e x p  ( vAdt~.] 

VAd f [ vAdt 
- Ve C F O,(1, t) exp  ~-- -~]  dt + G,o [37] 

w h e r e  G,0 is an  i n t e g r a t i o n  cons t an t .  E v a l u a t i o n  of  G,o b y  
u s i n g  Eq.  [36] y ie lds  

c,,~ff = c F { EP 

+ G 2 [ e x p ( A 0 - 1 ] }  [ 1 - e x p ( ~ ) ]  

+ c F e x p [  A~ A~2t] [ ~  G,,FNsin(~N) e x p ( ~ ) }  
2 47 J N=O 

- CF exp [ A'2 VAdtJ{~oVc = G"FN sin kn} 

( -vAdt 
+ c,* (L) exp  \----V-~-~ ] [38] 

w h e r e  

vAd 
Vo 

= [39] G, vAd A12 )~N 2 

V~ 47 7 

E q u a t i o n  [38] can  be  u sed  to o b t a i n  a n  e x p r e s s i o n  for  
t he  t i m e - d e p e n d e n t  caus t ic  yield,  ~?(t), (of ten re fe r red  to 
as the  caus t i c  c u r r e n t  eff iciency) b y  u s i n g  t he  fo l lowing  
def in i t ion  

PphgFc, ,eft 
~?(t) - [40] 

izLi 

1A-2 

1 

-5 
E 

v 

G 
d 
o 

7 - ,  
o 
"6 

E 

o (D 

10 
0.0 0 2  0 4  0 6  0 8  ! 0 

Diaphragm Distance, (, dimensionless 

Fig, 2. Concentration profiles during start-up (i.e., a step in the cur- 
rent density from i *  = 0 to i = 0.1543 A/cm2). 

a c h i e v e d  a p p r o x i m a t e l y  af ter  56 min .  Th i s  r a t h e r  q u i c k  
r e s p o n s e  i l lus t ra tes  t h a t  the  r e s p o n s e  t i m e  of  t he  dia- 
p h r a g m  is no t  on  t he  o rde r  of T (i.e., 8h for  Tab le  I values) ,  
as wou ld  be  e x p e c t e d  in a s y s t e m  g o v e r n e d  solely by  dif- 
fusion,  bu t  i n s t e a d  is fas te r  b e c a u s e  of  t he  convec t ion - l i ke  
t e r m  

( A~ 00, 

in  Eq. [17]. On t he  o the r  h a n d ,  Fig. 4 shows  t h a t  t he  
t i m e - d e p e n d e n t  r e s p o n s e s  of  t he  cell  e f f luen t  concen t r a -  
t ion  for  the  cases  s h o w n  in  Fig. 2 a n d  3 are  on  t he  o rde r  of  
10h (i.e., ~ 63% of t he  final s t eady-s t a t e  value),  as w o u l d  
be  e x p e c t e d  f rom Eq. [35], s ince  Ve/(vAd) is on  t he  o rde r  of  
9h. 

Discuss ion  

The  m o d e l  p r e s e n t e d  a b o v e  can  be  u s e d  to i nves t i ga t e  
the  d y n a m i c  b e h a v i o r  of  a d i a p h r a g m  cell  in  t e r m s  of s tep  
changes  in e i t h e r  t h e  c u r r e n t  dens i t y  or t he  d i f fe rent ia l  
h e a d  (not  d i s c u s s e d  here).  T he  m o d e l  also a l lows cons id-  
e ra t ion  of  two  d i s t i nc t  in i t ia l  cond i t i ons ;  t h a t  is, t he  be- 
hav io r  of  t he  cell  c an  be  ana lyzed  d u r i n g  s tar t -up,  w h e r e  
the  ini t ia l  c o n c e n t r a t i o n  is a c o n s t a n t  for  all ~, or d u r i n g  a 
c h a n g e  f rom one  s t eady  s ta te  to ano the r ,  w h e r e  t he  ini t ia l  
c o n c e n t r a t i o n  is a f u n c t i o n  of ~. F igu res  2-4 s h o w  the  pre-  
d ic t ions  of  t he  m o d e l  for t he  two d i f fe ren t  ini t ia l  condi -  
t ions  w h e n  t he  p a r a m e t e r s  of  Tab le  I are used.  F i g u r e  2 
shows  t he  c o n c e n t r a t i o n  profi les  in  t h e  d i a p h r a g m  dur-  
ing  s ta r t -up  for  an  in i t ia l  c o n c e n t r a t i o n  of  O H -  of 10-TM 
( c o r r e s p o n d i n g  to no  cu r ren t )  a n d  a s tep  c h a n g e  in cur- 
r en t  dens i t y  f rom 0 to 0.1543 A /cm 2 at  t = 0. F igu re  3 pre-  
sen t s  t he  c o n c e n t r a t i o n  profi les  in  the  d i a p h r a g m  for a 
s tep  c h a n g e  in  c u r r e n t  dens i t y  f rom 0.054 to 0.1543 A]cm 2 
at t = 0. In  b o t h  Fig. 2 a n d  3, the  f inal  s t eady  s ta te  is 

Table I. Parameters for calculations shown in Fig. 2-5 

Physical Constants 
CF 
D, 
E 
$r 

P 

Cell Geometry 

= 5.00 • 10 -:3 moYcm :~ 
= 3.50 • 10 -~ cm2/s 
= 1.00 • 10 -~~ moYcm 3 
= 0.50 D,-' cm -J 
= 1.10 x 10-'-' g/cm-s 
= 1.17 g/cm :~ 

AJVr = 0.20 cm -[ 

Diaphragm Properties 
NM = 2.00 
P = 5.80 x 10-" cm 2 
L - 1.00 cm 
e = 0.50 

Operating Variables 
h* = 25.0 cm, except Fig. 5 
h = 25.0 cm, except Fig. 5 
i* = see figure captions and text 
i = see figure captions and text 
T = 358.15 K 
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Fig. 3. Concentration profiles for a step change in current density 
from i *  = 0 .0540 A/cm ~ to i = 0 .1543 A/cm 2. 

Ins tead  of  d e t e r m i n i n g  the  r e s p o n s e  of  the  cell to a s tep  
change  in (i), it may  be more  des i rab le  to main ta in  the  
eff luent  concen t r a t i on  at a p rev ious  s teady-s ta te  value ~ 
and  s imply  inc rease  or dec rease  the  p r o d u c t i o n  rate by 
ad jus t ing  the  head  and  cur ren t  dens i t i es  s imul taneous ly .  
This  change  in the  p r o d u c t i o n  rate  m i g h t  be  des i rable  if, 
for example ,  a d i f ferent ia l  cos t  s t ruc tu re  for e lectr ic i ty  
p rov ided  an incen t ive  for a h igh  p r o d u c t i o n  rate at n igh t  
and  a low p r o d u c t i o n  rate du r ing  the  day. In  such  a case, 
a cons t an t  ef f luent  concen t r a t ion  may  s impl i fy  the  opera-  
t ion of  evapora to r s  tha t  are c o n n e c t e d  in series to the  
electrolyzers .  

Unfor tuna te ly ,  the  analytical  solut ion p r e s e n t e d  above  
canno t  be used  to p red ic t  the  t i m e - d e p e n d e n t  head  re- 
qu i red  to ma in ta in  a cons t an t  ef f luent  concen t r a t ion  be- 
cause  Aj is a func t ion  of  t ime in this case. However ,  Eq. 
[17] can be in t eg ra t ed  numerical ly .  To do this,  impl ic i t  
s t epp ing  accura te  to 0(At) was  used  wi th  a finite differ- 
ence  t e c h n i q u e  accura te  to 0((A~)~) (29-31) in a m a n n e r  
s imilar  to tha t  in Ref. (32, 33) and  t h e n  wi th  a finite differ-  
ence  t e c h n i q u e  accura te  to 0((&~) 4) (34) to first ver i fy  the  
profiles of  Fig. 2 and  3 and  t h e n  to p r o d u c e  (16) Fig. 5. :~ 
Curve A in Fig. 5 shows  h o w  to change  the  h e a d  wi th  
t ime  so tha t  c,,~., r ema ins  cons t an t  at 3.54 x 10 -:~ mol /cm :~ 
w h e n  the  cu r r en t  dens i ty  is i nc reased  l inearly f rom 0.054 
to 0.1543 A/cm 2 in 15 rain. Similarly,  curve  B s h o w s  h o w  
to dec rease  the  h e a d  as the  cu r r en t  dens i ty  is dec reased  
l inearly f rom 0.1543 to 0.054 A/cm ~ so tha t  c].~u r ema ins  
cons t an t  at  3.54 • 10 -~ moYcm 3. Fo r  the  resu l t s  s h o w n  in 

2The criterion for an effluent concentration that is constant 
with respect to time is that the concentration at the diaphragm/ 
catholyte interface be constant with respect to time (see Eq. [35] 
and [36]). 

3Figure 5 was prepared by inputing the current density at a 
particular time and then iterating h (using reguli-falsi) until cj 
(1, t) = 3.54 • 10 -~ moYcm 3 according to the numerical integra- 
tion of Eq. [11]. 

o 50 F~9 3 

0 0 0 ~  
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4 8 12 16 2O 24 28 32 36 40 
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Fig. 4. Effluent concentration and caustic yield profiles correspond- 
ing to Fig. 2 and 3. 
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Fig. 5. Relationship between current density and head required to 
maintain a constant caustic effluent concentration of 3.541 • ] 0  -3 
mol/cm 3. 

Fig. 5, the  caust ic  yield, ~(t), changes  f rom abou t  0.96 to 
0.99 for curve  A and  t h e n  f rom 0.99 to 0.96 for curve B 
while  the  molar  p roduc t i on  rate of  NaOH (vc,.ef~ with  v 
g iven by Eq. [7]) is i nc reased  and  t h e n  dec rea sed  by a fac- 
tor  of  th ree  in curves  A and  B, respect ively;  tha t  is, h 
changes  f rom 25 cm at t = 0 to 75 cm at t = co for curve  A 
and  f rom 75 cm at t = 0 to 25 cm at t = ~ for curve  B. 

Conclusions 
The d e v e l o p m e n t  of  a s imple  t i m e - d e p e n d e n t  m o d e l  for 

O H -  ion in the  d i a p h r a g m  and  the  ca tholy te  in t e r m s  of  
measu rab le  d i a p h r a g m  proper t i e s  and cell g eo me t ry  pro- 
v ides  a des ign  equa t ion  tha t  could  be  used  for fu ture  
c o m p a r i s o n  of  e x p e r i m e n t a l  data  and  theore t ica l  predic-  
t ions.  A numer ica l  solut ion of the  m o d e l  equa t ions  pro- 
v ides  a m e t h o d  tha t  could be  used  in a contro l  s c h e m e  to 
main ta in  a co n s t an t  hydroxy l  ion concen t r a t ion  in t he  
effluent,  sub jec t  to an arbi t rary  change  of  the  cu r ren t  
densi ty .  
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APPENDIX 

The govern ing  part ial  d i f ferent ia l  equa t ion  for O H -  in 
the  d i a p h r a g m  is 

00, 020, aO, 
? - -  - - -  A j - -  [A-l] 

at a~ 2 O~ 

and  the  initial and  b o u n d a r y  cond i t ions  are 

a t  t = 0 O~(~, 0) = 0,(~) [A-2] 

for t > 0 at ~ = 0 O,(0, t) = E P  [A-3] 
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O0~ll = -H[Ot (1 ,  t) - B] [A-4] f o r t > 0 a t ~ =  1 0f ~ ,  

where H and B are given respectively by Eq. [23] and 
[24] in the text. 

The solution to these equations can be obtained by as- 
suming a solution of the form 

O,(~:, t) = YI(~, t) + F,(O [A-5] 

Substi tution of  Eq. [A-5] into Eq. [A-l] gives an expres- 
sion that can be divided arbitrarily into two equations 

d2F, dF, 
- A ,  ---=-= = 0 [A-6] 

d~----~- ~ a~ 

OY~ d~Y~ OY1 
y - -  - - -  A, - -  [A-7] 

~t O~ 2 ~: 

Similarly, the initial conditions and boundary conditions 
are separable and can be written 

at t = 0 Y~(f, 0) = 0,(~) - F,(f) 

f o r t > 0 a t ~ =  0 Y,(0, t) = 0 

r~(o) = EP 

[A-8] 

[A-9] 

[A-10] 

[A-U] 
OY, 

for t > 0 at ~ = 1 - ~  e-~ = -HY,(1, t) 

d r ,  = -H[F,(1) - B] [A-12] 
df e=~ 

Integration of Eq. [A.6] twice yields 

F,(f) = V1 + Ve exp (A,f) [A-13] 

where V, and V2 are constants of integration that can be 
obtained from application of Eq. [A-10] and [A-12] to Eq. 
[A-13], which yields 

F,(f) = EP + Gz[exp (A,~) - 1] [A-14] 

where G~ is defined by Eq. [32] in the text. 
Equation [A-7] can be integrated by using the transfor-' 

mation suggested by Bastain and Lapidus (27, 28); that is, 
]et 

Y , ( G t ) = w , ( G t ) e x p [ A ~  ~ A(~t. 1 [A-15] 
43, 

so that Eq. [A-7] becomes 

O W  1 a2W~ 
7 . . . .  [A-16] 

Ot O~ 2 

and the initial and boundary conditions become 

at t = 0 w,(#, 0)= [$,(~:)- F,(~:)] exp ( - ~ 2  ~ ) [A-17] 

w,(0, t) = 0 [A-18] f o r t > 0 a t ( =  0 

f o r t > 0 a t ~ =  1 

Thus Z(t) and U@) have the general forms 

Z(Q = G3 exp ( - ~ d ~ t  ~ 
\ -y / 

and 

[A-24] 

U(~) = G, sin (kN~) + G~ cos (hN~) [A-25] 

where G3, G4, and G~ are integration constants. 
Application of the boundary condition [A-22] to Eq. 

[A-25] yields 

G~ = 0 [A-26] 

and application of Eq. [A-23] to Eq. [A-25] yields the ei- 
genvalues, which are roots of the following equation 

X N c o t X s + ( H +  ~-~L) = 0  [A-27] 

Thus the complete general solution for w,(G t) is 

w,(G t) = ~ F~ sin (~-N~)exp ( -hd2t / 
N=0 \ T / 

[A-28] 

The constants FN in Eq. [A-28] can be evaluated using 
the initial condition and the principle of orthogonality. 
That is, at t = 0 

~ F~ sin (hN,)= [G(~)-  F~(,)] exp ( - ~ 2 ~ )  [A-29] 
N=0 

Multiplying both sides of Eq. [A-29] by sin (h~() and 
integrating yields 

 f0' f0' FN sin (h~$) sin (hM~)d~ = [1~1(~) - -  r l ( ~ )  ] 
N=0 

[ -Ag:  
exp ~ }  sin (hM~)d~ [h-30] 

The left-hand side of Eq. [A-30] is zero for N # M; thus 

4kN f' FN = (2hN -- si---n 2hN) , [ ~ / 1 ( ~ )  - -  rl(~)] 

exp(-~-- -~  -~) sin(hN~)d{ [A-31] 

which after integration yields the expression given by 
Eq. [33] in the text. 

Finally, the complete solution for O,(G t) can be written 

Ow, ] = - ( H + ~ - )  w,(1, t) 

[A-19] 

Equation [A-16] can be integrated with the method of 
separation of variables by assuming that Aa 

wt(G t) = U(~) Z(t) [A-20] A,, A,* 

Substi tution of Eq. [A-20] into Eq. [A-16] yields B 
Ci ~, __dZ _ 1 d e U  _ XN ~ [A-21] c,, c , (x ,  t)  

Z dt U dE"- c,*, c,*(x) 
and the boundary conditions become c~.en 

CF 

for t > 0 at ~ = 0 U(0) = 0 for all Z(t) [A-22] 

f o r t > O a t ~ : = l  = -  H +  0(1) for allZ(t) 

[A-23] 

by using Eq. [A-5], [A-14], [A-15], and [A-28] 

O,(G t) = EP + G_, [exp (A,~) - 1] 

+ exp [.A~ A('-t 1 

X = 0 

Dl 

DI 

Da 

[A-32] 

LIST OF SYMBOLS 

area of the diaphragm, cm 2 
dimensionless driving force at t > 0 and t = 0, 
respectively, see Eq. [19] and [26] 
see Eq. [24], dimensionless 
concentration of species i, mol/cm 3 
concentration of OH- ion at t > 0, mol]cm 3 
concentration of OH- ion at t = 0, moYcm 3 
effluent NaOH concentration, mol/cm 3 
NaC1 feed concentration, a constant reierence 
quantity, mol/cm 3 
free-stream diffusion coefficient of species i, 
cmVs 
free-stream diffusion coefficient of OH-  ion, 
cm2/s 
axial dispersion coefficient in porous region, 
cmZ/s 
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Di,e 

Di,o 

E 

EP 

F 
FN 
Gi 
G2 
G3, G4, G~ 
Glo 
G. 
g 
H 
h, h* 

i, i* 

L 
M , N  
NM 
N~, N~ 

P 
R 
T 
t 

ve 

V 

X 

Zi 

Greek 

E 

"q, ~?(t) 

T 
K 
k~ 

r AcP 

$~(~:) 
p 
p, 

po 

effective diffusion coefficient of species i, 
cm2/s 
free-stream diffusion coefficient divided by 
tortuosity, cm2/s 
equil ibrium concentration of OH- ion at 
anolyte/diaphragm interface (e.g., 10 -'~ mol/cm :~ 
at 298 K) 
dimensionless equilibrium concentration, see 
Eq. [21] 
Faraday's constant, 96,487 C/mol of electrons 
see Eq. [33], dimensionless 
see Eq. [30], dimensionless 
see Eq. [32], dimensionless 
integration constants, dimensionless 
integration constant, moYcm '~ 
see Eq. [39], dimensionless 
acceleration due to gravity, cm/s'-' 
dimensionless potential gradient, see Eq. [23] 
differential head at t > 0 and t = 0, respectively, 
c m  

current density at t > 0 and t = 0, respectively, 
A]c m-' 
diaphragm thickness, cm 
summation indexes 
MacMullin number,  see Eq. [2], dimensionless 
flux of species i, mol/cm2-s 

Darcy's law permeability, cm 2 
gas constant, 8.3143 J/mol-K 
temperature of the cell, K 
time, s 
ionic mobility of species i, cm'-'-mol/J-s 
volume of catholyte, cm 3 
superficial velocity vector, crrds 
superficial velocity through the diaphragm, 
cm/s 
diaphragm dimensional coordinate, cm 
ionic charge of species i, z, = -1, dimensionless 

divergence vector, c m - '  
porosity, dimensionless 
caustic yield or caustic current efficiency, see 
Eq. [40], dimensionless 
diaphragm time constant, see Eq. [18], s - '  
average solution conductivity, l ) - '  cm - '  
eigenvalues see Eq. [34], dimensionless 
average solution viscosity, g/cm-s 
dimensional voltage, voltage drop through the 
diaphragm, V 
dimensionless concentration at t = 0 see Eq. [29] 
anolyte solution density, g/cm 3 
resistivity of diaphragm filled with electrolyte, 
l)-cm 
resistivity of the electrolyte, t)-cm 
tortuosity of diaphragm, dimensionless 

O,, OI(Z, t) dimensionless concentration of OH- ion at po- 
sition ~ and time t 
dimensionless coordinate, see Eq. [15] 
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