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Parallel-Plate Electrochemical Reactor Model 

A Method for Determining the Time-Dependent Behavior and the Effects of Axial Diffusion and 
Axial Migration 

T. V. Nguyen,* C. W. Walton,* and R. E. White** 
Department of Chemical Engineering, Texas A&M University, College Station, Texas 77843 

J. Van Z e e * *  

Department ofChemicalEngineering,  University ofSouth Carolina, Columbia, South Carolina29208 

ABSTRACT 

A method is presented for determining the effects of time dependence, axial diffusion, and axial migration in a 
parallel-plate electrochemical reactor (PPER). The method consists of formulating the governing equations and ap- 
plying a numerical integration technique to solve a set of time-dependent, nonlinear, coupled, mult idimensional  equa- 
tions. This formulation reveals that the steady-state performance of the PPER depends on the cell potential and three di- 
mensionless groups. Predictions of the concentration, potential, and local current distributions in a PPER are presented 
for the electrowinning of copper from an aqueous, hydrochloric acid solution. These predictions show that axial diffu- 
sion and axial migration are significant when the aspect ratio (i.e., the ratio of electrode separation to electrode length) 
is greater than 0.5. 

White et al. (1) presented a model of a parallel-plate 
electrochemical reactor (see Fig. 1) that has electrodes 
that are close together. In that model, the effects of axial 
diffusion and axial migration were unimportant  because 
the distance between the electrodes was assumed to be 
much smaller than the length of the electrodes. Their 
model consists of coupled, nonlinear partial differential 
equations (PDE's) which can be integrated numerically 
by using a combination of implicit stepping in the axial 
direction (2) and Newman's  technique (3, 4) in the normal 
direction. 

If the electrodes are not close together, the material bal- 
ance equation consists of a set of coupled, nonlinear 
PDE's that contain second-order derivatives in both the 
normal and axial directions and cannot, therefore, be 
solved using the same technique as before (1). The prob- 
lem can, however, be solved by using a relatively simple, 
direct numerical integration technique (5) that combines 
the implicit alternating direction (TAD) algorithm (2, 6-10) 
with Newman's technique. This IAD-Newman technique 
can be used to follow the concentration change in a cylin- 
drical catalyst pellet for a nonisothermal, irreversible 
series reaction (5) and can be applied to electrochemical 
systems, as discussed here. The IAD-Newman technique 
is shown to have the advantage of predicting the time- 
dependent  behavior as well as the steady-state behavior 
of a PPER. Also, the effects of axial diffusion and axial 
migration are assessed by comparing the model predic- 
tions of conversion per pass, and concentration, potential, 
and current distributions for small and large aspect ratios 
(i.e., a = S /L  on the order of 1) in a PPER used for the 
electrowinning of copper from an aqueous, hydrochloric 
acid solution. 

Model Equations 
The dimensionless model equations for a PPER are 

shown in Table I, where ~? and ~ are the dimensionless 
normal and axial directions, respectively, and subscript j 
is the number  corresponding to a particular electrode re- 
action. The material balance equation for species i is 
shown as Eq. [1-1]. The governing equation for the poten- 

*Electrochemical Society Student Member. 
**Electrochemical Society Active Member. 

tial is the electroneutrality equation as shown in dimen- 
sionless form in Eq. [I-2]. Eq. [I-3]-[I-6] are the same equa- 
tions used at the anode and cathode in Ref. (1). These 
equations are written, in general, for multiple electrode 
reactions (11), but they do not contain t ime-dependent 
derivatives. 

In contrast to the boundary conditions at the elec- 
trodes, the boundary conditions in the axial direction (Eq. 
[I-7] and [I-9]) include t ime-dependent partial derivatives. 
This is because the conditions at the inlet (~ = 0) and out- 
let (~ = 1) of the PPER are formulated to include the fact 
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1. A schematic of a parallel plate electrochemical reactor 
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Table I. Dimensionless governing equations, boundary, and initial 
conditions for the time-dependent PPER model 

For 0 < V < 1 and 0 < [ < 1 and t > 0 (governing equations) 

S ~ a0~ - 3 P e a  D R  (~ _ "q~ ) - -  + a ~ + _ _  
Di at Di O[ O[ ~ O~ 2 

zIF [ ( (92ffp O01 0q~ ) ~2{~) ~01 o(l~ ] 
+ - -  a~ O~ + - - - -  +0~ + - - - -  [I-1] 

R T  a~ a~ a~ an ~ an an 

ZiCi,re f 0 i = 0 [1-2] 
i 

F o r ~  = 0 a n d 0 - < ~ - <  l (anode)  a n d t > 0  

[ ~ F  Vj.ref)] s~Si ...... [rl (0~)~ exp [--R-~ (v,  - (po~ - 

[ - a ~ F  ] }  00i z i F  0(I ) 
- I1 (0~) ~ exp R T  (va -- r  -- Ug,ref) = - ~  + R T  0 ~ - ~  [I-3] 

i 

~, zici,~ 0~ = 0 [1-4] 
i 

F o r ~ =  l a n d O - < g < - l ( c a t h o d e )  a n d t > O  

suSio~.ret [~i (0~)~,~ exp [ aaF 
.. < .  - 

Dici,refn~ F 

r - ~ F  ]} O O i z l F a ~ P  
- II (0~)q~ exp L ~  (V~ - r - U~,~.f) 0 i -  

O~ RT O~ 

S ~ 

Di 

Y, ZiCi,re f 0 i = 0 
i 

F o r ~ = 0 a n d 0 < v < l ( i n l e t )  a n d t > 0  

00~ - 3 P e a  D R  (~ _ Vz) (0~ - 0i,feed ) a 2 O0 i 

Ot D~ A[ h~ 0[ 

+ 
a~0~ z~F F a '~ O(1) 0~r 00~ Oqb ] 

+ - -  

S "z c~O i 

D~ Ot 

ZiCi.re f 0 i = 0 
i 

For ~ = 1 and 0 < "0 < 1 (outlet) and t > 0 

o~ 2 00 i 020~ 
+ + 

A~ o[ an ~ 

z~F - a  2 O0 020 O0~ O~_] 
R T  [ ~ - ~ - 0 , ~ - + 0 ~  O, ~ +--a,~ 

ZlCi.re f 0 i = 0 

i 

For 0 -< ~? -< 1 and 0 -< [ -< 1 for t -< 0 (initial conditions) 

0i = 1 (with Z (~ c~.~fOl = 0 
t 

(P no initial condition is needed 

(set arbitrarily equal to zero) 

t h a t  t h e  e l e c t r o d e  r e a c t i o n s  o c c u r  a t  ~ = 0 a n d  ~ = 1. 
E q u a t i o n  [I-7] c a n  b e  o b t a i n e d  b y  w r i t i n g  t h e  f o l l o w i n g  
d i m e n s i o n a l  m a t e r i a l  b a l a n c e  e q u a t i o n  

Oci _ ONyi ONxi x [1] 
~ = 0  Oy ~ = o -  O----x =o 

a n d  a p p r o x i m a t i n g  t h e  t e r m  aN~i/Ox e v a l u a t e d  at  x = 0 as  
f o l l o w s  

~Nx~ _ I (NA~ = o _ N~I ~ = -~A [2] 
Ox x = o A X  

S i n c e  t h e  f lux  o f  e a c h  s p e c i e s  i p r i o r  to  e n t e r i n g  t h e  r eac -  
t o r  (N~.~I~=_a~) is  e q u a l  to  V~C~.ued ( a s s u m i n g  n o  m i g r a t i o n  or  
d i f f u s i o n  in  t h e  i n s u l a t e d  e n t r a n c e  reg ion) ,  Eq .  [2] c a n  b e  
w r i t t e n  as 

i 
~ (N~ 

ON~i = 
~ X  = 0 = 0 VxCi'feed) [3] 

S u b s t i t u t i n g  Eq .  [3] i n t o  E q .  [1] y i e l d s  a t i m e - d e p e n d e n t ,  
t w o - d i m e n s i o n a l  b o u n d a r y  c o n d i t i o n  fo r  t h e  i n l e t  o f  t h e  
r e a c t o r  

Oc i = _ ONui 1 (Nxi  x -- VxCi  feed) 
Ot x = o Oy x = o h x  =o ' 

[4] 

w h e r e  N~  a n d  N,~ a re  t h e  x - c o m p o n e n t  a n d  y - c o m p o n e n t  
o f  t h e  f lux  e q u a t i o n ,  r e s p e c t i v e l y  

Nxi _ D  i Oci z i F  0(1) 
= D i c i - ~ x  + V x C  i [5] 

a x  R T  

ac~ z~F O0 
N~i = - D i  - -  D ic  i - -  [6] 

oy  R T  a y  

T h i s  b o u n d a r y  c o n d i t i o n  a c c o u n t s  fo r  m a s s  t r a n s f e r  in  
t h e  ax i a l  d i r e c t i o n  a c r o s s  t h e  e n t r a n c e  b o u n d a r y  (x  = 0), 
as  we l l  a s  m a s s  t r a n s f e r  i n  t h e  n o r m a l  d i r e c t i o n  (y) f r o m  
o n e  e l e c t r o d e  to  a n o t h e r .  S u b s t i t u t i n g  Eq .  [5] a n d  [6] i n to  
Eq .  [4] a n d  p u t t i n g  t h e  r e s u l t a n t  e q u a t i o n  in  d i m e n s i o n -  

[I-5] l e s s  f o r m  y i e l d s  

_ a~ 00 i S ~ a0i _ 3 P e a  D R  (T} -- T~ 2) (0i 0i'feed) [- 
[I-6] D l Ot D i  A ~  A ~  O~ 

020t zIF F a 2 O(P 02r O01 0q) ] 
+ + l - -  0 , - -  + o , - -  + - -  [7] ] 0"~ 2 R T  [ A ~  a ~  0~ ~ a~l aT 

w h e r e  0Lfeed is  t h e  c o n c e n t r a t i o n  o f  s p e c i e s  i in  t h e  f e e d  
s t r e a m  a n d  is  e q u a l  to  o n e  w h e n  t h e  f e e d  c o n c e n t r a t i o n s  
a re  t h e  s a m e  as  t h e  r e f e r e n c e  or  in i t ia l  c o n c e n t r a t i o n s ,  as  

[1-7] is  t h e  c a s e  he re .  C o n s i d e r a t i o n  o f  Eq .  [7] s h o w s  t h a t  i t  re-  
d u c e s  to  t h e  i n l e t  c o n d i t i o n s  [0i(~ = 0) = 0i,feed = 1, w h e n  
Ci.feed = Ci.re~] u s e d  b y  W h i t e  e t  a l .  (1) w h e n  a is  sma l l ,  OO/Ot 

[I-8] = 0, a n d  N~ = 0. 
A b o u n d a r y  c o n d i t i o n  fo r  t h e  ou t l e t  o f  t h e  r e a c t o r  c a n  

b e  d e r i v e d  s i m i l a r l y  b y  s t a r t i n g  w i t h  a m a t e r i a l  b a l a n c e  
o n  s p e c i e s  i a t  x = L 

Oci x ONyi. (gNxi x = 
Ot = L Oy ~ = L o x  L [8] 

A g a i n ,  t h e  t e r m  ONxi/Ox e v a l u a t e d  at  x = L m a y  b e  ap-  
[I-9] p r o x i m a t e d  b y  

0 N ~ l  _- 1 ( N ~ , - -  - N ~ L  ) [9] 
[I-10] Ox : L h x  = L + a~ : L 

w h e r e  N~il~=L+a~ is e q u a l  to  VxCi ( x  = L ,  y ,  t). Thi s  b a l a n c e  
is  b a s e d  o n  t h e  a s s u m p t i o n  t h a t  t h e r e  is  no  ax i a l  d i f f u s i o n  

[I-11] a n d  mig ra t i o i ]  i n v o l v e d  b e y o n d  x = L. T h i s  c o n d i t i o n ,  
w h i c h  is o f t e n  r e f e r r e d  to as  t h e  " c l o s e d - e n d "  b o u n d a r y  
c o n d i t i o n  (12), is s a t i s f i ed  i f  t h e  r e a c t o r  e m p t i e s  i n to  a 

[I-12] w e l l - m i x e d  t a n k ,  fo r  e x a m p l e .  Th i s  b e i n g  a s s u m e d ,  Eq .  
[9] c a n  b e  w r i t t e n  as  

~N~i ~ - 1 ( v ~ c ' ( x =  L ' y ' t ) -  N~i =L A x  ~ = L  [10] 

S u b s t i t u t i n g  Eq .  [10] i n to  Eq .  [8] y i e l d s  a b o u n d a r y  con-  
d i t i o n  fo r  t h e  ou t l e t  o f  t h e  r e a c t o r  as  f o l l o w s  

Oci ON~i 

~ =n Oy =L 

1 ( V ~ C ~ ( x = L , y , t ) - N ~ ,  ) [11] 
Ax x = L 
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Equa t ion  [11] wr i t t en  in  d imens ionless  form becomes  

8 2 ~ 0 |  O~ 2 O0 i 1~20 i + - -  
D~ at A{ a~ a~ 2 

z'F [ -a2~ o~acP O2rP ao, arp ] 
+ 0 1 ~  + 0 , - -  + [12] O~ 2 ~ O'0 

Addi t iona l  d iscuss ion of the inle t  and  out le t  b o u n d a r y  
condi t ions  is g iven by  N g u y e n  (13). 

Solution Technique 
The set of partial  differential  equat ions  in  Table  I can 

be solved us ing  the I A D - N e w m a n  t echn ique  (5). The im- 
p l emen ta t ion  of the I A D - N e w m a n  techn ique  requires  two 
finite difference equa t ions  for each differential  equat ion,  
which  are used in  t u rn  over successive half-t ime steps. 
Dur ing  the  first half-t ime step, the first equa t ion  is im- 
plicit  in  one direct ion (g, for example),  and  dur ing  the  re- 
m a i n i n g  half-t ime step the second equa t ion  is impl ic i t  in  
the  other  direct ion (i.e., ~, the  normal  direction). Thus,  
the  uns teady-s ta te  mater ia l  balance equa t ion  (Eq. [I-l] in  
Table  I) can be wr i t ten  at the first half-t ime step 

$ 2  ( 0 * i  - -  0 i )  Da aO*i a20*i a20i 
D l At~2 - 3 P e a  ~ (~ - .~2) a~ + 02 + - -  

z,F[(,, o2o, oo, oo, o _ o o oo, oo] 
+ ~'~ o*, 0------7-~ + + o , - - +  0~/2 O~ O~ 

[13] 

and  at the  second half-t ime step 

S '~ (0"*~ - 0"0 

D i At~2 

- 3 P e a  ~-~.a(~ - ~ ) a a ~ + a ~  020*, �9 - - ~ - -  + 

[ ( a'~ * ao*, 0 r  a~r 
a ~ 0* l  o g  - - - ' - T  q 0 g  0g  + 0 * * i - -  

O20**i ziF + - -  
a~ 2 R T  

+ 00**l 0~P**] 

[14] 

where  * and  ** des ignate  the d e p e n d e n t  var iables  for the 
first and  second half-t ime step: the lack of a * superscr ip t  
indicates  previous  t ime-s tep  or s tar t ing values.  The deriv- 
atives in  Eq. [13] and  [14] are expressed in  finite differ- 
ence  express ions  according  to the superscr ip t  designa- 
tion. I t  is impor t an t  to po in t  out  that, in  this  work, the 
concen t ra t ion  of each species i (the te rm 0~ no t  par t  of the 
derivatives) in Eq. [13] a n d  [14] was treated as u n k n o w n  at 
each half-t ime step [as suggested in  Ref. (5)] and  then  
treated as shown in  Eq. [13] and  [14], and  it was found  
that  bo th  approaches  yield the  same results.  However,  in  
the lat ter  approach,  convergence  can  be ob ta ined  wi th  
fewer i terations.  

Table II. Implementation scheme for l A D - N e w m a n  solution to PPER 
equations 

First half-time step [implicit in axial (0 direction] 

[1] 

[2] 

[1] 

(i = O) 

S 2 (0"~ - O0 

Di At~2 

: ) [1] "~ = 0 (anode) 

[3] )[4] 0 < */< 1 (channel) 

[1] V = 1 (cathode) 

,(/: = 1) 

0"~ = 0~ and O* = ~b 

-3Pea Da (0*l -- 0i'feed) 0 2  0 0 . 1  

__D--(n - ~f) a/: + ,9/: 

[ I ]  

o~12020~ +--RTZtF [_~a "~ 0"~ --~OeP* + O ~ - -  +-~-~-~--~ 2 o010r ] 

glCl,re f 0 *  i : 0 
! 

[2] 

S ~ (0"~ - O0 

Di At~2 
3Pea Da (~ ~z) 005i ~20*i  020i  

- + a ~ + - -  

zlF [ ( O2q) 
~2 0 *  1 

RT O~ '~ - - +  0~ -~ ./ + 0 ~ - -  + - -  0 v/'-' 0~7 
[3] 

S 2 (0"~ - 00 

D~ AY2 

~,, ZiCl,re f 0*  i = 0 
i 

a 2 ~0*  i 020i  
- - T  + 

h/: 0~ 0-~ 2 

- a  2 0~* O'~q b 00i 0gP ] ziF [ _ _  0* 
a T  A/: , - - ~ - +  01 0"~ 2 +-0-~--~-j [4] 

ZiCi,re f O* i = 0 
i 

Second half-time step [implicit in normal (V) direction] 

[5] [5] [5] V = 0 (anode) 
$ $ $ 
[6] �9 , �9 [8] ' �9 �9 [ 9 ] 0 < ~ < l ( c h a n n e l )  

[7] [7] [7] ~ = 1 (cathode) 

(~=0) )(~= 1) 

suSiahref F aa~F Uj.ref)] 
D~c,.~.fn~F {~ (~'*')'u exp - dP**oa 

_ H (0**0qUexp [ -a~F (Va- ~**o. - Uj.~O]} 
RT 

a0*l* ztF 00** 
- + O*l* 

Ov RT 0~ 
IS] 

ZiCi,ref 0 " *  i = 0 
l 

$2 (0**i - 0*i) -3Pea DR ('~ .~,2) (o*i - 01'reed) a2 00*l _ _  -- _ { _  
Di At~2 Dl h~ A~ O~ 

" [~ ~  ~176 + - - +  * _ _ +  0"* l + - -  _ _  
0 ~  2 R T  0V ~ 00 07/ 

~ ZiCl,re f 0 " *  i : 0 

i 

suSioi ref {II (0"*,) ~" exp (Vo - r - 
Dici.refn~F i [--~-- 

[-~F U~.~o,)] } - II (0**l)qu exp L---R-~ (Vc - r - 
l 

S 2 (0"*~ - 0%) 

Dl At~2 

08"*~ z~F 0<b** 
- -  0 " *  i - -  

on RT on 

glCLref 0**  i : 0 
[ 

00"~ 020"t 020"*1 -3Pea D a  ( ~ -  02 ) + a  2 + - -  
D, 0/: 0/: 2 002 

[6] 

[7] 

+ z l F [  ( 02r * 00*t 0r 02r ** 00**l 0r 
a 2 0"~ + - - - -  + 0 * * i - - + - - - -  [8] 

RT 0~ 2 0/: 0/: OV 2 0",7 on 

• ZiCi,re f 0 " *  i = 0 
1 

S 2 ( 0 * *  t - - 0 * l )  a 2 0 0 *  1 020** i  
- -  4 - - -  

D~ At~2 h~ 0/: 0~2 

ziF - a  "~ 00* 020 ** 
[-'-~- * - -  + O * * i - -  + RT 0 ~ 0/: 0.~ 2 

00"*i 0ep** 1 
00 [9] 

zlCi,r~f 0**i = 0 
f 

Downloaded 10 Jun 2011 to 129.252.106.20. Redistribution subject to ECS license or copyright; see http://www.ecsdl.org/terms_use.jsp



84 

Tab le  II  i l lus t ra tes  t h e  i m p l e m e n t a t i o n  of t he  IAD- 
N e w m a n  t e c h n i q u e  to t he  c o m p l e t e  set  of  g o v e r n i n g  
e q u a t i o n s  s h o w n  in  T a b l e  I. Gr id  Eq.  [1] shows  t h a t  the  
u n k n o w n s  a long  t he  e l ec t rodes  are set  equa l  to t he i r  
va lues  at  the  b e g i n n i n g  of  t he  t i m e  s tep  (i.e., 0"~ = 0, a n d  (P* 
= (I)). This  is d o n e  b e c a u s e  the  b o u n d a r y  c o n d i t i o n s  for  
t he  e l ec t rodes  con t a i n  de r iva t ives  in  t he  V d i r ec t ion  on ly  
a n d  are sat isf ied in  t h e  n e x t  ha l f - t ime  s tep  ( impl ic i t  in  t he  
,} d i rec t ion ,  gr id  Eq. [5] a n d  [7]). S imilar ly ,  gr id  Eq.  [2], [3], 
a n d  [4] s h o w  t h a t  t he  p r e v i o u s  ha l f - t ime  s tep  va lues  of  t he  
c o n c e n t r a t i o n  a n d  p o t e n t i a l  are u sed  on ly  for  t h e  f inite 
d i f f e rence  e x p r e s s i o n s  for t he  de r iva t ives  in  t he  rad ia l  di- 
r e c t i on  a n d  for ha l f  of  t he  e x p r e s s i o n  in  t he  t i m e  der iva-  
t ive.  The  e q u a t i o n s  for  t he  s e c o n d  ha l f - t ime  s tep  t r ea t  t he  
de r iva t i ve s  in  t he  rad ia l  d i r ec t ion  implic i t ly .  Note  t h a t  a t  
t he  a n o d e  a n d  ca thode ,  g r id  Eq. [5] a n d  [7] do no t  i nc lude  
any  p r e v i o u s  va lues  f rom t h e  i n t e r m e d i a t e  ha l f - t ime  step. 
On  t he  o t h e r  h a n d ,  t he  gr id  Eq. [6] a n d  [9] app l i ed  at  t he  
in le t  a n d  ex i t  of  the  r eac to r  i nc l ude  i n t e r m e d i a t e  half-  
t i m e  s tep  va lues  in  the  axia l  d i r ec t ion  de r iva t ives  a n d  in  
t he  t i m e  der ivat ive .  Gr id  Eq. [8] also i n c l u d e s  i n t e r m e d i -  
a te  va lues  for t he  axia l  a n d  t i m e - d e p e n d e n t  de r iva t ives  in  
the  s a m e  m a n n e r  as  gr id  Eq. [3] i n c l u d e s  t he  p r e v i o u s  
ha l f - t ime  s tep  values .  

Af te r  f o r m u l a t i n g  t he  e q u a t i o n s  as s h o w n  in  Tab le  II  
t he  n u m e r i c a l  i n t e g r a t i o n  is a c c o m p l i s h e d  b y  a p p l y i n g  
N e w m a n ' s  BAND(J )  (14) first  a t  t he  a n o d e  (i.e., u s i n g  t he  
gr id  Eq.  [1]) w i t h  J = 1 a n d  J = N J  c o r r e s p o n d i n g  to ~ = 0 
a n d  ~ = 1, respec t ive ly .  T h e n  BAND(J)  is app l i ed  succes-  
s ively  at  e ach  row of  m e s h  po in t s  u s i n g  gr id  Eq. [2], [3], 
a n d  [4] u p  to a n d  i n c l u d i n g  t he  c a t h o d e  u s i n g  gr id  equa-  
t ion  [1] w i t h  J = 1 a n d  J = N J  aga in  c o r r e s p o n d i n g  to ~ = 0 
a n d  ~ = 1, respec t ive ly .  No te  t h a t  e ach  app l i c a t i on  of 
B A N D ( J )  d u r i n g  t h e s e  first  ha l f - t ime  s teps  is c o u p l e d  in 
t he  rad ia l  d i r ec t i on  t h r o u g h  t he  p r ev ious  t ime - s t ep  va lue  
a n d  coup l ed  in  t h e  axia l  d i r e c t i o n  t h r o u g h  t he  d e p e n d e n t  
va lues  0*i a n d  4p*. 

F o r  t h e  s e c o n d  ha l f - t ime  step,  t he  n u m e r i c a l  i n t eg r a t i on  
is a c c o m p l i s h e d  b y  a p p l y i n g  BAND(J)  first  a t  t he  in le t  of  
t he  r eac to r  u s i n g  t he  gr id  Eq.  [5], [6], a n d  [7] w i t h  J = 1 
a n d  J = N J  c o r r e s p o n d i n g  to ~ = 0 a n d  ~ = 1, respec-  
t ively.  T h e n  BAND(J )  is app l i ed  success ive ly  at  e a c h  col- 
u m n  of  m e s h  p o i n t s  u s i n g  t he  gr id  Eq. [5], [8], a n d  [7] u p  
to a n d  i n c l u d i n g  t he  ex i t  of  t he  r eac to r  u s i n g  t he  gr id  Eq. 
[5], [9], a n d  [7] w i t h  J = 1 a n d  J = NJ  aga in  c o r r e s p o n d i n g  
to ,} = 0 a n d  ~? = 1. T he  va lues  of  t he  d e p e n d e n t  va r i ab l e s  
0"*~ a n d  (I)** are  t he  r e su l t s  at  a full t ime - s t ep  At a n d  t hey  
c o n s t i t u t e  t he  p r e v i o u s  t i m e  s tep  va lues  to b e  u s e d  at  the  
n e x t  f irst  ha l f - t ime  step. 

As  is t he  case  for all f inite d i f fe rence  t e c h n i q u e s ,  the  
a c c u r a c y  of  t he  so lu t ion  d e p e n d s  on  t he  n u m b e r  of  gr id  
p o i n t s  used.  Fo r  th ree -d ig i t  a ccu racy  [ th is  a ccu racy  was  
o b t a i n e d  b y  a d d i n g  a d d i t i o n a l  m e s h  p o i n t s  in  b o t h  t he  
a n d  ~ d i r ec t ions  a n d  d e c r e a s i n g  t he  t i m e  s tep  size (At) un-  
til  t h e  r e su l t s  no  longe r  c h a n g e d  to w i t h i n  t h r e e  digits],  
t h e  c en t r a l  p r o c e s s i n g  u n i t  (CPU) t i m e  for the  m o d e l  w i t h  
t he  axia l  d i f fus ion  a n d  m i g r a t i o n  t e r m s  i n c l u d e d  was  
70-100 t i m e s  longe r  t h a n  t h e  t i m e  r e q u i r e d  to solve  t he  
m o d e l  w i t h o u t  t he  axia l  d i f fus ion  a n d  m i g r a t i o n  t e rms .  
The  to ta l  e x e c u t i o n  t i m e  was  a p p r o x i m a t e l y  30,000 C P U  
s e c o n d s  on  a CDC-Cybe r  170-825 w i t h  t he  axia l  d i f fus ion  
a n d  m i g r a t i o n  t e r m s  inc luded .  

Results and Discussion 
T h e  m e t h o d  can  b e  u s e d  to solve t he  m o d e l  e q u a t i o n s  

for  a typ ica l  para l le l -p la te  s y s t e m  for t he  e l e c t r o w i n n i n g  
of  c o p p e r  f rom a n  a q u e o u s  h y d r o c h l o r i c  ac id  so lu t ion  
w h e r e  t he  r eac t ion  at  t he  a n o d e  is 

CuCI~ 2- ~ CuC1 § + 2C1- + e -  (anode,  r eac t i on  1) 
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Table III. Values for fixed parameters used in the model 

[15] 

a n d  t he  r eac t ion  at  t he  c a t h o d e  is 

CuC132- + e -  ~ Cu + 3C1- (ca thode,  r eac t ion  2) 
[16] 

T a b l e  I I I  g ives  t he  va lues  of  all f ixed p a r a m e t e r s  u s e d  in  
the  s t u d y  of  the  m o d e l  for  t h e s e  e l ec t rode  reac t ions .  The  

Kinetic and thermodynamic 

R e a c t i o n  104 ioj, ref U? Uj, ref 

(j) (A/cm~) ~ a~j atj n~ (V) ~ (V) ~ 

1 1.0 0.5 0.5 1 0.438 0 
2 1.0 0.5 0.5 1 0.233 0.1144 

T = 2 9 8 . 1 5  K 

Reaction 1 (j = 1) Reaction 2 (j = 2) 
Component 

(i) siJ Pi~ qiJ si~ p~J q,~ 

H ~ 0 0 0 0 0 0 
C1- -2  O 2 3 3 0 
CuC13 2-~' 1 1 0 - 1 0 1 
CuC1 - - 1 0 1 0 0 0 

V~tho~ = 0V S = 0.1 cm W = 10 cm 

Transport and reference concentrations 

Component 10 ~ D1 10 '~ ci. r~f 
(i) z~ (cm~/s) (mol/cm :~) 

H ~ 1 9.312 1.00 
C1- -1  2.032 0.10 
CuC13 ~- -2  0.720 0.50 
CuC1 ~ 1 0.720 0.10 

~v = S~ioj: r,fS 

njFDici, ref 

Component (i) Reaction 1 Reaction 2 

H + 0.0000 0.0O00 
C1- 0.1020 0.1530 
CuC13 ~- 0.0288 0.0288 
CuC1 ~ 0.1440 0.0000 

a Chosen arbitrarily. 
b See Ref. (11) and (16) of White et al. (1). 
c The open-current potential ofreactionj  at the reference concen- 

trations relative to reaction 1. 
d Designated as the limiting reactant. 

ef fects  of axial  d i f fus ion  a n d  m i g r a t i o n  on  t he  pe r fo rm-  
a n c e  of  a para l le l -p la te  e l e c t rochemica l  r e ac to r  can  be  
s t u d i e d  in  t e r m s  of b o t h  t he i r  i n f luence  on  c o n v e r s i o n  
pe r  pa s s  a n d  the  c o n c e n t r a t i o n ,  po ten t ia l ,  a n d  local  cur- 
r e n t  d e n s i t y  d i s t r ibu t ions .  The  s t eady-s t a t e  v a l u e s  c a n  be  
o b t a i n e d  w i t h  t he  t i m e - d e p e n d e n t  m o d e l  b y  s t e p p i n g  
t h r o u g h  t i m e  un t i l  t h e  r e su l t s  no  longe r  c h a n g e  to w i t h i n  
t h r e e  digits.  The  d y n a m i c  b e h a v i o r  of  the  c o n c e n t r a t i o n  
d i s t r i b u t i o n  of  t he  r e a c t a n t  CuC132- in  t he  e l e c t r o c h e m i c a l  
r e ac to r  as t he  s y s t e m  a p p r o a c h e s  s t eady  s ta te  is d e m o n -  
s t r a t ed  in Fig. 2 a n d  3 for  t h e  case  of  a = 1. F i g u r e  2 shows  
t he  c o n c e n t r a t i o n  d i s t r i b u t i o n  of  CuC13 ~- in  t he  r eac to r  at  
t i m e  equa l  to 2 r a in  a n d  Fig. 3 s h o w s  a l ower  concen t r a -  
t i on  d i s t r i b u t i o n  at  s t eady  s ta te  w h i c h  occu r s  in  6.5 rain,  
w h i c h  is w h a t  w o u l d  b e  e x p e c t e d  d u r i n g  a s ta r t -up  si tua- 
t ion,  s ince  CuC13 ~- is c o n s u m e d  at  b o t h  e lec t rodes .  I t  is 
i n t e r e s t i n g  to no te  tha t ,  w h e n  a = 0.01, s t e a d y  s ta te  was  
a c h i e v e d  in  on ly  5 rain,  w h i c h  m a y  b e  a n  i m p o r t a n t  con-  
s i d e r a t i o n  w h e n  t e s t i n g  con t ro l  s c h e m e s  w i t h  l a b o r a t o r y  
scale  reactors .  

Ef fec t  o f  a x i a l  d i f f u s i o n  a n d  m i g r a t i o n  on conver-  
s i o n . - - T h e  c o n v e r s i o n  pe r  pass  of  a spec ies  i (CPPI) can  
be  de f ined  as (1) 

CPPj  = 101.feed - 01,avg(t , ~ : 1) I [17] 

A c c o r d i n g  to the  m o d e l  e q u a t i o n s  in  Tab le  I, t he  s teady-  
s ta te  va lue  of CPPI  is a f u n c t i o n  of four  i n d e p e n d e n t  
va r i ab le s  

Ece~ = (Va - Ve) [18] 

P e a -  2S2vavg [19] 
DRL 
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0 - O . ~ f l  

Fig. 2. Concentration distribution of CuCI3 2- in the PPER at 2 min 
(a = 1, Pea = |0;  Ece H = 0.4V). 

1 .0  

; ~  o . e  

0 .4 

0 

Fig. 3. Concentration distribution of CuCI3 ~- in the PPER at steady 
state (a = i, Pea = 10; E~ .  = 0.4V). 

and 

S 2 
a 2 -  L ~ [20] 

~l~ - sl~ioj.~S [21] 
n jF  DRcl.~er 

P e a  and a 2 are chosen  ins tead of  Pe  and a because  of the 
way  they  appear  in the  mater ia l  balance equa t ion  (Eq. 
[I-l] in Table  I). While Eel,, and the d imens ion less  groups 
Pea  and ~j (see Table  III) are always impor tant ,  the  di- 
mens ion less  var iable  a 2 can be neg lec ted  w h e n  the  dis- 
tance  be tween  the  e lec t rodes  (S) is m u c h  smal ler  than  the  
l eng th  (L) of  the  e lect rodes ,  i.e., S / L  < <  1, [as done  by 
White et  al .  (1)]. That  is, the  effects  of  axial diffusion and 
migra t ion  are negl ig ib le  and can be ignored  w h e n  the  as- 
pec t  ratio (a = S / L )  is small.  In  a s imple  m o d e l  of  a 
paral lel-plate cell  by  P icke t t  (15), the  quan t i ty  CPPi  
(Picket t ' s  f ract ional  convers ion ,  JR; his Eq.  [5.44]) is 
def ined as 

C P P , = l - e x p { - 2 . 3 3 ( R e S e w s A  )~,3} 

where  Re = V,~g2S/v, Sc = v/DR, and A are the  Reyno lds  
number ,  the  S c h m i d t  number ,  and the  e lec t rode  area of  

the  reactor,  respect ively .  Note  that  P icke t t ' s  B is rep laced  
by W to ma tch  the  nomenc l a tu r e  in this paper.  It  is impor-  
tant  to po in t  out  here  that  P icke t t ' s  m o d e l  was der ived  for 
the  case of  a s ingle-e lec t rode  react ion (i.e., only one  elec- 
t rode  is cons idered  and at this e lec t rode  the reactant  is 
c o n s u m e d  by a s ingle reaction). Therefore,  to compare  
p roper ly  P icke t t ' s  m o d e l  wi th  the  resul ts  ob ta ined  wi th  
this model ,  where  the  reac tant  is c o n s u m e d  at bo th  elec- 
t rodes,  it is necessary  to double  the  surface area (notice 
the 2 in front  of var iab le  A in Eq. [22]) 

CPP,  = 1 -  exp  {-2 .33 ( 2A )~3} 
ReScWS [22] 

After  subs t i tu t ion  of  variables,  Eq.  [22] can be wr i t ten  as 

CPP~ = 1 - exp  {-2 .33  ( - ~ - )  -~3 } [23] 

This  express ion  for CPPi  is incomple te  because  it does 
not  inc lude  the  correct  d e p e n d e n c e  of CPPi  on impor tan t  
cell  des ign var iables  such  as the d is tance  b e t w e e n  the 
e lec t rodes  (S) and the  cell  potent ia l  (Ece.). Fur thermore ,  
Eq.  [23] is res t r ic ted to cases  of  ve ry  low convers ion  per  
pass  because  it is der ived  wi th  the a s sumpt ion  of  con- 
stant  reac tant  concen t ra t ion  in the  bulk  solution.  

Table  IV shows a compar i son  be tween  three  mode ls  at 
var ious  Pea:  P icke t t ' s  m o d e l  (15), the  mode l  of  White 
et  a t .  (1), wh ich  omi t s  the  effects  of  axiat  d i f fus ion and ax- 
ial migrat ion,  and this model .  It  is impor t an t  to poin t  out  
that  the  parallel  plate m o d e l  as p resen ted  by White et  al .  
(1) does no t  inc lude  react ions occurr ing  at the en t rance  
points  of  the electrodes.  However ,  by us ing  the  inlet  
bounda ry  condi t ion  (Eq. [7]) der ived  in this work,  wi th  
the axial  diffusion and migra t ion  t e rms  and the  t ime-  
d e p e n d e n t  t e rm neglected,  the  mode l  of White et  al.  (1) 
wou ld  then  inc lude  react ions occurr ing  at ~ = 0. The 
values  for the mode l  of  White et  al.  (1) as g iven  in Table  
IV have  been  correc ted  to inc lude  the  en t rance  points  of  
the  e lec t rodes  by mak ing  an ext ra  step d o w n  the reactor,  
wh ich  is equ iva len t  to us ing the  inlet  boundary  condi t ion  
(Eq. [9]) directly.  Uncor rec ted  values  are 1% lower.  

I t  is poss ib le  to va ry  ~ whi le  ho ld ing  Pe~ and o ther  in- 
d e p e n d e n t  var iables  constant ,  as shown in Table  IV, by 
chang ing  L and V~vg. Note  that  as the  aspec t  ratio a in- 
creases,  which  is equ iva len t  to increas ing  the  effects  of  
axial  (back) mix ing  in the  reactor,  the  p red ic ted  CPPi  for 
CuC1, 2- decreases .  Consequent ly ,  the  percen tage  error  for 
neg lec t ing  the  effects  of  axial  diffusion and migra t ion  in 
pred ic t ing  the convers ion  per  pass can be as large as 11% 
at a = 1 for the case Pea  = 10. However ,  for aspec t  ratios 
less than  0.5 the  mode l  of  Ref. (1) is accurate  to about  5%, 

Table IV. The effect of axial diffusion and migration on the 
conversion-per-pass of the reactant CuCI3 2-  

CPP of CuCI:~ 2- (Ece,] = 0.4V S = 0.1 cm) 
vavg L Pickett's Model Model % 

Pea (cm/s) (cm) a Model 1 ~ 2 b Error c 

10 0.036 10 0.01 0.549 0.606 0.606 0.0 
10 0.0036 1 0.10 0.549 0.606 0.602 0.6 
10 0.0018 0.5 0.20 0.549 0.606 0.600 1.0 
10 0.00072 0.2 0.50 0.549 0.606 0.585 3.6 
10 0.00036 0.1 1.00 0.549 0.606 0.548 10.6 

25 0.0900 10 0.01 0.351 0.334 0.334 0.0 
25 0.0009 0.1 1.00 0.351 0.334 0.327 2.1 
50 0.1800 10 0.01 0.239 0.193 0.193 0.0 
50 0.0018 0.1 1.00 0.239 0.193 0.196 1.5 

100 0.3600 10 0.01 0.158 0.107 0.107 0.0 
100 0.0036 0.1 1.00 0A58 0.197 0.111 3.6 

Note: Values given above for models i and 2 are accurate to three 
significant figures. 

a The model of White et al. (1). 
h Present model. 
c % Error = 100 �9 IModel 1 - Model 2J/Model 2. 
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~  
0 

Fig. 4. Steady-state concentration distribution of CuCl:~ ~-  in the 
PPER when the effects of axial diffusion and migration are not impor- 
tant (a = 0.01; Pea = 10; EceH = 0.4V). 

and its use  is r e c o m m e n d e d  for a cons iderab le  saving in 
c o m p u t e r  t ime. I t  is co inc identa l  here  that  the  solut ions 
f rom this  w o r k  agree  to a large ex ten t  wi th  the  solut ions 
f rom Picke t t ' s  m o d e l  (15) for the  case Pea  = 10. The  
a g r e e m e n t  is l imi ted  for o ther  cases. Note  also that  as Pea  
increases  (by increas ing  the  ve loc i ty  of  the electrolyte),  
the  effects  of  axial  diffusion and axial  migra t ion  b e c o m e  
tess significant. I t  is in te res t ing  that  at h igher  P e a  (50 and 
100) the  effect  of  change  a has an oppos i te  effect  on the  
conver s ion  of  the  reactant ,  as c o m p a r e d  to the  cases  of  
Pea  = 10 and 25. 

Effects of  axial  diffusion and migration on concentra- 
tion, potential, and current density distributions.--The ef- 
fects  of  axial  diffusion and migra t ion  on the  concentra-  
t ion d is t r ibut ion  in the  reac tor  are shown in Fig. 4 and 3 
for the  cases of  a = 0.01 and a = 1. These  figures show 
that  as the  aspect  ratio a increases  (i.e., as the  effects  of  
axial  diffusion and axial  migra t ion  increase) the  concen-  
t ra t ion d is t r ibut ion  in the  reactor  becomes  more  uniform.  
This  is wha t  one  wou ld  expec t  as the  effects  of  axial-dif- 
fus ion and migra t ion  increase  and cause  the  parallel-  
plate reactor  to b e c o m e  wel l  mixed.  The  same effects are 
observed  wi th  the  potent ia l  d is t r ibut ion in the  reactor  
and the  local cur ren t  dens i ty  dis t r ibut ion a long the  sur- 
face of  the  electrodes,  as shown  in Fig. 5, 6, and 7. 

; >  
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Fig. 5. Steady-state potential distribution in the PPER when the ef- 
fects of axial diffusion and migration are not important (~ = 0.01; 
Pea = 1 O; Ec,ii = 0.4V). 
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Fig. 6. Steady-state potential distribution in the PPER when the ef- 
fects of axial diffusion and migration are important (a = 1; Pea = 
10; Ece. = 0.4V). 

Figure  6, for the case of  s ignif icant  axial  diffusion and 
migra t ion  (a = 1), shows a more  un i fo rm potent ia l  distri- 
bu t ion  and a smal ler  potent ia l  drop f rom the  en t rance  to 
the  exi t  of  the  reactor  than  that  shown in Fig. 5 for a = 
0.01. F igure  7 clearly i l lustrates the  effects  of  axial  diffu- 
s ion and migra t ion  on the  d is t r ibut ion  of  the  local current  
dens i ty  a long the anode.  (The current  dens i ty  d is t r ibut ion  
for the  ca thode  is the same,  bu t  oppos i te  in sign.) Note  
the more  un i fo rm cur ren t  dens i ty  d is t r ibut ion  for a = 1 
(Fig. 7). 

The  effects of  axial  (upstream) diffusion and axial  mi- 
grat ion on the  concen t ra t ion  d is t r ibut ion  at the  en t rance  
of  the  reactor  can be  obse rved  by compar ing  Fig. 4 and 3. 
Without  the  effects  of  ups t r eam diffusion and migra t ion  
(that is, w h e n  a = S /L  is ve ry  small) the  concen t ra t ion  of  
each  species  i in the  bu lk  solut ion at the  en t rance  of  the  
reactor  approaches  its feed  concentra t ion,  as expected .  
Excep t ions  to this condi t ion  are regions  ve ry  close to the 
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Fig. 7. The effects of axial diffusion and migration on the distribu- 
tion of current density along the anode. 
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surface of the electrodes where there is a large normal  (7) 
concentrat ion gradient  as the result of reactions occurring 
at the end points of the electrodes. 

Conclusions 
The comparat ive analysis of the effects of axial diffu- 

sion and migrat ion on the parallel-plate reactor shows 
that  when the aspect  ratio ~ 0.5 the effects of axial diffu- 
sion and migration should be included to obtain accurate 
results. It is found that for an aspect  ratio less than 0.5, 
these effects may be neglected, which results in consider- 
able savings in computer  time. Finally, the time- 
dependent  model  and the IAD-Newman technique pre- 
sented here may be a useful design tool for investigating 
the effects of various design characteristics on the dy- 
namic behavior and the performance of the reactor. 

Manuscript  submit ted  June 13, 1985; revised manu- 
script received Sept. 10, 1985. 

LIST OF SYMBOLS 

A electrode area of electrochemical  reactor (cm 2) 
ci concentrat ion of species i (moYcm 3) 
c~.feed concentration of species i in the feed stream 

(moYcm 3) 
ca.o concentrat ion of species i at the electrode surface 

(moYcm 3) 
ci.re, concentration of species i in the initial feed stream 

(reference) (moYcm 3) 
Di diffusion coefficient of species i (cm2/s) 
DR diffusion coefficient of l imiting reactant, cm2/s 
E~H cell potential  (V~ - V~) (V) 
F Faraday 's  constant  (96,487 C/tool of electrons) 
Iavg average current  densi ty  (A]cm 2) 
i~j normal component  of current densi ty due to reac- 

tion j (A/cm 2) 
io~.ref exchange current  densi ty of reaction j at reference 

concentrations (AJcm 2) 
L electrode length (cm) 
n~ number  of electrons involved in reaction j 
N~ flux vector of species i (moYcm2/s) 
N~ normal  component  of the flux (y-direction) of spe- 

cies i (moYcm2/s) 
N~ flux of species i in the x-direction (moYcm2/s) 
p~ anodic reaction order of species i in reaction j 

Peclet  number  (= 2Sv,JD~) 
qu cathodic reaction order  of species i in reaction j 
R gas law constant  (8.314 J/mol/K) 
s ,  s toichiometric coefficient of species i in reaction j 
S electrode gap (cm) 
t t ime (s) 
T temperature  (K) 
U~.r~f open-circuit  potential  of reaction j at reference con- 

ditions (V) 
Va~ average velocity of the electrolyte (cm/s) 

Va anode potential  (V) 
Vc cathode potential  (V) 
W electrode width (cm) 
x axial coordinate (cm) 
5x axial mesh size (cm) 
y normal  coordinate (cm) 
zi charge number  of species i 

Greek characters 

aspect  ratio S/L 
% anodic transfer coefficient for reaction j 
acj cathodic transfer coefficient for reaction j 

dimensionless axial coordinate (x/L) 
h~ dimensionless axial mesh size 

dimensionless normal  coordinate (y/S) 
0i dimensionless  concentrat ion of species i (Ci/Ci.ref) 
v kinematic  viscosity (cm2/s) 
~i~ dimensionless reaction rate parameter  
q~ solution potential  (V) 
ePoa solution potential  at the anode (V) 
r solution potential  at the cathode (V) 

Subscripts  

i number  corresponding to a part icular  chemical 
species 

j number  corresponding to a part icular  electrode re- 
action 
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