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The asymptotic structure of transient 
elastodynamic fields at the tip of a stationary crack 

BY XIAOMIN DENG 

Department of Mechanical Engineering, University of South Carolina, 
Columbia, SC 29208, U.S.A. 

The asymptotic structure of the transient elastodynamic near-tip fields around a 
stationary crack is investigated for all three fracture modes. The transient fields are 
obtained as the sum of their quasi-static counterparts and corresponding transient 
correction terms, in terms of variable-separable expansions. By allowing the 
coefficients of terms in the quasi-static expansion to deviate from their quasi-static 
restrictions, the correction terms are shown to be the particular solutions of a set of 
first order (for mixed mode I and II) or second order (for mode III) ordinary 
differential equations with constant coefficients and non-homogeneous terms 
involving only sine and cosine functions of the independent variable. It is found that 
the transient effects of dynamic loading on the near-tip fields are to alter the 
universal angular variations of the quasi-static field quantities for the fifth and 
higher order terms in their variable-separable expansions; thus the first four terms 
in the expansions have the same angular variations under both quasi-static and 

dynamic loading conditions. This seems to suggest that transient effects on the 
crack-tip fields are in general less severe for a stationary crack than for a propagating 
crack where only the first two terms in the expansions hold the same angular 
variations under both steady-state and transient crack growth conditions. 
Furthermore, the transient higher order terms for a stationary crack do not depend 
on the time-rate of the stress intensity factors; in fact, they only relate to the even 
order time-derivatives of the instantaneous values of the coefficients of the terms in 
the quasi-static expansions. This is also in contrast with the case of transient crack 

propagation where the time rates of the dynamic stress intensity factors play 
important roles in the higher order transient terms. Explicit expressions for the 
transient near-tip stress and displacement fields are provided. 

1. Introduction 

It is known that the stress-intensity-factor-controlled, two-dimensional (anti-plane 
strain, plane strain and plane stress), singular crack-tip fields for a stationary crack 
in an elastic solid possess the same universal angular variations under both quasi- 
static and dynamic loading conditions (see, for example, Sih & Loeber 1969; Chen & 
Sih 1977). Similarly, expressions for singular crack-tip fields for steady-state crack 

growth (Rice 1968; Sih 1968) are the same as those for transient crack propagation 
(Freund & Clifton 1974). Hence, one can argue that in a crack-tip region where the 

singular terms are dominant, it is not necessary to distinguish between the transient 
fields and the quasi-static or steady-state fields. However, in engineering applications 
Proc. R. Soc. Lond. A (1994) 446, 1-13 ? 1994 The Royal Society 
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or under laboratory conditions, it is often the case that a region of singular-term 
dominance is not available, whether it is due to nonlinear or inelastic or three- 
dimensional effects at the crack tip, or due to difficulties in measuring or calculating 
physical quantities within such a region (if it exists). In such a circumstance, non- 

singular (higher order) as well as singular terms of the crack-tip field expansions, such 
as the one given by Williams (1957) for a stationary crack under quasi-static loading, 
must be used. What is more, when transient effect is not negligible, as in the case of 

impact loading or non-uniform crack growth, its influence on the higher order terms 
must be accounted for to avoid any significant error in analysis. 

Concerns for such transient effects and the need for asymptotic analysis of near- 

tip fields under transient conditions were raised not long ago by Freund & Rosakis 

(1992), who investigated the structure of transient elastodynamic near-tip fields for 
a mode I propagating crack, with the conclusion that the higher order expansion 
provides an accurate description of crack-tip fields under fairly severe transient 
conditions. More recently, (Deng 1993) I proposed a simple and straightforward 
method for deriving transient, asymptotic, elastodynamic fields for moving 
singularities, and as an example, obtained the mixed-mode plane strain/plane stress 

crack-tip field expansions for propagating cracks. It is hoped that, by considering 
transient effects, among others, observed discrepancies between theory and 

experiment (Ravi-Chandar & Knauss 1987) and among experimental measurements 
themselves (see, for example, Krishnaswamy & Rosakis 1990) can be explained 
rationally, and improved experimental procedures can be established accordingly. In 

general, a thorough understanding of transient asymptotic crack-tip fields will allow 
us to gain deep insights into the accuracy and range of applicability of the simpler, 
quasi-static or steady-state solutions. 

In connection with the aforementioned studies by Freund & Rosakis and myself, 
this paper provides an understanding of the asymptotic structure of the transient 

elastodynamic stress and displacement fields at the tip of a stationary crack. The 
case of mode III loading (anti-plane strain) will be considered first, and complete and 

explicit expansions of the near-tip transient fields are obtained. Then attention will 
be focused on the case of combined mode I and II loading in plane strain or plane 
stress. Here the matter is more involved, and a simple solution procedure is 
introduced, which can be applied in similar transient asymptotic analyses. In either 
case, it is shown that the transient expansion is equal to the sum of a quasi-static 
expansion, with coefficients allowed to deviate from their quasi-static restrictions, 
and an expansion whose terms are the particular solutions of a set of first order (for 
mixed mode I and II) or second order (for mode III), non-homogeneous, ordinary 
differential equations, which have constant coefficients and non-homogeneous terms 
involving only sine and cosine functions of the independent variable. It is found that 
the transient, higher order terms in the expansions do not depend on the time rate 
of the stress intensity factors. Explicit expansions of the transient stress and 
displacement fields will be provided. 

For the sake of asymptotic analysis, we will consider in the sequel a semi-infinite 
straight crack in an otherwise infinite two-dimensional body occupying the xy plane, 
where the right-hand rectangular coordinates x, y and z originate from the crack tip, 
with the negative x-axis coinciding with the traction-free crack surfaces and the z- 
axis coming out of the plane. Let ex, ey and ez be the unit vectors along x-, y- and z- 
axes respectively, and define the displacement vector as u = ux ex + uy ey + uz ez, then 
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Transient elastodynamic crack-tip fields 

the governing equation for a transient deformation of the homogeneous, isotropic 
and linearly elastic body is given by 

1 a2u V2+ 1 VV- u = C-2 (l) 1- 2v " at 

where c = (a/p)2 is the shear wave speed; v stands for the Poisson's ratio; p for mass 
density; Iu for shear modulus; t for time; and V = ex a/ax + ey a/ay + ez a/az and V2 = 
V V are two differential operators. For later reference, we note that for two- 
dimensional deformations (anti-plane strain, plane strain, and plane stress), the 
Laplace operator V2 has, in terms of (x, y) or its associated polar coordinates (r, 0) the 
following explicit forms: 

a2 a2 a2 Ia 1 a2 
V2= -+--= --+-+1 (2) ax2 ay2 ar2 rar r202(2 

We also note that the longitudinal wave speed cl is related to the shear wave speed 
through c = [2(1-v)/(l-2v)] cs in plane strain (replace v with v/(l+v) in plane 
stress). 

Solutions satisfying (1) completely will be called transient, and those for the quasi- 
static governing equations (obtained by deleting the time-derivatives in (1)), are 
referred to as quasi-static or static, and will be denoted by u?. Because variable- 
separable asymptotic solutions for u? are readily available through established 
techniques, such as the eigen-expansion method developed by Williams (1957), it is 

advantageous to express the transient solution u as the sum of the quasi-static 
solution u? and a correction term u*. In fact, substitution of these expressions into 
(1) will indicate that the solution for u* must also admit similar eigen-expansions of 
variable-separable type, which facilitates an easy solution for the transient 

asymptotic problem in consideration. This is shown below in detail. 

2. Anti-plane strain 

Under mode III dynamic loading, the body in question will experience an anti- 

plane strain deformation, for which the displacement components are given by ux = 
Uy = 0 and uz = uz(x, y, t) or uz(r, 0, t), and the stresses are related to uz through 

crZ = I auz/ax, (oyz = IU au/dy, (3) 

and the governing equation (1) is reduced to the following shear wave equation, 

V2uz = C2 a2uz/at2. (4) 

Now let uz(r, 0, t) = u?(r, 0, t) + u(r, t), (5) 

where the quasi-static solution uz satisfies V2u0 = 0 and admits the following eigen- 
expansion 

00 

= r2[anl(t) cos (lnO) + a2(t) sin (in0)], (6) 
n=l 

which suggests that the correction term u* will have the following form 

00 

z= rnfn(0,t). (7) 
n=l 

Proc. R. Soc. Lond. A (1994) 
1-2 

3 



Substituting (5), along with (6) and (7), into (4), and collecting terms of equal powers 
of r, one obtains the following set of second order, (mostly) non-homogeneous, 
ordinary differential equations for the solutions offn(O, t), 

C2Lnfn = 0 (n = 1,2,3,4), (8) 
s Lnfn = fn-4 + a(-4) Cs (-2) 0 + 4 sin (n-2) 0 (n > 5), J -s nfn= 4e(n 2(n-4) 2 

where L, = (ln)2+ 2/802 can be viewed as an ordinary differential operator since 
time t here can be treated as a parameter, and one dot means differential once with 
respect to t. By noting that the homogeneous part of the solution for fn can be 
included in u? by varying the coefficients anl(t) and an2(t) (which originally meet the 
traction-free requirements on the crack surfaces under quasi-static conditions), one 
only need to find the particular solutions of the set of equations in (8), which are, for 
n = 1 to 4, fn = 0, and for n > 5 

{d2ia(n-4ji) 
1 

cos2\ d21a(n-4j) 2 [s(n -j 
L =-- ~ 1-.[{d 

(n[ 
4j) I cos [(n - 4j) 0] + (n-4j) 2sin [l(n- 4j) 0] 

j=l dt dJ 
j-1 

with In = --s2j H {[L(n-4i)12--[2(n-4j)12}-1, (9) with c- [(n - - (n _ 4(9) 
i=O 

where integer k is related to n through n = 4k +m (m = 1,2, 3 or 4). Substitution of 
(6) and (7), with the use of (9), into (5) will then give the desired general expression 
for the transient, asymptotic, elastodynamic displacement field at the tip of a 
stationary crack, from which, with the use of (3), the following transient stress field 
can be derived: 

o0 

xz = 12 a r2n-l{nanl(t) cos[(}n- 1) 0] + nan2(t) sin [(n-- 1) 0 + Sxn}, 
n=l (10) 

00 oo 

Oyz= rn- {-nan (t) sin [(ln- 1) 0] + nan2(t) cos [(n- 1) 0] + S}, 
n=l 

where Sn and Syn, corrections due to transient effects, are zero for n = 1, 2, 3 and 
4, and 

S?n = n 
n{ dt2a 1 [2j cos [((n - 4j) + 1) ] + (n- 2j) cos [(l(n -4j)- 1) 0]] 

j=1l { d(n - 1 s - 

dn4j Ir [2j sin [((n- 4j) + 1) 0]- (n- 2j) sin [((n--4j)s- a1) 0] 

under present transient conditions, we apply the traction-free boundary condition on 

the c k s , that i = , d fin t2hat nt) ad i 

d2ja ( I ? dl)O(n-4j)?cn4(n-2j)cos[((n-4j)-1)O]]; 

for n f 5. In order to place explicit restrictions on the coefficients a,,(t) and an2(t) 
under present transient conditions, we apply the traction-free bonndary condition on 
the crack snrfaces, that is, cr, = 0 along 0 = ? T, and find that anl(t) and its 
derivatives are zero when n is an odd number, and an2(t) and its derivatives are zero 
when n is an even number. We also note that the mode III stress intensity factor 
Ki1i(t) is related to a12(t) through 

a12(t) = 2K1II(t)/ 1t/(2n). (12) 
Proc. R. Soc. Lond. A (1994) 
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Transient elastodynamic crack-tip fields 

Discussions on the features of the transient asymptotic fields are given in a later 
section. 

3. Plane strain/plane stress 

Noting that plane stress solutions can be obtained from those for plane strain by 
replacing v with v/(1 +v), discussions below will be focused on a plane strain crack 
under mixed-mode dynamic loading. Here the displacement vector u depends on 
coordinates x and y (or r and 0), as well as on time t, with u, = 0, and the stresses, 
through Hooke's law, are given by 

1 2v- ax ay J = 2v ay x ax 

?'xy = /It,a x+ ax J' (13) 

Note that u is still governed by (1), but with the z-components in u and V deleted. 
Now as done in mode III, we let 

u(r, 0, t) = u?(r, 0, t) + u*(r, 0, t), (14) 

where u* is the general quasi-static (equilibrium) solution of (1); that is, it satisfies 

V2u0+1 VV u = 0. (15) 1 -2v 

Before proceeding further, we comment that the governing equation in plane 
strain or plane stress is much more involved than that in anti-plane strain, in that 

ux and uy are coupled in plane strain or plane stress through the second term in (1). 
As a result, direct substitution of (14) into (1) will not readily yield a solution, and 
indirect means must be resorted to. To this end, we note that a popular method in 
transient elastodynamic analysis is to represent u in terms of Lame's dynamic 
displacement potentials, say 0 and f, which are governed by the following 
longitudinal and shear wave equations 

V20 = c22=2 V2 = (16) -Tt2' VICS at2 (16) 

These two potential functions are found convenient for dealing with many transient 

problems, and have been used successfully by Freund & Rosakis (1992) and 

Deng (1993) for transient, asymptotic, elastodynamic analyses of dynamic crack 

propagation. A common feature of such asymptotic analyses is that equations (16) 
degenerate to Laplace-type equations for the first few dominant terms in the 

asymptotic expansions, which correspond to steady-state solutions for growing 
cracks. However, as pointed out by Sternberg (1960), a general quasi-static 
displacement field will not be completely described by displacement potentials that 

satisfy Laplace equations. Hence, if 0 and / are to be used, solutions for Laplace 
equations must be modified extensively, and the convenience found for propagating 
cracks will be lost for stationary cracks. In light of the above difficulties, we propose 
to use the following procedure for transient, asymptotic, elastodynamic analyses of 

stationary singularities. As demonstrated here for a stationary crack, this technique 
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is found to be very convenient for such analyses. To start with, we introduce two 
commonly used concepts: dilatation (denoted by e) and rotation (denoted by o), 
which are defined as 

= ua+ Oauy = -auy aux e+i --( - i+ (ux+iuy), (17) 
ax ay ax dy y\x y() 

where i = /-1. Making use of (17) and noting V2 = (8/x +id/dy) (a/lx-i /dy), 
equation (1) can be equivalently written as 

/"\ a\ \ a2 
(+i d)(c+ i C+ic ) = b(u +iuy). (18) 

Equations (17) and (18) will be used together in a convenient manner to generate 
solutions for ux, Uy, e, and (. It is obvious that (18), after being operated on both sides 
by (/aax-i a/dy), and along with the definitions in (17), will produce the following 
well-known wave equations: 

V2e = c-2a V2w = c~2 - (19) 1 at2 , at2 

However, we note that equations (19) are necessary but not sufficient for satisfying 
(18), and hence will not play any practical role here. To obtain strains and stresses 
conveniently, we use the normal strain difference 8 and the engineering shear strain 
y, which are given by 

= at - ' au7 y = au+ +iy a +ia)(ux+i). (20) ax ay a x ay \x ay. 
Then the strains and stresses can be obtained from 

ex = 2i(6+), ey = 
(6-8), y exy , (21) 

O'x= -[e/(1-2v)+S], o-y =t[e/(1-2v)-8], oxy =,y. (22) 

Subsequently, we will see that the above formulation provides a useful tool for 
deriving the desired solutions and for mathematical manipulations of the results. 

Now due to the decomposition of the displacement vector in (14), the rest of the 
quantities introduced above will also be composed of a quasi-static part, with 
superscript o, and a correction part, with superscript *. With the knowledge of 
the eigenvalues given by Williams (1957), a general asymptotic expansion of 
variable-separable type in crack-tip polar coordinates can be easily obtained for u?, 
whether in terms of the quasi-static displacement potentials of Papkovich (1932) and 
Neuber (1934) or by means of the complex functions of Muskhelishvili (1953). In 
accordance with the present complex formulation, it is convenient to use 
Muskhelishvili's method and to express u? as 

2#(uX + iuy) = (3- 4v) (z) + (z- ) '(z) -Q2(z), (23) 
where z = x+iy = rei? is the complex variable; $(z) and 2(z) are two analytic 
functions; a prime following a function means differentiation with respect to its 
argument; and a bar over a quantity denotes the complex conjugate of that 
quantity. In the crack-tip coordinates, P(z) and Q(z) an be expanded into power 
series as 

o()- E anz, Q(z)= E bzn, (24) qb(z)= -- an n-() -bn z n (24) 
n=l n=l 

Proc. R. Soc. Lond. A (1994) 
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Transient elastodynamic crack-tip fields 

where an = anl +ian2 and bn = bnl +ibn2 are complex coefficients, which in general 
will have instantaneous time dependence during quasi-static processes. Note that 

during a pure quasi-static deformation, the coefficients are related through the 
traction-free boundary conditions along the crack surfaces. From (23) and (24), we 
can obtain the following expressions in the crack-tip polar coordinates, 

u +iy = (3 - 4v) a e2 + (an - ) e-2 1n e-i-2), (25) 
A n21n2=1l 

from which, and along with the definitions in (17) and (20), we will have 

1o 

o + ieo = E rn-l{(3 - 4v) nan ei( 2n-1 na e_i(-l)0 (26) 2Ao n=l 

oo 

do+ iTo = - n:1 
(27) 60 + iy0 = 2 rE 1nn r2n-)n(nan-b) e-i(2) -n(n -2) an e-i(-3) }. (27) 

^ n=l 

In deriving (26) and (27), the following convenient relations have been used: 

a+ ia = eio (a-+ %)) a-i a = e-ioai r- (28) 
ox ay Or rr0) Ox ay adr r i0 

To solve for the correction terms, we devise the following solution procedure. First, 
with the definitions in (17), the decomposition of u in (14), and the quasi-static 
governing equation (15), we note that the equivalent transient governing equation 
(18) can be further reduced, again equivalently, to 

(a +i y)(Cl C*+iCs ) = a- (u*+iu*)+at2(u?+iuy) (29) 

Second, we note that the form of the general quasi-static solution in (25) strongly 
suggests that the correction terms have similar variable-separable expansions, say, 
given by 

0D Do 

u*+iu* = E rn(fn+ign), e*+i - i* rln-l(+ ) (30) 
n=l n=l 

wherefn, gn, n, and fn are functions of 0 and time t. Substituting (30) and (25) into 

(29), with the help of (28), and collecting terms of equal powers of r, we then obtain 
for each n 

(ln- 1) +i et 22)( L (in - ? i) i iCs ] = l(e'-//t) {(3 - 4v) an_4 

:. --/ 
_n 

_ 7:. e_i(ln_ 4)0 + [(n -4) a_ - 2b] 2e-i(n-2) -(n -4) 4 -i 24) 2,(fn_4 + i-n_4)}, (31) 

where one dot means differentiation once with respect to time, and any quantity 
whose subscript is non-positive is defined as zero. Hence, for n = 1, 2, 3 and 4, (31) 
becomes homogeneous. Noting that time t only acts as a parameter in (31), we 
conclude that the above equation is in fact a first order, ordinary differential 
equation with constant coefficients. This equation can be solved in combination with 
a similar but much simpler first order ordinary differential equation generated from 

(30), the complex definition in (17) and the relations in (28), which is given by 

n- [ f-i n + ign = ei'0[n + irn]. (32) 

Proc. R. Soc. Lond. A (1994) 
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The solution procedure is as follows. First, for n = 1, 2, 3 and 4, solve for (c2 q$n + 
iC2 fn) from (31), from which we can obtain (qn + i? n) through 

f+fn = 2[L( +c) (cl 2 +ic O) - -2) (c 2 n-ic s fn) (33) 

Then, solve for (fn+ign) from (32) and substitute the solution in (31) as (fn- + 

ign_4) for n = 5, 6, 7 and 8. It is clear that the above steps can be repeated for 

higher values of n if so desired. 
To make the matter even simpler, we note that the solutions for (31) and (32) are 

composed of two parts: a homogeneous part and a particular part. It can be shown 
that the homogeneous parts of the solutions have forms identical to those in (25) and 
(26), which means that they can be incorporated in (25) and (26) by allowing the 
coefficients an and bn to deviate from the quasi-static restrictions and to take more 

general values. Hence, to obtain solutions for the correction terms, we only need to 
solve for the particular solutions of (31) and (32), which can be put in the following 
convenient forms: 

cI +n + iCs2 n = (e-/1) [n+ ia {(3 -4v) an_ ei(n-2) 

+ }[(n -4) an4-2 - n_4 e-i(in-2)O ?- ( -4) 4 ei(n--4)aO + 2/u(f_4 + i~n_)}, (34) 

fn + ign = -e -(i+ )+i in] (35) 

where [ ]1 denotes the inverse of the differential operator in the square bracket. 
From the above argument, we see immediately that O?n + iin = fn + ig = 0 for n = 
1, 2, 3 and 4. Then for n = 5, 6, 7 and 8, fn-4 + ign- = 0. Therefore we can solve (34) 
and get 

2 + iC2 (ln-3) 0 ___n1_ cl Obn + if n= (3 -4v) 1n4e e ?+ 2 [(n-4) an-'2bn_4] e-i(2-? 
4+aL, n-2 -- 

n -i(-3)< \ 
-an_4 e -i( 3) } (36) 

from which we then obtain, through (33), 

n++-2 ( + [(n--4) a _-2b--2 'n_ i e- } (37) 

n--21 (~1 +/2 ( n - -34) g /6-a3 - 

+ ign = 1( 2 2 {4 (3-4v- 2d n ei(n- 2) - (n-2) (4 + 

2(C2 6s2 -2bn-i) O} (3e) 

- - (- l-_c) [(in-4) an_; + 2b'n_4] e'n + (1 + c2 [(n -4) an- 2n_41 e- 
- 

. (38) 

Now substitution of ( (35) yields 
1 6 (n - 2) /,tes (38) 

Proc. R. Soc. Lond. A (1994) 
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Transient elastodynamic crack-tip fields 

The above procedure can be repeated easily if solutions for n > 9 are needed, which, 
however, is not attempted here for the sake of brevity. 

To derive the correction terms for strains and stresses with equal ease, we first find 
those for (6 + iy) and then apply relations in (21) and (22). To do that, we expand the 
correction terms for ( +iy) as 

c00 

6*+iy* = - r2n l(6n+in), (39) 
n=l 

where (n +iin) depends on 0 and t. Then from (20), (28), (30) and (39), we obtain 

~n+in e = ei [ln+i ] [fn+in]. (40) 

So once (fn+ign) is found, (6n +in) can be determined readily from (40). For 

example, for n = 1, 2, 3 and 4, (n +i fn) = 0; and for n = 5, 6, 7 and 8, (6, + i) is 

given by 

1 
8n-2 (3 4v c\ i(n-l)) 6n - i ~n 3 s4 

n-4e + 
"16/ C21 n-21 c n-4 

_-(n-4) (1 +) 
C2 4 e-i(n5) + ( Ci) [(n-4) a -2b 'n4] e-i( -3) (41) 

For use in later discussions, we list here the explicit expressions of the transient 

elastodynamic fields, near the tip of a stationary crack and under general mixed- 
mode plane strain conditions. Those in plane stress can be obtained by replacing v 
with v/(1 + v) in the expressions as well as for the ratio 2/c2 . The displacements and 
stresses are given by 

= 1 n 
1r ux = n r2 _ {[(3-4v + n) an,-bn1]cos(1nnO)-[(3-4v+ t) an2- bn2]sin (no) 

n=l /U 

-2nan cos [(2n-2) 0] 2na n sin [(n- 2) 0] + 2fn}, (42 a) 
oo 1 

Uyn= 2 2 2n 2 Uy = n= 2-2{[(3 - 4v-1) an1 + bnl] sin ( ) + [(3-4v-12n) an2+bn2] cos (ln0) 
n=l 21 

+ nan l sin [(In- 2) 0] + nan cos [(n- 2)0] + 2j/gn}, (42 b) 
00 n r 

( = r2in-1 [(4+ n)an- 2bnl] cos [(n-1)0] -[(4 + n) a2 -2bn2] sin [(n--1) 
n=l 

4 1 
-(n-2)an1 cos[(Xn-3)]+ (n-2)an sin[(ln-3)0] +hnJ, (43a) 

cc nJ 

Y~n=l4 1 

+(n -2) an cos[( n-3) ]-(n- 2)an2 sin[(ln-3)O] +-n , (43 b) 
n 

~cc (~4 
0= rP2 - - 

+- [nal - 2bn] sinn [- ) 0] - [nan - 2b2] cos [(n- 1) 0] 

+(n-2)a~1sn[(~n- 0?(n-2)a~2n=l + (n- 2) a4 sin [(-3) + (n-2)a cos [(l-3) ] +-) (43c) 
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where fn, gn, hn, Pn and qn are due to transient effects; for n = 1, 2, 3 and 4 they are 
zero, and for n = 5, 6, 7 and 8, they are given by 

s2 

fn 16(n 2)s2 - -n -l) [(n-4) a(n-4)1 -2 ] 

+ I- ) [(n -4) n 4) c - 2b(n -4)2] sin (ln6) 

+ ([(8 16v + n)+ (n-8)S a 1-2 [ +) ) n-2)] 

- ([(8-16v +n)+ (n-8)"c] a(-4)- 2 [1 +c"] b(-4) 2 sin [(in-2)0] 

- (n -2) L + c1 [ad(n-) 1 cos [(ln-4) 0]-a(n4) 2 sin [(in-4) ]]}, (44a) 

gn- 1 16 ( n 
(--4) 2 

- 
[(n-4)() 

1 s-2bin( ( ) 

2\ ( / ?2 -n (i -c )[(n -4) a(n-4) 2b(n 4) 2] cos (2n0) 

+ ([(16 n16n) I - --n+ 2 [ +] (n_4) sin [(ln- 2) 0] 

+ ([(16 - 16v -n) -n] a (n) + 2 [l + c (n- ) cos [(in-2)0] 

+ (n -2) [l+ [a(n-4) 1 sin [(in-4) 0] a(n) cos [(n-4) 0]]} (44b) 

=n 1 3? {n) - 2((43v +1- 22 "osi n - 

in2 [(l lcs2 2( 1-)c 2v c (n-4) 2l 6 -( c 
(n-24) 12 

[( 8+ c) (n4)l-4 l c) (n4)lcos[(2n -3)0] 

- ( 2) [(4) 1 cos [(n- 5) 40] ( -4) sin [(in-5) 0]}' (45a) 

n n-- 2 3-2-4v 2(n1-2v )cav(n-4) 
1 n-4 sin 2c n-4) 2 

0 
n. 

4 

_Cs2( 
l+ 

c\n O] 

- 
[( + 8 

1c2) 
C ( n-4) 1- (-4 ) 2( 2 b(n-4) ] 

CO 
[(n-3) 
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n-4) C2 4(n-4)1 ~ - 2'U C,2 ~V1322 2(n4 

{ [( 1 1 n--2 - 4v + 
n-4V + B 

cs2 2 c s? 2 n-4 

n2 2 --v) --- 2v c~ b(n-4) 2 2 

[n-6-v42C 
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Transient elastodynamic crack-tip fields 

\(n-4 n- S2c c 
+ 

8 -8 cl) (n-4)2 41 b(n-4) 2 sin [(n- 3) 0] 

n 8 ( - n+- 42) sc [(n- ) 3)0] 8( +) [ a(n-4) 1 -2b(n ) )2] s [ (n-3) 0] 

1 
(1 + Cs 

^^st ' ^ ^1 

-^ +") "^ ^-- l] o s [(n-3) 4 

- +)8 
c -J[( (n-4) 1( n - si 2] n-3) 0] 

+n 8 1+2) -4) [ sin [(ln-5)0] +a(n_)2 cos [(ln-5)0]] (45c) 

As we can seen, there are four sets of coefficients, an, an2, bnl and bn2, in the above 

expressions. They are related through the traction-free conditions along the crack 

surfaces, namely, or = Oxy = 0 at 0 = ?n. Under quasi-static conditions, these 
relations are 

bnl (- 1)n bn2 = (-)n an2 (46) 

where n = 1, 2,.... In particular, we note that when n = 1 the coefficients can be 

expressed in terms of the usual stress intensity factors KI and KII as 

a11 = bll = V/(2n)Ki, a12 = -b12 = -V /(2n)KI. (47) 

Under transient dynamic conditions, the above relations still hold for n = 1, 2, 3 
and 4. When n > 5, however, the even order time derivatives of the coefficients 

corresponding to smaller values of n will appear in the relations. For example, when 
n = 5, 6, 7 and 8, they are 

2nc2[anl + (- )n bnl] = [ - (- 1)n] [Cnl a(n-4) 1 + Cn2 b(n-4) 1] 

+ [1 + ( - 1i)] [dnl a(n-4) l + dn2 bn-4)1 ], 

2ncs2[an2- (-1 )n bn2] = [1 - (- 1)n] [dn a(n-4) 2 + dn2 b(n4) 2] 

+ [1 + (- 1)n] [Cnl a(n-4) 2 + Cn2 b(n-4) 21, 

where cnl, cn2, dnl and dn2 are constants and are given by 

1 _2 \ 3-4 -2-4v C 

( 
(49) 

Cnl = n-2(-4c2)' d = n-2 ( 2(n-2)( -2v)) c 

l 
(l4 +c2 

n2 =-4 41 (n-2) (-2v)) c J 

The features of the above transient fields are discussed in the next section. 

4. Discussions 

From the transient displacement and stress fields obtained in ??2 and 3, the 

following observations can be made regarding the structure of the transient, 

asymptotic elastodynamic fields around a stationary crack. 
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First, the transient fields can be viewed as the sum of quasi-static terms and 
correction terms to the governing equations. The coefficients of the quasi-static 
terms are made to deviate from their quasi-static restrictions, and to vary with time 
and obey transient relations. As such, the correction terms are the particular 
solutions of a set of first order (for mixed mode I and II) or second order (for mode 
III) ordinary differential equations, which have constant coefficients and non- 

homogeneous terms consisting of sine and cosine functions of the independent 
variable, and hence are easy to solve. The same convenience was also achieved for 
transient dynamic crack growth, with a solution procedure based on Lame's dynamic 
displacement potentials (Deng 1993). 

Second, the effect of dynamic loading on the near-tip fields of a stationary crack 
is to modify the universal angular variations of the quasi-static counterparts for the 
fifth and higher order terms in their variable-separable expansions. Hence, the first 
four terms of the crack-tip field have the same forms under both quasi-static and 

dynamic loading conditions. During dynamic crack propagation, however, it is found, 
by Freund & Rosakis (1992) and Deng (1993), that only the first two terms in the 

expansions hold the same angular variations under both steady-state and transient 
crack growth conditions. This seems to suggest that the influence of transient effects 
on the structure of the near-tip asymptotic fields is, in general, less severe for a 

stationary crack than for a propagating crack. 
To this end, it is worth citing the results of an experimental study by Ravi- 

Chandar & Knauss (1987), who devised a mode I dynamic fracture test which can be 
well modelled analytically. Using the method of caustics, they derived, assuming the 

crack-tip field is dominated by the singular term only, stress intensity factor values 
before and after crack initiation, which were then compared with available analytical 
results obtained under approximately the same loading and crack growth conditions. 
The comparison reveals that the experimentally measured values under assumed 

singularity-dominance conditions agree well with the analytically predicted values 
when (a) the crack is stationary (hence the transient correction terms appear only in 
the fifth and higher order terms), or (b) the crack is propagating at a small (constant) 
speed due to a low loading rate (hence transient effects are small and the crack-tip 
fields are very similar to those of a stationary crack). When the crack is propagating 
at a higher (constant) speed due to a high loading rate (hence transient effects are 
strong and corrections show up in the third term), substantial difference is observed 
between the two types of results. 

Third, the coefficients of the transient correction terms in the crack-tip asymptotic 
expansions are directly proportional to the even order time derivatives of the 
coefficients, including the stress intensity factors, of the modified, lower order, quasi- 
static terms in the expansions. As a consequence, if the coefficients of the modified 
quasi-static terms are only linearly dependent on time during a transient event, then 
the structure of the transient asymptotic crack-tip fields will be identical to those for 
a quasi-static process. The above feature, however, does not hold for a propagating 
crack. For example, the time rate of the stress intensity factors will appear in the 
third term of the near-tip expansions around a growing crack (Freund & Rosakis 
1992; Deng 1993), and will play an important role during a severe transient event. 

Before closing, we note that similar conclusions can be achieved for transient, 
asymptotic fields around singularities that admit variable-separable expansions, and 
the solution method developed in this paper will provide a convenient mathematical 
tool for such problems. 
Proc. R. Soc. Lond. A (1994) 
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