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A Mathematical Model of Electrochemical Reactions Coupled 
with Homogeneous Chemical Reactions 

Ken-Ming Yin,* Taewhan Yeu,* and Ralph E. White** 
Chemical  Engineering Department ,  Texas A& M University, College Station,  Texas 77843-3122 

The  z inc /b romine  (Zn/Br2) f low bat tery  has  rece ived  con- 
s iderable  a t ten t ion  in r ecen t  years  [e.g., (2-4)]. A l though  it  
is agreed that  the  solut ion chemis t ry  is impor t an t  in the  
system, m o s t  of  the  w o r k  that  has been  done  is concen-  
t ra ted on the  des ign  variables.  In this  note  the  basic mass  
t ransfer -solu t ion  and surface  kinet ics  are s tudied  to fur- 
n ish  a be t te r  unde r s t and ing  of  the  system. The resul ts  pre- 
sen ted  are for e l ec t rochemica l  react ion 

2Br-  ~ Br2 * 2e [1] 

coup led  wi th  the  h o m o g e n e o u s  comp]exa t ion  react ion 

kf 
Br -  + Br2 ~ Br3- [2] 

kb 
on a ro ta t ing d isk  e lec t rode  (RDE) (4). A detai led discus- 
sion of  the  migra t ion  effect  is inc luded.  

The  migra t ion  effect  for cases wi thou t  the  in te r fe rence  
of  h o m o g e n e o u s  chemica l  react ions  has been  d i scussed  
t ho rough ly  by N e w m a n  (Ref. (5), Chap. 19) and other  re- 
searchers  [e.g., Ref. (6-8)]. Also, Hauser  and N e w m a n  (9) 
po in ted  out  the  poss ibi l i ty  of  an in teres t ing  potent ia l  mini-  
m u m  wi th in  the  d i f fus ion layer w h e n  the  suppor t ing  elec- 
t ro lyte  par t ic ipa tes  in the  e lec t rode  react ion wi thou t  ho- 
m o g e n e o u s  chemica l  react ions  involved.  

E lec t rochemica l  m e t h o d s  have  been  used  for the  deter- 
mina t ion  of  h o m o g e n e o u s  react ion rate constants  (10-13). 
For  example ,  the  l imi t ing  cur ren t  dens i ty  depends  on the  
rate of  a h o m o g e n e o u s  chemica l  react ion;  Kouteck:~ and 
Lev ich  (12) analyt ica l ly  der ived  a l imi t ing  cur ren t  dens i ty  
express ion  for an e l ec t rochemica l  reac t ion  on a R D E  
coupled  wi th  chemica l  react ions  of  the  types  A ~ B and 2A. 

B. Also, an expe r imen ta l  de te rmina t ion  of  the  disso- 
c ia t ion rate of  acet ic  acid has been  done  on the  R D E  by A1- 
bery  and Bell  (Ref. (11), p. 132). 

A l though  analyt ic  analysis has been  done,  it is shown in 
this c o m m u n i c a t i o n  that  a c o m p r e h e n s i v e  numer ica l  anal- 
ysis is r equ i r ed  to s tudy  these  systems.  For  example ,  the  
behav io r  be low the  l imi t ing  cur ren t  wi th  h o m o g e n e o u s  
chemica l  react ions  cannot  be p red ic ted  by any analyt ic  ap- 
proach,  because  the  e lec t rode  kinet ics  need  to be incorpo-  
rated. A m a t o r e  and Savean t  (14) numer ica l ly  inves t iga ted  
the  e lec t rochemica l ,  chemical ,  e l ec t rochemica l  (ECE) and 
the  d i sp ropor t iona t ion  mechan i sms .  A l though  e lec t rode  
kinet ics  are inc luded,  they  forceful ly  set one of the  reac- 
tant  concen t ra t ions  to zero at the  interface,  even  at the  
non l imi t ing  cur ren t  condi t ion,  wh ich  is not  correct.  Yen 
and C h a p m a n  (15) used  the  or thogonal  col locat ion m e t h o d  
for the  ECE m e c h a n i s m  and showed  that  the  value  of  the  
h o m o g e n e o u s  rate cons tan t  modif ies  the  l imi t ing current  
dens i ty  t r emendous ly .  The  m e t h o d  they  used  m a y  save 
c o m p u t a t i o n  t ime,  bu t  accuracy  is sacrificed because  the  
chemica l  reac t ion  occurs  close to the  interfacial  region in 
which  no col loca t ion  points  are al located.  A d a n u v o r  et al. 
(16) cons ide red  the  same  sys tem as that  s tud ied  here  wi th  
the  migra t ion  effect;  however ,  the bu lk  concent ra t ions  
they  used  do no t  sat isfy the  equ i l i b r ium condit ion,  which  
leads to ques t ionab le  p red ic ted  cur ren t  densit ies.  In this 
note,  this d i sc repancy  is r emoved .  Recent ly ,  Hauser  and 
N e w m a n  (17) s tud ied  the  comptexa t i on  react ion rate  of  cu- 
prous  ions by the singular perturbation method and dem- 
onstrated a strategy for the data analysis by lumping rele- 
vant variables. 

Theory 
For generality, the mode] equations are developed for 

mul t ip le  react ions,  a l though  the  s tud ied  sys tem is for sin- 

* E l e c t r o c h e m i c a l  S o c i e t y  S t u d e n t  M e m b e r .  
�9 * E l e c t r o c h e m i c a l  S o c i e t y  A c t i v e  M e m b e r .  
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gle electrochemical-chemical reactions, A one-dimen- 
sional model is used here, i.e., the model is strictly valid at 
the center of the RDE. Additional assumptions used are: 
(i) Dilute solution theory applies, i.e., the driving force for 
the flux of species is related to the ion-solvent friction. Ion- 
ion interactions are not considered. (it) Double-layer 
charging is not considered. (iii) The solution is isothermal. 
(iv) The physical and transport parameters are constant 
within the diffusion layer. 

Governing equations.--Steady-state  mass conserva t ion  
of  species  i can be  wr i t ten  as (Ref. (5), p. 218) 

0 = - V  �9 N, + Ri [3] 

where  Ni is the  molar  f lux of  species  i and R, is the  ne t  gen- 
erat ion rate  of  i by  h o m o g e n e o u s  chemica l  reactions.  For  
the  h o m o g e n e o u s  chemica l  react ion shown in Eq. [2], RBr-  

= RBr2 = --RBr3- = - k f  CBr-CSr 2 ~- kbCBr3-. Ni inc ludes  migra-  
tion, diffusion, and convec t ion  (Ref. (5), p. 301) 

Ni = -ziu~Fc~VdP - -  DiVc~ + VC, [4] 

where  the  mobi l i ty  u, can be app rox ima ted  by DJRT ac- 
cord ing  to the  Nerns t -Eins te in  relat ion (Ref. (5), p. 229). 
For  a one-d imens iona l  model ,  Eq.  [3] becomes  

0 = D , ~ y  2 - v ,  = -  + z i uy l c i  + R, [5] 
dy \ dy 2 dy dy / 

The  normal  ve loc i ty  at a smal l  d i s tance  f rom the  d isk  sur- 
face can be  exp re s sed  by  the  first t e rm of  a power  series 
app rox ima t ion  

v~ = -a12 y2 [6] 

where  a is a cons tan t  wi th  the  va lue  0.51023262 (Ref. (5), 
p. 282), f~ is the  ro ta t ion speed  (rad/s), and v is the  kinet ic  
viscosi ty.  Also, the  solut ion concen t ra t ions  of  the  var ious  
species  m u s t  satisfy the  e lec t roneut ra l i ty  condi t ion  

nion 
0 -= ~ ciz, [7] 

i=l 

Boundary  condit ions.--The ionic concent ra t ions  ap- 
proach  the  un i fo rm bu lk  condi t ions  after a cer ta in  charac- 
ter is t ic  d is tance  or the  diffusion layer th ickness  (5) f rom 
the  in ter face  

= \ a ~ /  \ ~ /  [8] 

where  D R represen t s  the  diffusivi ty  of  the  l imi t ing species 
(Br-). I t  is conven ien t  to set the  bulk  boundary  condi t ions  
at y = 2~ 

cL(2~) = Ci,b~tk [9] 

where  the  bu lk  ionic  concen t ra t ions  satisfy the  equi l ib-  
r i um cond i t ion  (Keq = kr/kb = CB,-3 .b~Ik/CB,..bu~kCm2.bu,k) and 
the  e lec t roneut ra l i ty  cond i t ion  (Eq. [7]). The  solut ion po- 
tent ia l  at 25 can be  ass igned an arbi t rary cons tan t  for con- 
ven ience ;  s ince the  va lue  of cP(25) is immater ia l ,  it only  
serves  as a basis of  compu ta t i on  (18). Note  that  these  
bounda ry  condi t ions  do no t  inc lude  the  exac t  posi t ion of  
the  re ference  e lec t rode  (YRE) because  the  ohmic  drop be- 
tween  25 and YRE can be  easi ly c o m p e n s a t e d  if  the  appl ied 
cur ren t  dens i ty  and specific conduc t iv i ty  of  the  solut ion 
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are k n o w n  by  a s s u m i n g  tha t  O h m ' s  law (/T = --~ ddp/dy) 
appl ies  b e t w e e n  25 and YRE- 

The  b o u n d a r y  condi t ions  at the  e lec t rode  surface  are 
that  the  f lux of  each  ionic  species  is equa l  to the  associa ted 
surface e l ec t rochemica l  react ions  

nr  , i -  

-- Z siz~j = Ni  [10]  
j=l n y  

whe re  Ni = - ziuiFc~ dcP/dy - D~ d c / d y  at the  surface and  s,j 
is the  s to ich iomet r i c  coeff ic ient  of  species  i in electro- 
chemica l  reac t ion  j. The  part ial  cur ren t  dens i ty  ij is ex- 
p ressed  by  the  Bu t l e r -Vo lmer  equa t ion  (18, 19) 

exp  c~a'jnjF "'" - - Uj ,'ef)l 
J 

(c 0t-  r 
l l  ~ \ C i , r e f /  e x p  L ~  ( Y  d - (~I) 0 - , 

[11] 

The  e x c h a n g e  cur ren t  dens i ty  i0j.~ef is based  on the  chosen  
re fe rence  concent ra t ions ;  p,.j and  qij are the  react ion or- 
ders  for anodic  and ca thodic  react ions.  The  potent ial-  
d e p e n d e n t  term,  Va - (P0 - U~.~,f, is the  overpoten t ia l  at the  
in ter face  for reac t ion  j, whi le  a,,j and  (~c4 are the  corres- 
p o n d i n g  t ransfer  coeff ic ients  for anodic  and ca thodic  reac- 
tions. The  exp re s s ion  U j ~  is shown  in Eq.  [8] of  Ref. (18). 
Final ly,  the  e lec t roneut ra l i ty  condi t ion  (Eq. [7]) and the  ex- 
p ress ion  of  total  app l ied  cur ren t  dens i ty  

i T = ~ ij [12] 
j=l 

serve  as the  last  two  equa t ions  for the  in terface  solut ion 
potent ia l  q)0 and  the  e lec t rode  potent ia l  ltd. In  this current-  
cont ro l led  model ,  to ta l  cu r ren t  dens i ty  (iT) ra ther  than  the  
app l ied  po ten t ia l  (Vd - 4PRE) is set. 

Solution Technique 
The  gove rn ing  equa t ions  and re la ted  b o u n d a r y  condi-  

t ions are cast  in the  finite d i f ference  form. These  equa t ions  
are so lved  us ing  N e w m a n ' s  B A N D  subp rog ram wi th  a ma-  
t r ix  solver  M A T I N V  (Ref. (5), p. 419). The  u n k n o w n s  deter-  
m i n e d  are ionic concent ra t ions ,  q(y),  solut ion potential ,  
(I)(y), and e lec t rode  potent ial ,  Vd. The  e lec t rode  potential ,  
Vd, wh ich  has only  a s ingle va lue  at the  e lectrode,  is t rea ted  
as an u n k n o w n  cons tan t  in B A N D  (6, 7, 19). 

Parameters 
The  e x a m p l e  chosen  is the  Br-/Br2 e lec t rode  react ion 

coup led  wi th  the  t r i b romide  c o m p l e x  react ion in the  
aqueous  solut ions.  The  chemica l s  in t roduced  into the  bulk  
solut ion are Br  2 (0.3 molfliter) and N a B r  (0.3 mol/liter). 
Note  the  equ i l i b r i um bu lk  concen t ra t ions  should  be  calcu- 
la ted based  on the  equ i l i b r i um cons tan t  and the  a m o u n t  of  
chemica l s  tha t  are added.  The  associa ted  chemica l  and 
e l ec t rochemica l  react ions  are shown in Table  I. The  
n e e d e d  t ranspor t  data  are l is ted in Table  II. 

2 . 0  . . . .  , . . . .  | . . . .  , . . . .  , . . . .  

k t = 1 0  ? t = l O  9 

k~lO s / ~  / 
" '  ^ke'0 ~ / X 

~ L6  

kt_~lO H 
I.e - -  with migrat ion  

............ wi thout  migrat ion 

1 . 0  . . . .  ' . . . .  ' . . . .  t . . . .  , . . . .  

o.o o., o.z o.', o.4 o.~ 
i T (A/am e) 

Fig. 1. Polarization curves with different rote constants: kf -< lO 3, 
= | 0 s, = 10 7, = | 0 9, -> | 0 u ,  from lower to higher current densities.  

Results and Discussion 
Figure  1 shows  the  s imula ted  anodic  polar izat ion curves  

wi th  d i f ferent  h o m o g e n e o u s  rate constants .  The  migra-  
t i on -exc luded  case is i nc luded  for compar ison ,  which  is 
done  by t ak ing  out  the  migra t ion  t e r m  in Eq. [5] and by re- 
m o v i n g  the  e lec t roneut ra l i ty  condi t ion  (Eq. [7]). For  kf _< 
103 , the  pe r tu rba t ion  of  the  h o m o g e n e o u s  chemica l  reac- 
t ion  can be  neg lec t ed  so that  the  polar izat ion curves  are 
the  same  as those  ca lcula ted  by le t t ing Ri = 0. I t  is shown 
that  for kf -> 107, the  p red ic ted  l imi t ing  cur ren t  densi t ies  in- 
c lud ing  migra t ion  are  s ignif icant ly larger  than  those  with-  
out  inc lud ing  the  migra t ion  effect. Obviously,  the  migra-  
t ion  effect  is magni f ied  by increas ing  kf (or kb). The  
concen t ra t ion  profiles wi th in  the  di f fus ion layer are shown  
in Fig. 2a. The  m u c h  larger  Br2 concen t ra t ion  at the  inter- 
face w h e n  cons ide r ing  migra t ion  reflects  the  larger  l imit-  
ing  cu r ren t  dens i ty  in Fig. 1. The  genera l ly  larger  pre- 
d ic ted  cur ren t  dens i t ies  w h e n  migra t ion  is inc luded  can be  
exp la ined  by  the  concen t ra t ion  profi les of  Br -  and Br3- 
be ing  ve ry  close to the  e lec t rode  surface as shown in 
Fig. 2b. At  t he  in ter face  CN,+ = CB~3-, s ince e lec t roneut ra l i ty  
m u s t  be  p re se rved  w h e n  migra t ion  is cons idered ,  this 
causes  a h ighe r  CBr3- near  the  surface. In  o ther  words,  the  
anode  at tracts  m o r e  nega t ive  Br3- ions  to the  electrode,  
wh ich  then  re leases  more  reac tan t  Br -  by the  chemica l  re- 
act ion [2] near  the  e lec t rode  c o m p a r e d  to the  case w i thou t  
migrat ion.  Because  Br3- p layed  the  role  as the  suppl ie r  of  
Br  , Br -  has a h ighe r  concen t ra t ion  near  the  e lec t rode  
w h e n  cons ide r ing  migra t ion ,  and, consequen t ly ,  has a 
h igher  g rad ien t  at the  in ter face  at the  l imi t ing  cur ren t  con- 
dit ion. F r o m  the  l imi t ing  cur ren t  dens i ty  at kf = 109 in 
Fig. 1, it shou ld  be  clear  tha t  t he  grad ien t  is about  twice  as 
m u c h  w h e n  cons ide r ing  migra t ion  c o m p a r e d  to the  one  
wi thou t  cons ide r ing  migrat ion.  

An  in te res t ing  behav io r  is obse rved  for the  electr ic  field 
(E = -d ,b /dy ) .  As shown  in Fig. 3a, the  electr ic  field is al- 

Table I. Electrochemical and chemical reactions. 

Electrochemical reaction U~a (V) 
2/~r- - Br2 --> 2e 1.087 b 

Electrochemical kinetic parameters 
(~a., (x~.~ n~ i0j.~ef (A/cm 2) U~.,'~f (v) 
0.5 0.5 2 0.001861 ~ 1.0466 d 

Chemical equilibrium Equilibrium constant (cm3/mol) 

kf 
Br2+Br ~Br3- 17 x 10 ~ 

kb 

Table II. Mass transport data. 

Dal • I0  s Cbi,bulk X 103 c%,.,,r • I0 :r 

( ~ )  (mol~ (mol~ 

Species zt \~m3] \ c  ma/ 

Na + 1 1.334 0.3 1.0 
~ r -  - 1 2.084 0.106647 1.08 
Br2 0 1.31 0.106647 0.05 
Br3- -1  1.31 0.193353 0.92 

v=0.0123cm2/s T - 2 9 8 K  po=l .0g/cm 3 12= 104.7rad/s 
=2.23• 10 scm 

a Although the example is for a single electrochemical reaction, 
the subscript j is kept for consistency. 

b Ref. (3). 
c The exchange current density corresponds to c,.r,.r in Ref. (3). 
d Calculated from Eq. [8] in Ref- (18). 

a DNa% DB r from Ref. (5), p. 230; Din2, DBr3 from Ref. (3). 
b The equilibrium bulk concentrations are ca lcu la ted  according 

to the introduced NaBr and Br2 concentrations. 
c The concentrations are from Ref. (3); they correspond to ir = 

0.001861 A/cm 2. 
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Fig. 2. (a, top) The concentration profiles within the diffusion !ayer 
under limiting current density for k t ~- !0 9. (b, bottom) Concentration 
profiles of Na +, Br-, and Br3- close to the electrode under limiting cur- 
rent density for kf = 10 9. 

most constant near the outer region of the diffusion layer 
where the concentrations are close to the bulk concentra- 
tions. However, higher homogeneous rate constants cor- 
respond to higher E values because of the larger limiting 
current densities. E increases rapidly when approaching 
the electrode because the ionic species are depleted there. 
There is a max imum in E close to the electrode as can be 
seen more clearly in Fig. 3b. Note that the maximum for kf 
= 10 ~ occurs at ~ ~ 0.04, as shown in Fig. 3a. Such phenom- 
enon can be explained by the significant difference in corn 
centration gradients in two regions, i.e., the outer diffusion 
region and the inner  chemical reaction region. Figure 4 
shows the concentration profiles of Br- within the diffu~ 
sion layer. It is clear that for kf ~ 107, a significant differ- 
ence occurs between the concentration gradients in the 
two regions. The larger the r~te constant, the narrower the 
inner  region (see Fig. 2b for the inner  region at kf = 10~). 
The total current density, which is constant across the dif- 
fusion layer, can be e~;pressed by the respective contribu- 
tions from Ohm's law and the diffusion current (Ref. (5), 
p. 221) 

dcP dci 
iT -~ -K---dy - F~. ziD~ d Y  [13] 

where K = F~z~uic~. As shown in Fig. 5a and b, Ohm's law 
(iOhm = --K dq)/dy) applies well for ~ > 1.5 until  the diffusion 
current ( i D i f f  = ~ FZiziDi dcJdy)  becomes important closer to 
the interface. For kf -< 103, when the chemical reaction can 
be neglected, the diffusion current density (Fig. 5b) in- 
creases monotonically toward the electrode because con- 
centration gradients increase steadily when approaching 
the electrode. As kr increases, the diffusion-migration 
mechanism induced diffusion current is important when 
-< 1.5. Unlike the no-chemical reaction case, there is a drop 
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Fig. 3. The potential gradient profiles (a, top) within and (b, bottom) 
near the diffusion layer at different rate constants under limiting cur- 
rent conditions. 

in iDiff after a maximum, then iDiff increases rapidly near 
the surface. The drop in ibm. must  be due to the decrease in 
the concentration gradients (dc,/dy, especially for Br-), i.e., 
concentrations in this region are somewhat flattened. The 
flattening should come from the continuous release of Br- 
from Br3-. The flattened concentration region is reflected 
by the min imum of iDiff in Fig. 5b. It should now be clear 
that iDiff will rise again at the interface because of the larger 
dCBr-/dy there due to the Br- concentration passing 
through a flattened region and then suddenly dropping to 
zero at the limiting current condition. Note that for kr = 
1011, the diffusion current increases after a min imum at ~ < 
0.005 which cannot be seen in Fig. 5b. The flattened con- 
centration region and the latter larger concentration gradi- 
ent at interface characterize the increase and decrease of 
the potential gradient in Fig. 3b. 
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Fig. 4. The Br- concentration profiles within the diffusion layer at 
various homogeneous rate constants. 
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Fig. 5. (a, top) The contribution from ohmic current within the diffu- 
sion layer at different rate constants under the limiting current condi- 
tions. (b, bottom) The contribution from diffusion current within the dif- 
fusion layer at different rate constants under the limiting current 
conditions. 

Summary  
A one-dimensional model  of electrochemical reactions 

coupled with homogeneous  chemical reactions is given. 
An example  of the oxidation of Br- coupled with Br + Brz 

Br3- shows the importance of including the migration 
effect. The homogeneous  chemical reaction causes a maxi- 
mum in the electric field within the reaction layer. 
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LIST OF SYMBOLS 
a 0.51023262 
c~ concentration of species i, mol/cm 3 
cj~ concentration of  species i at the solid-solution inter- 

face, mol/cm 3 
ci.b~m bulk solution concentration of species i, mol/cm 3 
ci.~r reference concentration of species i, mol/cm 3 
D~ diffusion coefficient of species i, cm2/s 
DR diffusion coefficient of  the limiting species (Br-), 

cm2/s 
E electric field (= -d(P/dy), V/cm 
F Faraday's constant, 96,487 C/mol 
ij partial current density due to reaction j, A/cm ~ 
iD~,~ diffusion current density (= -F~iziD i dci/dY), A/cm ~ 
ioh~ ohmic contribution to total current density (= -K 

d~P/dy), A/cm 2 

i0j.re~ exchange current density at reference concentra- 
tions for reaction j, A/cm 2 

iT total current density, A/cm 2 
kb backward homogeneous rate constant, 1/s 
kf forward homogeneous rate constant, cm3/s mol 
Keq equil ibrium constant, cm3/mol 
nlon number  of ionic species 
nr number  of electrochemical reactions (equal to 1 

here) 
nj number  of electrons transferred in reaction j 
N1 flux vector of species i, mol/cm 2 �9 s 
N i flux of species i in y direction, mol/cm 2 - s 
p,j anodic reaction order of ionic species i in reaction j, 

dimensionless 
qi4 cathodic reaction order of species i in reaction j, di- 

mensionless 
R universal gas constant, 8.3143 J/mol �9 K 
Ri the homogeneous reaction rate of species i, 

mol/s �9 cm 3 
sij stoichiometric coefficient of ionic species i in elec- 

trochemical reaction j, dimensionless 
T absolute temperature,  K 
ui mobility of species i (=Di/RT), tool - cm2/J �9 s 
Uj.r~f theoretical open-circuit potential of reaction evalu- 

ated at reference concentrations, V 
U~ standard electrode potential for reaction j, V 
v solution velocity vector, cm/s 
vy normal solution velocity, cm/s 
Vd potential of the working electrode, V 
y normal coordinate, cm 
YRE position of reference electrode, cm 
zi charge number  of species i 

Greek letters 
~a,j anodic transfer coefficient for reaction j, dimen- 

sionless 
~c.j cathodic transfer coefficient for reaction j, dimen- 

sionless 
characteristic layer thickness according to Eq. [8], 
c m  

K solution conductivity, 1/~ �9 cm 
v kinematic viscosity, cm2/s 

dimensionless distance (=y/g) 
po pure solvent density, g/cm 3 

solution potential, V 
~0 solution potential adjacent to electrode surface, V 

disk rotation speed, rad/s 
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