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A Comparison of Newman's Numerical Technique and 
deBoor's Algorithm 

D. A. Curtis,* and T. I. Evans, *'1 and R. E. White* 

Department of  Chemical Engineering, Texas A&M University, College Station, Texas 77843 

N e w m a n ' s  n u m e r i c a l  t e c h n i q u e  (1-4) has  b e e n  u s e d  ex- 
t en s ive ly  to solve  t w o - p o i n t  b o u n d a r y  va lue  p r o b l e m s  con-  
s i s t ing  of  coup led ,  o rd ina ry  d i f fe ren t ia l  equa t ions �9  Unfor -  
tuna te ly ,  h is  m e t h o d  does  no t  a lways  yield a so lu t ion  to a 
s y s t e m  of  i n d e p e n d e n t  equa t ions �9  S o m e t i m e s  his  al- 
g o r i t h m  (BAND) s igna ls  i nco r rec t ly  t h a t  t he  coeff ic ient  
m a t r i x  is s ingu la r  (e.g., D E T E R M I N A N T  = 0 AT J = 2), 
a n d  n o  so lu t ion  is o b t a i n e d  to t he  s y s t e m  of  equa t ions �9  
Th i s  p r o b l e m  s o m e t i m e s  occurs  w h e n  one  t r ies  to  use  
B A N D  to solve  a two-po in t  b o u n d a r y  va lue  p r o b l e m  
w h i c h  cons i s t s  of  a se t  of  m i x e d  o rde r  o rd ina ry  d i f fe ren t ia l  
equa t ions .  Fo r  example ,  t h e  b a t t e r y  m o d e l  e q u a t i o n s  pre-  
s e n t e d  r ecen t l y  by  E v a n s  a n d  Whi te  (5) are  r e p r e s e n t a t i v e  
of  th i s  t ype  of  e q u a t i o n  set. Th i s  p r o b l e m  is r e fe r red  to 
he r e  as t he  "zero d e t e r m i n a n t  p r o b l e m . "  T he  cause  of  th i s  
p r o b l e m  w i t h  B A N D  is due  to t he  way  in w h i c h  t he  al- 
g o r i t h m  in B A N D  is u s e d  to solve t he  s y s t e m  of  equa t ions .  
T h e  p r o b l e m  can  b e  avo ided  b y  u s i n g  a l t e rna te  d i f f e rence  
e x p r e s s i o n s  or coo rd ina t e  sys tems ,  or by  u s i n g  a l g o r i t h m s  
b y  d e B 0 o r  (6) or I M S L  (7). 

The  b o u n d a r y  va lue  p r o b l e m  t e s t ed  he re  is g iven  in  
Tab le  I as Eq. [1]-[4]. T h e  de r iva t ives  we re  w r i t t e n  in  f ini te  
d i f f e rence  fo rm a n d  p r o g r a m m e d  for so lu t ion  u s i n g  New-  
m a n ' s  B A N D  c o m p u t e r  code  (2) a n d  d e B o o r ' s  c o m p u t e r  
code  (6). Severa l  s u b r o u t i n e s  were  w r i t t e n  to p r ov ide  a 
m e a n s  for u s i n g  t h e  B A N D  p r o c e d u r e  w i t h  d e B o o r ' s  
m e t h o d .  T h e s e  s u b r o u t i n e s  are  ava i lab le  f rom t he  au thors .  
In  add i t ion ,  a r ou t i ne  n a m e d  L S L R G  f r o m  t he  I M S L  (7) li- 
b r a ry  was  u s e d  to ver i fy  t he  resu l t s  o b t a i n e d  b y  d e B o o r ' s  
solver .  

Results and Discussion 
T h e  zero d e t e r m i n a n t  p r o b l e m  of  N e w m a n ' s  B A N D  al- 

g o r i t h m  is d u e  to the  f ini te  d i f f e rence  e x p r e s s i o n  u s e d  for 
t h e  g r a d i e n t  of  y for a pa r t i cu la r  loca t ion  of  t h e  or ig in  of  
t he  c o o r d i n a t e  sys tem.  T he  g r ad i en t  of  y, dy/dx, can  b e  ap- 
p r o x i m a t e d  w i t h  centra l ,  forward,  or b a c k w a r d  finite dif- 
f e r ence  e x p r e s s i o n s  as fol lows 

Cen t r a l  d i f f e rence  (CD) 

dy Yj+I - -  Yj-1 

dx 2h 
F o r w a r d  d i f fe rence  (FD) 

+ O(h 2) [5] 

dy Yj+I -- Yj 

dx h 
- -  ~ O(h)  [6] 

B a c k w a r d  d i f f e rence  (BD) 

dy Yj -- Yj-1 

dx h 
- -  + O ( h )  [7] 

w h e r e  h = 1/(N-l) a n d  N is the  to ta l  n u m b e r  of  n o d e  points .  
T h e  g o v e r n i n g  e q u a t i o n  s h o w n  in  Tab le  I c an  b e  so lved  

in t he  x d i r ec t ion  (coord ina te  s y s t e m  1, CS1) or in  t he  z di- 
r e c t i on  (coord ina te  s y s t e m  2, CS2). Severa l  c o m b i n a t i o n s  
of  f ini te  d i f f e rence  e x p r e s s i o n s  a n d  c o o r d i n a t e  s y s t e m s  
were  used,  t o g e t h e r  w i th  N e w m a n ' s  BAND,  d e B o o r ' s  
solve  L a n d  L S L R G  to solve  or a t t e m p t  to  solve  t he  exam-  
ple  p rob l em.  The  e n d  po in t s  w i t h o u t  b o u n d a r y  c o n d i t i o n s  
we re  t r e a t ed  b y  u s i n g  b a c k w a r d  d i f f e rence  (Eq. [7]) a n d  
fo rward  d i f f e rence  (Eq. [6]) e x p r e s s i o n s  for CS1 a n d  CS2, 
respec t ive ly .  A r u n  was  d e s i g n a t e d  success fu l  w h e n  t he  
ana ly t i ca l  so lu t ion  was  ob ta ined ,  a n d  a fa i lure  w h e n  the  
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Table I. Boundary value problem 

Coordinate system 1 (CS1): 

dy 
- 1  0 < x - < l  [1] 

dx 

boundary condition, 

y = 1 at x = 0 [2] 

Coordinate system 2 (CS2): z = 1 - x 

dy 
- - 1  0 < - z < l  [3] 

dz 

boundary condition, 

y = 1 at z = 1 [4] 

so lver  i n d i c a t e d  t h a t  t he  n u m e r i c a l  s y s t e m  was  s ingu la r  
(i.e., a zero d e t e r m i n a n t  was  indicated) .  The  re su l t s  are pre-  
s e n t e d  in  Tab le  II. 

As s h o w n  in  Tab le  II, all of  t he  so lvers  fail for  two  of  t he  
cases;  CS1 w i t h  FD a n d  CS2 w i t h  BD. T h e s e  r e su l t s  are 
co r rec t  b e c a u s e  t h e  m a t r i x  is s ingular .  This  c an  b e  seen,  
for example ,  by  cons ide r i ng  t he  las t  two  rows  of  t he  coef- 
f ic ient  m a t r i x  for  CS1 w i t h  FD. U s i n g  t he  n o t a t i o n  of  (3), 
t h e  m a t r i x  e q u a t i o n  to b e  so lved  for  th i s  case  is 

1 0 0 0  

o - ~ L o  
h h  

O 0 ! L  
h . h  

O O O O  

0 0 0 0  

O O 

O 0 

0 0 

-1!_ 
h h 
- 1 1  
h h 

C(1) 
C(2) 
C(3) 

C(N-1) 
C(N) 

6(1) 
6(2) 
6(3) 

G(N-D 
O(N) 

[8] 

E x a m i n a t i o n  of  Eq.  [8] revea ls  t h a t  t he  las t  two rows  of  t h e  
coeff ic ient  m a t r i x  are  t he  same,  w h i c h  y ie lds  a s i ngu l a r  
ma t r ix .  This  is due  to t he  fo rward  d i f f e rence  f o r m u l a t i o n  
of  t he  N - l t h  e q u a t i o n  a n d  t he  b a c k w a r d  d i f f e rence  fo rmu-  
l a t ion  of  t he  N th  equa t ion .  This  n u m e r i c a l  s ingu la r i ty  c an  
b e  avo ided  by  u s i n g  a cen t r a l  or b a c k w a r d  d i f f e rence  for- 
m u l a t i o n  for dy/dx for t he  m i d d l e  nodes .  Tab le  II  also 
s h o w s  t h a t  d e B o o r ' s  so lver  a n d  L S L R G  w o r k  for one  case  
w h e r e  N e w m a n ' s  t e c h n i q u e  does  not :  CS1 a n d  CD. New-  
m a n ' s  t e c h n i q u e  s ignals  i nco r rec t ly  t h a t  t h e  coeff ic ient  
m a t r i x  is s ingular .  Th i s  p r o b l e m  occu r s  b e c a u s e  New-  
m a n ' s  a l g o r i t h m  is b a s e d  on  so lv ing  t he  b l o c k  s y s t e m  of  
e q u a t i o n s  s equen t i a l l y  (3) a n d  does  no t  ut i l ize  t he  en t i r e  
s y s t e m  of  e q u a t i o n s  at  any  g iven  poin t ,  as does  d e B o o r ' s  
m e t h o d .  Th i s  p r o b l e m  w i t h  B A N D  for th i s  case  b e c o m e s  
c lear  by  s t e p p i n g  t h r o u g h  N e w m a n ' s  a l g o r i t h m  u s i n g  t h e  
t e s t  p r o b l e m  g iven  in  Tab le  I. U s i n g  t he  n o t a t i o n  of  (3), t h e  
m a t r i x  e q u a t i o n  

B(1) D(1) X(1) 
A~2) B(2) D(2) 

A(3) B(3) 

L 0 0 A(N-1) 
0 Y(N) 

o o 1Fc(1)  q [-~(1) l 
o /i 1 c(2) I I c(2) i D(3) 00 C(3) | 

' : l = /  ~(3)/: 
B(N-1)" D(N-1) |C(]q-l)| |o(t~-l)| 
A(N) B(N) JL C(N) J L G(N) J 

[9] 
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Table II. Comparison of the performance of BAND, deBoor's solver, 
and LSLRG (IMSL) 

(F-failure, R-successful run) 

Coordinate 
Method system BD CD FD 

Newman's BAND CS1 R F F 
CS2 F R R 

deBoor's solver CS1 R R F 
CS2 F R R 

LSLRG (IMSL) CS1 R R F 
CS2 F R R 

can be  wr i t ten  as 

M T  = Z [10] 

Equa t ion  [10] can be  solved by d e c o m p o s i n g  the  coeffi- 
c ient  matr ix ,  M, into lower  and uppe r  t r iangular  mat r ices  

M = LU [11] 

as exp la ined  in (3). In  this case 

B(1) = 1 and D(1) = O [12] 

- 1  
A(2) = -D(2)  = and B(2) = 0 [13] 

2h 

Us ing  Eq. [16]-[19] of  (3), some  of the  values  for e lements  of  
L and U (b(1), a(2), and b(2)) can be  obta ined  

b(1) = B(1).= 1.O [14] 

-D(1) 
E(1) - - -  - 0  [15] 

b(1) 

- 1  
a(2) = A(2) - [16] 

2h 

b(2) =B(2)  + a(2)E(1) = 0 [17] 

Cons idera t ion  of  Eq.  [14]-[17] reveals  that  a s ingular i ty  is 
deve loped;  in part icular ,  Eq. [17] shows that  b(2), a diago- 
nal  e l emen t  of  L, is zero which  resul ts  in a s ingular  condi-  
tion. The  analogous  case for mul t ip le  equa t ions  wou ld  be 
one  in wh ich  zeros wou ld  be  in one c o l u m n  or row of the  
b lock  that  lies on the  diagonal ,  again resul t ing in a s ingular  
condi t ion.  This fai lure could  be  avoided  by us ing  part ial  
p ivo t ing  for the  ent i re  coeff icient  matr ix,  as is done  in de- 
Boor ' s  method .  Unfor tunate ly ,  this is not  done  in BAND.  
It  m a y  be  possible  to modi fy  B A N D  to use part ial  p ivot ing  
of  the  ent i re  b lock  coeff icient  matr ix;  however ,  the  addi- 
t ional  s torage r equ i r emen t s  for this wou ld  det ract  f rom the  
benefi ts  of  BAND.  

Equa t ions  [14]-[17] can also be used  to show w h y  New- 
man ' s  a lgor i thm works  for CS2 wi th  CD. In  this case, D(1) 
is no t  zero because  the  der ivat ive  boundary  equa t ion  is ap- 
p r o x i m a t e d  by us ing  a forward di f ference express ion.  
Therefore ,  E(1) is no t  zero and b(2) is non-zero. 

Conclusion 
N e w m a n ' s  a lgor i thm fails for the  CS1 wi th  CD case be- 

cause  the  coefficient  mat r ix  conta ins  a zero on the  diago- 
nal, as shown by Eq. [17], wh ich  is not  r e m o v e d  by part ial  
pivot ing.  The  solver  p resen ted  by deBoor  for b lock  ma t r ix  
equa t ions  does not  have  this l imi ta t ion and can be  used  to 
solve this case. S ince  cases l ike this one  may  occur  dur ing  
ma thema t i ca l  mode l ing  of  e lec t rochemica l  systems,  one  
may  want  to use  deBoor ' s  m e t h o d  ins tead of  B A N D  to 
avoid  this problem.  
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L I S T  OF S Y M B O L S  
a( j )  e l emen t  of  U in jth row 
A(j )  partial  der ivat ive  of  the  govern ing  equa t ion  wi th  

respect  to C( j  - 1) 
b(j) e l emen t  of L in jth r o w  
B(j)  part ial  der ivat ive  of the  govern ing  equa t ion  wi th  

respect  to C(j)  
C(j)  va lue  of  the unknown,  y, at node  j 
D(j )  part ial  der ivat ive  of the  govern ing  equa t ion  wi th  

respect  to C( j  + 1) 
E( j )  e l emen t  of  U in jth rOW 
G(j)  r ight-hand side of  govern ing  equa t ion  at node  j 
h d is tance  be tween  success ive  nodes,  d imens ion less  
j jth node  
L lower  t r iangular  mat r ix  formed f rom decom-  

posi t ion of  M 
M coefficient  mat r ix  for N e w m a n ' s  numer ica l  tech- 

n ique  
N n u m b e r  of  node  points  
T vec tor  of  u n k n o w n s  in N e w m a n ' s  numer ica l  tech- 

n ique  (cf. Eq. [9] and [10]) 
U uppe r  t r iangular  mat r ix  fo rmed  from decom-  

posi t ion of  M 
x i ndependen t  variable,  d imens ion less  
X ( j )  part ial  der ivat ive  of  the  govern ing  equa t ion  with  

respect  to C( j  + 2) 
y d e p e n d e n t  variable,  d imens ion less  
z t ransformat ion  of  coord ina te  sys tem (= 1 - x), di- 

mens ion less  
Z r ight-hand side of  equa t ion  in N e w m a n ' s  numer i -  

cal t echn ique  (cf. Eq. [9] and [10]) 
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