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A FAMILY OF COMPLEXES ASSOCIATED TO
AN ALMOST ALTERNATING MAP, WITH
APPLICATIONS TO RESIDUAL INTERSECTIONS

ANDREW R. KUSTIN AND BERND ULRICH

The notion of residual intersection was introduced by Artin and Nagata [1]; it
has been improved and generalized by Huneke [29] and Huneke and Ulrich [32].
Let I and J be prime ideals in a local Gorenstein ring R with ht I < htJ and
I not contained in J. Krull’s altitude theorem guarantees that htJ < (I N J),
where p(M) is the minimal number of generators of a module M. If equality holds,
then J is called a geometric residual intersection of I. (A more general definition
may be found in (10.1).) One example of a residual intersection concerns the ideal
I(X), generated by the maximal order minors of a generic matrix X. Huneke [29]
proved that I(X) is the residual intersection of a height two perfect ideal. Another
example demonstrates the ubiquity of residual intersections. Let I be a strongly
Cohen-Macaulay (G ) ideal. (Recall that I is a strongly Cohen-Macaulay ideal
if the Koszul homology modules of some (and hence any) set of generators of I
are Cohen-Macaulay modules; and I satisfies the property (Gs) if u(Ip) < ht P
for all prime ideals P of R with I C P.) Consider the extended Rees algebra
R[It,t71] of I, which is a one-parameter deformation of the associated graded ring
&r7(R) = @;(I*/I**1) of I. Huneke has proved that the defining ideal of R[It,t~}]
is a residual intersection of a hypersurface section on I. The first theorem about
residual intersections [29, Theorem 3.1] states that if I is a strongly Cohen-Macaulay
ideal which satisfies the condition (G ), and J is a geometric residual intersection
of I, then the ring R/J is Cohen-Macaulay.

When the ideals I and J, from the beginning of the preceding paragraph, have
the same height, then the notion of residual intersection is the same as the notion
of linkage (or liaison) which has proved very useful; see, for example, [3, 14, 23,
31, 46, 47, 48, 49]. (This list of recent papers which use the technique of linkage is
far from complete.) One reason that the technique of linkage has been so fruitful
is that if I is perfect, then the generators of J and a free resolution of R/J can
easily be described in terms of a free resolution of R/I. At the present time,
there is no comparable result for residual intersections; in fact, if J is a residual
intersection of I, then very little is known about the resolution of R/J: if the ideal
I is a complete intersection, then the generators of J were described in [32] and the
resolution of R/J may be found in [7]; if I is a height two perfect ideal, then J is a
determinantal ideal (as described above) and the resolution of R/.J is given in [20];
if I is a Gorenstein ideal in the linkage class of a complete intersection, and the
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2 KUSTIN AND ULRICH

height of J is precisely ht I + 1, then the generators of J are described in [41]. The
only general result about the resolution of residual intersections concerns the end
of the resolution. If I is strongly Cohen-Macaulay and satisfies the condition (Go),
or if I is in the linkage class of a complete intersection, then a set of generators for
the canonical module of R/.J has been described in [32].

The resolution of a residual intersection of I is understood if I is a complete
intersection or if I is a perfect height two ideal. The next natural class of ideals to
consider is the class of grade three Gorenstein ideals. Let X be a g x g alternating
matrix over R for some odd integer g. Suppose that the ideal I, generated by the
maximal order pfaffians of X, has grade three. Let ai,...,as be elements of I,
with f > 3, and let J be the ideal (a1,...,af):I of R. If J is a proper ideal
and htJ > f, then J is a residual intersection of I (in the more general sense of
Definition 10.1). The present paper began as an attempt to answer the questions,
“What are the generators of J?” and “What is the minimal resolution of R/J?”.
These questions are answered in Theorem 10.2. In addition, our approach yielded
other, unexpected, resolutions. For example, if the grade three Gorenstein ideal I
satisfies the condition (G ), then we have resolved I™ for all positive integers n
(cf. Theorem 6.25). In particular, we calculate depth (R/I™) for all n. (Previously,
the resolution of R/I™ had been known only for n = 1 [14] and n = 2 [4]; and the
depth of R/I™ had been known only for n < 2 [22] or n > pu(I) — 2 [33].) In the
“generic” case, we have also resolved “half” of the modules comprising the divisor
class group of R/J (cf. Theorem 9.13).

For X, I, and J as defined in the beginning of the preceding paragraph, there
is a natural first approximation for J. The elements a; are in I. Let Y be a g x f
matrix which gives the coefficients of the a; with respect to the generators of I.
We call p = [X Y] an “almost alternating matrix”. The corresponding alternating

matrix is
X Y
r-[% 7).

Let J(p) be the ideal which is generated by the pfaffians of all principal submatrices
of T which contain X; see (4.10). It is not difficult to show that J(p) is contained
in J and that both ideals have the same grade. (See, for example, [42].) Instead of
proving directly that J(p) is all of J, we went straight to our second task; namely,
we worked out the entire free R—resolution of R/.J. This can be done without prior
knowledge of the generators of J, since J is perfect and the canonical module w
of R/J is known from [32]. In fact, it turns out that w is the symmetric power
S¢_a(coker p) of the cokernel of p. Thus, we will have proved the equality J = J(p)
and constructed a resolution of R/.J, once we are able to resolve symmetric powers of
the cokernel of a (generic) almost alternating matrix. Since we resolve all symmetric
powers of coker p, we obtain, in addition, resolutions for “half of the divisor class
group” of R/J, at least in the generic case.

Now, if we view p: E* — G as an almost alternating map of free R—modules
(see Definition 2.1), then the zeroth homology of the Koszul complex

[\ (E* ®r SeG) = SeG @k \ E
SeG
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is Se(coker p). The graded strand

i—1 1 0
OH%G®AF—ﬂ£®AE*.”ﬁSHG®AF—ﬂ£®AE“w

of SoG ®@r \°® E* is not acyclic; but, its zeroth homology is equal to S;(coker p).
At this point, we are reminded of the classical family of complexes, {€*}, which is
associated to a generic map p: E* — (. The complexes ¢° and ¢! are known
as the Eagon-Northcott complex and the Buchsbaum-Rim complex, respectively.
There does not seem to be a name for the entire family {€’}; nonetheless, it has
been considered often by many authors. (See, for example, [20, 10, 15, 12, 37, 8,
9].) If p is a generic map, then the resolution € of S;(coker p) is

g—|—1+2 g+Z+l g+'L
1—1 1—2

—>81G®/\E*—>82G®/\E*—>

with SoG ® A" E* in position i. The maps S,G @ A\’ E* — S,41G @ A\~ E* are
Koszul maps; the maps D,G* ® /\b E*— D, 1G*® /\b_1 E* are Eagon-Northcott

maps; and the map
g+i

DyG* & [\ E* —>SOG®/\E*

is the composition

g+i
(0.2) /\E*—>/\E*®/\E* UARCLIN /\G@/\E* SHLIN /\E*
where A is co-multiplication, g = rank G, and | | is orientation. (See section one

for more details.) By using the family {€’} as a model we were able to produce
a family of complexes {97} with the property that if p is a “sufficiently general”
almost alternating map, then D7 is a resolution of S, (coker p) for all ¢ > 1. The
family of complexes {97} has many properties which are analogous to the family
{et},

If we are willing to omit all details, then the family of complexes {D?} can be
described very quickly. The right side of @9, see (2.7), is a graded strand of the
quotient
S.G @ \* E*

J

where S,G ® /\' E* is the Koszul algebra mentioned above and J is the differential
graded ideal generated by the two elements 1 and A of (2.13). The left side of D7
is the dual of the right side of ®/7279. Sitting between these two sides is a module
we have called @, (see 2.16). All of the maps in © are defined above and are linear
except for two:

Koo:

(KOf*qu)* — Q¢ — Kogq.
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The map Q) — Ko is defined in (2.15 f); it involves pfaffians of all possible sizes
and lives in many degrees. Up to sign, the map (K¢ j_q—2)* — Q4 is the dual of
Qf-—q—2 = Kof—q-2:

Our interest in the complexes {9} was motivated by the notion of residual
intersection; however, residual intersections play no role in our construction of the
family {®7} or in our proof of the properties of these complexes. After the present
paragraph, the next serious consideration of residual intersections takes place in
section 10. In sections 1 through 9, R is an arbitrary commutative noetherian ring
and p is an almost alternating map of shape (g, f) where g > 1 and f > 0. (In other
words, if the matrix of p, with respect to some basis, is [X Y], then X isa g x g
alternating matrix and Y is a g X f matrix.) Notice that we do not require f to be at
least three, as we would if we were solely dealing with residual intersections. In fact,
when we take f to be zero, we obtain, in Theorem 6.25, the resolution of the powers
of a grade three Gorenstein ideal. This result, although one of the main theorems
in the paper, comes more or less for free given the basic strategy of the paper. Also,
we do not require g to be odd, as we would if we insisted that the maximal order
pfaffians of X generate a grade three Gorenstein ideal. This flexibility allows us
to describe, in Theorem 10.2, the minimal resolution of all residual intersections of
a grade three Gorenstein ideal in a Gorenstein local ring (R,m), not merely those
residual intersections of the form J = (A: 1) with A C m/.

We conclude the introduction by describing the contents of each section. Section
one contains all of the relevant background material about multilinear algebra,
pfaffians, commutative algebra, and index sets. Most readers will probably want
to refer to this section only when necessary. In section two we define ©9 and we
prove that ®? is a complex, except possibly at Q),. We also give an alternate
description for various parts of 9. In section three we complete the proof that 01
is a complex by showing that ©9 is a complex at @),;. There is nothing analogous
to this step in the construction of the family {€*}. The proof in section three is
based on the pfaffian identity we have labeled (3.2). It is possible that this identity
may be of independent interest. We have noticed that Srinivasan [50] used a similar
identity when she put a differential graded algebra structure [51] on the minimal
resolution of the deviation two Huneke-Ulrich Gorenstein ideals. In addition, Day
[19] has used a similar identity in his proof that a polynomial ring is an Algebra
with Straightening Law on the poset of all pfaffians of a generic alternating matrix.
At any rate, we prove identity (3.2) by formulating it in a coordinate-free manner
and then picking the most convenient basis. Eventually, the problem is reduced to
a combinatorial lemma (Lemma 3.12) about permutations of sets of integers.

Section four,“Elementary facts about the complexes {®9}”, is relatively easy
reading. We begin by giving a portrait of the family {©?}. This will be many
reader’s favorite part of the paper. In Proposition 4.13, we record the homology
Hy (D7) for ¢ > 0. Proposition 4.23 contains the long exact sequence of homology
which we use in our inductive proof of the acyclicity of the complexes ©9. The
section concludes with a record of the degrees of the maps in ®9. The ultimate
theorems about the acyclicity of the complexes D7 (Theorems 6.17 and 8.3) state
that if p is a “sufficiently general” almost alternating map, then D9 is an acyclic
complex for all ¢ > —1. Section five contains our precise formulation of “sufficiently
general”. It also contains some relatively technical calculations of lower bounds for
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the grade of all of the relevant ideals. In section six we prove that the complexes
®49 are acyclic in the case that f = 0. In this case, the almost alternating matrix
p = [X Y] is simply the alternating matrix X. Our proof is an application of the
Buchsbaum-Eisenbud criterion [11]. We conclude the section by observing that,
when g is odd, the 7 are resolutions of powers of the grade three Gorenstein ideal
Pf,_1(X).

In section seven we prove, by induction on f, that if p is a generic almost al-
ternating matrix, then the complex 7 is acyclic for ¢ > —1. In section eight,
we specialize the result of section seven to the case where p is merely “sufficiently
general”. In particular, we see that if the ideal J(p) has grade at least f, then it
is perfect of grade f. In Corollary 8.9 we make the calculation which shows that
J(p) is the residual intersection of Pf,_;(X). In section nine we emphasize the
determinantal-like nature of the ideals J(p) when p is a generic almost alternating
matrix. Let R = Ro[X,Y]/J(p). The ring R is reduced (or a domain or normal) if
and only if the ring Ry has the same property. We also give a lower bound for the
codimension of the singular locus of R in terms of the codimension of the singular
locus of Ry. If Ry is a normal domain, then we calculate the divisor class group of R
in terms of the divisor class group of Ry. In section ten we interpret the complexes
{D?} in terms of residual intersections.



6 KUSTIN AND ULRICH

SECTION 1. PRELIMINARY CONCEPTS.

Fix a commutative noetherian ring R. All R—modules that we consider are
finitely generated. If M is an R—module, then M* is the dual, Hompg(M, R), of M
and

(1.1) (, ) M®M*"—Rand (, ): M"®M — R

each represent the evaluation map. Let F be a free R—module of rank e. We will
make much use of the symmetric algebra S(E), the exterior algebra A(F), and
the divided power algebra D(FE). (The formal properties of these algebras may
be found in [13].) Each of these algebras A comes equipped with a multiplication
w: A® A — A, and a co-multiplication A: A — A ® A. The co-multiplication is
induced by the diagonal map F — E @& E. For each non-negative integer i, the
co-multiplication maps together with the evaluation map ( , ): E® E* — R
induce canonical perfect pairings

(1.2) ((, N NE® \E*—R, and

(1.3) (Cs N Di(E)®@Si(E*) — R.
In particular, if x1,... ,2; € E and y1,... ,y; € E*, then the value of
<<.’131/\.../\£Ci,y1/\.../\yi>>

under the map of (1.2) is the determinant of the i x ¢ matrix with (z,,ys) in row
a and column b. The map of (1.3) is defined so that

(@ 12 oy)) = (@) (@, ye) - (2, ),

and so that the diagram

D.E ® DyE ® Sqiy E* ~22,  D,E® DyE® S,E* ® SyE*

l rearrange

pel (Do B ® SoE*) @ (DyE ® SpE*)
L new
Do E® SyipE* u R

commutes. Both of these pairings have a particularly attractive form when ex-
pressed in terms of bases. Let €;1,... ,c. be any basis for F and let €7,... ,&} be
the corresponding dual basis for £*. If a,... ,a. and bq,... ,b. are non-negative
integers with ) a; = > b; =1, then

xr = 6(1“1) ...glee) and y=(e])b ... (er)be
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are elements of D;(F), and S;(E*), respectively. When the pairing of (1. )
applied to x ® y, we obtain ((z,y)) = 1, if a; = b; for all j; and ((z,y))
otherwise. Similarly, if a1,... ,a;, by,... ,b; are integers with

1<ai<az...<a;<e, and 1<b;<by<...<b; <e,
then .
7 7

xzsal/\.../\eaie/\E, and yzszl/\.../\e?jie/\E*.

When the pairing of (1.2) is applied to z ® y we obtain ((z,y)) = 1 if a; = b; for
all j, and ((z,y)) = 0 otherwise.

Every finitely generated free R—module, that we consider, comes equipped with
an orientation. That is, there are fixed isomorphisms

(1.4) []: NE—Rand [ |: NE* >R
which are compatible with the pairing of (1.2) in the sense that

((z,y)) = [*][y]

forz € A°E and y € A\ E*. Every basis €1, ... , &, that we consider for F has the
property that
[e1N...ANe] =1

Exterior multiplication, followed by the orientation isomorphism, gives a canonical
perfect pairing

(1.5 AE@ NE— R

For each integer i, the canonical perfect pairings of (1.2) and (1.5) induce an
isomorphism

(1.6) 0 /_\E—>/\E*

which is defined by

(1.7) [z Ayl = (2, 8(y)))

forallz € \'E and y € A° " E, where [ ]: A°E — R is the orientation isomor-
phism of (1.4) and (( , )) is the pairing of (1.2). Let 1,... ,e. be a basis for £
and €7,... ,e; be the corresponding dual basis for £*. If

{CLl,... ,ae_i}U{bl,... ,bl}:{l, ,6},

then
BEay N Nea,_,) = Fei, Ao Ney,
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where the sign if determined by (1.7).

Let ¢: F — G be a map of free R—modules. Throughout this paper we will
make much use of two differential R—algebras associated to 1. The Koszul algebra
associated to 1 is the R—algebra

(1.8) (S.G@/\F, a),

where the differential 9: S,G ® /\b F—5,1G® /\bi1 F' is the composition

b—1 b—1

M>SaG(§§G<§§>/\F'—>Sa+1G®/\F-

(1.9) SaG®/\F SaG®F®/\F

(Here and in the remainder of the paper, we use the convention that

SQG§DQG%/G\G:O

if a < 0.) Observe that the Koszul algebra of (1.8) is canonically isomorphic to the
exterior algebra

(1.10) NS @r F)
S

(where S is the symmetric algebra S,G); and consequently, it is a differential
graded-commutative algebra. In fact, the algebra of (1.8) is the “usual Koszul
complex” which is associated to the map

mult

S®RF—>S®RG—>S

from the free, rank f, S—module S ®pg F to S. Following the lead of [7] we say
that

(1.11) <D.G* ® /\F 5)

is the Fagon-Northcott algebra associated to 1. The differential

b—1

5 DG*®/\F—>Da 1G*e \F

is the composition:

b—1
(1.12) DG*®/\F L8 D G* G @ F @ \ F —2202,
b—1 18 1 b—1
DG oG oo \N\F 2D, G"a \F.
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Observation 1.13. Let v: F — G be a map of free R—modules. The graded
strands of the Koszul algebra associated to 1) are dual to the graded strands of the
FEagon-Northcott algebra associated to ).

Proof. Let f be the rank of F'. The perfect pairings of (1.3) and (1.5) give a perfect
pairing

b f—b
(1.14) «,»:QM?@AF)@(&G@AF>HR.

A straightforward calculation shows that if z € S,G ® /\f b F and Yy € Dy1G*®
AT F, then

(1.15) {0y, 2)) = (=1)"({y, 92)).
Thus (( , )) induces the following isomorphism of complexes:
(1.16)

s S.GONT'F 2 SaGeNTVlE ——

l l . O

C—— (DGR N F) — (DanGT e N R ——

Definition 1.17. If G is a free R—module, then the homomorphism &: G* — G
is called alternating if

(€M), To) + (€(T2), T1) =0 and  (T), 1) =0

for all elements I'1,I's, and T and G*. (The map ( , ): G ® G* — R is the
evaluation map of (1.1).)

In particular, if y1,... ,74 is a basis for G and ~7,... ,7; is the corresponding
dual basis for G*, then the matrix X = (z;;) of the alternating map {: G* — G
with respect to these bases is an alternating matriz. That is, x;; = —x;; and 2;; = 0
for all i and j. The pfaffian of X, pf(X), is an element of R whose square is the
determinant of X. The pfaffian of X is zero if g is odd. For even sized matrices the
pfaffian is defined by the Laplace expansion together with the convention

0
pf { x(l)Q] = T12-

—T12

For integers ¢ and j, let

1 ifi<j
o(ij)={ 0 ifi=j
1 ifj <,

and let X (ij) be o(ij) times the pfaffian of X with rows and columns i and j
removed. The Laplace expansion for pfaffians is:

(1.18) D (DX (kj) = (=1)"F 83, pf(X).

J



10 KUSTIN AND ULRICH

If £: G* — @ is an alternating homomorphism, then we will make much use
of the divided powers ¢ : /\2p G* — R of £&. The homomorphism ¢ induces an
alternating bilinear form ¢ /\2 G* — R with ¢M(T, ATg) = (', T'y) for all T'y
and Ty in G*. Let Z be the element of A® G which corresponds to ¢ € (A* G*)*
under the canonical isomorphism induced by (1.2). The exterior algebra A\® G is
an algebra with divided powers (see, for example, [13, pg. 258]); consequently, Z*)
is a well defined element of /\2p G. Let £ /\2p G* — R be the corresponding
element of (A G*)*.

Observation 1.19. Let G be a free R—module; &: G* — G be an alternating map

and I'y, ... Iy, be arbitrary elements of G*. Then the map £ /\2p G* — R has
been defined so that EP)(Ty A ... ATg,) is equal to the pfaffian of the 2p x 2p matriz
with (€1, T';) in row i and column j. O

By combining the pfaffian expansion formula of (1.18) with the explicit realiza-
tion of the divided power £() in Observation 1.19 we obtain the following commu-
tative diagram:

G* ® /\2]9*1 G* H /\229 G*
19A | L ew
In other words, EP) (T AT A ... A I'yp—1) is equal to

R.

2p—1

(1.20) > (=)D, TP DTy AL AT AL ATy )
i=1
for all integers p > 1, and for all I",T'y,... ,I'2,—1 in G*.

Many of the results we prove are valid over any commutative noetherian ring
(not necessarily graded, local, or Cohen-Macaulay); consequently, we are obliged to
define a few of the concepts which are used throughout the paper. One reference
which uses terms very much the same way we do is the book by Bruns and Vetter
[9]. The ideal I of the ring R is unmized of height h if ht P = h for all prime ideals
P of R with P € Ass(R/I). The proper ideal I of R has grade g if the longest
regular R—sequence in I consists of g elements. (We use the phrase “gradel > n”
to mean, either, that I is a proper ideal of grade at least n, or else, that I is the
entire ring R.) Let M # 0 be an R—module. (As always, M is finitely generated.)
The projective dimension of M is denoted by pdp M and the annihilator of M is
denoted ann M. The inequality

(1.21) grade (ann M) < pdp M

always holds. If equality holds in (1.21), then M is called a perfect R—module. The
ideal I in R is perfectif R/I is a perfect R—module. It is an easy exercise (see, for
example, [9, Proposition 16.19]) to verify that if M is a perfect R—module and R
is a Cohen-Macaulay ring, then M is a Cohen-Macaulay R—module; that is, depth
Mp = dim Mp for all prime ideals P in the support of M. In particular, if I is a
perfect ideal in a Cohen-Macaulay ring R, then R/I is also a Cohen-Macaulay ring.
The following result of Eagon and Northcott may be found in [25, Proposition 6.14]
or [9, Theorem 3.15].
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Proposition 1.22. Let R — S be a homomorphism of commutative noetherian
rings, and letF be a projective resolution of a perfect R—module M. If grade (ann M)S >
pdp M, then F ® S is acyclic. Furthermore, if (ann M)S # S, then M ® S is a
perfect S—module and pdr M = pdg(M ® S) = grade (ann M)S. O

Some of the most important examples of perfect ideals are the determinantal
ideals. Let ¥: FF — G be a map of free R—modules with rank F' = f > g =
rank G > 1. Let Y be the matrix of ¢ with respect to some bases for F' and G. If
t is a positive integer, then I;(v) is the ideal in R generated by the ¢ x ¢ minors
of Y. This ideal is independent of the choice of bases for F' and G. (We let Iy(1))
represent all of the ring R.) The rank of ¢ is t if I;(¢)) # 0, but li11(v) = 0. We
write (1)) to mean I;(¢)) for ¢ = rank(v)). Now suppose that i is a generic map.
That is, suppose that there is a commutative noetherian ring Ry, and that there
are bases for I’ and G so that the entries, y;;, of the matrix of 1 with respect to
these bases are indeterminates over Ry with R = Ry[{y;;}]. Hochster and Eagon
[26] have proved that for each integer ¢, with 1 < ¢ < g, the ideal I;(¢)) of R is
perfect with grade equal to

(1.23) (f—=t+1)(g—t+1).

Ideals generated by the pfaffians of a generic alternating map are also perfect.
Let G be a free module of rank g > 1, £&: G* — G be an alternating map, and
X = (x;;) be the alternating matrix which represents ¢ with respect to some basis
for G as described after Definition 1.17. If ¢ is a positive even integer, then Pf;(&)
is the ideal generated by the pfaffians of all principal ¢ x ¢t submatrices of X. This
ideal is independent of the choice of basis for G. (We let Pfy(&) represent all of
the ring R.) The map £ is called a generic alternating map if the entries x;; of X
with 1 < i < j < g are indeterminates over some subring Ry of R and R is the
polynomial ring Ro[{z;; | 1 <i < j < g}]. If £ is a generic alternating map, then
for every even integer ¢, with 2 <t < g, the ideal Pf;(&) is perfect of grade

(1.24) (g_;+2>.

This last fact has been proved by Marinov [43, 44] and Kleppe and Laksov [38] using
the principal radical systems technique of Hochster and Eagon. A combinatorial
proof which is valid when R contains the rational numbers may be found in [35].
Let M be a finitely generated R—module. We say that M is torsion-free if every
non-zero-divisor in R is regular on M ; we say that M is reflexive if the natural map
M — M** is an isomorphism. The following Serre type conditions provide a way
to prove that a particular module is torsion-free or reflexive. Following the lead of
[9, Proposition 16.29] we say that the R—module M satisfies the condition ( S,,) if

depth Mp > min {n, depth Rp} for all P € SpecR.

(The usual Serre conditions (Sg) and (Rj) may be found in [43, (17.1)].) If the
ring R satisfies the usual Serre condition (5,,) and k& < n, then the R—module M

satisfies ( S) if and only if it satisfies (Sg). In particular, if R is a Cohen-Macaulay
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ring, then (S,) is the usual Serre condition (S,,) for all n. If M satisfies (S;), then
M is a torsion-free R—module; in fact, S™'M is a torsion-free S~'R—module for
all multiplicatively closed subsets S of R. If R is a normal domain and M satisfies
(S3), then M is reflexive. The next result shows how a resolution of M can be used

to prove that M satisfies (S},) for some n. One may apply this result even when I
is the ideal (0).

Proposition 1.25. Let M be a non-zero finitely generated R—module with pdp M =
r. Suppose that I is a perfect grade g ideal of R with IM = 0. For each integer 1,
with 1 <1 <, let F; be the ideal of R generated by

{x € R|pdg, M, <i}.
If grade F; > i +n for alli with g+ 1 <i <r, then the (R/I)—module M satisfies
the condition (Sy).
NoTE. If P is a prime ideal of R, then F; C P if and only if pdg, Mp > i.

Proof. Let P be a prime ideal of R which contains I. Observe, using (1.21), that
g = gradel < gradelp < pdg,(R/I)p.

When the Auslander-Buchsbaum equation is applied to the Rp—module (R/I)p
we obtain:

depth Rp = pd(R/I)p + depth(R/I)p > g+ depth(R/I)p.
Let ¢ = pd Mp. If ¢ < g, then the Auslander-Buchsbaum equation yields
depth Mp = depth Rp —pd Mp > (g + depth(R/I)p) — g = depth(R/I)p.

If g+1<i<r, then F; C P; hence, grade P > ¢ + n. Once again the Auslander-
Buchsbaum equation yields

depth Mp = depthRp —pd Mp > gradeP —i > (i+n)—¢ =n. O

A common application of the above result occurs when pdp M < gradel. In
this case there is no need to test the grade of any of the ideals F;.

Corollary 1.26. If I is a perfect ideal in R and M 1is a non-zero finitely gener-
ated (R/I)—module with pdr M < grade I, then the (R/I)—module M satisfies the
condition (Sy,) for all n; in particular, M is torsion-free. [

The R—module M has rank r if Mp is a free Rp—module of rank r for all
P € Ass R. (Other, equivalent, definitions of rank may be found in section 16.A of
[9].) We will often use the following
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Observation 1.27. If 7: M — I is a surjection from a torsion-free R—module of
rank one onto an R—ideal of positive grade, then T is an isomorphism. [

Occasionally, we will be forced to make an explicit calculation. We conclude this
section by collecting the notation we use when dealing with sets of integers. If s is
a positive integer, then [s] represents the set

(1.28) [s] ={1,2,...,s}.
Let A = (ay,...,a;) be an ordered i—tuple of integers. If the a’s are distinct, then
let
(1.29)
o(A) = the sign of the permutation which rearranges a1, ..., a; into ascending
order.

If there is a repeat among the a’s, then let 0(A) = 0. We say that A is an index
set of size i if a1 < az < ... < a;. Let S be a fixed set of s (distinct) integers. We
write

(1.30) >

AUB=S
|A|=i

to mean that the sum is taken over all i—element subsets A of S, and the comple-
ment of A in S is denoted B. Furthermore, in the sum of (1.30) we think of A and
B as index sets. Sometimes we will adjoin “|B| = s —4” to the sum in (1.30). This
addition has no effect on the meaning of (1.30). Let x1,...,zs be elements of a
free module E. If A = (ai,...,a;) is an ordered i—tuple with each a; an element
of [s], then let z4 be the element

(1.31) TA=Tq, N... \N2Zq, of /\E

It is clear that the co-multiplication map A: A°E — A'E ® A\° ' E has been
defined so that

(1.32) Al A...Azg)= Y  o(AB)za@ap.

AUB=]s]
|A|=1
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SECTION 2. 'THE DEFINITION OF THE FAMILY {©7}.

All of the modules, complexes, and ideals that we study in the rest of this paper
are constructed from one almost alternating map.

Definition 2.1. Let R be a commutative noetherian ring and let f and g be
integers with f > 0 and g > 1. An almost alternating map p of shape (g, f) over R
is a map

p=1¢V]: G*&F -G,
where F' and G are free R—modules of rank f and g respectively, ¢ is an alternating
map, and 1 is an arbitrary map.

Remarks 2.2.

(a) The definition of p means that p|G* = £ and p|F = 1.

(b) See (1.17) for the definition of “alternating map”.

(c) Whenever we choose bases 71,...,7, and ¢1,... ,¢¢ for G and F' (and the
corresponding dual basis 77, ... ,y; for G* and ¢7, ... oy for F*), then we
let X be the matrix for £ and Y be the matrix for .

(d) Tt is reasonable to refer to the matrix [X Y] as an “almost alternating ma-
trix”; indeed, it is as close to an alternating matrix as a not necessarily
square matrix can be.

(e) We say that the almost alternating map p is generic if R is a polynomial
ring Ro[{zij,vij}], € is the generic alternating map given by X = (z;;) and
1 is the generic map given by Y = (y;;). Each of the indeterminates z;;
and y;; is given degree one.

Throughout the rest of the paper we use the following

Data 2.3. Let p = [£ ¥]: G* @ F — G be an almost alternating map of shape
(g, f) over the commutative noetherian ring R. Let E be the module G & F*, let
e be the integer f + g, let m denote the projection map

T E=G®F" — G,

and let 6 be the alternating map

9_[_¢* o] . E*=G*0F - E=GaF"

Remark 2.4. The data of (2.3) is defined so that the diagram
Er=GoF LE=GoF"

PN\ ST
G

commutes. For each even integer 2p, the pt" divided power of 6 is the map

2p

6" NE*— R

as defined above Observation 1.19.
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In (215) we define R—modules Qz = Ql(p), Kij = Kzg(p)7 and Lij = ng(ﬂ)
with
° 7 J
Qc/N\F  SGe/\E* - K, ad L;;CDG ®\E",
and R—module homomorphisms

d: Loy — Lo—1p-1, d: L0g+q+2—>Qqa d: Qq—>K0q7
and d: Kab _>Ka—|—1b—1-

For each integer ¢, we define (D7,d) = (D%(p),d) to be:
(2.5) oo = Ligygrs = Logrgt2 — Qg = Kog — Kig-1— ...

with @, in position ¢ + 1. The rest of this section and all of the next section
are devoted to proving that each (D9,d) is a complex of free R—modules. (Some
qualitative information about the family {®7?}, including a picture, may be found
in section four.) Before giving our official definition of the modules and maps in
(2.5), we outline our procedure. Let

(2.6) mﬁy4&G®AEﬁm

be the Koszul algebra associated to p: E* — G. (See (1.8), if necessary.) In
Proposition 2.17 we show that the part of (D7,d) “below the diagonal”:

(27) Koq—>K1q_1—>...—> q—11_>KqO_>07

is a complex by identifying a differential ideal J of K such that (2.7) is a graded
strand of the differential bigraded algebra Koo = (K/7,9). In Proposition 2.21 we
prove that the composition

(2.8) Qe — Kog — Kig-1

is zero; hence (D, d):

(2.9) Qy—Kog—Kigo1— ... Kj11 = Kgo— 0

is a complex. Let (D, d) represent

(210) 00— Le—g—g-—2¢ = Le—g—g—3e—1 — ... = L1g1q+3 = Logtq+2 — Qg

We prove that the maps of Df;, are well defined and that ©{; is a complex by
showing, in Proposition 2.23, that there is an isomorphism of complexes between

DL, and (@fi;ft_q) [—f]. In section 3 we prove that the composition

(2.11) Logrqr2 = Qq — Kog
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is zero, from which it follows that D7 is a complex. We prove that the modules in
D7 are free and relate these modules to the modules L of Buchsbaum and Eisenbud
in Proposition 2.41.

We must set up a small amount of preliminary notation before we can define the
constituent pieces of ®9. There is a natural decomposition

J a b
NE = P NG o \F;
a+b=j
consequently, if a + b = 7, then there are natural maps
a b ] J J a b
(2.12) AN o N\F 25 ANE*,  and  AE* 2L NG o \F
We consider two elements

1 9
(2.13) neSGe NE*CK and A€ SGe \E*CK

of the algebra K = (S¢G ® A°® E*,d), which is defined in (2.6). There is a natural
isomorphism
G ® E* — Hom (E,G).

Let n be the element of G® E* which corresponds to the projection7: £ = GGF* —
G under the above isomorphism. Let A be the element of

g g 0 g g
AXea :/\G*®/\Fﬂ>/\E* = SGo \E

with [\] = 1, where [ |: A?G* — R is the orientation isomorphism of (1.4).
Finally, the inclusion G* — E* = G* & F induces a map

J j+1
(2.14) v: D;G*® \ E* - D;i_,G* @ |\ E*,

where v is the composition:

J j .

DGt e NE* 22 D, 1" 0 G* o |\ Br 12l
J 1 J+1

DiaG* @ E* @ \E* =" DiG" o \ B,

Definition 2.15. Let ¢, 7, and ¢ be integers.

(a) The module K;; is defined to be cokernel:
Si 1 GoNTTE* LS GoNE* - K;; —0 if i>0, and
S()G@/\j_gE* i> S()G@/\j E* — K()j — 0.

The first map in each sequence is multiplication from the left by an element of
SeG @ \* E*.
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(b) The module L; ; is defined to be the kernel:
0—Lij = DG ONE* LD GroNTE* if i>0, and
0— Lo; — DoG* @ N E* 224 Do* o N°G* @ N F
(c) The module Q, is equal to &, A" F, where the sum is taken over all integers
r with

(2.16) g+ r—qeven and g—g+2<r<q+g.

(d) The map d: K,p — Kqy1p—1 is induced by the Koszul complex map

b—1

9: S, G®/\E — SapnG® \ B

of (1.9) associated to p: E* — G.

(e) For a > 0, the map d: L,y — Lg_1p5—1 is induced by the Eagon-Northcott
map 0: D,G* @ \* E* — Da_1G* @ N""' E* of (1.12) associated to p: E* — G.
(f) The map d: Q, — Ko, is defined by letting the restriction of d to A" F be
the composition:

g+r

/\F—>/\G*®/\F nel, N E* —>/\E*®/\E*

q
P i na
L R®/\E* SoG @ \ B* 2% Ko,

where p is the integer (g + r — ¢)/2. The maps A and nat are described in (a).

(g) Fix integers a,b, and r so that a +b = g+ ¢+ 2, a # 0, and r satisfies the
restrictions of (2.16). The component

a b T
/\G*®/\FLCI>L09+q+2_’Qq — /\F

of d is defined to be the composition

a b
NG o \F 25 /\G*@/\F@/\F nel, /\E*@/\F
e, R®/\F /\F /\F

forp=(a+b—r)/2.
Proposition 2.17. The modules and maps of (2.7) form a complez.

Proof. Let J be the ideal of K generated by n and A of (2.13). Parts (a) and (b)
of Observation 2.18 show that 7 is a bigraded DG —algebra ideal of K; and conse-
quently, Koo, = K/7 is a differential bigraded algebra. Part (c) of Observation 2.18
shows that line (2.7) is a graded strand of Kqo. [
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Observation 2.18.

(a) O(n) =0

(b) 0(A) e nK

() MS:G®A*E) CiK

Proof. Pick bases for G and G* as in Remark 2.2 (c). It is clear that
g 1 g
(2.19) n:Z%wafeSlG@/\E* and /\:'ﬁ/\.../\vgeSoG@i)/\E*.
1

If x is any element of G, then when we write x in terms of the basis for G we obtain

g

(2.20) =Y (7, z)y.

1

(a) Recall that p|G* is the map &. It follows, from (2.20), that

g

A(n) = Z%S(ﬁ) = Z (77 » Vi € S2G.

J=1

We conclude that dn = 0 because ¢ is an alternating map.

(b) Let y be the element

—

S (D) e  ENVEA AT AN LAY
a<b

of SoG ® /\g_2 E* C K. Observe that

g g
my =Y (D" DY 00 N | @A A AL A

Thus, (2.20) shows that

g
my =Y (D) AT A AR AL AT, =0(N).
b=1

(¢c) The final assertion is obvious because, for example,

NA=n(z A Avg). O
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Proposition 2.21. The maps and modules (DL .., d) in (2.9) form a complex.

right’

Proof. 1t suffices to prove that the composition of (2.8) is zero. Fix an integer r
which satisfies the restrictions of (2.16). Let p be the integer

p=(g+r—q)/2
Observe that the constraints on r are equivalent to
1<p<g

We establish the result by proving that the diagram

o (p)
/\TF AoA /\QPE*®/\QE* 0"’ @1 /\qE*

| |s

(p+1)
/\2p+2 E* ® /\q—2 E* 4 ®1 /\q—2 E* n G ® /\q—l E*

commutes. (Indeed, the composition of (2.8), when restricted to the summand
N F of Qq, is

F—-G® EFr— — =Ky,
/\ /\ /\q 2 E*) q
where the first map is the “clockwise map” in the above diagram and the second
map is the natural quotient map.)
Let xg11,... , 244, be arbitrary elements of F', let s be the integer g + 7, let X
be the element x4 1 A ... Axg of A" F, and let im X be the element

imX =9do <0<p> ® 1) o AAX)

of G® /\q_1 E*. For 1 <1 < g, let x; be the element v of G* C E*. We know,
from (2.19), that AX = x1 A ... Az, in A” E*. According to (1.32), im X is equal
to

do (9(7’) ® 1> oA(xy A...Nxg) = Z o(AB)0P) (2.,4)0(zp).

AUB=[s]
|Al=2p
|Bl=q

If we continue to use the notation of (1.32), then we see that

dzp)= Y o(iC)plxi)zc.

{i:}uC=B
|[Cl=q—1

Recall, from Remark 2.4, that p = 7. Consequently, when p(x;) is expressed in
terms of the basis for G, as in (2.20), we obtain

(2.22) = (. 0@y =— > _(0(y

Jj=1 Jj=1
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We change the order of summation in order to obtain that im X is equal to

-Z Y o S A7, 207 (24) | v, © 2

j=1 DuC=[s] {i}UA=D
D=2t |Al=2p
Cl=qg—1

(Notice that o(AB)o(iC) = o(AiC) = 0(iAC) = o(iA)o(DC), where the middle
equality holds because A has even cardinality.) The pfaffian expansion formula of
(1.20) shows that the expression inside the brackets is equal to 0(p+1)(7;f ANZD);
consequently im X is equal to

- Z Y. a(DCPV (3 Awp)y; @ e

.] 1 DucC=|[s]
|D|=2p+1
|[Cl=q—-1

The number j must appear in either D or C'. If j is in D, then the corresponding
term is zero because x; = 7. So we may assume j € C; in other words, C' = {j}UE
for some set E. After a slight amount of further index shuffling we see that im X
equals

g
> Y. o(GDENPTV (v Aap)y; @9 A
=1 DUE=[s]\{j}

|D|=2p+1

|E|l=q—2

-3 ¥ ol e, o Ao

J 1 GUE=
IG|= 2p+2
|E|=q—2

Zg: (v; @7 (9(p+1) Q 1) ANX) =7 (9(p+1) ® 1) A(NX). O

Jj=1

Proposition 2.23. The sequence of maps and modules (D, d) of (2.10) is a

©f2q

Gight )" [=f] are isomorphic.

complex. Furthermore, the complezes D .. and (

Proof. In light of Proposition 2.21, it suffices to prove the second assertion. We
begin by proving that

(2.24) Lij = (Kie—j)"

for all integers ¢ and j. We first take ¢ = 0. The three orientation isomorphisms of
(1.4):

g

: N\E*—=R [ ]: N\G—-R,  and []: NA\F—>R
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are compatible in the sense that the diagram
/\g G* ® /\f F incl /\e E*
(2.25) el ] [

R -~ s R

commutes for some unit u of R. We may assume, without loss of generality, that
u = 1. It is immediate that the pairing of (1.5) induces a commutative square:

0 —— Ly —— NE 24, NF
(2.26) gl gl
0 —— (Koej)® —— (N7 E)* —— (N7 F)"
Indeed, if z € A\’ E* and y € A’ 7 F, then
[(proj @) Ayl = [A Az Ayl

We conclude that (2.24) holds for ¢ = 0.
We next show that (2.24) holds for ¢ > 0. Let

e—j

J
(( , N: (DG o \NE)@ (SiGe \ E') >R
be the perfect pairing of (1.14), and let

J Jj+1
v: D;G* ® /\E* — D, 1G*® /\ E*

be the map of (2.14). If z € D;G*, y € N E*, z € S;_1G, and w € A\ 77 E*,
then it is easy to see that

((z@y, n(z@w))) =Z<<x, Yiz) [y A (7] A w)l, and

({vz©y), z0w) = Z((w > i) (v Ay) Awl,

where ((x, 7;z)) is the perfect pairing of (1.3) and [ ] is the orientation isomorphism
of (1.4). Since these elements of R differ only by a factor of (—1)7 we conclude that
(( , )) induces a commutative square:

«| «|

*

0 —— (Kjej)* —— (S5 GONT7E*)* —L— (S;1,Go N/ B9,
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and consequently, (2.24) holds for ¢ > 0.
Fix ¢ > 0. Consider the diagram:

Li; — Li—1j1
\ /

DG ONE* —2 s D GONT'E

=~ ~ | ~ | o
(SiGo AT B — 2 (8 ,G e AT B
/! AN
* d* "
(Kie—j) E— (Ki—1e—j+1)

The side quadrilaterals commute because of (2.27) (and (2.26) if i = 1). The bottom
quadrilateral is the dual of Definition 2.15 (d) (by way of Proposition 2.17). The
middle square is the dual of (1.16). We conclude that the image of the map

j—i

d: Lij — DiflG* (%9 /\ E*

of Definition 2.15 (e) is contained in L;_1j_1, as desired. We also conclude that
the complexes

0— Le—ge —...— Ligy1 — Log, and
O_>(Ke—a0)*_>---H(Kle—a—l)*_)(KOe—a)*

are isomorphic for all integers a.
The proof will be completed once we define an isomorphism

(2.28) ag: Qg — Q;727q

which makes the square

diett
Lo gtg+2 T Qq

(2.29) Tl laq

dy;
(Koj2-q)" —== Q%_y_,

commute, where the maps dyignt and diegt are found in Definition 2.15 (f) and (g),
respectively; and the map 7 is described in (2.26). In particular, 7 is induced by

the perfect pairing
g+q+2 f—2—q

/\ E*® /\ E* >R
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of (1.5). (Remember that f + g = e.) In this part of the calculation it is useful for
us to be a little more explicit; so we define

g+q+2 f—=2—q
by 7(z) = [— Az] € (NN T29EN)* for all z € A9 E*.
The @ modules are defined in (2.15 ¢) to be

f-r r
Qq:@/\F and Qf_Q_q:@/\F,
f—r r

where the integers f — r satisfy

(2.30) g+(f—r)—q even and g-g+2<(f-7)<q+g

for Q)4; and the integers r satisfy

(2.31) g+r—(f—2—q) even and (f—2—q)—g+2<r<(f—-2—q)+g

for Qy_o_4. It is clear that (2.30) and (2.31) put exactly the same restrictions on
r. We define the isomorphism o, of (2.28) by

ag(w) = (~1)r DL g € (/\ )

for each z € A’ ™" F and for each r which satisfies the restrictions of (2.31). Ob-
serve, for future reference, that

(2.32) Qf_2-g = U0y

for some unit v of R. Indeed, if r is a fixed integer which satisfies (2.31) and y is
an element of A" F C Qs_a_g, then

ai(y) = (=1)@trra=r+2)/2 A /\ F)* and

0agly) = (~)EH DL p gl e ( /_\ Py

It is clear that [y A 2] = (=1)"U~") [z A y]. On the other hand (—1)"(f/=")+g+1
depends only on f, g, and q.

Now that «, has been defined, we return to the left side of (2.29). Recall from
Definition 2.15 (a) and (b) that

/\f*Q*q E* a b
Koo g= NS G ®/\f_2_q_gF = a+b;q_2 /\G ®/\F, and
aFg
g+2+q o« —a
PP s XYY

* g+q+2
/\ G ®/\ F (g—a)+(f—b)=g+2+q

g—a70
= ) /\G*@/\F

at+b=f—q—2
a#g
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Fix a,b, and r with
(2.33)
atb=f-2—gq, (9g—a)+(r—>b) even, and  a+b+2—g<r<g+a+b.

We prove that (2.29) commutes by proving that
/\gfa G* ®/\ffb dleft /\f r
(2.34) Tl aql
a * b * r1g t
(\"G" e N'F)T 2 (AT Py
commutes. In other words, we show that

(2.35) [drignez Az Ay = (—1)IF 2202 A dy g (2 @ y)]

for all z € A *G*, y e N/ 7"F, and z € A" F. (The orientation on the left is
[ ]: A°E* — R; the orientation on the right is [ ]: A/ F — R.) Let p be the
integer defined by 2p = (g —a) + (r —b). The restriction on r in (2.33) is equivalent
to 1 < p < g and (2.35) may be rewritten as

(2.36) [drightz A x Ayl = (—=1)P[2 A diegt (x @ y)].

The component diege: AY “G*@ AN °F - NI""F  of d: Logyq2 — Qg which
is used in (2.34) is the composition:

/\G*@/\F 184, /\G*@?\F@/\F
2p f-r

1ncl®1 /\E*(XJ /\ AN 0P 1 /\ 20 /\ F

The component dyight: A" F — N*G* ® /\ Fofd: Q¢_o_g— Kof_o_q which is
used in (2.34) is the composition.

g+r a+b

VYN VY /\E*
0P @1 a/\ g+ Pl /\G* ®/\F
Choose bases for F' and G as in Remark 2.2 (c). We may as well assume that
x:fy;"l/\.../\’y;‘gfa, y=a¢5 N NPy, and 2=0Qr N... N\,
Observe that both sides of (2.36) are zero unless

{jla"' 7jf*b7 kla"' 7k77"}: [f]
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(See (1.28).) In this case, the intersection

{jl,... ,jf_b}ﬂ{k’l,... ,kT}

has cardinality r — b.
Let x2 be the basis element in A* G* with [z A x3] = 1. In other words,

o = uyg, Ao ANVg,s
where {i1,... ,i5-q} U{k1,... ,ko} = [g] and
w=0(it, ... ig-a, ki,...  ka)

for o described in (1.29). Similarly, let 21 € A°F, 2z € A" "F, and 23 € A" F
be basis elements with

z=2z1 N\ 29 and Yy =29 N\ 23.
The right side of (2.36) is equal to
(2.37) [21 A 22 A 23)0P) (2 ® 25).
The left side of (2.36) is equal to
(—1)(“+b)(’"_b)9(p) (x @ z9)[xa A2y AT A 23 A 23]

= (—1)(“+b)(r_b+g_a)9(p) (x @ z9)[x Ao A 21 A 22 A 23]

However, r — b+ g — a is even and
[ Axg Az1 Azo Azs] =[x Axa][z1 A 22 A 23]

by (2.25). We conclude that both sides of (2.36) are equal to (2.37) and the proof
is complete. [

If Fj is the module in position j of the complex F, then F} is in position —j in
the complex F*. If a is an integer, then the complex Fla] is the complex F shifted
to the right by a. In other words, Fla]; = Fj1,.

Remark 2.38. We have not yet shown that each 9 is a complex. However, as soon
as this fact has been established in Corollary 3.18, then we may conclude, from
Proposition 2.23, that there is an isomorphism of complexes:

D (D20 [ f].
Indeed, the isomorphism Df, — <©{i;}i_q) [—f] can be concatenated with the
dual of the isomorphism D/ 277 — (@fight> [—f] because of (2.32).

The final result in this section provides an alternate description for our modules
K; j. Unlike Definition 2.15 (a), the description (2.42) has the same form for all 7.
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We also are able to relate the K; ; to the Buchsbaum Eisenbud free R—modules L;
and as a consequence, we can calculate the rank of each K;;. We first recall the
definition of the module Lg. Let G be a free R—module of rank g > 0. Consider the

Koszul algebra (SoG ® A\°® G, d) associated to the identity map on G as described
in (1.8). For all integers p and ¢, Buchsbaum and Eisenbud [13, pg. 260] defined
Li(G) to be the kernel of

qg—1 q—2

9: 5,G® )\ G— SuGa \ G,

and they proved [13, Proposition 2.5] that LZ(G) is a free R—module. If 0 < p and
1<q<g+1, then

g+p—1\(qg+p—2
2. k L4 = .
(2:39) rank L3(G) (q+p—1>< q—1 )

Observe that L{(G) =0if p <0or ¢ <0or g+ 2 < g. Furthermore,

R ifg=1
Lg(G):{ n and Lg“(G):{

0 otherwise

R ifg=p=0
0 otherwise
Lemma 2.40. Let F' and G be free R—modules of rank f and g respectively, and

let m: E = G® F* — G be the projection map. If (SeG ® \°* E, ) is the Koszul
algebra associated to w, then for all integers a and b, the kernel of

b b—1
9: SaG® \NE— Sar1G® \ E

18 isomorphic to the free R—module
f v
P Ly e e \F.
v=0

Proof. The indicated map decomposes into the direct sum

f b—v b—v—1 v
Po:5.Ge \G— SeniGe N\ G \F
v=0
therefore, the kernel is
f v
P Lo e \Fr
v=0

Replace v by f — v and use (1.6) to obtain the conclusion. [
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Proposition 2.41.

(a) All of the modules L; j, K; j, and Q; are free R—modules.
(b) The module K; ; is isomorphic to

v

@Lfﬂm ® \F.

Proof.

(a) It is clear that the Q; are free modules. The modules K, ; are free because of
(b). We know, from (2.24), that L;; = (K;.—;)*; and therefore, the L;; are also
free.

(b) Let (SeG @ A°® E,9) be the Koszul algebra associated to the projection map

T E=GoF" —= (.

For all integers ¢ and j, let
e—j—1 e—j—2
Zij ZKGI‘(@: SZ'+1G® /\ E—)SH_QG® /\ E)
Claim (b) follows from Lemma 2.40 as soon as we show that

(2.42) Ki; &~ Z;;

for all integers i and j. It is well known that all of the complexes €7 (see (0.1)),
which are associated to the map m, are split exact. It follows that

e—j+1
SiaGe E—>SG®/\E—>Z”-—>0 for i>0,  and

e—j+g

DyG*® J\ E—>SOG®/\E—>Z0]—>O

are exact sequences, where c is described in (0.2).
We first prove (2.42) for ¢ = 0. The module A\°~’*9 E is the direct sum

a b
(2.43) > AGeA\F
a+b=e—j+g
The map ¢ carries A\’ G ® A7 F* isomorphically onto the summand A\’G ®

A I F* of A I E. All of the other summands in (2.43) are in the kernel of c.
Thus, Z; is the cokernel

0 e—j e—j
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The isomorphism 3: A“7 E — A’ E* is defined in (1.6). Observe that f—(e—j) =
j — g; consequently, 3: A F* — A?79 F is also an isomorphism. It is also clear
that the diagram

N 2L AN E 7 ——— 0

oy oy

NF —— NE —— Ko; —— 0

commutes up to sign; and therefore, Zy; = Kj ;.
For ¢ > 0, we prove (2.42) by showing that

SiiGoNT'Er —— S GoNE* —— K;j —— 0
(2.44) %ll(@ﬁ gll@ﬁ
Si—1G®/\e_j+1E 2 SiG@/\e_jE — Zijj —— 0

commutes up to sign. We think of n in terms of a basis vq,...,7, for G as is
described in (2.19). For each integer a, with 1 < a < g, we decompose E into
Ry, & E,; in other words, let

Ea=Ry1®...®Rya®...® Ry, & F*,  and
E:!=Ry®..0R;®... @Ry ®F.

If 7 is an integer, let po: A" E — N~ E, be the composition

r r—1 r—1 r—1
NE=(Rv® \ E) @/\E 2L Ry ® N\ Bo = )\ Ea,

where the last map takes v, ®  to x. Now we consider (2.44). Take x € S;_1G
and y € AN’ E*. It is clear that

(1@ pnlrzey)= Z%Jf®ﬁ%/\y) and

a=1
(1@ B)(x Z'yaa: ® paB(y).
a=1
It suffices to show that
(2.45) PaBy) = (1) B(s Ay)

for all integers a and j with 1 <a <g. Ify € Ry; ® /\j_2 E* | then it is clear that
both sides of (2.45) are zero. Assume that y € A’~" E*. Then

e—Jj
(2.46) B(y) =~ Ny for some 1y € /\ E,.
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(In particular, p,S(y) = v'.) Let {({( , )): N"E*®@ A" E — R be the perfect
pairing of (1.2). We compare the terms in (2.45) by comparing

€=J

(")) and ((—B0aAy): \ E*— R

Both of these maps send Ry ® /\e_j_1 E* to zero. Let z € /\e_j E*. Use the
definition of (( , )) together with (2.46) to see that

((z, paBy)) = (2, ¥)) = e Az, v AY)) = ((a Az, B)))-

On the other hand, the definition of 5 in (1.7) shows that

(anz, B))) = [(vanz) Ayl = (1) [zA(aAy)] = (=17 {(z, Blva Ay)));

hence, (2.45) is established and the proof is complete. O
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SECTION 3. EACH D9 1S A COMPLEX.

Given the data of (2.3) we have defined a family {®9} where each D7 is the
sequence of modules and maps of (2.5). We will have shown that each D7 is a
complex as soon as we show that (2.11) is a complex, and this is accomplished by
proving the following pfaffian identity. Let X be any g x g alternating matrix. If

Ni,... Ny, is a list of integers (between 1 and g), then let
(3.1) Xn,...n,, represent the pfaffian of the principal submatrix of X consist-
ing of rows and columns nq,... ,n,, (in that order).

(The appropriate convention when m = 0 is to set Xempty 1ist = 1.) In Propo-
sition 3.4 we prove that if A, B,C, and D are index sets of size a,b,c, and d,
respectively, with a + b+ d even and a + b < d — 2, then

(3:2) Y ()t 2e(EF) X ace Xper = 0.
t

EUF=D
|E|=t

The first sum is taken over all integers ¢ such that a + ¢ + ¢ is even. (See (1.30)
and (1.29) for the meaning of the second sum and the meaning of o(EF).) We
make sure that the notation is clear by recording two trivial applications of (3.2).
Ifa=b=c=0and D = {1,2}, then (3.2) becomes the identity:

—X12'1—|—1'X12:0.

If A={1}, b=c=0,and D = {2,3,4}, then (3.2) becomes the (more interesting)
identity:
—X12X34 + X13X24 — X14X23 + X1234 -1 = 0.

We prove and apply (3.2) in a coordinate free manner.

Definition 3.3. Let G be a free module of rank g over the commutative noetherian
ring R; let £: G* — G be an alternating map, and let a, b, ¢, and d be integers with
a+ b+ d even. For every choice of u in A\°G*, we define the map (,: A\“G* ®

A’ G* @ A" G* = R to be the composition:
a b d a b t d—t v 7
AN e Ne*o Na* 22N Ncreo N6*o N6* e \ G ="5R
t
where t varies over all integers between 0 and d with a + ¢ + ¢ even, and

a b t d—t
o N\Go NGFo NG*o \G*—R
is defined by
flz@y@zew) = (1P (z@uw2) 9 (Yo us w)

for p = (a+c+1t)/2and ¢ = (b+c+d—t)/2. (The p'* divided power, £, of £ is
defined above Observation 1.19.)



COMPLEXES ASSOCIATED TO AN ALMOST ALTERNATING MAP 31

Proposition 3.4. In the notation of Definition 3.3, if a+b < d— 2, then the map
Cu 1s tdentically zero for all choices of u.

Proof. We first reduce to the case where R is a field, and a basis for G has been
chosen so that the matrix of £ is

0 1 -~ 11
(3.5) X = L Lo
-1 -1 -~ 0 1
-1 -1 -~ -1 0

(The above matrix has 0 along the main diagonal, 1 in every entry above the
diagonal, and —1 in every entry below the diagonal.) Indeed, every ring is a Z-
algebra, so we may first assume that R is the polynomial ring Z[X] where the
generic alternating matrix X represents £. Furthermore, a map (,: G — R is
identically zero if and only if (, ® @ is identically zero where @ is the quotient field
of R. Finally, the map ¢ ® ) has rank g if g is even; or rank g — 1, if g is odd;
consequently, there is a basis for G so that the matrix of £ ® @ is given in (3.5).
The first reduction is complete.

The pfaffian of every even-sized matrix which has the form of (3.5) is +1. (This
fact may be established by induction using the Laplace expansion in (1.18).) We

have already chosen a basis 71,...,74 for G and the corresponding dual basis
Viseee sy for G*If A= (ni,...,n,) is an a—tuple of integers, then, as in (1.31),
we let

(3.6) YA = Yo ANVnpg Ao AV, -

If a = 2p, then it is clear that
(3.7) P (74) = Xa = o(A).

(The notation X 4 is explained in (3.1) and the meaning of ¢ is given in (1.29).)
We next show that it suffices to prove:

(3.8) If A,B,C, and D are disjoint index sets of size a,b, ¢, and d, respec-
tively, with a+b+d even and a+b < d—2, then (, (v ® 75 ®75) =0
for u = ¢

If the word “disjoint” is removed from (3.8), then it is obvious that (3.8) is equiv-
alent to the result we want to prove. In this part of the argument, we show that if
A, B,C, and D are arbitrary index sets (with a+b+d even and a+b < d—2), then
Cu(V @75 ®773) is equal to something which we show to be zero when we establish
(3.8). Indeed, if C has an index in common with A, B, or D, then {, (v} ®75®75)
is obviously zero. If A and B have an index ¢ in common, then we remove it from
A and B and place it in C'. Observe that

(3.9) Cu(Va ® Y5 ®7D) = £Cuw (Var @ VB @YD)
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where v’ = 75, A’ = A\ {i}, B' = B\ {i}, ¢'" = CU{i}, and D' = D. It is
important to notice that (a — 1)+ (b—1) < d — 2. If A and D have an index i in
common, then we remove ¢ from A and D and place it in C. Observe that (3.9)
continues to hold (for A’, B’,C’, and D’ appropriately defined) and that

(@a—1)+b<(d—1)—2.

We have successfully reduced the problem to proving (3.8). Let A, B,C, and D
be as described in (3.8). Observe, by way of (3.7), that

G(Vh ® 75 ®7h) = Z 3" (1)@t 26(EF) 6(ACE) o(BCF).
EUF=D
a+c+t even |E|=t

We use two formulas about arrangements of index sets. Suppose that S, T" and
U are index sets. A straightforward induction on the size of S shows that

(3.10) o(STU) =o(ST)o(SU)o(TU).

Furthermore, if V' is an index set and T'U U is a partition of V into two disjoint
subsets, then one can rearrange STU into ascending order by first arranging TU
to be V and then arranging SV. It follows that

(3.11) o(STU) = (SV) o (TU).

We apply (3.10) and (3.11) in order to see that (., (v} ® 75 ® 7)) is equal to

o(AC)o(BC)o(CD) Z > (-1t 26(EF) 0(AE) o(BF)

EUF=D
a+c+t even |E|=t

The sum inside the bracket is zero by the following combinatorial lemma. [

Lemma 3.12. Let A, B, and D be disjoint index sets of size a,b, and d, respec-
tively, and let ¢ be a fixed integer. Define

U(A,B,D) = Z > (-1 26(EF) 0(AE) o(BF).

EUF=D
a+c+t even |E|=t

Ifa+b<d-—2, then V(A,B,D)=0.

Proof. Let D be n1 <ng < ...<ng and define
QA,B,D) =card{i|dz € AUB with n; <z <n;;1}.
It is obvious that Q(A, B, D) < a 4+ b. We will prove that

(3.13) QA,B,D)<d-2 = W(A,B,D) =0
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by induction on d. We first suppose that d = 2. If a + ¢ is even, then V(A, B, D)
is equal to
(—-1)“*92[0(D)o(A)o(BD) — o(D)o(AD)o(B)]

and this is zero because a( D) =1=0(AD) since Q(A,B,D) =0 and d is even.
If a + ¢ is odd, then ¥(A, B, D) is equal to

(—1) 9+ 2[5 (nyng)o(Ant o (Bnz) + o (nani)o(Ang)o(Bny)].
This is also zero since 0(An) = 0(Ansg) and o(Bny) = o(Bngy) because Q(A, B, D) =
0.
Now we suppose that d > 3. Observe that W(A, B, D) is equal to

(3.14) o(Any)¥(AU{n}, B, D\{n1})+(=1)*"¢c(Bny)¥(A, BU{n1}, D\{n}) =

(—1)*" o (Ang)®(AU{na}, B, D\{na})+(~1)"""""o(Bna) ¥ (A, Bu{na}, D\{na}).

If there is an z in AU B with ny < x < ng, then let
(3.15)
(A",B’",D") beeither (AU{ni},B,D\{n1}) or (A, BU{ni},D\ {n1}).

If there is an z in AU B with ngy_1 < x < ng, then let
(A", B, D") beeither (AU{ng},B,D\{ng}) or (A, BU{ng},D\{n4}).
In either case we see that Q(A’, B, D") = Q(A, B, D) — 1; consequently
2<|D|-QA,B,D)=|D"| - QA" B,D).

We know that W(A’, B’,D’) = 0 by induction on d. It follows from (3.14) that
U (A, B, D) is also zero. If there does not exist an x in AU B with n; < z < ng or
ng—1 < x < ng, then it is clear that Q(A, B, D) < d — 3. Let (A’,B’, D’) be as in
(3.15). Observe that

29=3-1<(d—1)—Q(A,B,D) = |D'| — QA B, D).

Once again W(A’, B’, D’) = 0 by induction on d; hence ¥(A, B, D) is also zero, and
the proof is complete. [

Corollary 3.16. Adopt the data of (2.3). Let a,b, and d be integers with a+b+d
even and 2g+2 < a+b+d, and let : /\aG*®/\bG*®/\dF—>R be the map

a b d a b t d—t
/\G*@/\G*@/\F%Z/\G*ég/\G*@/\F@/\FMR
t

where t varies over all integers with a +t even and

a b t d—t
fo NGGeNGe AN\Fe N\F—R
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is defined fi(z @y ® 2z @ w) = (=1)POP) (2 @ 2)0D (y @ w) for p = (a +t)/2 and
qg=(b+d—1t)/2. Then the map ( is identically zero.

Proof. Let A and B be index sets of size a and b respectively. It suffices to show that
C(v4 ® v5 ® —) is identically zero. (See (3.6).) Let C = ANB, A’ =A\C, B' =
B\ C, and ¢ = | C'|. Observe that ((v} ® 75 ® —) = £ (Vi ® 75 ® —) for
u = ¢ where (, is defined in (3.3) for the alternating map §: E* — E. Since A
and B are both subsets of [g] (as defined in (1.28)), it is clear that

a+b=|AUB|+ |ANB|<g+g
consequently,
2a 4 2b < 2g + 2c¢, and
|A"|+|B'|=a+b—2c < 29—a—0b.

On the other hand, 2g — a — b < d — 2 by hypothesis. We conclude, from Proposi-
tion 3.4, that ( is identically zero. [J

Observation 3.17. If 6: E* — E is the map of (2.3), then the rank of 0 is at
most 2g.

Proof. It is easy to see that the image of the restriction of /\a+b 6 to \*G*® /\b F
is contained in 3>% , A"7' G ® A*"F F*. The conclusion follows because the rank
of Gisg. O

Corollary 3.18. Each D7 of (2.5) is a complex.

Proof. 1t suffices to show that (2.11) is a complex. Fix integers a,b, ¢, and d with
a not equal to 0, ¢ # g,

(3.19) a+b=g+q+2, and c+d=q.

We show that the component

a b c d

NG o \NFLQ, % NG o \F
of (2.11) is a complex. Fix index sets A, B,C, and D of size a,b, ¢, and d, respec-
tively. Expand dd(v ® ¢p) in terms of the standard basis of A\°G* ® ACF. Tt is
easy to see that the coefficient of ¢, ® ¢p, in this expansion, is zero unless D C B.
Let I be an arbitrary index set of size b — d, and let « be the coefficient of 75 ® ¢p

in the expansion of dd(v% ® ¢1 A ¢p). The proof is complete once we show that «
equals zero. Let H be the complement of C' in [g]. It is not difficult to see that

a=£) (DR T o (T (74 © 6200 (v © k)
r G
where r varies over all integers which satisfy (2.16). (The first (-) means (a+b—1)/2
and the second (-) means (g —c+r —d)/2.) Let t = b—r, and use (3.19) to see

that
a=+Y (=) N 5(JK)I (v ® 6.0 (v © ¢x))
t JUK=1I

|J|=t
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where t varies over all integers with ¢ + a even and
(3.20) 2—a <t<29—a.
Observe that (3.20) actually does not put any restriction on t. Indeed, 2 —a < ¢
follows automatically from the conditions 1 < a and t + a even. Furthermore, the
rank of # is at most 2¢g by Observation 3.17; consequently, 8((t+2)/2) is identically
zero for t > 2¢g — a. Use (3.19) in order to see that

a+ |H|+|I|=a+(g—c)+(b—d) = 29+2.

The proof is completed by appealing to Corollary 3.16. [
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SECTION 4. ELEMENTARY FACTS ABOUT THE COMPLEXES {®7}.

The notation of (2.3) is in effect throughout this section. We collect some infor-
mation about the complexes ©? which follows quickly from their definition. Recall,
from Remark 2.38, that

(4.1) D9 =2 (D279 [~ f].

Observation 4.2. Adopt the data of (2.3).

(a) Ifi <0, or j <0, ore<j, then K;; =0.
) If0<iand0<j<e—1, then K;; #0.
) Ifi <0, orj <0, ore<j, then L;; =0.
) If0<iand1<j<e, then L;; #0.
) Ifg < —1—g, ore—1<gq, then Q, =0.
) If1 < f and —g <q<e—2, then Q, # 0.
) If f=0and —g < q<e—2, then

{Qq:O if ¢+ g is odd, and
Qq#0 ifqg+ g is even.

Proof. All of the assertions follow quickly from Definition 2.15. We give the proof
of (f) as an example. If g —2 < ¢ < e—2, then \" F is a non-zero summand of Q)
forr=q—g+2 If1—g<q<g—2,then \" F is a non-zero summand of Q, for
r equal to 0 or 1. If ¢ = —g, then Q, = Q?_, by (2.32) and therefore, ), also is
non-zero. [

A portrait of the family {97} may be found in Figure 4.4. If F is a complex for
which there are integers a and b with 0 < b such that F; = 01if j < a, F; = 0 if
a+b<j,and F; #0if a < j < a+ b, then we say that the length, {(F), of F
is b. (If every module in a complex is zero, then we don’t assign that complex a
length.) The length of the complex D¢ may be read from Observation 4.2 together
with Figure 4.4. This information is summarized in Observation 4.3. (It is useful
to remember that D7 and ®/~277 have the same length because of (4.1).)

Observation 4.3.
(a) If =1 < gq, then ®] =0 for all j < 0.
(b) Ifg< f—1, then ®j =0 for all j > f.

(c) If j < —g ore<j, then @? =0 for all q.

(d) The length of D7 is at most e — 1 for all q. Furthermore, if ¢ < —g or
e —2 < q, then ©7 has length e — 1.

(e) If f > 1, then

/ if —1<q¢<f-1
(@) =4 q+1 iff-1<g<e—2
e—1 ife—2<gq.

(f) Assume that f =0 and g is even. The module @;1 15 equal to zero for all

integers j. If q is odd and 1 < q < g — 1, then 9 and D9~' both have
length q.
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THE FAMILY {D7}:

—>@}_H—> @} — @}_1 —>---—>©5_g—>@;_g—>@’_g

D279: 0 — Lee »Le_yec1—— Las — Li; — 0
D 179: 0 —Le_y1e—Le—ge—1—+— Lia — Lo1 — 0
D79 0 —Leoe—Lle3e1—— Lo2 — Qfg — 0
D79: 0 —Le—ge—Le—ge—1— —Qi1_g— 0 — 0

—>©f+2—>©f+1—> @' — ©f ] e Dy — D! — @5 — D, =D ,—

—Lfi1e— Lpe—1 —.—L3zgo—Laogr1— L1y —Log-1—Q_3

@f O—)Qf —>K0f—>K1f1
KOLREE Qf+1—>K0f+1—> K1f — K2f 1

--—>Kf—22—>Kf—1 1= Kfo -

D3 0
D2 0 — Lye =Ly 1e—1—..—Logro—Ligy1— Log — Q2 — 0
D1 0 —Lj1e—Li ge1—.—Ligyo—Logy1— Q-1 — 0
D0 0 —Lfoc—Li 3c1—.—Logra— Qo — Koo — 0
ot 0 —Lfgze—Li ge1—.— Q1 — Kogi1 — K19 — 0
D2 0 —Lji 4e—Lf 50.1—.— Koo — K11 — K9 — 0
Df-2. 0 — Loe — Qf—2 Ky 40— Kp 31—Ki 90— 0
D1 0 —Qp-1— Kojp-1 —.—Ky 30Ky _o1—Ky_10— 0

0

0

Ll

—Kp 10— Kf1 —Kjpp10—

D1~ D, DI, —om DY — Df -0

D3 00— 0 — Qez — —K. g41—Ke 30—
D2 0> Qe—2 Ko e—o—+—Ke 31— K 20—
D¢t 0 5Kpee1— Kieeg =+ —=Ke 91— Ke_10—
D¢ 0—-Kie1— Koo = —Ke 11— Koo —
Dl 0 5Koem1— K3eeg =+ — Koy —=Key10—

FIGURE 4.4

(g) Assume that f =0 and g is odd. If q is even and 0 < g < g — 1, then D1
and D971 both have length q. [

Remark 4.5. If f —1 < q < e—2, then the length of D9 grows with ¢. This growth
is linear if f is positive. However, this growth is a step function if f = 0; see Figures
4.6 and 4.7.
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THE COMPLEXES ©?7 WHEN f =0 AND g > 4 IS EVEN:

D2: 00— 0 0 — 0 —Log—Q—2

—
' 0—-0—-0—-0—0—0
D% 00— 0 — 0 — Qo —Koo—
@11 00— 0 — 0 —>K01—>K10—>

D2 0 = Q2 —Kpo—Ki1—Ko9—
D3 0 =Ko3—Ki2—Ko1—K30—

o O O O

FIGURE 4.6

THE COMPLEXES ®9 WHEN f =0 AND g > 3 IS ODD:

D2 00— 0 — 0 —Loyg—
D1 0—-0 — 0 —-Q_1—
D0 . 00— 0 — 0 —-Kyo—
o' 0 — Q1 —Kop1—Kio—
@21 0 —>K02—>K11—>K20—>

FIGURE 4.7

If (g, f) is the shape of an almost alternating map p, then ¢ > 1 and f > 0. The
complexes that occur at the boundary f = 0 are recorded in Figures 4.6 and 4.7.
These complexes are new and interesting. For example, if p is sufficiently general
and g is odd, then these complexes resolve the powers of a grade three Gorenstein
ideal; see Corollary 6.25. On the other hand, the complexes that occur at the
boundary g = 1 are very familiar. (We take advantage of this fact in some of our
proofs by induction.)

Example 4.8. If p = [0 ] is an almost alternating map of shape (1, f), then for

every integer ¢, ®9 is the ordinary Koszul complex associated to the map ¢: F' —
G = R.

Proof. Use Definition 2.15 to see that

J J
j+1

Q; = /\F
-1

1 7j—1
Lij:DiG*®/\G*®/\Fg /\F
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for all integers ¢ and j. Furthermore, it is not difficult to see that the map ’D? —
D% | is isomorphic to the composition:

/\F—>F®/\Fw®1G®/\F /\F O

We are next interested in studying the homology in position zero of the complexes
{D7}. We are immediately forced to consider various ideals associated to the data
of (2.3). Pick bases for F' and G as described in Remark 2.2 (c), and let

(4.9) T — {_);t g]

be the matrix of 6 with respect to these bases. If Y’ is a submatrix of Y which
consists of rows 1, , ¢ and r arbitrary columns then

X Y’
—(Y"Ht 0
is a principal submatriz of T which contains X.

Definition 4.10. Let p = [X Y] be an almost alternating matrix of shape (g, f)
over the commutative noetherian ring R, let 7' be the matrix described in (4.9),
and let Y,; represent the jth column of Y.

(a) Define J = J(p) to be the R—ideal generated by the pfaffians of all principal
submatrices of T' which contain X.

(b) If g is odd, then define I = I(p) to be the R—ideal Pf,_;(X), and define
A = A(p) to be the R—ideal (a1, -- ,ayr) where

X | v,
— (Yy;)! ’ 0

aj:pf

(¢c) If giseven and f is positive, then define I = I(p) to be the R—ideal

X [ Y.1
~ (V)" | 0

Pf,,

Y

and define A = A(p) to be the R—ideal (pf(X), ag, -+ ,as) where

X | Y Y
a; = pf _(Y*l)t 0 0 for 2<j5<f.
—w)t 0o

Remarks 4.11. Retain the notation of Definition 4.10.
(a) If f=0and g is even, then neither I(p) nor A(p) is defined.
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(b)  The ideal J is independent of the choice of bases. In fact, we know from
Observation 1.19 that J is the image of the map

Z/\G*@/\F 5 glo+m)/2) Toern

where r varies over all the integers with g + r even.

(¢) If g is odd, then I(p) and A(p) are also coordinate-free. If g is even and f is
positive, then I(p) and A(p) depend on the choice of one basis element, ¢;, from
F; they do not depend on the rest of the basis for F' or the basis of G.

(d)  The ideal I has been defined to be the maximal order pfaffians of an odd-sized
alternating matrix. It follows from (1.24) and Proposition 1.22 that if I is a proper
ideal, then grade I < 3. Furthermore, if grade I = 3, then [ is perfect.

Examples 4.12. Let p = [X Y] be an almost alternating matrix of shape (g, f).
If either of the parameters is small, then the ideal J = J(p) is well understood.

(a) Ifg=1,then Y isalx f matrix and J is generated by the entries of Y. We
saw in Example 4.8 that in this case every ©7 is simply the Koszul complex on the
generators of J.

(b) If g =2, then Y is a 2 x f matrix,

0 =z
=[5 o)

and J = (z,I3(Y)). If the almost alternating matrix p is generic, then J is a
hypersurface section of a determinantal ideal.

(¢) Suppose g = 3. If X is the matrix

0 T12  T13
—T12 0 23 |,
—x13 —x23 0

then let x be the matrix [x23 —x13 x12]. The ideal J is equal to I1 (xY) +I5(Y).
Ideals of this form have been studied extensively in [7].

(d) If f =0 and g is odd, then J is the zero ideal.

(e) If, either f = 1, or else, f = 0 and ¢ is even, then J is a principal ideal
generated by the pfaffian of a single even-sized alternating matrix:

I { Pf,(X) if gis even
Pf,41(T) if g is odd.

Proposition 4.13. Retain the notation of Definition 4.10, let M = coker p, and
let R be the ring R/.J.

(a) The homology Hy(D°) is equal to R.
(b) If1 <gq, then Hy(D?) = S,(M).
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(c) For each integer q with 0 < q, the homology Hy(D9) is an R—module.
(d) If g is odd or f is positive, then the following statements hold.
(i) There is an R—module surjection M —» (I/A).
(ii) If grade I > 3, then M = (I/A).
(iii) The ideals I, J, and A satisfy IJ C A C (INJ).
(iv) For each integer ¢ > 0 there is an R— module surjection Ho(D?) —»
I7R.
(¢) There is an ideal J of R (defined in (4.19)) and an R—module surjection

Ho(® Y — J/J.

THE OBJECTS OF PROPOSITION 4.13 FOR SMALL f OR g:
The matrix 7' and the element y; are defined in (4.19).

J R I J HO(Q*l)

F=0 0 R Pf, 1 (X) | (pf(T)) R=R
g odd
f= (pf(X)) (pffx)) no ideal (pf(X)) 0
g even defined
g=1 Il(Y) Ill(QY) R (yl) (35%1)
[>1

TABLE 4.14.a

Remarks 4.14.
(a) The information of Table 4.14.a has been collected for future convenience.

(b) Theorem 7.3 (c), together with Proposition 4.13 (c) and the right hand column
in Table 4.14.a, shows that, if p is a generic almost alternating map, then Hy(©9)
is an R—module for all integers q.

(¢) In Theorem 7.3 we show that if p is a generic almost alternating map, then
the surjections of (d.iv) are actually isomorphisms. The situation f = 0 and g even
is not treated by (d) because in this case, if p is sufficiently general, then M is an
R—module of rank two. (See Proposition 5.7.) For example, if g = 2, then it is
obvious that M = R @ R.

(d) In Theorem 9.13 we show that if p is a generic almost alternating map, then
it is possible to choose the ideal J so that the surjection in (e) is actually an

isomorphism. Furthermore, if R is a normal domain, then the R—ideals J /J and
IR are divisorial for ¢ > 1, and [Ho(D4)] = ¢[IR] in C/(R) for all ¢ > —1.

Proof of Proposition 4.13.
(a) We see, from the exact sequence

Qo <, Koo — Ho(D%) — 0,
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that Hy(D°) is the cokernel of

Z o((g+71)/2)

Z/\G*@/\F R,

where r varies over all integers with g + r even and 2 — g < r < g. The indicated
inequalities actually put no restriction on r because g is at least one by hypotheses
and the rank of 6 is at most 2g by Observation 3.17. The conclusion follows from
Remark 4.11 (b).

(b) If ¢ > 1, then the sequence
Kq,1 11— Kq 0o — H()(@q) — 0

is exact. It is easy to see that this sequence is the same as

E*
NG N IF —— G — Ho(®') — 0 ifg=1, and
S, 1Go A\ E*
: 175@/2: L G — Hy(D7) — 0 ifg>1,
g—2

where 0 is the Koszul algebra map associated to p: E* — G. The assertion is now
obvious.

(¢) Inlight of (a) and (b), it suffices to show that .J is contained in the annihilator
of coker p. Take a basis for G as described in Remark 2.2 (c¢). Let g +r = 2p,
x; = y; for 1 <i < g, and let x441,... ,244, be arbitrary elements of F. Then,
a=0P (z A A Tap) is a typical element of J. We show that ay; € im p. Let
be the element

2p
Z(_1)¢+19<p_1)(x2 AN AT A LA Do) T
1=2

of E*. Use (2.22) to see that p(x) is equal to

2p g
DD (), 2P (g A AT AL A D)
1=2

j=1

Interchange the order of summation and apply (1.20) to see that

g
x) = 20(”)(7;‘ ANTa A ...\ Top)Yj = Q1.
j=1

(d.i)  We first find an R—module surjection M — (I/A). The R—module M is

presented by

e [X Y]
_—

R R — M — 0;
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consequently, it suffices to find an R—module surjection 7: RY — (I/A) so that

(4.15) rE XY gy T4 o

is a complex. It is worthwhile to have uniform notation for the ideal I; so let g be
the odd integer

N_{g if g is odd
9= g+ 1 if gis even,

X be the g X ¢ alternating matrix

X if g is odd
X = X | val
. if g is even,
~va) | o
and X be the 1 x ¢ matrix [)Z(l% . ,)?<§)] where )Afm is equal to (—1)7*! times

the pfaffian of the matrix obtained by deleting row and column j from X. The
ideal I is generated by the entries of x; furthermore, it is well-known, and easy to
see using (1.18) or (1.20), that

(4.16) 0— R, Ry X, g X1 g

is a complex. Let u be the 1 x g matrix
u = [X<1>, ce ,X<g>],

with entries from R. (If g is odd, then v = x. If g is even, then u is one entry
shorter than x.) Let 7: RY — (I/A) be the map induced by u. We claim that 7 is a
surjection which makes (4.15) be a complex. If g is odd, then 7 is clearly surjective.
If g is even, then

(4.17) X<g_|_1> = pf(X) € A;

consequently, the map 7 is surjective in all cases. Line (4.17), together with the
fact that (4.16) is a complex, guarantees that every entry of uX is in A. Observe
that

if ¢ is odd
(4.18) uY:{ [a1 ar] if gis o

[0,as,...,a7] if g is even,

where the a’s are the generators of A described in Definition 4.10. Thus, (4.15) is
a complex and 7: M — (I/A) is an R—module surjection. We proved in (c) that
M is an R—module; consequently, 7 is necessarily an R—module surjection.

(dii) If grade I > 3, then Buchsbaum and Eisenbud [14, Theorem 2.1] have

proved that (4.16) is exact. It follows readily, using (4.17) and (4.18), that (4.15)
is exact.
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(d.iii) In (d.i) we proved that /A is an (R/J)—module. It follows that I.J C A.
It is clear from Definition 4.10 that A C (I N J).

(d.iv) Combine (b), (d.i), and (d.iii) in order to obtain:

HM@%zS%M)%SJUM—%%<—£{>:&(£i£>ﬁ]q+J:ﬂ§.

InJ J J

(e) Every element v of G gives rise to an R—ideal J = 37 which satisfies
assertion (c). When we write 7 in terms of the basis v1,... ,7, for G we obtain

v = > y;y; for some y; in R. Let T be the alternating matrix

U
Y2
X : Y
(4.19) T = Yg
Y1 — Y2 — Yy
0
Ve

which is obtained by “enlarging the Y portion” of the matrix 7" in (4.9). Define
J = J to be the ideal of R which is generated by the pfaffians of the principal

submatrlces of T which contain X. B
We produce a surjection Ho(D~!) — J /J by considering a new almost alter-
nating map

(4.20) p=[ Y): E =GoF -G

which is analogous to the almost alternatlng map p: E* =G*® F — G of (2.3).
Let R¢ be a free R—module of rank one, let F = Ro @ F, and let w F — G be
defined by w (¢) =~ and zp | = 1. Observe that the ideal J(p) of Definition 4.10
formed using p is precisely equal to J . Consider the complex

Log+2—>QOHJ—>O

which is formed using p. Observe that

50 = (Q-1® R¢) ® Qo, /EOg—I—Q = (Log+1 ® Rp) & Lo g12,

and that the diagram

L0g+1 Q—l
~ | =

Log11 ® Rp — f0g+2 <, 50 — Q_1® R
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commutes. Since d lo, maps into J we conclude that

Log4+1 i>Q—1 — J)J

is a complex, where the second map is the composition
Q1 =>Q 10Rb— QoL T — J/J O

There is a connection between the complexes {99} = {D9(p)} constructed using
a free module F' of rank f and the complexes {D'9} = {D(p’)} constructed using
a free module F’ of rank f —1. We have already exploited this connection, to some
extent, in our proof of Proposition 4.13 (e). The short exact sequence of complexes
of Proposition 4.23 is one of the main tools in our proof, in section 7, that the
complex DY is acyclic when p is generic and ¢ > —1.

Adopt the data of (2.3). Suppose that f > 1 and that F' = F'® R¢ where F’ and
R¢ are free submodules of F' of rank f—1 and 1, respectively. Let (E')* = G* @ F’,
and let p’ be the composition

() 24 B 4G

From {®7} and J using the almost alternating map p: E* — G, and form {®'7}
and J’ using the almost alternating map p': E'* — G. Let M = coker p and let
M'" = coker p/.

The symmetric algebra Se(M) is the polynomial ring Se(G) modulo the ideal
generated by the image of p: E* — G in G = S1(G). We may view p(¢) € G as an
element of S¢G. It is clear that

Su(G) Su(G) S
(imp)Se(G) — (imp' + p(¢))Se(G) — (p(¢))Se(M’)

In particular,

p(#)

(4.21) Sq-1(M") = S4(M') — (M) — 0

is an exact sequence for all integers ¢ > 0.

We may apply Proposition 4.13 (e) to the complexes (D’)~!, and the element
v = p(¢). Observe that (J')~ is precisely equal to J; and therefore, there is a
surjection

(4.22) Hy(®' Y = J/J

induced by
Q> Q @Rp— QoL J— J/T.
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Proposition 4.23. If p and p' are defined as above, then for every integer q there
18 a short exact sequence of complexes

(4.24) 0 — 271 —D1 — (D1 H[-1] — 0.

In particular, there is a long exact sequence of homology
(4.25)

= Hi 1 (D7) — Hi(D'77Y) — Hy(D'9) — Hy(D9) — H; (D7) — -
Furthermore, the sequences

p(9)

Hi(D') — H1(D?) — Sy-1(M') —= Sy(M') — S4(M) — 0,

forq >0, and
H, (D% — H (D) — Ho(D' ™) — J/J =0

are exact where the last map is described in (4.22) and So(M') means R/ J’.

Proof. For integers ¢ and j, form @Q;, K;;, and L;; using the almost alternating

map p and form Qf, Kj;, and L}, using the almost alternating map p’. The

decomposition A F = \*F' & (N F' ® R¢) yields

Qi=Q;®(Q;_1®R¢), K;ij=K;®(K/,_1®R¢), and

e
Lij=Li; &(Li;_, ® Rg).
Recall that
Kq—j; ifj<gq
(4.26) D=1 Q, ifj=q+1
Lj_q_g g+j lf q —|— 2 S j

It is now clear that DY = @;-q ® (@;q:ll ® R¢) for all integers j and q. These
decompositions yield short exact sequences of modules:

’q q rq—1 .
0-9,"—>9;, 9,2, —0;

which fit together to form (4.24). The corresponding long exact sequence of homol-
ogy is given in (4.25). In particular, if = 0 and ¢ > 0, then
(4.27)

Hy(D'7) = Hy(D1) — Ho(D'17") = Ho(D'9) — Hy(D7) — H_(D'971) =0

is an exact sequence (where ¢ is the connecting homomorphism). Proposition 4.13 (b)
yields that Ho(D'97 1) = S,_1(M'), Ho(D'?) = S,(M’), and Ho(D?) = S,(M).
One may evaluate the connecting homomorphism ¢ in order to see that the right
hand side of (4.27) is isomorphic to the exact sequence (4.21).
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Finally, if i = ¢ = 0, then (4.25) becomes the exact sequence
Hy(D'%) — Hy(D°) — Ho(D' 1) % Hy(®'°) — Hy(D°) — H_1(D' 1) = 0.

We learn from Proposition 4.13 (a) that Ho(®'?) = R/J’ and Ho(D°) = R/J. Tt
is easy to see that the map Ho(D'%) — Ho(DP) is precisely the natural quotient
map. Thus, we have an exact sequence

Hi(D'°) — Hy(D°) — Ho(D' 1) > J/J — 0.

The proof is completed by verifying that the connecting homomorphism ¢ is the
same as the map of (4.22). O

We conclude this section by discussing the degrees of the maps in the complexes
{D7}. When we view Figure 4.4 in terms of degrees, it resembles a boa constrictor
eating a mouse. All of the maps are linear, except those involving @),, where there
is a big bulge.

Observation 4.28. Form the complezes {9} using generic data (as described in
Remark 2.2 (e)). If ¢ > 0, then ©f is equal to

R(—j)Pa if i <gq
D, R(—(g+r+9)/20) ifj=q+1
R(—(g — 14 j))bas ifq+2<j

where r varies over all integers which satisfy the conditions of (2.16). In particular,
if0<q< f—2, then

e—3—q
D% = R(—(e— 1))bas where by = ( )

NoOTE. A formula for the Betti numbers b, ; can be obtained by combining (4.26),
Proposition 2.41, (2.24), and (2.39).

Proof. 1t suffices to consider Lgg4y24+¢9 — @4 — Koq4. The map

/\F — Qq — Kog = R(—q)*"

has degree (g +r — q)/2; and consequently, is a homogeneous map of degree zero:

R(~(g+7+a)/2)") - R(=q)".

The map D7,y = Lograrq — Q¢ — A" F has degree (g + 2+ ¢ — r)/2; and
consequently is a homogeneous map of degree zero:

R(—(g+q+ 1) = R(—(g+7+q)/2)7). O
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SECTION 5. (GRADE CALCULATIONS.

Ultimately, we prove that the complexes D9(p) are acyclic, for ¢ > —1, provided
the ideals I;(p) have sufficient grade. We have named the exact requirement “weak
minor condition one” (WMC;). (See Definitions 5.8 and 5.9.) In Observation 5.13
we show that every generic almost alternating map satisfies WMC;. In Propo-
sitions 5.14, 5.16, and 5.19 we give lower bounds for the grade of other relevant
ideals in the generic situation. These results are essential for our proofs of the
main theorems. The key step in all of these calculations is Lemma 5.2 which shows
how to replace a given almost alternating map, one of whose entries is a unit, with
an almost alternating map of smaller shape. The following hypotheses are used
throughout the entire section:

(5.1) p=1[¢ Y]: G*® F — G is an almost alternating map of shape (g, f)
over a commutative noetherian ring R, the complexes D9 = D9(p) are
defined in section 2, and the ideal J = J(p) is defined in (4.10).

Lemma 5.2. Adopt the notation of (5.1). Suppose that there are bases for F' and
G so that the matriz of p with respect to these bases is

X Y9 0 0 | Y, 0
()" Xy 0 0 0 I
0 0 0 I, | Y3 Y,
0 0 —I, 0 | Y5 Yg

(5.3)

for some integers s and t with 2s +t < g — 1, some alternating matrices X, and
Xo and some arbitrary matrices Y; for 1 < i < 6. If p' is the map which is
represented by the matriz (X1 | Y1 Ya|, then p' is an almost alternating map of
shape (g — 2s —t, f) and the following statements hold.

(a) The ideals J(p) and J(p') are equal.

(b) If ¢ > 0, then the modules Ho(D(p)) and Ho(D(p’)) are isomorphic.

(c) If1<k<g—2s—t, then Iy(p') = Las+t+k(p)-

(d) If k is an even integer with 2 < k < g —2s, then the ideal Pfos (&) is equal
to

X1 Y;
P e -

Proof. 1t is clear that p’ is an almost alternating map of shape (¢ — 2s — ¢, f), and
that p’ satisfies (c¢) and (d). Assertion (b) for ¢ > 0 follows from Proposition 4.13
because coker p = coker p’. We still must show that J(p) and J(p’) are equal as
ideals. (Recall from (4.10) that the ideal J(p) is generated by certain pfaffians
of the matrix T of (4.9).) It suffices to assume that, either, s = 0 and t = 1, or
else that, s = 1 and ¢t = 0. In the first case, there is a one-to-one correspondence
between the pfaffians of the principal submatrices of

X, Yi Yo 0
—m)" o 0 1
T = (1) which contain [ X1 t Yl] and
_(Y2)t 0 ‘ 0 0 -(Y1)" 0
0 -1 0 O
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the pfaffians of the principal submatrices of

X, | Y
T'=1-wy)" | 0o o0
-(¥)" | 0 0

which contain X;. Notice, for example, that

X, Y ‘ Z 0
—(Y))' o0 0 1
pt (1) = £pf Xlt z
7t 0 ‘ 0 0 —Z* 0
0 —1 0 0

for any submatrix Z of Y5 of the appropriate shape. In the second case,

X3 0 0 Yo
T 0 0 1 Y3 q T X1 \ Yo
= an =

—()t —()' —() | o

It is obvious that J(p) = J(p'). O

Lemma 5.4. If the ring R of (5.1) is local and I;(p) = R for some positive integer
¢, then, either, I,(p) = J = R, or else, there is an almost alternating map p' of
shape (¢', f) such that:
a) 1<g¢g <g—14
(b) the ideals J(p) and J(p') are equal.
(c) Ho(D(p)) = Ho(Dp')) for all ¢ =0, and

) Ie(p') = Ig—grii(p) for all k with 1 <k < g’

Proof. We first prove that there are bases for G and F' such that the matrix of p
with respect to these bases has the form of (5.3) where ¢ < (2s +t). Let u be the
largest integer with I,,(§) = R. Since ¢ is an alternating map over a local ring, we
know that u is even and we write u = 2s. The module G may be decomposed into
a direct sum of free modules G; & G5 & G5 (with rank Gy = s) in such a way that
the map £: GT G5 B Gy — G1 B Ga & G5 is

& 0 0
0 0 I
0 —-I, O

for some alternating map &;: G; — G;. (At this point, we have chosen a basis for
G2, and the corresponding dual basis for G5. We have not yet picked a basis for G
or F.) If 2s > ¢, then the proof is complete. If 2s < ¢, then let ¢ be the difference
¢ — 2s and let 1 be 1 followed by the projection G = G; & G2 & G5 — G;. The
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hypothesis guarantees that I;(11) = R. In other words, we may choose bases for
G4 and F so that the matrix for ¢, has the form

Y, 0
0 L]’

When p is written with respect to the bases we have chosen, then, either, 2s+t = g,
or else p has the form of (5.3). In the second case the proof is completed by applying
Lemma 5.2. It remains to show that if I,(p) = R, then J is also equal to R. This
calculation is rather easy because we know that

Xo 0 O 0 L

and every entry of X5 is in the maximal ideal of R. It follows that the matrix 7" of
(4.9) is

[ X5 0 0 0 I
0 O Is Y3 Y4
T = 0 —I 0 Y5 Ys

0 —(Y3)' —(v)" 0 0
LI, —(Y2)' —(Y)" 0 0.

The pfaffian of the principal 2(s + t) x 2(s + t) submatrix

Xy 0 0 Iy
0 0 I Y,
0 —1I 0 Ys

5, -~ —(Ye)' | o

is a unit in R; hence, J = I,(p) = R. O

If P is a prime ideal of the ring R, then x(P) is the residue field (R/P)p of the
local ring Rp.

Corollary 5.5. The ideals I1,(p) and J of (5.1) have the same radical.

Proof. Let P be any prime ideal of R. If I,(p) is not contained in P, then rank p®
k(P) = g, and Lemma 5.4 shows that J(p ® k(P)) = x(P). It follows that J(p) is
also not contained in P. If I;(p) C P, then rank p ® x(P) < g, and there are bases
such that p ® k(P) has the form of (5.3) with every entry of X;, Xs, Y7, and Y3
equal to zero. It follows that J(p® k(P)) = J(p') for p’ = [0 | 00]. It is clear that
J(p") = 0. We conclude that J(p) is also contained in P. [

Let p = [X Y] be a generic almost alternating matrix. The next result shows
how to apply Lemma 5.2 to p in order to obtain a smaller generic almost alternating
matrix p’ over a larger base ring.
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Lemma 5.6. Let Ry be a commutative noetherian ring; p = [X Y] be a generic
almost alternating map of shape (g, f) over the polynomial ring R = Ro[X,Y], and
let P be a prime ideal of R. Suppose that Pfas(X) is not contained in P for some
even integer 2s with 2 < 2s < g — 1. Then, there are elements z1,... ,zn, A of
R and there is an almost alternating matriz p' of shape (g — 2s, f) with entries in
R[A™1] so that

(a) p' is obtained from p @r R[A™1] by using the technique of Lemma 5.2;

(b) z1,...,2n are algebraically independent over Ry;
(c) A€ Rylz1,... ,2n] but A & P;
(d) the (distinct non-zero) entries of p' are algebraically independent over

S = RQ[Zl, cee y Rmy, A_l];
(e) Slp') = R[A™']; and
(f) (R/I)[AY] = R[ATH]/J(p").
Furthermore, if Ry is a domain, then the element A of Ry[z1, ... , z,]| can be factored
into a product of prime elements.

NOTE. There are two variations in the hypothesis which lead to essentially the
same conclusion. If I;(Y) is not contained in P for some t with 1 <t < g — 1, then
the same conclusion holds for a map p’ of shape (g —t, f). If I,(p) C P, but I(p)
is not contained in P for some ¢ with 1 < ¢ < g—1, then the same conclusion holds
for a map p’ of shape (¢, f) for some ¢’ with 1 < ¢’ <g—¢.

Proof. We may prove this result by induction on s; and therefore, it suffices to
assume that 2s = 2. (The key point is that if p’ = [X’ Y’] has been found for
2s = 2, then, according to Lemma 5.2 (d), Pfx(X’) = Pfy1o(X) for all even k.) We
may assume, without loss of generality, that A = x,_1, & P. Let z1,... , 2, be the
set of elements

Tig—1 1<i<g—2

Tig 1<:i<g—-1

Yij g—1<i<g and 1<j<f
of R. It is obvious that (b) and (c) hold. After a change of bases, p @z R[A™!]
may be put in the form of (5.3); that is,

Xy 0 O Yo
p@rRIAT =10 0 1 Ys
0 -1 0 Ys
Let p/ = [X; Y32]. Observe that (a) also holds. It is not difficult to see that (d)
and (e) hold. Assertion (f) is implied by (a). Finally, if Ry is a domain, then it is
obvious that the variable A is a prime element of Ry[z1,... , zn].

The proof of the stated result is complete. A word about the two variations is in
order. If I;(Y') is not contained in P, then there is no need to do induction: simply
take A to be one of the ¢ x ¢ minors of Y which is not in P. If I,(p) is not contained
in P, then prove the result in two steps: first apply the stated result to Pfy(X)
where s is the largest integer with Pfo(X) not contained in P, then apply the first
variation. [

The next result can be used to calculate the ranks of the (R/J)—modules
Hy (D).
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Proposition 5.7. Adopt the notation of (5.1). Let ¢ > 0 be an integer and let P
be a prime ideal of R with J C P.

(a) Suppose that, either, f > 0, or else, that f =0 and g is odd. If
f+1<gradel,_1(p) and grade P < f,

then Ho(D9)p = Ho(D°)p and Jp is generated by f elements.
(b) Suppose f =0 and g is even. If grade I, _o(p) > f+2 and grade P < f+1,
then H0(©1>p = H0(©0>p D Ho(go)p.

NOTE. In our typical application of this result we will already know that J is a
perfect ideal with

f+1 if f=0and g is even

grade J = { .
f in all other cases.

In this case, the statement of Proposition 5.7 becomes:

If grade I;(p) > 1+grade J fort = f+g—1—grade J, then the (R/J)—module
Hy(®19) has rank equal to

{1 if ¢ > 0 and grade J = f
2 ifg=1andgradeJ = f+1"

Proof.

(a) Lemma 5.4 shows that Ho(D*(p@Rp)) = Ho(D*(p')) for some almost alternat-
ing map p’ of shape (1, f) for all ¢ > 0. So, in particular, Jp = J(p’). Example 4.8
shows that Ho(D9(p')) = Ho(D°(p')) and that J(p') is generated by f elements.

(b) The argument is the same as the argument in (a), except this time p’ has
shape (2,0). If

then J(p') = (x) and

We now give conditions which ensure that the complexes D7(p) are acyclic.
For f > 0 our conditions are expressed in terms of the grade of the ideals I;(p);
however, if f = 0, then p is an alternating map and it is more natural to express
our conditions in terms of the lower order pfaffians of p.

Definition 5.8. If p is an almost alternating map of shape (g, f) and r is a fixed
integer with 1 < r < g, then
(a) p satisfies the Weak Minor Condition WMC,. if grade I,(p) > f and
grade I4(p) > f+g —t for all t with r <t < g — 1;
(b) p satisfies the Strong Minor Condition SMC,. if grade I4(p) > f and
gradel;(p) > f+g—t+1forallt withr <t <g-—1.
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NOTE. The minor conditions WMC, and SMC, are exactly the same; and the map
p satisfies these conditions provided gradeI,(p) > f. The minor conditions have
been defined so that

MCy; = MCy = --- = M(, and SMC, — WMC,..

Definition 5.9. Let GG be a free R—module of rank g and let r be a fixed integer
with 1 <r <g—1. If £: G* — G is an alternating map, then
(a) & satisfies the Weak Pfaffian Condition WPC,. if gradePf;(§) > g —t + 1
for all even t with r +1 <t < g;
(b) & satisfies the Strong Pfaffian Condition SPC,. if gradePf;(§) > g —t+ 2
for all even ¢t with r +1 <t < g — 1, and gradePf,(£§) > 1 if g is even.

NoTe. The pfaffian conditions WPC,_; and SPC,_; are exactly the same; and
the map & satisfies these conditions provided, either g is odd, or else, g is even and
the ideal Pf,(£) contains a regular element of R. The pfaffian conditions have been
defined so that

PCy = PCy = --- = PCy_; and SPC, — WPC,..

If f =0, then we are able to relate the minor conditions and the pfaffian condi-
tions because of the following well known result.

Observation 5.10. Let G be a free R—module of rank g. If £&: G* — G is an
alternating map and t s an even integer with 2 <t < g, then the R—1ideals

It—1(€)7 It(£)7 and Pft(f)

all have the same radical.

Proof. If P is a prime ideal of R, then the alternating map £ ® x(P) has even rank;
consequently, P contains one of the listed ideals if and only if it contains all of
them. [

Corollary 5.11. If p is an almost alternating map of shape (g,0) and r is a fized
mteger with 1 < r < g—1, then
(a) p satisfies WMC,. if and only if p satisfies WPC,. and gradePf,.(p) > g—r
if ris even;
(b) p satisfies SMC,. if and only if p satisfies SPC, and gradePf,(p) > 2 if g
is even and gradePf.(p) > g—r+ 1 if r is even. O

The next result, which is used in the proof of Corollary 8.9, has essentially the
same proof as Observation 5.10; so, we include it here.

Observation 5.12.

(a) Adopt the notation of (5.1) with f = 1. Let 6 be the corresponding alter-
nating map of (2.3). If t is an even integer, then the R—ideals P, () and
I;—1(p) have the same radical.

(b) Adopt the notation of Definition 4.10 with either g odd or f positive. Then
grade I,_1(p) > grade (I + J).
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Proof.
(a) Let P be a prime ideal of R. If 2s denotes the rank of (¢ ® x(P)), then both
of the following equations hold for one fixed r equal to 0 or 1:

rank (0 ® k(P)) = 2s+ 2r and rank (p ® k(P)) = 2s + r.
Observe that Pf;(#) C P if and only if 2s + 2r < ¢; and I;_1(p) C P if and only if

2s+71 < t—1. Since t is even and r is equal to 0 or 1, we quickly see that 2s+42r < t
if and only if 2s +r <t — 1.

(b) We show that (I + J) C rad (I;_1(p)). It is clear from Corollary 5.5 that
J € rad (I, (p)) € rad (T (p).
If g is odd, then I is defined to be Pf,_;(X); hence Observation 5.10 shows that
I Crad(Iy—1(X)) Crad(ly—1(p)).
If g is even, then I is defined to be

X [ Y.
— W)t |0

Pf,,

bl

and (a) shows that I Crad (I;—1[X Yi1]) Crad ([;_1(p)). O

We conclude this section by giving lower bounds for various relevant ideals in
the generic situation.

Observation 5.13. If p is a generic almost alternating map of shape (g, f) and t
18 an integer with 1 <t < g, then

(g—t+1)(g—1)
(p) > 5

grade I; +(g—t+1)f;

furthermore, the following statements hold.

(a) If, either, f > 1, or else, f =0 and g is odd, then p satisfies SMCj.
(b) The map p satisfies WMCy for all f and g.
(¢c) If f =0 and g > 2, then p satisfies SPCy.

NoTE. If f =0 and g is even, then it is impossible for p to satisfy SMC,. for any r
with 1 <r < g—1 because I,_1(p) and I;(p) have the same grade and this grade
is at most one.

Proof. Let g(t) represent the right hand side of the above inequality. We prove the
inequality by induction on ¢. The assertion is obvious if ¢ = 1, because g(1) is the
number of distinct non-zero entries in the generic almost alternating matrix which
represents p. Suppose that P is a prime ideal of R with I;(p) C P. It suffices to
show that grade PRp > ¢(t) because for any ideal I in a ring R, the grade of I is
equal to

min {grade PRp | P € SpecR and [ C P}.
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If I;_1(p) € P, then we know, by induction, that grade P > g(t — 1) > g(¢t). If

I;_1(p) is not contained in P, then we apply Lemma 5.6 in order to obtain a generic

almost alternating map p’ of shape (¢ —t + 1, f) with I;(p ® Rp) = I1(p'). It is

clear that grade I1(p") = g(t). We conclude that grade I;(p) > g(t) for all t.
Observe that

) =f ift=g
=/ itt=yg >firg—t+1 ift land f>1
— ift=¢g—1an
gt) =4 =27 +1 ifr—g—1 =/T9 vy =
=f+g—t ift=¢g—1and f=0

>f4+g—t+1 if1<t<g—2
> f+yg =t=9 >f+g—t+1 if1<t<g-—2.

It is clear that p satisfies WMC; for all f and g, and that p satisfies SMCy if f > 1.
If f =0 and g is odd, then, according to Observation 5.10, the ideals I,_1(p)
and I, o(p) have the same grade; and so p satisfies SMC;. Assertion (c) follows
immediately from (1.24). O

Proposition 5.14. Let p = [X Y] be a generic alternating map of shape (g, f).
(a) If s is an integer with 2 < 2s < g, then

g—2s+2

grade (J + Pfos(X)) > ( 9

)—i—f—g—|—2s—1.

(b) Assume that, either, g is odd, or else, f is positive. If I = I(p) is the ideal
defined in (4.10), then grade (I + J) > f + 1.

NOTE. Assertion (a) guarantees that

grade (J +Pf,_1(X)) > f+1 if gis odd,
grade (J +Pf,_o(X)) > f+3 if g is even, and .
grade (J 4+ Pf,_3(X)) > f+6 if g >3 is odd

Proof.

(a) The proof is very similar to the proof of Observation 5.13. Let g(s) represent
the right hand side of the inequality. Recall the grade of Pfos(X) from (1.24).
Observe that the inequality is valid if f — g +2s — 1 < 0; henceforth, we assume
that

(5.15) g—2s+2<f.
Let P be a prime ideal which contains J + Pfas(X). Since g(s —1) > g(s), we may

assume that P does not contain Pfos_o(X). According to Lemma 5.6, there are
bases so that the matrix of p ® Rp is equal to

X1 0 0 Yo
0 0 Iy Ys
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where [X; Y] is a generic almost alternating map. The prime ideal P contains
Pfos(X); consequently, Pfy(X;) C PRp. The ideal P also contains J; and there-
fore, by Corollary 5.5,

Iy—2s42(Y2) C Iy(p® Rp) € PRp.

The generic alternating matrix X has size (g — 2s + 2) X (g — 2s + 2); the generic
matrix Y5 has size (¢ —2s+2) x f and g —2s+2 < f by (5.15). Apply (1.24) and
(1.23) in order see that

g—2s+2

grade PRp > ( 5

) +f—(g—2s+2)+1.

(b) In light of (a), we need only consider the case where g > 2 is even and f > 1.
As before we suppose that P is a prime ideal of R with grade PRp < f and
(I +J) € P. Observe that I,([X Y’]) C P where Y’ is the matrix formed by
deleting the first column of Y. Observation 5.13 shows that

grade I,([X Y']) > f—1.

It follows that y,q ¢ P for some r; because if y11, y21, ..., yg1 are all also in P,
then
gradeP > g+ f—1 2> f+1.

Suppose that y,1 ¢ P. Again we apply the technique of Lemma 5.6 and pick bases
for G and F' (without changing ¢1) so that the matrix of p ® Rp is

X, v 0 Y,
-(M)" 0 1 0]

Observe that
X Y ‘ 0

Ip=Pf, |-(Y1)" 0 | 1|="Pf, 5(Xy);

0 -1 10
furthermore, J(p ® Rp) = J(p') where p’ is the generic alternating map
(X5 | Y1 Ya].

The shape of p’ is (¢ — 1, f) and g — 1 is odd. The proof is completed by appealing
to part (a). O

Proposition 5.16. Let p = [X Y| be a generic almost alternating matriz of shape
(g, f). Assume that f > 1 if g is odd and that f > 2 if g is even. Let Y, ; represent
the ™ column of Y; Y' be the matriz obtained by removing the last column from
the matriz Y; p’ be the generic almost alternating map [X Y'] of shape (g, f — 1);
and J' be the ideal J(p'). If z is the pfaffian of the alternating matrix

([ X | Yy
if g is odd
Lm0
(5.17) X = D¢ ‘ Y1 Yig
— (Y. 1)t 0 0 if g is even,
(L (V. ) ‘ 0 0
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then grade (J',z) > f.

Proof. Suppose that P is a prime ideal of R with grade PRp < f—1and (J',z) C P.
We first consider the case when ¢ is odd. Proposition 5.14 shows that Pf,_;(X)
is not contained in P. By applying the technique of Lemma 5.6 we may choose a
basis for G (without changing the basis of F) so that

0 0 0 Yo
pORp=10 0 I Ys
0 -I; O Y5

The 1 x f matrix Y5 is generic and I;(Y3) € PRp. (The first f — 1 elements of Y5
are in PRp because J' C P. The last element of Y5 is in PRp because z € P.)
The assumption that grade PRp < f — 1 has been contradicted and the proof is
complete when ¢ is odd.

If g is even, then Proposition 5.14 shows that Pf,_(X) is not contained in P.
There is a basis for G such that

0 =z 0 0 |y - vy
-z 0 0 0 |y21 -+ yor
Rp =
PERP=1 19 0o 0o 1
0O 0 —-I, O

Observe that

Y11 - Y11 /
I , x| CJp,
(2{921"'(@2]“1} )_ P
and that the ideal (z,z)p is generated by z together with

det [911 ylf}‘
Y21 Yof

Lemma 5.18 shows that grade PRp > f. This contradiction completes the proof.
OJ

Lemma 5.18. If Ry is a commutative noetherian ring; f > 2 is an integer; and

Y — [yll ylf}
Y21 - Yaof

18 a matriz of indeterminates, then the ideal

A— (IQ {yn ylfl} . det {yn ylf})
Yo21 - Y2 -1 Y21 Y2f

of the ring R = Ry[Y| has grade f — 1.

Proof. The ideal A is a contained in I5(Y); thus, grade A < f — 1 by (1.23). The
result is obvious if f = 2; so we assume that f > 3. Let P be a prime ideal of
R which contains A. If y11 and ys; are both in P, then grade P > f — 1 because
either f —1 =2 or P also contains I5(Y") where Y’ is the generic 2 x (f —2) matrix
obtained by deleting columns 1 and f from Y. If yo; € P, then it is easy to see
that the elements

{yoryri —y2iynn | 2<i < f}

form a regular sequence in PRp. [J
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Proposition 5.19. Let p = [X Y| be a generic almost alternating matriz of shape
(9, f) with g > 2. Let X' be the matriz obtained by deleting the last row and
column from X; and let Y' be the matriz obtained by deleting the last row of Y.
If p' is the generic almost alternating matriz [ X' Y'] of shape (g — 1, f), then
(f +1) < grade (J(p) + J(p))-

Proof. If g is even and f = 0, then J(p’) = 0, but J(p) has grade f+ 1. Henceforth,
we assume that either, g is odd, or else, f > 1. If g — 1 is odd, then let

_ 15 ]
X' T2g
z = pf
Lg—1g
__xlg_ng"'_xg—lg 0 .
If g — 1 is even, then let
[ T1g Y11 |
X' Tag Y21
z = pf
Tg—1g9 Yg-11
_xlg - -TQg T xg—l g 0 ygl
| Y11 — Y21 0 — Yg-11 —Yg1 0

and let 2’ be z with y41 set equal to zero. It is clear that z € J(p). If g — 1 is even,
then it is also clear that z = 2’ £ y41 pf(X’); thus, z — 2’ € J(p). Proposition 5.16
shows that

f+1 < grade(J(p'),2) < grade(J(p) +J(p)). O
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SECTION 6. ACYCLICITY IN THE CASE f = 0.

Throughout this section

(6.1) f = 0 and p is the alternating map &; the complexes ©? are formed
using the data of (2.3); and the ideal J = Pf,(§) is defined in (4.10).

A picture of the complexes {97} may be found in Figures 4.6 and 4.7. The condi-
tions WPC and SPC are defined in (5.9). There are two main results in this section.
The first is

Theorem 6.2. Adopt the notation of (6.1). Let r and q be fixed integers such that
1<r<g-1,0<q and {(D?) < g —r. If £ satisfies WPC,., then D7 is acyclic.

NOTE. The length, £(D?), of D7 is given in Observation 4.3. Recall that £(D?) <
g — 1 for all gq. Recall, also, that if the alternating map £ is generic, then it satisfies
WPC;. (We say that a complex F is acyclic if F; = 0 for j < 0 and H;(F) =0
for 5 > 0. If F is an acyclic complex of projective modules, then [ is a projection
resolution of Hy(F).)

The other main result is Corollary 6.25, where we calculate depth (R/I?), for all
q < 1, whenever [ is a sufficiently general grade three Gorenstein ideal in a local
ring R. Our proof of Theorem 6.2 consists of two parts. We use the Buchsbaum-
Eisenbud criterion to reduce to the case where R is a field. Then, we prove the
necessary result (Lemma 6.5) under that hypothesis.

Theorem 6.3. ([11]) Let R be a commutative noetherian ring and let
A 0—>An&>An_1—>---—>A1£>AO

be a complex of free R—modules. Then A is acyclic if and only if

(a) rankagy1 + rank ay = rank Ay, and
(b) gradel(ay) >k

for1<k<n. 0O
The following piece of folklore is well-known.

Observation 6.4. Let A and R be as in Theorem 6.3.

(a) If (R,m,k) is a local ring and A ® k is acyclic, then Ho(A) is a free
R—module and A is acyclic.

(b) If A®K(P) is acyclic for all associated prime ideals P of R, then A satisfies
the rank condition of Theorem 6.3.

Proof.

(a) Every finite free complex A over a local ring (R, k) decomposes into a direct
sum A’ @ A” of complexes, where A’ is split exact and A” ® k is complex with zero
differential. The hypothesis guarantees that A” looks like -+ — 0 — 0 — Aj.

(b) Fix an integer k with 1 < k < n. We must show that rank aj, is equal to r,
where 7 is defined by

r =rank Ay —rank Ax, 1 +rank Ao — - + (—1)"’]g rank A,,.
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The hypothesis, together with (a) and Theorem 6.3, guarantees that rank (ax)p = r
for all P € Ass R. It is clear that

rankay > rank (ax)p = r.

Furthermore, if ¢t > r, then (Iy(ax))p = I:((ax)p) = 0 for all P € Ass R; hence,
Ii(ar) =0 and r > rankag. O

Lemma 6.5. Suppose that f = 0 and R = k is a field. If the compleres D9
are formed using the data of (2.3), then H;(®9) = 0 for all ¢ > 0 and for all
j > g —rank€.

Assume, for the time being, that Lemma 6.5 has been established.

Proof of Theorem 6.2. Let £ be the length of ©9. A quick look at Observation 4.3 (f)
and (g), or Figures 4.6 and 4.7, shows that g — ¢ is odd; consequently, we may
assume, without loss of generality, that

2<t<g—r ifgisodd and 1<t <g—r ifgiseven.

Let P be an associated prime of R and let ¢ be the rank of £. Since £ satisfies WPC,.,
and r satisfies the above constraints, we know that t = g if g is even, t = g — 1 if
g is odd, and that Pf;(¢) is not contained in P. Apply Lemma 6.5 to £ ® k(P) in
order to see that ©9 ® k(P) is acyclic. Observation 6.4 (b) shows that D7 satisfies
condition (a) of Theorem 6.3. Furthermore, the complex ©? ® Rq also satisfies
condition (a) of Theorem 6.3 for all prime ideals @ of R; consequently,

(6.6) rank d; = rank (d; ® Rg) for all i and for all Q.

Let 7 be a fixed integer with 1 < j < /. Define t to be the largest even integer
with t < g — j 4+ 1. Observe that

r<g-—{l<g-jg<t<g-j+1<g and g—t <j < g-—t+1
Furthermore, we know that r < ¢t because t is even and g — £ is odd. The map &
satisfies WPC,.; consequently, j < g —t + 1 < grade Pf;(¢).

Let I; be the j*® Fitting ideal, I(d;), of the complex D4. Let P be a prime ideal
of R with I; C P. We prove that Pf;({) is also contained in P; hence, j < grade P.
Let s be the rank of £ ® k(P). Suppose that Pf;(§) is not contained in P. It follows
that s > t. Let ®{ be the following truncation of the complex D9:

trunc

q

0— D] — - — DI .

We see, from Lemma 6.5, that D¢ . ® x(P) is acyclic. It follows, from Observa-

trunc
tion 6.4 (a), that D{.,,.® Rp is split exact. In particular, the Fitting ideal I}, of D4
is not contained in P for any k with 1 < k and g — s < k. (Recall, from (6.6), that
I.Rp is the k™ Fitting ideal of ®9 ® Rp.) This is a contradiction because 1 < j,
g—s<g—t<j,and I; C P. Thus, ©? also satisfies condition (b) of Theorem 6.3,

and is consequently acyclic. [
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Proof of Lemma 6.5. In this proof ¢ always represents a non-negative integer. Let ¢
be the rank of £&. The rank ¢ is necessarily even because £ is an alternating map over
a field. It t = 0, then the assertion holds since @? = 0 for all 7 > g. Henceforth,
we assume that ¢ > 2. Let S be the symmetric algebra S,G. Observe that S is a
polynomial ring in g variables over the base field k. As in (2.6), we let K be the
Koszul algebra associated to the map £: G* — G. Recall, from (1.10), that K is

“the usual Koszul complex”
[ ]

A\ (S @, G*)

S

which is associated to the map =:

S 225 50, g MU g

from the free, rank g, S—module S ®; G* to S. The image of Z is an ideal in S
which is generated by t linearly independent one forms. Thus, the image of = has
grade t, and

(6.7) H;(K)=0 forall j withg—1t<j.

Exactly as in the proof of Proposition 2.17, the algebra K decomposes into a direct
sum of graded strands K = ®K9, where K? is the complex

q 1 0
K': 0-8Go/N\G = =86 NG > 8,Ga \G
(with S,G ® A’ G* in position zero). It follows, from (6.7) that

(6.8) H;(K?) =0 whenever 0 <gandg—t<j.

It is necessary for us to define a further famlly of complexes {K } Wthh differs
very little from {K?}. If ¢ # g, then let K’ be the same as K?. Define K to be

the following truncation of K9:
o { K ifj<g
J 0 ifg<y.
Recall, from (6.8), that H;(K9) = 0 for j > g — 2 (since 2 < t). It follows that
H gfl(Kg) is equal to k; consequently,

{kz ifj=g—1landg=yg

6.9 H(K") =
(6.9) J( ) 0 otherwise

for all integers g and 7 with 0 < ¢ and g —t < j.
We also define truncated complexes { © q} according to the rule
q . .
si-{
0 if ¢ < j.
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Notice that D = 0 for ¢ + 1 < j and

@q

{k: if0 <g<g—2 and g+ qiseven
q+1 =

0 otherwise.
Let ¢ be an index with D, not zero. The map
k=Dg41 — 94
involves the pfaffians of all of the principal submatrices of £ of size g — ¢. This map
is zero if t < g — ¢ and this map is not zero if g — ¢ < t. We draw two conclusions.
First of all, if 0 < j < ¢, then
~ H.(®H) ok ifg—t<j=qg<g—2 and g+ ¢ is even

H;(®9) otherwise.

Secondly, if 0 < ¢ < j and H;(®?) # 0, then
j=q+1 < g-—t and q+ g iseven.

Observe, that there is no further need for us to consider H;(®9) with 0 < ¢ < j;
because, if g —t < j, 0 < ¢ < j, and H;(®9) #0, then g —t = j = ¢ + 1, which is
impossible since ¢ and g + ¢ are both even.

In Lemma 6.13 we prove that for each integer ¢ > 0, there is a short exact
sequence of complexes

— ~q+2 —~q+2

(6.11) 00 -]-K" -2 S0

The corresponding long exact sequence of homology yields an exact sequence
~at2 ~4q q+2

(6.12) Hjp2(D ) = Hj(D ) = Hja (K )

for all integers j and ¢ with ¢ > 0. We apply (6.12) three times, always using (6.10)

and (6.9) in order to interpret the homology of ©® and K.
Suppose that g —t < j < q and that, either, ¢ # j, or else that, ¢ = j but g + ¢
is odd. The exact sequence (6.12) yields

H,2(D7F2) — H;(D7) — 0.
If this process is iterated, then we obtain a series of surjections:
Hjon(DTF2) - = Hjip(D1F2) — Hy(D9).

The left most module is zero when j 4+ 2N > g, thus H;(®9) is also zero.
If j = g =g — 2, then (6.12) becomes the exact sequence

0— Hy 2D H Dk — k.

We conclude that Hy_2(D972) = 0. Finally, ifg—t <j=¢g<g—4and g+gqis
even, then (6.12) becomes

H, (D) ok — Hy (D) @k — 0.
If this process is iterated, then we obtain a series of surjections:
k=Hy, oD )@k — Hyo(D2) @ k — H (D) Dk,
from which we conclude that H,(®9) =0. O
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Lemma 6.13. For each integer ¢ > 0, line (6.11) is a short exact sequence of
complezxes.

Proof. 1t is clear, from Proposition 2.17, that

g2
(6.14) Ki-1] LK D" o

is an exact sequence of complexes for all ¢ > 0, except ¢ = g — 2. The sequence
(6.14) looks like:

0 — 0 - SGONIGr o= S,GoNGr — 0
Ln In
0 — SoGOINTT?G* — S1GRINTTIG* — = S GON'G* = Sp2GR NG
e ! ! !
0 — Kogt2 - Kig41 == Kqt+11 — Kq420-

The module K, is defined to be the indicated cokernel (provided (a,b) # (0, g))

and the differential in 5q+ is induced by the differential in K972, If ¢ = g — 2

then Kgq42 = Ko4 is zero, but SoG ® /\qu2 G* # 0. We defined the complex K’
to be the truncation of K9 which makes

—~ —q42
(6.15) K- %K™ 2™ o

be exact for ¢ = g—2. There is no difference between (6.14) and (6.15) for ¢ # g—2.
Thus, (6.15) holds for all ¢ > 0.

Let K represent the complex

* 1~ 1~
_>SOG®/\QG 5 GeN G S GRN G
Kern Kern Kern

We see from (6.15) that

— —~q+2  ~q+2
0—K'[-1 2L K92 o

is a short exact sequence of complexes The proof is complete as soon as we prove

that the complexes K? and ® " are equal. Observe that K =0= @ . It suffices
to show that

b+1 b—1

(6.16) Ker (n: S, G®/\G — S01G® \ G*) =n(SarG® \ G)

for all pairs of integers (a,b) except (a,b) = (0,g). Fortunately, we have already
made the calculation which is necessary to establish (6.16). Let L = (SeGRA° G, 9)
be the Koszul algebra associated to the identity map on G. The graded strand

1—1

0
L 0—>SOG®/\G—>51G®/\G—>---—>S¢G®/\G
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of L is split exact for all i > 0. Diagram (2.44) shows that the complex L is
isomorphic to

—1 g—i+1

g—t g
0-SGe NG5 56 N\ G5 L 5Ge \G.

It follows that

b—1 b b+1

Sa1Ge N\ G* 5 SGo NG SepnGo )\ G°

is an exact sequence for all pairs of integer (a,b) provided b # a+g. O

In Theorem 6.17 we expand and reformulate Theorem 6.2. The most interesting
addition is part (d). The other parts have been added in order to facilitate com-
parison between the present result and the main theorem of the paper, which is
Theorem 8.3.

Theorem 6.17. Adopt the notation of (6.1). If I,(§) = R, then every complex
D9 is split exact. If 1,(§) is a proper ideal of R and & satisfies WPC,_1, then the
following statements hold.

(a) The ideal J is perfect. If g is odd, then J is the zero ideal. If g is even,
then grade J = 1.
(b) If ©9 has length zero, then ®9 is acyclic and Hy(D?) = R=R/J.
(b") If J has grade one, then
(i) the complexes D° and D' are acyclic,
(ii) the R—module Ho(D') is perfect of projective dimension one, and
(iii) the (R/J)—module Ho(D) is torsion-free.
(c¢) If & satisfies the condition WPC,. for some integer r with 1 < r < g — 1,
and q > —1 is an integer with {(D1) < g —r, then
(i) the complex D7 is acyclic,
(ii) H;(D279) = Extl_%j(Ho(CDq), R) for all integers j, and
(iil) H;(®279) =0 for j > 1.
(d) If ¢ satisfies SPC,. for some integer r with 1 <r < g—1, and ¢ > —1 is an
integer with £(D?) < g —r, then the following statements hold.
(i) The (R/J)—module Ho(D1) is torsion-free,
(ii) ¢f ¢ >1, g is odd, and I is the ideal Pf,_1(§) of R, then

Hy(D9) = S, (1) = I9.

(iii) if g is even and grade Pf,_o(&) > 2, then the rank of the (R/J)—module
Hy(®9) is g+ 1.

Proof. We first suppose that I,(§) = R. In this case g is necessarily even. If
q > 0, then Theorem 6.2 shows that 9 is acyclic and Proposition 4.13 shows that
Hy(®%) = 0. It follows from (4.1) and Remark 4.14 (a) that D9 is split exact for
all ¢. Henceforth, we assume that I,(§) is a proper ideal of R. Assertion (a) is
obvious.
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(b) If ©7 has length zero, then either g is odd and —2 < ¢ < 0, or else, g = 1
and ¢ is arbitrary. In either case, it is easy to see that D¢ = R. See, for example,
Figure 4.7 and Example 4.8.

(b’)  If J has grade one, then g is necessarily even. Theorem 6.2 shows that D°
and D! are acyclic. Assertion (ii) follows from (1.21) because J annihilates Ho(D1).
Corollary 1.26 yields that Ho(D!) is torsion-free as an (R/J)—module.

(c) The first assertion is Theorem 6.2. (The complex ® ! poses no difficulty.) The
second assertion follows from (4.1); and the third assertion is true, but meaningless.

(d) The assertion is true but uninteresting if ¢ = —1; henceforth, we assume g > 0.
We apply Proposition 1.25. Let F; be the radical of the R—ideal generated by

{x € R|pdg, Ho(D?), < i}.
We first show that
(6.18) Pf(§) C Fy—y

for every even integer with 2 <t < g — 1. Suppose that P is a prime ideal of R
with Pf;(£) not contained in P. There is a basis for G such that

where t = 2s, £: (G')* — G’ is an alternating map and G’ is a free Rp—module
of rank g —¢t. We know from Proposition 4.13 that Hy(D%({p)) = S4(cokerép).
It is clear that {p and ¢ have the same cokernel; consequently, Ho(D9(&))p =
Hy(D1(¢’)). Observe that & satisfies SPC,. and that the length of ©%(¢’) is at most
¢. It follows from (a) that ©9(¢’) is acyclic; hence, pd Hy(D9(§))p < g—t—1 and
(6.18) is established.

Suppose that g is odd. (In this case J is the zero ideal.) We may as well assume
that ¢ > 1. The hypotheses g > 3 and /(D7) < g — r ensure that r < g — 2. Since
¢ satisfies SPC, and I = Pf,_1(¢), we see that grade I = 3. Parts (d.ii) and (b) of
Proposition 4.13 yield that Hy(D?) = S,(I). As soon as we show that Hy(D?) is
a torsion-free R—module, then we can apply Observation 1.27 in order to conclude
that the natural map S,(/) — I? is an isomorphism. Let ¢ be an odd integer with
1<i</{—1. We see from (6.18) that

(6.19) Pf,_i(¢) C F; C Fiy.

Observe that g — i is even and g — ¢ < g — 1. Furthermore, since ¢ < ¢ — 1 and
¢ < g—r, we see that r + 1 < g — i. The map £ satisfies SPC,.; and therefore,

(6.20) grade F; 11 > grade F; > i+ 2.

The length ¢ of ©7 is even, thus, grade F; > i + 1 for all ¢ with 1 < ¢ < ¢; and
therefore, Hy(D1) is a torsion-free R—module by Proposition 1.25.



66 KUSTIN AND ULRICH

Finally, we suppose that g is even. In this case, the proper ideal J = Pf,(§) is
perfect of grade one. Let ¢ be an even integer with 2 < ¢ < ¢ — 1. The inclusions of
(6.19) still hold. Furthermore, g—i is an even integer with r+1 < g—i < g—2. Once
again, & satisfies SPC,. and the inequalities of (6.20) hold; and therefore Hy (D7) is a
torsion-free (R/J)—module. The rank of Ho(D?) = S,(Ho(D')) may be computed
using Proposition 5.7. [

We conclude this section by relating the complexes {®7}, with f = 0 and ¢
odd, to the resolutions of powers of a grade three Gorenstein ideal. Recall that an
ideal I in a commutative noetherian ring R is a Gorenstein ideal of grade c if I is
a perfect ideal of grade ¢ and Exty(R/I, R) = R/I. Everyone’s favorite examples
of Gorenstein ideals are generated by the maximal order pfaffians of an alternating
matrix. We adopt the following notation for the rest of this section.

(6.21) Let R be a commutative noetherian ring, g > 3 an odd integer, G a
free R—module of rank g, £: G* — G an alternating map, and I the
R—ideal Pf;_1(§). Assume that I is a proper ideal of R and grade
I=23.

Theorem 6.22. ([14, Theorem 2.1]) Adopt the notation of (6.21).

(a) The ideal I is a grade three Gorenstein ideal.
(b) If R is a local ring, then every grade three Gorenstein ideal in R is described
in (a) for some . O

The hypotheses of (6.21) ensure that ¢ satisfies SPC,_5; so Theorem 6.17 (c.i)
and (d.ii) show that D! = D1(€) is a resolution of I. (Of course, D! is exactly the
same as Buchsbaum and Eisenbud’s resolution of I; see (4.16).) Theorem 6.17 also
shows that if £ is sufficiently general, then ©9 is a resolution of 17 for all ¢ > 1. The
resolution of 17 for ¢ > 2 was not previously known. The next result is an example
of how one can translate the statement “¢ is sufficiently general” into conditions on
I. If M is a finitely generated module over a local ring, then p(M) is the minimal
number of generators of M.

Observation 6.23. In the notation of (6.21), then the following conditions are
equivalent:

(a) & satisfies SPCy,
(b) u(Ip) < depth Rp for all P € V(I).

Proof.
(a) = (b). Fix P € V(I). Since u(Ip) is odd, there is an integer s, with 3 <
g —2s < g, so that u(Ip) = g — 2s. We may choose a basis for G so that

X'\ 0

(6.24) ¢ = 0 I

—1 0

where every entry of the (g — 2s) x (g — 2s) alternating matrix X’ is in PRp. We
see that Pfos12(§) € P. The map & satisfies SPCy; therefore, we conclude

uw(Ip) = g—2s < gradePfys,2(¢) < grade P < depth Rp.
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(b) = (a). Let ¢ be an even integer with 2 <t < g — 1 and let P be a prime ideal
with Pf;(§) C P and grade Pf;(§) = depth Rp. There exists an even integer s with
0 < 2s <t — 2 so that Pfys(X) is not contained in P, but Pfoso(X) C P. One
can choose a basis for G so that £p has the form of (6.24) where, again, every entry
of X’ is in PRp. We see that u(Ip) = g — 2s and we know by hypothesis that
w(Ip) < depth Rp; consequently,

g—t+2 < g—2s = u(Ip) < depth Rp = gradePft(ﬁ). g

Adopt the notation of (6.21). Assume that R is local and I satisfies condition
(b) of Observation 6.23. Some information about depth (R/I9) is already known.
If ¢ = 1, then the fact that I is perfect of grade three ensures that

depth (R/I') = depth R — 3.

If ¢ = 2 and R is regular, then Buchweitz [16, (6.2.11)] (if R contains a field) and
Buchweitz and Ulrich [17] (in the general case) proved that I/I? is a (maximal)
Cohen-Macaulay (R/I)—module. It follows that

depth (R/I?) = depth R — 3.

Huneke and Ulrich [33, Theorem 2.8] have proved that if ¢ > 3, u(I) > 4, and R is
regular, then
depth (R/I?) < depth R — 3.

Furthermore, they also proved [33, Lemma 2.7] that
depth (R/I?) = depth R — (1)

for all ¢ > p(I) — 2, provided R is Gorenstein. We are able to capture all of these
results (without any extraneous hypotheses on the ring R) and find depth (R/19)
for all intermediate values of ¢q. Notice that the pattern

depth (R/I?) = depth (R/I%*1),

which is initiated at ¢ = 1, is repeated forever for all odd q. (For further results
about {depth (R/KY)} for more general ideals K, consult [18, 5, 27].)

Theorem 6.25. Adopt the notation of (6.21). If u(Ip) < depth Rp for all P €
V(I), then the following statements hold.

(a) For all ¢ >0, D7 is a resolution of 1?7 = Sy(I).
(b) If R is a local ring and p(I) = g, then D1(§) is a minimal resolution of
11>~ S,(I), and depth (R/19) = depth R — s where
s = min{g, 1+ 2[(¢g +1)/2[};

i other words, s is the largest odd integer with

s <min{u(l),q+ 2}.
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Proof.
(a) Observation 6.23 shows that Theorem 6.17 applies.

(b) The hypothesis p(I) = g ensures that the ideal I1(£) is contained in the
maximal ideal of R; and therefore, ©7 is a minimal resolution of J. (See Observa-
tion 4.28.) The projective dimension of 19, which is the same as ¢(©?), is given in
Observation 4.3 (g). The proof is completed by applying the Auslander-Buchsbaum
equation since

pdp(R/I9) =1+ pdgI¢ O
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SECTION 7. ACYCLICITY IN THE GENERIC CASE.

In this section

(7.1) Ry is a commutative noetherian ring; p = [X Y] is a generic almost
alternating map of shape (g, f) over the polynomial ring R = Ry[X,Y];
e = f + g; the complexes D7 = D9(p) are defined in section 2; the
ideals J = J(p) and I = I(p) are defined in (4.10); R = R/J; and
M = coker p.

In Proposition 4.13 we proved that there is an R—module surjection
(7.2) Ho(D9) - IR

for all ¢ > 0. In this section we prove

Theorem 7.3. Adopt the notation of (7.1).

(a) The ideal J is perfect. The grade of J is f+ 1 if f =0 and g is even. In
all other cases, the grade of J is f.
(b) If¢(D?) = f, then
(i) the complex D7 is acyclic,
(ii) the R—module Ho(D17) is perfect of projective dimension f, and
(iii) the (R/J)—module Hy(D9) is torsion-free and has rank one.
(¢) If ¢ > —1, then
(i) the complex ©1 is acyclic,
(il) H;(D/279) = Ext}, 7 (Ho(D9), R) for all j, and
(iil) H;(®77279) =0 forj > 1.
(d) If ¢ > —1, then Hy(D9) is a torsion-free (R/J)—module with

k Ho (D) {q+1 if g is even and f =0
ran =
0 1 in all other cases.

(e) If ¢ > 0, and either, g is odd, or else, g is even and f is positive, then the
surjection of (7.2) is an isomorphism.

Proof. We induct on f. The case f = 0 has been established in Theorem 6.17
(using Observation 5.13). Henceforth, we assume that f > 1 is a fixed integer.
Our proof has two parts. First we assume that

(7.4) D9(p) is acyclic for all ¢ > 0 and all almost generic alternating maps
p of shape (g, f) where g > 1 is arbitrary.

Let p be a fixed generic almost alternating map of shape (g, f). Using (7.4) we
prove that (a) — (e) also hold for p.

(a) The hypothesis (7.4) shows that D is a length f resolution of Ho(D°) = R/J
by free R—modules. Observation 5.13, together with Corollary 5.5, shows that
grade J > f. We conclude from (1.21) that J is perfect of grade f.
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(b) Suppose first that ¢ > 0 and /(D7) = f. Assertion (i) is contained in hy-
pothesis (7.4). Thus, D7 is a length f resolution of the R—module Hy(D?), and
pdgp Ho(D?) < f. On the other hand, we know, from Proposition 4.13, that the
grade f ideal J annihilates Ho(®?). Assertion (ii) is now established, and (iii)
follows by way of Corollary 1.26 and Proposition 5.7.

Now suppose that ¢ < —1 and ¢(D9?) = f. We see, from (4.1), that

~ —2—¢\"

(7.5) DY = (:D;Z_j q) .

It follows that ©/~277 also has length f. The preceding paragraph may be applied
to ®F=279 because 0 < f — 2 — ¢. It follows that the dual of ®f~279 which up
to shift is D9, also resolves a perfect R—module. Notice that (7.5) shows that the
non-zero modules in D7 are @? for 0 < j < f. We compute the rank of Hy(©%). If
P is a prime of R with P € Ass(R/J), then the grade of P is f. Proposition 5.7
shows that

Ho(® ") p = (R/J)

and that Jp is generated by a regular sequence of length f. It follows that
(7.6) Ho(D) p = Extl,(Ho(D/~279), R)p = (R/J) p;

and hence, Hy(D7?) is an (R/J)—module of rank one.

(c) The complex D! has length f; so (i) follows from (7.4) and (b). Assertion
(ii) can be read from (7.5); and (iii) follows from (ii) because the grade f ideal J is
contained in the annihilator of Hy(D7).

(d) If =1 < ¢ < f —1, then Observation 4.3 (e) shows that ¢(D9) = f; and
therefore, (b) shows that Hy (D7) is torsion-free. Henceforth, we assume that ¢ > f.
For each integer 7, let F; be the radical of the R—ideal generated by

The length of 7 is bounded by e — 1; thus, according to Proposition 1.25, we may
show that Hy (D7) is torsion-free by proving that

grade F; > 1+ 1 foralliwith f+1<i<e—1.

Let ¢ be a fixed integer in the above range, and let P be a prime ideal which contains
F;. It suffices to show that

(7.7) I._1(p) C P.

(Indeed, if (7.7) holds, then the grade of P is at least i + 1 because 1 < e —i <
g — 1 and p satisfies SMC; by Observation 5.13.) If (7.7) does not hold, then
I._1(p ® Rp) = Rp. On the other hand, J C Fj, and therefore, I,(p) C P by
Corollary 5.5. Lemma 5.6 and the note following it show that there is an almost
alternating map p’, over Rp, of shape (¢', f), with ¢ < g and ¢’ + f < i, such
that Hyo(D%(p)) = Ho(D(p')). Furthermore, since p’ is a localization of a generic
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almost alternating map of shape (¢’, f), we know, from (7.4), that D9(p’) is acyclic.
It follows that

pdg, Ho(D")p = pdg, Ho(D(p')) < ¢ +f—1 <.

This last inequality contradicts the assumption that F; C P; therefore, Hy(D9) is a
torsion-free (R/J)—module. The rank of Hy(D?) may be read from Proposition 5.7.

(e) We apply Observation 1.27. Use (a) and Proposition 5.14 in order to see that
grade IR > grade (I + J) —gradeJ > (f+1)— f = 1.

(The  first inequality is due to the fact that J is perfect; see [9, Proposition 16.18].)
The R—module Hy (D7) is torsion-free of rank one by (d).

It is now time for the second part of the proof. Let p = [X Y] continue to be
a fixed generic almost alternating map of shape (g, f) and let ¢ > 0 be a fixed
integer. We now suppose that all five assertions (a) — (e) hold for all generic almost
alternating maps p’ of shape (g, f — 1); and we prove that D7 is acyclic. Let Y’
be the matrix which is obtained by removing the last column from the matrix
Y, p’ the generic almost alternating map [X Y'], D7 = D(p’), J' = J(p'), and
M’ = coker p’. Since ¢ > —1, we know, from the induction hypothesis, that ©’9
and ©’971 are both acyclic. The long exact sequence of homology in (4.25) yields
that H;(©7) = 0 for all i > 2. Proposition 4.23 also shows that

(7.8) 0 — Hy(®7) — 8, (M") 2% 5, (M") for ¢ > 1, and

0— H (D) — Hy(®' ') — J/J —0

are exact sequences (for ¢ = ¢y).

There are two cases for us to consider. We first suppose that f —1 = 0 and
g is even. In this case ®'~! is the zero complex; thus, Ho(D'~1) = H;(D°) = 0.
Furthermore, the symmetric algebra S = S/ r)(M’) is a familiar object. Recall
that R/J" = Ryo[X,Y]/Pf,(X) where X ., is a generic alternating matrix and
Y,x1 is a generic matrix. Since

(R/J'R)Y = (R)J'R)Y — M’
is a presentation of the (R/J'R)—module M’; it follows that

RO [X7 Y7 T]

5= I,(TX) + Pf,(X)

where T7, is a generic matrix. It is clear that p(¢) is the element I;1(7Y) in
S. We see from Lemma 7.10 that p(¢) is a non-zero-divisor on S; and therefore,
H,(®7) =0 for all ¢ > 1. The proof is complete if f =1 and g is even.

Finally, we consider the case where, either, g is odd and f —1 > 0, or else, g is
even and f —1 > 1. Fix ¢ > 1. In this case, the induction hypothesis guarantees
that for ¢ equal to either ¢ — 1 or ¢ the map

Ho(gli) — SZ(M/) — (]l)z
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of (7.2) is an isomorphism where I’ = I(R/J’). In the exact sequence of (7.8) we
are required to interpret p(¢) as an element of S;(M’') C S. We see from (4.15)
that the isomorphism

Sl (Ml) e I/

carries p(¢) to the element

g
=1

—~

We conclude from (1.18) or (1.20) that z = =+ pf(X ) + J’ where X is defined in
(5.17). The ideal J’ is perfect of grade f —1 by the induction hypothesis. Thus, if P
is a prime ideal of R with P € Ass(R/J’), then grade P = f — 1. Proposition 5.16
shows that z ¢ P/J’; and therefore, z is a regular element of R/J’. In the present
notation the exact sequence (7.8) is

0— Hy(D7) — (I = (I')".

It follows that Hy(D?) = 0 for ¢ > 1. Finally, we show that H;(D°) = 0 by applying
Observation 1.27 in order to see that

(7.9) Ho(®' ™) — (J/J)

is an isomorphism. We know that (.JJ/J') has positive grade because z € (J/J). The

(R/J')—module Hy(®D' 1) is torsion-free of rank one by the induction hypothesis.
U

Lemma 7.10. Let R be a commutative noetherian ring, g an even integer, Ty
and Yyx1 generic matrices, and X x4 a generic alternating matriz. If A is the ideal

L(TX)+Pfy(X) in the ring R = R[T, X,Y], then the element TY is regular on

R/A.

Proof. Let B be the ideal I;(TX) + Pf,(X) in the ring R[T,X]|. Then B is a
deviation two Gorenstein ideal. These ideals were introduced by Huneke and Ulrich
[30, Lemma 5.12] and they were resolved in [40]. (Other resolutions may be found
in [36] and [51].) In particular, B is a perfect ideal of grade g — 1. Therefore I (T")
is not contained in any associated prime of R[T, X]/B. In other words, 11, ... ,T,
generate an ideal of positive grade in R[T, X]/B; and hence, by Hochster’s general
grade reduction [24], the element Y T;Y; = TY is regular on (R[T,X]/B)[Y] =
R/A. O

Remark 7.11. Our proof in Theorem 7.3 (b.iii) and (d) that Hy(D?) is a torsion-
free (R/J)—module used Proposition 1.25; and therefore, also proved the slightly
stronger conclusion that Hy(®?)p is a torsion-free (R/J)p—module for all prime
ideals P of R/J. We return to this theme in Proposition 9.2.



COMPLEXES ASSOCIATED TO AN ALMOST ALTERNATING MAP 73

SECTION 8. ACYCLICITY IN THE NON-GENERIC CASE.

The following hypotheses are used throughout the entire section:

(8.1) p=[€¢Y]: G*BF — G is an almost alternating map of shape (g, f) over
a commutative noetherian ring R; e = f+g¢; the complexes D7 = D9(p)
are defined in section 2; and the ideal J = J(p) is defined in (4.10).

Let [X Y] be a matrix representation of p, and let p = [X Y] be a generic almost
alternating matrix with the same shape as p. The entries 7 ;; and y,; of Xand Y
are indeterminates over R; whereas the entries x;; and y;; of X and Y are elements
of R. The ideal J = J(7) of the polynomial ring R[X, Y] is perfect. Its grade
is given in Theorem 7.3 (a). The ideal J is the image of J under the R—algebra
homomorphism R[)Z , ?] — R which sends 7 ;; to x;; and y,; to y;;. We know,
from Proposition 1.22, that if J is a proper ideal in R, then grade J < grade J.

Moreover, we know from Corollary 5.5 that the R—ideals J and I,(p) have the same
radical. It follows that if I,(p) is a proper ideal of R, then

f+1 if f=0and g is even

f in all other cases.

(8.2) grade I,(p) < {

We are now ready to prove the main theorem in this paper. The conditions WMC
and SMC are defined in (5.8).

Theorem 8.3. Adopt the notation of (8.1). If I;(p) = R, then every complex D9
is split exact. If I,(p) is a proper ideal of R and equality holds in (8.2), then the
following statements hold.

(a) The ideal J is perfect. The grade of J is f+ 1 if f =0 and g is even. In
all other cases, the grade of J is f.
(b) If £(D?) = f, then the following statements hold.
(i) The complex D7 is acyclic.
(i) The R—module Hy(D7) is perfect of projective dimension f.
(i) The (R/J)—module Hy(D7) is torsion-free. If gradel,_1(p) > f + 1,
then Ho(D7) has rank one.
(c) If p satisfies WMC,. for some r with 1 <r < g—1, and ¢ > —1 is an integer
with £(D9) < e —r, then
(i) the complex ©1 is acyclic,
(il) H;(Df279) = Ext}, 7 (Ho(D9), R) for all j, and
(ii) H;(®D77279) =0 forj > 1.
(d) If p satisfies SMC,. for some r with 1 <r < g—1, and ¢ > —1 is an integer
with £(D?) < e —r, then Hy(D?) is a torsion-free (R/J)—module of rank
one.

NoOTE. The length, ¢(D9), of D7 is given in Observation 4.3. Recall that the
inequality f < ¢ < e — 1 holds in all cases, except for the one trivial complex ® !
when f = 0 and g is even. Recall, also, that /(D7) = f in each of the following
situations: f > 1 and —1 < ¢ < f—1; or g = 1 and ¢ is arbitrary; or ¢ is odd,
—2<q<0,and f = 0. If pis a generic almost alternating map, then the minor and
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pfaffian conditions which p satisfies are recorded in Observation 5.13; in particular,
p satisfies SMC; if f > 1. Notice that if f = 0, then Theorem 6.17 is a better
result than Theorem 8.3 because, according to Corollary 5.11, MC,. = PC, for
1<r<g-—-1.

Proof of Theorem 8.3. If f = 0, then the present result is implied by Theorem 6.17.
Henceforth, we assume that f > 1. We continue to use “ ~ 7 as described in
the first paragraph of this section. We next consider the case where I,(p) = R.

Corollary 5.5 shows that
J +Ker(R[X,Y]— R)=R[X, Y]

If ¢ > 0, then Proposition 4.13 shows that J annihilates Ho(®%(5)); and conse-
quently,

Tor XY (R, HO(Z)Q(]O'))) —0
for all 4. This and Theorem 7.3 (c.i) imply that ©? is split exact for ¢ > 0;
and therefore, (4.1) shows that D7 is split exact for all q. Henceforth, we assume
that I,(p) and J are proper ideals of R. Assertions (a) and (b) hold for p by
Theorem 7.3. It follows from Proposition 1.22, Corollary 1.26, and Proposition 5.7
that they also hold for p. (The argument of (7.6) shows that the rank of Hy(D9) is
one even if ¢ < —1.) Assertions (c.ii) and (c.iii) follow from (c.i) exactly as in the
proof of Theorem 7.3. The rank of Hy(®?) in (d) is given by Proposition 5.7 and
(7.6). (Notice that the hypothesis that p satisfies SMC,. for some r < g — 1 implies
that grade I,_1(p) > f+2. In particular, the case g is even and f = 0 is not treated
in (d) of Theorem 8.3. The appropriate result in this case is Theorem 6.17 (d).)

Let ¢ and r be fixed integers with 1 <r < g—1,¢> f, and /(D7) < e —1r. We
must prove

(c.i) if p satisfies WMC,., then @7 is acyclic, and

(d) if p satisfies SMC,., then Hy(®D9) is a torsion-free (R/.J)—module.

These statements may be proved locally; so it suffices to assume that (R,m) is a
local ring. Let 9 be the maximal ideal (m, z;; — Tijy Y i; — Yiz) in the polynomial

rmg R[X, Y], and let R be the local ring R[X, Y |gn. Form the R— —complexes

D’ , and the R —ideal J using the almost alternating map p = [X Y] over the
ring R. We know, from Theorem 7.3 and Remark 7.11, that

(8.4) J is a perfect ideal of grade f, D7 is acyclic, and HO(EDVC]) is a torsion-
free (R/J)—module.
Let Z be the ideal (7 — x5, ¥;; — yij) in R. Tt is clear that

(8.5) R/Z=R, 7®(R/Z)=p, and D'®(R/Z)=D".

The proof proceeds by induction on g. For g = 1, the claim follows from part
(b). So, assume that g > 2. The ideal Z is generated by a regular R —sequence.
We know, from Observation 5.13, that p satisfies the condition SMCy; thus, we



COMPLEXES ASSOCIATED TO AN ALMOST ALTERNATING MAP 75

may apply Lemma 8.8 and choose a regular sequence z1, ... , zg which generates Z
and which also has the property that

R

(86) /ﬁ @ (251, cee 7Zi>

satisfies SMC,. for 0 < ¢ < d—1. The proof is completed by induction on i. Assume
that the conclusion holds for the almost alternating map on line (8.6); we show
that the conclusion also holds for

~ R
p X .
(Zla"' ) % zi+1)

A change of notation is in order. Instead of assuming that p is generic, we assume
that p satisfies SMC,, p satisfies (8.4), and Z is a regular element of R for
which (8.5) holds. We also assume that p satisfies WMC,.. We must prove that D9
is acyclic. Furthermore, if p satisfies SMC,., then we must prove that Hy(D?) is a
torsion-free (R/.J)—module.

Parts (a) and (b) show that .J is a perfect ideal of grade f and that DY =

50 ® (E /Z) is acyclic. It follows that
Tor/ ((R/2), (R/7)) =0

for all positive 7; and therefore, since Z is regular on /R/, we know that Z is regular on
R/ J. The element Z is also regular on the torsion-free ( R / J )—module HO(/qu);
hence, D ® (R/Z) = D4 is acyclic.

Assume that p satisfies SMC,.. For each integer i, let F; be the radical of the
R—ideal generated by:

{x € R|pdy Hy(®7), < i}.

According to Proposition 1.25, we can prove that Hy(©?) is a torsion-free (R/J)—module
by proving that

grade F; > i+ 1 foralliwith f+4+1<1i</=1/¢D9).

Let 7 be a fixed integer in the above range, and let P be a prime ideal which contains
F;. It suffices to show that

(8.7) Ie—i(p) € P.

Indeed, if (8.7) holds, then the grade of P is at least i + 1 because £ < e —r and p
satisfies SMC,.. If (8.7) does not hold, then we reach the contradiction

pdg, Ho(®%)p = pdg, Ho(@(p") < ¢+ f—1<i

exactly as in the proof of Theorem 7.3 (d). The only change is that, in Theorem 7.3,
p' is a localization of a generic almost alternating map; whereas, in the present proof,
p’ satisfies SMC,.. Since g’ < g, we obtain the above inequality for pdg , Ho(D(p))
from our induction hypothesis applied to p’. [
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Lemma 8.8. Let (R,m) be a noetherian local ring and let Z be an ideal of R
which s generated by a reqular sequence of length d. Suppose that ri,... ,7rs are
non-negative integers and Wi,... Wy are ideals of R with gradeW; > r; and
gradeWy(R/Z) > r. — 1, for all t with 1 <t < s. Then there is an R—sequence
21,... ,2q4 which generates Z with grade Wy(R/(z1,...,2;)) > 1t for all t and for
all i with 1 <¢<d-1.

Proof. There is nothing to prove if d = 1. It suffices to assume that d > 2 and to
find a minimal generator z of Z with grade W;(R/(2)) > r; for all ¢.

For each t, let x(*) be an R—sequence of length 7, in W;. Let S be the set of all
prime ideals in R such that there is an integer ¢, 1 <t < s, with W; C P and P an
associated prime of R/(x(*)). Observe that Z is not contained in any of the prime
ideals of S. Indeed, if Z C P for some P € S, then

R
Z+thP€ASS (m)

for some t. It follows that grade (Z + W;) = r;. On the other hand, Z is generated
by a regular sequence of length d > 2; thus,
Z 4+ W,
grade% = grade (Z+Wy)—d = r,—d < 1 — 2.
This inequality contradicts the hypothesis that the ideal W;(R/Z) had grade at
least r; — 1. We apply the prime avoidance lemma to find an element z of Z with
z¢mZ and z € P for any P in S. Fix t. It follows, from the choice of z, that the

grade of (z) + W, is at least r; + 1. On the other hand, since z is regular on R, we
know that the grade of W;(R/(2)) is one less than the grade of (z) + W;. O

Now that we know that J is perfect, it is easy to make the calculation which
shows that J is a residual intersection. We return to this theme in Section 10.

Corollary 8.9. Adopt the notation of (8.1) with J a proper ideal and either g
odd or f positive. If g is even, then fix a basis element ¢1 of F. Form the ideals
A = A(p) and I = I(p) of Definition 4.10. If gradeJ > f, gradel > 3, and
grade (I +J) > f + 1, then

(a) INJ)=A, and

(b) (A:1)=J.

NoTE. If pis a generic almost alternating map, then, according to Observation 5.13,
(1.24) and Proposition 5.14, the grade hypotheses are all satisfied.

Proof. If g = 1, then I = R and A = J. The result is true but not interesting.
Henceforth, we assume g > 2.

We first observe that Hy(®D!) is a torsion-free (R/J)—module of rank one. In-
deed, we know from Observation 4.3 that

f if f>2
(DY =S 2=e—(g—1) iff=1
2=e—(¢g—2) if f=0.
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Recall, from Observation 5.12, that
(8.10) grade I,_1(p) > grade ([ +J) > max {3, f + 1}.

If f > 2, then Theorem 8.3 (b) completes this part of the proof. If f = 1, then
(8.10) shows that p satisfies SMCy_;. If f =0, then Observation 5.10 shows that

grade I,_o(p) = grade I,_1(p) = grade I = 3;
hence, p satisfies SMCy_». If f < 1, then Theorem 8.3 (d) completes this part of

the proof.
The proof of Proposition 4.13 (d.iv) shows that there is a commutative triangle

Hy(®) — &
\ /nat

I _ (+J)

(InJ) — J

The horizontal map is an isomorphism by Proposition 4.13 (d.ii). The map labeled
“nat” is the natural map induced by the inclusion A C (I N J). Observation 1.27
shows that the other map is also an isomorphism because

1
grade +J > grade (I +J) —gradeJ > (f+1)—f =1,

” is also an isomorphism and (a)

since J is perfect of grade f. It follows that “nat
is established.

We now prove (b). Part (a) yields
(A: D) = (INnJ): I = J:(I+J).
It follows that, if (A:I) # J, then (I + J) C P for some prime ideal P of R with

P € Ass(R/J). This is a contradiction because every associated prime of R/.J has
grade f but grade (I +J) > f+1. O
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SECTION 9. PROPERTIES OF THE RINGS R/J IN THE GENERIC CASE.

Now that we have done the hard work of proving that the ideal J(p) is perfect,
when p is a generic almost alternating matrix, we are able to harvest a great many
results by using standard, well-known, techniques. The main result in this section
is Theorem 9.13. The standing hypotheses are

(9.1) Ry is a commutative noetherian ring; p = [X Y] is a generic almost
alternating map of shape (g, f) over the polynomial ring R = Ry[X, Y];
the complexes D7 = D(p) are defined in section 2; the ideals J = J(p)
and I = I(p) are defined in (4.10); R = R/J; and I is the ideal (I+.J)/J
of R.

In Theorem 9.13 we calculate the divisor class group of R, provided Ry is a
normal domain. Suppose, for the time being, that ¢ is odd, f > 3, and Ry is a
local, Cohen-Macaulay, factorial domain which satisfies the Serre condition (Rf41).
Let S be the complement of the irrelevant maximal ideal in Ro[X]. The class group
of S™1(R) has been calculated by Huneke and Ulrich [34, Theorem 3.4] as part
of their study of generic residual intersections of strongly Cohen-Macaulay ideals.
Our ideal I is not an arbitrary strongly Cohen-Macaulay ideal, but is, in fact, a
very specific strongly Cohen-Macaulay ideal; and therefore, we have been able to
combine the techniques of [34] with the techniques of Bruns [6] (for determinantal
ideals) in order to prove a result analogous to [34, Theorem 3.4], but with far
fewer hypotheses on the ring Ry. The ring Ry must be a normal domain in order
to study Cl(Rp). In Theorem 9.13 we have imposed no other hypothesis on Ry.
Furthermore, in Theorem 9.13 we are able to consider two cases not found in [34,
Theorem 3.4]. The case when ¢ is even corresponds to residual intersections which
are not completely generic. The case f = 2 has nothing at all to do with residual
intersections.

Our first result concerns the R—modules Hy(D?). Recall, from Theorem 7.3 (e),
that Ho(D9) = T7 for all ¢ > 0 (except in the case that f = 0 and g is even).
In the proof of Theorem 7.3 (d) we applied Proposition 1.25 and showed that the
R—module Hy(D?) satisfies the Serre-like condition (S1) for all ¢ > —1. We are
able to improve this conclusion, for most f, by making better use of the estimate
of the grade of the ideals I;(p) which is given in Observation 5.13. Our chief reason
for wanting to improve the conclusion (S’l) is, of course, due to the fact that if R is
a normal domain and M is an R—module which satisfies the condition (S5), then
M is a reflexive R—module.

Proposition 9.2. If the notation of (9.1) is adopted, then the R—module Hy(D9)
satisfies the condition

(S1) if f=0 and g is odd

(S3) if f=0 and g is even

(5p) iff=>1

for all ¢ > —1. In particular, of f > 2, g > 2, ¢ > 1, and P € Spec R with
P e Ass(R/T?), then depth Rp = 1 and grade P = depth Rp = f + 1.
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NoTE. If —1 < ¢ < f — 1, then Corollary 1.26 shows that the R—module Hy(D9)

satisfies (.S,,) for all n. The present result is significant because it holds for all ¢
which are at least —1.

Proof. There is nothing more to prove if f = 0 and g is odd. For the other two
cases we define the ideals F; exactly as in the proof of Theorem 7.3 (d). Suppose
that f = 0 and g is even. Let ¢ be an even integer with 2 < i < g — 2. Recall from
(6.19) that

Pf,_i(p) C F; C Fiq.

It follows from (1.24) that

L +2)(t+1
grade F; —i > gradePf,_;(p) — 1 = % — i > 4

and therefore, grade F; > j + 3 for all j with
gradeJ +1 =2<j5 < g-—1.

The proof of this case is completed by appealing to Proposition 1.25.
Now we assume that f > 1. Line (7.7) yields that I._;(p) C F; for all i with

f+1<i<e—1;
and therefore, Observation 5.13 shows that

t—f+1)(— ) . .
(=] 2)( f)+(z—f+1)f2 (i—f)+2f =i+ f.
Once again, Proposition 1.25 completes the proof. _ B

Finally, we consider the last assertion. The fact that the R—module I R
Hy (D7) satisfies (S2) guarantees that depth Rp < 1. On the other hand, the ideal
JRp of Rp is perfect of grade f, so

grade F; > gradel._;(p) >

— P
1 > depth Rp = grade Jgp > grade PRp — grade JRp = depth Rp — f;
P

therefore, Proposition 5.14 yields that
f+1 > depthRp > gradeP > f+1,
and equality holds everywhere. [

Example 9.3. The conclusions of Proposition 9.2 are optimal. If f =0 and g > 3
is odd, then Ho(D?') = I is a grade three ideal of the ring R = R; thus, I is not
reflexive and does not satisfy (32) Furthermore, if f > 1, g =2, and Ry is a field
k, then N = Hy(D/) does not satisfy (§f+1). In this case, R is the polynomial ring
k[z,Y] where z is a single indeterminate and Yy s is a generic matrix. Let P be
the irrelevant maximal ideal of R. We saw in Example 4.12 (b) that J is the grade
f ideal (z) + I3(Y) of R. Observe that depth Rp = 2f + 1 and depth Rp = f + 1.
The projective dimension of the Rp—module Np is f 4+ 1; thus, depth Np = f and
we see that N does not satisfy (§f+1). We emphasize that if f =1 and g = 2,
then the ideal IR, which is Ho(®D7), is not reflexive. Indeed, IR is the grade two
ideal (y11,¥21,7)/(z) of the ring R = Ro[y11, y21, 2]/ ().
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Theorem 9.4. Adopt the notation of (9.1).

(a) If Ry is a domain, then so is R.
(b) Let k be an integer such that

k<oo if f=0 andg is odd,
k<f if2</,
k<4 ifeither f =1, orelse f =0 and g is even.

(i) If Ry satisfies the Serre condition (Sk11), then so does R.

(ii) If Ry satisfies the Serre conditions (Ry) and (Sky1), then so does R.
In particular, if the ring Ro is reduced, then so is R; if the ring Ry is
normal, then so is R.

Proof.

(a) One could prove most of this result by maneuvering into the situation of
generic residual intersection and then appealing to [32, Theorem 3.3]. The proof
we give is identical to the proof in [9, Theorem 2.10] that generic determinantal
ideals are prime. We proceed by induction on g. If g < 2, then the ideal J has
been studied previously (see Example 4.12) and the result is known. Henceforth,
we assume that g > 3. Let P be a prime ideal of R with P € Ass R. Since the ideal
J is perfect of grade f or f + 1, we see that

grade I1(p) = (g) + fg > f+1 > gradeJ = grade P.

It follows that some entry z from p is not in P. Lemma 5.6 and the note following
it show that J(p ® R[z71]) = J(p’) for some generic almost alternating map p’ of
shape (¢, f) where ¢’ is equal to either ¢ — 1 or g — 2. The induction hypothesis
ensures that R[z71] is a domain. It suffices to prove that z is a non-zero-divisor on
R. Observe that P is the only associated prime of R which does not contain z. If
2z € Q € Ass R, then there is an entry w of p with w € Q. We repeat the above
reasoning to see that w must be in P. We have reached a contradiction because
PR[27'] = 0, but Lemma 9.6 shows that the image of w in R[27!] is not zero.
Therefore P is the only associated prime of R, and z is regular on R. It follows
that R is a domain since R[z7!] has this property.

(b) If f = 0 and g is odd, then R = R and the assertion is obvious. We next
assume f > 2. Let P be a prime ideal of R with J C P and depth Rp < k. Define
A to be the ring

A = (Ro)PnR,-

For (i) it suffices to show that Rp is Cohen-Macaulay; for (ii) it suffices to show
that Rp is regular. Since JRp is a perfect ideal of grade f in the ring Rp, we see
that

PR
grade PRp — f = grade PRp — grade JRp < grade JRP

= depth Rp < k;
P
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and therefore, it follows, from Observation 5.13, that
(9.5) grade P < grade PRp < f+k < 2f < 2f+1 < gradel,_1(p).

Apply Lemma 5.6 and the note following it. There is a polynomial ring R =
Ro[z1,. .., 2n] contained in R, and an element A € R with A ¢ P, and a generic
almost alternating map p’ = [0 Y’] of shape (1, f) over R[A™! Y] = R[A™!], such
that JR[A™!] = J(p'). We know from Example 4.12 (a) that J(p') = I;(Y”). It is
now easy to verify that

(PNR, (Y) R[Y', A7 = PR[A™Y;
and therefore,
Rp = R[A Y ppa-1) = RIA™LY | parynria-1v) = RIY l(par,y)-
It follows that Rp = Rpnr and that
depth A < depthRpar = depthRp < k.

The hypothesis guarantees that A is Cohen-Macaulay in case (i) and that A is
regular in case (ii). The ring Rpnr = Rp is a localization of a polynomial ring
over A and therefore, it also has the desired property.

Finally, we suppose that, either, f = 1; or else, f = 0 and g is even. We saw, in
Example 4.12 (e), that, in each of these cases, J is a principal ideal generated by
the pfaffian of a generic alternating n x n matrix “I"”. In this situation, JRp is a
perfect ideal of grade one and (9.5) becomes

grade P < grade PRp < 1+k < 5 < 6 < gradePf, _»(7T).

The only other change in the rest of the proof is that p’ will have shape (2,0), (2, 1),
or (1,1). In any event, J(p') is generated by a single indeterminate. [

Lemma 9.6. In the notation of (9.1) assume that g > 3. If z and w are entries
of p, then zw is not in the radical of J.

Proof. The R—ideals J and I,(p) have the same radical by Corollary 5.5; conse-
quently, it suffices to exhibit an Ry—algebra homomorphism «: R — Ry such that
a(zw) is not an element of a(rad,(p)). Let a(z) = a(w) = 1. It is possible to
define the rest of a so that I;(ap) = 0. For example, if p has shape (3,1) with
z = x93 and w = y11, then define a so that

0 0 1 1
alp) = 0 0 1 1
-1 -1 0 0
The only other interesting case is
0 z r13 T4
. —Zz 0 23 T24
P= =213 —m03 0 w
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In this case one can let a(x13) = a(x24) =1 and a(xa3) = a(zr14) =0. O

Remark 9.7. Let Ry be a commutative noetherian ring and X be a generic g X g
alternating matrix with g odd. We know from (1.24) or [14] that the Ry[X]—ideal
Pf,_1(X) is perfect of grade three. Buchsbaum and Eisenbud [14, Proposition 6.1]
proved that if Ry is a field, then Pf,_;(X) is a prime ideal. One can use the proof
employed in Theorem 9.4 to obtain the same conclusion whenever Ry is a domain.

Example 9.8. In general, the ring R will not be any more regular than the bounds
guaranteed by Theorem 9.4 (b). Let Ry be a field k and let P be the irrelevant
maximal ideal of R. If p has shape (4,0), then R = k[X]/(pf(X)), where X is a
generic 4 x 4 alternating matrix. Observe that Rp has dimension five but is not
regular. If p has shape (2, f) and f > 2, then R = k[z,Y]/(x, I2(Y)), where x is
an indeterminate and Y is a generic 2 x f matrix. We see that Rp has dimension
f + 1, but is not regular.

Remarks 9.9. In the notation of (9.1), let Ry be regular local and let m be the
irrelevant maximal ideal of R.

(a) One consequence of Theorem 9.4 (b) is that if f > 4 and g > 2, then the ideal
Jm is not in the linkage class of a complete intersection. Indeed, Huneke and Ulrich
[31, Theorem 4.2] have proved that if I is a licci ideal in a regular local ring S and
S/I is not a Gorenstein ring, then no deformation of S/I satisfies the condition (Ry).
A quick look at Observation 4.28 shows that (R/J)m is not Gorenstein because the
resolution DY, is minimal and the last Betti number is (f }3 53), which is larger than
one.

(b) If g is odd and f > 3, then Huneke and Ulrich [34, Theorem 2.4] predict that
(R/J)m satisfies the Serre condition (Ry) for £k = min {5, f}. In Theorem 9.4 (b.ii)
we do not require k < 5.

If Ry is a local Cohen-Macaulay domain and ¢ is odd, then most of the next
result could be deduced from [34, Theorem 3.4].

Lemma 9.10. Adopt the notation of (9.1). Assume that f > 2, g > 2, and that
Ry is a domain. If Ry satisfies the Serre condition (Ss), then the ideal I of R is
prime of height one, and for_all_q > 1, the symbolic ¢ power of I, T(q), s equal
to the ordinary ¢ power of I, 79

Proof. Let P be a prime ideal of R with P € Ass(R/T"). We know from Propo-
sition 9.2 that depth Rp = 1 and grade P = f + 1. The ring R satisfies the Serre
condition (S2) by Theorem 9.4 (b); and therefore, ht PR =1 and 77 is an unmixed

ideal of height one. The claim about the symbolic powers T(q) follows as soon as
we prove that I is prime and our proof of this fact is modeled after the proof of
Theorem 9.4 (a).

We proceed by induction on g > 2. If g = 2, then I + J is the prime ideal

(x,y11,y21) + L2(Y"),

where Y’ is the matrix formed by deleting the first column of Y. If ¢ = 3, then
I+ J is the prime ideal I; (X )+ I5(Y). So, let g > 4; then Proposition 5.14 assures
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us that Pfy(X) is not contained in P. Suppose that A = z;; ¢ P. By Lemma 5.6
there is a generic almost alternating matrix p’ = [X’ Y] of shape (¢ — 2, f) with
Ja = J(p') and In = I(p’). Tt follows, from the induction hypothesis, that (I+J)a
is a prime ideal in Ra. We finish by imitating the proof of Theorem 9.4 (a). Let
A" = xps be some other entry of X with A’ & (I + J). If suffices to show that
(AA")™ & (I + J) for any positive integer n. Since g > 4, one can use the trick of
Lemma 9.6 to establish this fact. [

Like so much of this section, the idea to make use of the next result in the proof
of Theorem 9.13 was inspired by [34]. This time the inspiration came from [34,
Lemma 3.3]. The result has been taken from the theory of linkage [30, Proposi-
tions 2.5 and 2.6]; however linkage theory always assumes that the ideals in question
are perfect or that the ring in question is Gorenstein local, or at least Cohen-
Macaulay local. In fact, one is able to squeeze out some of the same conclusions
with less hypotheses.

Lemma 9.11. Let A be a commutative noetherian ring which satisfies the Serre
condition (S2) and let L be a height one ideal in A. Let f1,... , fn be a generating set
for L; Ty, ..., T, be indeterminates over A; B be the polynomial ring AT, ... ,T,];
x be the element ) fiT; of B, and K be the B—ideal ((x): LB). If (L)q is a
principal ideal for all height one prime ideals q of A which contain L, then the
following statements hold.

(a) The B—ideal K is unmized of height one.
(b) The intersection K N LB is equal to (z).
(¢) If A is a domain, then K is a height one prime ideal.

Proof.

(a) Let P be a prime ideal of B with P € Ass(B/K). There is an element b € B
with b ¢ K such that Pb C K. It follows that PbL. C KL C (x), but that bL is
not contained in (x). Thus, there is a prime ideal @ of B with K C P C @Q €
Ass (B/(x)). The ideal L of A has grade one because A satisfies the Serre condition
(S2); therefore, the element x of B is regular. Furthermore, the ring B satisfies the
Serre condition (S3); so

(9.12) ht@Q =1 forall @ € Ass <%) :

We see that 1 < ht(K) < ht(P) < ht(Q) = 1; and (a) is established.

(b) Let @ be an arbitrary element of Ass(B/(z)). It suffices to show that (K N
LB)g is contained in (x)¢g. If LB is not contained in @), then the definition of K
shows us that Ko = (z)g. Suppose that LB C . We show that (LB)g = (x)g-
Let g = Q N A. Tt follows from (9.12) that the height of q is one and that @ = qB.
One of the f’s, say fi, generates (L)q. It follows that there is an element s in A
with s € q and there are elements ao, ... ,a, in A with sf; = a;f1 in A for all i. We
see that sz = bf; where b is the element sT7 + asTs + --- + a, T, of B. Assertion
(b) is established because b ¢ Q.

(c) One consequence of the proof of (b) is that L is not contained in any associated
prime of B/K. A prime avoidance argument yields an element a in (fs,..., f,)A
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with s = (f1 + a) regular on B/K. The B—ideal K is prime because Ky = (z)
and x, is an indeterminate over the domain B,. [

We define one more ideal, .J’, of R. In the notation of (9.1) with g > 2, let X’ be
the matrix obtained by deleting row and column g from X, Y’ the matrix obtained
by deleting row g from Y, p’ the generic almost alternating matrix [X’ Y] of shape
(9 —1,f), J' the ideal J(p') of R, and J’ the ideal (J' + J)/J of R. If g = 1, then
let J’ be the entire ring R. If R is a Cohen-Macaulay domain which is a factor ring
of a local Gorenstein ring, g is odd, and f > 3, then the next theorem also follows
from [34, Theorems 3.4 and 3.5].

Theorem 9.13. Adopt the notation of (9.1).
(a) If either, f > 1, or else, g is odd, then the following statements hold.
(i) The R—module Hy(D*) is isomorphic to the R—ideal I.
(ii) For each q > 1, the l_%—module Ho(D1?) is isomorphic to both the gt
symmetric power of I and the ordinary ¢'* power of I:

I

Ho(D9) = S, (T) =T
(iii) The R—module Ho(D ') is isomorphic to the ideal J' of R.
(b) If Ry is a normal domain, then R is also a normal domain and the following
statements hold.
(i) If, either, f <1, or else, g =1, then CL(R) = C(Ry).
(ii) If f > 2 and g > 2, then the following statements hold.
«) The R—ideals J' and 17 are divisorial for all ¢ > 1.
B) The divisor class group of R is isomorphic to CL(Ry) ® Z.

(

(

(v) The summand Z in Cl(R) is generated by [I].

(8) The equation [J'] + [I] = 0 holds in Cl(R).

(6) Let M be a reflexive R—module of rank one with [M] = q[I] in
Cl(R) for some integer q. If either, Ry is a Cohen-Macaulay
ring and —1 < q, or else, Ry is a Gorenstein ring and q is any
integer, then M is a Cohen-Macaulay R—module if and only
if-1<g¢<f-1

Proof. Recall, from Example 4.8, that if p is a generic almost alternating map of
shape (1, f), then Ho(D9) = R = Ry for all integers q. The R—ideals I and J’
are both equal to R; hence, the theorem holds in this case, but is not informative.
Henceforth, we assume that g > 2.

(a) Assertions (i) and (ii) are proved in Theorem 7.3 (e) and Proposition 4.13 (b).
We now prove (iii). The R—module Ho(D 1) is torsion-free of rank one by The-
orem 7.3 (d). Recall the ideal 37 of R from (4.19). If v is set equal to the basis
element v,, then it is easy to see that (J +J) = (J' 4 J). It follows, from
Proposition 4.13 (e), that there is an R—module surjection Ho(D~!) — J'. Recall,
also, from Proposition 5.19, that the grade of the R—ideal J’ + J is at least f + 1.
The R—ideal J is perfect of grade f, so the R—ideal J’ has positive grade. The
conclusion follows from Observation 1.27.
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(b) Proposition 9.4 shows that R is a normal domain. We first consider assertion
(i). If f =0 and g is odd, then J is the zero ideal and R = R is a polynomial ring

over Ro; therefore, Cl(R) = Cl(Rp). If, either, f =1, or else, f =0 and g is even,
then Example 4.12 (e) shows that R is a polynomial ring over Ry[T]/(Pf, (1)),
where T is a generic alternating n x n matrix and n is even. Now, [2] implies that

Cl(R) =2 Cl(Ry).

(b.i) Assertion («) is proved in Proposition 9.2. The proof of (8) and () is
next. We know from Lemma 9.10 that the ideal I of R is prime of height one. Let
X1y, .-+, X(g) be the elements of R which are given in (4.16). The image of these
elements in R is a generating set for I. Let

11

T=]":
1

be a matrix of indeterminates, v one more indeterminate, w the element » T, X ()
of R[T,v], and x the image of w in R[T,v]. Define K to be the R[T,v]—ideal
(9.14) K = (x):IR[T,v)].

The ring R is a normal domain, so we may apply Lemma 9.11 in order to see that:

(9.15) (a) K is a height one prime ideal of R[T,v],

(b) K and I R[T,v] are the only height one prime ideals of R[T, v]
which contain the element x, and
(¢) [K]+[IR[T,v]] =0 in C¢ (R[T, v]).

Let Q be the ring R[T,v, Ty ']. Nagata’s Theorem [21, Section 7], shows that the
natural map C¢(Q) — Cl(Q.) is a surjection whose kernel is generated by the
classes of those height one prime ideals of () which contain z; thus, we have a short
exact sequence

(9.16) 0 — Z[IQ] + Z[KQ] — CL(Q) — CL(Qy) — 0.

On the other hand, the map Ry — R is flat because of the theory of generic
perfection (see [9, Proposition 3.2]); so there are natural maps

Cl(Ry) — CL(R) = CL(Q).
In Lemma 9.20 we prove that the natural map
(9.17) Cl(Ry) — Cl(Qy)

is an isomorphism. It follows that the short exact sequence of (9.16) is split; hence,
Cl(Q) = (Ct(Ro) @ Z[IQ)); and therefore

Cl(R) = Cl(Ro) & Z[T).
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It is clear that T has infinite order in C¢ (R) because I is a representative of ¢[T] for
all ¢ > 1 and we know that 7% is not principal. (Indeed, @7 is a graded resolution
of T, If m is a maximal ideal of Ry and 9 is the maximal ideal mR + (X,Y) of
R, then ©, is a minimal resolution of 77, but ®f = K,0 = S,(G) which has rank
greater than one because g > 2.)

(b.ii.§) We know, from (9.15), that [K] is the inverse of [T R[T,v]] in C/ (R[T,v]),
where K is defined in (9.14). Let K be the pre-image of K in R[T,v]; that is

~

K = <w,JR[T,v]>:IR[T,v].

Since w € IR[T,v|, we see that

~

K = (w, (JRIT,v)) N (IR|T, v])) L IR[T, ).
The polynomial extension R — R[T,v] is flat so
(JRIT,v))N(IR[T,v]) = (JNI)R[T,v].

We know from Corollary 8.9 that (J N I) is the ideal A(p) of Definition 4.10. Let
p be the generic almost alternating matrix [X | Y T7] of shape (g, f + 1). Observe
that w is precisely equal to the element “a;i;” in Definition 4.10 formed from p.
In other words,

<w, (JR[T,v]) N (IR[T, v])) —  Ap).

It is clear that IR[T,v] = I(p). Combine all of these observations in order to
obtain K = (A(ﬁ) : I(ﬁ)) We use Corollary 8.9, again, in order to see that the

R[T,v]—ideals K and J(p) are equal. We know from (7.9) that Hy(D '@z R[T, v])
is isomorphic to the ideal J/J of R[T,v]. On the other hand, (a.iii) shows that
Hy(D~1) is isomorphic to the ideal J’ of R. It follows that the extension of J’ to
RI[T, v] is isomorphic to J/J; and therefore, [J'] + [I] = 0 on C/ (R).

(biie) If —1<gq < f—1, then M = Hy(D?) is a perfect module over the Cohen-
Macaulay ring R. It follows that M is a Cohen-Macaulay R—module; and hence,
a Cohen-Macaulay R—module. Henceforth, we consider integers g which are not
in the range —1 < ¢ < f — 1. Let m be a maximal ideal of Ry and let 9 be
the maximal ideal m + I;(p) of R. We show that M is not a Cohen-Macaulay
R—module by showing that Mgy is not a Cohen-Macaulay Rgp—module. If f < g,
then M = Hy(D7?) and it is clear from the length of the graded resolution D9 that

depth Man < [pdg,, Mam—pdp,, Ren]+depth Moy = depth Rey = dim Ry = dim May.

The final part of the argument was taken from [34, Theorem 3.5]. The ring Ry is
Gorenstein and we write R and M for Rgp and Mgy, respectively. Suppose that

M is Cohen-Macaulay for [M] = ¢[I] with ¢ < —2. Then Hom#(/ ! R) is Cohen-
Macaulay. Recall, from Theorem 7.3 (c) and (e), that 7% isomorphic to the
canonical module Exté(ﬁ, R) of R. Tt follows that

Homz(T *.R) = Homp(T “@x T’ °. 7 %) = Homz(T' 270777
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2—q . —f— .
! s Cohen-Macaulay because [ J2ma is re-

is Cohen-Macaulay; and hence, Tf_
flexive and Tf_2 is a canonical module. But, f — 2 — ¢ > f; and therefore,

7 Hy(®77279) cannot be Cohen-Macaulay by the above. [

Lemma 9.18. Let Ry be a commutative noetherian domain, X be a generic g X g
alternating matriz for some integer g, and R be the polynomial ring Ro[X]. If
x12 18 the entry of X in row 1 and column 2 and X(12) is the pfaffian of the
matrix obtained by deleting rows and columns 1 and 2 from X, then the R—ideals

(pf(X),z12) and (pf(X), X (12)) are prime.
Proof. Let X’ denote the submatrix

;|13 - Tig
X
fl:23 o :L'2g

of X. The proof is modeled on the proof of Theorem 9.4. We first consider the
R—ideal (pf(X),x12), which we denote K. If g = 2, then the result is obvious. If
g = 4, then K = (z12,12(X’)) is a hypersurface section of a determinantal ideal
and is therefore prime. Henceforth, we assume that g > 6. The ideal K is perfect
of grade two because (pf(X)) is a prime ideal of grade one by Theorem 9.4 (a) and
x12 € (pf(X)). Let P be a prime ideal of R with P € Ass (R/K). The grade of P
is two and grade I5(X') = g — 3 > 2. So, some element A of I5(X’) is not in P.
Without loss of generality, we assume that

A = det {00191 9019] )

T2g—1 T2g

We may not choose a basis so that XA looks like

0 T12
0 I
(9.19) —T12 0 ,
0 X" *
i -1 * * ]

where X" is a generic alternating (¢ — 4) x (g — 4) matrix. It follows that K is
the prime ideal (z12, pf(X”)). To finish the proof we need only see that AA’ is not
in the radical of K for any other 2 x 2 minor A’ of X’. Since g > 6, this fact can
be established using the trick of Lemma 9.6. That is, one can choose values for the
entries of X so that K =0, but AA’ = 1.

We now consider K to be the ideal (pf(X), X(12)). The proof uses induction
on g, but otherwise is very similar. If ¢ = 2, then the assertion is meaningless. If
g = 4, then the result holds because of the previous case. Henceforth, we assume
that g > 6. As before, some element A of I5(X’) is not in the associated prime P,
and we can write X in the form of (9.19). It follows that Ka = (X (12), pf(X"));
and this ideal is prime by the induction hypothesis. The rest of the argument is
unchanged. [
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Lemma 9.20. In the notation of Theorem 9.13, the natural map Cl(Ry) —
Cl(Q.) of (9.17) is an isomorphism.

Proof. Let Z be the generic alternating matrix

(| X T
- if g is odd
=T 0
Z={[ X ‘ Yo, T
(Y, 1>t ‘ 0 w if g is even,
\ L -Tt —v 0

where, as always, Y, ; is the §* column of Y. Let z = pf(Z). Recall that the
element w € R[T], from the proof of Theorem 9.13 (b.ii), has the property that the
image of w in R[T] is equal to z. Observe that z = w if g is odd and z = w+v pf(X)
if g is even. Since pf(X) € J, we see that the image of z in @ is also . Our proof
consists of two parts: we show that there are indeterminates U such that

RolZ, T 1. [U] if ¢ is odd
9.21 L=
v : (—RO[Z’ Tl_l]z) [U] if g is even
(pf(X)) ’

and we show that Ry and the rings on the right hand side of (9.21) have the same
class group. Let us assume, for the time being, that (9.21) has been established.
Suppose, first, that g is odd. The elements z and 77 are prime in Ry[Z], (use
Theorem 9.4 (a) with f = 0, if necessary), so it is clear that the natural map
Cl(Rg) — Cl(Q) is an isomorphism. Now we assume that g is even. It is clear
that T is a prime element in Ry[Z]/(pf(X)). Lemma 9.18 shows that z is a prime
element in Ry[Z]/(pf(X)). Thus, we have natural maps

Ro[Z]
(pf(X))

Theorem 9.13 (b.i) shows that the first map is also an isomorphism.

Lemma 5.6 establishes something similar to (9.21); unfortunately, though, the
lemma is a little cavalier about what exactly has been inverted. Under the circum-
stances, it is easiest to establish (9.21) from scratch. Let w;; = v;; — y1,;(T;/T1).
We first take g to be odd. Let U represent the set of indeterminates

Cl(Ry) — CY ( ) = Q).

{v}U{u;; |2<i<g and 1<j<f};

let S be the ring Ro[Z, U, T '].; and for each j, with 1 < j < f, let a; be the
element of J described in Definition 4.10 (b). Since

0

Y1 U2;
Y* == ) T+ . )
’ (T1> :

Ugj
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we see that
(9.22) aj = (2/T1)y1j + 55

for some element s; of S. It follows that aq,...,a; are algebraically independent
over S and Slay, ... ,as] = R[T,v,T; '].. The ideal (ai,... ,a;) is a prime ideal of
grade f which is contained in the grade f ideal JR[T, v, Tl_l]z. It follows that the
two ideals are equal and @, which is defined to be (R/J)[T,v, Ty '], is equal to
S.

Finally, we establish (9.21) for even g. The approach is similar to the above. Let
U represent the indeterminates

{uij [2<i<g and 2<j<fh

let S be the ring Ry[Z, U, T, '].; and for each j, with 2 < j < f, let a; be the element
of J described in Definition 4.10 (c). Equation (9.22) still holds; and therefore,
as,...,as are algebraically independent over S and Slas,... ,a¢] = R[T,v,T; ..
The ideal (pf(X), ag,... ,ay) is a prime ideal of grade f which is contained in the
grade f ideal JR[T, T, '].. The two ideals are equal and Q, = S/(pf(X)). O
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SECTION 10. THE RESIDUAL INTERSECTION
OF A GRADE THREE GORENSTEIN IDEAL.

Definition 10.1. Let R be a commutative noetherian ring, I an ideal in R, f
an integer with f > htI, A a proper subideal of I which can be generated by
f elements, and J the ideal A:I. If ht J > f, then J is called an f—residual
intersection of I. If, furthermore, Ip = Ap for all prime ideals P of R with I C P
and ht P < f, then J is called a geometric f—residual intersection of I.

The main result of this section is

Theorem 10.2. Let I be a grade three Gorenstein ideal in the Cohen-Macaulay
local ring (R,m, k); let J = (A:I) be an f—residual intersection; and let t denote
w(l/A). If either
(i) the ring R is Gorenstein, or else,
(ii) the residual intersection J = (A: 1) is geometric,
then there is an almost alternating matriz p’ with entries in wm of shape (t, f) such
that the following statements hold.
(a) If J(p') is the ideal defined in (4.10), then J = J(p').
(b) The complex D°(p’) is the minimal free R—resolution of R/J.
(c) If1 <q < f—1, then ©4(p’) is the minimal R—free resolution of Sq (I /A)
If, in addition, the residual intersection is geometric, then Sy(IJA) = T,
where I represents the ideal (I + J)/J of R/J.

Our proof of Theorem 10.2 will involve deforming the given residual intersection
into a “generic” residual intersection, observing that the result is true at the generic
level, and then specializing back to the original situation. We begin by giving some
hypotheses under which a specialization map y preserves the colon operation:

(10.3) X(A:T) = (x(A):x(1))

Lemma 10.4 is not the ultimate result along these lines, but it is adequate for our
purposes. Recall from [29] that an ideal is said to be strongly Cohen-Macaulay if
the Koszul homology modules of some (and hence any) set of generators of I are
Cohen-Macaulay modules. Following the lead of [1], we say that the R—ideal I
satisfies the property

(Gy)

if u(Ip) < ht P for all prime ideals P of R with I C P and ht P < f — 1. The ideal
I satisfies (G) if I satisfies (Gy) for all f.

Lemma 10.4. (Huneke-Ulrich) Let J = (A : I) be a geometric f—residual inter-
section in a local Cohen- Macaulay ring R. Suppose that the R—ideal J has height
f and that the ng R/ J is Cohen- Macaulay. Let x = x1,... ,xk be a sequence of
elements fmm R which forms a regular sequence on both R and R/I let R be
the ring R /(x); and let x be the natural map x: R — (R /(x)) = R. Suppose that
J = (X(Z) :x(1)) is an f—residual intersection in R. If either

(i) the ring R is Gorenstein, the R—ideal T is strongly Cohen-Macaulay and
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satisfies the condition (G), and the canonical module of E/ J s isomor-
phic to

for some integer n >0, or else, N
(ii) the residual intersection J = (x(A):x(1)) is geometric,
then J = X(j); R/J is a Cohen-Macaulay ring, and the height of the R—ideal J
is precisely f.

Proof. All references in this proof are to [32].

(i) Theorem 1.5 yields that depth (R /A) = dim R — f. It follows from Proposi-
tion 3.2 (i) that x is a regular sequence on R/A.If f >ht I, then the result is
Theorem 3.7. If f =ht I, then the result is [30, Lemma 2.12].

(ii) The result is Proposition 3.2 (ii). O
The next result is the global version of Theorem 10.2.

Theorem 10.5. Let R be a Cohen-Macaulay ring, g > 3 an odd integer, and X
a g X g alternating matriz over R. Assume that the ideal I = Pf,_1(X) has grade
three and that J is an f—residual intersection of I. If either

(i) the ring R is Gorenstein, or else,
(ii) the ideal J is a geometric residual intersection of I,

then there is an almost alternating map p of shape (g, f) over R such that the
following statements hold.

(a) If J(p) is the ideal defined in (4.10), then J = J(p).
(b) The complez D°(p) is a resolution of R/J by free R—modules.
(c) If1 < q < f—1, then the complex D9(p) is a free R—resolution of Sq(I/A).

If, in addition, the residual intersection is geometric, then Sy(IJA) = T,
where I represents the ideal (I + J)/J of R/J.

Proof. The ideal I is generated by the entries of x = [Xy,...,Xy] for X
defined above (4.16). The ideal J is defined to be (A:I) for some f—generated
ideal A. There exists a g X f matrix Y so that A = I1(xY). Let p be the almost
alternating matrix [X Y]. If A(p) and I(p) are the ideals defined in (4.10), then
observe that A = A(p) and I = I(p). Part (d.iii) of Proposition 4.13 shows that
J(p) € (A:I) = J. The first assertion of the present theorem is equivalent to the
statement:

(10.6) J(p) = J.

Assume, for the time being, that equality holds in (10.6). The rest of the theo-
rem follows quickly. Indeed, Theorem 8.3 (b.i) (by way of Corollary 5.5) yields
that ©9 is acyclic for —1 < ¢ < f — 1. Assertion (b) is thereby established. If
q > 1, then Proposition 4.13 shows that Hy (D7) = S,(I/A). If J is a geometric
f—residual intersection of I, then ht (I + J) > f+ 1. Hence, for 1 < ¢ < f —1,
Hy(®D17) is a torsion-free (R/J)—module of rank one by Theorem 8.3 (b) and Ob-
servation 5.12 (b). Furthermore, I is an ideal of positive grade. Consequently, we
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may apply Observation 1.27 in order to see that the natural map S,(I) — T%is an
isomorphism.

To prove equality in (10.6), it suffices to prove equality locally at each maximal
ideal of R. After a change of notation, we may assume that (R,m) is a local ring.
Let p = [)N( 7] be a generic almost alternating matrix of shape (g, f), Z the ideal
(Z4ij —ij, Yi; —Yiz) of the polynomial ring R[)Z', /}7], M the maximal ideal (m, 2)
of R[)z,?], and R the ring R[jz,?]gn. Form the ideals J = J(p), I = 1(p),
and A = A(p) as described in Definition 4.10. The note following Corollary 8.9
shows that

(A:T)=1J
is a geometric f—residual intersection. Let x: R — (R /Z) = R be the natural

map. Observe, using the ideas of (8.5), that x(A) = A, x(I) = I, and x(J) =
J(p). Tt is clear, from dimension considerations, that the listed generators of Z
form a regular sequence on both R and R / 1. As soon as we verify that the rest
of the hypotheses of Lemma 10.4 are satisfied, then we will know that the equation
of (10.3) holds; and therefore, we can combine all of the above equations in order
to conclude that

J(p) = x(J) = x(A:1) = (x(A):x(1)) = (A:1) = J.

We know, from Theorem 7.3, that Jis a perfect R —ideal of grade f; and hence,
R / Jisa Cohen-Macaulay ring. The proof is complete if hypothesis (ii) is in effect.
Henceforth, we assume that R is a Gorenstein ring. Theorem 7.3 also shows that
~f—2 ~
Ext’ (R/J,R) = Ho(®'™?) = %;

hence, the canonical module of R / J has the required form. The main theorem of
[28] ensures that the ideal I is strongly Cohen-Macaulay. It is easy to verify that

I satisfies the condition (Gy). O

Proof of Theorem 10.2. Let g denote p(I). The main theorem of [14] guarantees
that there is a g x g alternating matrix X, with entries in m, such that Pf,_(X) = I.
We apply Theorem 10.5 to find an almost alternating matrix p = [X Y| of shape
(g9, f) with J = J(p). Every entry of X is in m; consequently, the hypothesis
u(I/A) =t ensures that the rank of p ® k is g — t. According to Lemma 5.4, there
is an almost alternating matrix p’ of shape (¢, f) with J(p') = J(p) = J. It is clear
that every entry of p’ is in m. Assertion (a) is established. The grade of J is f,
so Theorem 8.3 (b.i) shows that ©%(p’) is acyclic for —1 < g < f — 1. Since the
entries of p’ are in m, it follows from Observation 4.28 that D7(p’) is a minimal

resolution for ¢ in the above range. Parts (b) and (c) follow from Lemma 5.4 (c)
and Theorem 10.5. U

The next result says that if I has enough generators, then the minimal number of
generators of an f—residual intersection of I depends only on f; it does not depend
on u(I) or on u(I/A). If f = 3, then this phenomenon is well-known, because a
link J of a grade three Gorenstein ideal has at most four generators; furthermore,
if u(J) < 3, then I is a complete intersection by [39].
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Corollary 10.7. Let I be a grade three Gorenstein ideal in a Cohen-Macaulay local
ring R; and let J be an f—residual intersection of I. If either

(i) the ring R is Gorenstein, or else
(ii) the ideal J is a geometric residual intersection of I,

then
(10.8) p(J) <271

furthermore, if 2f — 1 < u(I), then equality holds in (10.8).

Proof. The ideal J is equal to A: I for some f—generated ideal A. Let t = u(I/A).
We have seen in Theorem 10.2 that there is an almost alternating map p’ of shape
(t, f) so that D°(p’) is a minimal resolution of R/J. It follows that u(J) is equal
to the rank of Qo = Qo(p’). We know, from (2.16), that Qq is equal to &, \" F,
where the sum is taken over all integers r with £t +r even and 2 —t < r < t. Thus,

wn <3 (f) — i1,

all r of fixed parity

and equality is obtained if f —1 < ¢. On the other hand, if 2f — 1 < u(I), then

f-1=@f-1)=f <u)—f < pld) < p(I) = p(A) < w(I/A) = t. O
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